A simple proof of the Riemann Mapping Theorem for Domains with Spherical Boundary

Elisha Falbel Institut de Mathématiques, Université Paris 6, Case 247 4 place Jussieu, F-75252 Paris Cedex 05, France.

email: falbelmath.jussieu.fr

1 Introduction

A hypersurface of a complex manifold is spherical if it is locally equivalent to S^{2n−1} ⊂ C^n as a CR manifold (see section 4 for definitions). We prove the following theorem

Theorem 1.1 Let Ω be a simply connected domain of a Stein manifold of dimension ≥ 3. Suppose the boundary of Ω is connected and spherical. Then Ω is biholomorphic to the complex ball.

The theorem is announced in [CJ] in the case of domains of C^n and all n ≥ 2. We give a simple proof for the case n ≥ 3 (see section 4). But we don’t know what happens in dimension 2 (see the remarks at the end of the paper). The hypothesis about connectedness of the boundary is superfluous if we assume that Ω is a Stein domain.

As the proof is based essentially on the topology of Stein manifolds and Hartogs theorem we also give a topological flavored proof of Hartogs theorem, proving it for Riemann domains over Stein manifolds. The fundamental result we use is that the envelope of holomorphy of a Riemann domain has a strictly plurisubharmonic exhaustion function. This result follows from Oka’s theorem and this plurisubharmonic function is used as a Morse function to obtain topological properties as in Andreotti-Frankel’s theorem[AF].

The proof of theorem 1 is independent of section 3 and the reader is invited to read section 4 independently on the previous section.

The author would like to thank Professors J.-M. Trépreux and L. Siebenman for enlightning discussions.

2 Envelopes of holomorphy and Stein manifolds

Definition 2.1 A Riemann domain over a complex manifold S is a pair (M,π) where M is a complex manifold and π : M → S is a local biholomorphism.

Definition 2.2 The envelope of holomorphy of (M,π) is another Riemann domain (E(M),π) together with a map p : M → E(M) such that any holomorphic function on M is the pull-back of a holomorphic function on E(M) and such that 1) π ∘ p = π 2) it is maximal, in the sense that if (E(M)^′, π^′) is another such pair, then there exists a map e : E(M)^′ → E(M) satisfying π^′ = π ∘ e.

It can be proved that the envelope of a Riemann domain exists [C]. The fundamental result we will use is the following theorem by Doquier-Grauert [DG], which generalizes the work of Oka on Riemann domains over C^n.

Theorem 2.1 ([DG]) The envelope of holomorphy of a Riemann domain over a Stein manifold is a Stein manifold.

Stein manifolds are generalizations of open Riemann surfaces to higher dimensions, in the sense that they have plenty of holomorphic functions. For the sake of completeness we give the basic definitions and Andreotti-Frankel-Milnor theorem on the homotopical type of a Stein manifold. It is based on the existence of a strictly plurisubharmonic exhaustion function.

Definition 2.3 A complex manifold S is a Stein manifold if there exists a proper imbedding i : S → C^n, for some n.

Theorem 2.2 ([AF,M1]) If S is a Stein manifold of complex dimension n , then S is homotopic to a CW-complex of dimension n.

See [G], [El] for more information on the topology of Stein manifolds.

In the next section it will be important to consider information on what occurs at neighborhoods of boundaries of Stein manifolds, we then give some background on the topology of the boundaries.

Let X be a topological space. Suppose X is a relatively compact subset of a larger space Y. We say that an open set V ⊂ X is a neighborhood of ∂X if it is the intersection of a neighborhood of ∂X in Y and X. A distinguished neighborhood of ∂X is defined to be such a neighborhood which doesn‘t have relatively compact components in X. If X is not a subspace of a larger space we still can define a distinguished neighborhood of the boundary of X as an open set V such that V = X - K, where K is a compact in X and there are no relatively compact components of X - K. We say then, that V is a neighborhood of ∂X, as we will consider only distinguished neighborhoods.

Observe that this definition doesn’t imply that the neighborhood is connected, as the cylinder S^1×(0,1) shows. As any open Riemann surface is a Stein space, there aren’t restrictions on the possible boundaries of 1-dimensional Stein spaces. The situation changes completely in higher dimensions. In fact we have the following theorem, where we identify, by abuse of language, ∂S with a neighborhood of ∂S.

Theorem 2.3 (see [M1]) If S is a Stein manifold of complex dimension ≥ 2, then π_1(S) = π_1(∂S).

3 Hartogs Theorem

To pave the way towards Hartogs theorem, we start with the following theorem which guarantees the Jordan-Brouwer separation property in Stein manifolds.

Theorem 3.1 Let H ⊂ S be a compact connected orientable hypersurface imbedded in a Stein manifold S of complex dimension ≥ 2. Then S - H has two connected components, one of them relatively compact.

Proof. Observe first that there exists a tubular neighborhood of H in S. That is an open set T ⊂ S, such that H ⊂ T , and such that T - H has two connected components. There are at most two connected components of S - H, because if A is a connected component, we must have that A ∩ T ≠ ∅. Suppose, by contradiction, that S - H has only one component. By cutting along H and pasting along H another copy of S, we obtain a connected complex manifold which has a strictly plurisubharmonic exhaustion function (Observe that by Grauert’s theorem [G], this implies that this manifold is a Stein manifold). Now, this is a contradiction with the last theorem, as in complex dimensions greater than or equal to two, ∂S is connected. For a diferent proof, see [D], corollary 3.6, Chap. VIII. □

Corollary 3.1 Let S be a Stein manifold of complex dimension ≥ 2 and Ω ⊂ S be a domain such that S − Ω doesn’t have relatively compact components in S. Then there exists a connected neighborhood of ∂Ω.

Theorem 3.2 (Hartogs) Let Ω ⊂ S be a domain in a Stein manifold of dimension ≥ 2 and f : Ω − K → C a holomorphic function, where K ⊂ Ω is compact and Ω − K connected. Then f admits an extension F : Ω → C.

Proof. Without loss of generality we might suppose that S − Ω doesn’t have compact components. Let E be the envelope of holomorphy of the domain Ω − K. By corollary 3.1 ∂Ω has a connected neighborhood, and therefore, there exists a compact connected hypersurface H, such that K is contained in the relatively compact component S_H of S − H. We claim that the relatively compact component E_H of E − p(H) is biholomorphic to S_H , and this finishes the proof. Observe that the image of E_H by the projection is an open set, but the image of E_H ∪ p(H) is compact. The only possibility is that the image of E_H by the projection is contained in S_H . Consider now the map p : E_H ∪ p(H) → S_H ∪ H. It is a local homeomorphism and E_H ∪ p(H) is compact, therefore it is a covering map. As, when restricted to p(H) this map is a homeomorphism, this completes our proof. □

We will prove now a generalization of Hartogs theorem to covers of domains in Stein manifolds.

Theorem 3.3 Let (M, π) be a Riemann domain which is a finite cover of Ω − K, where Ω ⊂ S is domain in a Stein manifold of dimension ≥ 2 and K ⊂ Ω is compact with Ω − K connected. Then π restricted to p(M) ⊂ E(M) is a covering of Ω − K which extends to a cover of Ω.

Proof. It is easy to see that π restricted to p(M) ⊂ E(M) is a covering of Ω−K. We will prove that π extends to a covering of Ω. We supoose as in the proof of Hartogs theorem that S − Ω doesn’t have compact components. Let H ⊂ Ω be a hypersurface such that Ω − H has two connected components and such that K is contained in the relatively compact one. Observe that H = π^{−1}(H) is a compact hypersurface because π is proper. Let H^i be one connected component of H, then E(M) − H^i has two connected components, using theorem 3.1 as in the proof of Hartogs theorem above, we get that the relatively compact one is projected onto the relatively compact component of Ω − H, therefore it is a covering of Ω − H. Repeating this argument for each component H^i we get the theorem. Observe that if we choose a hypersurface H near enouh to ∂Ω, than H has only one connected component. □

Corollary 3.2 Let (M, π) be a Riemann domain which is a finite cover of Ω − K, where Ω ⊂ S is a domain in a Stein manifold of dimension ≥ 2 and K ⊂ Ω is compact with Ω − K connected. Suppose Ω is simply connected, then E(M) = E(π(M)).

An important situation occurs when Ω−K is a tubular neighborhood of a compact hypersurface. A theorem by Lewy [L] guarantees that we can work with CR-structures, rather than tubular neighborhoods of hypersurfaces (see section 4).

Example Consider the Reinhardt domain

Ω = { (z_1, z_2) ∈ C^2 | (|z_1| − 1)^2 + (|z_2| − 1)^2 < 1/2 }

Observe that it is homeomorphic to S^1 ×S^1 ×D^1, whereas ∂Ω is homeomorphic to S^1 ×S^1 ×S^1. It is easy to see that it is a Stein manifold with a strictly pseudoconvex boundary. We describe two completely different possible 2-coverings of ∂Ω.

i) If we consider a finite cover of the last S^1 we obtain a CR-manifold whose CR-functions are pull-backs of CR-functions on ∂Ω, that is, the envelope of holomorphy of the cover is equal to Ω. In particular, the finite cover cannot be the boundary of a domain.

ii) Consider now a double cover of the first S^1, we can give it explicitly as

M = { (z_1, z_2, w) ∈ C^3 | w^2 = z_1 and (|z_1| − 1)^2 + (|z_2| − 1)^2 = 1/2 }

In this case we see clearly that M is embedded into C^3. M extends to a cover E(M) of Ω given by M = { (z_1, z_2, w) ∈ C^3 | w^2 = z_1 and (|z_1| − 1)^2 + (|z_2| − 1)^2 ≤ 1/2 }

4 Proof of theorem 1.1

Let M be a smooth manifold equipped with a contact distribution D and suppose that a complex structure J is defined on D, that is, J is a smooth endomorphism D → D such that J^2 = −I at each point of M. Let D^{1,0} ⊕ D^{0,1} be the decomposition of the complexification of D in ±i-eigenbundles of J. we say that the triple (M, D, J) is a strictly pseudoconvex CR manifold if D^{1,0} is involutive. Natural examples arise considering convex hypersurfaces in C^n, perhaps the most natural is the sphere S^{2n−1} ⊂ C^n. A function F : M → N, where M is a CR manifold and N is a CR manifold with distribution D^′, or a complex manifold, is called a CR function if dF ∘ J_M = J_N ∘ dF ( if N is a CR manifold we impose that dF (D) = D^′). A spherical CR manifold is a manifold M which is locally CR-equivalent to S^{2n−1} ⊂ C^n, that is, for each x ∈ M there exists a neighborhood U of that point and a diffeomorphism F : U → V for V ⊂ S^{2n−1} such that dF ∘ J_M = J_S2n−1 ∘ dF .

let M be a strictly pseudoconvex CR-manifold embedded in a complex manifold as connected component of the boundary of an open set D. We say that a CR-function F defined on M extends to D if there exists a continuous function defined on D∪M which coincides with F on M and is holomorphic on D. By a result of H. Lewy, if M is a strictly pseudoconvex CR-manifold embedded in a complex manifold then CR-functions extend to one half of a tubular neighborhood of M. We will use the following form of Hartogs theorem:

Theorem 4.1 ([Hartogs-Lewy]) let M be a strictly pseudoconvex closed CR-manifold embedded in a Stein manifold bounding a domain Ω. Then CR-functions extend to Ω.

The following theorem is a consequence of a Liouville type theorem for spherical CR structures and hence of the existence of a development map (see [BS]).

Theorem 4.2 ([BS]) Let M be a simply connected closed spherical CR-manifold. Then M is CRequivalent to the sphere.

Using Hartogs theorem one obtains easily the following

Corollary 4.1 ([BS]) Let Ω be a domain with spherical simply connected boundary. Then it is biholomorphic to the ball.

Prof of theorem 1 As the boundary of a simply connected domain is simply connected in dimensions greater then 2 (by theorem 2), we may apply the corollary above. This ends the proof.

Remarks

1. In C^2 the theorem is true as proved in [CJ].

2. For a Stein manifold of dimension two the theorem above might still be true. But the above proof breaksdown as it is not true that a simply connected strictly pseudoconvex domain has simply connected boundary (see the example in section 3 and Andreotti-Rossi’s example as described in [F]).

3. One can use the same proof to establish a Riemann mapping theorem for domains whose boundary is locally equivalent to other homogeneous pseudoconvex CR manifolds.

5 Bibliography

[A] Andreotti, A. and Frankel, T. : The Lefshetz theorem on hyperplane sections. Ann. Math. 69, 713-717(1959).

[AS] Andreotti, A. and Siu, Y. T. : Projective embeddings of pseudoconvex spaces. Ann. Scuola Norm. Sup. Pisa 24, 231-278(1970).

[BS] Burns, D. , Schneider, S. : Spherical hypersurfaces in complex manifolds, Invent. Math. 33(1976), 223-246.

[C] Cartan, H. : Séminaire E.N.S. 1951/52.

[CJ] Chern, S.-S. , Ji, S. : On the Riemann mapping theorem. Annals of Mathematics, 144 (1996), 421-439.

[DG] Docquier, F. , Grauert, H. : Levisches Problem und Rungesher Satz fur Teilgebiete Steinscher Mannigfaltigkeiten. Math. Ann. 140, 94-123 (1960).

[D] Dold, A. : Lectures on Algebraic Topology. Springer-Verlag 1972.

[E] Eliashberg, Y. : Topological Characterization of Stein Manifolds of dimension > 2. Int. J. Math. 1, 1, 29-46 (1990).

[F] Falbel, E. : Non-embeddable CR-manifolds and Surface Singularities. Invent. Math. 108 (1992), no. 1, 49-65 .

[G] Grauert, H. : On Levi’s problem and the imbedding of real-analytic manifolds. Ann. Math. 68, 460-472 (1958).

[L] Lewy, H. : On the local character of the solutions of an atypical linear differential equation in three variables ... . Ann. of Math. 64, 514-522 (1956).

[M1] Milnor, J. : Morse Theory. Ann. of Math. Studies 51. Princeton University Press (1963). [M2] Milnor, J. : Singular Points of Complex Hypersurfaces. Ann. of Math. Studies. Princeton University Press (1968).

[R] Rossi, H. : Attaching analytic spaces to an analytic space along a pseudoconcave boundary. In Aeppli, Calabi, Rohrl (eds)Proc. Conf. Comp. Anal., Minneapolis 1964. Springer(1965). 66, 231-249 (1982).