A MOTIVIC FUNDAMENTAL LEMMA
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ABSTRACT. In this paper we prove motivic versions of the Langlands-Shelstad
Fundamental Lemma and Ngd’s Geometric Stabilization. To achieve this, we
follow the strategy from the recent proof by Groechenig, Wyss and Ziegler which
avoided the use of perverse sheaves using instead p-adic integration and Tate
duality. We make a key use of a construction of Denef and Loeser which assigns
a virtual motive to any definable set in the theory of pseudo-finite fields.
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1. INTRODUCTION

1.1. First introduced in 1979 as a technical device of combinatorial nature, the
Langlands-Shelstad Fundamental Lemma was a conjecture which has long resisted
the efforts of mathematicians until its full proof by Ng6 in 2008 [38]. We shall start
with a loose presentation for non-specialists of some of the motivations behind it.
A powerful tool in the Langlands program is the Arthur-Selberg trace formula
which is a far-reaching extension of the classical Poisson summation formula for
an arbitrary reductive group G over a global field. It is an equality between
a spectral side involving traces of automorphic representations and a so-called
geometric side which is a sum of adelic orbital integrals. These adelic orbital
integrals are products of orbital integrals over local fields, that is integrals over
G(F')-conjugacy classes, with F' alocal field. Langlands’s principle of functoriality
predicts that automorphic representations for a given reductive group G should
transfer to automorphic representations for any another reductive group G’, given
a morphism between their Langlands duals. An approach to prove it in some cases

consists in comparing the geometric side of the trace formula for the two groups.
1
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If I is, say, a local field, an obstacle that immediately arises before going further
is that in general there is a difference between stable conjugacy classes, that is
G(F)-conjugacy classes with I the algebraic closure of F, and G(F)-conjugacy
classes. Indeed, while it is often possible to associate stable conjugacy classes
for G’ to stable conjugacy classes for GG there is no natural way to do this for
conjugacy classes over F'. The Fundamental Lemma is a way to overcome this
difficulty by expressing orbital integrals for a reductive group G over a local field
in terms of stable orbital integrals (integrals over stable conjugacy classes) for
different groups over the same local field.

1.2. Let us now state the Fundamental Lemma in the form proved by Ngo in
[38]. We fix a non-archimedean local field F' and a reductive group G over F. We
assume G is unramified, that is, that G is the generic fiber of a reductive group
scheme over the valuation ring of F. Let 74 be a regular semi-simple F-point
of the Lie algebra g of G’ with centralizer I,,. The orbital integral associated to
these data is

Osq _/ 19((91?)(971709)6@7
Iy (F\G(F)

with dg a suitably normalized Haar measure. The set of G(F')-conjugacy classes

in the stable conjugacy class of 75 can be identified with the set of elements of

H'(F,I,,) whose image in H'(F,G) is trivial. Under this identification the class

of 74 corresponds to the identity element. By Fourier transformation on the finite

abelian group H'(F,I,.), the orbital integral O, can be expressed as a linear

combination of k-orbital integrals O% . where, for a character x : H'(F, I,,) — C*,
Of, is defined as

05, =Y w([]) Oy
[v]
with [7/] running over the set of G(F')-conjugacy classes within the stable conju-
gacy class of 7g. When « is the trivial character one gets the stable orbital integral
Oi?b. Thus, the problem of stabilization of orbital integrals can be reduced to
expressing a k-orbital integral for G in terms of a stable orbital integral on some
different unramified reductive group H over F.

The group H is constructed via the theory of endoscopy out of the data (G, I, k).
In particular, the set of roots of the endoscopic group H is a subset of the set of
all roots of G. Furthermore, to each ¢ as before corresponds a F-point vy of the
Lie algebra h of H which is well defined up to stable conjugacy and which will
be assumed to be regular semi-simple. In particular, the stable orbital integral
Oit;b depends only on 7g and H. On the other hand, the x-orbital integral OF
depends on the conjugacy class of ¢, another choice ¢ would multiply it by a
factor k([y5]). When the characteristic of F' is greater than twice the Coxeter
number of GG, one way to solve this indeterminacy is to use the so-called Kostant
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section which provides a canonical conjugacy class within each stable conjugacy
class of regular semisimple elements in g(F).

The Fundamental Lemma, as proved by Ngo in [38], relates x-orbital integrals
on the group G to stable orbital integrals on the endoscopic group H in the
following way:

Fundamental Lemma 1.2.1. With the above notation, assume the characteristic
of F is greater than twice the Coxeter number of G and that the conjugacy class
of va 1s the one provided by the Kostant section. Then we have the equality

(*) O:G = A(7H77G) O'Syt;bv

with A(vu,7vg) of the form qf., with qr the cardinality of the residue field of F
and r an explicit integer.

1.3. Heuristically, all relations between integrals should come, in a certain sense,
from geometry as mere shadows of geometric relations. A suggestive instance
of this principle is provided by the Kontsevich-Zagier conjecture on algebraic
relations between periods [33]. In our case an example of such a phenomenon
already showed up in the proof of the Fundamental Lemma for Sp(4) by Hales
[27]. Indeed, in this case, each side of the Fundamental Lemma can be expressed
as the number points of an elliptic curve over a finite field, and the crucial fact
used in the proof is that these two elliptic curves are isogenous, hence have the
same number of points, cf. [25, 26]. As isogenous elliptic curves have the same
rational Chow motive, this leads to ask whether () could already hold at the
level of rational Chow motives. The main result of the present paper is that it
is indeed possible to lift the identity (%) to an identity between two objects in a
Grothendieck ring of rational Chow motives. More precisely we prove an equality
in the Grothendieck ring of Chow motives that specializes to the Fundamental
Lemma for p large enough. Note that a statement of this type was conjectured
by Hales in [28]. It would be interesting to establish a non-virtual version of our
result, similarly to what Hoskins and Pepin Lehalleur prove in [30], a non-virtual
analogue of the result of Loeser and Wyss [35] on topological Mirror Symmetry.

1.4. One of the key novelty in Ngo’s proof is to move from local geometry over
a local non-archimedean field to the global geometry over a curve, using the
Hitchin fibration which is the global analogue of affine Springer fibers. Ngo’s
proof is of geometric nature, and uses the decomposition theorem to control the
support of the perverse cohomology sheaves of the Hitchin fibration. Recently,
Groechenig, Wyss and Ziegler gave a new proof of the Fundamental Lemma using
p-adic integration along the Hitchin fibration [23], inspired by their proof of the
topological Mirror Symmetry conjecture of Hausel-Thaddeus [29]. More precisely,
they provide a new proof of Ngo’s Geometric Stabilization which is known to imply
the Fundamental Lemma by Ng6’s work [38]. An important feature of their proof
is that it circumvents the use of perverse sheaves and the decomposition theorem,
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which seemed insuperable obstacles to a motivic version. Instead a transition
from p-adic to motivic arguments is often possible, for example in the case of
topological Mirror Symmetry [35].

1.5. We use the general theory of motivic integration over fields of characteristic
zero developed by Cluckers and Loeser in [9] which is based on the notion of
definability in model theory. Indeed it was already proved by Cluckers, Hales
and Loeser in [7], that all the terms occurring in the Fundamental Lemma can be
defined purely within a first order language for valued fields, namely the Denef-
Pas language. Thus using the “Transfer Principle” from [10], a generalization of
the Ax-Kochen-Ersov theorem, they deduce the Fundamental Lemma in mixed
characteristic from the equicharacteristic case, recovering conceptually an earlier
result of Waldspurger [41].

1.6. In the theory of motivic integration developed in [9], volumes are elements
of the ring C(*,) which is a localization of the Grothendieck ring of definable sets
over the residue field k. Such definable sets correspond to equivalence classes of
formulas in the first order ring language with coefficients in k, two formulas being
equivalent if they are equivalent when interpreted in every field extension of k.
Since in this paper we are only concerned with local non-archimedean fields, which
have finite residue fields, it is natural to consider only fields extensions of k that
satisfy the same first order properties as finite fields. Such fields were introduced
by Ax in [2] under the name of pseudo-finite fields. Recall that a field L is pseudo-
finite if and only if it is perfect with a unique extension in every positive degree
and every geometrically irreducible variety over L has an L-rational point. We
will consider a specialization of the theory of [9] for which volumes no longer take
place in the ring C(%;), but in a ring called Cpg(*x) which is defined exactly as
C(x*1), except that two formulas will be considered to be equivalent if and only if
they are equivalent when interpreted in every pseudo-finite field extension of k.

1.7. In order to identify for example classes of dual abelian varieties we need to
further specialize Cpgt (k). By a result of Denef and Loeser [12] (see also [13, 39])
one may assign to any element « of Cpgt () a virtual Chow motive ypst(a) such
that the number of points of « interpreted in a finite field of sufficiently large char-
acteristic can be recovered from xpg () by taking the trace of the Frobenius on
its étale realization. Combining the construction from [12] and the general theory
of [9] one can work out a theory of motivic integration with values in localized
Grothendieck rings of Chow motives, which specializes well to p-adic integration
for p large enough. This is the framework which is used in this paper. Note that
the integration theory which was used in [35], for which two formulas were consid-
ered to be equivalent if they are equivalent when interpreted algebraically closed
field extensions of k, would not suffice here, since it does not have the property
that the volume of a definable set specializes to its p-adic volume.



A MOTIVIC FUNDAMENTAL LEMMA 5

1.8. Before saying more on the structure of the paper, let us recall the statement
of Geometric Stabilization. Let X be a smooth projective geometrically connected
curve over a finite field k. Fix a line bundle D on X and a quasi-split reductive
group G over X. A G-Higgs bundle with coefficients in D is a pair (F,0) with
E a G-torsor on X and # a global section of ad(F) ® D. We denote by Mg =
M(X, D) the moduli stack of G-Higgs bundles with coefficients in D on X and
by x : Mg — A the Hitchin fibration.

The Hitchin fibration is endowed with an action of a Picard stack Pg — A. The
anisotropic locus A™ in A is the locus of points a such that every Higgs bundle
(E,0) € x '(a) is generically anisotropic in the sense that for any trivialization of
E and D over the generic point of X, the Higgs field 6 is anisotropic as an element
of g(k(X)). When a belongs to A* the group m(Pq,) is finite. Fix a € A*™ H

an endoscopic group of G, and  : my(Pgq) — @X the corresponding character.
~ani

For technical reasons one needs to work on some étale open covering A~ — A*™™,

and we denote by Mg, ete, the corresponding pullback. The locus K?;l relative

to H is contained in A

Geometric Stabilization 1.8.1. For every a € K?(/{) we have
#H .//\/lvgﬂ(k) _ qrg(D)#stab //\/lvH,a(k)-

Here #" denotes the trace of Frobenius on the x-isotypical component of the
cohomology with compact supports, #52P denotes #" when « is the trivial char-

acter, ¢ is the cardinality of k and r& (D) denotes 1/2((11111(//\\/1/@) — dlm(/T/l/H))

1.9. The structure of the paper is the following. In Section 2 we develop a version
of motivic integration which is suited for the purpose of this paper, using the gen-
eral framework from [9]. This can be viewed as a relative version of the integrals
constructed in [12], providing volumes in Grothendieck groups of étale motives
to definable sets in the Denef-Pas language with pseudo-finite residue fields. We
show that the basic properties we need (change of variable, Fubini theorem, spe-
cialization to p-adic integration, formula for the orbifold volume) still hold in this
context. In the short Section 3, which is mostly borrowed from Section 4 of [38],
we recall the preliminary material required in order to formulate the Geometric
Stabilization theorem. In Section 4, we show how the various objects appearing
in the statement of the Geometric Stabilization theorem can actually be encoded
using the Denef-Pas language as definable objects in the theory of pseudo-finite
fields. In particular Galois cohomology is encoded by cocycles so that classical
isomorphisms between Galois cohomology groups of finite fields lift to definable
isomorphisms over pseudo-finite fields. We also use twists of definable sets by Ga-
lois cocycles to construct isotypical components of motives associated to definable
sets. It is in this framework that we formulate our motivic version of Geometric
Stabilization as an equality between motivic integrals, Theorem 4.9.1.
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Section 5 is devoted to the proof of motivic Geometric Stabilization, Theorem
5.1.1. Following [23] we use the formalism of orbifold measures to reduce it to an
identity between motivic integrals on Hitchin fibers for Langlands dual groups,
Theorem 5.3.1. By a Fubini theorem one may further reduce to an identity involv-
ing only generically smooth Hitchin fibers, which then follows from Tate duality.

Finally, we explain in Section 6 how the strategy introduced by Ngo to deduce
the Fundamental Lemma from Geometric Stabilization can be adapted to the
motivic setting, allowing us to prove our motivic version of the Fundamental
Lemma, Theorem 6.1.1. In particular, it follows directly from Theorem 6.1.1
that the Fundamental Lemma 1.2.1 holds for quasi-split reductive groups of large
enough residue characteristic (Corollary 6.1.4).

2. MOTIVIC INTEGRATION WITH PSEUDO-FINITE RESIDUE FIELD

In this section we recall what we need about motivic integration, specialized to
the case of pseudo-finite residue field. We moreover extend the construction for
motivic integrals to take values in the Grothendieck groups of étale motives, and
show that many compatibility properties continue to hold in this context, such as
the Fubini theorem.

2.1. Pseudo-finite fields. A pseudo-finite field is a field satisfying all first order
sentences in the ring language that are true in every finite field. More concretely,
by Ax’s theorem [2] a field K is pseudo-finite if and only if it is perfect, admits a
unique extension of degree n for each n € N, and is pseudo-algebraically closed,
which means that every geometrically irreducible K-variety admits a K-point.
One can show that such properties are axiomatizable by first order formulas in
the ring language and we denote Tpy the corresponding theory. For a field k, we
also denote by Tpsj the theory of pseudo-finite fields containing k. Denote by
RDefy, the category of definable sets in the theory of pseudo-finite fields containing
k, and let K(RDef;) be the corresponding Grothendieck ring'. More generally,
when S in RDefy, is a definable set, we write RDefg for the category of definable
sets with parameters in S, and K(RDefg) its corresponding Grothendieck ring.

An especially useful fact in connection with motivic integration is that this
theory admits quantifier elimination in the language of Galois formulas, and by
work of Denef and Loeser in [12], one can associate a canonical virtual motive to
every quantifier free Galois formula. Let us briefly recall the notion of quantifier-
free Galois formulas, referring to [18] and [12, Section 2] for more details.

A Galois stratification of a k-scheme X is the data A = (X, C;/A;, Con(A;))ier
where (4;) is a finite stratification of X into locally closed normal and integral
subschemes, C; — A; is a Galois cover, with group G(C;/A;) and Con(4;) is a
family of subgroups of G(C;/A;) which is stable under conjugation. Let K be a

IThe terminology RDef}, will make sense in Section 2.5, where we consider valued fields with
pseudo-finite residue fields.
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field extension of k and = € X (K) belonging to A;. Let Ar(x) be the Artin symbol
at x, that is the conjugacy class of the decomposition subgroup of G(C;/A;) at x.
We write Ar(z) C Con(A) if Ar(x) C Con(A;). We now define

AK) ={x € X(K) | Ar(z) C Con(A)}.

If X is affine over k, there is a ring formula ¢ with parameters in k such that
o(K) = A(K) for every pseudo-finite field K extending k. We call such a formula
a quantifier-free Galois formula, see [18, Remark 30.6.4] for details. Reciprocally,
every ring formula is equivalent to a Galois formula with quantifiers by [18, Re-
mark 30.5.1].

Let Lpg i, be the language consisting of constants of k£ and an n-ary relation sym-
bol for every Galois stratification of the affine space A}. Every field extension K
of k is naturally an Lp j-structure, where we interpret the relation corresponding
to a Galois stratification A as A(K). The theory Tpsy admits quantifier elimi-
nation in the language Lpg i, by [18, Proposition 31.1.3] (note that pseudo-finite
fields are Frobenius fields in the terminology of [18]).

2.2. Etale motives. Let k be a field of characteristic zero, A a field of char-
acteristic zero containing all roots of unity and S a quasi-projective k-scheme.
We write DA®(S, A) for the triangulated category of étale motives over S with
coefficients in A introduced by Ayoub [4]. He also endowed DA®(S, A) with a six-
functor formalism and the full subcategory DA (S, A) of constructible objects is
stable under these six functors. We refer the reader to [3| for a nice introduction.

Let K(Varg) be the Grothendieck group of varieties over S and Mg its local-
ization by the class L of the affine line over S. Ivorra and Sebag prove in [31,
Lemma 2.1] the existence of a unique ring morphism

Xs : Mg — K(DAJ(S, A))

which assigns to a quasi-projective S-scheme p : X — S the element ys([X]) :=
[p(1x)] in the Grothendieck ring K(DAS(S, A)).
Recall the following lemma from [35].

Lemma 2.2.1 ([35, Lemma 2.1.1]). Let S be a quasi-projective k-scheme. Let
a € K(DAS(S,A)) be such that, for every schematic point i, : {x} — S we have
i*(a) =0. Then a = 0.

Using Galois stratifications, we will extend xg to a ring morphism
xpst,s: K(RDefg) — K(DAS(S,A)) @ Q

in Section 2.3.

Let G be a finite group. Let G* be the set of characters of irreducible A-
representations of G and R(G) be the group of virtual characters of G with Q-
coefficients.
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Let M € DA&(S,A) be endowed with a G-action, i.e. endowed with a group
morphism p: G — Autpae(gp)(M). Let o € G* be a character of an irreducible
A-representation of G of dimension n,. We consider the projector

Do = |G| = a(g ) € End(M).

geG

Since DA% (S, A) is pseudo-abelian by [4, Proposition 9.2], the image of M by p,
is well-defined. We denote it by M* and call it the a-isotypical component of
M. When « is the trivial character, we also write M® = MY, the G-invariant
component of M. Since @ .+ Pa = id € End(M), we have that M &P Me.

acG*

For S a quasi-projective k-scheme we consider Sch$ g, the category of S-schemes
endowed with a fiberwise good G-action, by which we mean schemes p: X — S
with a G-action such that for every x € X, the G-orbit of x is contained in an
affine subset of p~!(p(x)). Notice that for X — S quasi-projective, any G-action
on S is good.

By functoriality, for an object p: X — S of Sch§ its motive py(1x) is endowed
with a G-action. Hence for a € G*, its a-isotypical component py(1x)® is defined
above.

The following proposition is a relative version of [12, 3.1.1] or [11, 6.1].

Proposition 2.2.2. Let S be a quasi-projective k-scheme, G a finite group and
a € R(G) a virtual character of G. There is a unique group morphism?

xs(—, @) : K(Sch§) — K(DAZ(S,A)) ® Q

such that:

(1) If p: X — S € Sch§ and o € G* is the character of an irreducible repre-
sentation of dimension n, of G, then

naxs([X], @) = [p(1x)"].
(2) For every X € Sch§,

where the sum runs over characters o of irreducible representations of G
and n, denotes their dimension.
(8) For every X € Sch§, the map

a € R(G) — xs(X, ) € K(DAL(S,A) © Q
1S a group morphism.

2This is merely a group morphism, not a ring morphism, contrary to what is claimed in [12,
3.1.1].
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Proof. Let a € G* be the character of an irreducible A-representation V,, of G of
dimension n,. View V,, as an object of DAS(S, A) endowed with a G-action, by
identifying it with @, _,, 1s. Let p: X — S € Sch§. Define

xs([X], @) = [Hom(Vo, pr(1x))“],
where Hom is the internal Hom.
By additivity of py, as in the proof of [31, Lemma 2.1], this extends uniquely to
a group morphism
vs(—,a) : K(Sch$) — K(DAL(S, A)).
Property (1) now follows from the standard fact that Hom(V,,, M)¢ ® V,, is iso-
morphic to M, see [11, 6.1] for details. Property (2) follows from the fact that

[M] = 3" cq[M?]. We finally define xg(—, ) for a virtual character « in the
unique way such that (3) holds. O

The following proposition collects a few useful functorialities.

Proposition 2.2.3. Let G and H be finite groups, X € Sch%, Y & Schg, a be a
character of G, B a character of H.

(1) View a - 8 as a character of G x H. Consider X xgY in Sch§*?. Then

xs([X xs Y], o ) = xs([X], a)xs([Y], B).

(2) Assume that H is a normal subgroup of G, with quotient morphism p: G —
G/H, and let v be a character of G/H. Then

xs([X/H]),7) = xs([X], 70 p).
(8) Assume that H is a subgroup of G. Then

xs([X],Ind§; 8) = xs([X], B),

where in the second term X is viewed in Schi .
(4) Assume that H is a subgroup of G and that X is isomorphic as a G-variety
to Useg/usY . Then

xs([X], @) = xs([Y], Resga).
Proof. The proof is similar to that of Proposition 3.1.2 in [12]. O
2.3. Pseudo-finite realization. Let A be an integral normal locally closed sub-
scheme of an S-scheme X, C' — A a Galois cover with Galois group G and Con

a family of subgroups of GG stable under conjugation. Let ac,, be the central
function on G defined by

(z) = 1 if (x) € Con,
@ConlT) =1 otherwise,

where (x) is the subgroup of G generated by z. The function ac,, can be
written as a Q-linear combination of irreducible characters of G. One defines
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xs(C/A,Con) = x5(C, acen) € K(DAE(S,A)) ®Q, and for a Galois stratification
A= (X,C;/A;,Con(A;))ier one sets

xs(A) = ZXS(Q’ QCon; )-

If two Galois stratifications A and A’ of X are equivalent, in the sense that they
define the same definable subset of X in every pseudo-finite field, then by [12,
3.2.1], xs(A) = xs(A"). Moreover, if two Galois stratifications A and A" of X
and X' are such that there is a Galois formula defining a bijection between the
interpretation of A and A’ in every pseudo-finite field extending k, then by [12,
3.3.5], xs(A) = xs(A"). Since Tpss admits quantifier elimination in the language
of Galois formulas, one can define a group morphism

xpst,s | K(RDefpgr s) — K(DAS(S, M) ® Q,

by sending the class of a definable set represented by a Galois stratification A to
xs(A). It follows from Proposition 2.2.3 that yps,s is a ring morphism.

By construction, if X is definable over S in the ring language without quanti-
fiers, for example if it is an algebraic variety over S, then xps.s([X]) = xs([X)],
where the first class is in K(Schg) and the second in K(RDefp ).

Lemma 2.3.1. Let p: S — S’ be a morphism between quasi-projective k-schemes.
The following diagrams commute:

XPsf,S

(2.3.1) K(RDefgs) —— K(DA%(S,A)) @ Q

XPst,s’

K(RDefS/) Em— K(DA(;E(S/, A)) ® @,

XPsf,s!

(2.3.2) K(RDefg/) —— K(DA%(S",A)) ® Q

| ;

K (RDefg) —% K(DA(S, A)) ® Q.

Proof. For the first diagram, fix W € RDefg and A = (X, C;/A;, Con(A4;))icr a
Galois stratification corresponding to W, where X is an S-scheme. Let A’ be the
same Galois stratification, but viewing X as an S’-scheme via p. Then A’ is a
Galois stratification of W viewed in Psfg via p, hence xpsr,s(m[W]) = xo (A').
It follows finally from Ayoub’s six operations formalism that xg (A’) = pixs(A).

The proof of the commutativity of the second diagram is similar, using the fact
that the base change along p of a Galois stratification of an S’-scheme X is a Galois
stratification of X xg S’, and that the associated definable sets correspond. [
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2.4. Motives with definable parameters. We shall need to consider also de-
finable sets with parameters, and to associate motives to those. Let S € RDefy,
say with n variables, and let RDefg be the category of definable sets with param-
eters in S, i.e. definable sets X C A™ x S together with the projection to S.
Morphisms are definable bijections preserving the projection to S.

Fix X € RDefg. Since S C A", there is a canonical map X — A" and we can
consider the motive of X with parameters xps.an([X]) € K(DAS(A™, A)) ® Q.

Since the precise set of parameters is not important, and that we shall need to
change it regularly, we adopt the following convention.

Definition 2.4.1. Let S C A" be a definable set and M be an element of
K(DAZ (A", A)) such that M = M - xpyan(S). We call such an M a motive
with parameters in S, or a relative motive.

We define the ring of relative motives K(DA (rel, A)) as the colimit of the
groups K(DAS(A™ A)) under the closed immersions A" < A" given by z
(z,0).

We adopt the same definition for the various tensor products of K(DA¢ (rel, A))
that we shall consider, such as K(DA%(rel, A)) ® Q. We also extend the con-
struction to motives over some base scheme A, which gives K(DA (A, rel, A)),
with elements motives in some K(DAS(A x A" A)) for some n. Similarly, given
a definable set X € RDefg with parameters S C A", we write xpsrel([X]) €
K(DA&(rel, A)) ® Q for xpgran([X]).

2.5. Denef-Pas language and definable subassignments. We use in this
paper the framework for motivic integration developed by Cluckers and Loeser in
[9]. See also [7] for an introduction.

Fix a field k of characteristic zero. The theory takes place in the Denef-Pas 3-
sorted language Lpp j in the sense of first order logic. It has one sort for the valued
field with the ring language, one sort for the residue field with ring language,
and one sort for the value group, with Presburger arithmetic language (0,1,+,<,
(=n)nen). It also has two unary function symbols, ord from the valued field sort
to the value group, interpreted as the valuation, and ac from the valued field sort
to the residue field, interpreted as an angular component. It also has constant
symbols for elements of k((t)).

Given an extension K of k, we view naturally the field K((¢)) as an Lppx-
structure, as follows. The underlying sets are (K ((t)), K, Z). The function symbol
ord is interpreted as the valuation, ac as the angular component, which is the first
non-zero coefficient of € K((t)) if x # 0 and 0 otherwise. The relation =, is
interpreted as congruence modulo n.

One considers the category Def; of definable objects in such structures, defined
as follows. Let ¢ be an Lpp p-formula, with respectively m, r and s free variables
in the three sorts. For every extension K of k, we con81der the subset hy,(K) C
(K((t)))™ x K" x Z* consisting of points satlsfymg ¢. An object S € Defk7 called
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a definable subassignment (or definable set), is a map from the set of extensions
K of k to sets such that there is some Lpp j-formula ¢ such that S(K) = h,(K)
for every K. One also considers general definable subassignments GDefy, which
objects are definable subassignments of algebraic varieties over k, defined similarly
using affine charts.

In this paper, we specialize this situation to the case of pseudo-finite residue
fields. Let Tpgy the theory of pseudo-finite fields containing k. We work in the
category denoted by Defy(Lpp, Tpst) in [9, Section 16], that we shall denote by
Defpgt . Let Lpppst i be the extension of the Denef-Pas language Lpp where
we add symbols for Galois formulas in the residue field. An object S € Defpg
is a map from the set of pseudo-finite fields K extending k to sets that are of
the form S(K) = hy(K) for some Lpp pg p-formula ¢. Combining Denef-Pas
elimination of valued fields quantifiers with Fried-Jarden quantifier elimination
for pseudo-finite fields, we see that in the definition of S € Defpgs x,, we can choose
the Lpp psrp-formula ¢ to be quantifier free. The category GDefpgsy is defined
similarly.

We also write Cpgri(S) or Cps(S) for C(S, (Lpp, Tpstk)), the ring of motivic
constructible functions on S' € GDefpgt 1, when there is no risk of confusion.

Let *;, the final object in GDefpgt 1, whose value at every pseudo-finite extension
of k is the one point set. By definition

Crst(¥x) = K(RDefpgt ) @z A,
where A =7 [L, Lt ( L )i>0].

1-L—¢

2.6. Evaluation of functions. We fix a Grothendieck universe & containing k.
This is merely a matter of convenience, it follows from standard arguments relying
on the reflection principle, cf. [17], that our main results are in fact valid within
ZFC. Let S € GDefpgt . We define the set of points |S| as the set of pairs (z, K)
with K € U a pseudo-finite field containing k& and € S(K). We sometimes write
abusively x € |S].

For such an x € S(K), let k(x) be the definable closure of z intersected with
the residue field K and consider the language Lpp pst k., Where we add constants
for k(x). Note that Lpp pst ke is smaller than Lpp pst (), since we do not add
constants symbols for k(x)((t)) in Lpp pst k.-

Consider the category of pseudo-finite fields K’ containing k(x), and the cate-
gory Defpgs  , such that its objects X € Defpg i, consists of maps associating to
K’ as above h,(K') for ¢ an Lpp pe i .-formula. This new theory falls into the
framework of [9, Section 2.7|, hence we define similarly GDefpgs s, ., RDefpgs ks
Cpst k. (X), etc. Note that for the one point definable subassignment *, we have

Cpst oo (*) = Crst (z) k() = K(RDefpgt k(2)) @z A.

A constructible motivic function ¢ € Cpg x(S) can be evaluated at (z, K) € |S|
as follows.
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Since Lpp pst i 18 an expansion of Lpp pstk, by [9, Proposition 16.1.1], every
Y € Cpgt (S) induces a unique function in Cpgt . ,(5), that we still denote abusively
1. By cell decomposition, or more precisely [9, Theorem 7.2.1], there exists an
Lpp pst k. -definable subassignment V,, C S, such that z € V,(K), a definable
function g: V, — * and ¢, € Cps (%) such that ¢*(¢,) = 1. We define the
evaluation of ¥ at (x, K') to be ¥(2) = ¥y € Cpstku(*) = Crstp(a) (k) -

Remark 2.6.1. Our notion of evaluation at a point differs from the one used
by Cluckers and Halupczok in [8]. They instead define the evaluation at a point
(x, K) by working in the complete diagram with parameters a tuple of constants
for the tuple of coordinates of . More precisely, let Lpp pst () be the expansion
of Lpppstr by a constant symbol for each coordinate of . Then they consider
fields K’ such that (K'((t)), K',7Z) is elementary equivalent to (K ((t)), K,Z) in the
language Lpp pstr(x). Since this theory is an expansion of ours in the Lpp pst .-
language, our notion of evaluation will determine the notion of evaluation in [8].

Hence the following proposition follows readily from [8, Theorem 1]:

Proposition 2.6.2. A constructible motivic function is determined by its eval-
uation at points. More precisely, let S € GDefpgy and ¢, € Cpssi(S). Then

v = if and only if, for every (x, K) € [S], ¢(x) = () in Cost k() (*k(x))-

Proof. Let ¢,¢ € Cpgsti(S) such that for every (z,K) € |S], p(x) = ¥(z) €
Crpst k(z) (*k(z)). The evaluation of a constructible motivic function 1 at a point
(x,K) € |S] in the sense of [8] is defined as i%(v), where i,: {x} — S is the
inclusion, which is definable in Lpp pstr(x). Using the notations V, ¢ in the
definition of evaluation, since x € V,(K), we have i}(¢) = i%(¢,) = 159",
Hence the evaluations (in the sense of [8]) of ¢ and ¢ at every point (z, K) € |S]
are equal, therefore by [8, Theorem 1|, ¢ = 1 in Cpg i (S5). O]

2.7. Definable varieties. We shall need the following notions.

Definition 2.7.1. A definable algebraic variety X over k is a definable set X C
P x A™ in GDefpg s, such that for every pseudo-finite field K and a € 7(X(K)) C
K™, where 7 is the coordinate projection, the fiber X, is the set of K-points of a
quasi-projective variety with a bounded number of equations of bounded degrees
and parameters in a.

We shall usually consider such X as a definable in P" with parameters 7(X). In
particular, by “X is of pure dimension d” we mean that the fibers X, are points
of varieties of pure dimension d.

Define similarly a definable algebraic group, requiring in addition that the group
law and inverse are the graphs of definable functions.

Similarly, a definable algebraic variety X over k((t)) is a definable X C P™ x A™
in GDefpgs ;. such that for every pseudo-finite field K and a € n(X(K)) C K((¢)"™,
where 7 is the coordinate projection, the fiber X, is the set of K ((t)-points of a
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quasi-projective variety with a bounded number of equations of bounded degrees
and parameters in a.

Define also a definable algebraic variety X over k[t] in a similar way, but asking
the fibers X, to be the set of K[t]-points of a quasi-projective variety over K[t].
We can associate to it definable algebraic variety Xy () over k((t)) by simply taking
the K ((t))-points of the fibers, and a definable inclusion X — Xj(;) and a definable
algebraic variety Xj over k by taking the residue map, together with a surjection

Example 2.7.2. For example, there is a definable algebraic group U; representing
the unitary group:

U, = {(21,32,a) € A* x A | z] — az3 = 1, a not a square } .

This definable set is not the same as the definable set associated to the unitary
group U; over k:

U, = {(:1:1,.232) € A% | 22 — ol = 1},
where ag is not a square in k. We have U;(K) = K* whenever K is an extension
of k where ag is a square, whereas Uy ,(K) # K*.

2.8. Fubini theorem. We say that S € GDefpgt ;, is of dimension d if Kdim(S) =
d, in the sense of [9, Section 3|. Roughly speaking, this means that the valued field
part of S is of dimension d. Fix S € Defpgy, of dimension d and let ¢ € Cpg(S5).
Let |wg|g be the canonical volume form, in the sense of [9, 15.1]. Let Cg(S) the
quotient of Cpg(S) by the ideal of constructible functions with support included
in a definable of dimension d — 1. If the class [¢] € C&(S) of ¢ is integrable, then
fs[gp] |wol g is defined in [9, 15.1] and belongs to Cpg(*). Say that ¢ € Cpg(S) is
integrable if [¢] is integrable, and set

[ eleals = [ Fellunls.

Let X be a smooth definable algebraic variety over k((t)) of pure dimension
d. Denote by |wx| the definable volume form on X determined by the algebraic
differential form of degree d on X,(K((t))) for every pseudo-finite field. Let ¢ €
Cpst(X). We say that ¢ |wx| is integrable if [p] |wx| is integrable and set

[ eloxi = [ fellexl.

We will use the following versions of the Fubini theorem, which follows from
Theorem 10.1.1, Theorem 15.2.1 and Proposition 15.4.1 in [9)].

Proposition 2.8.1. The following properties hold:

(1) Let X be a smooth definable algebraic variety over k((t)) of pure dimension
and Y a definable algebraic variety over k. Let f: X — Y be a morphism
in GDefpgs . Let |wx| be the volume form associated to a top degree form
on X. Let ¢ € Cpst(X) such that ¢|wx| is integrable. For every point
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y € |Y|, denote by X, the fiber of f over y. Then for every y € |Y]|,
YIx, |WX||xy is integrable on X, and there exists a constructible function
W € Cpst(Y) such that for every y € |Y],

v = [ o, loxls,

Yy

/XSO’wx’:/YW

(2) Let f: X — Y be a smooth definable morphism between smooth definable
k((t)-varieties of pure dimension. Let |wx| and |wy| be the volume forms
on X and Y Let ¢ € Cpg(X) such that ¢ |wx| is integrable. Then for
every y € [Y[, ox, lwx/f*(wy)|x, is integrable on X, and there exists a
constructible function ¢ € Cps(Y) such that for every y € |Y],

w(y)—/ o, lwx /[ (wy)|x,

Xy

/Xgorwxr:[[wwy\.

Note that the functions 1 in the proposition are uniquely determined, since a

constructible function is determined by its evaluation at points by Proposition
2.6.2.

and

and

2.9. Constructible functions with values in motives. Fix S € GDefpg
and z € |S|. Consider the morphism

Xpst ()| K(RDefpgt p(z)) —> K(DAS (Speck(z),A)) @ Q.
Recall that
Cpst (*¥x(z)) = K(RDefpg p(a)) @z A.
The morphism xpsf x(») then induces a morphism
XPsth(x): Chs (ki) — K(DAS (Speck(x), A)) @z A ® Q.
We now have a natural morphism

Ds: Crat(S) — | [ K(DAS (Speck(z), A)) @z A® Q,

z€|S|

which sends 1 € Cpg(S) to (Xpsﬁk(x)(l/)(x)))xe‘s‘. Set Cmot(S) = Ys(Cpse(S)) and
still denote by ¥ the induced morphism.

Let X be a quasi-projective k-scheme, we still write X for the associated defin-
able subassignment.
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Remark 2.9.1. Note that working with the theory of pseudo-finite fields is crucial
in this paper and is quite different from working with the theory of algebraically
closed fields as in [35]. Indeed, given n a positive integer, if Z,, is the set defined
by the formula x # 0 A Jy(z = y™) in A}, we have xpst(Z,) = H%l, while, with
the notation from loc. cit., xact(Z,) = L — 1. This reflects the fact that in a finite
field of characteristic prime to n, non-zero nth powers have density 1/n. As a
consequence, motivic functions considered here are quite different from the ones
used in loc. cit.

Let X be a quasi-projective k-scheme. By definition the ring Cpg(X) is equal
to K(RDefx) ®Z[M A,

Lemma 2.9.2. Let X be a quasi-projective k-scheme, and X the associated de-
finable subassignment. The map sending Ux(p) € Cmot(X) to xpst,x(p) is well-
defined and provides an isomorphism between Cnot(X) and the image of

(291) XPsf, X * K(RDefpsﬂx) ®Z[M A — K(DAE:(X, A)) ®Z[]L] A® @

Proof. Fix ¢, € Cpst(X) such that ¥x(¢) = ¥x(¢). By Lemma 2.3.1, we have
that the pullbacks of xpst x () and xpst x(¢0) to every point x € |X| are equal.
Since points in pseudo-finite fields cover all scheme points, by Lemma 2.2.1 we
have

XPsf, X () = XPsf, X (). u

Let p: X — Y be a morphism between quasi-projective k-schemes. Using
Lemma 2.9.2, Lemma 2.3.1 can be restated in terms of commutative diagrams

(2.9.2) Cout(X) =2 Conon (X)

di |

CPsf (Y) —_— Cmot (Y)

dy
and
Jy
(2.9.3) CPsf(Y) E— Cmot(Y)

p*l lp*

Cpst(X) — Crnot (X).

Proposition-Definition 2.9.3. Let S € Defps ) and ¢, ¢" € Cps(S). Assume
that ¢ and @' are integrable and that Vs(p) = Ig(¢’). Then

9o ([ otanls) = o ([ lenls)
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In this case, we say that Vs(p) is integrable and set

mot
Vs() |wolg = Vs, (/ @ |W0|5) :
S S

Proof. Let S € GDefpg ) be of dimension d. Let CES];(S) be the subring of
Cpst(S) consisting of constructible functions with support contained in a defin-
able subassignment of dimension at most k, and C5%(S) = C55(S)/C5E(S9).
Let Cpst(S) = @Dpo0 Cp(S). Recall from [9, Section 10] that the integral is
constructed by defining for each morphism f: X — Y in Defpg s, a group homo-
morphism fi: ICps(X) — Cpge(Y), where ICpg(X) is the subgroup of Cpg(X)
consisting of integrable functions. The integral of [p] € Cpg(X) is then defined
as filp], where f: X — %, is the map to the final object. To prove Proposi-
tion 2.9.3, it is thus enough to prove that for every definable map f: X — Y,
fi: ICpst(X) — Cpge(Y) induces a map [Cho(X) = Chot(Y), where IC00(X) is
the image of ICpg(X) by 9.

If f is a bijection or an injection, this is clear. Hence using the Denef-Pas cell
decomposition theorem, it suffices to treat the cases where f is either a projection
of residue field variables, value group variables, or one valued field variable. Hence
we can assume f: Y x W — Y, where W is either the residue field, the value
group, or the valued field.

By the main theorem of [6], integration commutes with base change, in the sense
that for every z € |Y'| and ¢ € Cpgy(Y x W), we have fi(0)(2) = fitzarxw1(@{ayxw)-
Hence up to replacing k by k(z), we can assume Y = %;. When W is the value
group, fi is defined by counting, hence the result is clear. When W is the residue
field, fi is induced the the natural map fi: K(RDefpg ) — K(RDefpg ) ob-
tained by composition. Hence using Lemma 2.3.1 and 2.9.1, the result follows
from the commutative diagram 2.9.2.

To treat the last case, using again cell decomposition we can assume that W
is a cell adapted to ¢, which means that W is a ball and there exists a function
1 € Cpgt(*k) such that f*1) = ¢. In this case, fip is defined as YIL™%, where «
is the valuative radius of the ball W. In this situation, it is again clear that f
induces a map fi: IChot(W) — Chuot (%) O

The proof of Proposition 2.9.3 implies that for every morphism f: S — S in
GDefpgs 1, the following diagrams commute:

ds

(294) ICPSf(S) _— ICmOt(S)

| |

CPSf(S/) T Cmot(S/)
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and

(2.9.5) Cpst(S) <, Cinot (57)

f*l lp*

CPsf(S) T Cmot(S)-

Let X be a smooth definable algebraic k((t))-variety of pure dimension and |wx|
the associated volume form on X. Fix ¢ € Cpg(X) such that ¢ |wx]| is integrable.
Using Proposition 2.9.3 on affine charts, we see that 9., ([x ¢ |wx|) depends only
on Ux(¢). In this case, we say that Ux(¢) |wx| is integrable and we set

[ ittt =0 [ okexd).

Proposition 2.8.1 implies the following version of Fubini:

Proposition 2.9.4. The following properties hold:

(1) Let X be a smooth definable algebraic variety over k((t)) of pure dimension
and Y a definable algebraic variety over k. Let f: X — Y be a morphism
in GDefpg . Let |wx| be the associated volume form on X. Let ¢ €
Cumot (X) such that ¢ |wx| is integrable. For every point y € |Y|, denote by
X, the fiber of f aty. Then for every y € [Y|, o, |WX||Xy is integrable
on X, and there exists a constructible function ¢ € Cpot(Y') such that for

every y € |Y],
mot
Y(y) = / PIXy |WX||xy
Xy
and
mot mot
/ plwx| = Y.
X Y

(2) Let f: X — Y be a smooth morphism between smooth definable k((t))-
varieties of pure dimension. Let |wx| and |wy| be volume forms on X and
Y. Let f: X =Y be the induced morphism in GDefpg .. Let o € Cpor(X)
such that ¢ |wx| is integrable. Then for everyy € Y|, px, lwx/f"(wy)|x,
is integrable on X, and there exists a constructible function 1) € Cupot(Y)
such that for every y € |Y],

U(y) = /mO pix, lwx/f(wy)lx,

Xy

mot mot
| elxd = [ wlevl.
Y

X

and
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2.10. Specialization. We assume here that the base field k is the field of frac-
tions of a normal domain R which is of finite type over Z. Let x € U = Spec(R)
be a closed point and F, the residue field at z, which is a finite field.

Let ¢ be a ring formula with parameters in k and n free variables. Since k is
the field of fractions of R, we can consider that the parameters of ¢ are in R,
hence consider p(F,) C FZ?, the set of elements in F? satisfying ¢.

Proposition 2.10.1 ([12]). If ¢ and ¢ are two formulas, we have p(F,) = ¢'(F,)
for every x in a non-empty open subset of U if and only if o and ¢’ are equivalent
in the theory of pseudo-finite fields.

From now on, we suppose that the field A of coefficients for motives is Q. Let
G}, be the absolute Galois group of k and K(Qy, G},) the Grothendieck group of Q-
vector spaces endowed with a continuous Gj-action, for some prime ¢. Consider
the f-adic realization map Et,: K(DA%(Speck, Q,)) — K(Qy, Gy).

For z € U, let Frob, the geometric Frobenius at . Taking its trace on the

invariants by inertia defines a ring morphism K(Q,, G}) — Q. Precomposing
with Et,, we get a ring morphism

Tr Frob, : K(DA% (Speck, Q,)) ® Q — Q.
By [12, Proposition 3.3.1], this morphism is compatible with specialization:

Proposition 2.10.2. Let k be the field of fractions of a normal domain R which
is of finite type over Z, and U = Spec(R). Let X be a definable set in the theory
of pseudo-finite fields with parameters in k. There exists a non-empty open subset
of U such that, for every closed point x in U,

TrFrob, (xea([X])) = #X ().

Consider now X € GDefp gy, and ¢ € Cior(X). For every non-archimedean
local field L with a map R[t]— L sending ¢ to a uniformizer of L, we can consider
the L-points of X, which do not depend on the precise choice of a formula, if
we restrict the residue field of L to be the residue field of a closed point of a
non-empty open subscheme of U.

Given ¢ € Cpot(X), for every L as above, with residue field F, in an open
subscheme of U, by applying Tr Frob, to ¢, we get a map ¢ X (L) — Q. If |w|
is a volume form on X, similarly we get a volume form |w|, on X (L) for the Haar
measure on L.

Combining the above proposition with the specialization of integrals of Cluckers-
Loeser [10, Theorem 9.1.4], we get a specialization principle for motivic integrals:

Proposition 2.10.3. Let k be the field of fractions of a normal domain R which
is of finite type over Z, and U = Spec(R). Let X € GDefpgt g, and ¢ € Cror(X).
Assume that ¢ is integrable with respect to a volume form |w| on X. Then for
every x in a non-empty open subset of U, and for every local field L with a map
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R[t]— L sending t to a uniformizer of L and residue field F,, oy is integrable
with respect to |w|; and

mot

TrFrobx</ 90|w|> =/ oL wly,
X X (L)

where the integral on the right hand side is for the Haar measure on L.

2.11. Fourier transform. In this section we show that given a finite abelian
group G, one can define at the level of motives a Fourier transform such that
given a variety X with an action of (G, the function of the twisted varieties of X
is sent to the function mapping a character x to the k-isotypical component of
the motive of X. This motivates our Definition 4.4.1 of isotypical component.

Write G as a product of cyclic groups G = Z/nmZ X - -+ X Z/n,Z.

Let T; — B; be a Z/n;Z-torsor over a base B; which is versal in the sense of [19,
Definition 5.1]. Let S; C B; be the definable subset consisting of the points © € B;
such that the fiber of T; over z is a primitive Z/n;Z-torsor, i.e. is a torsor of order
n;. Since T; is versal, S;(K) is non-empty for every pseudo-finite field K.

The product T'=T7 x --- x T, is a G-torsor over B = B; X --- X B, and over
resS=35 x---x 3§, it is a primitive G-torsor.

Let X be a variety over B with a G-action. Define the twist of X by T as
XT = X x5 T/G, where the quotient is by the anti-diagonal action.

In the special case where X is a G-torsor, this corresponds to addition in
HY(B, Q).

For e = (ey,...,e,) € N', define by induction Tf by the relation 7/*" = (Tij)Ti,
and T¢ = Ty* x --- x T¢. Since the group H'(B;,Z/n;Z) is torsion of order
divisible by n;, T;* depends only on the class of e; modulo n;. For e € G, we then
define T¢ as T¢ where ¢/ € N” is a representative of e.

Let G* be the group of characters of G with values in A.

Definition 2.11.1. Given a map f: G — DAS(B, A), we define its Fourier trans-
form as

FixeG — > fle)xs(T" x ).

Let X € Var%. Consider the map fx:e € G+ xp(X”"). We will show that
its Fourier transform is equal to isotypical components of the motive of X, once
multiplied by some idempotent.

Consider the motive x5(X7) € K(DA%(B)) of XT, together with its G-action.
Let x € G* be a character of G, and p: (z,y) € G x G — zy~! € G. Using
Proposition 2.2.3 (2) and (1), since G is commutative, we have that

(2.11.1) xe(XT,x) = x8(X x5 T,xop) =x5(X,x) x5(T,X)
and

(2.11.2) xs(T¢ x) = xs(T, X°),
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where x¢ = x7' ... x5 and x; is a character of Z/n;Z.

By Proposition 2.2.2 (2), we have fx(e) = xs(X"") = 3 cq- xB(XT,¢).
Injecting this relation, we have for y € G*,

|ZZXBX ) xB(Tx7)

ecG peG*
|G| Z Z xB(X, ) - xp(T%¢) xs(T% x™") (using (2.11.1))
PYeG* eeG
Z XB(X,¥) ZXBTW&X Y
1ZJ€G* ecG
R P IR =N DRI DRPICATS

YeG* P#1 ecG

where the last line used (2.11.2). The second term is non-zero, but we will show
that by restricting to a suitable definable set, it vanishes.

Recall that S is the definable subset of B consisting of points « € B over which
T is a primitive G-torsor.

Consider xps 5([S]) € K(DA%(B)) ® Q. For example, if r = 1 and n; is prime,
we have

xest,5([S]) = xp(T,1) Z xs(T', x).
xeG*

Since S C B, SxpS = S, the element XPSf’B([SD is an idempotent of K(DA%(B))®
Q.

For every strict subgroup H of G, since the fiber of T" over x € S is a primitive G-
torsor, the fiber of T/ H over x is not the trivial torsor, hence S x g (T/H)(K) = {)

for every pseudo-finite field K. Thus the product of the classes of S and T'/H in
K(RDefpy ) is 0. Thus we have

(2.11.3) xpst,5([S]) - xp([T/H]) =

in K(DAG(B)) ® Q or Cruor(B).

Let v be a character of G. There exists a (possibly trivial) subgroup H of G,
and a primitive character v of G/H such that 1) = 1) o p, where p: G — G/H is
the quotient morphism. Using Proposition 2.2.3(2), we get that

x5(T,1) = x5(T/G) = [15] = 1

in K(DAS(B,A)) ® Q.
Assume now that v is not the trivial character. Using again Proposition
2.2.3(2), we also have

ZXB(Tawe):|H| Z XB(T/HMZE)'

eeG ecG/H
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Since ¢ is a primitive character of G'/H, ¢ varies over all characters of G/H,
hence by Proposition 2.2.2(2),

ZXB(Ta V) = [H| xs(T/H).

ecG
Since H # G, from (2.11.3) we deduce that
(2.11.4) xpst,5([5]) - ZXB(T7 Ye) =0,

ecG
and finally

Fx () - xest,5(1S]) = x5(X, %) - xpsr.5([S)).
We thus have proven:

Proposition 2.11.2. The Fourier transform of the map
e € G xp(X"") - xpst,n([S))

1s the map
X € G* — xB(X, X) - xpst,8([S])-
In particular, we have
1 e
€] > xs(XT) - xpan([S)) = x5(X, 1) - xpar5([5))-
eeG

The preceding discussion took place inside K(DA (B, A)) ® Q, but carries over
verbatim to Cpet(B), using (2.9.1).

Remark 2.11.3. Note that the above discussion is not vacuous, since even if
XB(T) - xpst.5([S]) = 0, x5(T,¥) - xpst,5([S]) is not zero. The underlying reason
for that being that xp(—, ) is a group morphism but not a ring morphism.

2.12. Motivic characters. Let G be a constant commutative group over k.
Given the above discussion on Fourier transform, we shall consider a motivic
version of the characters of GG, as functions in Cp(G,rel), as follows. For a
character @« € G* and g € G, we then define amot(9) = Xva (17, @) - XPstrel([S])s
where T and S are as in the previous section. A general motivic character is a
product of e copies of ay,., for some integer e. Up to the choice of a primitive
character of G, we get a bijection between the set of characters of GG, and the set
of motivic characters of G.

We recover the classical result about the sum of values of a non-trivial character.

Lemma 2.12.1. Let o« € G* be a non-trivial character G. Then

Z mot(g) = 0.

z€G

Proof. This is Equation (2.11.4). O
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2.13. Orbifold volume. We need to consider Deligne-Mumford stacks in a de-
finable way. We shall treat them using atlases, but we need to introduce a notion
of definable groupoid beforehand.

Definition 2.13.1. A definable groupoid is the data of two definable sets V' and
A, as well as definable maps s,t: A - V, c:C C Ax A = A eV — A,
1: A — A. Here, V and A are respectively the vertices and arrows, s the source, t
the target, ¢ the composition, defined on the set of composable maps, e the identity
arrows and ¢ the inverse. Those are required to satisfy the usual compatibilities.

A definable functor between (V, A) and (V’, A’) is the data of definable bijections
V ~V"and A ~ A’ respecting the structure of of definable groupoid.

Given a definable groupoid (V, A), one can form the quotient space V/A of V
by the equivalence relation given by isomorphisms. The space V/A is a priori an
imaginary set.

Definition 2.13.2. A definable smooth Deligne-Mumford stack over k[t] is given
by the following data: a definable groupoid (V, A) such that V/A is a definable
algebraic variety M over k[t] together with a finite definable cover M = UM;
such that the M; form a Zariski cover of M into open pieces when specialized to
a pseudo-finite field. We require as well that for all ¢, there is a smooth definable
algebraic variety X; and a definable finite algebraic group I'; acting on X; such
that every orbit is contained in an affine subset, and such that the restriction of
(V,A) to M; is identified with the quotient stack [X;/T;] — X;/I'; ~ M;, and
there is a dense open subset U; C M; over which the action is free.

Let M be a definable smooth Deligne-Mumford stack over k[t]. Chose the
opens U; C M; maximal with the property that the action of I'; is free over Uyj,
which exist since I'; is finite, and set U = UU;.

Consider the definable subassignment M¢, determined by

MF(K) = M(K[t]) n UK (),

for any pseudo-finite field K/k. One defines similarly ME

After shrinking the X; if necessary, we may assume that their canonical bundles
are trivial. We fix non-vanishing top degree forms w; on X;, which induce, possibly
pluricanonical, forms w; o1, on ME as in [23, Lemma 2.8 and the measures induced
by Wi glue to define a definable form |we,| on MF. We shall compute th |Worb |
in terms of the twisted inertia stack of M.

Recall that given a stack M, the inertia stack I M parametrizes pairs of objects
in M together with an automorphism. When M is a Deligne-Mumford stack,
hence has finite automorphism groups, we have an equivalence

IM = colim,, Hom(BZ/nZ, M).
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It turns out, that if £ does not contain all roots of unity, the correct space in our
context is the twisted inertia stack of M defined as

I; M = colim,, Hom(B,, M).

We write abusively I;M for the coarse moduli space of I;, M. Notice, that if M is
of finite type, then the order of its automorphism groups are bounded and hence
the above colimit stabilizes.

Thus given a definable Deligne-Mumford stack M, we can associate to it a
definable Deligne-Mumford stack ;M that parametrizes the twisted inertia stacks
of My for pseudo-finite field K, i.e. such that for every pseudo-finite field K,
I,M(K) = [;Mg(K).

We now define the specialization map

(2.13.1) e: MF — I;M.

Fix a pseudo-finite field K/k and 2 € M*(K) = M(K[t]) N U(K((t)). Let M,
be the pullback of My along x:

M, — M

| ]

Spec(K|[t]) = M,

where M — M is the map from M to its coarse moduli space.
Let M, be the normalization of Spec(K[t]) in M,. By [23, Proposition 2.12],
there is a finite totally ramified extension L of K((t)) of degree N, with valuation

ring Op, and residue field kg, such that [Spec(Op)/un] ~ M, and the induced
isomorphism s

[Spec(K)/pn] = [Spec(kr)/un] = M x
in the special fiber is independent of L up to isomorphism. Hence we get a map
[Spec(K)/pn] = My x — My gk — My, which gives a point e(x) € I, My (K) =
I,M(K).

Proposition 2.13.3. The map e is definable.

Before starting the proof, recall from [23, Section 2.5] some facts about I'-
torsors over Spec(K ((t))), with K pseudo-finite. A I'-torsor T" = Spec([ [, L;) over
Spec(K((t))) is said to be unramified if each L; is unramified. It is strongly ramified
if each L; is totally ramified.

In that case, L; ~ L; and I' acts transitively on the connected components of
T, which correspond to the totally ramified extensions L;. Let Iz be the stabilizer
of Spec(Ly). It is a subgroup of I', well-defined up to conjugation, and isomorphic
to pun, where N = deg(L1/K((t))).

For any T, from the description of H!(K((¢)),T), there exists a (unique) unram-
ified T-torsor P such that the twist 7' xT P is strongly ramified, see [23, Lemmas
2.14, 2.16] for details.
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Let T a T-torsor over Spec(K ((t)) and T be the normalization of Spec(K [t]) in
T. From the valuative criterion of properness, T is endowed with a T-action. We
can form the stack quotient [T'/T]. Let P be an unramified torsor such that 7'xT P
is strongly ramified. Since smooth base change commutes with normalization, we
have [T x" P/T'p] ~ [T/T]. Since the special fiber of [T' xT P/T'p] is Bl and
It = py, we get a morphism

The totally ramified torsor 7' x' P can be described more concretely as follows.
Let v: uny — I be the inclusion of the inertia group of 7" into I'. Define a I'-torsor
by

(2.13.3) T, = Spec(K (1Y) Xspec(re(ey) T'/1n-
This torsor is strongly ramified and thus must be equal to T x' P.

Proof of Proposition 2.13.3. We can assume that M is parametrizing a global
quotient [X/T'], where X and I are as in the beginning of the section. Let 7: X —
X/T' the quotient morphism. Recall the U C X/T" is defined as the maximal
open subset such that 7: V = 77}(U) — U is a [-torsor, which amounts to
define V as the subset of X where the I'-action in free. In this situation, e
admits the following more explicit description (see [23, Construction 2.18]). Let
r € MY(K) = M(K[t]) N U(K((t)). By definition of U, the point x defines a
I-torsor T over Spec(K ((t))). Let T be the normalization of Spec(K[t]) in T. By

the valuative criterion for properness, one gets a I'-equivariant map z: T — X.
We have the following diagram:

R

Spec(K((t))) — Spec(K[t]) — X/T.

From (2.13.2), we then get a morphism
Bun g — [T/Tlc — [X/T]k,

hence a point in I;[X/T'| k. By [23, Construction 2.18], this point in [, Mk is e(x).

From the description of the inertia stack above, to show that e is definable, it
suffices to show that the subset of € U where the totally ramified torsor 7' x' P
is isomorphic to 7%, for v: uy — I' (up to conjugacy), is definable. But those
two torsors are isomorphic if over an unramified extension, the fiber 7 '(x) is
isomorphic to T, as sets with a definable I'-action. If no extension is needed, then
it is clear that this expressed by a formula ¢, . If one needs an extension, say of
degree m, then one encodes the extension of degree m of K, K,,, as a definable
set with parameters, and use also a parameter 7 for a fixed choice of generator of
the Galois group Gal(K,,/K). See Section 4 below for details. Then working in
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K, the condition that 7—!(x) is isomorphic to T, as I'-set is again definable by
a formula ¢, . Since U is covered by the formulas ¢, ., by compactness it is
covered by a finite number of those, which shows that e is definable. O

Let us recall the definition of weights from [23, Definition 2.20]. Let k£ be a
field and let (x1,---,xr) € (Q/Z)". Define w(xi, - ,Xr) = 25—y Ci» With ¢
the unique rational representative of x; with 0 < ¢; < 1. For any r-dimensional
k-vector space V with an algebraic action a : i — uy — Aut(V), one has a
character decomposition V;; ~ @!_, Vi(x;) with x; € Q/Z characters of i and one
defines the weight of a as w(a) = w(x1, -+, X,). Let M be a definable smooth
Deligne-Mumford stack over k[t] and (z,a) € [;M(K). We define w(zx, a) as the
weight of 11 acting on the tangent space T, M.

Theorem 2.13.4 (Orbifold formula). Let M be a definable smooth Deligne-
Mumford stack over k[t]. Let (z,o) € I;M(K). Then the volume of the fiber
of e with respect to the orbifold measure on M is

/ |worb| _ L—w(x,a)‘
e~ 1(z,0)

Proof. This is the exact analogue for motivic integrals of [23, Theorem 2.21] which
deals with p-adic integrals. The proof in loc. cit., which ultimately reduces to
computations done in [14], adapts without difficulty to the motivic setting, using
[35, Proposition 3.2.3] instead of [23, Lemma 4.19]. Note that the apparent dis-
crepancy with [23, Theorem 2.21] (the presence of a denominator in the formula)
is an artefact coming from the fact that in [23] (z, ) is a point of ;M while here
it is a point in the coarse moduli space.

The theorem also follows from a more general orbifold formula for Artin stacks,
that will appear in the authors’ upcoming work in preparation. O

3. GEOMETRIC SETUP

In this section we introduce the relevant constructions for the formulation of
the Geometric Stabilization theorem [38, Théoréme 6.4.1]. The main reference is
Section 4 of loc. cit.

Throughout this section let k£ be a field of characteristic 0. Since a first order
sentence in the language of rings holds in every pseudo-finite field of characteristic
zero if and only it holds for all finite fields of large enough characteristic, see [2],
we shall use freely that first order statements proved in [38, 23] for finite fields,
sometimes with a lower bound on the characteristic, will hold for any pseudo-finite
field containing k. We fix X a smooth projective geometrically connected curve
over k and D a line bundle of even degree d on X. By abuse of notation we also
write D for the G,,-torsor associated with D. We will also assume the existence
of a rational point co € X (k).
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3.1. Reductive group schemes. Let G be a split reductive group scheme over
k and (T,B,s) a split pinning of G. We denote by X*(T) and X,(T) the root
and coroot lattice of G. We define a quasi-split form of G over X by fixing a
Out(G)-torsor p over X and setting

G =G xOu©) p.

We further denote by 7' = T x°"*(®) y the induced maximal torus and by g,t.g and
t the Lie algebras of G, T, G and T respectively. The superscripts reg and rs will
denote the open dense subschemes of regular and regular semi-simple elements
respectively.

3.2. Higgs bundles.

Definition 3.2.1. A G-Higgs bundle (with coefficients in D) is a pair (£, §) with
E a G-torsor on X and 6 a global section of ad(£) ® D.
Equivalently a G-Higgs bundle is given by a morphism X — [gp/G] over X,
where gp = ¢ x?{" D and G acts via the adjoint action.

Let Mg = Mg(X, D) be the moduli stack parametrizing G-Higgs bundles on X.
The global sections Z (X, G) of the center Z(G) over X act as automorphisms on
any G-Higgs bundle and we denote by Mg the rigidification of Mg by Z(X, G).

Definition 3.2.2. A G-Higgs bundle is regular if the morphism X — [gp/G]
factors through [g5%/G]. We denote by M5® and M the corresponding open
substacks.

In Section 3.6 below we will also need a slight modification of the notion of a
Higgs bundle introduced in [22]. Given a Z(G)-gerbe 5 on X we define a S-twisted
G-Higgs bundle to be a morphism X — [gp/G]?, where [gp/G]? is the B-twist of
the Z(G)-gerbe [gp/G] — [9p/(G/Z(G))]. We write MJ, for the corresponding
moduli stack.

3.3. The Hitchin fibration. Let ¢ = g/G be the Chevalley base of g and ¢/X
its relative version over X. The scaling action of G,, on g descends to ¢ and we
write ¢cp = ¢ x3" D.

Definition 3.3.1. The Hitchin base A = Ag = Ag(X, D) is the affine space of
global sections H°(X, ¢p). The morphism

X : MG — A
induced by the quotient [gp/G] — ¢p is called the Hitchin fibration.

The Kostant section ¢ — g together with a choice of square root of D gives rise
to a section A — MS® of x, which we still call the Kostant section.
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3.4. Symmetries. Let P — A be the Picard stack of torsors for the regular
centralizer J — c¢p, also called the abstract Prym. It naturally acts on Mg/ A
and M5® is a Pg-torsor trivialized by the Kostant section. As before we denote
by Pg the rigidification of Pg by Z(X, G).

3.5. m(P¢) and the anisotropic locus. Of central importance for Geometric
Stabilization is the group scheme of connected components 7y (Pg).

The anisotropic locus A*™ C A is the open subscheme whose points over an
algebraic closure k are given by

A™(k) = {a € A7(k) | |mo(Pg.a)| < oo},
with AY the open subset of A where the cameral cover is reduced, see [38, 4.5].

Evaluation at our fixed point co € X (k) defines a morphism evy : A = ¢p o,
where ¢p  denotes the fiber of ¢p over co. We define étale open subschemes A

~ani : .
and A of A and A*™ by the cartesian squares

Kani K reg
— — tD7C>o

T

The pullback of M to Aand A" is denoted by I\\7JIG and M respectively, and
similarly for Mg, Pg and Pg.

Next we further assume that the fiber of the Out(G)-torsor p over oo is trivial
and we fix a point 0o, € poo(k). With this choice, the Abel-Jacobi map induces

over A a morphism
(3.5.1) ¢ : A x X, (T) — Pg.
By [23, Proposition 4.38] the composition of ¢ with the projection onto ﬂo(ﬁg)

gives for every a € z\am(k) a surjection
(3.5.2) X, (T) — mo(Pea).
In particular m (ﬁg,a) is a finite constant group scheme.

3.6. Coendoscopic groups and twisted inertia. This is a summary of [23,
Section 5] and [22, Section 2]. Roughly speaking a coendoscopic group of G is the
Langlands-dual to an endoscopic group of G.

A coendoscopic datum for G over k is a triple £ = (K, ps, px — p), Where
Kk : i — T is a homomorphism over k and (p., px — p) is a certain reduction
of the torsor p. We call k the type of £. The split coendoscopic group H,, C G
associated with x is simply the neutral component of the centralizer of the image
of k. The coendoscopic group He is a quasi-split form of H, over X defined by



A MOTIVIC FUNDAMENTAL LEMMA 29

(Prs p — p). We write Te, he, te... for the maximal torus, Lie algebra, Cartan
algebra... associated with Hg.

Coendoscopic data appear naturally in the study of the twisted inertia stack
I;M¢ as follows. Given £ one obtains as in [22, Section 2.3] a Z(Hg)-gerbe S¢
and we write Mg for the moduli stack Mffg of fe-twisted He-Higgs bundles. As
in [22, Construction 2.21] we obtain compatible morphisms pg : Mg — Mg and
Vg . Ag = AHg — Ag.

Furthermore £ induces for any fe-twisted He-Higgs bundle F' a morphism i —
Aut(F'), which allows us to lift js to a morphism to [;M¢. In summary we have
a commutative diagram

L

Ag —)A(;,

where the vertical arrows are the Hitchin fibrations. Furthermore vg respects the
anisotropic locus i.e. vz (AZY) = AG = AR,
By [22, Lemma 2.25] the fiber of pN over oo has a k-rational point oo, . We
write AS™ = 7 (A¥). One can check that AS ™™ is contained in Af® and we
~G— ~
define A = A5 xazAe.

The chosen point oo, induces an isomorphism tg o = to, which allows us to
oG-
lift v¢ to a morphism v : Ag g Ag.

We further restrict the above constructions to the anisotropic locus, which we
indicate by adding a superscript anl For the VaI"IOUS exponents *x appearing above

we will also denote by MG — AG and I\\/JIS — Ag the pullbacks of Mg — Ag and
Mg — Ag to A and Ag. In particular, from (3.6.1) we get the commutative square

MG oo,ani he I Manl

| |

~G—o0,ani  pg ~ani
& AG’ :

Conversely, if we assume the existence of a k-rational point 0o, in the fiber of p
at oo, we get for any anisotropic G-Higgs bundle F' an inclusion Aut(F) — T [23,
Construction 4.36]. Thus any k-point in [ ,11\71[2;11 defines a morphism « : o — T
and in fact a coendoscopic datum € = (k, p., px — p) [23, Proposition 5.12]. We
say that a coendoscopic datum & occurs in I, Mam(k;) if it arises from a point
in 1, Mam(k) via this construction and write I, Mam<k‘)g for the component with
given occurring endoscopy datum &.
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The above construction defines an equivalence [22, Corollary 2.27]
(3.6.2) fie - M0 (k) s I, M2 (k).

For our applications we need a variant of this equivalence for the inertia stack of
the rigidification I; M@, which will have fewer components indexed by orbits [€]
of occuring coendoscopy data under a natural Z (X, G)-action [23, Construction
5.20]. Since the coendoscopic groups for two coendoscopy data in the same orbit

are isomorphic we will ignore this subtlety and write I, M2 (k)¢ for the corre-
sponding component. If we write M¢ for the Z(X, G)-rigidification of Mg_oo’am,
we deduce from (3.6.2) the equivalence [22, Corollary 2.29]

(3.6.3) Tg : MG (k) =5 I MZ (k).

Notice also that because of (3.6.1) the equivalences (3.6.2) and (3.6.3) are com-
patible with the restriction to individual Hitchin fibers.

4. DEFINABILITY OF GEOMETRIC STABILIZATION

In this section we show that the various objects appearing in the statement of
the Geometric Stabilization theorem are definable in the theory of pseudo-finite
fields and that its statement is expressible as an equality between motivic integrals.
Part of this discussion is similar to [7] (see also [20]), where it is proven that
the statement of the Fundamental Lemma is expressible as an equality between
motivic integrals.

4.1. Field extensions. Let K be a pseudo-finite field. We shall need to express
conditions related to finite Galois extensions L of K. The ring language does not
allow to do this directly, however, as long as the degree deg(L/K) = r is fixed (or
at least bounded), we can emulate it within the ring language as follows.

We describe L by using the minimal polynomial m of an element o generating
L/K. The polynomial my = 2" + b,_12" "t + - - - + by is described via its tuple of
coefficients b = (bg,...,b.—1) € K". The following conditions can be described
with ring formulas with free parameter b. We can express the fact that m, is
irreducible in K[z]. We then use the explicit basis {1, z,...,2" "1} of K[z]/(my) =
L to identify L with K". Since K is pseudo-finite, L/K is Galois, with Galois
group cyclic of order r. The Galois group Gal(L/K) can now be described as well,
viewing its elements as linear automorphisms of K" respecting the field structure.
We write the set of elements of Gal(L/K) as Gal(L/K) ={o4,...,0,}.

Hence we find that there is a ring formula (b, 7) such that for every pseudo-
finite field K, ¢(b, 7) is satisfied exactly when m; is irreducible in K[z] and 7 is
a generator of the Galois group of K,, = K[z]/m; over K.

Given a definable set X, there is a definable set X, with parameters b, 7 such
that the K-points of X, are identified with X (L) for L a Galois extension of
degree r.
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4.2. Galois cohomology. We can also encode part of Galois cohomology as
follows. Let K be a pseudo-finite field and L a finite Galois extension of K. Let
A be a definable Gal(L/K)-module, by which we mean that A is definable and
the Gal(L/K)-action as well. For example A = X (L), where X is definable. We
represent the elements of H!(Gal(L/K), A) using 1-cocycles. We view a 1-cocycle
as a tuple (cy,...,¢.) € A" corresponding to elements (o4, ...,0,) of Gal(L/K).
The cocycle condition is then expressed by the definable condition

0i0; =0, = ¢0(¢;) = ¢k

We encode the fact that two cocycles ¢, ¢ are cohomologous if there exists a 1-
coboundary d such that ¢ = ¢/d. Since this is a definable equivalence relation on
1-cocycles, this allows us to consider H'(Gal(L/K), A) as an imaginary set (with
parameters (b, 7)).

If A — B is a definable map between Gal(L/K)-modules, then we get a defin-
able map between 1-cocyles for A and 1-cocycles for B.

Basic facts about Galois cohomology are now expressible in a first-order way.

Proposition 4.2.1. Let G be a finite commutative group of order r. There is a
definable bijection with parameters (b, T) such that for every pseudo-finite field K,

(4.2.1) H'(Gal(Ky,/K),G) ~G.
determined by the chosen generator T of Gal(K,,/K).

Proof. The image of the generator 7 of Gal(K},/K) determines a definable map
HY(Gal(K,,/K),G) — G.

To show that it is a bijection, it is enough to show that it is bijective for every
finite field F,. In this case, the map becomes

H'(Gal(F, - /F,),G) — G,

determined by the image of a generator of Gal(F,-/FF,). Since r is the order of G,
it is well-known that it is bijective. 0

Proposition 4.2.2. Let P be a definable commutative algebraic group. Assume
that P is connected. Then for every pseudo-finite field K and r > 1,

Hl (Gal(Kb,r/K)v P(Kb,r)) & {O} :

Proof. Since for an algebraic group being connected is equivalent to being irre-
ducible, it follows from the following Proposition 4.2.3 that the condition for P
to be connected is definable.

As in the previous proposition, to show the result it is enough to show that for
every finite field F,,

H'(Gal(F,/F,),P(F,)) ~ {0} .

Since P(F,-) is the set of F,-points of a connected commutative algebraic group
over [, this holds by Lang’s theorem. 0
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Proposition 4.2.3. Let f : X — A}’ be a quasi-projective morphism. Then the
locus of irreducible fibers is definable, namely, there exists a formula (1, , Tm)
in the (first-order) language of rings such that, for any field K and b = (by,--- ,by,)
in K™, the fiber Xy, is irreducible if and only p(by,- - ,by) holds in K.

Proof. By working in affine charts it is enough to consider the case where f is affine
(of finite type). In this case the statement follows directly from statements (I) and
(IT) in the introduction of [40], see page 79 of [40] for an explicit statement. [

Proposition 4.2.4. Let P be a definable commutative algebraic group with con-
stant group mo(P) of connected components of order r. There is a definable bijec-
tion with parameters (b, T) such that for every pseudo-finite field K

(122)  H(Gal(Ky,/K), P(K,,)) ~ H'(Gal(K;,/K), m(P)).
Proof. We have a definable map
H' (Gal(Ky,,/K),P(K,,)) — H'(Gal(Ky,/K), mo(P)(Ks,))-

Since this map is surjective when K is replaced by a finite field, it is also surjective
for pseudo-finite fields. It is injective by Proposition 4.2.2. O

Combining Propositions 4.2.1 and 4.2.4 above, we finally get:

Proposition 4.2.5. Let P be a definable commutative algebraic group, with con-
stant group mo(P) of connected components of order r. There are definable bijec-
tions with parameters (b, T) such that for every pseudo-finite field K,

(423)  HY(Gal(K,,/K),P(K,,)) ~ H(Gal(K,,/K), 7(P)) ~ mo(P).

Those bijections are explicitly described at the level of cocycles. For g € my(P),
one builds a 1-cocycle f, by sending the generator T of Gal(K,,/K) to g. Then
this cocycle can be lifted to P(K,,): there exists an element of x € P(Ky,) such
that sending T to x determines a 1-cocycle that is sent to f, by the morphism
P(K,,) — m(P).

4.3. Twisted varieties. Let X be a definable variety and P a definable com-
mutative group acting definably on X.
Fix a pseudo-finite field K. Suppose we are given a 1-cocycle

f: Gal(Kbﬂn/K) — P(Kbﬂn).

By composing this cocycle with the action of P(Kj,,) on X(Kj},), we get for each
o € Gal(K,,/K) an automorphism of X(Kj,). Define X/(K) as the set of fixed
points of X (K}, ) under this system of automorphisms. This gives a formula with
parameters b, 7, f for a definable set X7 such that for every pseudo-finite field K,
X/(K) is the set of fixed points of the system of automorphisms.

The system of automorphisms is a Galois descent datum for the variety corre-
sponding to X over K, hence X/ is a definable algebraic variety.
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4.4. Isotypical components. Keep notations as above, with X a definable al-
gebraic variety with an action of a definable commutative algebraic group P. Let
a be a character of H = H'(Gal(K,,/K), mo(P)(K},)), where r is large enough
such that mo(P)(Kp,) = mo(P)(K*¢). Consider the motivic version ame; of «
defined in Section 2.12.

Definition 4.4.1. The a-isotypical component of the motive of X is

1
XPsf,rel(Xa Oé) = m Z XPsf,rel(Xt) amot(t)

teH
in K(DA%(rel, A)) ® Q.

Thanks to the following remark, it is consistent with the notion introduced in
Proposition 2.2.2, at the cost of multiplying by the motive of a set of parameters.
Note that the multiplicities n, appearing in Proposition 2.2.2 are here equal to 1
since H is commutative.

Remark 4.4.2. Assume that H is a constant finite commutative group. Let «
be a character of H, and X be a k-variety with action of H. Then Proposition
2.11.2 states that

1
H Z XPsf,rel(Xg) Aot (g) = XPsf,rel(Xa CY) )XPsf,rel([S])

geH
in K(DA%(rel, A)) ® Q, where S is the set of parameters.

We extend the definition to the category of definable sets with action of P over
a base S, to get a morphism Ypst srel(-, ). When « is the trivial character, we
write Xpst s rel(-; stab) = xpsrel (-, @).

Finally let us record the following lemma for later use.

Lemma 4.4.3. Let X a definable algebraic variety with an action of a defin-
able commutative algebraic group P. Assume further that we have a subgroup
PY C P consisting of a union of connected components of P, that is P/PY =
70(P)/mo(PR), and a subvariety X° C X such that X = XU xP P as P-varieties.
Let r be a large enough integer such that mo(P)(Ky,) = mo(P)(K®9).

Then we have for any character o of H = HY(Gal(K,,/K), m(P)(Ky,)) the
equality

XPSf,rel(Xa O{) = XPsf,rel(XDa a|HD)7

where HY = HY(Gal(K,,,./K), mo(PY)(Ky.,)).
Proof. The isomorphism X 2 X% xP” P implies that we have for any ¢ € H a de-
finable morphism X! — 7o(P)!/m(PY). The 7o(P) /7o (PE)-torsor 7o (P)! /7o (PY)

is trivial if and only if ¢ € H” and thus X’ can only admit a K-rational point for
t € HY. This implies that xps,a(X') = 0 for all ¢ ¢ H- and

XPsf,rel(Xt) = XPsf,rel(XD’t X WO(P)/WO(PD)> - XPsf,rel(XD’t)|7T0(P)/7T0(PD)\-
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Since the absolute Galois group Gal(K) = Z say with topological generator o,
we have for any finite commutative group scheme I' an exact sequence

0 — I'(K) — T(K*¢) =% I(K*#) — H'(K,T) — 0,
and thus |['(K)| = |H1(K [')|. Putting all this together we get

XPsf rel X OZ Z Xbe rel CVmot (t)
tEH
|H| Z XPsf, rel XD t)|H/HD|Oémot( ) - XPsf,rel(XD7 a|HD)' O]
teHY

4.5. Split reductive groups. Recall that the classification of split connected re-
ductive groups is independent of the base field and that their isomorphism classes
are in bijection with root data D = (X*, &, X, ®"), which are the character group
of a split torus, the set of roots, the cocharacter group, and the sets of coroots.
Each split reductive group can be realized over k. Fix a faithful representation
0: G — GL(V) for a k-vector space V', and G the group associated to the root
datum D. Fix also a basis of V. Then there exists a ring formula describing
i(G) C GL(V).

4.6. Quasi-split groups. Let X be a smooth projective curve over k, viewed
as a definable set. For later purposes, suppose that we are also given a rational
point co € X (k). Let D be a line bundle of large enough even degree d on X, in
particular such that D is ample. Hence a power of D defines a closed embedding
of X into PP} for some n. We identify X with its image in IP}. For later purposes,
we also assume that D is a square, i.e. that there exists D’ such that D'®? ~ D.

Let p be an Out(G)-torsor over X that is trivial over co € X. By [23, Lemma
4.8] there is a finite étale cover X’ of X over which p becomes trivial, and we
can moreover assume that X’ — X is Galois. We then view p as a morphism
Aut(X'/X) — Out(G), which amounts to choose a finite number of points of
Out(G) satisfying some conditions. By Section 4.2, if we fix an integer r we get
a definable set H'(Aut(X’/X), Out(G)) representing the subset of Out(G)-torsors
on X parametrized by morphisms Aut(X’'/X) — Out(G) with X’ a finite étale
Galois cover of X of degree r. Fix one such parameter f.

A quasi-split form of G over X is by definition a group of the form G = G x
p. The group G can be viewed as a definable set as follows. Let r be the degree of
X" — X. Let K be a pseudo-finite field containing k. Let x € X(K). The map
X’ — X induces a finite Galois extension L,/k(x) = K of degree at most r. The
extension L, /K can then be described as above, using a parameter 7 for a fixed
generator of Gal(L,/K).

The torsor p induces at x an element of H'(Gal(L,/K), Out(G)), and the choice
of a generator 7 € Gal(L,/K) identifies this group with Out(G). Let p, € Out(G)
be the automorphism defined by p at x.

Out(G)
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The set G(K), of K-points of G = G x°"®) p above z is identified with the
set of fixed points of G(L) under the endomorphism p, o 7 of G(L). Using the
fixed representation § of G and our conventions regarding encoding of L in Section
4.1, the set G(K), is therefore defined by a formula with parameters. Since this
formula is uniform in x, we get a definable G with parameters X, b, 7, p such that

G.(K) = G(K), for every pseudo-finite field K and z € X(K).

Summarizing the above discussion, we can state:

Proposition 4.6.1. Fiz a smooth projective curve X over k, a split reductive
group G determined by its root datum, a fized faithful representation of G, and an
integer r. Consider an Out(G)-torsor over X that is trivialized over a finite étale
cover of X of degree r, represented by a 1-cocycle f. Then there is a definable
algebraic group G with parameters X, b, T, f such that for every pseudo-finite field
K extending k and x € X (K), G.(K) = G(K),, where G is the quasi-split form
of G over X determined by f.

The lattice of characters X* = X*(T) of G is similarly endowed with a Galois
action. Its sublattice of fixed points is the lattice of characters of T', the fixed
(non-split) maximal torus of G. We identify X* with Z" by fixing a basis. Since
the Galois action on Z" is definable (in the sense that the matrix defining it in
the chosen basis is definable), we get a finite definable set whose points form a
basis of the sublattice X*(T').

The fixed maximal torus is also represented by a definable algebraic group T.
The Lie algebras g and t are also defined as a set of fixed points using the Out(G)
torsor, hence definable as well.

4.7. Higgs bundles. In this section, we encode definably the various objects
related to the moduli space of Higgs bundles and Hitchin fibration recalled in
Section 3.

Given a split reductive group G on k, and a smooth projective curve X with
a k-point, we so far constructed a definable group G. Fix in addition an even
integer d larger or equal to 2g — 2, where ¢ is the genus of X. To define Higgs
bundles we need to fix a line bundle on X. Since the space of classes of line
bundles of degree d on X is representable by a quasi-projective scheme Pic_‘ff/k,

we add Pic% /i to the set of parameters, and in what follows the definable set will

depend on a parameter D € Picgf /i Tepresenting a line bundle on X of degree d.

Fix K a pseudo-finite field extending k. Recall from Definition 3.3.1 the notion
of Hitchin fibration: a map x : Mg, — Ag,, where Gk is the quasi-split group
scheme over X which has fiberwise the same K-points as G(K). We would like
to encode Mg, as a definable set, but it is not true in this generality, we need to
restrict to an open subscheme of A, , the anisotropic locus.
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To do so, first recall from Definition 3.3.1 that A, is the affine space of global
sections H(X, cp), and by [38, Lemme 4.13.1], its dimension (under the hypoth-
esis deg(D) > 2g — 2) depends only on g, deg(D), and the rank and the number
of roots of G. Hence there is a definable set A such that A(K) = Ag, (K) for
every pseudo-finite field K. Using affine charts for X provided by the projective
embedding given by D, we can interpret elements of A as global sections hence for
every pseudo-finite field K and a € A(K), a determines a map X (K) — cp(K).

Recall that we are given as part of the data a point co € X (k). Let evoo: Ag —
Cpo the evaluation at co. Let tj ., be the set of regular semi-simple elements.

Define the étale open Z‘:G — Ag by the cartesian diagram

(4.7.1) Ag — 5

|

Ag —— tpo-

Since the arrows in the cartesian diagram are definable, there is a definable variety
A such that Ag(K) = Ag(K) for every pseudo-finite field K extending k.

Let a € Ag,. The cameral cover C, is the W-equivariant morphism C, — X,
where W is the twisted Weil group as in [38, 1.3.3], fitting into the cartesian
diagram of K-schemes

(4.7.2) Co — tp

L,

X —25¢p.

The universal cameral cover is denoted by C — X x A. Since the arrows in the
cartesian diagram are definable, there is a definable set C and a definable map
C — X X A such that the fiber over a € A(K) is the K-points of the cameral
cover C,(K) — X(K).

Recall from Section 3.5 that the anisotropic locus AZ“;{ C Ag, is the locus where
the cameral curve is reduced and my(Pgy o) is finite. By [38, Proposition 4.10.3],
the second condition is equivalent to the fact that tp""a = 0, where @ = (a, ) €
Ag is in the preimage of a and W5 is the finite subgroup of W x Out(G) defined
as follows, following [38, 1.3.6, 5.4.1].

Let U be the open subset of X over which the cameral curve C, is a W-torsor.
Let X’ the finite cover of X of degree r and p: Aut(X’'/X) — Out(G) the torsor
that defines the quasi-split form of G. On the fiber product C, xy X', we have an
action of Aut(X’/X) and W, that combine in an action of W x Out(G). Hence we
have a morphism Aut(X[,/U) — W x Out(G) and we let W; be its finite image.
We thus have the following commutative diagram
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(4.7.3) Aut(X[,/U) —— Wz C W x Out(G)

l |

Aut(X'/X) —— Out(G).

Since the degree r is fixed, the cover X’ is definable, and the open subset U as
well. Hence the above description of W5 depends definably on a € Ag. Hence
the subset Ag“i of @ € Ag such that C, is reduced and t"a = 0 is definable. The
anisotropic locus A%" is the image of A" in A, therefore definable as well. By
38, 6.1], AZ" is a non-empty open subset of Ag.

The Prym Pg, acts on the fiber Mg, and using the Kostant section [38,
Section 4.2.4], is identified with an open subset of Mg,. Let P* and M be
the restriction of Pg, and Mg, to A?;n;(. By [38, Proposition 6.1.3], P is a
smooth separated Deligne-Mumford stack of finite type over A‘g;{ and M;‘f‘}‘( is a
smooth separated Deligne-Mumford stack of finite type over K. Moreover, the
coarse moduli space M2™ of M is projective over A%,

We claim that there exists a definable set M such that M2 (K) = Ma"(K).
By [38, Lemme 6.1.2], every G-Higgs bundle over A" is stable. Hence one can
follow the construction by Faltings [16, Theorem I1.5] of the coarse moduli space
of stable G-Higgs bundles M¢. This gives a quasi-projective embedding of Mg
into some PV x X (G)*, where N depends only on the dimension of Ag and the
given representation § of G, and X (G)* is the dual of the character lattice. The
fibers over X (G)* are then definable, therefore the same is true for the restriction
of Mg to the restriction to the anisotropic locus Ag“i. From the construction, one
also gets that the stack structure is also definable in the sense of Definition 2.13.2.

We have thus established:

Proposition 4.7.1. Fix a smooth projective curve X owver k, a split reductive
group G determined by its root datum, a fized faithful representation of G, and an
integer r. Consider an Out(G)-torsor over X that is trivialized over a finite étale
cover of X of degree r, represented by a 1-cocycle f. Then there is a definable
Deligne-Mumford stack M2 over k with parameters b, 7, f such that for every
pseudo-finite field K extending k, M@ (K) = Mg (K), where G is the quasi-split
form of G over X determined by the choice of b, T, f as in Proposition 4.6.1.

We sometimes use the notation Mg instead of M‘“éni since we have the defin-
ability only above the anisotropic locus.

One gets also that P2, as an open subset in M&", is the points of a definable
set P& which acts definably on M.
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Let M2 be the base change of M2 along Ag — Ag, which is then also
definable. By Proposition [23, Prop. 4.38] there is a natural surjective morphism

~ani

(4.7.4) Xo(T) x Ay — mo(P2),

~_ . ~ani
ani

hence m(Pg,) is a constant finite group scheme for every a € A, .

Let G the Langlands dual group of G. One has also the Hitchin fibration for
G, MZ&" — AZ". The bases AZ" and A% are canonically isomorphic, so we write

simply A™ and A® when the group G is understood.

4.8. Definability of moduli of g-twisted Higgs bundles. Recall from Sec-
tion 3.6 that given a smooth projective curve X, G a quasi-split reductive group
on X and § a a Z(G)-gerbe on X, one can consider the moduli stack of S-twisted
Higgs bundles M, which is a smooth Deligne-Mumford stack over A*".
Suppose now that we are in the situation of Section 4.7, with a smooth pro-
jective curve X over k, a definable quasi-split reductive group G over X, and a
line bundle D considered as a point in the parameter space. Fix in addition a

Z(G)-gerbe 3 represented by a 3-cocycle on a finite étale cover of X.

Proposition 4.8.1. There is a definable Deligne-Mumford stack MZ™ such that
for every pseudo-finite field K extending k, Mg’am(K) = Mg’am(K).

Proof. We first recall some constructions from [22].

Let G = G¢/Z(G). From [22, Construction 2.11], consider the universal Higgs
bundle (E,6) on X x; Mga. Associate to it the Z(G)-gerbe [E/G], this defines a
global section "V € HY(Mg, H*(X, mo(Z(G)))). Then let I\\/JIBG the largest open
subset of M where 8% = 3. This yields a finite decomposition

(4.8.1) Mg = UBGHQ(X,WO(Z(G)))Mg(K>-
By [22, Lemma 2.12], there is a canonical morphism
F: MZ™ — ME™ x4, Ag,

making MZ*™ a Sect x (BZ(G))-torsor. Taking the rigidification of this morphism
yields a morphism

Fi ME™ = ME™ x4, Ag,
which is a my(Z(G))-torsor.

We now consider the definable case. From Proposition 4.7.1, there is a definable
M2, Taking the rigidification of (4.8.1), we get definable subsets Mg C Mg since
the condition "™V = (3 is definable.

By [22, Lemma 2.12], MZ*™ is a mo(Z(G))-torsor over ME™ X 4. Ag. Each
7o(Z(G))-torsor over Mg’ani X ag Ag is definable. To see that M2 is definable,
is suffices then to see that the choice of the torsor is definable, i.e. that the
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assignment K — F € H'(MZ™ X 4. Ag,m0(Z(G)) is definable. But this amounts
to check which twist of ./\/lg’anl has a section, which is a definable condition. [

Theorem 4.8.2. For every definable gerbe B on X, we have
XPSf,AEniJel(Mganl’ Sta’b) — XPSf,A%ni,rel( gli, Stab)

Proof. By [22, Section 3.1], there exists a Pg-torsor 7 such that M is the twist
of MEE by 7, i.e. ME™ ~ MIET where reg means restriction to the regular
locus.

As in the proof of the previous proposition, checking which twist is the correct
one is a definable condition, hence given G, and a definable gerbe 3, there is a
definable P-torsor 7 and a definable bijection

M8 o M5
This induces a definable bijection such that for every pseudo-finite field K,
M () = M),

where as in Section 2.13, XHK) = X(K[t]) N Xre(K((t).
We know that Mg’am is a definable Deligne-Mumford stack. So for every pseudo-
finite field K, the map to the coarse moduli space

MG (K[E]) — Mg™ (K[t])
is definable. ' .
We now claim that = € Mg’am’h(K ) lifts to M (K[t]) if and only if its image
in METHK) lifts to MEMT(Kt]). This is a first order property and when K is
a finite field is the statement of [22, Lemma 3.4]. So the property holds also for

pseudo-finite fields. So the preimages of Mg C [ﬂMg and Mg, C I;MF, under
the specialization map e (2.13.1) are identified.

Restricting to the Hitchin fiber over a € ;‘;aGni we then obtain by the orbifold
formula 2.13.4

] = LAm Mz, / el =ML
) e~ 1(MZ )

This equality holds in Cpsf(Naéni x ), where S is the set of parameters. We then
take its realization in K(DAS(AZM rel, A)).
To obtain the comparison of the stable parts, we consider, for every ¢ in

N\t e

HY(K,7(Pg.)), the unramified twists (Mga> and M} and repeat the above
N\t N

argument to obtain [(Mga) } = [ME;] Taking realizations and summing up

over all ¢ gives the result. 0
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4.9. Geometric Stabilization. We can now give the precise statement of the
motivic version of Geometric Stabilization.

We fix a field k of characteristic zero, a smooth projective curve X of genus g
over k with a rational point co € X (k), an even integer d, larger or equal to 2g — 2
and an integer r. We view X embedded in projective space as in Section 4.7. We
consider an ample line bundle D on X of degree d, given by trivializations on
open charts. As in Section 4.6, we consider a definable quasi-split reductive group
G over X, with parameters b, 7, f. R

We fix a definable coendoscopic datum of G, € = (k, px, px — p) which deter-

mines a coendoscopic group He of G. We assume that px is trivial over the fixed
rational point co € X, which implies that p is trivial as well over 0.

We consider the Hitchin fibrations Mg — A and 1\/IH‘E gm, as well as
the immersion Aanl — Aa‘“ which are definable over the same set of parameters.
In the following we identify Aanl with its image in Aani,

The homomorphism £ : i — T corresponds to an element in X,(T) ® Q/Z =
Hom(X,.(T),Q/Z). We consider x as a character of X,(T) by identifying Q/Z

e2mi(") .
with the roots of unity in A via Q/Z < AL I follows from [38, Sections 6.2.2
& 6.3] that  factors through 7o (P2") when restricted to A2, Thus we obtain a
well-defined s-isotypical component xp . Ay ’rel(MG‘ Ay k) in the sense of Section
4.4.

Theorem 4.9.1 (Geometric Stabilization). Given the above data, we have the
equality

XPsf,;i?{‘lgi,rel(MG’\g?{ngi ’ I{) = []l(_rgé' (D))] XPsf,Kg‘é ,rel(MHS’ Stab)
in the relative Grothendieck groups of motives K(DAEE(Nﬁg,rel,A)) ® Q, where
réd(D) = 3 dim(Mg — My, ).

We also prove a motivic version of the non-standard Fundamental Lemma:

Theorem 4.9.2. We have the equality
XPsf,:&a“i,rel(MG’ Stab) = XPsf,Aa“i,rel<Ma7 Stab)
in the relative Grothendieck groups of motives K(DAS(A™ rel, A)) @ Q.

Remark 4.9.3. In the original Geometric Stabilization theorem, it is the endo-
scopic group He that appears on the right hand side. We recover this version as
well, by applying the non-standard Fundamental Lemma 4.9.2 to the group He.

Proposition 4.9.4. Let G be a split reductive group and X a smooth projective
curve on a normal domain R of finite type over Z with a rational point, an even
integer d > 2g — 2 and an integer r. Then there exists a non-empty open subset U
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of Spec(R) such that for each closed point of U with residue field F, the following
holds.

For every quasi-split form of G over Xp, G — X, that splits over a Galois
cover of degree r, the specialization of Mg to F for some choice of parameters is
the set of F-points of Mg, the coarse moduli space of M%ni. The same holds for
the various other geometric object constructed above, such as Pg and A.

Moreover, every definable coendoscopic datum € = (K, pe, px — p) of G spe-
cializes to a coendoscopic datum of CAJ, written £ as well, such that the function
Tr FrObXPsf,K‘;}‘;,rel(AM/QK‘;}g’K) specializes for some choice of parameters in F to

the function
0 € Apg, (F) — #" M. (F).

Proof. For the first part, at each step of the construction in this Section, up to
some choice of parameters the specialization, of the definable set to a finite field
IF is the set of points of the geometric object we are encoding. Proposition 2.10.1
ensures that the specialization is independent of the choice of formula, up to
restricting IF to be the residue field of a closed point in a non-empty open subset
of Spec(R).

For the second part, by using Proposition 2.10.2 and the first part, we find
that for some choice of parameters, Tr Frobypy Af;pgi,rel(Ma Ay k) is a sum of the

[F-points counts of the twisted stacks:

TI’ FrOb$XPSf7Ae;_In§ rel (MG|A?}; ) (a)

S ML),

|7T0 PG’ a
teWO(PG a)

since this is the way we defined the k-isotypical components for motives. By [23,
Lemma 6.6], this sum is equal to #* Mg o(F). O

Recall the Geometric Stabilization theorem of Ngo [38, Theorem 6.4.2], as well
as the geometric version of Waldspurger non-standard Fundamental Lemma [38,
Theorem 8.8.2]. See also [23, Theorems 1.1 and 1.3].

Corollary 4.9.5. The Geometric Stabilization theorem and the geometric non-
standard Fundamental Lemma hold in every finite field of large enough character-
1stic.

Proof. 1t suffices to combine Proposition 4.9.4 with the motivic statements, The-
orems 4.9.1 and 4.9.2. ]

5. PROOF OF THE MAIN THEOREMS

In this section we prove Theorems 4.9.1 and 4.9.2 by reducing them gradually
to a duality statement about motivic integrals on generic Hitchin fibers, Theorem
5.4.1.
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5.1. Reduction to a point. By Proposition 2.6.2, Theorems 4.9.1 and 4.9.2
follow from their following fiberwise versions.

Theorem 5.1.1. With notations as in Theorem 4.9.1, for every pseudofinite field
K, for every a € A3 (K), we denote by ko the character of mo(Pg.q) induced by
k. Then the equality

Xestaet(Maa, £a) = [L(=rGF (D)) Xpstoet (Mg o, stab)
holds in K(DA%(Spec(K),rel, A)) ® Q, where r53¢(D) = T dim(Meg — Mpy,).

Theorem 5.1.2. For every a € Aaﬂi(K), the equality

XPSf,rel(MG,aa Stab) = XPsf,rel(M@7a7 Stab)
holds in K(DAS (Spec(K),rel, A)) @ Q.

5.2. Reduction to inertia stacks. For now on, we fix a pseudo-finite field K
and a € A"™(K). Then m(Pg.,) is a finite constant group scheme by [23, Prop.
4.38].

For b generic, ﬁqb is a proper commutative group scheme, with group of con-
nected components isomorphic to the center Z(X, é) of G. Recall from Section
4.6 that we consider the group of characters X*('ﬁ') via a basis of this lattice,
which is a definable set. Since T/Z(X,@) is also a torus, we also have a fi-
nite definable set consisting of a basis of X*(@/Z(X, CAJ)) Let A\ be the com-
position of the inclusion X*('T/Z (X,@)) C X*('ﬁ‘) with the natural surjection
Ami s XH(T) = X,(T) — mo(Pg) from [23, Prop. 4.38] relative over A™. Let [
be the image of A in mo(Pg). For any a € A™i(K) the fiber [, is definable, since
it is generated by the image of the basis of X*(T/Z(X,G)) that is definable.

Hence for generic b, [J, is the trivial group, and for every a € g""“i(K ), Oa is a

finite constant group scheme. We then define by fiber product Pg =0 X o (Pa) Pa,
and similarly ./\7%'; The coarse moduli spaces of /\72 and 758 can be seen as
definable sets denoted by Mg and f)% respectively.

Let r be the order of ﬂg(ﬁga) = U,. By Proposition 4.2.5, we get identifications
of definable sets

m(Pg,) = H'(Gal(K,/K),m(Pg,)) = H'(Gal(K,/K),Pg,),

where K, is the extension of degree r of K. In particular every t € 770(7’587(1)

corresponds to a ﬁg}a—torsor T}, which we can use to define the twisted Hitchin
fiber

Ot . 4O Pe
MG,a T MG,a X "G T

By Section 4.3 its coarse moduli space gives a definable set Mgz
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Next we define for s € X*(T/Z (X, G)) a natural motivic constructible function
Xs on [ HMEZ using the results of Section 3.6:

First define the substack /\712 - ﬂg as the maximal open substack such that
the following diagram commutes:

M —— [MY

|

MG —— I M.

As in Section 4.7, PHS embeds into M e by means of the Kostant section and
we define 73?18 as the intersection of PHE with ./\/l<> As before, we get associated
definable sets Mg and POHE.

There is a canonical morphism Wg(ﬁgﬂ) — wo(ﬁg&a), allowing to define for
t e WO(PG ,) twists M £q» With associated definable Mgé, which are compatible

with twists of I uMG in the following sense.
Proposition 5.2.1. There is a finite definable partition
LM = UI M e

indezed by orbits of definable coendoscopzc data € = (1, pr, pr — p) under the nat-
ural Z(X, G)-action. Moreover, the morphism fig from (3.6.3) induces a definable

bijection Mgi = ]ﬂﬁgf;’g.
Proof. Recall from Section 3.6 the notion of coendoscopic datum & = (7, p,, pr —
p). We get a notion of definable coendoscopic datum for G, where 7 is described
by the image a topological generator of i u, and p, and p are deﬁned using 1-cocycles
as in Section 4.2. To each point of I, MG ., We associate a morphism ji — T, hence
an orbit of a definable coendoscopic datum see the discussion below (3.6.2) for
details. We then get a definable partition of I, AMD’t into finitely many definable
pieces I, M g indexed by orbits of definable coendoscopic data.
Moreover the construction (3.6.3) can be twisted by t, yielding a definable map

Mﬁi — I MGas

This map is a bijection in every finite field of large enough residue characteristic
by an argument similar to [23, Lemma 6.8], hence in every pseudo-finite field. [

Definition 5.2.2. Let s € X*(T/Z(X,G)) and € = (7, pr, pr — p) a coendoscopic

datum of G. Define the function ys on I; MGa ¢ to be identically equal to the

motive corresponding to the composition smot(r) of 7 and spt, as explained in
Section 2.12.
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Since the decomposition of I, Hﬁgz is definable, the function x, on I uﬁgz is
constructible, 7.e. an element of C,,o¢ <I MMSZ)

Given t € X* ('ﬁ‘/Z (X,@)), we have canonical maps

X*(T/Z(X,G)) — X*(T) = X,(T) — X(T/Z(X,G)).

We also have the map \,: X.(T/Z(X,G)) — wo(ﬁg’a). We write abusively also
t for the image of ¢ in my(Pg,) through this composition of maps. In particular,
given t € X*(T/Z(X,@)), we write .//\/lvgz for the twist of /\72,& by the image of ¢
in Wo(ﬁgﬂ).

The main theorem we need to prove is the following.

Theorem 5.2.3. For every pseudo-finite field K, a € A™(K), t € X*(@/Z(X, @))
and s € X*(T/Z (X, G)), we have

mot mot
—w —w
/Nmﬂd XSZ/NDL Xts
5 S
IﬂMG,a IﬂMé,a

where w is the locally constant weight function from Section 2.13.

Remark 5.2.4. We use integral symbols in the theorem, but since we integrate
on a definable subset over the residue field, this is simply a short notation for
finite sums over the classes of level sets of the functions L™"y,, L.”"x;, which are

definable.

We will show that Theorems 5.1.1 and 5.1.2 follow from Theorem 5.2.3, for
which we need some lemmas.

Lemma 5.2.5. The weight function w is constant on each piece of the decompo-
sition of [ﬂMg:’;, hence can be written as a function w(k).

Proof. By Lemma 6.10 in [23], the result holds over finite fields. Since the level
sets of w are definable sets, by Proposition 2.10.1, the result holds in pseudo-finite
fields as well. O

Lemma 5.2.6. Theorems 5.1.1 and 5.1.2 follow from Theorem 5.2.5.

Proof of Lemma 5.2.6. For the non-standard Fundamental Lemma, Theorem 5.1.2,
choose lifts s, ¢ of elements of m(Pg ,) and WO(P% ), and sum the equality of The-
orem 5.2.3 over those. We get on the left hand side

mot

Z /I Z Z Tg XPsf rel(I MG a(K)g)

MGa

—dim M E A0t
=L @ XPsf,rel(MG,a)a

s,t
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where we use Lemma 5.2.5 for the first equality. For the second equality, we use
that if 7¢ is non-trivial, then s — s(7¢) is a non-trivial character, hence the sum

over its values is zero by Lemma 2.12.1, w(1) = dim Mg by definition, and Propo-
sition 5.2.1 to get that ypstel (LM (K )en, ) = Xpstrel (M) = Xpst.ral(Mgh).
By definition of the isotypical component, we now have

Z XPsf,rcl(Mg:l;> = ‘71—0<f)2',a) ‘77—0(15%7&)‘ XPsf,rol(Mg,m Stab)'

st

Exchanging the role of s and ¢ and working on the right hand side, we finally
have that

‘WOG’?‘E,CL)

‘77—0(]3%7a>‘ XPsf,rel(Mg’a, Stab) =

‘Wo(f’cu;,a)

‘WO(P%’G) ‘ XPsf,rel(Mgva, stab).

We now conclude using Lemma 4.4.3.

For Geometric Stabilization, we proceed similarly, by summing over s,¢ the
equality of Theorem 5.2.3 multiplied by g mot(£) '

On the left hand side, we get

mot
Z/ —0. L_U)Xs/ia,mot(t)_l - Z Z 5(7—8>L—w(7—5)K/a,mot(t>_1XPsf,rel(IﬂMgii75)
s,t IﬂMG’,Qz E st

= [~ dmMe Z Ka,mot (t)_lxpsf,rel(Mg:t )

s,t

By definition of the isotypical component, we now have

Z Kva,mot(t)_1XPsf,rel(Mg:Z) = ‘7’(’0(1557@)
s,t

‘Wﬂ(ﬁg,(l)‘ XPsf,rel(Mg,a, Ka)-

For the right hand side, we have

mot
Z / 0. L_th’fa,mot (t)_l - Z Z t(’i5>L_w(R£)’£a,mot (t)_IXPsf,rel(IﬂMg:zyg)
st IﬂMéla E st

= ]wa(na) Z XPSf,rel(IﬂMI;‘JS ),

s,t

where we now use that ¢ — t(kg)Kkamot ()~ is a non-trivial character if and only
if £ is the coendoscopic datum E corresponding to H (recall from the statement
of Theorem 5.1.1 that r, is the character defined by H).

We now have using Proposition 5.2.1

XPSf,rel(IﬂMg:;gH) = XPSf,rel(M%Z)-
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Using again the definition of isotypical component,

ZXPSf,rel(MEj) = WO(I,SE',OL)
s,t

70<7Dg’a) XPsf,rel(Mg’a,Stab).

From Lemma 6.10 in [23], dim(ﬁg) —w(kq) = r& (D), so we now conclude using
Lemma 4.4.3 and Theorem 4.8.2. U

5.3. Reduction to motivic integrals. While Theorem 5.2.3 is a statement
about virtual motives over the residue field, its proof passes through a reformu-
lation in terms of integrals over valued fields. For this, consider B, the definable
assignment of points in A(K[t]) that specialize to a, which is an open unit ball
and represents the K[t]-points of U,, the spectrum of the Henselization of A at
a. Similarly, write U, , for the Galois cover of U, corresponding to the extension
K, — K, where r is the order of my(P,).

The restrictions of M and Pg to U, are denoted by Mgy, and Pgy,. Es-
sentially by definition of Henselization, see for example [37, Theorem 1.4.2], we
have

HY(Gal(U,,/U,), Pay,) = H(Gal(K,/K), Pg.a) = 70(Pa).
In terms of cocycles, it means that cocycles representing elements of H'(K, Pg )
can be lifted to Pg y,, hence used to defined twisted definable sets as in Section
4.3.

For t € Wo(ﬁg’a) we then get a smooth DM-stack ./WgtUa and a corresponding
definable Mg:l}%a'

Recall from Section 2.13 that we have a definable evaluation morphism

(5.3.1) e: Mgl — [;MG,
and Theorem 5.2.3 is equivalent to

Theorem 5.3.1. Let K be a pseudo-finite field K. For every a € Kam(K), every
t e X¥(T/Z(X,G)) and every s € X*(T/Z(X, G)), we have

mot mot
/ﬂ, Xs © € Horb = ﬁ Xt © € Horb-
N o
il a

G,Ba

Proof that Theorems 5.3.1 and 5.2.3 are equivalent. This is a direct application
of the orbifold formula, Theorem 2.13.4, which implies that

mot mot
_ —w
/vmtthoe,uorb_/NDt]L Xs
M Ba IaMe,

n

mot mot
—w
/~ ><1toeuorb=/~ L™
M ;M2
G G,a

,Ba H

and

Hence Theorems 5.3.1 and 5.2.3 are equivalent. 0
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5.4. Integration on generic fibers. A key insight from [23] is that using a
Fubini theorem, Theorem 5.3.1 can be proved one generically smooth Hitchin
fiber at a time.

More precisely we let B’ denote the definable assignment of points in A(K[t])
that specialize to a and whose generic fiber lies in the smooth locus of the Hitchin
fibration.

In the case of the Hitchin fibration, the measure i, is given by a global volume
form |wern|, as explained in [23, Lemma 6.13]. For each b € B, write w;, for the

volume forms on the smooth fibers ]\72; and ]\7[/2; obtained as a quotient of we,,

by a fixed volume form 7 on the Hitchin base Asni, Proposition 2.9.4, a version
of Fubini’s theorem, shows that

/VD Xs © € [orb = / |7]| _ X506|wb|.
Mot beB? Mot

G,Bq G,b
We have a similar equality for the dual group, hence Theorem 5.3.1 is implied by
the following theorem.

Theorem 5.4.1. For any b € B’ we have an equality
[ xocal= [ okl
/ME;:Z Mg,
5.5. Proof of Theorem 5.4.1. Certainly the integral over the definable set
Mgz is zero if for every pseudofinite field K’ containing k(b), the set Mgé(K ") is
empty. By construction, MEZ(K ") is the set of K’-points of the Pg:é—torsor Mg; .

Let N (ﬁgb) be the Néron model of ﬁgﬁ and N(ﬁgb) its special fiber. For fixed
b, we get a corresponding definable set N (Pgﬂb), but not uniformly in b.

By the Néron mapping property we have a morphism Pg,a — N (P(D;’b), which
induces one on component groups

i:mo(Pg,) — ¢p0, = o (N (Pay))-

By the following lemma, this map detects whether MEZ has rational points.

Lemma 5.5.1. The ﬁab-torsor ]T/[Ez is triwvial if and only if i(t) = 0.

Proof. By construction M g; is unramified, i.e. splits after a finite extension of the
residue field K’. By [5, Cor. 6.5.3], this torsor extends uniquely to an A/ (758’0—

torsor 7. Since the extension is unique and 7 /K'[t] is smooth, Mgz is trivial if
and only if its restriction to its special fiber Tk is. The latter is the unramified

N <75/g,b>—torsor corresponding to i(t) and thus trivial if and only if i(¢) = 0. O

Using Lemma 5.5.1 we will identify Mg; with Mgb whenever i(t) = 0.
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Lemma 5.5.2. Assume i(t) = 0. Then the function xso e is constant on Mgb if
and only if i(s) = 0.

Proof. From its definition, y, takes a finite number of values, say indexed by a
finite group . Since it is a constructible function, there is a b-definable partition
of Mgb into parts (X,)se, such that on X, the function y; is equal to g. The
statement of the lemma is then equivalent to the truth of a first-order sentence
¢(b) with parameter b. We then need to show that ¢(b) holds for generic b. By
Propositions 2.10.1 and 4.9.4, the specialization ¢ (b) of ¢(b) to a local field L of
large enough residue characteristic is equivalent to the equivalent lemma for an
instance of the Geometric Stabilization theorem over a reductive group over L.
For generic b, the fact that ¢, (b) holds is the key ingredient in the proof of Lemma
6.14 in [23]. By Proposition 2.10.1, we conclude that ¢(b) holds for generic b. [

Lemma 5.5.3. Assumei(t) = 0. Identify Mgb with l?%b by means of the Kostant
section. The function xs o e is a motivic character on Pg,b and factors through

the group of connected components of the Néron model of Pgb.

Proof. Similarly to Lemma 5.5.2, the multiplicativity of x; o e is implied by the
multiplicativity of its specialization to local fields, where it follows from a rein-
terpretation x, o e in terms of Tate duality, see [23, Section 6.5]. Since the Néron
model is not in general definable in families, we cannot readily deduce the factori-
sation property. However, using multiplicativity, it suffices to show that y, o e is
constant to 1 on the neutral component of the Néron model. Assume not, let x
in the neutral component of the Néron model be such that x5 o e(z) # 1. Since
elements in the neutral component of a Néron model are divisible, up to replacing
K’ by a finite extension Kj, we can assume that there exists y € Pg,(Ky((1))
such that ¥V = z, where N is the order of the image of x, o e, and the extension
K is of degree depending only on N. Since this extension is pseudo-finite, the
function y; o e is defined as well on this extension, multiplicative, and compatible
with the restriction to K’. By compatibility of the Néron model with unramified
base change, x lies in the neutral component of the Néron model of Pg , (K7 ((t))).

Hence we get a contradiction, since if ysoe(x) # 1, then x,0e(y) is of order more
than N. ]

Proposition 5.5.4. We have

/m"t 0 ifi(t) #0 ori(s) #0
Xpstrel (N (P )L™ o4y if i(t) = 0 and i(s) = 0.

Note that by Lemma 5.5.1, the conditions i(¢) # 0 and i(s) # 0 translate into
definable conditions.
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Proof. Assume first that i(¢) = 0 and i(s) = 0. By Lemma 5.5.1 we have an
isomorphism

0, =
Mgy (K'((1) = Py (K'(1))-
By Lemma 5.5.2, x5 o e is constant on f’ab(K '((t))), hence necessarily constant
to 1 since it is a group morphism. Hence we have
mot mot S
/ Xs 0 € lun| = /VDt |ws| = Xpsfyrel(N(Pg,b)L_ ord(wn)),

it
MG,b MG,b

The last equation follows since the volume of an abelian variety with respect to
any volume form equals the class of the special fiber of the Néron model up to a
shift by the order of vanishing of the volume form along the special fiber, see for
example [34] or [35, Remark 4.1.1].

For the other case, if i(t) # 0, then by Lemma 5.5.1 the integral is zero. Thus
assume finally i(¢) = 0 and i(s) # 0.

By Lemma 5.5.3, x; o e factors as

50

(5:5.) Py (1) = 65 (K') 0

Z|nZ.
Each fiber of P, 1S a N (PG ,)0-torsor over K'((t)) and thus trivial, since K’
is pseudo-finite. Agam as in the first case, the integral of Xs o e over this fiber is

equal to the constant value of y, o e multiplied by xpst rel (N (P(D;Vb)]L ord(ws))
We are given the integral of a constant function on a subset of an abelian variety

defined by the preimage of a constructible subset of the special fiber of its Néron

model. By smoothness of the Néron model, on each fiber, the integral is equal to

the constant value of s o e multiplied by xpst, rel(jT/'O(f’D y) L)) - Since the
induced function on qbpg is non-trivial by Lemma 5.5.2, the sum of all values is

zero by Lemma 2.12.1. ThlS concludes the proof of the proposition. O

We can now finish the proof of Theorem 5.4.1. By Proposition 5.5.4, if either
i(t) # 0 or i(s) # 0, then both sides are zero hence the equality holds. In the
case i(t) = i(s) = 0, we need to prove that xpstra(N(Pg,)) = Xpst, rel(./Tf(PD ).
By the main result of [15], PD and PGb are dual abelian varieties. Since the

Grothendieck pairing on Néron models is non-degenerate in residue-characteristic
0 [24, 11.3, Exposé IX] and K’ is pseudo-finite we deduce

00, (K)| = lopa (),

as in the proof of [36, Proposition 4.3]. Finally, the isogeny between ﬁ(D;,b and
ﬁgb induces an isogeny between their Néron models by [5, Proposition 7.3.6].

The motives of two isogenous connected commutative groups are equal by 1,
Theorem 3.3 (4)] and [35, Lemma 2.5.1]. The motive Xpsfjrel(.v(Pg’b)) is \¢7;gb]
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times the motive of the neutral component, hence the motives Xpst vl (N (f’gb))

and Xpsf el (N (15% b)) are equal, which concludes the proof of Theorem 5.4.1.

6. A MOTIVIC FUNDAMENTAL LEMMA

We show in this section how to deduce from the Geometric Stabilization theo-
rem 4.9.1 a motivic version of the Fundamental Lemma. This part is geometric in
the sense that it does not rely on any cohomological methods, and follows closely
Ngo’s original argument.

6.1. Statement. We briefly review [7], in which it is shown that the orbital
integrals of the Fundamental Lemma can be encoded by motivic integrals. This
is similar to the encoding of the Hitchin fibration of Section 4.

Let L be a discretely valued field with pseudo-finite residue field K. We encode
unramified extensions of L of fixed degree r as definable sets in the Denef-Pas
language using parameters similarly to what we have done in Section 4.2. We
introduce a parameter b = (b, ...,b,_1) in L". The conditions that the b; belong
to the valuation ring of L and that the reduction of the polynomial m, = z" +
b,_12"1 + ... by modulo the maximal ideal is an irreducible polynomial over the
residue field are definable in the Denef-Pas language. The unramified extension
L, = L[z]/my of L defined by this polynomial is then viewed as a definable set
with parameter b by identifying it with L". As in Section 4.2, we also use a
parameter 7 for a generator of the Galois group Gal(L,/L).

Recall that an unramified reductive group G over a L is a quasi-split reductive
group over L that splits over an unramified extension of L.

We fix a split reductive group G by fixing its root datum, as well as a faithful
representation of G. We choose a quasi-split form of G by fixing a element of
H'(Gal(L,/L),Out(G)), where r is some fixed integer. The choice of 7 identifies
this torsor with an endomorphism 6 of G(L,). Let G be the definable set with
parameters such that for every discretely valued field L with pseudo-finite residue
field, G(L) is the set of fixed points of G(L,) under the endomorphism 6 o 7.

We have similarly definable sets T for the maximal torus of G determined by
the root datum, g for the Lie algebra of G.

We also have the definable set of G-conjugacy classes in g, the Chevalley base
c, together with a definable map y: g — c.

Fix some G-invariant and T-invariant definable volume forms |wg| and |wy|.
We normalize integrals by choosing |w¢| such that fG(O) lwg| = 1.

For v € g regular semi-simple, define the motivic orbital integral as

mot ‘ WG‘

O,(1g00)) = / Le0) (g " v9) -
T\G |wr|

We note that the integral depends on a choice of normalization for |wr|, but we
do not include it explicitly in the notation.
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Let I, the centralizer of 7. Let 7/ € g which is stably conjugate to v, that is,
conjugate over G(L,). Using the choice of a generator 7, we get a finite definable
set D of representatives of stable conjugacy classes of 7. This 4" determines an
invariant inv(vy,~’) € H'(L, I,), and this assignment is definable when we consider
HY(L, I,) as definable using cocycles as in 4.2. In particular we may identify D
with a subgroup of H'(L, I,).

Let x be a character of H'(L, I,). The Tate-Nakayama pairing (inv(y,'), k) is
a definable map by [7], in the sense that its image lies in Z/nZ for some n, and
the level sets (for fixed x and varying v,~’) are definable sets. Below we consider
its motivic version, as in Section 2.12.

Define the x-orbital integral as

0% (1g0)) = Y _(inv(7,7"), £)Oy (1g(0)).

y' €D

When & is the trivial character, we write O3*"(1g(0)) instead of O%(1g0)).
The Kostant section €: ¢ — g is definable as well, and we use it to define for
a € c regular semi-simple

Og(lg(0)> = Og(a)(lg(0)>~

Let H be an endoscopic group of G, H the associated definable group and h the
Lie algebra. We add subscripts H to the various objects associated to H, such as
cy. We have an inclusion ¢y — ¢. Let ay € cy(L) be regular semi-simple, and
a its image in ¢(L). The group H determines a character x of H'(L, J,), where
Jo = I.(q) denotes the regular centralizer of a, see [38, Section 1.4]. Notice that
Jo(L) =T(L) by definition.

We can now state the motivic version of the Fundamental Lemma.

Theorem 6.1.1. Let G, H,ay,a,x be as above. Then there exists some A,, mo-
tiwe of a commutative algebraic group over Q(a) and the parameters, such that

Ay O (1g(0y) = A, L7 @0 O3tab (1, )
in K(DAS(Q(a), rel, A)) ® Q.

Remark 6.1.2. Even though Theorem 6.1.1 is a local statement, the proof uses
the global geometry of the Hitchin system. This will imply that A, will in general
contain a factor of an abelian variety coming from the factor xpg((P,)°) in the
notation of Section 6.3 below. Furthermore since the dimensions of the Hitchin
system depends on a, we do not expect A, to behave as a motivic constructible
function for varying a in ¢}’

If one specializes to local fields of large residue characteristic, as in Corollary
6.1.4 below, one can cancel the factor A, on both sides. In particular A, is not a

.. K rG(a sta
zero-divisor of O%(1g0)) — L") O3 (1)

We recover a variant of the result of Cluckers-Hales-Loeser [7, Section 9.2].
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Proposition 6.1.3. Let G be a split reductive group over a normal domain R
of finite type over Z and r an integer. There is a non-empty open subscheme of
Spec(R) such that for every closed point x of U, and local field L with a map
R[t]— L sending t to a uniformizer of L and residue field F,, the following holds.

Denote by O the valuation ring of L. Let G be a quasi-split reductive group over
L, with split form G, Lie algebra g and Chevalley base ¢. Assume that G splits
over an unramified extension of degree r. Let H be an endoscopic group of G and
H a definable endoscopic group of G that specializes to H. For a € ¢4 regular
semi-simple, let k the character of H(L, J,) associated to it. Then up to some
choice of parameters, the motivic constructible function Ol (1gy) considered in

Cuot (C), when specialized via Tr Frob, to a function on ¢, is the function

rss

a € Cy — Og(lg(o)).

Proof. By construction of the motivic orbital integral, the locus of integration and
the integrand specialize to their counterpart on L. Hence the result follows from
Proposition 2.10.3. O

Recall from Ngb [38, Théoreme 1] the statement of the Fundamental Lemma of
Langlands-Shelstad for Lie algebras.

Corollary 6.1.4. The Fundamental Lemma 1.2.1 holds for quasi-split reductive
groups of large enough residue characteristic.

Proof. We just have to combine Theorem 6.1.1 with Proposition 6.1.3, noting that
every a € ¢ is the specialization of some b € c}°. Dividing both sides of the
specialization to a local field of the equality in Theorem 6.1.1 by TrFrob,(A4y),
which is non-zero as the number of points of an algebraic group, yields the equality

of the Fundamental Lemma. O

6.2. From orbital integrals to affine Springer fibers. The relation between
orbital integrals and affine Springer fibers first appeared in [21]. For any discrete
and cocompact subgroup A C T defined by a finite set of generators, we deduce
by Fubini that

mot

vol(A\T, wr) Ou(1g(0)) = voI(A\T, wr) /T\G 1g<o>(916(a)9)|lz_j\l

mot

- [ oo o) ol
A\G

Furthermore, there is a G(O)-fibration

{9€ A\G | g 'e(a)g € g(O)} — {9 € A\G/G(O) | g 'e(a)g € g(O)}.

Here the right hand side can be identified with the K (a)-points of A\N,, where
N, denotes the affine Springer fiber associated with a. Since it is not of finite
type, N, is not definable. However, by [32], or more precisely [38, Proposition
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3.4.1], the quotient A\N, is a projective finite type scheme whose points can be
encoded by a definable set. We thus get

(621) VO|(A\T, wT) Oa(lg(())) = XPsf(A\Na)-

Now let 7' € g be stably conjugate to £(a) and let § = inv(e(a),~) € H(L, J,)
denote the corresponding class. By [38, Lemme 8.2.4] we have an isomorphism

H' (L, J,) = H'(K,P(J))),

where J! — J, is a group scheme with connected fibers generically isomorphic to
J, and P(J!) denotes the Picard-stack of J/-torsors with a generic trivialization.
Since J! is connected, the K-points of P(J)) can be identified with J,(L)/J.(Op),
see [38, Section 3.3]. The lattice A thus naturally embeds into P(J)) and the
quotient A\IP(J!) is an affine finite type group scheme [38, Lemme 3.8.1]. We
write A\P(J) for the associated definable set and mo(a) for its group of connected
components. Since A is discrete and torsion free we have by Lang’s theorem an
inclusion

H' (K, P(J})) € H'(K, A\B(J})) = H'(K, mo(a)).

Similarly to the case of Higgs bundles P(.J,) and thus also P(J!) act naturally
on N, and it follows from the discussion in [21, Section 15.5] that we have an
isomorphism

AN = (AN,

where (A\N,)° denotes the twisted variety as in Section 4.3. Since (6.2.1) also
holds with (a) replaced by " we finally get, for every k&,

(6.22) vol(A\T,wr) O (1g0)) = Y _ (inv(e(a),7), &) xpsi(A\NG)°)

y'eD
= ) (Ga)xes(A\NL)?) = [H (K, mo(a))] xpst(A\NG, k),
SeH (K,P(J2))

where the k-isotypical component is defined as in Section 4.4 and D is identified
with a subgroup of H'(L, J,) = H'(K,P(J?)) through inv(e(a),-) as in Section
6.1. Here we also used [38, Lemme 8.2.6], which implies that (A\N,)° has no
K-rational point for § ¢ D and thus yps((A\N,)°) = 0 in this case.

We can further simplify (6.2.2) as follows. First, again by Fubini, we have

vol(A\T,wr) = vol(J,(O), wr)xpst(A\P(J}))
= vol(J;(0), wr)|mo(a) [xpst (P(T)").

Secondly since Gal(K) = Z, say with topological generator o, we have an exact
sequence

0 — mo(a)(K) — mo(a)(K™8) 17, mo(a)(K™8) — H (K, mo(a)) — 0,



54 ARTHUR FOREY, FRANCOIS LOESER, AND DIMITRI WYSS

and thus |my(a)(K)| = |H (K, mo(a))|. Plugging this into (6.2.2) and dividing by
|mo(a) (K)| = [H' (K, mo(a))| we get

(6.2.3) vol(J! (O), wr)xpst (IP’(J:I)O) O (1g0)) = xpst (A\NG, k),

which is the motivic analogue of [38, Proposition 8.2.5]. Notice the equality
vol(J/(0),wr) = L*xpst((J)) k), with a depending on the choice of wy, in partic-
ular vol(J/(O),wr) is the motive of a commutative algebraic group.

6.3. From affine Springer to Hitchin fibers. The connection between Sprin-
ger and Hitchin fibers is given by the product formula [38, Proposition 4.15.1].
Consider the geometric setup of G-Higgs bundles on a curve X in the generality of
Section 4.7. Let a € A*™ be a point with pseudo-finite residue field. By definition
we get a morphism a : X — ¢p and we denote by U C X the open dense preimage
of ¢5 under a. For any closed point v € X \ U the completion of the local ring
at v is a discretely valued field L, with pseudo-finite residue field K,. We write a
subscript v for the restriction of G, T', a etc. to this formal neighbourhood after
having fixed a trivialization of D. In particular a, € ¢/*(L,) gives rise to an affine
Springer fiber A, .
Using the Kostant section one can define a morphism

H Naz, — Maa
veX\U
and similarly for the symmetry groups [],c v\, P(Ja,) = Po. The product formula
[38, Proposition 4.15.1], see also [38, Proposition 8.4.2], states that over K we have

a homeomorphism of proper DM-stacks

(6.3.1) [T Ve, xMbexw el p, — M,
veX\U

compatible with the actions of Gal(K /K) and P,. Furthermore let P, — P(.J,) be
as in [38, Section 8.4], in particular P, is an algebraic group locally of finite type.
It follows essentially by definition that (6.3.1) continues to hold with P(.J,, ) and
IP, replaced by P(.J; ) and I, or more conveniently for us, we have a fibration

IT Vo x P, — M,
veX\U

whose fibers are [],c v\, P(J;, )-torsors.
By an argument similar to the one in the previous section we obtain for each
Galois-invariant character s of my(P,) the relation

(6.32)  xpt(PR)") [ xest(A\Na £) = xpst(Ma,5) [ xest(B(35,)°).
veX\U veX\U

The formula is the motivic analogue of [38, Corollaire 8.4.4].
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6.4. Back to orbital integrals. It is explained in [38, Section 8.6] how to
construct from the initial data G, H,ag,a,x of Theorem 6.1.1 a curve X over
K, a line bundle D on X, a distinguished K-point 1 and all the auxiliary data
to construct the Hitchin fibrations for G and H. Furthermore, by choosing the
degree of D sufficiently large, the affine linear sub-space Z C Apg, consisting of
elements o' € Ay such that a,, = ay mod (TV) for N as in [38, Proposition

3.5.1], is non-empty and its pull-back ZCAyis geometrically irreducible by the

same argument as in [38, Lemma 5.3.2]. For dimension reasons also Z N Ay,
is non-empty and geometrically irreducible. Since K is pseudo-finite we deduce

Zn ;&?(K) # 0. Thus we may find a}; € Ajj'(K) which admits a lift to ;&?{m and
such that

XPsf (A-I/O \Nai,o ) "’i) and XPsf (Al/o \NalH,uO ) Stab)

compute the orbital integrals appearing in 6.1.1 via (6.2.3). Here we wrote a’ for
the image of a; in A™. . _
Since both a/; and o’ admit lifts to K?l and A" we may identify the corre-

sponding fibers of My and M with the ones of MH and M. The Geometric
Stabilization theorem 5.1.1 for G and H together with formula (6.3.2) then gives

641) xea((PL)") ] XAy r) =

veX\U
XPsf((P:ﬂ)O)Lrg(D) H XPsf(AV\Na/M,Stab).

veX\U

One can further adjust the choice of a/; as in [38, Section 8.6.6] in such a way,
that for all v € X \ U different from 1 the Springer fibers are of a very simple
form, which is analyzed in [38, Lemme 8.5.7]. In the first two cases in loc. cit.
both Springer-fibers are 0-dimensional, 7% (ag,) = 0 and

XPsf(AV\Nai,a /{) = XPsf(AV\Na’H,Va Stab) =1.

In the third case we still have xpst(A,\Ng, ,stab) = 1 but r(af,) = 1.
The geometry of N, is described in [38, Section 8.3] and reduced to the case
when Na; % is an infinite chain of PYs.  The Kostant section provides a K, -
rational point for Na; and hence A,,\Na/y is isomorphic to the Weil restriction along
K, /K of either a nodal P! with trivial m(a/,)-action or two P'’s meeting in two
points and 7y (a,) = Z/27 exchanging components and intersection points, see [38,
Example 8.1.15]. It follows that in both cases xpst(A, \Ny , k) = L4eE/K) - Since
r&(D) = D vex\u deg(K, /K)r§(ay,), the combination of (6.4.1) with (6.2.3)
finishes the proof of Theorem 6.1.1.
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