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Introduction

Spectral theory could be presented as an attempt to extend the well-known decomposi-
tion results in finite dimensional linear algebra (the diagonalization and triangularization
of matrices) to analogous situations in infinite dimension. Following the usual terminology
we call operators the linear maps between (generally speaking) infinite dimensional vector
spaces. Most results and applications require to choose a topology on these vector spaces
and this is one of the first deep difference with the finite dimensional theory. This makes
the theory much more difficult and this is why we content ourself with the task of exten-
ding the diagonalization of normal operators to Hilbert spaces, the suitable generalization
of the notion of Euclidean vector spaces. The range of applications of such a theory is
however quite large. N

A second toy model we could start from is the Fourier transform F : f —— f of
functions on R”, defined by f (&) = (2m)™/2 [, e 7 f(x)dz. The well-known relation

axk (f) = zﬁkf(ﬁ) can be interpreted by claiming that the operator f — ]:%}_*1(]?)
coincides with the multiplication operator :

[€ — F(E)] > [€ > & F(E)].

But the latter operator is just an infinite dimensional, continuous analogue of a diagonal
operator. In particular the value £, seems to play the role of an eigenvalue. However it
is not an eigenvalue as explained below. Moreover a%k can be understood as a normal
operator (actually 8 is self-adjoint) and F as a unitary transformation, prov1ded we en-

dow the space of functlons with the L2-Hermitian scalar product (f, g) := [p. f(z)g(z)dz.
However a rigorous description of the Fourier transform as the umtary 1somorph1sm of
L*(R",C) for the spectral decomposition of a%k leads to several difficulties, since the
latter operator is not defined on the whole space L?(R",C). We thus need a theory of
non bounded operators to take into account such operators and more generally all nor-
mal operators which are built from differential operators, the most important class of
operators for applications. We can see also why i&; is not a eigenvalue : it would be so,
then the corresponding eigenspace would be a distribution supported by the hyperplane
& = Constant and hence could not be in L?*(R", C). Hence &, is rather called a spectral
value.

The spectral theory is also strongly connected to another theory : the functional cal-
culus. The latter addresses the following question : given, say, a self-adjoint operator A,
and a continuous function f defined on R, can we make sense of f(A) as an operator ?
We note that, if for instance A is diagonalizable, then we can answer to the question by
setting f(A)u = f(\)u, for each eigenvalue A and eigenvector u such that Au = Au. This
establishes hence a connection between the spectral theory and the functional calculus.
But the relationship between both theories is in fact deeper and we will see that, conver-
sely, if we are able to build a functional calculus of self-adjoint operators, we will able



to perform a spectral decomposition of them. Actually this approach is the key for the
general spectral theory.

Most ideas and tools of this theory were built in a short period by John Von Neu-
mann and Marshall Stone approximatively in the same time when Werner Heisenberg,
Max Born, Pascual Jordan, Wolfgang Pauli, Louis de Broglie, Erwin Schrodinger and
Paul Dirac developped the theory of Quantum Mechanics in the years after the historical
breakthrough of 1924-1925. This is not a coincidence, since the spectral theory and the
functional calculus answer crucial questions of quantum mechanics. Heisenberg postulated
that quantities which were measured in classical physics by real numbers should be repla-
ced by matrices, which can be translated in the language of mathematicians by operators.
This point of view was developped by Born, Heisenberg, Jordan and Dirac. It immediately
led to the question of making sense of observable quantities which may be functions of
other observable quantities, that is the functional calculus. But since Quantum Mechanics
also postulated that the numbers which are observed in an experiment are eigenvalues,
or more generally spectral values of the operators, a need for a spectral theory was also
immediate. Of course both questions are also strongly related in Quantum Mechanics.
This is the reason why many concepts in spectral theory have counterparts in physics.

Later on more abstract theories (which we will not present here) were developped
starting from these ideas making sense of operators which does not act necessarily on
a Hilbert space (the theory of Banach algebras and the theorem of Israel Gelfand and
Mark Naimark in 1943) and the theorem of Israel Gelfand saying that a commutative
C*-algebra can identified with an algebra of continuous complex functions on a compact
topological space. These ideas led rich developments, among which we find the theory of
noncommutative geometry built by Alain Connes.

In this course we assume that the Reader is familiar with the basic notions of topology
(norm, topology—open and closed sets) and of linear algebras (vector spaces).

1 Metric, Banach and Hilbert spaces

In this course we are mainly interested in complex Hilbert spaces, the natural framework
where the spectral theory developped. We start by a few definitions.

1.1 Complete metric spaces, normed vector spaces, Banach spaces

Definition 1.1 A metric space (X,d) is a set X endowed with a distance function

d: XxX — [0,+00)
(@, y) — d(z,y)

which satisfies : (a) Vx,y,z € X, d(z,2) < d(x,y) + d(y,z) and (b) Vz,y € X, d(x,y) =
0=z =y.



We recall that a sequence (z,)nen in X is a Cauchy sequence if
Ve >0,dN € N, st. Vnym e N, n,m >N = d(zp,z,) < €.

We then say that (X,d) is complete if any Cauchy sequence with values in E' converges
in E.
Definition 1.2 A complex normed vector space E is a complex vector space endowed
with a function N : E — [0,400) which satisfies :

(i) VA € C, Vx € E, N(Ax) = |[\|N(z) (N is positive homogeneous of degree 0);

(i) Vr,y € E, N(z+y) < N(z)+ N(y) (triangular inequality) ;
(iii) Yx € E, N(x) =0 iff t = 0.
The function N is then called a norm. We denote by (E, N) the vector space endowed
with the norm N.

Note that we may define similarly a real normed vector space just by replacing C by R
everywhere in the definition. Note also that Property (i) implies that N(0) = 0, hence
Property (iii) could be replaced by N(z) =0 = z = 0.

Normed vector space are examples of metric spaces : here we just set d(x,y) = N(x—y),
Vr,y € E.

Recall that on a finite dimensional vector space E, any pair of norms N;, N, are
equivalent, i.e. 3C' > 0 s.t. Vo € E, C7'Ny(z) < No(z) < CNy(z). Also a finite dimensio-
nal vector space is always complete. These properties are not true in general for infinite
dimensional vector spaces.

Definition 1.3 A normed vector space (E, N) is called a Banach space if it is complete.
For instance, for 1 < p < 400, the space ?(N,C) := {a = (a;)jen € C"; 372 [a;]” <

1/
+o00} with the norm N(a) := |lal|, := (Z;io \aj|p> " is a Banach space. Its subspace
Crinite(N,C) := {a = (a;)jen € CY;3J € N, s.t. a; = 0if j > J} with the same norm is
not complete. If p # ¢, (¢P(N,C), || - ||,) is not equivalent to (¢¢(N,C), || - |,)-

Definition 1.4 (separable spaces) A normed vector space is separable if it contains
a countable dense subset.

1.2 Hilbert spaces

Definition 1.5 (Real Hilbert spaces) Let H be a real vector space.
(i) A map
v: HxXH — C
(u,0)  — p(u,v)

s a bilinear form on H if it is linear in the first and in the second argument, i.e.
YA\ pueC, Yu,v,weH,

pAu+pv,w) = Ap(u, w) + pp(v, w)

p(u, Ao +pw) = Ap(u,v) + pp(u, w).



(ii) A bilinear form ¢ on H is symmetric if Vu,v € H, p(v,u) = ¢(u,v);

(i1i) A symmetric bilinear form ¢ on H is positive if Vu € H, p(u,u) > 0;

(iv) A positive symmetric bilinear form ¢ on H is positive definite if :
Vu e H, p(u,u) =0= u=0.
We then say that (H,¢) is pre-Hilbertian space. If so u — p(u,u)"/? defines a
norm on H.

(v) A pre-Hilbertian space (H, ) is a Hilbert space if it is complete.
This definition can be adapted to the complex case :

Definition 1.6 (Complex Hilbert spaces) Let H be a complex vector space.
(i) A map
v: HxXH — C
(u,v)  — (u,v)
1s a sesquilinear form on H if it is antilinear in the first argument and linear
in the second argument, i.e. VA, u € C, Yu,v,w € H,

M+ v, w) = Ap(u,w) + T (v, w)
p(u, Ao +pw) = Ap(u,v) + pp(u, w).

(i1) A sesquilinear form ¢ on H is Hermitian if Vu,v € H, ¢(v,u) = p(u,v) ;
(i1i) A Hermitian form ¢ on H is positive if Vu € H, p(u,u) > 0;
(iv) A positive Hermitian form ¢ on H is positive definite if :
Vu e H, p(u,u) =0= u=0.
We then say that (H, ) is pre-Hilbertian space and that ¢ is a Hermitian scalar
product. If so u +— p(u,u)'/? defines a norm on H.
(v) A pre-Hilbertian space (H, ) is a Hilbert space if it is complete.

In the following we will often denote a Hermitian scalar product and its norm by :

<u,v> = @(uvv)7 HUH = <u7u>1/2'

Remarks — a) Caution! Most Authors in mathematics use an opposite convention in
(i) : a sesquilinear is then linear in its first argument and antilinear in its second argu-
ment. Our convention however is the same as in the book of Reed and Simon [3| and
agrees with the general convention of physicists!

b) A Hermitian form satisfies the reality condition : Vu € H, (u,u) € R, as a straightfor-
ward consequence of (ii). The converse is true : if a sesquilinear form ¢ satisfies p(u, u) € R,
Vu € H, then ¢ is Hermitian (see Lemma 10.1).

Proposition 1.1 Let H be a separable Hilbert space. Then there exists a countable fa-
mily (en)nen of vectors such that {e,,e,) =1 if n =m and = 0 if n # m and such that
Vec{e,;n € N} is dense in H.

If so (en)nen s called a Hermitian orthogonal Hilbertian basis of H. Moreover for any
v € H, the series ) y(en,T)e, converges in H and its sum is equal to x. Lastly the

Parseval identity Y°, . [{en, )|* = ||z||* holds.



1.3 Bounded operators between Banach spaces

Let X and Y be two Banach spaces. A linear map T': X — Y is bounded if there
exists a constant C' > 0 s.t.

Vee X, |Tely <Cllz|x.

Then we set T

70 = Tl = sup L2y
veXaro ||Z]|x

and the preceding inequality holds with C' = ||T'|| (the optimal constant).

The set of bounded operators from X to Y is denoted by £(X,Y"). It is a vector space
and 7'+ ||T|| is a norm on it. The normed vector space (L(X,Y),] -||) is a Banach
space. Note that, since T is linear, T' bounded iff T': X — Y is continuous.

In the special case where X =Y, we set £(X) := L(X, X).

An important case also is when Y = C. Then £(X,C) is the set of continuous linear
forms on X, i.e. the dual space of X : we denote it by X'.

To any T' € L(X,Y) we associate its adjoint operator defined by :

T7:Y — X
{ = {oT

By using the Hahn—Banach theorem one can then prove the following result :

Theorem 1.1 IfT € L(X,Y) thenT" is also bounded and moreover || T||zx,yy = [|T"| 2y’ x7)-

2 Complex Hilbert spaces

In the following we assume that (#, ¢) is a Hilbert space and we write ¢(x,y) = (x,y).
Then there is a natural map

cC: H — H'
y — [rr—(y,2)]
Note that C' is not linear but anti-linear, i.e.
C(Az + py) = AC(x) + FC(y).

The Riesz theorem for Hilbert spaces states that C' is one-to-one and onto!, i.e. is a
bijection. It is an anti-isomorphism.

1. In English one-to-one means injective and onto means surjective.



2.1 The Hilbertian adjoint of a bounded operator between Hil-
bert spaces

Let ‘H; and Hs be two Hilbert spaces and let Cy : Hy — H) and Cy : Hy — H), be
the corresponding Riesz anti-isomorphisms. Let T" € £(H;,H2) and consider its adjoint
T € L(HY, H,).

Definition 1 — We define the Hilbertian adjoint of T" to be the operator T* : Hy — H;
s.t. the following diagramm is commutative :

HQ — Hl
T*

I Cy LGy
H, o H

This means that C;oT* = T"oCy or C1T* = T'C, for short. Note that since 7" is bounded
and [|[T"]] = ||T||, T* is also bounded and || T*|| = ||T|.
Let us analyze this definition by testing it :

[CiT* =T'Cy in L(Hz, H})]
<~ [Vy € Hg, ClT*y = T’CQy n Hll]
— Yy € Ho, Vo e Hy, (C1T*y)(z) = (T'Coy)(z) in C]
— [Yy € Ho,Vx € Hy, (C1T*y)(x) = (Coy)(Tx) in C]
[

— [y e Hy, Ve eHy, (T7y,z)1 = (y,Tx)s in C|

Hence we arrive at the second (equivalent) definition of 7* :
Definition 2 — We define the Hilbertian adjoint of 7" to be the unique operator T™ :
Ho —> Hq s.t.

Yy € Ho, Ve € Hy, (T7y,x)1 = (y, Tx)s. (1)

The existence and the uniqueness of T™ are garanted by the previous discussion. Note
that the definition (1) is much more convenient for applications.

In the particular case where H; = Hs = H then the previous definition specializes to :
Definition 3 — The adjoint of an operator 7' € L(H) is the unique operator 7% € L(H)
s.t.

Ve,yeH, (IMyx) = (y Tx).

Then :
Definition 4 — Let 7' € L(H), then
— T is self-adjoint if 7" =T,
— T is normal if TT* =TT, i.e. it commutes with its adjoint ;
— T is unitary if TT* = T*T = 14, where 14 is the identity operator of H, i.e. T is
invertible and 7! = T*.
Note that any self-adjoint operator is normal, any unitary operator is normal.



Examples
a) The operator 7' = —i-L acting on H = L*(R, C). It is simply defined by (T'f) = —i%.
Heuristically it is self—adjomt for, if we assume that f, g € C°(R), then

(f,Tg)r2 = /R? (—zj—i) d = —@'/R [% (o) — ;Z_fg}

= O—I—/R—Z%gdx— (Tf,g)r2
However there are serious difficulties with this operator : it is not true in general that,
if f € L?*(R,C) then its derivative in the sense of distribution —i% belongs to L*(R,C),
so that —i% is not defined! Hence the previous computation does not make sense in
general. A correct treatment requires to define the concept of an unbounded operator T
on a domain D(T') which is a subspace fo H. Also the understanding of the generalization
of self-adjoint operators in this context is a delicate task that we postpone to the end of
this course. Once these difficulties have been overcomed, then —i-- will an unbounded
self-adjoint operator.

b) For any t € R we define the operator U, : f — U, f on H = L*(R,C) by (U, f)(x) =

f(x —t). Using the change of variable y = x — t, we see that Vf, g € L*(R,C),

d

(f. Uig) s = / F@)gle — tyde = / T T Dg()dy = (U f. g) sz

Hence U = U_;. One also checks easily that U, is invertible and Ut—1 = U_;. Hence
U ' = Uy, ie. U, is unitary.

3 The spectrum of a bounded operator

In this section X is a complex Banach space. Let T € L£(X). The spectrum of T
can be seen as the generalization in infinite dimension the notion of eigenvalues in finite
dimension. We start by defining the complimentary set.

Definition 1 — Let T' € £(X). The resolvent set of T' is the set

p(T) :={X € C; A — T is invertible }.
The resolvent is the map

p(T) — L(X)
A e R(T)=(\-T)"

By A — T we mean Ay — T, where 1y is the identity operator of X. Note that, as a
consequence of the closed graph theorem, if 7" is bounded and invertible, then its inverse
is automatically bounded.



Definition 2 — Let T' € £(X). The spectrum of T is
Sp(T) :==C\ p(T) = {X € C; A — T is not invertible }.

There may be several reasons why the operator A — 1" be not invertible :

(i) Ker(A—=T) # {0}, i.e. v € X s.t. v # 0 and Tv = Av, i.e. A is an eigenvalue. The
subset of Sp(T") defined by

Spo(T) i= {A € C; Ker(A—T) # {0}

is composed of eigenvalues and is called the punctual spectrum of T';
(ii)) Ker(A—T) = {0} but Im(A —T') # X. Then we may again consider two subcases :

(a) Ker(A —T) = {0} and Im(X — T') is not dense in X, we then say that A is a
residual spectral value of T'. The subset

Sp(T) :={\ € C; Ker(A—T) ={0},Im(\ = T) # X}

is called the residual spectrum of T';

(b) if none of the previous cases occur, i.e. if Ker(A —T) = {0}, Im(A = T) # X
but Im(\ — 7T') is dense in X, then we say that A is a continuous spectral
value of T'. The subset

Spe(T) := {\ € C; Ker(A\ — T) = {0}, Im(\ — T) # Im(A — T) = X}

is called the continuous spectrum of 7'

All that gives us a complicated partition Sp(T") = Sp,(T") U Sp,(T) U Sp.(T'). Fortunately
when we will specialize ourself to self-adjoint operators later on, we will prove that the
residual spectrum of these operators is empty, which will simplify the situation.

The following results are quite useful, although elementary. They also help to unders-
tand the continuous spectrum.

Lemma 3.1 Let X be a Banach space and Y a normed vector space. Let T € L(X,Y).
Assume that there exists a constant ¢ > 0 s.t.

vee X, |Tally > cllzlx. 2)
Then ImT is closed in'Y .

Corollary 3.1 Let X be a Banach space andY a normed vector space. Let T € L(X,Y).
Then T is invertible iff the two following conditions are satisfied.

(i) 3¢ >0, Ve € X, [|[Tx|ly > ¢||z||x (T is ‘strongly one-to-one’);
(ii) ImT is dense in'Y (T is ‘weakly onto’).

10



Proof of Lemma 3.1 — Let us assume (2). Let (y,), be a sequence with values in
ImT and assume that this sequence converges to some y € Y. We want to show that
y € ImT'. For any n € N, y,, € ImT so there exists an z,, € X s.t. Tz,, = y,,. Thus, by
(2), Vn,m € N,
[Yn = Ymlly = 1T(zn — 2m)|ly = cllvn — 2m | x.

But since it is convergent, (y,), is a Cauchy sequence in Y and the previous inequality
implies that (z,), is also a Cauchy sequence in X. Since X is complete, this sequence
converges to some x € X. Now since 7' is continuous,

y= lim y,= lim Tx,=T lim x,=Tx
n—4o0o n—4o0o n—4o0o

and so y € ImT. O

Proof of Corollary 3.1 — It is easy to prove that, if 7" is invertible, then (i) and (ii)
are satisfied. Indeed by writing that 7! is continuous, i.e. |7 y|lx < [T !||lylly, we
deduce easily (i) with ¢ = 1/||T~!||. And (ii) follows obviously.

Conversely if (i) holds then T is clearly one-to-one and, by Lemma 3.1, ImT is closed.
Hence (ii) implies that Im7 = Im7T =Y, i.e. that T is onto. O

As a consequence, let T' € £(X) and assume that A € Sp.(T). Then Im(A —T) is dense in
X, i.e. A\—T satisfies Property (ii) of the previous lemma, however A — T is not invertible.
So the only possibility is that A — T" does not satisfy (i). This means that

Ve> 0,3z € X, ||[(A—=T)z||x < cllz|x.

This property allows us to construct a sequence (x,), of X s.t. Vn € N, [|[(A = T)z,||x <
(1/n)||z,||x. Hence the vectors z,, behave asymptotically as eigenvectors. But they are
not eigenvectors, since the hypothesis A € Sp.(T) excludes that A be an eigenvalue of T'.

4 The spectrum of a bounded operator is compact and
non-empty
Let T € L(T). We start with the following result, which implies that Sp(T') is closed.

Theorem 4.1 Let X be a Banach space and T € L(X). Then
(i) p(T) is an open subset of C ;
(i) X — R\(T) is a holomorphic function from p(T') to L(X);

(iit) VA, p € p(T),
BA(T)R,(T) = Ru(T)RA(T), (3)

RA(T) = Ru(T) = —(A = p)RA(T) R, (T). (4)

11



Proof — We will establish (i) and (ii) simultaneously by proving that, for any Ay € p(7),
there exists a disk in C centered on A\g s.t. A — A — T admits an inverse for A in this
disk, which is complex analytic. Using the fact that Ay — T is invertible, write

A=T = A=X)+N—T)
= [A=X)No=T)"+1] (Mo —T)
= [1= (o= NRx\(T)] (Mo = T).

Hence A\—T is invertible iff 1—(A\g—A) Ry, (T') is invertible. This is possible if (A\g—A) R, (T")
is sufficiently small, i.e. more precisely if

(Ao — ARy (T < 1.
For then the series

j{: AO_‘ -RAO ”

converges and its sum is equal to [1 — (\g — A) Ry, (T)] . Hence, if [A—Xo| < || Rao (T)] 7,
A — T is invertible and its inverse is

ZR )" (Ao — A"
The proof of (iii) is left to the Reader. O
Corollary 4.1 The spectrum of a bounded operator is closed.
Lemma 4.1 Let X be a Banach space and T € L(X). Then
C\ B(0, |[T1]) < p(T).
and Y\ € C s.t. [N\ > [|T|,

__jiizmA—"—P (5)
n=0

Proof —If [A| > ||T||, then |A™'T'|| < 1 and the series >~ (A~'T)" converges in L(X).
Its sum is equal to

Z == AT = A =T)7

Hence A\ — T is invertible and its inverse is

R\(T) =(A=T) Z% - Z )\n-tl‘
n=0 n=0

Remark — By setting z := A\~ and defining f.(T') := Ry/.(T) = R\(T'), we can trans-
late the previous result by saying that the map z —— f.(7T") is complex analytic on

12



B(0,1/|IT))) \ {0} and is equal on this domain to f,(T) =Y oo T"z". In particular we
see that this map admits a holomorphic extension to B(0,1/||T||) by setting fo(T") = 0.

In other words A — R,(7") can be extended holomorphically to [(C \ B(0, HTH)} U {oo}
and hence to [C\ Sp(T)] U {oo} ~ CP \ Sp(T') by setting R (1) = 0. O

Corollary 4.2 The spectrum of a bounded operator T is bounded and moreover
Sp(T) < B(0, [[T]]).

To summarize : T is compact. It remains to answer the most stupid question...

Lemma 4.2 Let T € L(X), then its spectrum is non empty.

Remark — This result is the analogue of d’Alembert’s theorem on the existence of roots
of a polynomial over C. Indeed if X would be finite dimensional, we would simply argue
that the characteristic polynomial Pr()\) := det(A — T') has at least one root in C (which
is the statement of d’Alembert’s theorem). In infinite dimension the determinant of A — 7'
does not make sense (in general and without working hard), but the following proof fol-
lows the same lines as d’Alembert’s theorem.

Proof of Lemma 4.2 — Argue by contradiction and assume that Sp(T) = . Then
p(T) = C, i.e. A\ — R,(T) is an entire function (a holomorphic function defined on
C). But we have seen previously that Ry(7") tends to 0 when |A| tends to +oc. Hence by
applying Liouville’s theorem, we deduce that Ry(T) = 0, a contradiction. O

Conclusion — The spectrum of any 7" € £(X) is non empty and compact. Hence we
may define
r(T) := sup{|Al; A € Sp(T)}, the spectral radius of T

and this supremum is achieved by some A € Sp(T"). Moreover we have
r(T) < [IT1] (6)

Note that in general 7(7) < ||T'||. This occurs even if X is finite dimensional : for instance
one may choose any nilpotent operator T acting on a finite dimension vector space. Then
all eigenvalues of T" are zero and hence r(7') = 0, but ||T’|| # 0 in general.

4.1 The study of an example
We consider the shift operator T € L(¢') defined by :

Vo = (21,20, ) €LY, T(x1,29, ) = (22,23, )
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and its adjoint? 7" € L(¢>), which satisfies :
Va = (041,062,' : ) € gOO’ T/(a17a27“ ) = (0,0&1,062, T )
Note that ||T"|| = |[|(T")"|| = 1, Vn € N*, so that by Theorem 5.2 we have :
— T n||l/n _ N 1 nn||l/n _
H(1) = Tim ][ = (1) = lim [|(T)"][ " = 1.

We shall prove the following properties :

spectrum punctual spectrum | continuous spectrum | residual spectrum
Sp(T) = B(0,1) | Sp,(T) = B(0,1) | Sp.(T) =0B(0,1) Sp.(T) =0
Sp(T") = B(0,1) Spp(T") =0 Sp(T) =0 Sp.(T") = B(0,1)

and, for that purpose, proceed by steps.

a) Sp(T) C B(0,1) and Sp(17") € B(0,1) : this is a consequence of the fact that (7)) =
r(T") = 1.

b) Sp,(T) D B(0,1) : we need to show that, for any A\ € B(0,1), A — T has a non
vanishing kernel (i.e. a non trivial eigenspace for T" with the eigenvalue \). Note that it is
straightforward for A = 0, since we easily remark that (1,0,0,---) belongs to the kernel
of T'. The eigenvectors of T" for A # 0 are kind of perturbations of (1,0,0,---). Set

T = (1, )\, /\2, /\3, ce )
Then zpy € €' ssi |A| < 1. Moreover
T(JZ[)\]) = (/\7 /\27 /\37 .. ) = /\(1, /\7 /\27 .. ) = /\lL‘W.

Thus Sp,(T') > B(0,1).
Corollary of a) and b) : we have

B(0,1) C Sp,(T) c Sp(T') C B(0,1),
but since we know that Sp(T) is closed this implies :
Sp(T) = B(0,1) = Sp(T"),

where we used Phillips’ theorem for Sp(7").

c) Sp,(T) = B(0, 1) : by the previous results it suffices to show that 0B(0,1)NSp,(T) = 0,
i.e. that, for all X s.t. [A\| = 1, A — T is one-to-one. Argue by contradiction and assume
that there exists A € 0B(0, 1) s.t. ker(A —T') # {0}. Let x = (z1, x9, 23, -+ ) € ker(A =T

2. Recall that the dual space of ¢! is £°°. However the dual space of £*° is not ¢! but a space which
contains strictly ¢! as a closed subspace. It means that the map ¢! — (¢*°)" which, to any sequence
x € (%, associates ev, : @ — a(z) is an embedding which is not onto.
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which is different from 0, then (A —T")(x) = 0 holds iff the following system of equations
holds
Tpi1 = AT,, Vn € N

We deduce by a straightforward recursion that :
=z (1, \ AN 0.

But we remark that, because of |A\| = 1, z cannot be in ¢! unless z; = 0 — a contradiction.
d) Sp,(T") = 0 : in order to show it, argue by contradiction and assume that there exists
a=(a,ag, ) €L and A € Cs.t. (A—T")(a) =0, which means that

)\Oél = 0
)\062 = o
)\043 = Q9

We then deduce that (aq, ag, - -+ ) = 0 (argue by recursion : one needs to inspect separately
the cases A = 0 and X\ # 0, but both cases are easy to treat). This leads to a contradiction.
e) Sp.(T") D B(0,1) : recall that

Spr(T") ={A € C[ Im(A = T7) # £} \ Sp,(T").

But since as seen previously Sp,(T") = 0, we deduce that Sp,.(T") = {\ € C| Im(\ — T") #
(>}, For all A € B(0,1) we use the sequence zpy = (1, A, A2, A%, ---) € (! as in b) and we
set

i = €Uy, T O (mp\]) )
Then, Va € £,

fn (A =T ()] = [(A = T')(@)] (zn) = a [(A = T) ()] = a(0) =0,

ie. (A =T") () € Kerfiy. Hence Im(A — T") C Ker fjy, which implies that the closure of
Im(A — 7”) cannot be equal to ¢*°. Thus A is a residual value.

f) In fact Sp,(1") = B(0,1) : because of the previous observations it suffices to show that
any A € C s.t. |A] = 1 is also in Sp,(T"). Let A be such a value. We start by computing
a formal inverse of A —T" : if a € > and if b is another sequence with values in C, the

equation (A —7")(b) = a reads

a; = )\bl bl - zal
o = )\bg - bl b2 = )\(CLQ -+ bl)
: — :
an, = )\bn — bn,1 bn = X(an + bn—l)

Hence this equation has the solution b, = A, + Xzan,l + - 4 Xnal. We can already
see that A — 7" is not onto because, for a = apy = (1, XQ, -++) € £, the solution is

b, =n\" and this sequence cannot be in £ : thus apy & Im(A = 17).
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But we actually need a stronger result, i.e. that Im(A — 7”) is not dense in ¢*°. For
that purpose we show that B(ag, 1/2) N Im(A —T") = 0 in (. Let a € B(agy, 1/2), we
can write a = agy + B8, where |[3[|= < 1/2. The solution in the space of complex valued
series of the equation

()\—T')b:a:am+ﬂ
is b= (bl,bg,bg, . '), with :

=n\ + Z PN JB],
which implies that :
b, — X\ | =

ZA '

By using the triangular inequality n = [nX" \ < |by — nX"| + |bn|, we deduce that

<_

-n n n
bol>n—1b,—nA|>n——-=—.
bul > by — X > 5 =

Thus b is not in £°°.

g) Let us show that Sp,.(T) = (). We just need to show that, if |[A\| = 1, then X\ & Sp,(T).
Assume the contrary : then there exists A € C s.t. |[A\| =1 and Im(X —7") is not dense in
¢*. Then conclusion (ii) from Proposition 6.3, A € Sp,(T"). However this cannot happen
for we have seen at d) that Sp,(7") = 0.

h) The continuous spectra : according to the previous observations

Spe(T) = Sp(T) \ (Spp(T) U Sp,(T)) = B(0,1) \ (B(0,1) U ) = 9B(0,1),
and

Spo(T") = Sp(T") \ (Sp,(T") U Sp, (1)) = BO, )\ (0U B0, 1)) = 0.

5 An expression for the spectral radius

5.1 The spectral radius in a Banach space

We want to prove that for any bounded operator T" acting on a Banach space r(T') =
lim,, o0 || T7||*/™. We will first prove that 7(7) = lim,,_,||7"||*/" and then prove that the
sequence ||T||*/™ actually converges.

We first translate the definition of r(T) in terms of the resolvent set p(T') :

r(T) = sup{|Al; A € Sp(T)} = inf{r; [\ — R,\(T')] is holomorphic on [C\ B(0,r)]}.
Hence by setting z = 1/, k = 1/r and f,(T) = RA\(T), with fo(T) =0,

L
r(T)

In other words r(7T)~! is the radius of convergence of the analytic function f, (7).

= sup{k; [z — f.(T")] is holomorphic on B(0, k)]}.
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Lemma 5.1 Let Y~ a,z" be a series in the complex variable z with values in a complex
Banach space X and denote by R its radius of convergence. Assume that R > 0. Then

R = lim,, . flan/| =" (7)

Proof — For z € B(0, R), we write ¢(z) = Y~ janz".
(a) We first prove that R < lim,, ,__||a,||~*/™. For that it suffices to prove that :

\V/T > 07 r < Ra = r S li—mnﬁooHanH_l/n'

Indeed if r < R, then z — ¢(z) is analytic on B(0,r), hence Vz € B(0,r),

N P
270 Jop(os) V — 2 21 Jopory v 1—2/v
1 Miidvzii/ o)
2mi Jopoyy v 0" “— 2T S0,y VT

1 o) .

211 oB(0,r) pntl

Hence

n —

Thus, by denoting C':= sup,cgp0,) [|#(v)]| < +o0,
1 [ C C
ool < 5 [ o =
2 Jo ™ rm

Hence [a,||'/" < CY"L or r < CY"|la, |7/ By letting n — 400 we deduce that
r < hmn—)ooHa’nH_l/n

(b) Let us prove conversely that lim, ,__|la,||""/" < R.Let z € Cs.t. |2| < lim,, ,__||a.| ="
Then ]

T n||l/n _ l/n o <

limy, o0 || 2" |V = |2[limy_ e || an | (a7 < 1.
Hence Y7 a,z" converges by the Cauchy criterion. Thus |z| < R. We have proved that
2| < lim,, ,._||a,||~*/™ implies that |z| < R, hence lim, ,_||a,| /" < R. O

We are now able to prove the :
Theorem 5.1 Let X be a complex Banach space and T € L(X), then
r(T) = Ty, oo |77 V" (8)

Proof — We apply Lemma 5.1 with ¢(z) = f.(T) and R = 1/r(T). But because of (5) we
know that, on C\ B(0, [|T|)), f.(T) = >_07,z""T", thus a, = T"'. Hence (7) gives us

= lim, |
T(T)— 1mn—>oo

So (8) follows. O
We next prove that the superior limit in (8) is actually a limit.

TV = L, T
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Theorem 5.2 Let E be a complex Banach space and T € L(E). Then the sequence
(HT”Hl/”)n converges and its limit is equal to r(T).

Proof — Because of Theorem 5.1 we just need to prove that the sequence (|[77[|"/ ")n
converges. We start from the relation 77t™ = T™T"™ which holds Vn,m € N. It implies :

[T ] < 1T 1T
Hence by setting a,, := log||T™"||, we deduce the following inequality

CLn—‘,—m S Qp + A,

am
m

(sub-additivity). We will show that lim,_,, % exists and is equal to § := inf,,en- €

[—00, +00) (hence the limit of ||T™||'/" exists). Assume first that 3 > —oc. Then
Ve > 0,3dm € N*, ﬁg%”<5+e.

Fix ¢ and hence m € N* s.t. the preceding inequality holds. For all n > m, let us write
the Euclidean division of n by m :

dgeNdreN st.0<r<m-—landn=qgm-+r.
Then

a_n_a’(Im-i-r<qam+ar<qam+%:a_m+%<ﬁ+g+%.
n m n n

n gn—+r — gm-+r ~— gm
Let C' := supg<,<,,_1 @ < +00. Then (still because € and C are fixed), limsup,,_,,, = <
lim,, oo % = 0. Thus

Qp,
lim sup — < B +-e.

n—oo N

Since ¢ is arbitrary we have in fact limsup,,_,,, % < 3. But

. a . . a . Qnp,
f= inf = <lim inf — <lim sup — < 3,
meN* m, m—oo M, n—oo N

which implies that all these quantities are equal and thus that “* converges to .
In the case where the sequence % is not bounded from below, i.e. if § = —oco, then
am
VA>0,9m e N, — < —-A
m
and, by the same reasoning as before, we get that, for n > m,

a a
— < —-A+ =, where0<r<m-1
n n

and thus that limsup,,_,, %* < —A. Since A is arbitrary this implies that lim, . % =
—o0 = f3.
In whatever case we have showed that

lim [|T"|Y" = ¢®  (with e = 0).
n—oo

18



5.2 Application : the spectral radius of a self-adjoint operator
We first show the following result.

Lemma 5.2 Let H be a complex Hilbert space and A € L(H) a bounded self-adjoint
operator. Then

|A]] = sup [(Az, )], (9)

||| |=1

Proof — Denote temporarily [A] := sup, =1 [{Az,z)|. On the one hand the inequality
[A] < ||A]| is a straightforward consequence of the Cauchy—Schwarz inequality |(Ax, z)| <
||Az|| ||z||. On the other hand the reverse inequality [A] > ||A|| requires more work. For
that purpose we first show the identity

Vo,y € H, 4Re(z, Ay) = (x+y, Az +y)) — (z —y, A(z —y)). (10)
Let z,y € H, by substituting

r+y xT—y Alx+y) Al —y)

=y Ty ad Ay=meem e
in (z, Ay) we get :
o, Ay) = (v+y,Alz+y)) + (@ -y Alz +vy))
—(z+y, Az —y)) — (z -y, Az — y))
= R+1,
where
R:=(z+y,Alr+y)) — (v —y, Az — y))
and

I'=(x—y, Az +y)) — (v +y, Alz —y)).
We remark that

(x+y Alx —y) =(Alz —y),z+y) = (A (x —y)z+y) = (z -y, Az +y)).

Thus we can write

I=(z -y, Alz+y) —(z -y, Alz +y)).

In particular we see that R is real and [ is imaginary. Hence 4Re(x, Ay) = R which gives
us (10). Now we use this identity (and we use the definition of [A]) :

4Re(z, Ay) < [A]llz +yl* + [Alllx — ylI* = 2[A](||=[]* + [ly[]*)-
This implies

sup 4Re(z, Ay) < sup 2[A]([[|* +[]y]I*) = 4[4].

[l |ly1<1 ], |ly|<1

But by Riesz’ theorem, [|A[| = sup, iy1<1 Re{z, Ay). Hence [[A[| < [A]. O
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Corollary 5.1 Let H be a complex Hilbert space and A € L(H) be self-adjoint. Then
r(A) = ||All.

Proof — Let A € L(H) be self-adjoint. By applying (9) we obtain that

14%[] = ||A"Al| = sup [(A"Az,z)| = sup [(Az, Az)| = sup [|Az||* = ||A]]".

[Jz[|=1 []|=1 [o]|=1
Since any integer power of A is self-adjoint (check it!), this result is also true for A* :
1A% = (1A = 1147117 = (1AIP)? = [|AlI*

and by recursion :
VneN, |[AT[ = [JA[*".

Thus by using Theorem 5.2

F(A) = Tim [JA"[" = T (|4 = A]|

6 The spectrum of an operator and of its adjoint

6.1 Generalities

We start with a general result without giving its proof. We will instead show one
corollary of it.

Theorem 6.1 (Phillips’ theorem) Let E be a complex Banach, T € L(E) and T" €
L(E") be the adjoint of T, then

Sp(T") = Sp(T) and VX € p(T), RA\(T')=R\(T).

In the following we will denote by \* the complex conjugate of a complex number
A € C, in order to avoid confusion with the topological closure of sets. In the particu-
lar case where E = H is a complex Hilbert space Phillips’” Theorem has the following
straightforward consequence :

Proposition 6.1 Let H be a complex Hilbert space, T € L(H) and T* € L(H) be the
Hilbertian adjoint of T'. Then

Sp(T*) = Sp(T)" :={N| A€ Sp(T)} and VA€ p(T), R\(T")=R\T)".
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Proof of the proposition — We first observe that VS, T € L(H),
(TS)* = S*T*
and hence that, if T' is invertible, then

(T~V)T* = (T(T~Y)" = Id* = Id
T(T~Y)* = (T-HYT)" = Id* = Id,

which means that T* is also invertible and (7%)~! = (T~!)*. Since T+ T* is an
involution the converse is straightforward, i.e. : T" is invertible iff T™ is invertible. Thus

A€ p(T) <= (A —T) is invertible <= (A* — T™) is invertible <= \* € p(T™).

Andso (A =T)"H)" = (\* —T")~L. O

6.2 Useful results in complex Hilbert spaces

Theorem 6.2 (orthogonal projection) Let H be a complex Hilbert space and F be a
closed vector subspace. Then for any y there exists an unique x € F such that

—yl|| = inf || — y]|. 11
Moreover x —y L F.

Proof — The case where y € F', for which x = y, is trivial. So we assume that y ¢ F' (which
means that necessarily F' # H). Let d := infecp [|€ — y|. Note that d > 0 since otherwise
this would mean that y belongs to F' = F. Let (,,),en be a sequence with values in F such
that lim, o ||2n — y|| = d and write d,, := ||z,, — y||. We will first establish that (z,)nen
is a Cauchy sequence. Let n,m € N, using the identity ||a+b||*+ ||a —b||* = 2|al|* + 2||b||?
with a = L (z, —y) and b = (z,, — y) we get

2 2

1 1 1
5@+ am) —y = sl =y’ + Sllzm —ylI* = 5(ds + d).

1
2

1
+ H§(.Tn — l’m)
But since %(xn +x,,) € F and because of the definition of d, we have H%(mn + Tp) — yH >
d. Hence £(d2 + d2,) — 1 ||(z,, — Zm)||> > d?, which implies

2 (2 + d2, — 2d°) > ||z — x> (12)

But since d,,, d,, — d, the Lh.s. of (12) tends to zero and hence ||z, — x,,|| tends also to
zero. Hence (x,),en is a Cauchy sequence, thus it converges to some x. Since F is closed
x € F. Note also that if 2,2’ € F are two points such that ||z — y|| = ||2' — y|| = d, then
by applying (12) with (z,2’) in place of (x,,x,,), we deduce that 0 > ||z — 2’|, thus z is
unique.
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Lastly for any ¢ € F, the function f : R — R defined by f(t) := ||z + t£ — y||*> =
111282 + t({x — y, &) + (&, 2 — y)) + ||x — y||* is a polynomial which achieves its minimum
for t = 0, hence f’(0) = 0, which reads Re((x — y,§)) = 0. The same reasoning with ¢
replaced by i€ gives us Im({x — y,£)) = 0. Hence x —y L £, V€ € F. O

In the following, for any A C H we pose A+ = {y € H;Va € A, {(a,y) = 0} and
Vo € H, we set z+ := {z}+. Note that for any subset A, A+ is a closed vector subspace
of H, since it is the intersection of the closed hyperplanes a*, for a € A.

Corollary 6.1 Let H be a complex Hilbert space and F' C X be a vector subspace. Then
F = (FH)*. (13)

Proof — The inclusion F' C (F*)* follows from two facts : first (F*)* is closed, second
the obvious fact that F' C (F*)*. This implies that F' C (FL)+ = (F+)*.

To conclude to (13), let’s argue by contradiction and suppose that F is a strict subspace
of (F+)*. Then there exists some y € (F*)% which does not belong to F. By applying

Theorem 6.2 we obtain some = € F such that y—z € F' = Ft Butsincez € F C (FH)*+
we have also y — x € (F1)L. Both conclusions imply y — 2 = 0, a contradiction. ([l

Proposition 6.2 Let H be a complex Hilbert space and T' € L(H). Then

KerT = (ImT*)*. (14)
And as a straightforward consequence of Corollary 6.4

ImT* = (KerT)* . (15)
Proof — Let x € H, then

reKerT <= Tr=0<+=TrcH*
— [WeH, (yTx)=0
— [MyeH, (Try,z)=0]

<~ 1z € (ImT*)*.

Then (15) follows by taking the orthogonal subspaces of both sides of (14) and applying
Corollary 6.1. ]

Corollary 6.2 If H is a complex Hilbert space, then
A€ Sp,(T) iff Im(N* —T7) is not dense in H. (16)

Proof — Apply (15) with A — T : this gives us Im(\* — T*) = (Ker(\ — T))*. O
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6.3 Generalizations in complex normed vector spaces

Theorem 6.2 does not make sense in an arbitrary Banach space. However we have the following
substitute. First recall the following geometric version of the Hahn-Banach theorem theorem.

Theorem 6.3 (geometric Hahn—-Banach, compact/closed) Let E be a real normed vector space
and F and K be two convex subsets of E. Assume that F is closed, K is compact and FNK = (. Then
there exists a closed hyperplane H which separates F' and K. This amounts to say : 3f € E', Ja € R s.1.
Vee F,Vy e K, f(z) <a< f(y).

Corollary 6.3 Let E be a real normed vector space, G be a vector subspace of E and v € E. Assume
that v ¢ G. Then 3 € E', s.t. Vz € G, £(x) =0 and £(v) = 1. As a bonus : G ® Ru is closed in E.

Proof of Corollary 6.3 — We apply Theorem 6.3 with F' = G and K = {v}. It gives us some f € E'
and @ € R, s.t. Vo € G, f(z) < a < f(v). This forces that Vo € G, f(x) = 0. Indeed assume the contrary :
then there exists some a € G s.t. f(a) # 0, but then we may find some A € Rs.t. Af(a) = f(Aa) > o and
Aa € G, a contradiction. Hence f(v) > « > 0. By setting ¢ := f(v)~!f, we reach our conclusion.

Lastly G @ Ru is closed in E because it is the inverse image of the closed subspace G by the map
E > 2z 2 —{(x)v € E which is linear and continuous. O

Theorem 6.4 (characterization of dense subspaces in the complex case) Let E be a complex nor-
med vector space and F' be a vector subspace. Then

F#E <<= 30cFE st ®+#0andF C Kerd.

Proof — (i) Assume that F # E. Then there exists v € E s.t. v € F. In the following we consider E as
a real vector space and all vector subspaces (such as F') will also be considered as as real vector subspaces
of E. We introduce the two vector subspaces

Gy :=F@®Riv and Go:=F ®Rv

and use Corollary 6.3 (the bonus of which says us that G; and G are closed)
— to Gy and v € G1 : we obtain f; € Ep s.t. G1 C Kerf; and fi(v) = 1;
— to Gz and v & Gy : we obtain fo € Ep s.t. G2 C Kerfz and fa(iv) = 1;
Hence the map ¢ : E — C defined by

p(x) = fi(x) +ifa(z)

satisfies I C G1 NGy C Kerp and p((A+ip)v) = X +iu, hence the restriction of ¢ on G + Gy = F & Cuv
is C-linear. Note that ¢ may not be C-linear on E, but by setting

B(r) = 5 o) — iplir)],

we obtain a continuous complex linear form on E which agrees with ¢ on G1+Gs. In particular F' C Ker®

and ®(v) = 1.
(ii) The converse is straightforward : if there exists some non vanishing ® € £’ s.t. F' C Ker®, we imme-
diately get ' C Ker® and hence F' # FE. O

Let us introduce some notations. If X is a Banach space and F' C X is a vector subspace then
Ft:={aec X';Vz e F a(x)=0}
and, if A is a vector subspace of X',

At = {r e X;Va e A a(zr) =0}
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Corollary 6.4 Let X be a complexr Banach space and F' C X be a vector subspace. Then
F=(FHt (17)

Proof — The inclusion I C (F+)* follows from two facts : first (F4)t = N, cp.Kera is closed (an
intersection of closed hyperplanes), second the obvious fact that F' C (F*)‘. This implies that F C

(FI)T = (F4)*.

To conclude to (17), let’s argue by contradiction and suppose that F is a strict subspace of (F*)*.
Then by applying Theorem 6.4 there exists a non vanishing a € ((F+)*)" s.t. F C Kera. By using
Hahn-Banach theorem and a reasoning similar to the proof of Theorem 6.4 we can extend a to ax € X'.

We still have F' C Kerax and hence ax € F' = FY. Thus any z € (F1)* must satisfy ax(x) = 0,
meaning that o = ax|(p1). =0, a contradiction. O

Similarly Proposition 6.2 can be generalized in Banach spaces :

Proposition 6.3 Let E be a complex Banach space and T € L(E). Then
(i) If X € Sp,(T), then Im(A —T") is not dense in E' ;

(it) If X € C is s.t. Im(X\ —T) is not dense in E, then X € Spp(T") ;

(111) Corollary : if E is reflexive, i.e. if (E') = E, then A € Sp,(T) iff Im(A —T") is not dense in E'.
Proof — Proof of (i) : let A € Sp,(T), then 3zy € E\{0} s.t. (A—=T)(xo) = 0. This implies in particular
that Vo € E’,

[(A = T")(@)](w0) = a (A = T)(w0)) = (0) = 0,

ie. A\ —T")(a) € zg = {B € E'| B(xo) = 0}. Hence Im(\ — T’) C xg. This implies of course that
Im(\ — T") cannot be dense in E’, since xg- is closed and is different from E’.

Proof of (ii) : let A € C s.t. Im(\ — T') is not dense in E. From Theorem 6.4, there exists o € E’ \ {0}
s.t. Im(A — T') C Kera. Thus,

Ve E, a[(A-T)(z)]=0 <= VzxeE, [A-T) (a)](z)=0
= A=-T)a)=0
<— aecKer(A-T").

Hence A € Sp,(T7).
Proof of (iii) : the fact that [\ € Sp,(T) implies Im(A — T”) is not dense in E’| has been proved in (i) ;
the converse follows by applying (ii) to 7" and by using the fact that 7"/ =T. O

6.4 Application to normal operators

Theorem 6.5 Let H be a complex Hilbert space and T € L(H). Assume that T' is normal,
i.e. TT* =T*T, then its residual spectrum is empty, i.e. Sp.(T) = 0.

Proof — We first prove that :
it TT*=T*T then KerT = KerT™. (18)
Indeed if TT* = T*T for any x € H,
reKeaT < |Tz||>=0

— 0= Tz, Tz) = (T"Tx,z) = (TT*z,x) = | T*z|?
< 1z € KerT™.
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Applying (18) to A* — T, we get that :
if TT* =TT then Ker(A\*—T")=Ker(A—1T). (19)
On the other hand if we apply (15) with 7" replaced by A* — T we get
Im(\ — T) = Ker(\* — T%)*. (20)
Hence we deduce from (19) and (20) that, if 77* = T*T,
Im(\ —T) = Ker(\* — T*)* = Ker(A — T)*.
In particular if T7T* =TT

AeSp,(T) <= Ker(A-T)#{0} <= Im(A—7T)isnot densein H

and thus Sp,(T) :={\ € C; Ker(A = T) =0 and Im(\ — T) # H} = 0. O
Remark — We can summarize the proof by the following identities :
Ker(A—T) = Im(A—T*)* Ker(A—T)t = Im(\—T%)
) — N
Ker(A—=T*) = Im(\A—T)* KerQ =794 = Im(A—T)

where the vertical identity is a consequence of T7T™ = T*T.

Conclusion : the spectrum of any normal operator is composed uniquely of eigenvalues
and continuous spectral values.

Example 1 — Let H be a complex separable Hilbert space. This implies that H admits
a Hermitian orthogonal Hilbertian basis (e,)nen<. We let T @ H — H be the linear
operator s.t.

1
Vn e N, Te, = —e,.
n

Then T' is obvious bounded, i.e. T € L(H). It is also clear that Sp,(T) = {-; n € N*}.
Hence Sp(T') contains at least {1; n € N*}. Are there other spectral values? Certainly
yes, since the spectrum should be closed and {%, n € N*} is not closed. In fact its closure
contains also 0, so 0 is a spectral value. It is not difficult to see that any A which does
not belong to {; n € N*} U{0} is in p(T'). Indeed for such a value, there exists e > 0 s.t.
Vn € N*, |\ = | > £ and hence we easily prove that

VeeH, ||[(A=T)z| > ¢z (21)

Hence Ker(A —T') = {0}. Moreover thanks to (21) we can use Lemma 3.1 to deduce that
Im(A — T) is closed. But, since T is self-adjoint and hence normal, we deduce also from
Corollary 6.2 that the image of A—T is dense in H. Hence A —T' is invertible. Thus Sp(T")
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is also contained in {+; n € N*}U{0}, thus it coincides with this set. We deduce with the
help of Theorem 6.5 that Sp.(T") = {0}.

We actually check directly that Im7T" is dense in ‘H but is not equal to ‘H. Indeed on
the one hand Hyp = {30, #nen; N € N*, (21, ,zy) € CN} is dense in H and one
checks easily that the image of T' contains H,., hence the image of T" is dense in H. On
the other hand y = 3> € belongs to H but not to ImT" since if there would be some
T = +f°1 Tpen, € H which would satisfy T = y, then we should have x,, = 1, Vn, which

makes impossible the condition > |z,|? < +oo0.

Example 2 — Let again ‘H be a complex separable Hilbert space with a Hermitian
orthogonal Hilbertian basis (e, )nen. Let ¢ : N* — [0, 1] N Q be a bijection and define
T € L(H) by
Vn e N*,  Te, =¢(n)e,.

An analysis similar to the one in the preceding example shows that Sp,(T) = [0,1] N Q,
Sp(T) =10, 1] and thus (since T is normal and hence Sp,(T) = 0) Sp.(T) = [0,1] \ Q. We
can check directly the latter. Indeed if A € [0, 1]\ Q, then A is not an eigenvalue of 7" and
the image of A — T contains H,, and hence is dense in H. Lastly Im(A — 7") is not equal
to H because of the following. By using the density of Q in R, we can find a sequence
¢ N* — N* s.t. Vn € N, [podp(n) — A| < 1 and then y = 321 [\ — ¢ 0 9(n)]ey)
belongs to H but not to Im(A — 7).

6.5 The spectrum of a self-adjoint operator

We are now in position to prove the following.
Theorem 6.6 Let H be a complex Hilbert space and T € L(H). Assume that T is self-
adjoint, then
(i) the spectrum of T is real, i.e. Sp(T) C R;
(i1) if A\, € Sp,(T) and if u,v € H are eigenvectors of T for the eigenvalues X and p
respectively, i.e. Tu = Au and Tv = pv, then A # p, implies u L v.

Proof — We first prove the following inequality. Assume that A, 4 € R, then
VeeH, [(T—A—ipz| = |ullz]. (22)

Let x € H, then, using the fact that T* =T,

(T =X —ipz|* = (T - A—HO(T—A—WW>
(T = At ip)a, (T = A= i)
— (o, (T =\ in)(T - A - i) = (. [(T — A + ]z}
(@, (T = A)?x) + p? |||,
Observe that an application of this identity with p = 0 gives us also |[(T' — \)z||* =

(z, (T — X\)*x). Substituting this expression in the r.h.s. of our computation hence leads
to

(T =X —ig)a|® = I(T = Nal* + @[],
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from which (22) follows.

Let us now prove (i) : let A, u € R such that pu # 0, we need to prove that T'— A\ — ip
is invertible. Obviously (22) implies that T'— X\ — iy is one-to-one®. Moreover by using
Lemma 3.1 we also deduce from (22) that the image of T — X\ — iu is closed. Lastly by
applying (22) for T'— A +ip = (T'— X —ip)*, we also obtain that Ker(7' — A —iu)* = {0}.
Hence by applying (15) to (7' — A —iu)* we deduce that the image of T'— A —ip is dense
in H. Hence Im(\ — T —ip) = H, i.e. T — X\ — iy is onto . This proves (i).

To prove (ii), let A\, u € Sp,(T') and u,v € H such that Tu = Au and Tv = pv. Then

(v, ) = i (0, 4} = (o, u) = (To,u) = (0, Tu) = (v, Met) = v, ),
Hence (A — p)(v,u) = 0. It follows that, if A # u, (v,u) = 0. O

7 Compact operators

7.1 Definition and examples

In the following, if Y is a normed vector space, a € Y and r € (0, +00), we denote by
By (a,r) the open ball of center a and of radius r in Y.

Definition 7.1 (relatively compact sets) Let Y be a Banach space and FF C'Y. We
say that F' is relatively compact if one of the two following equivalent properties holds :

(i) Ve > 0, there exists a finite number n € N* of points yy,--- ,yy € Y such that
F C Ui<i<nBy (i, €) ;

(ii) for any sequence (un)nen with values in F, there exists a subsequence (Up(n))nen
which converges in Y .

Definition 7.2 (compact operators) Let X be a normed vector space and 'Y be a Ba-
nach space. A linear operator T : X — Y is compact if T(Bx(0, 1)) is relatively compact
mY.

Examples (i) If Y is a finite dimensional vector space, a theorem of Riesz tells us that,
for any R > 0, By (0, R) is relatively compact. Hence for any normed vector space X, any
bounded linear operator 7' from X to Y is compact, for the image of Bx(0,1) by T is
contained in the ball By (0, ||T).

(ii) An operator T between two normed vector spaces X and Y is of finite rank if its
image is a finite dimensional vector subspace of Y. Any bounded linear operator 1" of
finite rank is compact, since T'(Bx(0, 1)) is contained in Im7 N By (0, || T|]).

We denote by K(X,Y") the set of compact operators between two normed vector spaces
Xand V. If X =Y, we set K(X) = K(X,X). It is easy to check that (X,Y) is a vector
space which is contained in £(X,Y’), since any relatively compact subset is bounded.

3. l.e. injective
4. i.e. surjective

27



Theorem 7.1 The space of compact operator between two normed vector subspaces is
closed in L(X,Y)

Proof — Let (T,,)nen be a sequence in (X,Y) and assume that it converges to some
operator T'in £(X,Y). Let € > 0, chose and fix n € N such that ||T—T,,|| < ¢/2. Then use
the fact that 7, is compact : let y1,--- ,yny € Y be a finite collection of points such that
T,(Bx(0,1)) € UY, By (y;,¢/2). Then we deduce easily that T(Bx(0,1)) C UY, By (y;, €).
0

The previous result allows us to enrich our list of examples of compact operators :
(iii) Any operator which is the limit in L(X,Y) of a sequence of finite rank operators is
compact (since it is then the limit of a sequence of compact operators).

A natural question is : are there other examples? this question turns out to be very
difficult. We will see later on that if X is a Hilbert space, then there are no more examples
of compact operators. However it took a long time before knowing whether this holds also
in an arbitrary normed vector space, until one finds that in general there are compact
operators which are not limit of a sequence of finite rank operators!

7.2 The weak topology and compact operators

Compact operators enjoy a remarkable property related with the notion of weak
convergence.

Definition 7.3 Let X be a normed vector space and X' its topological dual space. Let
(Tn)nen be a sequence in X and x € X. We say that (z,),en converges weakly to x
and we write :

rp, —x n X,when n — +00
if,

Vae X',  lim a(z,) = a(z). (23)

n—+00

Remarks — 1) One can easily check that, if a sequence converges weakly, then the weak
limit is unique.
2) An important consequence of the Banach—Steinhaus theorem is that any weakly
convergent sequence is bounded.
3) When X is a Hilbert space H, we can replace condition (23) by

Vyet, lim (y,z.) = (y,z). (24)
n—-+00
4) The standard notion of convergence in a normed space (X, || - ||) reads

lim ||z, —z| = 0.
n—-+oo
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When both notions are used it is safer to refer to the standard notion of convergence as
being the strong convergence, to avoid confusion. If (z,)nen converges strongly to z,
we write x,, — x in X, when n — +o0.

2) In a finite dimensional vector space both notions of convergence coincides. However
there are different when dimX = +o00 as the names suggest :

If (z,,)nen converges strongly to x, then (z,),cy converges weakly to z,
because of the inequality |a(x,) — a(x)| < ||la|||z, — z||. But the converse is not true in
general (see the Example below). In fact these notions of convergence are associated with
different topologies : the strong topology is spanned by open balls of X, whereas the weak
topology is associated with, roughly speaking, Cartesian products of finite codimensional
closed vector subspaces with open balls in a (finite dimensional) supplementary subspace.
In particular the open ball is not an open subset of the weak topology if X is infinite
dimensional !

Example 7.1 Let H be a Hilbert space and let (x,,)nen an orthonormal family of vectors,
i.e. Vn,m € N, (z,,, ) is equal to 1 if n =m and to 0 if n # m. Then x,, = 0 as n —
+00, but x,, does not converge strongly. Indeed for any N € N and anyy € H, consider the
finite sum zy := ZnNzo(xn, Y)x, (i.e. the orthogonal projection of y on Vect(xg,--- ,xn)).
Then Pythagore’s theorem says us that S0 [(zn, y)> = |l2n]? < |lyl|*> < +oo. This
implies that the series ZZ:(’) (z, y)|* converges®. Hence in particular the general term of
this series converges to 0, i.e. lim, oo (xp,y) = 0. Since y € H is arbitrary, this proves
that (z,)nen converges weakly to 0.

Now let’s assume by contradiction that (x,)nen converges strongly to some limit, say
x. Then this limit must be the same as the limit in the weak convergence, i.e. x = 0. Thus
we should have lim,,_, o ||z,| = 0, which is impossible, since ||z,|| = 1, Yn € N. Hence
(Zn)nen does mot converge strongly.

Recall that, according to Riesz’ theorem, the unit ball of a normed vector space is
relatively compact iff the dimension of the space is finite. Hence in particular the unit ball
of an infinite dimensional normed vector space is not relatively compact. Thus the weak
topology is extremely useful because of the following compactness result. First recall the :

Definition 7.4 A normed vector space X is reflexive if the the canonical inclusion map
X C X" is a normed vector space isomorphism.

Theorem 7.2 Let X be a Banach space. Assume that X is reflexive and separable.
Then the unit closed ball of X is compact for the weak topology. In particular any bounded
sequence in X admits a weakly convergent subsequence.

Corollary 7.1 Let X be a Banach space. Assume that X is reflexive. Then any boun-
ded sequence in X admits a weakly convergent subsequence.

5. In fact this also implies that the Hilbertian series Zfﬁro(mn, y)x, converges in H. Its sum is equal
to the orthogonal projection of y on the closure of the vector space spanned by (2, )nen
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Proof of the Corollary — Let (u,,)nen be a bounded sequence and consider F' := Vect{u,;n €
N} and its closure F' in X (for the weak or the strong topology, this does not make any
difference for convex subsets). Then F is separable by construction and reflexive. Hence
we can apply Theorem 7.2 to (uy)ney in F. O

The proof ot Theorem 7.2 is a consequence of the following series of important definitions
and results :

1) Definition of the weak x topology : let X be a normed vector space and X’ its
dual space. Then we define on X’ the weak % topology (also called the o(X’, X) topology)
which is in general even weaker than the weak topology. Without giving too much details
a sequence (a,)neny in X' converges to a € X’ in the weak * topology if, Vo € X, a,(z)
converges to a(z) when n — +oc.

2) The Banach—Alaoglu-Bourbaki theorem : let X be a normed vector space, then
the unit closed ball of X’ is compact for the weak * topology.

3) If X is a reflexive Banach space, then the weak topology and the weak x topology on
X’ coincide. In fact a deeper result provides an equivalence :

Kakutani theorem : let X be a Banach space. Then X is reflexive if and only if the
closed unit ball Bx(0,1) of X’ is closed for the weak topology.

4) Theorem : Let X be Banach space and assume that X is separable (i.e. there exists
a countable dense subset in X'). Then the unit ball Bx/(0,1) of X’ is metrisable for the
weak * topology (i.e. there exists a metric on Bx/(0,1) which induces the same topology
as the weak x topology).

Note that the Banach—Alaoglu—Bourbaki theorem and the Kakutani theorem provide only
the Borel-Lebesgue compactness criterion (using covering by open subsets) in general
but not the Bolzano-Weierstrass property. However the equivalence between the Borel-
Lebesgue property and the Bolzano—Weierstrass property holds in a metrisable space.

Now we present the most important result concerning the weak convergence and com-
pact operators.

Theorem 7.3 Let X and Y be two Banach spaces and T' € IKC(X,Y). Then the image of
any weakly convergent sequence by T is a strongly convergent sequence.

Proof — Let (z,)nen be a sequence in X such that x,, — x in X. We first remark that,
since T € K(X,Y) C L(X,Y), Tx, — TrinY. Indeed, for any g € Y’', foT € X', hence
(BoT)(xy) — (B oT)(x), which also reads B(Tz,) — B(Tz).

Let us now prove that Tz, — Tz (strongly) in Y and argue by contradiction, i.e.
we assume that the sequence (T'x,),en does not converge to T'z. Then we can extract a
subsequence (Zy(m))nen and find some € > 0 such that Tz, & By (Tx,¢), Vn € N. But
we still have z,,) — 2 and, in particular, the sequence (Z,(»))nen is bounded. So by using
the compactness of T', we deduce that its image {T,,); n € N} is relatively compact.
Hence we can extract a further subsequence (Zy(n))nen such that Tay,y — y (strongly)
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in Y. To summarize :

[x¢(n) — 1z, in X} == [wa(n) — Tx, in Y]
[Tﬂ%(n) — 1y, in Y] — [Txd,(n) — 1y, in Y]

thus, by the uniqueness of the weak limit, y = T'z. Hence we deduce that Tz, — T
strongly in Y, which contradicts the inequality |72y — Tz|| > €, Vn € N. O

Theorem 7.4 Let H be a separable Hilbert space. Then the space of finite rank operators
in L(H) is dense in KC(H).

Proof — Since H is separable, there exists a countable Hermitian orthogonal Hilbertian
basis (€, )nen+- For any any n € N* we let F,, be the finite dimensional vector space spanned
by {e1, - ,e,} and Ei the orthogonal subspace to E,. We define the two associated
orthogonal projections P, : H — E,, and Pt : H — EL-.

Now let T' € K(H). We want to construct a sequence (7},)nen+ of finite rank operators
such that lim,, .. 7, = T in the £L(H) topology. For that purpose we simply set 7T}, :=
T o P,. Then first the image of T, is T'(Vect{ey,-- ,e,}) and thus is finite dimensional.
Second

IT-Tol = sup |[Te—TPua|= sup |[TPz|= sup 1T,

zeH,[Jx]|<1 zeH,[Jx]|<1 Tn€En,wi €Eg [lan |2+l 12 <1

where in the last expression we have decomposed » = x, + x,f with z, = P,x and
x- = Ptz Obviously the last supremum is the same as the supremum over all z- € E-
such that ||z1] < 1. Hence

T =Tl = sup ||Tz|.

zeE;L |lz|I<1

Observe that the sequence (||T" — T, ||)nen+ is decreasing and positive, hence converges to
some nonnegative real number A\. We need to show that A = 0. Argue by contradiction and
assume that A > 0. Then there exists a sequence (z,)nen+ such that z,, € EX, ||z,]| = 1,
and ||Tz,|| > A/2, ¥n € N*. Then x,, — 0 since, for any y € H, [(y,z,)| = [(Ply, z,)| <
| Ply|l and lim,, ., || Py|| = 0 (use the same kind of argument as in Example 7.1). Thus
Theorem 7.3 implies that T'z,, — 0. But this contradicts the inequality ||Tz,| > A/2.
Hence A = 0, which means that 7T;, converges to 7. 0

7.3 Towards the spectral decomposition of self-adjoint operators :
the Fredholm alternative

Theorem 7.5 Let H be a complex Hilbert space and T € K(H). Then
(i) Ker(1 —T) is finite dimensional;
(i1) Im(1 —T) is closed.
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Remark — Theorem 7.5 is a special case of a more general result which works in Banach
spaces.

Proof — We first prove (i) : by Riesz’ Theorem it suffices to prove that the unit ball of
Ker(1 — 7)) is relatively compact. Observe that Va € Ker(1 — T'), Tx = x and thus

By(0,1) NKer(1 — T) = T [By(0,1) N Ker(1 — T)] € T (By(0,1)),

which implies that Bgerq_7(0, 1) is relatively compact since T' is compact.

We now turn to the proof of (ii), which requires more work. The starting point is to

consider a sequence (y,)nen of points in Im(1 — T') which converges to some y in H. We
then wish to prove that the limit y belongs to Im(1 — T').
a) Choosing a good sequence of pre-images — For any n € N, there exists some x,, € H
such that (1 — Tz, = y,. We would like to prove that the sequence (x,),en converge
to some limit in H (then we could conclude that y is the image by T" of this limit). The
problem is that z,, is not the unique solution of the equation x — Tx = vy, in general
(unless Ker(1 —T') = {0}), so that the sequence has (z,),ey no reason to converge in
general. Consider the space of solutions

an affine space parallel to ¢ € Ker(1 — T"). This space is in particular finite dimensional.
Hence we can find an unique u,, € E,, which minimizes the continuous function z — |[|z||*
on F,. Actually u, is the projection of 0 on F),, and satisfies

Up — TUy = Yn (25)

and
u, L Ker(1 —T). (26)

b) Proving that the sequence (uy,)nen s bounded — We argue by contradiction and as-
sume that the sequence (uy,)nen is not bounded. Thus there exists a subsequence (g () )nen
such that dy(, := dist(0, Eym)) = ||tem)|| — +00. Set vy, := uy/||uy||. Then the sequence
(Vip(n) Jnen is bounded, hence by Kakutam s theorem 7?7 we may extract a further subse-

quence (Uyp(n))nen such that
V) — v in H, (27)

which implies by Theorem 7.3 :
Topmy = Tv inH, (28)
But using (25) for wy,) and dividing by dy,) we obtain on the other hand
V() — TVyp(n) = Yyp(n)/dym) — 0 strongly in H,
which implies by using (27) and (28) that

v—Tv=0. (29)
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But also (26) implies that vy, L Ker(1 — T), which implies by (27) that
v L Ker(1-1T). (30)

Hence (29) and (30) implies that v € Ker(1 — T) N Ker(1 — T)*, i.e. v = 0. However
('Uw(n))neN converges strongly because of the identity vym)y = TUym) + Yyn) / dy(n) and
because of (28). Thus since ||vym)|| = 1, we must have |lv|| = 1, which contradicts v = 0.
c) Conclusion — Since we know that (u,)nen is bounded, by Kakutani’s theorem 77, we
may extract a subsequence (Uy(n))nen such that u,,y — uin H. This implies Tuy, ) — Tu
by Theorem 7.3. Hence by passing to the weak limit in the relation wug ) —TUpm) = Yp(n)
we deduce u — T'u = y, i.e. that y € Im(1 —T). O

Corollary 7.2 Let H be a complex Hilbert space and T' € K(H). Then if T is self-adjoint,
Im(1—T) = Ker(1 —T)*. (31)

Proof — Theorem 7.5, (ii) gives us that, for any compact operator T, Im(1 — T') =
Im(1 — 7). But by applying (15) to 1 — T*, we deduce that Im(1 —T) = Ker(1 — T*)*.
Thus Im(1 — T) = Ker(1 — T*)*+. If we further assume that 7% = T, this gives us (31).0

Note that a theorem of Schauder asserts that the adjoint operator of a compact operator
is compact (its proof uses Ascoli’s theorem).

We now derive consequences of Theorem 7.5 and Corollary 7.2 for compact self-adjoint
operators.

Lemma 7.1 Let H be a complex Hilbert space of infinite dimension and let T € KC(H)
be self-adjoint. Then

(i) 0 € Sp(T);

(1) Sp(T) \ {0} = Spp(T) \ {0}
Proof — (i) Assume that 0 ¢ Sp(T), then T is invertible and thus 7! is a bounded

operator. Hence
By (0,1) = T [T (Bx(0,1))]

is relatively compact, which is impossible since dimH = +o0.
(ii) Let A € Sp(T') \ {0}. Then we know by Theorem 6.6 that A € R. Hence it suffices
to study the case where A € R\ {0}. But, VA € R\ {0}, using also Corollary 7.2,

Im(A—7) = Im (1—%) = Ker <1—§)L:Ker(A—T)L.

Thus, for any A € R\ {0} which is not an eigenvalue (i.e. A € Sp,(7")), we have simulta-
neously Ker (A — T') = {0} and Im(1 — T') = H, so that A € p(T). O
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Lemma 7.2 Let H be a complex Hilbert space and T € K(H) be self-adjoint. Let
(An)nen be a sequence with values in Sp(T')\{0} such that¥n,m € N, n #m = A\, # \n
and lim,, oo Ay, = A. Then A = 0.

(In other words the only possible accumulation point of Sp(T') \ {0} is 0.)

Proof — By Lemma 7.1 each ), is actually an eigenvalue of T', i.e. Vn € N, de,, € H
such that Te, = \,e, and |le,|| = 1. Thus by Theorem 6.6, Vn,m € N, n # m —
An # A = €, L e,,. Hence e, — 0 (see Example 7.1). Let’s assume that A # 0. Then
AN € N, Vn € N, n > N = |\,| > A\/2. Hence e,/\, — 0 in H. Since T is compact
we deduce that e, = T'(e,/A\,) — 0 in H (Theorem 7.3). But simultaneously |le,| = 1,
Vn € N. Hence we get a contradiction and A = 0. O

Theorem 7.6 Let H be a complex Hilbert space and T € KC(H) be self-adjoint. Then
(i) either Sp(T) = {0} ;
(i1) or Sp(T)\ {0} is finite;

(iii) or Sp(T') \ {0} is the image of a sequence of real numbers which converges to 0.

Proof — Assume that neither (i) or (ii) occur. Then Sp(T) \ {0} has an accumulation
point (as an infinite bounded subset of R). By Lemma 7.2 this accumulation point must
be 0. Hence in particular :

Vpe N, Sp(T)\ Br(0,1/p) is finite,

since otherwise we could find an accumulation point in R\ Bgr(0,1/p), i.e. away from
0. Since Sp(T) \ {0} = Upen- [Sp(T) \ Br(0,1/p)], we can hence count all eigenvalues in
Sp(T) \ {0} by integers n € N and label them \,. It is clear that A, converges to 0. [

Theorem 7.7 (Spectral decomposition of compact self-adjoint operators) LetH
be a complexr separable Hilbert space and T € IC(H) be self-adjoint. Then H has a Hil-
bertian Hermitian orthogonal basis composed of eigenvectors of T'.

Proof — 1) By the previous results there exists at most a countable sequence (A, )nen of
real nonvanishing eigenvalues of 7" which tends to 0 and such that Sp(T') = {0} U{\,; n €
N} (N being a subset of N). Moreover, for any n € A/, each eigenspace E,, := Ker(\, —T)
is finite dimensional. Let F' := Vec(Fy, Es,--+) C H. For any n € N we construct an
orthonormal basis {v,1, -+, Uy, } of E,. Note that since E,, L E,, if n # m, the union
Unen{¥Un1, -+ , Unp, } 1S again a countable orthonormal family of vectors. Hence this gives
us a Hilbertian Hermitian orthogonal basis of F. We observe that F is obviously stable
by T, since it is spanned by eigenvectors of T. The same holds for F'.

2) Consider F+ = F. This subspace of H is also stable by T : Vy € F+,
Vee F, (x,Ty)= (Tz,y) =0,

since Tx € F. Hence Ty € F*.
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3) So let Ty := T'|p. € K(F*1). This operator is also self-adjoint. Hence we can apply
all previous results to 7p. We now observe that Sp(7p) = {0}. Indeed any A € Sp(7p)
which is different from 0 should be an eigenvalue of T as well, hence the corresponding
eigenvectors should be in F. But it should also be in F*, which is impossible. Hence
Sp(Ty) = {0}. In particular (7j) = 0.

4) At this point we use the innocent looking result Corollary 5.1 to Tj : it tells us that
| 70| = r(Ty) = 0. Hence Ty = 0, which means that F+ C KerT. In fact F* = KerT.
In conclusion we have the decomposition H = KerT @ F = KerT @ E; & E5 @ ---. The
last observation is the role of the hypothesis that H is separable : it implies that KerT'
is separable and hence that this subspace has a Hilbertian Hermitian orthogonal basis
which can be used to complete the Hilbertian basis of eigenvectors of F. O

Remark — As it appears clearly in the proof of the previous theorem, the hypothesis
that H be separable is not essential to obtain a spectral decomposition.

8 The spectral decomposition of the Laplace operator
on a bounded domain

We now present an application of the results of the previous section. The Laplacian

or Laplace operator acting on functions of n real variable is the second order differential
operator

"L 92 0? 0?
A= = 4 —
; (0x")2  (Oxt)? (Oxm)?
Consider an open domain €2 C R™. Our aim is to prove that, if €2 is bounded, any function
u : ) — R, satisfying regularity condition to be precised later can be decomposed in the
form (and in a sense also to be precised later)

—+00
U= E Upen
n=0
where (U, )nen is a sequence of real numbers and each function e, satisfies

—Ae, = A&, on
e, = 0 on 0f.

A simple example is the case where n = 1 and Q = (0, 7). We then recover the Fourier
decomposition with the functions e,(x) = 1/2/7sin(nz) and the eigenvalues )\, = n?.
The idea is to perform a spectral decomposition of the operator —A. However a difficulty
is that —A is not bounded. This difficulty can be overcomed by the use of the theory of
non bounded self-adjoint operators that we shall see later on. An alternative approach is
to work with the operator (1 — A)~! : in the following we define this operator and prove
that it is compact and self-adjoint. An application of Theorem 7.7 will then gives us the

decomposition result on —A. In this section Hilbert spaces are over real numbers.
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8.1 Lebesgue and Sobolev spaces

For 1 < p < +o0 and for any open subset 2 C R" we define

LP(2) = {u : 2 = R; u is Lebesgue measurable and / |u(z)|Pdr < —i—oo} :
Q

1/p
el oney = ( / |u<x>|pda:)

is then a semi-norm on £P(£2) which does not ‘see’ what happens on negligeable subsets,
ie. Yu,v € LP(Q), |u — v||zr() = 0 <= u = v a.e. This is why we consider the quotient
set

The quantity

LP(Q) = LP(Q)/[u~viff u="v ael].

Then for any class of functions [u] € LP(Q2) one can consistently define ||[u]||rr@) =
||| zr(oy and (LP(2), || - ||l zr(0)) is a Banach space (Lebesgue spaces). In the following we
do the usual abuse of notation u = [u].

Similarly one can also define the space of measurable essentially bounded functions

L£2(2) :={u:Q — R; IM > 0, such that |u(z)| < M a.e.}.

And, as previously,
L) = L2(Q)/[u~viff u="vael].

The space L>(Q2) can be equipped with the norm
|u|| Lo (@) == inf{M > 0, such that |u(x)| < M a.e.}.

In the special case where p = 2, then the norm ||u||;2(q) comes from the scalar product

(u,v)12() == / u(z)v(z)de.
0
We now define the Sobolev space
wWir(Q) = {ue ILP(Q); Juy, - ,u, € LP(N),Vi=1,--- n,

Op
*(Q — 4+ u;o = 0}.
Vo € C( ),/Quaxl—i—ugp 0}

To understand the meaning of this definition, let us assume e.g. that €2 is bounded with a
smooth boundary 9. Then an application of Stokes’ formula gives us : for any u € C'(Q),
Vi=1,---,n, Vo € CX(N),

B i Oup) _/ de  Ou
0—/(mu<pyda—/Q O dr = g uaxi—l—axigo dz,
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where do is the Euclidean measure on 9Q and v = (v, -+ , ™) is the exterior unit normal

vector to 0f2. Since our hypotheses also implies that u € LP(Q2) and g;fi € LP(Q), Vi, we
deduce that u € W'P(Q) with u; = %, Vi. Hence in this case the u;’s coincide with
the partial derivatives of u. Reversing the perspective, we may interpret the functions
u;’s in the definition of W1?(Q) as playing the role of partial derivatives : the u;’s are
actually called the weak partial derivatives of w or the partial derivatives of u in the
sense of distributions and we may think of W1?(Q) as being the subspace of LP()) with
partial derivatives in the sense of distributions which are in LP(Q2). For these reasons we
usually write g; the weak partial derivatives of u, although these functions are not partial
derivatives in the classical sense.

In the following we will be concerned with the case p = 2. We then denote

HY(Q) := WH(Q).

This space is then a Hilbert space when endowed with the Hilbertian scalar product

from which the W% = H! topology derives.

8.2 Useful results

Smooth functions are dense in the Lebesgue spaces and Sobolev spaces. More precisely,

if we denote by C° (Q) the space of C* functions with compact support on the closure
of €2, then :

Proposition 8.1 Let p € [1,+00) and Q C R"™ be an arbitrary open domain. Then

- Yu € LP(QY), there exists a sequence (¢r)ken with values in C°(82) such that

Jm e = @ellzee) = 0.

- Yu € WHP(Q), there exists a sequence (oy)ren with values in C°(Q) such that
kll)l’_{loo Hu — SOkHWLP(Q) =0.

Note that we do not need to assume that the domain 2 is bounded in this result (however
in the case where Q is bounded there is no difference between smooth functions on Q and
compactly supported smooth function on ). Moreover the analogous result for p = +oo
is definitively false.

Since for 1 < p < +oo the L? topology ‘does not see’ the values of a function on
a negligeable subset, we can approximate a function in LP(€2) by a sequence of smooth
functions with compact support in € (not Q!), which in particular vanish on the boundary
of Q. This is however not the case in W'?(Q). This phenomenon reflects the fact that the
WP topology feels what happens on submanifolds of codimension 1.
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Proposition 8.2 Let p € [1,+00) and Q C R™ be an arbitrary open domain. Then
~ Yu € LP(QY), there exists a sequence (i )ken with values in C2°(§2) such that

Jm e = @ellzee) = 0.
~ However C>°(Q) is not dense in W'P(Q)
Let us define the closure of C°(Q2) in WhH#(Q) :
Wy P(Q) := {u € W(Q); I(or)ren € C2(NY s.t. |Ju — ppllwiw) = 0}.

For p = 2 we set H}(Q) = Wy *(€2). We can think on W, 7(Q) as the (closed) subspace of
WLP(Q) of functions which vanish on 9.
Another useful result is the following

Theorem 8.1 (Rellich—-Kondrakov) Letp € [1,+00) and Q@ C R™ be an open domain.
Assume that € is bounded. Then the inclusion map

Lo WP(Q) — LP(Q)
u — u

18 @ compact operator.

The proof of this result is based on the use of Ascoli’s theorem.

8.3 An example : the space H!([a,b])

In order to understand Proposition 8.1 and Proposition 8.2 let us consider H'([a, b]),
for some interval [a,b] C R. We will see in particular that H'([a,b]) C C%'/2([a,b]),
where C%/2([a, b]) is the space of Holder continuous functions of exponent 1/2 (a func-
tion f : [a,b] — R is so if there exists a constant C' > 0 such that : Vz,y € la,b],

|f(z) = f(y) < Cla —y|'?).
1) Observe that C!([a,b]) C H'([a,b]). We will show that

1
vVb—a

Indeed consider some x € C'([a, b]). First we remark that :

Ve (@), Il < ( Vi ) NS (32)

[l

EI'IO S [a’b]v |X(l’0)| < )
b—a

i

as a consequence of the inequality f; Ix(z)]2dz < ||x]||3:. Second we show that

Vo, o € [a,b],  [x(z2) — x(21)| < V]z2 — 21||| X111 (34)
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Indeed by Cauchy—Schwarz :

/ X' (z)dx

Lastly (32) follows easily by writing : Va1 € [a, b], |x(z1)| < |x(21) — x(20)] + |x(z0)| and
by using (33), (34) and the inequality \/|z2 — z1| < Vb —a.

IX(z2) — x(21)| =

x2 T2
< \// |X’(x)|2dx\// dr < ||x||m /|72 — 21].

2) Next use the Proposition 8.1, i.e. the fact that C>([a, b]) is dense in H'([a,b]). Let
u € H'([a,b]) and consider a sequence (¢, )neny With values in C*°([a, b]) which converges
to u in H'([a,b]). Then (¢,)nen is a Cauchy sequence in H'([a,b]) and hence also in
L*>([a,b]) because of (32). Since L>([a,b]) is a Banach space, (¢,)nen converges uni-
formly to some function u, which is necessarily continous on [a, b]. Note that since (¢, )nen
converges to u in H'([a, b]), there exists a subsequence (¢y(n))nen Which converges a.e. to
u. Hence u = u a.e. Thus we proved that any function v € H'([a, b]) coincides a.e. with a
continuous function. In other words we can always choose a function representing it which
is continuous. In the following we hence assume w.l.g. that u is continuous.

3) For any w1, x5 € [a,b], we have
ues) = ulen)| = lim_[ga(ea) = uler)| < ez = 1] (3)

where we passed to the limit in the following consequence of (34) :

[on(22) — @n(@1)] < ll@nllar V|22 — 24|

Thus we see that u is 1/2-Holder continuous with coefficient ||ul|z:1.

4) In particular we can interpret the definition of H}([a,b]) as the closure of C°((a,b))
in H'([a,b]) : any function u € H}([a,b]) can be approximated by a sequence (©,)nen
of smooth functions which satisfy in particular that ¢, (a) = ¢,(b) = 0. From (35) we
deduce that |u(z)| < |lullmv* —a and |u(x)| < |Ju||g1v/b — x. This is why it makes sense
to interpret Hg([a, b]) as the subspace of functions in H'([a, b]) which vanish at a and b.

8.4 Weak solutions to Dirichlet problem

Let f € C°(Q). The Dirichlet problem on consists in finding a map u (which we may
momentaneously suppose to be in C%(€2) N C'(Q2)) which is a solution to

—Au+u=f onQ, (36)

with the so-called Dirichlet boundary condition (we recall that we denote by 0 the
boundary of Q) :
u=0 on 9. (37)
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Assume further that 2 is bounded and that u € C?(Q) is a solution of (36) and (37). Then
u € HY () and f € L*(2). Moreover (36) is equivalent to claiming that —Au + u — f
is zero in L*(Q), i.e. that —Awu + u — f is orthogonal to C°(Q) in L*(Q2), since C°(Q) is
dense in L?(Q). This reads :

Vo € CX(Q2), /Q(—apAu + pu)dr = /Qgpf. (38)

We now apply Stokes’ formula to the vector field X = ¢oVu on (). Denoting by v the
outward normal vector to 9€) and by do the Euclidean measure on 0f2, this gives us

/Q div(oVu)de = / o(v - Vu)do,

o0

which vanishes because ¢ vanishes on 0Q2. But on the other hand div(¢Vu) = V- Vu +
ediv(Vu) = Vo - Vu + pAu. Hence we deduce the identity

/(Vgp -Vu + Au)dx = 0.
Q

Hence (38) reads

Vo € C(Q), /Q(th -Vu+ pu)dr = /ngfdl‘,
or in more compact notations :
Vi € C2(Q), (e, u)mri) = (@, flr2@)- (39)
On the other hand the boundary condition (37) admits also the concise formulation that
u € Hy(9). (40)

Lastly since C2°(2) is dense in H}(€2) and condition (39) obviously involves functionals
of ¢ which are continuous in the H'(f2) topology, it is clear that (39) is equivalent to

Yv € H&(Q), <U,U>H1(Q) = <’U, f>L2(Q) (41)

In conclusion it is possible to formulate the Dirichlet problem (36) and (37), if Q is
bounded and for functions v € C%(Q), by using uniquely notions of Sobolev space. In
particular (41) and (40) make sense for any function u € H'(2) and even in the case
where we only assume f € L?(Q).

Definition 8.1 A weak solution to (36) and (37) is a function u € HJ () which satisfies
(41).
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It is now easy to prove the existence and uniqueness of a weak solution to (36) and (37).
Let f € L*(f2), consider the linear form

a: Hi () — R
v — <Uaf>L2(Q)-

This form is continuous for

(, Hr@) < vl lfllz2) < vllavell fllz @),

and we remark that
el @y < 11|22 (42)

Hence by Riesz’ theorem there exists an unique u € H} () such that Yo € H}(Q),
(v,u) g1 (o) = a(v). But this property is exactly (41)!

We note that the unique solution to in H}(Q) of (41) is obtained by first mapping
f € L*(Q) to Cp2(f) by the Riesz isomorphism Cps : L2(Q) — (L*(€2))', then mapping
its image by (1) : (L*(Q)) — (H}(Q)) (the adjoint of the injection mapping to :
Hg () — L?(©2)) and then the image by the inverse of the Riesz isomorphism Cpy :
HY(Q) — (H}(Q))'. In other words the weak solution to the Dirichlet problem (36) is
given by the linear operator

R: LQ}Q) s HYNQ)
— u

which is given by R := (Cy1)~' o (12)" o Cp2. This operator is continuous and its norm
satisfies
IR <1 (43)

because of (42).

8.5 The spectral decomposition of (1 — A)™!

We now define T' := 150 R : L*(Q) — L*(Q), where 15 : H'(Q) — L*(Q) is the
injection mapping®. We assume that € is bounded, then by Theorem 8.1 5 is compact.
Hence, since R is bounded, T" is compact.

We now show that T is also self-adjoint. For that purpose recall the characterization
of R by :

Ve L*(Q), Ywe HyQ), (w,Rf)ym = (w, f)e. (44)

Hence, Vf, g € L*(2), by using two times (44) (the function playing the role of w in (44)
being indicated by a bracket)

<f7 Tg>L2 - <I£/7 f>L2 = <E{g—/ Rf)H1 - <Tf ,RQ>H1 = <Tf 7g>L2'

w w w w

6. Hence T'= 150 (C’Hé)*1 o (12) 0 Cpa.
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Thus T* = T. Hence we can apply Theorem 7.7 to T' : we deduce that there exists a
countable Hilbertian Hermitian orthogonal basis (e, )nen of L*(€2) and a sequence of real
numbers (i, )nen such that, Vn € N, Te,, = u,e, and lim,,_, o p1,, = 0. Let us collect some
observations about the sequence (fi,)nen :

~Vn €N, e, € H(Q) hence we can apply (44) with w = f =e, :

Mn<6n76n>H1 = <6naﬂn6n>H1 = <€n7T€n>H1 = <enaen>L2~

Hence, because of the obvious inequality 0 < 1 = (e,, e,)12 < (€, €,) g1, we deduce
that 0 < p,, < 1. In particular 0 is not an eigenvalue of T';

— Moreover u, < 1, Vn € N. We can argue by contradiction : assume that there exists
some n € N such that p, = 1. Then in view of the preceding inequality we would
have |le,||gr = |len]|z2, which is true iff ||Ve,||r2 = 0. One can then show that this
would implies that e, agrees with a constant a.e., but since e,, € H}(Q) (in particular
its trace on OS2 vanishes) this constant should be zero, i.e. e, = 0, which contradicts
leallzs = 1.

A further result that we will admit is that e, is actually C*> on €). Hence the eigenvector
equation T'e, = une, is equivalent to the classical equation

(1—=A) e, = pinen <= €n = fnen — inle, <= —Ae, = \e,
where we set A, := 1/, — 1. In particular we deduce that

0< A\, <40 and lim A, = +oc.

n—-+00

Conclusion — Since (e,),en is a Hilbertian Hermitian orthogonal basis we obtain that
any function f € L*(Q) can be decomposed through a Parseval identity

F=3Foen (45)

where each e,, is a smooth function on 2 which vanishes on 92 and which is a solution of
—Ae,, = A\e, on €. In particular

—Af = f: Ao fnn
n=0

(this series does not converge in L?(£2) in general but in the larger Hilbert space H~2(),
the dual space of H%(€2)). This leads to a representation of, e.g., a solution v : RxQ — R
to the wave equation on (0 :

?;T;‘ —Au = 0 onRx(
u = 0 on R x 09Q (Dirichlet boundary conditions)
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which has the general form

u(t, z) = Z (aneimt - bne’imt> en().

n=0

We can model small vibrations of a membrane, the frontier of which is fixed, (e.g. a
drum) by solutions to the wave equation with Dirichlet boundary conditions. Then each
eigenvector e, of —A corresponds to a vibrating mode, with frequency 27/v/A,. The
collection of frequencies (together with the corresponding amplitudes) characterizes the
sound of the drum.

Example 8.1 (Fourier decomposition) IfQ) = (0,27), —A = —(dd—z we obtain e, () =

I)Q )
\/gsin(m:) and X\, = n®. Then the decomposition f => > | ﬁen corresponds to the Fou-
rier decomposition.

9 Hilbert—Schmidt and kernel operators

A special class of compact operators.
In the following we assume that H is a complex separable Hilbert space. Hence H has
a Hilbertian Hermitian orthogonal basis e = (e,,)nen+-

9.1 Hilbert—Schmidt operators

Definition 9.1 An operator T' € L(H) is Hilbert—Schmidt if for any Hilbertian Her-
mitian orthogonal basis e = (e,)nen+ of H,

> ITen|” < +oc. (46)

n=1

We denote by Io(H) the set of Hilbert—Schmidt operators of H.

We first show that it suffices to check Condition (46) for one Hilbertian Hermitian ortho-
gonal basis of H to prove that an operator is Hilbert—Schmidt.

Proposition 9.1 For any T € L(H) the quantity
I := > [ITen]l* € [0,400) U {+o00}
n=1

does not depend on the Hilbertian Hermitian orthogonal basis € = (€y,)nens -

As a consequence we have thee
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Definition 9.2 If T' € L(H) is a Hilbert—-Schmidt operator, we define its Hilbert—

Schmidt norm to be L2
T2 == (Z HT€n|!2> ,
n=1

where e = (€,)nen+ @5 a Hilbertian Hermitian orthogonal basis of H.

Proof of Propostion 9.1 — Let e = (e,)nen+ and f = (f,)pen= be two Hilbertian Hermitian
orthogonal bases of H. Then using Parseval’s identity two times we obtain

Do lTeal? =) ( \(fp,T6n>|2>

=1

- Z < |<T*fpaen>|2> - Z < |<T*fp7en>|2>

n=1 p=1

712

DT flIP = 11T

p=1

Hence ||T'||? does not depend on e. As a bonus we immediately get the following corollary.
U

Corollary 9.1 If T € L(H) is Hilbert—Schmidt then its adjoint is also Hilbert-Schmidt
and
[T*)|2 = 17'[|2-

As announced Hilbert—Schmidt operators are a particular class of compact operator.

Theorem 9.1 Let T' € L(H) be a Hilbert-Schmidt operator. Then
1Tl ey < [ITl2 (47)

and T 1s a compact operator.

Proof — We first prove (47). Let T' € L(H) be a Hilbert-Schmidt operator, let e =
(én)nen+ be any Hilbertian Hermitian orthogonal bases of H and let © € H. By using
Parseval identity,

1722 = 3 few Ta)2 = S |(T e, 2)
@;1 n=1
< ST enlllzll® = 1713021 = 1T 3]
n=1

To prove that T is compact it suffices to prove that the sequence of finite rank operators
(T})nen+ defined by :

VeeH, T,o:= Z(ej,Tx)ej

J=1
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converges to 1" in the L(H) topology. For that purpose, observe that, since Z;; | T%e;]|?
is a convergent series, Ve > 0, IN € N* such that, Vn > N, 3>° [ T"¢;||* < €. Hence
by a calculation which is similar to the previous one we have

(T = T)z||* = Z [{es, T)|” Z 177 el < &)1,

Jj=n+1 j=n+1
Hence | T —T,| <e. O

Theorem 9.2 The set Io(H) is a vector subspace of L(H). Moreover it satisfies the
following properties

(Z) VT, S GIQ(H),
> [Ten, Sea)| < [IT|l2]1S ]2
n=1

(1) as a consequence the sesquilinear form

[e.9]

(T,S)y := Z(Ten, Sen)

n=1
1s well-defined, furthermore it does not depend on the choice of the Hilbertian Her-
mitian orthogonal basis € = (€y)nens -

(111) (Zo(H), (-, -)2) is a Hilbert space.

Proof — For (i) we use Parseval identity :

Z||(/\T+Ms)en||2 = Z [(€ms (AT + pS)en)|”

n=1 n,m=1
< Y IMPKem, Tea)? + [l (em, Sea)* = 2 (IAPITI3 + [1l?[1S113) -
n,m=1

For (ii) we use first Cauchy-Schwarz in H and then in /*(N) :

Z\<T€n75€n>| < ZIITGnII |Senll

n=l n:loo 12 o 1/2
(znnn||2) (zus%w) — TlalSl
n=1 n=1

(iii) follows from Proposition 9.1 and the following polarization formula :

- 1 . . . .
> ATen, Sen) = 7 (1T + |2 = 1T = SII2 + |7 +iS|)2 — dl|T - iS|i?)

n=1
(iv) is left to the Reader : the main point to check is that (Zo(H), (,-,)2) is complete.
For that purpose one first shows that it (7},),en is a Cauchy sequence, then, for any
fixed p € N* the sequence (T,e,)nen+ is Cauchy. One then concludes using a diagonal
subsequence argument. 0
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9.2 Kernel operators

In the following (X, ) denotes a measured space and H = L?(X, u,C) ~ L*(X, u).
For any K € L*(X x X, u ® u,C) we define

TKH—>H
J — Tkf

where

for prae. v € X, Tgf(x) = /X K(z,y)f(y)du(y).

Tk is called a kernel operator. Any such operator is bounded as can be seen by using
Fubini’s theorem :

for prae. v € X, [y K(x,y)] € L*(X,p)

and by using also Cauchy—Schwarz’ inequality

Tf@)? = ( / K<x,y>f<y>du<y>) < [ KGaldut) [ 150 Pauty)
. /X K (2, y)Pd(y).

Hence
[ Tt auta) < 150 | [ 1Pl dute).
e | Tx fllr2xpm) < K| L2x xx pow || fll 22(x,)- Hence we deduce that Tk is bounded and
1Tkl < TNl 22(x X pom)- (48)
Theorem 9.3 Any kernel operator is Hilbert-Schmidt.

Proof — Let (en)nen+ be a Hilbertian Hermitian orthogonal basis of H. Then for any
n € N

for jrae. 2 € X, Tiea(w) = | K(wp)en(u)dny),
X
hence for any n, m € N*,
enTies) = [ @ [ Klag)enwduly)iu(o)
X

= /X/K(ﬂf,y)em(aﬁ)en(y)mU®du(:v,y)
X JX
= <€m ® €n, K>L2(X><X,,u®p)

But (e, ® €,)nmen+ is a Hilbertian Hermitian orthogonal basis of L*(X x X, u ® p) (we
admit it). Thus by using Parseval

[e'S) [e%S)
I TkcenllZaixp = D Hems Taen) =D [em @ T, K) r2(x x|
m=1

m=1
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By using again Parseval

D ITkenliaxy = D Kem ® e, K)raixxxpsml” = 1K1 F2(xxx pap-
n=1

n,m=1

This proved more than the fact that Tk is Hilbert—Schmidt :

1 Txkll2 = 1| 22 (x (49)

i.e. the map
DX xX,p@p) — L(H)
K — Ty

is an isometry. O

Actually kernel operators with kernels in L?*(X x X,y ® u) are more or less the same
thing as Hilbert—Schmidt operators, as shown by the following.

Theorem 9.4 Let H = L*(X, u,C) ~ L*(X,u). Then any Hilbert-Schmidt operator on
H is a kernel operator with a kernel in L*(X x X, i ® ).

Proof — Since the map in (50) is an isometry, it is one-to-one and its image is closed
in (Zy(H), (,-,)2) (see Lemma 3.1). Thus it suffices to show that its image is dense in
(Zy(H), (, -, -)2) to prove that this map is an isomorphism. This can be done more or less
as in the proof of Theorem 9.1 : take any 7' € Z,(#) and define the sequence of operators

(Tn)nGN* by

n

for prae. x € X, T,f(x) = Z(ej,Tf>Hej(a:).

Jj=1

Then one checks easily that, on the one hand, this sequence converges to T in (Zo(H), {, -, -)2)
and, on the other hand, that each T}, is a kernel operator with kernel K, s.t.

n

for p @ prae. (z,y) € X x X, Kp(z,y) = Zej(x)T*ej(y).

j=1
UJ
10 Interlude : real and positive operators
Lemma 10.1 Let H be a complex Hilbert space and T € L(H). Assume that
VeeH, (x,Tx)eR. (51)

Then T is self-adjoint.

47



Proof — Take any z,y € H. From (51) we deduce that (z +y,T(x + y)) € R thus
(x,Ty) + (y,Tz) e R <= Im(x,Ty) = —Im(y, Tx).
We deduce also that (x + iy, T'(z 4 iy)) € R thus

i(x, Ty) —i(y, Tz) e R <= Re(z,Ty) = Re(y, Tx).

Hence (x,Ty) = (y,Tz) = (Tz,y). O
Definition 10.1 Let H be a complex Hilbert space and T € L(H), then T is positive if
VeeH, (x,Tx)>0.

As a consequence of Lemma 10.1, any positive operator is self-adjoint.

10.1 Self-adjoint operator and physics

Lemma 10.1 and Theorem 6.6 are the reasons why self-adjoint operators are so impor-
tant in mathematical physics and in particular in quantum physics.

Indeed classical mechanics was based on the definition of quantities such as the position
of a particle, its energy, its momentum, etc. and on mathematical relations between these
quantities which take into account the kinematic and express the laws of dynamics. But
all the involved observable quantities were real numbers.

In quantum mechanics, the situation is the same, excepted that the observable should
be represented by mathematical objects which are more complex than real numbers.
Werner Heisenberg discovered these objects, Max Born and Pascual Jordan recognized
that they are analogous to matrices and Paul Dirac called them g-numbers. The precise
mathematical description was done by John Von Neumann : observable quantities are
described by operators A acting on some Hilbert space H.

The physical state of a particle, which was represented by its position and its velocity in
classical mechanics, is now representated by a non vanishing vector ¢ € H. The relation
of these data with experiments is now much more subtle as in classical mechanics. In
particular if we know that a particle is, at some time, in a state ¢ € H, then we are not
be able in general to predict precisely the result of an experimental measurement of the
observable quantity associated to A. Indeed in general such experiments give randomly
different results for the same . However the result of each measure will be in any case
a spectral value of A. Moreover the random distribution of the possible results follows a
probability law which we are able to predict. In particular the average will be :

(o, Ap)

(o, 0)

Of course, we always observe real numbers! By Lemma 7.1 and Theorem 6.6 this forces
A to be self-adjoint.
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11 The spectral decomposition of self-adjoint bounded
operators

11.1 Functional calculus for self-adjoint bounded operators

The question is to make sense of f(A) for A a self-adjoint operator and f a continuous
function of the real variable. This question has its origin in the paradigm of Quantum
Mechanics where observable real numbers are replaced by self-ajdoint operators and, as
a consequence, it is natural to consider continous functions of self-adjoint operators. The
a priori unexpected gain is that this is the key to understand the spectral decomposition
of bounded self-adjoint operators.

Theorem 11.1 Let H be a complex Hilbert space and A € L(H). Assume that A* = A.
Then there exists an unique operator

By COSpA,C) — L(H)
f — Da(f)

such that the following properties hold.
a) Vf,g € C°(SpA,C), Vo, € R,

Paaf + Bg) = a®a(f) + BPalg),
Pu(fg) = Pa(f)Palg), Pa(l)=1lsu,
Pa(f) =Palf)"

The two first line means that ® 4 is an algebra homomorphism, with the last condi-
tion, we speak of a C*-algebra homomorphism ;

b) ®, is continuous and more precisely

1A = [ flleocspacy- (52)

c) For f = X|spa (the restriction of X : R 5 A —— X € R to SpA), we have
P4 (Xgpa) = A
Moreover ® 4 satisfies the following conditions :
d) For any eigenvalue X\ of A, Vi € H, Ap = Mp = PA(f) = fF(N\)Y;
e) The spectrum of ®4(f) is equal to the image of SpA by f, i.e.
Sp(@a(f)) = {f(N); A € SpA};

f) If f € C°(SpA, C) is positive, then ®A(f) is positive, i.e. f > 0= ®4(f) > 0.

In fact all these properties mean clearly that, for any continous function f, ®4(f) satisfies
all reasonable conditions we could think about f(A). Hence we will simply write

f(A) == ®a(f)

in the following. Then all properties of ® 4 listed in Theorem 11.1 can be translated into
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a) vfag € CO(SpAaC)a VQ75 € Ra

(af + Bg)(A) = af(A) + Bg(A),
(fg)(A) = f(A)g(4), 1(A) =1y,
f(A) = f(A)".

b) [[f(A)llcan = [1flleospac ;

c) Xgpa(A) =A.

d) AY =M = f(A) = fF(NY;
e) Sp(f(A)) ={f(N); A € SpA};
f) f>0= f(A)>0

Proof — We will first define f(A) in the case where f is the restriction of a polynomial on
SpA, which is an easy task. Then we will prove that this definition extends in an unique
way to a continuous mapping ®4 on the whole space C°(SpA, C). This follows from two
facts : first the Stone—Weierstrass theorem which implies that the subspace of polynomial
functions on SpA is dense in C°(SpA, C), second the fact that the restriction of ®4 on the
subspace of polynomial functions is continuous. This latter task requires more work.
Step 1 — We let C[X] be the space of complex polynomials and we denote by C[X]|spa
the space of maps from SpA to C which are restrictions of complex polynomial maps. We
endow C[X]|spa with the topology of C°(SpA, C).

Assuming a), b), and ¢) we have no choice for defining the restriction of ®, on
C[X]|spa : rule ®4(1) = 1y in a) and condition c) gives us initial conditions. Then
the rule ®4(fg) = Pa(f)Pa(g) implies by recursion that ®4(X"|gpa) = A" and rule
Qa(af +Bg) = a®a(f) + BPa(g) implies that P 4(P|spa) = P(A), for any P € C[X].

Since SpA is a compact subset of R, Stone-Weierstrass theorem implies that C[X]|spa
is dense in C°(SpA, C). Hence we now need to prove the following weak version of b) :

b’) VP e CIX], [[P(A)]can = IPlleospac)

which is itself a consequence of the following weak version of e) :

e’) VP € C[X], Sp(P(A))={P(\); X € SpA}.
Step 2 — Proof of e’). We first prove, for any P € C[X], the inclusion SpP(A) D
{P(\); A € SpA}. Let A € SpA and P € C[X] (w.l.g. we assume P to be non constant,
the case where P is constant being easy and left to the Reader). Consider the polynomial

S(X) = P(X)— P()\). Obviously A is a root of S, hence these exists a polynomial @) such
that P(X) — P(A\) = (X — A\)Q(X). Applying this identity to A we get

P(A) = P(A) = (A= N)Q(A).

Since A € SpA, A — X is not invertible, hence the preceding identity implies that P(A) —
P(\) is not also invertible. Thus P()\) € SpP(A).

We now prove the reverse inclusion SpP(A) C {P(\); A € SpA}, for any P € C[X].
Again we assume that P is not constant and ask the Reader to check the easy case where
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P is constant. Assume that p € SpP(A) and consider the polynomial S(X) = P(X) — p.
Then we can decompose P(X) —pu=S(X)=a(X — X)) - (X = \,), where a € C\ {0}
and Aq,---, A, are the roots of S. Applying this to A, we get

PA) —p=a(A—=X)---(A=X\).

Since pu € SpP(A), P(A) — p is not invertible, which implies by the preceding identity
that there exists at least some value A; such that A — A; is not invertible, i.e. \; € SpA.
On the other hand we have S()\;) = 0, from which we deduce that p = P()\;). Hence
we {P(N\); A € SpA}.

Step 3 — Proof of b’). Let P € C[X]. Then

[Pl = sup [P(A)a]* = sup (P(A)z, P(A)a)
= sup (a, P(A)" P(A)z) = | P(A) P(A) e,

where, in the last equality, we have used the fact that P(A)*P(A) is self-adjoint and
Lemma 5.2. But using the fact hat A* = A, we have P(A)* = P(A), where, if P(X) =
> ai XY, P(X) = > i@ X7 or, equivalentely, VA € C, P(\) = P(\). Hence

L
P

P(A)"P(A) = P(A)P(A) = [P[*(A),

where |P|? := PP. Note that | P|? satisfies the property : |P|?(\) := |P(\)|?, VA € R. We
now use the fact that |P|?(A) is self-adjoint and Corollary 5.1 :

IP(A)|| 23 = r(IP(A)]*) = sup |yl
neSP|P|2(A)

but using e’), which implies Sp (|P|?(A)) = {|P|*(\) = |P()\)|*; A € SpA}, this gives us

IP(A)|? = sup [PV
AeSpA

Hence )
[P(A) |70y = ( sup \P(A)|> = || Plspallzo
AeSpA

and b’) is proved.

Step 4 — Conclusion. We can now extend in an unique way ®4 to £(H) in such a way
that b) is satisfied. It is then easy to check a). One needs also to check d), e) and f). All
these properties are easy to check, excepted e), which we won’t prove. Let’s just prove f) :
let f € C°(SpA,R) be a non negative function. Then there exists an unique continuous
non negative function g on SpA such that g> = f. Hence, V1) € H,

(W, F(A) = (1, g*(A)) = (&, g(A)"g(A)p)-|g(A)v|* > 0,

i.e. f(A) is non negative. O
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11.2 The spectral measure and the Riesz—Markov theorem

Let H be a complex Hilbert space and A € L(H) be self-adjoint. For any ¢ € H,
consider the map
ly: C°(SpA,C) — C
F e (W (A

then it follows from Theorem 11.1 that ¢, is a continous linear map on C°(SpA4,C).
Moreover this map is nonnegative in the sense that

Vf€CUSPAR), f=0 = (v, f(A)Y) >0,
as a consequence of e). Such a map is an example of a Radon measure.

Definition 11.1 (Radon measure) If X is a (Borelian) subset of R", a nonnegative
Radon measure on X is a nonnegative continous linear form (¢ on the space
C.(X) of continuous functions with compact support in X, where C.(X) is endowed
with the topology of uniform convergence on any compact subset of X. More precisely for
any compact K C X, 3Ck > 0 such that Vf € C.(X), if the support of f is contained in
K, then |6(F)] < Cicl et

We denote by M (X) the set of nonnegative Radon measures on R™.

Note that in the case where K is compact (e.g. if K = SpA) then a nonnegative linear
form on C.(K) is a nonnegative Radon measure if there exists a constant C' > 0 such that
vf € C(X), ()| < C fllecer
The Riesz—Markov Theorem says that any nonnegative Radon measure on X can be
represented by using a nonnegative Borelian measure p on X. In order to fully appreciate
this result, it is worth to recall some notions of measure theory.
(i) given a set X, a o-algebra of X is a collection A of subsets of X which contains
() and X, is stable by taking complements, finite intersections and countable unions
(actually these properties imply also that 2 is stable by countable intersections) ;
(ii) a nonnegative measure on (X, .4) is a map pu : A — [0,400) such that, for all
collection (A;);er of subsets in A which is at most countable, if i # j = A,NA; = 0,
then p1 (UierAi) = > ,cr 1(A;) (we then say that p is o-additive) ;
(iii) the Borelian o-algebra of R" (or on a compact subset K C R™) is the smallest
o-algebra which contains the open subsets of R" (or K);

(iv) a Borelian measure on R" (or on a compact subset K C R") is a measure on the
Borelian o-algebra of R™ (or K).

Theorem 11.2 Let X be a Borelian subset” of R™ and let ¢ be a nonnegative Radon
measure on X, i.e. a nonnegative continuous linear form on C.(X). Then there exists an
unique nonnegative Borelian measure p on X such that

wcc&m,ﬁuwaéfmmmm. (53)

7. Actually the definition of Borelian measure and the Riesz—Markov theorem extend to the case where
X is a topological Hausdorff space.

02



Moreover p is finite (i.e. u(X) < +00) and satisfies
p(A) = sup{u(K); K is a compact subset of X s.t. K C A}, (54)

and

wu(A) =inf{u(U); U is an open subset of X s.t. U D A}, (55)

Conversely any finite nonnegative Borelian measure which satisfies (54) and (55) defines
a Radon measure through (53).

When applied to ¢, on SpA, Theorem 11.2 gives us the existence of a Borelian measure
{ty such that

vf€C'(SpA,C), (¥, f(A)¥) = (Mg (A)- (56)

f
SpA
Definition 11.2 The nonnegative Borelian measure i, on SpA defined by (56) and sa-
tisfying (54) and (55) is called the spectral measure associated with ).

11.3 Cyclic vectors

Definition 11.3 Let H be a complex Hilbert space and A € L(H) be self-adjoint. A vector
¥ € H s cyclic for A if the vector subspace

Fy:= Vec{A"); n € N} = {P(A)y; P € C[X]}
is dense in H.

Theorem 11.3 Let H be a complex Hilbert space and A € L(H) be self-adjoint. Assume
that there exists vector 1 € H which is cyclic for A. Then there exists a positive Borelian
measure i on SpA with finite mass and an unitary map

U:H — L*(SpA, u,C)
such that,
Vf e L*(SpA,u,C), (UAU£)(\) = Af()), for p-a.e. A\ € SpA, (57)
or equivalentely UAU ! = M.
Remark — For any bounded p-measurable function g on SpA we denote by

Mg : LQ(SpA,,u,(C) — LZ(SpA,,u,(C)
f — gf
the operator of multiplication by g. Such operators play the role of ‘diagonal matrices’. If

P € C[X] we denote by P|gp4 or, abusing notations, simply by P the restriction of P to
SpA. Here we meet the monomial X : A — A.
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Proof — We take p1 = puiy, the spectral measure associated with ¢ and defined by (56).
We start by defining®
V: ClX]lspa — H
P — P(A)Y
where C[X]|gpa := {Plspa; P € C[X]} C L*(SpA, i, C). As we shall see later on V' can
be interpreted as the restriction to C[X]|gp of U™

Observe that the image of V' is F,,. We first show that V' is an isometry from (C[X]|gp4, L*(SpA))
to Fy. Indeed, VP € C[X],

V(P = IP(AWIB, = (b, PA) P(A)Yi)
— (0. P(A)P(AW) = (b, (PP)(A)d)
- /SPA(I_DP)(A)duw(A),

where we have used the definition (56) of j,;. Hence

IV(P)II3 = [PV Pdis(AN) = [1P112sp.ay-
SpA

Now since, by the Stone-Weierstrass theorem, C[X]|gp4 is dense in C°(SpA, C), which is
itself dense in £2(SpA, i, C), there exists an unique continous extension of V, that we
will denote by V, from L*(SpA, i1, C) to H of V, i.e. V coincides with V' on C[X]|g},4 and
satisfies

Vf € L*(SpA, 11,C),  IV(N)llw = fll2(spay. (58)

This implies in particular that V satisfies Hypothesis (i) in Corollary 3.1. But the image
of V contains the image of V, i.e. Fy,. Since 1 is cyclic the image of V is thus dense in H,
i.e. V fulfills Hypothesis (ii) in Corollary 3.1. Hence V is invertible. Let us denote by U
its inverse. We deduce from (58) that U is an isometry.

It remains to prove (57). From the relations

V(P) = P(AY
V(XP) = AP(AW

we deduce V(X P) = AV(P) or U1 (XP) = AU™Y(P), VP € C[X]. Hence by density :
Vf € L*(SpA, u,C), U '(Mxf)=AU'(f),

which gives us (57) by right composition with U. O

8. Note that we may identify C[X ]‘Sp 4 with the quotient of C[X] by the equivalence relation P ~
Q <= (P - Q)lsp, = 0. Hence the map V' can be defined by first defining C[X] 5 P — P(A) € L(H)
and second by showing that this map is constant on the equivalence classes. But this follows by applying
Property €’) in the proof of Theorem 11.1 to the polynomial |P — Q|?.
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11.4 The meaning of the existence of a cyclic vector

Let us consider the previous construction in the case where the Hilbert space H has a
finite dimension equal to n and let A € L(H) be self-adjoint. Then we know that we can
diagonalize A in a Hermitian orthogonal basis, i.e. we can find such a basis (e, - ,e,)
and n real eigenvalues (Aq,---,\,) € R" such that, Vj =1,--- n, Ae; = \je;.

Consider some 1) € H and let us see under which condition v is a cyclic vector for A.
Because of the Cayley-Hamilton theorem we have P4(A) = 0 where

Py(X) :=det(X1y — A) = X" — (trA) X" ... + (=1)"detA
is the characteristic polynomial of A. Hence A" = (trA)A" ! + ... — (—1)"detA and
Fy = Vec{A%; j € N} = Vec(¢), A, - -+, A" 1),

Thus ¢ is cyclic, i.e. Fy = H, iff (¢, A, - -+, A" 1) is a basis of H. In a decomposition
P =Pleg + -+ 1", we have AP = Nipley +- - -+ A2, Hence we see that the latter
is equivalent to the condition

ot At - XTIt D VIR U

: : : :@Dl"'wn : : : 7é0-
wn )\nwn )\Z—lwn 1 )\n )\2—1

We find a Vandermond determinant. Hence 1) is cyclic iff ¢! - - - 9™ # 0 and all eigenvalues
A1, , A, are pairwise disjoints. We conclude that if the eigenspaces of A are all one
dimensional, then the Vandermond determinant does not vanish and there exist infinitely
many cyclic vectors (it suffices that (e;,¢) # 0, Vj = 1,--- ,n). However if there exists
at least one multiple eigenvalue, then the Vandermond determinant vanishes and there is
no cyclic vector.

In the case where all eigenvalues are pairwise disjoint the unitary operator U of Theo-
rem 11.3 maps H to L*({\1,- -+, \}, C) in such a way that (Ue;)(\g) = d;x (0 if j # k,
1if j = k). For a given cyclic vector 1 = ¢le; + - - - + "¢, the corresponding measure is

fp = [ 0n, + -+ + [P0,

where ¢, is the Dirac mass at A. Hence by knowing the measure j,, we can recover all
components of ¢ up to a diagonal U(1)™ action on its components.

11.5 Spectral decomposition in the general case

In the case where there is no cyclic vector for A the idea is to use several vectors ;
such that the sum @, ; Fy, is orthogonal and dense in H. The construction of such a
family of vectors (¢;);er rests on the use of Zorn’s theorem (itself equivalent to the axiom
of choice). We first recall a definition :

Let (D, <) be a partially ordered set. We say that (D, <) is inductive if any totally
ordered subset of D has a majorant.
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Proposition 11.1 (Zorn’s theorem) Any inductive partially ordered set (D, <) has a
mazimal element, i.e. there exists some D € D such that : VD € D, if D is comparable
to D, then D < D.

We also need the following

Lemma 11.1 Let H be a complex Hilbert space and A € L(H) be self-adjoint. Let ¢, €
H. Then
w 1 F¢ - Fw 1 F¢.

Proof — The condition ¢ L F means : Vn € N, (A"¢,v) = 0. It implies
Vn,m €N, (A"p, A™) = (A )" A", ) = (A", ) = 0.

O
We deduce :

Proposition 11.2 Let H be a complex Hilbert space and A € L(H) be self-adjoint. Then
there exists a collection (v;)ier of vectors in H such that ¥i,j € I, i # j = Fy, L Iy,
and

@Fw is dense in H.
iel
Proof — We let Sy, := {¢ € H; ||¢|| = 1} (the unit sphere in H) and we set
D= {DC Sy; Vo0 € D, ¢ #9 =— Fy L F,).

We observe that (D, C) is partially ordered and inductive. Indeed any totally ordered
subset Dy of D has a majorant, which is Upcp,D. By Zorn’s theorem there exists a
maximal element D € D. We let

V.= @ Fy.

We claim that V' is dense in H. Argue by contradiction : if not, there exists ¢ € Sy such
that 1 | V. By Lemma 11.1 this implies that F,, 1 Fj, V¢ € D. Thus DU {¢)} € D
contains strictly D, which contradicts the fact that D is maximal. 0
Remark — The set I may be infinite and even non countable. However if H is separable,
I is at most countable.

Theorem 11.4 Let H be a complex separable Hilbert space and A € L(H) be self-adjoint.
Then there ezists a finite or countable family (p,)nen of Borelian measures on SpA with
finite masses and a unitary map

U :H — the closure of @ L*(SpA, i, C)
neN

such that, denoting by f = (fn)nen (where Vn € N, f, € L*(SpA, i, C)) the decomposi-
tion of any element f in the closure of @, ¢ L*(SpA, fin, C)

vf = (fn)ne/\fa (UAU?lf)n = Mana Vn € N (59)
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Proof — We use Proposition 11.2. Since # is separable, there exists some subset N which
is at most countable (we may assume w.l.g. that A is a subset of N) and a family (¢, )nen
of vectors in Sy such that Vn,m € N, n # m = F,, L Fy, and @, Fy, is dense
in H. Each subspace F_wn is stable by A, hence, for any n € N, we may consider the
restriction A, of A to I, . Then for any n € N, 9, is obvious cyclic for A,, thus we can
apply Theorem 11.3 to A,, and 1), : there exists a Borelian measure p,, with finite mass on
SpA and a unitary map U, : F,,, — L*(SpA, ,, C) such that U, A,U; ' = My (acting
on L*(SpA, i, C)). Collecting all these decompositions together we obtain U satisfying
(59). O

We can represent differentely the closure of @, ., L*(SpA, ftn, C) by considering the
set X := N x SpA equipped with the measure v =Y _\ 0, ® i, i.e. such that, for any
h: N x SpA — [0, +00),

h(n,\)dv(n, \) := h(n, N)dp,(X).
/X< ) (n, ) ,;v/s;m( Jdji ()

Thus the closure of @, . L*(SpA, fin, C) can be identified with L*(X, v, C), through the
map (hy)nen — [(x,A) — h(n, \) = h,(A\)]. Then the unitary operator U in Theorem
11.4 maps H to L*(X,v,C) and (59) reads UAU! = M,, where ¥(n,\) € N x SpA,
g(n,A\) = A. Note that g takes values in SpA C R.

However the measured space (X,v) has the defect that it has not a finite mass in
general. This can be cured by considering the measure y := )" _\-27"6, ® u, on X. Then
(X, 1) has a finite mass and

T: L*X,v,C) — L*X,pu,QC)
f — [Tf: (n,A) — V2" f(n, V)]

is an isometry. Moreover if U := TU : # — L*(X, s, C), we then have UAU' = M,
Hence we have proved the following.

Theorem 11.5 Let H be a complex separable Hilbert space and A € L(H) be self-adjoint.
Then there exists a measured space (X, 1) with finite mass, a measurable bounded function
g: X — R and a unitary map U : H — L*(X, 1, C) such that UAU' = M,,.

11.6 The Borelian functional calculus

Up to now we have used the spectral measure p,, associated to a vector ¢ (or a family
(¢i)icr) as in Theorem 11.4. We now use this construction for all vectors ¢» € H : this
leads us to a generalization of the continuous functional calculus, the Borelian functional
calculus. For any Borelian subset X C R™ denote by

B(X,C)

the space of Borelian bounded functions from X to C. We address the question : given a
self-adjoint operator A and a bounded Borelian measurable function g € B(SpA, C), can
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we make sense of g(A)? The answer is yes and this will be achieved by defining g(A) to
be the solution of

vweH,<mmAww—A g0 dpu(N). (60)
pPA

In the following, for all Borelian subset X C R", we denote by M®(X) the complex
vector space of the Borelian measures? on X which are complex linear combinations of
nonnegative Radon measures on X. In particular a complex Borelian measure p € 9¢(X)
has a finite mass and satisfies (54) and (55) because of Theorem 11.2. (We will need these
properties later on.)

Moreover for any p € ME(X,C) and g € B(X, C), we use the more concise notation

n(g) = /Xg(l’)du(x)-

11.6.1 Analysis of the problem

Assume that we know a solution g(A) to (60). Then we know all quantities (p, g(A)v),
for ¢, € H. Indeed from the identity

(0, 9(A)Y) = S[e+1U,9(A) (@ +v) — (0, 9(A)p) — (¥, g(A))]

i+ 19, 9(A)ip + ) — (io, g(A) (i) — (b, g(A))

we deduce that, since g(A) is a solution of (60),

1 ?

(o, g(A)) = 5 (prp(9) = 1e(g) — py(9)) + 3 (it (9) — tip(g) — 1y (9)) -

Thus by setting, Vo, € H,

1 7
Mew) =5 (Hptop = Ho — fhop) + 5 (Pigrd — Mip — Hy) (61)
we have
Vo, €M, (0, 9(A)Y) = ) (9) = /s AQ(A)duw,w)(/\) (62)
p

In particular all that implies easily that if a solution to (60) exists, then it is unique.

9. An alternative equivalent definition of M (X) is that it is the space of compler Radon measures :
a complex linear form ¢ on Cy(X,C) is a complex Radon measure if it is continuous for the topology
of uniform convergence on any compact, i.e. for any compact K C X, 3Ck > 0 such that Vf € C.(X,C),
if supp(f) C K, then [¢(f)] < Ckl|fllco. If furthermore f € C.(R™,R), ¢(f) € R, then ¢ is a real Radon
measure £ on X. We denote by 9t¥(R") the real space of real Radon measures
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11.6.2 Synthesis

Recall that we were able to construct all measures i, thanks to the continuous func-
tional calculus and to the Riesz—Markov theorem, an hence all measures (i, ) by using
(61). This gives us the map

my: HxH — ?J)TC(SpA)
(0, 0) = ma(p, V) = fpw)-

Hence we can construct all integrals fSpA g(AN)dpipp)(N), for v, 9 € H and g € B(SpA, C).
However we need that this collection of complex numbers satisfy some compatibility condi-
tions in order to be sure that (62) be satisfied by some bounded linear operator g(A).
These conditions are :

m, is sesquilinear, (63)

/SpA 9(A>dﬂ<¢,¢>(k)’ < Cyllel vl (64)

The fact that (63) and (64) are necessary conditions for having a solution g(A) to (62)
is obvious (with C, = ||g(A)]|). The fact that these conditions are sufficient follows from
the Riesz-Fréchet theorem : for any ¢ € H, consider the map L, : H — C defined by

Vg € B(SpA,C), 3C, > 0s.t.,

Ve Lo(0)i= [ gNduen (V)

SpA

Then L, is C-linear because of (63) and bounded because of (64) with the estimate
| L,|| < Cyll¢|l- Hence, by the Riesz—Fréchet theorem, there exists an unique vector w € H
such that L,(¢) = (w, ), Vi € H. The map ¢ — w is linear thanks to (63) and bounded
thanks to (64). Hence it is a bounded operator : call it g(A)*, this hence defines g(A),
which is the solution of (62). Note that (64) implies also that

lg(A)ll < Cy. (65)

11.6.3 Proving (63) and (64)

These properties will be proved by using the following result.

Lemma 11.2 Let X be a Borelian subset of R™. Then for any function g € B(X,C),
there exists a sequence (fn)nen with values in C.(X,C) such that

Vn €N, suplf,| <suplgl, (66)
X X
Y€ MO(X,C), lim pu(fn) = plg). (67)
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For any sequence (f,,)neny with values in C.(X, C) we will write
fn—g (68)

if (66) and (67) hold.

Remark — We will discuss about the proof of Lemma 11.2 later on. It is important to
stress the fact that, as a consequence of the Riesz—Markov theorem 11.2 all measures
) are in MC(SpA, C), so that we may apply (67) to these measures.

Proving (63) amounts to show that Vg € B(SpA,C), (¢,%) — ma(p,¥)(g) is ses-
quilinear. Use Lemma 11.2 to get a sequence (f,)nen of functions in C.(X,C) such that
(67) holds. Then, Vn € N, the identity ma(p,1)(fn) = (@, fu(A)) is valid and implies

ObViOU.Sly that mA<04901 + 59027 w)(fn) = amA<§01, w)<fn) + 6mA(9027 ¢)(fn)7 VCY, 5 € C and
mu (Y, ) (fn) = ma(e,¥)(fn). Passing to the limit when n — 400 in these identities gives

us (63).
Let us now prove (64). Take any function g € B(SpA, C) and again a a sequence ( f,,)nen
of functions in C.(X, C) such that (66) and (67) hold. Then, Y, € H, Vn € N,

o) (Fu)l = Ko, fn(A)D)] < L fn(A) Il = guglfnlllsOIIII@bll,
P

where we have used (52). Using (66) this implies

|t (fn)] < supglllll[14]]-
SpA

Passing to the limit when n — +o00 and using (67) we obtain

o (9)] < sup gl
SpA

Hence (64) holds with

Cy = sup|g| = ||gllsup- (69)
SpA

11.6.4 Conclusion

Assuming that Lemma 11.2 has been proved, for any g € B(SpA,C), (63) and (64)
hold, hence there exists an unique bounded operator g(A) € L(H) such that (60) holds.
Moreover we deduce from (65) and (69) that

lg(A) < sup |g] = [|9llsup- (70)
SpA

We have thus constructed an operator g — g(A). It satisfies the following properties.
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Theorem 11.6 Let H be a complex Hilbert space and A € L(H). Assume that A* = A.
Then there exists an unique operator

B(SpA,C) — L(H)
g — g(4)
such that the following properties hold.
a) Yg,h € B(SpA,C), Vo, 5 € R,

(g + Bh)(A) = ag(A) + Bh(A),
(gh)(A) = g(A)h(A), 1(A) = 14,
g(A) = g(A)".

b) llg(A)llcan < lgllsup ;
c) if g is continuous g(A) coincides with the operator defined in Theorem 11.1;

d) if (fu)nen is a sequence in B(SpA,C) such that, YA € SpA, lim,, o fu(A) = f(N)
and if || follsup is bounded, then', Vo, € H,

lim (i, fu(A)Y) = (@, [(A)); (71)

n—-+o0o

e) if A= Xy then g(A)Y = g(M\)o;
f) if f >0 then f(A) >0;
g) if BA= AB, then g(A)B = Bg(A).
Proof — The existence of the operator and property b) has already been proved in (70).

The proof of a) is easy excepted for the product property. The latter one can be obtained
by proving the property

Vf,g € BSpA,C), Vo, € M, (o, (f9)(A)) = (¢, [(A)g(A)) (72)

in three steps with increasing generality.
(i) if f,g € C(SpA,C), (72) is an obvious consequence of property a) in Theorem 11.1;
(i) if f € B(SpA,C) and g € C(SpA, C). As a preliminary we prove the identity

Vf,g € B(SpA,C), Vo, € H, (p, f(A)g(A)) = pigayp.p)(f)- (73)
Indeed (p, f(A)g(A)0) = (f(A) ¢, g(A)) = (g(A), F(A)@) = gy (f)- By

Lemma 11.2 there exists a sequence (f,)nen of functions in C(SpA, C) such that
fu £ thus by (73)

(0, fa(A)g(A)Y) = pig(aype) (Fn) = tigtays.e) () = (@, F(A)g(A)).

10. In [3], it is claimed that f,,(A) converges to f(A) strongly, which is false, see the footnote in Theorem
11.3, c).
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Moreover we also deduce directly from f, —Z\ f that f,g % fg, hence

(0, (fng)(A)Y) = 11(o0)(fng) = 1wy (f9) = (@, (f9)(A)).

Since by the previous step (72) holds for f,, and g, we deduce that f and g satisfies
also (72) by passing to the limit.

(iii) if f, g € B(SpA, C), we use again Lemma 11.2 to get a sequence (g, )neny With values
in C(SpA, C) such that g, %g. We have on the one hand

(0, [(A)gn(A)e) = (f(A) @, gn(A)0) — (F(A) 0, g(A)Y) = (¢, f(A)g(A))

and on the other hand, because fg, —Z\ fg,

(@, (fgn)(A)) = (o) (fn) = tiow) (f9) = (p, (f9)(A)Y).

By the previous step we can apply (72) to f and g, and we can pass to the limit
thanks to the previous observations : we then conclude that f and g satisfy (72).

Property c) is clear from the construction. Property d) follows from Lebesgue’s dominated
convergence which implies the convergence of fSpA Tn(N)dpipp) to fSpA J(N)dpugp,p)- This

translates as (g, f,(A)Y) — (¢, f(A)Y). We left properties e) and f) to the Reader.

Property g) is easy to prove for f being the restriction of a polynomial to SpA and
for f being continuous by using Theorem 11.1. Hence it remains to prove it for any f in
B(SpA,C) as follows : this amounts indeed to prove that (o, Bf(A)Y) = (p, f(A)By).
First observe the identities

(0, Bf(A)Y) = (B ¢, [(A)Y) = pi(Bo.u)([f)

and

(o, fF(A)BY) = (f(A) @, Bb) = (B, f(A)p) = iupy.p)(f)-
Take a sequence ( f,,)nen with values in C(SpA, C) such that f, % f- It satisfies (¢, Bf,(A)y) =

(¢, fu(A)By), which translates as (g (fn) = H(By.o) (fn). But in this form, it is easy
to pass to the limit by using the fact that f, % f. O

11.6.5 About the proof of Lemma 11.2

Two proofs can be given, the first one uses measure theory, the second one tools from
functional analysis.
Sketch of proof 1 — We first prove the result for ¢ = 14 being the indicator function of a
Borelian subset A C X, i.e. the function defined by 14(z) = 1if x € A and 14(z) = 0 if
x € X\ A. Any nonnegative measure p € 9" (X, C) satisfies the inner reqularity property
(54) and the outer regularity property (55). This implies that, Ve > 0, there exists a
compact K C X and an open subset U C X such that K C A C U and u(A\ K) <¢/2
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and (U \ A) < ¢/2. Hence p(U \ K) = p(U \ A) + p(A \ K) < e. Moreover one can
construct a continuous function f € C.(X) which takes values in [0, 1] and such that f =1
on K and f =0 on X \ U. Then since f — 14 vanishes on (X \U)UK = X \ (U \ K),

we have

1(f) — u(1La)] = /X () — La(o)|dpu(x) = / (@) = La(@)ldp() < p(U \ K) <e.

\K

Simultanously we have also supy |f| = 1 < supy 14. Since any measure in 9M*(X, C) is a
complex linear combination of nonnegative measures in 9™ (X, C), a similar result follows
for such measures. Hence by letting e = 1/n, for n € N*, we obtain a sequence (f,,)nen-
satisfying (66) and (67) for g = 14.

In a second step one extends this result fo an arbitrary bounded Borelian function g
on X, using the fact that such functions can be approached by finite linear combinations
of indicator functions. O

Sketch of proof 2 — 1t rests on the following general result :

Lemma (see Proposition V.4.1 in [1]) Let E be a Banach space, E' its dual space and E"
its bidual space. Let 1 : E — E" be the canonical embedding, By be the unit closed ball
in E and Bp» the unit closed ball in E". Then «(Bg) is dense in By for the topology
o(E",E").

It is perhaps worth to recall some notions of functional analysis :

(i) if £ and F is a pair of vector spaces in duality, i.e. endowed with a bilinear map
B : E x F — C, then the topology o(E, F') is the coarser topology on E such
that, Yy € F, the map F >  —— f(x,y) is continuous. A basis of neighbourhoods
of a point xy € F in this topology is the collection of finite intersections N ;{z €
E; |8(z — zo,y:)| < &;}, where y; € F and ¢; > 0. The topology o(E", E’) is also
called the weak star topology on E”.

(ii) a locally convex topological space is a vector space endowed with the topology
induced by a family (NN;);e; of semi-norms. Simplest examples are normed vector
spaces. But a vector space E endowed with the o(E, F') is also a locally convex vector
space, the family of semi-norm being N, = |3(-,y)|, for y € F. Hence (E",0(E", E"))
is locally convex.

(iii) A geometric form of the Hahn—Banach theorem ! holds in locally convex spaces :
if A and B are two closed convex subset which are disjoint and if one of them is
compact, say A, then there exists a hyperplane which separates strictly A and B.

The preceding lemma can be proved by contradiction : let 3 be the closure of t(By)
in the o(E", E') topology, then ( is o(E", E')-closed and convex. Assume that there
exists some z” € Bpgs which not contained in 3. Then by using the geometric Hahn—
Banach theorem in the locally convex space (E”,o(E”,E’)) one can find a o(E", E')-
closed hyperplane H C E” which separates strictly 5 and A = {2”}. Hence 3y € F’,

11. Note that the geometric Hahn-Banach for separating open convex disjoint subsets holds in normed
vector spaces but not in locally convex spaces in general.
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Ir € R such that Vo € 3, y/(z) < r < y/(2"). Necessarily r > 0. By rescaling r and ¢/
we can assume w.l.g. that ¢/(z”) = 1 so that r € (0,1). But we then have on the one
hand @ |||z = sup,epy01) [V (2)] < sup,eqly'(z)] < r < 1 and, on the other hand,
1 =9 (") < ||¥/||e||x”|| g» which implies ||y/|| g > 1 since ||2”||g» < 1. Hence we reach a
contradiction.

Now consider the case when F = C.(X,C). Then E’ can be identified with the space
of complex Radon measures 9% (X, C). The space E” then contains strictly B(X,C) as a
subspace. By applying the previous result to this case, we obtain Lemma 11.2. O]

11.7 Applications of the Borelian functional calculus
11.7.1 Measures with values in projections

A first application of the Borelian functional calculus is another point of view on the
spectral decomposition of self-adjoint operators. To understand the idea, assume that H a
finite dimensional space Hilbert space and let A € L(H) be self-adjoint. Then there exists
a finite collection of real eigenvalues A\; < Ay < --- < A, (possibly with multiplicity) and a
collection of corresponding eigenspaces Ej,, -+, Ey, C H which are pairwise orthogonal
and such that H = E), @--- @ E),. A way to represent this decomposition is to introduce
the orthogonal projections Ppyy,-- -, Pp,}, where each operator Py € L(H) is the
orthogonal projection onto E;. Then we have

A= /\1P{>\1} + -+ )\pP{)\p}.

When passing to an infinite dimensional Hilbert space the difficulty is to adapt such a
formula for a spectrum which can be any arbitrary compact subset of R and for spectral
values which may not be eigenvalues. This is done by constructing a measure P on the
o-algebra of Borelian subset of SpA with values in orthogonal projections in 4. In the case
of finite dimensional space, this measure associates to each subset {\;, -+, \;, } C SpA
the orthogonal projection Py, ... 5, 1 onto the subspace Epy, y @& - - @ Epy, 3

Now let H be an arbitrary complex Hilbert space and A € L(H) be a self-adjoint
operator. Let Agp,, be the set of all Borelian subsets of SpA. We apply Theorem 11.6 to

A and to any indicator function 1q, where Q € Ag,, @ 1q is the function which is equal
to 1 on € and equal to 0 on SpA \ 2. Obviously 14 € B(SpA, C). We then set

VQl e ASpA: Pq = ].Q(A) € ﬁ(H)
Lemma 11.3 For any Borelian subset 2 C SpA, Pq is an orthogonal projection.

Proof — From Theorem 11.6, a) we deduce that (Pg)* = 1q(A)1q(A) = (10)*(4) =
1g(A) = Py, hence Py is a projection. Moreover since Py is self-adjoint, Yy € ImPy,
Vo € KerPg, y = Poy and thus

(z,y) = (z, Pay) = (Paz,y) = (0,y) = 0.

Hence the image of F, is orthogonal to is kernel. 0
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Proposition 11.3 The family (Q)QGAS satisfies the following properties.
DA
a) Y, Py is an orthogonal projection ;
b) Py=0, Pspy =1y
c) If Q = Npen=Qy and if n # m implies Q, N Q,, = 0, then'? Vo, € H,

N
N > (0, Pa,¥) — (¢, Path) =0
d) P91PQQ - Pﬂlﬂﬂg'
Proof — A straightforward consequence of the previous lemma and Theorem 11.6. 0J

We will give a name to the previous construction.

Definition 11.4 A collection {PQ}QGASpA which satisfies Properties a), b), ¢) and d) in

Proposition 11.3 is called a Borelian measure with values in orthogonal projections
with compact support.

Conversely :

Theorem 11.7 Any Borelian measure {PQ}QGASPA with values in orthogonal projections

with compact support defines an unique bounded self-adjoint operator in H such that Py =

Proof — Let us consider such a measure defined on a compact K C R. For any ¢, € H,
we define fi(, ) by

VQ € Aspar  Hipw) () = (v, Pat).

Then one can checks easily that i, ) is a complex Borelian measure with support in K.
Moreover it is nonnegative if ¢ = 1. Hence by repeating the arguments for the proof of
Theorem 11.6 we can define for any g € B(K, C) an operator B, € L(H) such that

Vo, €H, (g B = /K 9N i) (M) (74)

Call the operator A := By, corresponding to the particular function g = X|x. Then one
needs to check that the operator B, in (74) is equal to g(A), as defined by (60).

12. In [3] it is claimed that :

= ()7
L(H)

which is wrong : take for instance H = L?([0,1]), A = Mx (the operator of multiplication by the function
A+— A) and Q, = ( 11, ¥n € N*. Then all ,’s are pairwise disjoint and N,en-Q, = (0,1] = Q.

1
TH’ n
However (Zﬁ;l Pgn) — Pq is equal to the projection operator f —— 1(07ﬁ]f, the norm of which is 1.
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For that purpose we first approximate X | by the sequence of functions (¢, )nen+ de-
ﬁned by : gpn()\) =5 Vk € Z, VX € [£,51) N K. On the one hand we observe that
=Y ez EP 2 51y and we deduce easily that (B, )P = Bs,», ¥p € N and, more
generally, P(B, ) Bp(e,), VP € C[X]. On the other hand passing to the limit when
n — 400, we deduce P(A) Bp|,., VP € C[X]. Using density of polynomial functions in

C°(K,C) and Lemma 11.2, we can conclude that B, = g(4), Vg € B(K,C). O

It is useful to introduce suggestive notations (although there are nothing but notations)
for writing the integral in (74). We write :

v%¢eﬂ,<%mAww:Ag@mewm

and hence getting rid of ¢ and ¢ (another notation)
o(4) = [ gnjap,
K

11.7.2 Commuting self-adjoint operators

We wish here to extend the functional calculus to a family of commuting operators.
It is a standard result in linear algebra that a pair of commuting operators acting on a
finite dimensional space which are diagonalizable can be diagonalizable simultaneously
in the same basis. It is thus natural to expect a similar result for self-adjoint operators
in general. This will achieved by first extending the functional calculus of commuting
operators. Consider a pair A, B € L(H) of self-adjoint operators and assume that

[A,B] = AB— BA =0.

and let K be a compact subset of R which contains SpA and SpB. Then by applying
Theorem 11.6 to A and B we know that for any functions f,g € B(K,C) we can define
f(A) and g(B) and that these operations satisfy all properties listed in Theorem 11.6.
In particular by applying g) we deduce that [f(A), B] = 0. But applying again Theorem
11.6, g) with f(A) playing the role of B and B playing the role of A, we deduce that
[f(A),9(B)] = 0.

If we apply this for the indicator functions f = 1y and g = 1y, where U,V C K
are Borelian subsets of K, it gives us [1y(A),1y(B)] = 0. We can thus define unam-
biguously the image of (A, B) by the function lyyxy = 1y ® 1y € B(K x K,C) by
lyxv (A, B) = 1y(A)1y(B) = 1y(B)1y(A). More generally let Bgpiie(K2,C) be the
space of linear combinations of indicator functions of Cartesian products, i.e. of the form
F = Zle a;jly,xv;, where Uy, -+ Uy and Vi,---,V, are Borelian subsets of K and
ai,- - ,ag € C. Then we can define F(A, B) for any F € Bgpiio( K2, C) by :

( ZOéle ><V A B ZOéle )
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One can then prove that, for any ¢, € H, there exists an unique Borelian measure fi(, )
on K? satisfying (54) and (55) such that VF € Bgpiie( K2, C)

(. F(A B = / Fo, Ao (A, Aa).

K2

Moreover (i, depends in a sesquilinear way of (¢,) and is nonnegative for ¢ = 1). By
using the same strategy as in the previous sections, one can then define F'(A, B) for any
F € B(K? C) such that the previous relation holds.

Then all results on the functional calculus and the spectral decomposition that we
have seen can be generalized to a pair of commuting self-adjoint operators essentially
by repeating the same arguments : Theorem 11.1 on the continuous functional calculus,
Theorem 11.3 (by defining a cyclic vector ¢ by the condition that Vec{ A" B"; n,m € N}
be dense in ‘H) and Theorem 11.5 for the spectral decomposition of a pair of commuting
self-adjoint operators, Theorem 11.6 on the Borelian functional calculus, Proposition 11.3.

Lastly all these results generalize also to any finite family of pairwise commuting ope-
rators.

11.7.3 Normal operators

As a preliminary we remark that any bounded operator T' € L(H) can be decomposed
in an unique way in the form
T=A+1B,

where A and B are self-adjoint, so that, in particular 7* = A — iB. Indeed A and B are

given by
1 1
A==-(T+T" B=—(T-T".

We call A and B respectively the real part and the imaginary part of 7T'. In this decom-
position the quantity [T, 7*] reads

. . 1 . . 1
(A+iB)(A—iB) — 4—(A —iB)(A+iB) = —§[A, B.

1
7 1

T,T" =

[ ? ] 4
Hence an operator is normal if and only if its real part and its imaginary part commute.
Hence by applying the results presented in the previous section on commuting self-adjoint

operators, we can easily extend all the spectral theory to normal operators. An example
of result is the analogue of Theorem 11.5 which follows.

Theorem 11.8 Let H be a complex separable Hilbert space and A € L(H) be normal.

Then there exists a measured space (X, p) with finite mass, a measurable bounded function
g: X — C and a unitary map U : H — L*(X, p, C) such that UAU' = M,,.

The only difference with Theorem 11.5 is that here g may take complex instead of real
values.
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12 Non bounded operators

12.1 Basic definitions

WeA now wish to handle operators of the kind 5

— 27 on L*(R,C), for j = 1,2, 3, defined by (27 f)(z) = 27 f(z), for a.e. v € R3;

~ p;y on LA(R,C), for j = 1,2,3, defined by (p;f)(z) = 2L (z), for a.e. z € R?;

~ H on L*(R3,C), defined by (Hf)(z) = —ZAf(z), for a.e. x € R,

These three operators play a fundamental role in quantum mechanics, they represent
respectively the coordinates of the position (Z), the momentum (p) and the energy or
the Hamiltonian (ﬁ ) of a particle. Here £ is the Planck constant and m the mass of the
particle.

These three operators have the same problem of not being defined on L?(R?, C). Consi-
der the simplest situation of the operator Z on L*(R, C), defined by (Zf)(x) = xf(x), for
a.e. z € R. There are indeed infinitely many functions f € L?(R, C) such that z — z f(z)
is not in L*(R, C), for instance f(z) = \/117 So we need to choose a suitable vector sub-

space where this operator makes sense, e.g. {f € L*(R,C); [, #*|f(z)*dx < 4+-o0}. This
vector subspace will be called the domain of the operator.

Definition 12.1 Let H be a complex Hilbert space. A non bounded operator on H is
a pair (D, T), where D is a vector subspace of H and T is a linear operator from D to H.

If the operator T is continuous on D with respect to the topology of H, then there
exists a continuous linear extension T of T on H (either because D is dense in H, then
the extension is unique, or in general by using the Banach-Steinhaus theorem, but the
extension may be non unique). So in this case there is nothing new with respect to bounded
operators. Hence in the following we will assume that the non bounded operators are not
continuous on their domain with respect to the topology of H.

We will also often abuse notation by writing 7'~ (D, T'). In that case we write D(T)
for the domain.

The key notion is to look at a non bounded operator through its graph.

Definition 12.2 Let H be a complex Hilbert space and T be a non bounded operator on
‘H. Then its graph is the vector subspace of H x H

Gr'T .= {(z,Tx); x € D(T)}.

The Cartesian product ‘H x H is equipped with the standard product Hilbert structure
and the product topology. It induces a pre-Hilbertian structure on Gr7'. There are two
natural projection mappings 7y, 72 : H X H — H on respectively the first and the second
factor. Both restrictions of these projection maps to Gr7 are continuous.

The substitute for the notion of continuity is the notion of closed graph.

Definition 12.3 Let H be a complex Hilbert space and T be a non bounded operator on
H. Then
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(i) T is closed if Gr'T is closed ;

(i1) If Th and Ty are two non bounded operators on H then we say that Ty is an exten-
sion of Ty if D(Ty) C D(T3) and

Vo € D(Tl), Tll' = TQQ].

We then write Ty C Ty ;

(iii) T is closable if there exists an extension of T which is closed.
Remark that T} C T if and only if GrT7 C GrTs.

Proposition 12.1 Let T' be a non bounded operator on H. Assume that T is closable.
Then there exists an unique smallest extension T', which is closed.
This extension T s called the closure of T.

Proof — A naive idea is to contemplate the closure GrT of GrT and to let T be the
operator the graph of which is Gr7'. Like many naive ideas it is the right one, but one has
to be careful and to check that GrT is the graph of some operator! One may think that
this is an obvious point, but we will see later on an example that this is not always the
case. As a preliminary the Reader is invited to check that :

A subspace V- C H x H is the graph of a non bounded operator if and only if the
restriction of my to V is one-to-one.

Now let’s use the hypothesis that T' is closable : there exists at least a closed operator
S which is an extension of T, i.e. GrT C GrS. Thus GiT C GrS = GrS. Since GrS
is a graph, the restriction of m to it is one-to-one, hence the restriction of m to GrT.
Hence GrT is the graph os some operator. Let’s call it 7. This is a closed extension of 7.
Moreover any closed extension S of T should also be an extension of T (just read again
the previous arguments). Hence T is the smallest closed extension. 0

Example 12.1 Let H be a complex separable Hilbert space and (e,)nen be a Hilbertian
Hermitian orthogonal basis of H. Set V := Vec{en; n € N} (the set of finite linear com-
binations of vectors in {e,; n € N}) and z € H\ V. Let D :=V & Cz and let T be the
non bounded operator with domain D and such that

Vee VYA e C, T(x+ Az)= Az

Then GrT = {(z + Az, \2); x € V, A € C} and Gr'T = H x Cz. Hence the restriction of
71 to Gr'T is not one-to-one (its kernel is {0} x Cz). Thus T cannot be closable because
if so the previous Proposition would lead to a contradiction.

Example 12.2 Let H = L*(R,C), D(T) = C>*(R,C) (smooth functions with compact
support in R) and T'f = %. Then T is closable, D(T) = H'(R,C) and Tf = %.
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12.2 The adjoint of a non bounded operator

In the following all operators will be non bounded, unless the contrary is specified.
The definition of the adjoint of an operator T is a delicate task, but the basic idea is
simple ; we would like to define it by the relation

(T"x,y) = (x, Ty). (75)

However the problem is to decide the domain of the validity of such a formula : the right
hand side makes sense a priori if (x,y) € H x D(T), whereas the left hand side makes
sense a priori for all values of y in H, but we expect that it may not be defined for any =z,
i.e. that there is no reason a priori that T be bounded. Hence we should find a domain
D(T)* for T*. Its definition will again be imposed by (75) : it says us that, if T*x exists,
then the linear form y —— (z, T'y) is bounded.

Definition 12.4 Let H be a complex Hilbert space and T be an operator on H. The
adjoint domain is the space D(T)* of vectors x € H such that the linear form

l,: D(T) — C
y +— (2,Ty)

18 bounded, i.e.
D(T) :={x € H;AC > 0,Yy € D(T), |{x, Ty)| < C|y|l}-

Hence for any z € D(T)* we can extend the linear form ¢, to a linear continous form
defined on H : this extension can be found by using the Hahn—Banach theorem in the
general case or simply by continuity if D(T") is dense in H. In the latter case the extension
of 7, is unique.

In both cases let’s denote by £, a continuous extension of ¢,. Then the Riesz-Fréchet
theorem implies that there exists an unique element 7*x € H such that Vy € H, E(Z/) =
(I'x,y). In particular this implies that Vy € D(T), (z,Ty) = (T"z,y).

Definition 12.5 Let H be a complex Hilbert space and T be an operator on H. An adjoint
of T is an operator T* defined on D(T)* such that

Ve e D(T)",Vy € D(T), (z,Ty) = (T"z,y). (76)
Note the important fact that, if D(7T') is dense in H, then T* is unique.

Proposition 12.2 Let H be a complex Hilbert space and T and S non bounded operators.
Then
o) TCS=S*"CT*;

Moreover if the domain D(T') of T is dense in H, then the three following properties are
true

b) T* is closed;
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c¢) T is closable iff D(T*) is dense and, if so, T = T** ;

d) if T is closable, then (T)* = T™*.
Before giving the proof of this let us recall that very similar results hold for the notion of
the orthogonal vector subspace E* to a given subspace E C H.

a) EC F = FtcCFE*,

b) E* is always closed;

¢) E=(E)*;

d) (E)* = E*..
This is not an accident. The idea of the proof of Proposition 12.2 is actually the following.
We first prove that the graph of 7™ is

GrT* = {(a,b) € H x H; ¥(x,y) € GrT, (b, x) — (a,y) = 0}.

In other words Gr7™ is the orthogonal in H x H of JGrT, where J : H x H — V is
defined by J(a,b) = (b, —a). We will just prove that fact : V(a,b) € H x H,

V(Qf, y) S GI'T, <b> $> - <CL,y> =0
= Vo € D(T), (b,x) = (a,Tx)
— { D(T) — C

is continuous linear and coincides with (b, -)
r  +— (a,Tx)

= a € D(T*) and b = T*a.

12.3 Self-adjoint and symmetric operators

Definition 12.6 Let ‘H be a complex Hilbert space and T be a non bounded operators.
Then

- T s symmetric if T C T™.

— T s self-adjoint if T'="T*.

Remark — We can define a complex valued sesquilinear symplectic form w on H x H
by : w((a,b), (z,y)) = (b,z) — (a,y). Then GrT* is the orthogonal in H x H of GrT for
w. Moreover : (i) T is self-adjoint iff GrT is Lagrangian for w; (ii) 7" is symmetric iff GrT’
is isotropic for w.

Proposition 12.3 Let ‘H be a complex Hilbert space and T be a non bounded operators.
Assume that the domain D(T') of T is dense, then

a) if T is symmetric, T is closable ;

b) if T is symmetric, T C T C T*;

c) if T is closed and symmetric, T =T** C T*;

d) if T is self-adjoint, T = T** = T*.
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Proof — a) follows from the fact that 7" is always closed and from the definition of a
symmetric operator; b) follows from 7' C T* = T C T* and T C T =T"; ¢) is a
consequence of b) and the fact that T is closed iff T =T = T**. O

Definition 12.7 An operator is essentially self-adjoint if it is symmetric and if its
closure is self-adjoint.

The next result is the analogue of Theorem 6.6 for non bounded self-adjoint operators.

Theorem 12.1 Let H be a complex Hilbert space and T be a mon bounded self-adjoint
operator on H. Then

a) SpT C R ;
b) Furthermore, VA, i € R such that p # 0, (T — X\ —iu)~' € L(H) and the image of
(T — X —ip)~tis D(T).
Proof — We first prove that
Vo e D(T), (T —=A—ip)zl| = [l (77)

(the analogue of Identity (22)). For that purpose we first remark that Vo € D(T),
(x,Tz) € R because (Tx,x) = (x,Tx) = (Tx,z). Hence from (z,(T — X\ — iu)x) =
(x, (T —N)z) —ip||z||* we deduce that Re(z, (T — A —ip)x) = (x, (T —\)z) and Im(z, (T —
A —ip)x) = —pljz||*. Hence

Ve € D(T), |plllel® < (2, (T = A —ip)a)| < [l2l[|(T = A = ip)z|].

Thus (77) follows. This has the following consequences.

(i) If o #0,T — X\ —iu is one-to-one.

(ii) If o # 0, Im(T — X\ —dp) is dense in H. For that set S =T — X\ —ip and let us prove
that ImS is dense in A if and only if KerS* = {0}. Indeed, for all y € H,

y € (ImS)t «—= Vze D(S),(y,Sz) =0
D(S) — C
r  +— (y,Sz)
< y € D(S*) and S*y = 0 (since D(S) is dense in H)
< y € KerS*.

exists, is continuous and vanishes

Hence Im(7T'— A —ip) is dense in H if and only if {0} = Ker(T'—A—ipu)* = Ker(T'— A +iu).
But this is a consequence of (77) (changing p in —pu) because p # 0.

(iii) If o # 0, Im(T — A —ip) is closed. Let (y,,)nen be a sequence with values in Im (7" — A —
i) which converges to some y € H. Then there exists a sequence (x,,),eny With values in
D(T) such that (T'—A—ip)z, = yn, Vn € N. The sequence (y,,)nen is Cauchy, this implies
that (z,)nen is also a Cauchy sequence because of (77). Hence (z,,)en converges to some
x € H. Would T be continuous, then we could conclude directly pass to the limit in the
relation y, = (T'—A—ip)x, when n — 400 and conclude y = (T'—A—ip)x € Im(T—A—iu)
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as in the proof of Lemma 3.1. We turn around the difficulty by writing the equation in
the form

U = (T — XN —ip)r, <=y, + A +ip)x, = Tx, < (Tn,yn + AN+ ip)z,) € GrT.

Since (2n, Yo+ (A +ip)z,) converges to (z,y+ (A+ip)z) and Gr1 is closed, a consequence
of the fact that T is self-adjoint, we deduce the result.

In conclusion if g # 0, T — X\ — ip is a bijection between D(T) and H. By using (77) we
deduce [|(T" = A — i)yl < [ul " lyll. [

12.4 An example

Consider H = L?([0, 1],C) ( L*(0,1) for short), and set

~ D(T) = Hi(]0,1],C) ( H}(0,1) for short) and

- VfeHN0,1), Tf=iL.
Recall (see Chapter 8) that H'(0,1) can be defined to be the subspace of L?*(0,1) of
functlons f which admit a weak derlvatlve in L?(0,1), i.e. a function characterized by

fo de p)dt =0, Y € C((0,1)). Moreover H}(0,1) is the subspace of H'(0,1) of
functlons f such that f(0) = f(1) = 0.
Let us investigate the domain of T* : it is the space of f € L?(0, 1) such that the map

H}(0,1) — C
g — ([,Tg)

can be extended continuously to L?(0,1) and, hence, can be identified with the map
g+ (T*f,g), for some T* f € L*(0,1). This condition reads : Vg € H}(0,1)

/017(2'%>dt /OT*fgdt — /(f_—Z(T*f)§>dt:o.

This means that f has a weak derivative in L?(0, 1), which is equal to —iT* f. Thus D(T™)
coincides with H'(0,1) and Vf € D(T*), —iT*f = df — T f = z— Hence T' C T*, i.e.
T is symmetric. Observe that T is not self-adjoint, smce H}(0,1) is a strict subspace of
H'(0,1) (more precisely of codimension 2).

Moreover T™ is neither self-adjoint, nor symmetric. This is a consequence of the fact

that Vf,g € D(T*) = H'(0,1),

g s = [ (%) - (<) o= [ 7L+ Lo~ [Fal. (9

a quantity which does not vanish in general. In fact (78) tells us that, for any f € H'(0, 1),
the linear form H'(0,1) > g — (f, T*g) € C coincides with g — (T*f, g)+[fgl, i.e. the
sum of g — (T* f, g), which is continuous for the L?-topology, and of g — [fg]}, which
is not continuous for the L*-topology excepted if f(0) = f(1) = 0, i.e. if f € H}(0,1).
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Hence D(T**) = H}(0,1) and we also deduce from (78) that 7** = T'. In particular T* is
not symmetric.

There are however self-adjoint extensions of T' between T and T*. This means that
there exist operators the graph of which contains Gr7 and is contained in Gr7™ and
which are self-adjoint. Note that the choices are relatively limited since, the codimension
of GrT in GrT* is equal to the codimension of H}(0,1) in H'(0,1), i.e. to 2. Moreover
we know that neither T" nor T™ are self-adjoint, so this means that we must look for
extensions of T the domain of which has a codimension 1 in H'(0,1), i.e. a domain
of equation af(0) + bf(1) = 0. By normalizing this amounts to define H( (0,1) ==
{f € HY(0,1); f(1) = af(0)}, for some a € CU {oo} If we define T(,) to be the

operator of domain H1 (O 1) and such that T() f = Z%? then we deduce from (78) that
Vf,g € H1 )(0,1), (f. T 9) — (T3 [ 9) = (Ja)* — 1)£(0)g(0). This quantity vanishes if
and only 1f |oz\ =1 Hence T(o) is self-adjoint iff o belongs to the circle {¢"; § € R}.
The spaces H, (1 1(0,1) have nice interpretations : geometrically they represent sections of

a complex line bundle over the circle R/Z.

12.5 The spectral decomposition of self-adjoint operators

A preliminary result follows by applying Theorem 12.1 for A4y = 43 : it says us that
(T —i)~! and (T'+i)~" exist and are bounded operators. The following result implies that
these operators are also normal.

Proposition 12.4 Let H be a complex Hilbert space and T be a non bounded self-adjoint
operator, such that D(T) is dense in H. Then

(1) (T —4)~' and (T + 1)~ commute ;

(ii) (T —1i)~' is the adjoint of (T + i)' and conversely.
Proof — First note that (T 4 i)~ is an isomorphism from H to D(T) and also that
(T +4)" YT —4)"t and (T — i) YT +i)~! are isomorphism from H to D(T?). To prove

(i),let x € Hand y = (T +4)"HT — i)'z and ¢ = (T —4) (T +i)"'z be in D(T?).
Then obviously

(T=))T+iy=a=T+i)(T-i)y = y=v,
(because (T + z)( — i) = (T —4)(T + 1)) which means that (T +4)"Y(T — i)'z =
(T =)~ ((T +i)7

To prove ii) let y,y € H,set x = (T + 1) 'y and 2/ = (T — i)'/, so that y = (T + i)x
and y' = (T — i)z’. Then using the fact that the adjoint of T'— i is T' + i, we have

(T+)7 "y y) = (2, (T —i)a’) = (T +i)a,2") = (y, (T =)y,

Hence ((T' — i)™ 1)* = (T +14)~". O
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We can hence apply Theorem 11.8 to (T +)~'. It gives us

There exists a finite mass measured space (X, 1) and a unitary map U : H — L*(X, u, C)
and there ezists g € B(X,C) such that

U(T +4i)"'U" = M, (79)

Recall that M, is the multiplication operator ¢ — gy acting on L?(X, u, C). Since g is
Borelian and bounded this operator is bounded.

We also observe that, since (T'+7)"! is one to one, {x € X; g(x) = 0} is p-negligeable,
i.e. g # 0 p-a.e. on X. We can thus define the y-measurable function f : X — C by

-
g
Moreover (79) implies that the image of M, is equal to the image of U(T + i)', i.e.
to UD(T). It is also equal to {p € L*(X,u,C); fo € L*(X,u,C)}. We define the non
bounded operator M; on L*(X,u,C), with the domain D(M;) := UD(T). Then both
sides of (79) are bijections from L*(X, p, C) to D(M;). It is equivalent to

(T + z')_lU_1 = U‘lMg
— (T+i)'=U"'MU
— T H+i= (UflMgU)*1 = U*1M;1U = UflMl/gU
— T=U"'M;U.
We hence deduce the

Theorem 12.2 Let H be a complex separable Hilbert space and T € L(H) be self-adjoint
such that D(T) is dense in H. Then there exists a measured space (X, p) with finite mass,
a measurable function f : X — R and a unitary map U : H — L*(X, u,C) such that
UTU ' = M;y.

Proof — Most of the statements have been proved. It remains to prove that f is real
valued, a task left to the Reader. 0

12.6 Borelian functional calculus for non bounded self-adjoint
operators

One can also construct a Borelian functional calculus for non bounded self-adjoint

operators. This can be done either by using the Borelian functional calculus for bounded

normal operators in in a way similar to the method used previously, or by using the result
of Theorem 12.2 as follows :

Vh € B(R, (C), h(T) = UﬁthofU,

ie Yo e UD(T),
(UMT)U ) (x) = h(f(2)p(z), n—ae.
We then have the following.
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Theorem 12.3 Let H be a complex separable Hilbert space and T € L(H) be self-adjoint
such that D(T) is dense in H. Then the map

B(R,C) — L(H)
T —  h(T)
satisfies the following properties
(i) it is a x-morphism ;
(1) Yh € B(R,C), [A(T)llca) < |[hllsee)
(111) if (hn)nen is a sequence with values in B(R, C) such that Vo € R, lim,, o0 hyn(x) =
and |h,(z)| < |z|, Vo € R, then, for any w € D(T), limy,— oo hn(T)u = Tu;
(1v) if (hy)nen is a sequence with values in B(R, C) such that Vx € R, lim,_, o0 hpn(x) =
h(z), h € B(R,C) and ||hy||pm,c) is bounded then Yu,v € H, limy, 4o (U, hyy(T)v) =
{u, h(T)v) ;
(v) if Tu = Au, then h(T)u = h(Nu;
(vi) if h >0, then h(T) > 0.

There are two important applications to this result :

1) for h = 1g, where € belongs to the o-algebra Ag of Borelian subsets of R. We then
set
and the collection (Pq)aea, is a Borelian measure with values in orthogonal projec-
tions.

2) for the family of functions (h;)er, where hy(z) := €, ¥Vt € R. We can thus define
e € L(H), for any t € R.

It is remarkable that this work for a non bounded operator, whereas an approach based
on the standard formula

X in gAn
a et

n!
n=0

fails since this series does not make sense for a non bounded operator. Actually our
definition of €T rests on the fact that T is self-adjoint.

Another consequence of Theorem 12.3 is the definition of spectral measures (by using
the Riesz—Markov theorem).

Definition 12.8 For any ¢ € H, there exists an unique nonnegative Borelian measure

on R such that Vf € B(R,C),

(o2 F(A)g) = / F\)dpg ().

Note that the mass of p,, is finite (since it is equal to [|¢]|?).
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Theorem 12.4 Let A be a non bounded self-adjoint operator with dense domain and let
U(t) =™ VYt € R. Then ¥Vt € R, U(t) € L(H) and moreover

1) Vt,s € R, U(t) is unitary and U()U(s) = U(t + s) ;
(i) Vt, , U(t) Y t)U(s) =U(t +s);
(i) Yo € H, limy_,, U(t)p = Ul(to)p;
(iii) Yo € D(A), lim;_o Y0222 = Ay ;

() Yo € H, if lim;_o U(t)f_“a ezists then p € D(A).

Proof — Property (i) is a consequence of Theorem 12.3 (i). For Property (ii) it suffices
to prove it for to. For that purpose we compute

UM —¢l> = e —ol* = (e = D, (" = D))
= (g, (e =) (™ = 1)p) = (p, (7" = 1)(e"™ = 1)p)

— (o (A)g) = / (N iy (),

where g;(A) = (e7"* — 1)(e"™ — 1) = |e7#* — 1]%. Since the spectral measure i, has a
finite mass, |g:(\)| < 2 and lim;_,0 g:(A) = 0, VA € R, we conclude by using Lebesgue’s
dominated convergence theorem that ||U(¢)¢ — ¢|[* tends to 0 when t — 0.

The proof of (iii) follows the same lines. let ¢ € D(A). Note that the fact that Ap € H
implies that [, Adu,(X) < +0o. We have

et —1—itA | ¢ —1 —itA|?
T = [ ey = [ mde o,
R R
2
where hy(\) == e”‘%’t’\ . Note that
it/\_l_'t)\ ’L't)\_l
T < | S s

and lim;_,o ht(A) = 0, VA € R. Hence the result follows also by Lebesgue’s theorem.
To prove (iv) set

exists }

D(B) := {1 € H; ygolw

and, if ¢» € D(B),
iBy = lim

t—0

Ut)yy — v
—

Then one can check that B is a non bounded (linear) operator. Let us show that it is
symmetric. For any 1) € D(B) we observe that

D(B) — C
¥ — limy 0 <¢a—U(t)if_so>
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is bounded (for the topology on D(B) induced by its embedding in H), since its values

at ¢ is equal to
lim<%§i_w,w> = 1im<wvso> = (B, ).

t—0 it

Hence ¢ € D(B*) and B*1) = Bi. Thus B C B*. But observe that, because of (iii), A C
B, which implies that B* C A* so that, since A = A*, B* C A. Hence A C B C B* C A,
which implies A = B. O

Definition 12.9 A family (U(t))ier of operators acting on a complex Hilbert space which
satisfies (i), (it), (i11) and (i) in Theorem 12.4 is called a strongly continuous 1-
paramater family of unitary operators.

Theorem 12.4 has a converse.

Theorem 12.5 (Stone theorem) Let (U(t))wer be a strongly continuous I1-paramater

family of unitary operators. Then there exists a self-adjoint non bounded operator A such
that U(t) = e Vt € R,
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