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Abstract. The aim of this notes is to give a friendly introduction
to Arakelov geometry, starting with a modern reformulation of
Minkowski’s geometry of numbers and arriving to the formulation
of the arithmetic Grothendieck-Riemann-Roch theorem of Gillet-
Soulé. In between, we motivate and explain the bases of arithmetic
intersection theory.
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1. Some geometry of numbers

When we talk about geometry of numbers we think of the study of
number fields and their fractional ideals, by exploiting their structure
after embedding into the field of complex numbers. One can establish
the finiteness of the class groups in this way. This approach goes back to
Minkowski in the nineteenth century. Our aim here is to present these
results in a geometric (scheme theoretic) manner, giving raise to natural
questions on higher dimensional generalizations, and somehow motivate
the main topic of this article, namely the formulation of a Riemann-
Roch type theorem for arithmetic varieties (namely those defined over
the ring of integers). We refer the reader to the beautiful Neukirch’s
book [27] for the fundaments of algebraic number theory and a related
presentation of the contents of this chapter. For scheme theory and
algebraic geometry, Hartshorne’s [23] covers our needs. A little bit of
Hodge theory is an advantage for the comprehension of the Riemann-
Roch theorem for Riemann surfaces. Voisin’s book [31] is a suitable
reference.
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1.1. Class groups. Let K be a number field and OK ⊂ K be its ring
of integers. An object of interest in algebraic number theory is the ideal
class group of K. To define it, recall first the notion of fractional ideal
of K: an OK-submodule of K of rank 1. The set of fractional ideals of
K has a multiplicative structure, given by the usual multiplication of
ideals. The inverse of a fractional ideal a is given by

a−1 = {x ∈ K | xa ⊆ OK}.

The neutral element is the ring OK itself. The set of principal ideals
αOK , α ∈ K×, is stable under these operations, and can be used to
introduce an equivalence relation: two fractional ideals a and b are said
to be equivalent whenever ab−1 is principal. The equivalence classes
of fractional ideals constitute a group. This is the so-called ideal class
group:

Cl(K) =
{fractional ideals}

{principal fractional ideals}
.

The class group admits a geometric interpretation. Let us consider
the affine scheme S = SpecOK . As for any scheme, we may form the
Picard group of S, that is the group of isomorphism classes of invertible
sheaves (also called line bundles) on S, which is denoted by

Pic(S) = isomorphism classes of invertible sheaves on S.

The product structure is given by tensor product, and the inverse of an
element is obtained by dualizing. Because our scheme S is affine, the
Picard group can equivalently be described as the group of isomorphism
classes of projectiveOK-modules of rank 1, with the tensor product and
dual. This description readily shows there is a canonical morphism

(1.1) Cl(K) −→ Pic(S),

that takes a fractional ideal a to itself seen as an OK-module. A princi-
pal ideal αOK induces an isomorphism, just by multiplication by α. To
construct an inverse, let L be a projective OK-module of rank 1. Take
any element s ∈ L \ {0}. The quotient L/sL is a finite OK-module,
and we can consider its annihilator

a−1 := AnnOK (L/OKs) ⊆ OK .

Of course the ideal a itself depends on the chosen element s, but its
class modulo the principal equivalence relation does not. One can then
show that the resulting assignment obtained by sending the class of L
to the class of a

Pic(S) −→ Cl(K)

is an inverse of (1.1).
There is still another geometric formulation, that relies on the prime

factorization of fractional ideals. Recall that given a fractional ideal a,
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it can be uniquely written (up to the ordering of the factors)

a = pn1
1 . . . pnrr ,

where the pi’s are non-zero prime ideals and the ni’s are integers. In
particular, this shows that the classes of non-zero prime ideals generate
the class group. Geometrically, non-zero prime ideals correspond to the
codimension 1 integral subschemes of S, and we are thus tempted to
identify a with a codimension 1 cycle on S: a formal Z-linear combi-
nation

r∑
i=1

nipi.

This way we have an identification between the group of fractional
ideals and the group of codimension 1 cycles, usually denoted Z1(S).
The principal equivalence relation corresponds to the so-called linear or
rational equivalence relation on the group of codimension 1 cycles. Let
us elaborate on this. Let α ∈ K×. To this element, we can associate
its divisor: the codimension 1 cycle given by the factorization of αOK .
This factorization actually dictates the order or vanishing (or pole) of
α, seen as a rational function on S, at the points given by non-zero
prime ideals: given a non zero prime ideal p, the localization OK,p is a
discrete valuation ring, and α has a well defined valuation valp α. This
is an integer, which is non-zero for, at most, finitely many primes. We
define the divisor of α to be

divα =
∑
p

(valp α)p.

An easy exercise shows that this indeed corresponds to the prime fac-
torization of αOK . Let us write R1(S) ⊂ Z1(S) for the subgroup of
divisors of elements in K×. The codimension one Chow group of S is
defined to be

CH1(S) = Z1(S)/R1(S).

The previous discussion shows that the codimension 1 Chow group is
isomorphic to the class group, and hence to the Picard group as well.
The natural isomorphism

Pic(S) −→ CH1(S)

has its own name: the first Chern class. It is usually written L 7→ c1(L).
Explicitly, if s is a non-vanishing element of the line bundle L on S, then
we associate to it the cycle attached to the ideal AnnOK (L/OKs)−1.

One more presentation we give of the class group is in terms of idèles.
Let A×K be the group of idèles of K. As a set, this is a restricted product
of local fields:

A×K =
′∏

v place of K

K×v .
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The prime notation indicates restricted product. For a place v of K, Kv

is the completion of K with respect to the corresponding norm. Hence,
for a finite place over a prime p, we obtain a p-adic field Kv ⊇ Qp; for a
real (resp. complex) place we obtain R (resp. C). Restricted product
means that almost all finite components of any element belong to a
ring of integral units O×Kv . There is also a topology on A×K which is not

the product topology, and that we won’t describe here. In A×K we have
a compact subgroup:

Ô×K =
∏
v finite

O×Kv ×
∏

v archimedean

{1}.

We put:

K×∞ =
∏
v finite

{1} ×
∏

v archimedean

K×v .

We can also embed K× diagonally into A×K . Observe that the embed-
ding into archimedean components requires the choice of a complex
embedding for every complex place. We claim that there is a canonical
isomorphism

(1.2) K×\A×K/Ô
×
KK

×
∞ −→ Cl(K).

Indeed, given an idèle x = (xv)v, we associate to it the fractional ideal∏
v finite

pnvv ,

where pv is the prime ideal corresponding to the finite place v and nv
is the v-adic valuation of xv (which is 0 for almost all v, so that the
product of fractional ideals above is well-defined). One can check that
this assignment induces the desired isomorphism.

Now that we have introduced the class group of a number field,
and several equivalent descriptions, we would like to have a better
understanding of its structure. The methods of geometry of numbers
lead to the finiteness of Cl(K). The idea is being able to measure “the
size” of the elements of the class group, then bound it, and hope that
for some discreteness reason this yields a finiteness property. This is the
typical use of heights in diophantine geometry. Other possible ways to
study the class group exploit the idèlic realization (1.2). For instance,

one may wonder on the effect of modifying Ô×KK×∞. In geometry of
numbers one replaces K×∞ by its maximal compact subgroup. Other

approaches deal with the finite part Ô×K , such as class field theory (ray
class fields) and Iwasawa theory [15].

1.2. Hermitian line bundles and finiteness of the class number.
Let us go back to the idèlic realization of the class group of a number
field (1.2). Observe that there is an asymmetry in the subgroup

Ô×KK
×
∞.
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For if v is a finite place, the local component is the maximal compact
subgroup O×Kv ⊂ K×v , while for archimedean v the local component is
the whole field K×v . It seems thus natural to wonder what happens if
we replace K×∞ by its maximal compact subgroup. We will denote it
O×∞. Hence, the contribution of a real place in O×∞ is {±1}, and the
contribution of a complex place is the unit circle S1 ⊆ C. We would
like to describe

(1.3) Ĉl(K) := K×\A×K/Ô
×
KO

×
∞,

that we call Arakelov class group.1 By construction, Ĉl(K) covers
Cl(K). Actually, there is an exact sequence

(1.4) O×K −→ K×∞/O×∞ −→ Ĉl(K) −→ Cl(K) −→ 0,

where the left most morphism is induced by the diagonal and the rest
of arrows are the natural ones. It will be useful for later purposes to
observe that there is a canonical isomorphism

(1.5) K×∞/O×∞
∼−→

∏
v archimedean

R×+
log
∼−→

⊕
v archimedean

R.

One may hope that the exact sequence (1.4) will help in the study of
the class group.

The group Ĉl(K) being an extension of Cl(K), can be seen as a group
of classes of fractional ideals with some additional data: the choice of a
positive real number for every archimedean place. Now the realization
of the class group as a Picard group will be useful in the understanding
of the additional data. Let L be a line bundle on S, that we think as
a projective OK-module of rank 1. A hermitian metric on L is a data
h = (hσ)σ:K↪→C consisting of hermitian metrics on the 1-dimensional
complex vector spaces L⊗σ C, in such a way that h is invariant under
the action of complex conjugation given by

(1.6) hσ(a⊗σ 1, b⊗σ 1) = hσ(a⊗σ 1, b⊗σ 1) ∈ C.

We will usually identify a hermitian metric with the norm it defines.
Observe that in this definition we have preferred to consider all the
complex embeddings plus the invariance condition (1.6), instead of the
archimedean places and the choice of and embedding for each complex
place. This will render some constructions more canonical. We will
write L for a couple (L, h), as is customary in Arakelov geometry.
There are natural operations that can be performed with hermitian
line bundles, such as tensor product and duality. There is also a notion
of isomorphism between hermitian line bundles: an isomorphism of
OK-modules that respects hermitian norms. If we form the group of

1Neukirch calls it repleted class group.
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isomorphism classes of hermitian line bundles

P̂ic(S) = isomorphism classes of hermitian line bundles,

then tensor product and duality give it an abelian group structure. The

group P̂ic(S) is called the arithmetic Picard group, and turns out to be

isomorphic to Ĉl(K). It is worth writing the isomorphism, since there
is a detail of normalization that matters in some volume computations.
For this, let L be a hermitian line bundle and s ∈ L a non-vanishing
element. For every finite place v we fix a uniformizer πv of Kv. Then,
to s we can associate an idèle as follows. If v is finite, we put

xv = πnvv ,

where nv is the “order of vanishing” of s at v. If v is a real place
corresponding to an embedding σ : K ↪→ R, then we define

xv = hσ(s⊗σ 1, s⊗σ 1)1/2.

Finally, for a complex place v corresponding to a pair of complex em-
beddings σ, σ, we let

(1.7) xv = hσ(s⊗σ 1, s⊗σ 1).

The class of the idèle (xv)v in Ĉl(K) does not depend on the choices.
For instance, for a component xv at a complex place, the choice of the
complex embedding in (1.7) does not matter, since the indeterminacy
is an element of modulus one, and this is killed in the quotient (1.3).
This way one obtains a well defined map

P̂ic(S) −→ Ĉl(K),

and we leave to the reader to check this is an isomorphism of groups.

Another possible description of Ĉl(K) is as the codimension 1 arith-

metic Chow group, to be denoted ĈH
1
(S). As for the classical Chow

group, it is the quotient of a group of cycles by a rational equivalence.
We put:

Ẑ1(S) = Z1(S)⊕KR,

where

KR =

( ⊕
σ:K↪→C

R

)cc

.

The index cc means we take invariants under the action of complex
conjugation, which acts trivially on R and by conjugation on the in-
dexing set of embeddings. Inside this group, we form the subgroup of
classes rationally equivalent to 0

R̂1(S) = {d̂ivα := (divα, (− log |σα|2)σ) | α ∈ K×}.
We then form the quotient group:

ĈH
1
(S) = Ẑ1(S)/R̂1(S).
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Analogous to the first Chern class c1, there is an isomorphism

ĉ1 : P̂ic(S)
∼−→ ĈH

1
(S).

It is defined similarly to c1, but adding the archimedean information.
Given a hermitian line bundle L = (L, h) and a non-vanishing section
s ∈ L, we put

d̂iv(s) = (
∑
p

npp, (− log ‖s‖2
σ)),

where np is the order of vanishing of the section s at p.
The analogue of the exact sequence (1.4) is now rewritten as

O×K
ρ−→ KR −→ ĈH

1
(S) −→ CH1(S) −→ 0.

The arrow ρ is called the Dirichlet regulator, and is defined by

ρ(x) = (− log |σx|2).

To clarify its definition, it is now time to recall the isomorphism (1.5).
The arithmetic Chow groups, Picard groups or class groups contain
much more information than their classical ancestors. For instance,
while the class group of Q is trivial, its arithmetic version is isomorphic
to R. A natural isomorphism is

Ĉl(Q) = Q×\A×Q/(Ẑ
× × {±1}) log−→ R

(xv) 7−→
∑
p

ordp(xp) log p− log |x∞|.

The corresponding map in the language of arithmetic Chow groups or
Picard groups is called arithmetic degree, and is explicitly given by

d̂eg : ĈH
1
(SpecZ) −→ R

(
∑
p

np[p], λ) 7−→
∑
p

np log p+
1

2
λ.

Note the factor 1/2 that is usually mistakenly forgotten. Also, the
idèlic formulation shows there is a norm map

NK/Q : Ĉl(K) −→ Ĉl(Q).

Usually, if π : SpecOK → SpecZ is the structure map, on the level of
Chow groups the map corresponding to NK/Q is written π∗:

π∗ : ĈH
1
(S) −→ ĈH

1
(SpecZ).

This is the push-forward morphism in the theory of arithmetic Chow
groups. By composition, we obtain a morphism

d̂eg : ĈH
1
(S) −→ R,
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still called the arithmetic degree. For a hermitian line bundle L, we
just write

d̂egL = d̂eg ĉ1(L).

This arithmetic degree of a hermitian line bundle is to be seen as the
analogue of the degree of a line bundle on a projective curve. This
analogy will be enhanced when we formulate Minkowski’s theorem in
Arakelov geometric language.

1.3. Hermitian vector bundles. We saw in the previous discussion
how the notion of hermitian line bundles naturally arises after con-
sideration of the arithmetic class group. This can be generalized to
higher rank modules, known as hermitian vector bundles. Concretely,
a hermitian vector bundle over S = SpecOK is the data E = (E, h)
consisting of a projective OK-module E (equivalently, a locally free
sheaf or vector bundle over S) together with a family of hermitian met-
rics h = (hσ)σ:K↪→C on the complex vector spaces Eσ = E ⊗σ C, with
an invariant condition under complex conjugation as in (1.6). There
are a series of natural operations on hermitian vector bundles, whose
formulation we leave to formulate. We will however point out the deter-
minant operation: given a hermitian vector bundle E, we can produce
a hermitian line bundle detE by maximal exterior power. The metric
is defined by the following rule: if e1, . . . , er, e

′
1, . . . , e

′
r are elements of

Eσ (r = rkE), then we declare

hσ(e1 ∧ . . . ∧ er, e′1 ∧ . . . ∧ e′r) = det(hσ(ei, e
′
j)).

The determinant construction allows to extend arithmetic Chern classes
and arithmetic degrees of arithmetic vector bundles, by defining

ĉ1(E) = ĉ1(detE), d̂egE = d̂eg detE.

Hermitian vector bundles arise as naturally as line bundles. For
instance, if L is a hermitian line bundle over S, then we may consider
L as a vector bundle of rank [K : Q] over SpecZ, just by thinking of
L as a Z-module. If s, t ∈ L, then we put

h(s, t) :=
∑

σ:K↪→C

hσ(s, t).

This is the orthogonal sum (or L2) metric h = ⊕σhσ. In this way we
construct a hermitian vector bundle over SpecZ, the push-forward of
L. The same construction can be done for a hermitian vector bundle
E over S, and the notation we introduce for the push-forward is π∗E
(where π : S → SpecZ is the structure morphism).

At this point, a natural question arises. Let E be a hermitian vector

bundle over S. We can attach to it two numerical invariants: d̂egE

and d̂eg π∗E. What is the relation between these two numbers? There

is no reason why the operations d̂eg and π∗ (or equivalently ĉ1 and π∗)
should commute, and it is actually not the case. This commutativity
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issue is a well-known problem in algebraic geometry: Grothendieck-
Riemann-Roch. This we discuss in the sequel, and we will see how to
derive from it the finiteness of the class number!

1.4. The Riemann-Roch formula in dimension 1: geometric
and arithmetic versions. To understand the Riemann-Roch formula
for hermitian vector bundles on S, we start by recalling its geometric
variant over C.

Let X be a smooth, projective complex curve. We can identify X
to a compact Riemann surface, and this will be done without further
comment. Let L be a (holomorphic) line bundle on X. For instance,
we may look at the complex tangent bundle TX (the sheaf of holomor-
phic vector fields) or its dual Ω1

X (the sheaf of holomorphic differential
forms), also denoted ωX . The Riemann-Roch problem starts with the
question of determining the (finite) dimension of the space of global
sections of L, H0(X,L). This is in general a difficult problem, and it
turns out to be easier to understand the Euler-Poincaré characteristic:

χ(X,L) = dimH0(X,L)− dimH1(X,L).

This number is expressible in terms of topological invariants of L and
X. Precisely, if degL is the degree of L and g is the genus of X, the
Riemann-Roch theorem is the following statement:

Theorem 1.1 (Riemann-Roch). We have an equality

χ(X,L) = degL+ 1− g.

We may sketch the proof of the theorem. The idea is to use the
additivity of the Euler-Poincaré characteristic on exact sequences to
reduce to the case of the trivial line bundle. For the trivial line bundle
the result is a tautology if one is willing to define g := dimH1(X,OX):
we only need to recall that H0(X,OX) = C (global holomorphic func-
tions are constant on a compact Riemann surface). If one defines g as
a topological invariant, by

dimH1(X,C) = 2g,

or still the “number of holes” of X seen as a compact topological sur-
face, then the theorem is much less trivial, and relies on: 1) Hodge
theory: there is a decomposition

H1(X,C) = H0(X,Ω1
X)⊕H1(X,OX);

and 2) Serre duality: for every line bundle L, there is a non-degenerate
bilinear pairing

H0(X,L)×H1(X,L∨ ⊗ ωX) −→ C.
9



In particular, we see dimH0(X,Ω1
X) = dimH1(X,OX) = g.2 For a

general line bundle L, we begin by recalling that it can be interpreted
as a divisor on X. This is, L is isomorphic to a sheaf of the form
O(D), where D =

∑
niPi is a formal finite integral linear combination

of distinct points on X. The notation O(D) refers to the sheaf of
functions having zeros or poles at the points Pi of order at most ni.
Precisely, if x ∈ X, regular sections of O(D) in a neighborhood U of x
are meromorphic functions f on U with

ordx(f) ≥ −ordx(D).

Moreover, degL = degD =
∑
ni. Let us consider a divisor D with

positive coefficients (known as effective divisor). Then we have an exact
sequence

(1.8) 0 −→ O(−D) −→ OX −→ ⊕Cni
Pi
−→ 0,

where the notation Cni
Pi

stands for the sheaf concentrated at Pi of fiber
Cni . This is seen as the germs of functions at Pi modulo the germs
of functions at Pi vanishing to the order ni: such an object is deter-
mined by its derivatives (in some local coordinate) of order ≤ ni − 1.
Thus showing the exactness of the sequence. Taking Euler-Poincaré
characteristics on (1.8), we obtain

χ(X,OX) = χ(X,O(−D)) + χ(X,⊕Cni
Pi

).

Because χ(X,Cni
Pi

) = ni, we conclude

χ(X,O(−D)) = deg(−D) + χ(X,OX)

= deg(−D) + 1− g.
This shows the Riemann-Roch formula for line bundles of the form
O(−D), with D effective. Similarly, tensoring (1.8) by O(D), there is
an exact sequence

0 −→ OX −→ O(D) −→ ⊕Cni
Pi
−→ 0.

For the right most term, one needs to trivialize the sheaf O(D) in
a neighborhood of the points Pi. Again by the exactness of Euler-
Poincaré characteristic, we get

χ(X,O(D)) = deg(D) + 1− g.
Finally, for a general sheaf O(E −D) where D and E are positive and
disjoint, one tensors (1.8) by O(E), finding an exact sequence

0 −→ O(E −D) −→ O(E) −→ ⊕Cni
Pi
−→ 0.

And one concludes with

χ(X,O(E −D)) = χ(X,O(E))− degD

= deg(E −D) + 1− g,
2One could avoid mentioning Hodge theory, but the proofs of these facts are in

any case particular instances of it.
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as we wanted.
All one needs to retain from this discussion, and that will prevail

later in the arithmetic setting, is the additivity of the Euler-Poincaré
characteristic and the appearance of the genus, making use of Hodge
theory and Serre duality. While in the case of SpecOK we won’t need
anything like Hodge theory, there will still be some traces of duality
theory. We also observe that the Riemann-Roch formula applied to ωX
and Serre duality together imply that degωX = 2g− 2, or equivalently
deg TX = 2− 2g, so we can write

χ(X,L) = degL− 1

2
degωX

= degL+
1

2
deg TX .

This will actually be the form it takes in the arithmetic case.
Let us move to the arithmetic situation. So, we consider a hermit-

ian line bundle L over S = SpecOK and its push-forward to SpecZ,
π∗L. We aim at relating their arithmetic degrees. Motivated by the
Riemann-Roch formula, we may first consider the case of the trivial
line bundle. Hence we are lead to compute

d̂eg π∗OK ,
where OK is considered with its archimedean absolute values. But by
the very definition of the L2 metric on π∗OK and the discriminant ideal
of the number field K, (∆K/Q) ⊆ Z, one easily sees that

d̂eg π∗OK = −1

2
log |∆K/Q|.

We actually have a stronger statement: if we endow the ideal (∆K/Q) ⊆
Z with the absolute value, then there is an isometry

T : (detπ∗OK)⊗2 ∼−→ ∆K/Q,

defined by the assignment

(e1 ∧ . . . ∧ er)⊗2 7−→ det(trK/Q(eiej)).

For a general hermitian line bundle L, we proceed by identifying it
with a fractional ideal a endowed with a hermitian metric h. Observe
that if we change the hermitian metric h by another metric h′, then
h′σ = Cσhσ,

d̂eg π∗L
′
= −1

2

∑
σ

logCσ + d̂eg π∗L

and also

d̂egL
′
= −1

2

∑
σ

logCσ + d̂egL.

This means that we can always assume that the metric is induced from
the inclusion a ⊂ K and the archimedean absolute values on K. To
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simplify the notations, in this case we suppress any reference to the
metric. After multiplying a by an element α ∈ K×, the effect is

d̂eg π∗(αa) = −
∑
σ

log |σα|+ d̂eg π∗a

and exactly the same behavior for d̂eg(αa). Therefore, we can assume
that a ⊆ OK . Then, by comparing Z-bases of both (theory of elemen-
tary divisors), one easily finds a canonical isometry

detπ∗a
∼−→ N(a)⊗ detπ∗OK ,

where the norm ideal NK/Q(a) ⊆ Z (generated by ](OK/a)) is endowed
with the trivial metric too. This step is the analogue of the dévissage
argument in the proof of the geometric Riemann-Roch: look at the
exact sequence

0 −→ a −→ OK −→ OK/a −→ 0

and apply the multiplicativity of detπ∗. But now an easy exercise
shows

d̂eg a = − logNK/Q(a),

and consequently we conclude

d̂eg π∗a = d̂eg a− 1

2
log |∆K/Q|.

The whole discussion can be summarized in the following theorem.

Theorem 1.2 (Minkowski). Let L be a hermitian line bundle over
SpecOK. Then there is an equality of real numbers

d̂eg π∗L = d̂egL− 1

2
log |∆K/Q|.

Needless to say, Minkwoski didn’t state the theorem in this form! In
the sequel, we explain how this result implies the finiteness of the class
number.

1.5. Minkowski’s convex body theorem and finiteness of the
class number. Let’s go back for a moment to our compact Riemann
surface X and holomorphic line bundle L. The Riemann-Roch theorem
gives an estimate

dimH0(X,L) ≥ degL− 1

2
degωX .

Therefore, if degL > 1
2

degωX , then L admits non-trivial global sec-
tions. In general this is not the case, but if we take M an auxiliary line
bundle, whose degree is big enough so that

degL+ degM >
1

2
degωX ,

then L⊗M admits a non-trivial global section. Of course, this changes
our line bundle. The curious (and actually obvious) fact is that the
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analogue of this remark in the arithmetic case can be effected without
changing the isomorphism class of our line bundle. Before explaining
this, we need Minkowski’s convex lattice theorem:

Theorem 1.3. Let Γ ⊂ RN be a lattice and Ω ⊆ RN a non empty
convex open subset, which is symmetric with respect to x 7→ −x. As-
sume that vol(Ω) > 2N vol(RN/Γ), for the Lebesgue measure. Then
Ω ∩ (Γ \ {0}) 6= ∅.

In other words, if Ω is big enough, it necessarily contains a non-trivial
point of the lattice Γ.

Let now a be an ideal in OK . Then π∗a is a lattice inside (⊕σC)cc,
which comes with a natural Lebesgue measure. The arithmetic Riemann-
Roch formula computes the volume of this lattice in terms of the
norm of the ideal a and the discriminant of K over Q. Combining
with Minkowski’s convex body theorem, we see there exists a constant
C depending only on the number field K, and a non-trivial element
x ∈ a ⊆ OK such that

|NK/Q(x)| =
∏

σ:K↪→C

|σx| ≤ CNK/Q(a).

Equivalently, NK/Q(xa−1) ≤ C. Now we observe that xa−1 is an inte-
gral ideal, whose class in Cl(K) is equivalent to the class of a−1. But
there are finitely many integral ideals of norm bounded by C, as can be
seen by writing the factorization into prime ideals. Hence we conclude
that as a runs over the set of integral ideals, the class [a−1] ∈ Cl(K)
runs over a finite set. Finally, it is easy to see that every ideal class is
equivalent to such a class. It follows that Cl(K) is finite!

To make the parallelism with the above discussion of the geometric
Riemann-Roch, let us introduce the set of global “regular” sections of
a hermitian line bundle:

Ĥ0(S, L) = {s ∈ L | ‖s‖σ ≤ 1 for all σ : K ↪→ C}.
The arithmetic Riemann-Roch and Minkowski’s convex body theorem

imply that if d̂egL is big enough, then we can always find a global
“holomorphic” section of L. This can even be rendered effective, if we
take care of specifying all the constants. Here it is enough to say that
“big enough” depends only on K. As in the geometric situation, if

d̂egL is not big enough, we can always twist it by a suitable hermitian
line bundle M . By taking M of the form (OK , (C| · |σ)), where C is a
positive constant and the | · |σ are the archimedean absolute values, we
can always achieve that

d̂eg(L⊗M) = d̂egL− [K : Q] logC

is big enough. If we have some kind of uniform lower bound for L
running over some set, then we can choose the same M for them all.
Moreover, the underlying line bundle (hence its class in Cl(K)) does
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not change with this modification. Differently written, this is what we
did to derive the finiteness of the class group. Whereas for an arbitrary
line bundle L over S there is no natural choice of metric, it is the case
if our line bundle is given by an integral ideal a ⊆ OK : put the induced
absolute values. And we took advantage of this simple fact as well.

The rest of the article aims to generalize the arithmetic Riemann-
Roch theorem from the dimension 1 case to a higher dimensional pic-
ture, as well as showing some applications.

2. The Grothendieck-Riemann-Roch theorem

In this section we recall the statement of the Grothendieck-Riemann-
Roch theorem. We will limit ourselves to smooth complex algebraic
varieties, where both methods of algebraic geometry and differential
geometry apply. This is the typical situation in Arakelov geometry.
For a complete proof of the Grothendieck-Riemann-Roch theorem in
algebraic geometry (including all the necessary preliminaries), one can
consult Fulton’s [17]. Griffiths-Harris [22] is an excellent source for the
complex differential geometry tools we will use. Finally, we also refer to
Soulé’s introduction on Arakelov geometry [29] for Chern-Weil theory,
the determinant of cohomology and the theory of the Quillen metric.

2.1. The Hirzebruch-Riemann-Roch theorem. LetX be a smooth,
proper, complex algebraic variety and E a (holomorphic) vector bun-
dle on X. A natural extension of the Riemann-Roch problem is about
the computation of the Euler-Poincaré characteristic of E. Recall that
the coherent cohomology groups H i(X,E) are finite dimensional com-
plex vector spaces, by the properness assumption on X. Moreover,
they vanish for i > dimX. The Euler-Poincaré characteristic is then
defined:

χ(X,E) =
∑
i≥0

(−1)i dimH i(X,E) ∈ Z.

We would like to express this number in terms of topological invariants
of X and E. In the case of a curve, only the notion of the degree of
a line bundle and the genus of the curve were needed. In the present
situation, we need to talk about characteristic classes. Characteristic
classes are certain rules attaching to vector bundles cohomology classes.
One needs to specify a cohomology theory. In the algebraic case, the
most general possible theory is given by the Chow groups. This theory
maps to all other possible cohomologies, and it is therefore enough to
construct characteristic classes valued in Chow groups. Nevertheless,
it will be convenient to sacrifice now the level of generality in favor of
a more analytic approach, that we will need anyway. This is why our
preferred cohomology theory will be the usual de Rham cohomology
(we implicitly identify our smooth complex algebraic varieties with the
corresponding complex manifolds).

14



An additive characteristic class is a rule that attaches, to every
smooth algebraic variety X and every holomorphic vector bundle E
on X, a cohomology class

C(E) ∈ H∗dR(X,C) =
⊕
i

H i
dR(X,C),

satisfying the following axioms:

i. Functoriality. For every morphism f : Y → X of smooth com-
plex algebraic varieties, C(f ∗E) = f ∗C(E) in H∗dR(Y,C).

ii. Additivity. For every exact sequence of vector bundles on a
smooth complex algebraic variety X

0 −→ E0 −→ E1 −→ E2 −→ 0,

there is an equality of classes

C(E1) = C(E0) + C(E2)

in H∗dR(X,C).

There is a multiplicative version whose formulation we leave to the
reader.3 Although the definition of characteristic class, say additive, is
little demanding, there is already a useful general principle that shows
that a characteristic class is determined by its values on line bundles.
This is the so-called splitting principle, and is based on the following
observation. Let E be a vector bundle on a smooth complex algebraic
variety X, and consider P(E) the projective space of lines contained in
E. This is a smooth complex algebraic variety, fibered over X through
a smooth proper morphism π : P(E) → X, whose fiber at a point
x ∈ X is the usual projective space of lines in the fiber Ex. There is
a tautological line bundle on P(E), denoted O(−1), whose fiber at a
point given by x ∈ X and a line L ⊂ Ex is O(−1)(x,L) = L. And there
is a tautological exact sequence

0 −→ O(−1) −→ π∗E −→ Q −→ 0,

where Q is a vector bundle of rank rkQ = rkE − 1, and is called the
universal quotient bundle. If C is an additive characteristic class, the
functoriality and additivity ensure that

π∗C(E) = C(O(−1)) + C(Q).

The fact is that π∗C(E) completely determines C(E), since integration
along the fibers of π induces a morphism

π∗ : H∗dR(P(E),C) −→ H∗dR(X,C)

with the property

π∗π
∗θ = θ.

3For a multiplicative characteristic class C, one assumes the degree 0 part C(0)

is non vanishing.
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The advantage now is that we have reduced to compute characteris-
tic classes of rank stricty smaller than rkE, and we can iterate this
reasoning until we reach rank 1. Also, the discussion indicates the im-
portance of projective bundles (more generally grassmanians) and their
cohomology in the theory of characteristic classes.

Let us give a first example of characteristic class. It is the case of
the first Chern class of a vector bundle, from which the degree of a
vector bundle will arise. We follow a differential geometric approach.
Consider first a line bundle L on a a smooth complex variety X. As
for any vector bundle, we can put a smooth hermitian metric on L.
Therefore, for every x ∈ X, we have a hermitian metric hx on the
complex vector space Lx, depending smoothly on x: given an analytic
open subset U ⊂ X and a holomorphic trivialization e of L|U , the
function U 3 x 7→ hx(ex, ex) is smooth on U . With the same notations,
we can define the differential form on U

ωe :=
∂∂

2πi
log h(e, e) ∈ A1,1(U).

One usually writes ddc = −∂∂/2πi. A simple but crucial observation
is that if f is a nowhere vanishing holomorphic function on U , then
∂∂ log |f |2 = 0, since log |f |2 is a pluriharmonic function on U . There-
fore, ωfe = ωe and we thus obtain a differential form independent of
the holomorphic trivialization. This in particular means that given two
trivializations e and e′ on intersecting open sets U and U ′, we can glue
ωe and ωe′ in a well-defined differential form on U ∪ U ′. This leads
to a global differential form of type (1, 1), called the first Chern form
of (L, h), that we write c1(L, h). The very construction shows it is a
closed differential form, and hence we can take its cohomology class
[c1(L, h)] ∈ H2

dR(X,C). The resulting class does not depend on the
chosen metric, since any other smooth metric h′ is of the form e−fh,
and this will change the first Chern form in an exact form ddcf . The
well-defined class we obtain this way is denoted c1(L) ∈ H2

dR(X,C)
and is called the first Chern class. For a vector bundle E of any rank,
one defines c1(E) := c1(detE). One can verify that the assignment
E 7→ c1(E) is a characteristic class. In terms of the first Chern class,
one can define the degree of a vector bundle: if X is connected and
proper of dimension d, we put

degE =

∫
X

c1(E)d.4

It is a good exercise to check that in dimension 1, this coincides with
the degree of a line bundle attached to a divisor D =

∑
niPi, by intro-

ducing metrics and using Stokes’ theorem to localize the computation
of the integral in a neighborhood of the support of D. Hence, in this

4This is actually not standard as a notation.
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situation, we see the Riemann-Roch formula can be written in terms
of characteristic classes:

χ(X,L) =

∫
X

(c1(L) +
1

2
c1(TX)).

Let’s go back to the projective bundle P(E) over X. One can prove
that the cohomology H∗dR(P(E),C) is a graded algebra over the graded
ring H∗dR(X,C), generated by c1(O(−1)). Equivalently, by c1(O(1)),
where we put as usual O(1) = O(−1)∨. When X is reduced to a point,
this class is Poincaré dual to any hyperplane in P(E). In the case of a
general base, if E is of rank r, the classes 1, c1(O(1)), . . . , c1(O(1))r−1

are independent over H∗dR(X,C), and there is a relation of the form

c1(O(1))r + c1(E)c1(O(1))r−1 + c2(E)c1(O(1))r−2 + . . .+ cr(E) = 0,

where by definition ci(E) ∈ H2i
dR(X,C) are the Chern classes of E (this

is coherent with the previous definition of c1(E)). If we put

c(E) =
∑
i

ci(E),

then the assignment E 7→ c(E) is an example of multiplicative charac-
teristic class.

For the formulation of the Hirzebruch-Riemann-Roch theorem, we
are mostly interested in the Chern and Todd characters. These are
an additive and multiplicative characteristic classes, respectively. The
Chern character is denoted ch, and according to the previous discussion
on the splitting principle, it is determined by its value on line bundles.
Given a smooth complex algebraic variety X and a line bundle L on
X,

ch(L) = exp(c1(L)) ∈ H∗dR(X,C).

The Todd character is determined by the series Q(x) = x/(1− e−x), so
that

td(L) = Q(c1(L)) ∈ H∗dR(X,C).

As for the first Chern class, both characteristic classes can be lifted to
the level of differential forms, after an auxiliary choice of a hermitian
metric. This is known as Chern-Weil theory. Let us explain the case
of the Chern character. We put a smooth hermitian metric h on a
holomorphic vector bundle E on X, and we denote by ∇ the Chern
connection on E attached to h. This is the unique smooth connection
on E

∇ : C∞(E) −→ A1(E)

satisfying a natural compatibility property with the metric h

dh(s, t) = h(∇s, t) + h(s,∇t),
and such that its projection on A0,1(E) coincides with the Cauchy-
Riemann operator ∂ of E. A connection can be iterated, by impos-
ing the Leibniz rule. Thus it makes sense to talk about ∇2, and one
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shows that ∇2 ∈ A1,1(End(E)), where End(E) is the bundle of endo-
morphisms of E. One can extend several operations and invariants of
matrices to ∇2. We define the Chern form attached to (E, h) to be

ch(E, h) = tr exp(− 1

2πi
∇2).

The Chern form is a closed differential form spread in all degrees. Less
obvious than in the case of line bundles, but still true, is that its de
Rham cohomology class is independent of the choice of metric, and
coincides with the Chern character.

We are now in position to state the Hirzebruch-Riemann-Roch the-
orem.

Theorem 2.1 (Hirzebruch-Riemann-Roch). Let X be a smooth and
proper complex algebraic variety. Let E be a holomorphic vector bundle
on X. Then we have an equality

χ(X,E) =

∫
X

ch(E) td(TX).

An easy computation shows that this theorem agrees with the Riemann-
Roch formula we stated in dimension 1. The statement is actually valid
for any compact complex variety.

2.2. The Grothendieck-Riemann-Roch theorem. The Riemann-
Roch formula in Arakelov geometry can’t be understood without un-
derstanding the relative version of the Hirzebruch-Riemann-Roch the-
orem.

Let f : X → Y be a smooth projective morphism of smooth algebraic
varieties over C, of relative dimension e. We would like to consider a
family version of the Hirzebruch-Riemann-Roch theorem. For this, let
us momentarily assume that E is a holomorphic vector bundle on X,
such that the higher direct image coherent sheaves Rif∗E are locally
free. Then the theory of characteristic classes applies to these sheaves,
and we define

ch(R•f∗E) =
∑
i

(−1)i ch(Rif∗E) ∈ H∗dR(Y,C).

This is a family version of the Euler-Poincaré characteristic. The lo-
cally freeness assumption is in general too optimistic. However, since
Y is smooth and noetherian (by the very definition of algebraic vari-
ety), it is always possible to uniquely extend a theory of additive (or
multiplicative) characteristic classes C to coherent sheaves. For if F is
a coherent sheaf on Y and E• → F is a finite locally free resolution (it
exists by the smoothness and noetherian hypothesis), then we put

C(F) =
∑
i

(−1)iC(E i).
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A standard exercise in homological algebra shows this extension is well-
defined, i.e. independent of the chosen resolution. This allows to define
ch(R•f∗E) without any further assumption on E.

Because f is a smooth and proper morphism, we can push-forward
differential forms (fiber integral). This induces a morphism of complex
vector spaces

f∗ : H∗dR(X,C) −→ H∗−edR (Y,C).

The push-forward morphism extends the integral in the Hirzebruch-
Riemann-Roch theorem.

Theorem 2.2 (Grothendieck-Riemann-Roch). Let f : X → Y be a
smooth and proper morphism of noetherian and smooth algebraic va-
rieties over C. Let E be a vector bundle on X and write Tf for the
relative tangent bundle of f . Then, there is an equality

ch(R•f∗E) = f∗(ch(E) td(Tf )) ∈ H∗dR(Y,C).

Let us try to understand the statement from the differential geomet-
ric point of view. Let us suppose again that the higher direct images
are locally free, so that their Chern classes can be lifted to the level
of differential forms by introducing hermitian metrics. Once one has
chosen metrics on E and Tf (say hE and hf ), there is (almost) a sys-
tematic way of producing metrics on the Rif∗E. For this, one needs
to assume that we can choose the metric hf on Tf as being induced
by a closed global (1, 1) form on X. Then, for every y ∈ Y , Hodge
theory produces a L2 metric on the fiber (Rif∗E)y = H i(Xy, E), and
the assumptions ensure that these glue into a smooth metric on Rif∗E.
We will review the construction of the Hodge theoretic L2 metric later.
Chern-Weil theory and the Grothendieck-Riemann-Roch theorem say
that the differential form

(2.1)

(∑
i

(−1)i ch(Rif∗E, hL2)

)
− f∗(ch(E, hE) td(Tf , hf )) ∈ A∗(Y )

is exact. One may wonder if this differential form actually vanishes.
The answer, that we won’t justify here, is no. One can at most expect
that it is possible to construct a primitive of this differential form in
a systematic and canonical way (depending of course on hE and hf ).
Actually, the ddc lemma of Hodge theory suggests we can even find a
ddc primitive. This is luckily the case. After the work of Bismut-Gillet-
Soulé [6, 7, 8] and Bismut-Köhler [9], there is a smooth differential form
T (hE, hf ) on Y , well defined up to the addition of forms of type ∂u+∂v,
such that
(2.2)

ddcT (hE, hf ) =

(∑
i

(−1)i ch(Rif∗E, hL2)

)
− f∗(ch(E, hE) td(Tf , hf )),
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and satisfying a list of axioms, the most important ones being: 1)
functoriality under pull-back; 2) variation of T (hE, hf ) under change
of the metrics hE or hf ; 3) behavior with respect to composition of
morphisms. The axioms characterize these differential forms [14], and
therefore there is a unique reasonable way of solving equation (2.2)
(one also says “transgressing” (2.1)). The name these differential forms
receive is holomorphic analytic torsion forms. In our discussion, we will
be only concerned with the degree 0 part of T (hE, hf ), that gives rise
to the so called Quillen metric.

2.3. The curvature formula. We would like now to focus on the de-
gree (1, 1) part of the Grothendieck-Riemann-Roch theorem and, more
precisely, its differential geometric incarnation: the curvature formula.

The first step is to discuss the Hodge theoretic L2 metric and the
Quillen metric. Let (X, hX) be a compact Kähler manifold, for instance
a smooth projective complex variety (therefore a closed sub-variety of
some projective space PNC ). Let E be a holomorphic vector bundle on
X, endowed with a smooth hermitian metric hE. Recall that the coho-
mology group H0(X,E) may be identified, canonically, with the space
of global holomorphic sections of E, namely smooth global sections in
the kernel of ∂E. Hodge theory provides a similar description for the
higher cohomology groups H i(X,E). For this, we need to introduce
the Dolbeault complex of E:

A0,0(E)
∂→ A0,1(E)

∂→ . . .
∂→ A0,n(E)→ 0,

where n is the dimension of X. Then, the cohomology of E can be
computed as the cohomology of this complex. Now, the metric hE
on E and the Kähler metric hX on TX induce L2 type metrics on
the spaces A0,i(E), as in any course of functional analysis. Given two
sections s, t ∈ A0,i(E), we can compute their pointwise product with

respect to the metric on E and the metric on Ωi
X (anti-holomorphic

differential forms of degree i), say 〈s, t〉x ∈ C for every x ∈ X. If we
normalize the Kähler form locally by

ω =
i

2π

∑
k,l

hX

(
∂

∂zk
,
∂

∂zl

)
dzk ∧ dzl,

then the L2 pairing of two sections s, t is given by

〈s, t〉L2 =

∫
X

〈s, t〉x
ωn(x)

n!
.

The operators ∂ admit formal adjoints ∂
∗
, determined in each degree

by:

〈s, ∂t〉 = 〈∂∗s, t〉, for all s ∈ A0,i(E) and t ∈ A0,i−1(E).
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There is a simple relation between both, involving the so-called Hodge
∗-operator, but we won’t recall it here. In each degree one can define

∆
(0,i)

∂,E
= ∂∂

∗
+ ∂

∗
∂ acting on A0,i(E).

This operator is called the ∂ laplacian in degree i. This is a positive
self-adjoint unbounded operator on A0,i(E), with discrete spectrum
(possibly accumulating at infinity). Hodge theory gives a canonical
isomorphism

H i(X,E) ' ker ∆
(0,i)

∂,E
⊂ A0,i(E).

This is summarized by saying that we can identify cohomology with
harmonic forms. Via this isomorphism, the space H i(X,E) can be
equipped with a L2 metric, by restriction from the L2 metric on A0,i(E).
By the determinant operation, we obtain a metric on detH i(X,E), that
we still call L2 metric. And on the alternating product

λ(E) =
⊗
i

(detH i(X,E))(−1)i

we put the alternating product of L2 metrics, and we call it the L2

metric on the determinant of the cohomology of E. As we discussed
before, this is not the right metric to consider if one is looking for
a differential geometric version of Grothendieck-Riemann-Roch, and it
has to be corrected by a factor which involves the holomorphic analytic
torsion. While in the definition of the L2 metric on the cohomology
we used the kernel of the laplacian, the correction involves the rest of
the eigenfunctions and spectrum. Let us write the spectrum of the

laplacian ∆
(0,i)

∂,E
by {λn}n (repeated according to multiplicities). Then

we define the corresponding spectral zeta function

ζ
(0,i)

∂,E
(s) =

∑
λn>0

1

λsn
.

It can be proven that this zeta function converges for s ∈ C with real
part Re(s) � 0. Similar to the Riemann zeta function, the theory
of heat operators and their attached theta functions allow to prove

a meromorphic continuation of ζ
(0,i)

∂,E
(s) to the whole complex plane,

and holomorphic in a neighborhood of s = 0. Therefore, one can

give a meaning to the derivative at 0, ζ
(0,i)′
∂,E

(0). We then define the

holomorphic analytic torsion to be

T (hE, hX) =
∑
q≥0

(−1)q+1qζ
(0,q)′
∂,E

(0) ∈ R.

The Quillen metric on the determinant of the cohomology of E is
defined as

hQ = hL2 exp(T (hE, hX)).
21



An important feature is that the Quillen metric varies smoothly in
family. Let f : X → Y be a smooth proper morphism of smooth
complex algebraic varieties. We assume that there exists a global (1, 1)
form on X inducing a Kähler metric on the fibers of f . We write hf
for the induced metric on the relative tangent bundle Tf . We also
consider a hermitian vector bundle (E, hE). The construction of the
determinant of the cohomology can be effected in family. Even if the
higher direct images of E are not locally free, one can still define a line
bundle

λf (E) =
⊗
i

(detRif∗E)(−1)i .

This can be done in two ways: 1) algebraically, by using locally free
resolutions of the coherent sheaves Rif∗E and imposing that det is
graded multiplicative on exact sequences; 2) analytically, making use of

eigenspaces of the laplacians ∆
(0,i)

∂,Ey
, where we wrote Ey = E|Xy , y ∈ Y .

The analytic method is quite technical and we won’t explain it. The
crucial fact is that both constructions are compatible, and together they
produce: 1) a holomorphic line bundle λf (E) on Y with the natural
property λ(Ey) = λf (E)y; 2) a smooth family Quillen metric on λf (E),
restricting to the Quillen metric point by point. We still use the same
notation hQ for the Quillen metric. One can show that the following
curvature formula holds.

Theorem 2.3 (Bismut-Freed [4, 5] and Bismut-Gillet-Soulé [6, 7, 8]).
There is an equality of differential forms

c1(λf (E), hQ) = f∗(ch(E, hE) td(Tf , hf ))
(1,1).

The curvature theorem refines the Grothendieck-Riemann-Roch the-
orem in de Rham degree 2, at the level of differential forms. Observe
that if the base variety Y is proper, then the stated equality of dif-
ferential forms determines the Quillen metric up to a constant. If
one is only interested in this differential geometric formulation of the
Grothendieck-Riemann-Roch theorem, the normalization of the Quillen
metric does not matter. However, in Arakelov geometry the normaliza-
tion will be relevant, and hence the curvature theorem is not sufficient
to establish the analogue of the Grothendieck-Riemann-Roch theorem
in this theory.

3. Arithmetic Chow groups and characteristic classes

In the previous sections there is a common feature that may have
already attracted the reader’s attention: the appearance of hermitian
line bundles. In the first section, hermitian line bundles arise in exten-
sions of class groups, which can be given an algebraic geometric flavor
as Picard groups or Chow groups. In the second section, hermitian
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line bundles were necessary in Chern-Weil theory, to refine character-
istic classes valued in the de Rham cohomology, at the level of differ-
ential forms. In both settings we saw Riemann-Roch type theorems,
the most relevant for our purposes being Minkowski’s theorem (The-
orem 1.3) and the curvature theorem (Theorem 2.3). The arithmetic
Riemann-Roch theorem will combine both statements in a single one,
refining the algebraic and differential geometric statements at the same
time. The proof, that we won’t explain due to its complexity, combines
tools of algebraic geometry in the spirit of Fulton’s intersection theory
[17], and differential geometry in the spirit of the analysis of laplacians
involved in Hodge theory [22, 31]. The reader can consult Soulé’s book
[29] for details. The foundational article of Gillet-Soulé [18] is highly
recommended for arithmetic intersection theory.

In a first step we will explain the geometric framework. We seek for
higher dimensional versions of SpecOK , where K is a number field. We
will deal with regular, flat and quasi-projective schemes X → SpecZ.
Some of these assumptions can often be relaxed, but they will simplify
the presentation. We call these arithmetic varieties. Arithmetic vari-
eties in this sense have nice features. For instance, there is a theory
of Chow groups, with a product structure. Also, the complex valued
points X (C) form a complex Kähler manifold, on which the previous
differential geometric discussion may be applied. On arithmetic vari-
eties we can extend all the notions we already saw of hermitian vector
bundles, the objects of interest in this section. A hermitian vector
bundle on X will consist in giving a vector bundle (i. e. locally free
sheaf) on X , say E , together with the data of a smooth hermitian met-
ric h on the induced holomorphic vector bundle on X (C), denoted by
EC. There is an additional requirement, that already appeared in the
case of SpecOK : the invariance of the metric h with respect to the
anti-holomorphic involution F∞ : X (C) → X (C) induced by complex
conjugation. It acts both on connected components and points. For
instance, if we are given a locally closed embedding X ↪→ PNZ , the
involution is the restriction of conjugation of the coordinates on the
complex projective space. Such a hermitian vector bundle is often de-
noted by E . This is the typical example of extension of an algebraic
geometric object to the context of Arakelov geometry: the object itself
plus some differential geometric data on the “complexification”.

A particularly important attention is paid to hermitian line bundles
(rank 1), for which we can define an isometry group. It is called arith-
metic Picard group and, following the notational conventions initiated

in the first section, denoted P̂ic(X ). Hence, with respect to the clas-
sical Picard group of isomorphism classes of line bundles Pic(X ), we
add a “hat” to stress the additional analytic data. There is a higher
rank version of these groups, the arithmetic K0-groups, that we won’t
review here.
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In a second step, in view of a Grothendieck-Riemann-Roch type the-
orem, we need a cohomology theory where characteristic classes of her-
mitian vector bundles will be valued. On the one hand, this cohomology
theory has to map to closed differential forms on X (C). On the other
hand, in the case of SpecOK , it has to map to the class group, or
equivalently the Picard or Chow groups. Therefore, we can’t delay any
further the introduction of the Chow groups of X , which one denotes
CHi(X ), that we will later enrich with a hat.

3.1. Chow groups. Let X be an arithmetic variety. The Chow groups
of X are a kind of cohomology theory build up of algebraic cycles on
X , where those cycles arising from divisors of rational functions are
declared trivial. This is exactly how we defined CH1(SpecOK). Let i be
an integer. We define Zi(X ) to be the group of codimension i cycles on
X , this is the free abelian group on codimension i integral subschemes
of X . Given a codimension i − 1 integral subscheme W of X , and a
rational function f ∈ Q(W)×, one can define its divisor div f ∈ Zi(X ).
Precisely, if Z ⊂ W is an integral subscheme of codimension i in X , we
can look at the local ring A = OW,Z . The rational function f belongs
to the fraction field of A, and can thus be written in the form f = a/b,
for some non-zero elements a, b ∈ A. The quotient rings A/aA and
A/bA are finite length A-modules, and we define

ordZ(f) = lengthA(A/aA)− lengthA(A/bA).

This definition of order does not depend on the choice of presentation
we gave of f , and will vanish for all but finitely many Z ⊂ W . This
makes the following a well defined codimension i cycle contained inW :

div f =
∑
Z⊂W

(ordZ f)Z,

where the sum runs over cycles of codimension i− 1 in X . We denote
Ri(X ) ⊂ Zi(X ) for the subgroup spanned by divisors, and call these
rational cycles. Then, the codimension i Chow group of X is defined
to be the quotient

CHi(X ) = Ri(X )/Zi(X ).

By construction the Chow groups are abelian groups, and for X =
SpecOK we check that the codimension 1 Chow group agrees with the
one defined in the first section. Using that X is regular, one can prove
that there is an isomorphism

c1 : Pic(X ) −→ CH1(X ).

Its definition goes exactly as for SpecOK . If L is a line bundle on
X and s a non-zero rational section, one can define the divisor of the
section div s ∈ Z1(X ). Its class in CH1(X ) depends only on L, and is
by definition c1(L).
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The Chow groups of an arithmetic variety have the nice feature of
affording a bilinear graded product:

CHi(X )× CHj(X ) −→ CHi+j(X )Q.

We bring the reader’s attention to the fact that one needs to introduce
denominators, hence killing the torsion. The product corresponds to
the intuitive “intersection of cycles (with multiplicities)”. If Z and W
are codimension i and j integral subschemes of X , intersecting prop-
erly (meaning the intersection is of codimension i + j), then one can
define the multiplicity of the intersection along a (reduced) irreducible
component C ⊂ Z ∩ W of codimension i + j, by the so-called Tor
formula:

multC(Z,W) =
∑
k

(−1)k lengthOX ,C(TorkOX ,C(OZ,C,OW,C)).

For components of higher codimension, the intersection multiplicity is
set to be 0. The intersection cycle of Z and W is defined to be

Z ·W =
∑
C⊂Z∩W

multC(Z,W)C,

where C runs over the (reduced) irreducible components of the inter-
section. The product of Chow groups coincides with this product for
classes of irreducible cycles of proper intersection. In general, one needs
a moving lemma, to reduce to cycles intersecting properly. At this del-
icate point, one needs to introduce denominators. The product struc-
ture of Chow groups makes of CH∗(X )Q = ⊕i CHi(X )Q a commutative
and associative graded ring.

Chow groups have some functoriality behavior with respect to mor-
phisms between arithmetic varieties. For us the important functoriality
will be the push-forward under proper morphisms (as in the state-
ment of the Grothendieck-Riemann-Roch formula). Let f : X → Y
be a proper morphism of equidimensional arithmetic varieties. Given
a codimension i integral subscheme Z ⊆ X , we look at its image
f(Z). It is a closed subset of Y by properness of f , and we endow
it with the reduced scheme structure. If dim f(Z) < dimZ, then we
set f∗(Z) = 0 (a trivial cycle). If on the contrary the dimension is pre-
served, dim f(Z) = dimZ, then the field extension Q(f(Z)) ⊂ Q(Z)
has finite degree and we set

f∗(Z) = [Q(Z) : Q(f(Z))]f(Z).

Therefore, in this case, the direct image cycle takes into account the
generic degree of f restricted to Z. One can check that this assignment
preserves the rational equivalence relation. For this, we just recall that
if h is a rational function on a closed integral subscheme W such that
dim f(W) = dimW , then the push-forward f∗h is defined as the norm
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NQ(W)/Q(f(W))(h). Hence f∗ factors through the Chow group of X . We
thus obtain a morphism

f∗ : CHi(X ) −→ CHi−d(Y),

where d = dimX − dimY . About pull-back, let us at least say that it
requires a moving lemma and hence the introduction of denominators.
By contrast, one does not require any particular assumption on the
morphism f .

As for de Rham cohomology, we can talk of characteristic classes with
values in Chow groups. The first Chern class of a vector bundle E is
defined to be the first Chern class of its determinant: c1(E) = c1(det E).
The splitting principle also applies in this context, and hence most of
the characteristic classes (additive or multiplicative) are determined by
their values on line bundles. In particular, this is the case of the Chern
and Todd characters, still given in terms of the exponential series and
the series Q(x) = x/(1 − e−x). Under our running definition of arith-
metic varieties, coherent sheaves admit finite locally free resolutions.
This allows to extend additive and multiplicative classes to coherent
sheaves too.

With this background, it is now reasonable to expect a Grothendieck-
Riemann-Roch type theorem valued in Chow groups, and it is indeed
the case. However, in the arithmetic setting it is not realistic to work
with smooth morphisms. This complicates a little bit the formulation
of the theorem, since one needs a convenient assumption to ensure the
existence of some replacement for the relative tangent bundle (l.c.i.
morphisms and tangent complexes). We are not going to pursue in
this direction now, and postpone the discussion until we present the
arithmetic Riemann-Roch theorem.

3.2. Arithmetic Chow groups. Recall that our main objects of study
are hermitian vector bundles on an arithmetic variety, for which we
want to define characteristic classes. As for the class groups, we will
search for extensions of the Chow groups.

To motivate the definition of arithmetic Chow groups, we go back
for a moment to the complex geometric setting, and examine how we
defined the first Chern class of a line bundle. Let X be a complex
manifold and L a holomorphic line bundle. Let us choose an auxiliary
metric h on L, so that we can define the first Chern form c1(L, h) ∈
A1,1(X). This is a closed differential form and we can take its class
in the de Rham cohomology group H2

dR(X,C). There is another way
of constructing the first Chern class of L, in the same style as for
Chow groups: take a non-zero meromorphic section s of L, and define
its divisor div s. This divisor has a cohomology class in H2

dR(X,C),
which coincides with the first Chern class. This statement is a priori
not clear, and we shall explain the reason behind it. To construct
classes of cycles, de Rham cohomology is not the right realization of the
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cohomology of the constant sheaf C. Instead, it is more convenient to
introduce current cohomology. Currents are defined as the topological
dual of differential forms with compact support and of complimentary
degree, where the spaces of differential forms are endowed with the
Schwarz topology. We write Dp(X) for the currents of type p, hence the
topological dual of A2d−p

c (X) (the index c stands for compact support
and d = dimX). We define similarly Dp,q(X). There is a differential
d : Dp(X)→ Dp+1(X), which up to a sign is transpose to the exterior
differential: for T ∈ Dp(X) and θ ∈ A2d−p−1

c (X)

(dT )(θ) = (−1)p+1T (dθ),

whose sign motivation is provided by Stokes theorem. Similarly, one
can define differentials ∂ and ∂, and define ddc as well. There are
several functoriality properties of currents with respect to morphisms
between complex manifolds, not necessarily holomorphic (for instance
differentiable). While push-forwards under proper differentiable maps
are always defined, by the defining relation

(f∗T )(θ) = T (f ∗θ),

pull-backs are more delicate. Here we limit ourselves to pull-backs
under differentiable submersions, when integration along fibers of com-
pactly supported differential forms is possible:

(f ∗T )(θ) = T (f∗θ),

where f is a submersion and f∗θ is the integration of θ along the fibers of
f . It is possible to show that whenever defined, push-forward and pull-
back of currents are morphisms of complexes under d. If the morphisms
are moreover holomorphic, the same is true for ∂ and ∂.

Examples of currents are given by integration against differential
forms, defining an inclusion of complexes A∗(X) ↪→ D∗(X). Or more
generally, integration against differential forms with locally L1 coef-
ficients. But also integration along subvarieties, giving rise to Dirac
currents. More generally, given a proper morphism of complex mani-
folds f : Y → X (for instance a closed immersion), one can pull-back
compactly supported differential forms on X of degree 2 dimY , and
then integrate over Y . This gives a closed current (by Stokes theorem)
of degree d = 2 dimX − 2 dimY , denoted δf . If f maps Y birationally
to a reduced closed analytic subspace Z of X, then the current δf only
depends on Z, and is denoted δZ . Such currents can always be defined,
by means of resolutions of singularities. Loosely speaking, δZ is the in-
tegration current along the non singular locus of Z. The Dirac currents
along reduced analytic subsets can be extended to cycles, by linearity.

The complex of currents is a resolution of the constant sheaf C.
Consequently, its cohomology H∗cur(X,C) is canonically isomorphic to
de Rham cohomology. Actually, the isomorphism is induced by the
inclusion of complexes A∗(X) ↪→ D∗(X). Now, the first Chern class
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is easily defined in current cohomology. For a meromoprhic section
s of L, consider the Dirac current along the divisor div s. Then the
cohomology class of δdiv s realizes the first Chern class. Equivalently,
δdiv s is cohomologous to the current of integration against c1(L, h).
This is a consequence of Stokes theorem, and is known as the Poincaré-
Lelong formula. Indeed, if we consider the function − log ‖s‖2, which
is locally integrable on X and hence induces a current g, then there is
an equality of currents of type (1,1)

ddcg + δdiv s = c1(L, h).

Hence, the couple given by (div s, g) determines c1(L, h), and may be
seen as a refinement of the first Chern differential form. This will be
the point of view we adopt in refining Chow groups: consider cycles
together with a current, satisfying a Poincaré-Lelong type equation.

Let us make precise the definition of arithmetic Chow groups. Let
X be an arithmetic variety. An arithmetic cycle of codimension i on
X consists in a couple (Z, g), where Z is a classical cycle in Zi(X ),
g ∈ D(i−1,i−1)(X (C)), with the invariance condition F ∗∞(g) = (−1)i−1g
and such that ddcg+ δZ(C) is a current of integration against a smooth
differential form, denoted ω. Then, ω is necessarily closed and its de
Rham cohomology class is the class of the cycle Z(C). We denote

by Ẑi(X ) the group consisting of these elements (with the obvious
abelian group structure). The subgroup of rational divisors is con-
structed as follows. Let W be an integral subscheme of codimension
i − 1. Let f ∈ Q(W)× be a rational section. Then, we denote by
− log |f |2δW(C) the current of integration against − log |f |2 on W(C).
To make this rigorous, it would be necessary to resolve the singulari-
ties of W(C), but we omit the details. One can show that the couple

d̂ivf = (div f,− log |f |2δW(C)) is an arithmetic cycle with trivial asso-
ciated differential form. Such objects, together with arithmetic cycles
of the form (0, ∂u + ∂v) (u and v being currents of the appropriate

degree), generate a subgroup of Ẑi(X ), written R̂i(X ). We define the
codimension i arithmetic Chow group of X to be

ĈH
i
(X ) = Ẑi(X )/R̂i(X ).

A terminology remark: a current g as above is called Green current for
the cycle Z.

Arithmetic Chow groups have nice properties as for classical Chow
groups. For us, the most important ones are the product structure and
the push-forward maps. We will limit ourselves to review these two
points.

The product structure on arithmetic Chow groups is again a delicate
operation. It is a bilinear pairing

ĈH
i
(X )× ĈH

j
(X ) −→ ĈH

i+j
(X )Q,
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that makes of ĈH
∗
(X )Q = ⊕i ĈH

i
(X )Q a commutative and associative

graded ring. Given arithmetic cycles (Z1, g1) and (Z2, g2) with Z1 and
Z2 integral and intersecting properly, we put

(Z1, g1) · (Z2, g2) = (Z1 · Z2, g1 ∗ g2),

where the ∗-product of Green currents is given by the formula

g1 ∗ g2 = g1 ∧ ω2 + g2 ∧ δZ1(C).

Observe this expression involves wedge products of currents. Admit-
ting, for a while, that such an operation is possible and satisfies the
obvious compatibilities with respect to ∂ and ∂, one sees beforehand
that this is the right definition of product, in order to produce a Green
current for Z1 · Z2. The wedge product of a current and a smooth dif-
ferential form poses no problem. For instance, in our case it is defined
by

(g1 ∧ ω2)(θ) = g1(ω2 ∧ θ),
where θ, and hence ω2 ∧ θ is smooth and compactly supported. But
products of arbitrary currents, such as g2 and δZ1(C), are in general not
defined. This is however possible when one has a suitable control on
the points and directions along which the currents are singular (i.e. do
not behave as a smooth differential form). This is the concept of wave
front set, that would require the introduction of the Fourier transform
of a current, and goes beyond the scope of this survey (and still, it
would not be enough here). For our purposes, it will be enough to
know that after modifying g2 by a current of the form ∂u + ∂v, one
can suppose it is given by a locally integrable differential form, smooth
outside Z2(C), and with a singularity of logarithmic type along Z2(C).
Under these assumptions, the product g2 ∧ δZ1(C) makes sense, since
the cycles intersect properly:

(g2 ∧ δZ1(C))(θ) =

∫
Z1(C)

g2 ∧ θ.

Again, to be rigorous, one should introduce a suitable resolution of
singularities of Z1(C). The integral is to be understood as the integral
of a smooth differential form on Z1(C) \ Z1(C) ∩ Z2(C), with a weak
singularity (at most logarithmic) close to Z1(C) ∩ Z2(C) (and hence
integrable). In the non proper intersection situation, a moving lemma
is needed, and this introduces denominators.

Arithmetic Chow groups also have some functoriality behavior with
respect to morphisms between arithmetic varieties. We will only deal
with push-forwards maps. So, let f : X → Y be a proper morphism
of equidimensional arithmetic varieties. We saw how to define a push-
forward map at the level of cycles in Zi(X ). Hence, for arithmetic
Chow groups we only need to extend the definition by dealing with
push-forwards of Green currents. As we saw in the digression about
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currents, push-forward of currents by proper holomorphic maps is al-
ways possible, and commutes with ∂ and ∂. Therefore, if g is a Green
current for a cycle Z, then f∗g is defined and satisfies an equation of
currents of the type

ddcf∗g + f∗δZ(C) = f∗ω,

where ω is the smooth differential form attached to (Z, g). Push-
forwards of differential forms under proper submersions fall again in
the space of smooth differential forms. Hence, in the equation, f∗ω is
already of the desired shape. It is more tedious to show, but still true,
is the fact

f∗δZ(C) = δf∗Z(C).

If Z is integral and f decreases its dimension, then the identity is
obvious for dimension reasons. If f preserves dimensions, then after
possibly desingularising and throwing away some strict analytic closed
subsets of f(Z(C)), one can suppose f is a topological covering of
degree [Q(Z) : Q(f(Z))], and then the result is clear. We won’t give
any further details. This explains that f∗g is a Green current for f∗Z,
and we have thus defined a morphism of abelian groups

f∗ : Ẑi(X ) −→ Ẑi−d(Y),

with d = dimX −dimY . It is not difficult, but not immediate, to show
that f preserves rational equivalence in the arithmetic sense. All in all,
f∗ induces a morphism of groups

f∗ : ĈH
i
(X ) −→ ĈH

i−d
(Y).

After this explanation, the reader will easily detect the difficulties in
the definition of pull-backs. Apart from the algebraic geometric issues
(moving lemma to put the cycle in general position, and the introduc-
tion of denominators), one needs to pull-back Green currents and Dirac
currents. As we saw this is a delicate issue in general, much simplified
under a submersion hypothesis. This is why in the arithmetic case,
pull-back requires the extra assumption that the morphism f induces
a submersion (smooth morphism) on complex points. More general
morphisms require more general arithmetic Chow groups, where Green
currents with controlled wave front sent are needed.

4. The arithmetic Riemann-Roch theorem

4.1. Characteristic classes in arithmetic Chow groups. We briefly
review the theory of (additive or multiplicative) characteristic classes
for hermitian vector bundles, valued in arithmetic Chow groups [19, 20,
29]. Strictly speaking, these classes won’t be characteristic classes, in
the sense they can’t have a naive compatibility with exact sequences.
As we did in the classical cohomological theories, we start by defin-
ing first Chern type classes for hermitian line bundle L = (L, h) on
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an arithmetic variety X . The construction is almost determined by
the compatibilities we expect with classical Chow groups and de Rham
cohomology. Let us begin with the commutative diagram

ĈH
i
(X )

ω //

ζ

��

Ai,i(X (C))d=0

��
CHi(X )

cl ''

H2i
dR(X (C),C)

∼vv
H2i

cur(X (C),C).

In the diagram, the morphism ω attaches to an arithmetic cycle (Z, g)
the smooth and closed differential form ddcg + δZ(C). The morphism
ζ is just forgetting the Green current. And finally, cl is the morphism
sending a cycle Z to the integration current δZ(C). For a “conjectural”

first arithmetic Chern class ĉ1(L), it is natural to expect

ω(ĉ1(L)) = c1(L) and ζ(ĉ1(L)) = c1(L).

Let us write the expected class ĉ1(L) = [(Z, g)]. We know that we
can write c1(L) = [div s] for s a non-zero rational section of L. Hence,
after possibly modifying (Z, g) by a rational cycle, we can suppose that
Z = div s. We also recall the Poincaré-Lelong equation

ddc(− log ‖s‖2) + δ(div s)(C) = c1(L).

But g has to satisfy the same equation, so that this implies

g = − log ‖s‖2 + h,

where h is a smooth pluriharmonic function on X (C), i.e. ddch = 0.
Observe that smoothness of h on the whole variety is a consequence of
the ellipticity of ddc: a degree 0 current T such that ddcT is smooth,
is necessarily given by a smooth function. If X (C) is not proper, there
may be a lot of non-constant harmonic functions, and we can’t reason
any further. But since we seek for a general definition, we shall see
what happens in the proper case: constant pluriharmonic functions
are constant. So, in this case, up to addition of a term of the form
(0, c) for some real constant c, our conjectural class has to be given by
(div s,− log ‖s‖2). One could try to imagine a further normalization
condition that fixes the choice of the constant c. This is somehow the
path followed by Arakelov in his work on arithmetic surfaces [2] (even
more restrictive). Instead, it is much simpler, and gives more freedom,
just to define

ĉ1(L) = [(div s,− log ‖s‖2)],
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which is independent of the choice of the meromorphic section s. One
can check that this construction gives an isomorphism of groups

ĉ1 : P̂ic(X ) −→ ĈH
1
(X ).

In de Rham cohomology and Chow groups, additive and multiplica-
tive characteristic classes where determined by their values on line bun-
dles, via the splitting principle. It is at this point that a natural theory
of characteristic classes in arithmetic Chow groups, if it exists, has to
differ. For this, we may again inspect the behavior of a conjectural the-
ory under the diagram above. Let us for instance imagine we defined

an arithmetic Chern character ĉh for hermitian vector bundles. Let us
study the compatibility with exact sequences. For this, let

ε : 0 −→ E0 −→ E1 −→ E2 −→ 0

be a short exact sequence of hermitian vector bundles. This imposes
no condition on the metrics, and hence one can imagine that a rea-
sonable theory of characteristic classes won’t be compatible with exact

sequences. If we expect the compatibility with Chern forms ω(ĉh(E)) =
ch(E), and similarly with the Chern character in CH∗(X )Q via ζ, then
we see that

(4.1) ĉh(E0)− ĉh(E1) + ĉh(E2) = [(0, g(ε))],

where g(ε) is a current defined up to addition of currents of the form
∂u+ ∂v, satisfying the differential equation

(4.2) ddcg(ε) = ch(E0)− ch(E1) + ch(E2).

As in the case of the first arithmetic Chern class, there is no reason
why g should vanish, and it is actually not the case in general. It is
then natural to ask whether equation (4.2) can be resolved in a unique
manner, after possibly imposing some natural conditions. Observe the
resemblance of this question to the one encountered in the differential
geometric version of Grothendieck-Riemann-Roch, leading to the ana-
lytic torsion forms. We will have a similar phenomenon now. Because
Chern forms are functorial under pull-back, a first natural condition
to ask to g(ε) is to be functorial as well: g(f ∗ε) = f ∗g(ε). Another
observation is that Chern forms are exact on split exact sequence, in a
metric sense:

ch(E0

⊥
⊕ E2) = ch(E0) + ch(E2).

So another possible compatibility to require is that g(ε) vanishes (mod-
ulo currents ∂u + ∂v) on metrically split exact sequences. It turns
out that an assignment ε 7→ g(ε), valued in differential forms up to
Im ∂+Im ∂ and satisfying all these compatibilities exists, and is unique.

It is called Bott-Chern secondary class, and is denoted c̃h(ε). The same
is true for the Todd character, with similar notation.
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The previous discussions suggests that the theory of Bott-Chern sec-
ondary classes needs to be integrated in a theory of arithmetic charac-
teristic classes. For the Chern character, one can show there exists an

assignment on hermitian vector bundles E 7→ ĉh(E) valued in ĈH
∗
(X )Q,

functorial under pull-back of arithmetic varieties and such that on an

exact sequence ε as above, it satisfies (4.1) with g(ε) = c̃h(ε). Moreover,
such a theory is necessarily unique, since we have enough properties
to apply the splitting principle. In particular, the Chern character of
arithmetic vector bundles is determined by its values on hermitian line

bundles: ĉh(L) = exp(ĉ1(L)). A similar construction gives an arith-

metic Todd character t̂d.
For de Rham cohomology of smooth complex algebraic varieties and

Chow groups of arithmetic varieties, we saw we can extend additive or
multiplicative characteristic classes to coherent sheaves, by means of
locally free resolutions. This was needed in the formulation of the
Grothendieck-Riemann-Roch theorem, since higher direct images of
vector bundles under proper morphisms are in general not locally free.
Unfortunately the meaning of this trick in Arakelov geometry is not
even clear, since we can’t talk about hermitian metrics on coherent
sheaves. Therefore, it is not clear what the analogue of a general
Grothendieck-Riemann-Roch theorem should be. The difficulties can
be overcome with the right notion of hermitian structure on coherent
sheaves, and a quite general Grothendieck-Riemann-Roch theorem can
be proven [12, 14, 13]. However this is much beyond the scope of this
introductory article. Instead, we will restrict ourselves to the degree
1 part, as we did to state the curvature theorem (Theorem 2.3). In
this case, it is enough we know how to define an arithmetic version of
what we called determinant of cohomology in the complex algebraic
setting. The idea is the same. Let f : X → Y be a proper morphism of
arithmetic varieties, and assume that f is smooth on complex points.
Let E be a hermitian vector bundle on X . We also suppose fixed a
closed (1, 1) form ω on X (C), with F ∗∞ω = −ω, that induces a Kähler
metric on the complex fibers of f . Associated to these data, we want
to define a hermitian line bundle λf (E) on Y , such that on the complex
points coincides with the determinant of cohomology of EC together
with the Quillen metric. This is easy to do. We recall it is possible to
define detR•f∗E by using finite locally free resolutions and imposing
a multiplicative compatibility of the determinant on exact sequences.
Over the complex points, this is how we defined λfC(EC). Since the de-
terminant construction is compatible with base change, we may define
this way

λf (E) = detR•f∗E .

Moreover, we also observed that the algebraic definition is compatible
with the analytic one, and hence we can equip λf (E) with the Quillen
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metric. We will write λf (E) for the resulting smooth hermitian line
bundle. Notice there is a slight abuse of notation, since this object is
only well defined up to isometry (because of the choice of locally free
resolutions in the definition of the determinant). However, we will be
interested only in the class ĉ1(λf (E)), which is unambiguously defined.

4.2. The arithmetic Todd class of the tangent complex. One
of the difficulties we already evoked in the statement of a general
Grothendieck-Riemann-Roch theorem for Chow groups, is the fact that
morphisms of arithmetic varieties are in general not smooth. There-
fore, it is not clear what should be the Todd class contribution. A less
restrictive hypothesis on a morphism f : X → Y of arithmetic vari-
eties is the requirement that f is smooth on complex points. After all,
together with properness, this was one of the assumptions that made
possible push-forwards. But still, f may be singular on positive charac-
teristic fibers, and the problem of the Todd class contribution persists.
Here we will make the reasonable assumption that f is a projective
morphism, so that it can be factored as

X � � i //

f ��

PNY
p

��
Y ,

where i is a closed immersion and p is the natural projection. The regu-
larity of arithmetic varieties ensures now that i is a regular immersion,
and hence that the conormal sheaf I/I2 is locally free (we wrote I for
the ideal sheaf defining X in PNY ). The normal bundle is thus defined,
and we write it as Ni = (I/I2)∨. The relative tangent bundle of p is
well defined too, since p is smooth, and we denote it by Tp. Observe
that if f were smooth, then we would have an exact sequence

ε : 0 −→ Tf −→ i∗Tp −→ Ni −→ 0.

Since the Todd class is multiplicative, then in Chow groups we would
have

(4.3) td(Tf ) = td(i∗Tp) td(Ni)
−1 ∈ CH∗(Y)Q.

For a general projective morphism f , we simply take (4.3) as the def-
inition of td(Tf ). By comparing two possible factorizations of f , one
checks that this definition does not depend on the choices. In the
arithmetic setting we proceed similarly. Assume we fixed a smooth
hermitian metric on TfC . We fix auxiliary smooth hermitian metrics on
Tp and Ni. Again in case f is smooth, we have an exact sequence of
hermitian vector bundles ε, and hence a relation of the form

(4.4) t̂d(T f ) = t̂d(i∗T p)t̂d(N i)
−1 + [(0, t̃d(ε) td(N i)

−1)] ∈ ĈH
∗
(Y)Q.
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In general, we take (4.4) as definition. A tedious computation shows
again this does not depend on the choice of factorization and hermitian

metrics. We call the class t̂d(T f ) the arithmetic Todd class of the
tangent complex of f , since it arises as a particular case of a theory
of arithmetic characteristic classes of metrized complexes of coherent
sheaves.

4.3. Statement of the arithmetic Riemann-Roch theorem.

4.4. The exotic R-genus. A particular feature of the Riemann-Roch
theorem in Arakelov geometry is the appearance of a new exotic addi-
tive characteristic class, determined by the power series

R(x) =
∑
m≥1
odd

(
2ζ ′(−m) + ζ(−m)(1 +

1

2
+ . . .+

1

m
)

)
xm

m!
.

We will employ the same notation R for the characteristic class. The
appearance of this class is intimately related to the construction of
the holomorphic analytic torsion forms of Bismut-Köhler [9] and their
intricate behavior under closed immersions [10, 3]. It turns out that
holomorphic analytic torsion forms satisfy a series of natural axioms
(we indicated only three out of five), that only determine them up
to a topological factor, depending on an additive characteristic class.
To completely determine the holomorphic analytic torsion forms, one
needs to fix their value on the so-called de Rham complexes. It can
then be proven that the holomorphic analytic torsion forms of Bismut-
Köhler are exactly those vanishing on de Rham complexes. There is
however another natural theory of analytic torsion forms, called ho-
mogeneous. These are precisely made to be nicely compatible with
closed immersions (the compatibility condition is more natural than
for Bismut-Köhler forms). Their value on de Rham complexes are
computed in terms of the R-genus. This is not a totally satisfactory
explanation, but it is the best we have so far [14].

4.5. The arithmetic Riemann-Roch theorem. Let now f : X →
Y be a projective morphism of arithmetic varieties. Assume that there
exists a fixed a global closed (1, 1) form on X (C) inducing a Kähler
metric on the complex fibers of f . This always exists since we assumed
Y quasi-projective and f projective. Let E be a hermitian vector bundle
on X . We want to express the first arithmetic Chern class ĉ1(λf (E)) in

terms of the characteristic classes ĉh(E) and t̂d(T f ). The result, due
to Gillet-Soulé [21], goes as follows.

Theorem 4.1 (Arithmetic Riemann-Roch theorem). There is an equal-

ity of classes in ĈH
∗
(Y)Q

ĉ1(λf (E)) = f∗(ĉh(E)t̂d(T f ))
(1) − [(0, ch(EC) td(TfC)R(TfC))](1).
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The arithmetic Riemann-Roch theorem is a deep statement, as the
reader may have already guessed. As we mentioned before, it refines
the algebraic and differential geometric theorems at the same time.
Also, for an arithmetic variety X = SpecOK , it is exactly Minkowski’s
theorem under the form we stated (Theorem 1.3). In particular, to-
gether with Minkowski’s convex body theorem, it implies the finiteness
of the class number. The proof of the arithmetic Riemann-Roch theo-
rem is too technical to give a useful idea here. To the knowledge of the
author there are nowadays two proofs [21, 13], and the crucial point
that they both share is the immersion formula of Bismut-Lebeau [10],
that describes the behavior of Quillen metrics in a closed immersion
situation. Instead of focusing on the proof, we will continue in the
spirit of these notes, and try to give a glimpse of what it is good for,
as we did with the finiteness of the class group.

5. Some applications of the arithmetic Riemann-Roch
theorem

In this section we present some applications of the Riemann-Roch
theorem in Arakelov geometry.

5.1. Heights and the arithmetic Hilbert-Samuel theorem. To
motivate the notion of height of an arithmetic variety and its relation to
covolumes of cohomology groups, let us start by reviewing the Hilbert-
Samuel (or asymptotic Riemann-Roch) theorem in complex algebraic
geometry.

We fix X a smooth complex variety, that we assume to be projective
and equidimensional. Given a vector bundle E over X, we go back
to one of our motivational questions: compute the dimension of the
finite dimensional complex vector space H0(X,E). The Hirzebruch-
Riemann-Roch theorem gives an answer for the Euler-Poincaré char-
acteristic χ(X,E), which involves all the cohomology groups of E.
Both invariants are in general difficult to relate, unless some extra
assumptions on E ensure the vanishing of some of the higher coho-
mology groups. Given an ample line bundle L (so that evaluation
of the global sections of a suitable power L⊗N defines a closed em-
bedding of X into P(H0(X,L⊗N)∨)), we may twist E by high powers
of L: E ⊗ L⊗N . Ampleness of L ensures the higher cohomology of
this twisted bundles vanish for N large. Therefore, for N large, we
have χ(X,E ⊗ L⊗N) = dimH0(X,E ⊗ L⊗N). We can now apply the
Hirzebruch-Riemann-Roch theorem to derive

(5.1) dimH0(X,E ⊗ L⊗N) =

∫
X

ch(E ⊗ L⊗N) td(TX), N � 0.

Now, the Chern character behaves multiplicatively under tensor prod-
uct, so that

ch(E ⊗ L⊗N) = ch(E) exp(Nc1(L)).
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Expanding the exponential, we obtain the following polynomial asymp-
totics for (5.1)

dimH0(X,E ⊗ L⊗N) =
dimX∑
k=0

∫
X

ch(E)c1(L)k td(TX)
Nk

k!
.

Specifying each of the coefficients of this polynomial in N for general
dimension seems complicated. But the leading term is easy:

dimH0(X,E ⊗ L⊗N) = (rkE)
degL

(dimX)!
NdimX +O(NdimX−1).

Here we recall that

degL =

∫
X

c1(L)dimX .

Because L is ample, this is a strictly positive number, and we thus get
an estimate of the growth of the spaces of global sections of E ⊗ L⊗N .

Let us move to the arithmetic situation. Now f : X → SpecZ
is an equidimensional and projective arithmetic variety. Let E be a
vector bundle on X and L an ample line bundle. We may look at the
spaces of global sections as before, H0(X , E ⊗ L⊗N). These are free
Z-modules of finite rank and the first question we ask is about this
rank. But the rank can be computed after extending scalars to C, and
thus this reduces the problem to XC, EC, LC, whose answer is provided
by the previous discussion. Therefore, the Hirzebruch-Riemann-Roch
theorem does not say anything new about these spaces, and does not
take advantage of the arithmetic assumptions. Let us equip E and L
with smooth hermitian metrics. We also put a Kähler metric on TX (C).
Then, for N � 0, the line bundle

λf (E ⊗ L⊗N) = detH0(X , E ⊗ L⊗N)

can be equipped with the Quilen metric. The arithmetic degree of this
hermitian line bundle amounts to the covolume of the lattice H0(X , E⊗
L⊗N) in H0(X , E ⊗L⊗N)⊗ZR, with respect to the euclidean structure
given by the Quillen metric:

d̂eg(H0(X , E ⊗ L⊗N), hQ) =

− log vol
(
H0(X , E ⊗ L⊗N)\H0(X , E ⊗ L⊗N)⊗Z R

)
.

It thus seems that the arithmetic Riemann-Roch theorem provides
some new information of arithmetic nature, namely the growth of the
covolumes of the lattices of integral sections, with respect to the Quillen
metric. We can proceed as in the complex geometric case, and expand
the arithmetic characteristic classes in a polynomial, to find
(5.2)

d̂eg(H0(X , E ⊗ L⊗N), hQ) = (rk E)
d̂egf∗(ĉ1(L)dimX )

(dimX )!
+O(NdimX−1).
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The leading term of this expression is thus to be seen as an arithmetic
analogue of the degree of a line bundle. It is called height of X with
respect to L:

hL(X ) = d̂egf∗(ĉ1(L)dimX ) ∈ R.
In contrast to the geometric degree, even if L is ample, there is no
reason why the height should be positive. Actually, positivity of heights
is at the origin of the notion of arithmetic ampleness, of which we won’t
say much in this survey.

The usefulness of the arithmetic Riemann-Roch theorem in the study
of sizes of lattices of integral sections, very much depends on our com-
putational capability of Quillen metrics. Despite the vanishing of the
higher cohomology groups under our assumptions, the Quillen met-
ric still involves the spectrum of all the laplacians on all the spaces
A0,i(X (C), EC ⊗ L⊗NC ), i ≥ 0. From the analytic point of view, we
have not made much progress. To do so, we need a complimentary
positivity assumption, and it will be that the first Chern form c1(L)
is strictly positive (meaning that it pull-backs to positive regular mea-
sures on disks holomorphically embedding into X (C)). This is another
example of how we extend algebraic geometric notions to Arakelov ge-
ometry, by adding some differential geometric data on complex fibers.
Under this assumption, a theorem of Bismut-Vasserot [11] shows that
the holomoprhic analytic torsion has the following behavior:

T (E ⊗ L⊗N) = O(NdimX−1 logN).

This is a much smaller contribution than the dominating term in the
asymptotics (5.2). Hence we can get rid off the spectral contribution
in the Quillen metric, and keep only the L2 metric:

d̂eg(H0(X , E ⊗ L⊗N), hL2) = (rk E)
hL(X )

(dimX )!
+O(NdimX−1 logN).

This is usually known as the arithmetic Hilbert-Samuel formula. As in
the derivation of the finiteness of the class number, we are now tempted
to combine this result with Minkowski’s convex body theorem (The-
orem 1.3). For this, assume that the height is positive. Minkowski’s
convex body theorem implies that for N � 0, there exists a non-trivial
global section s of E ⊗ L⊗N such that ‖s‖L2 � 1. Thinking of s
as a generalization of polynomials with integer coefficients, this kind
of bounds looks interesting for diophantine purposes. Nevertheless,
from functional analysis we know that a smooth function with small
L2 norm can achieve very big values. We can’t expect to extract much
information only from an L2 norm bound. But there is a class of func-
tions whose values are controlled by their L2 norms: plurisubharmonic
functions. A typical example of those is the module of a holomorphic
function. This has as a consequence that we can indeed compare L2

and L∞ norms of our global sections (since they are holomorphic on
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complex points!). With some care, one can do it with a controlled
dependance on N :

‖s‖2
∞ ≤ CNdimX−1‖s‖2

L2 ,

for some constant C > 0 and for all s ∈ H0(X , E ⊗ L⊗N). This is
the so-called Gromov inequality, and is just a variant of the mean
inequality for plurisubharmonic functions. One can then derive from
the arithmetic Hilbert-Samuel formula that for N big enough, there are
non-trivial global sections s with ‖s‖∞ ≤ 1. The reader will remember
the discussion after the proof of finiteness of the class number, when
we said that sections of norm less than 1 where seen as arithmetic
holomorphic sections. We refer to [21] for further discussion.

The notion of height can be extended to cycles: we can define the
height of a codimension i cycle on X . With some care, the arith-
metic Hilbert-Samuel theorem can also be extended to integral sub-
schemes of X . Then, if one imposes in addition that integral sub-
schemes have strictly positive height, a recursive application of the
arithmetic Hilbert-Samuel theorem shows that high powers L⊗N are
globally generated by sections of L∞ norm smaller than one. This sug-
gests an arithmetic notion of ampleness, that has shown to be useful
for diophantine geometry. See for instance [33, 30].

5.2. Elliptic curves with complex multiplication and Faltings
heights. In the previous example we indicated a diophantine use of
the arithmetic Riemann-Roch theorem, that overcomes the appearance
of holomorphic analytic torsion. Sometimes, when the geometry of our
arithmetic variety has some symmetries (like homogeneous spaces), it
is possible to compute the spectral zeta functions. Then we can relate
holomorphic analytic torsion to arithmetic invariants like heights, via
the arithmetic Riemann-Roch formula. Some classical results like the
first Kronecker limit formula or the Lerch-Chowla-Selberg [28] formula
can be seen as particular cases of the arithmetic Riemann-Roch the-
orem. We will now discuss the Lerch-Chowla-Selberg formula in the
language of Arakelov geometry and Dirichlet L-functions.

Let E be an elliptic curve over C with complex multiplication by an
imaginary quadratic field K, so that it is isomorphic to a quotient C/a,
where a is a fractional ideal of K. This presentation induces a bijection
between the set of isomorphism classes of elliptic curves with complex
multiplication by OK with the class group Cl(K). Elliptic curves with
complex multiplication by OK are defined over the Hilbert class field of
K, denoted H. Recall this is the maximal abelian unramified extension
of K, and that global class field theory provides a canonical isomor-
phism Gal(H/K) ' Cl(K). Hence, the Galois group Gal(H/K) acts
simply transitively on isomorphism classes of elliptic curves with com-
plex multiplication. In terms of Weierstrass equations with coefficients
in H, the Galois automorphisms act on the coefficients. Elliptic curves
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with complex multiplication by K have good reduction over some finite
extension L of H. For our curve E, this means there is a smooth and
proper group scheme f : E → S, with S = SpecOL for some finite
extension L of H, such that the generic fiber EL can be identified with
E. We would like to apply the arithmetic Riemann-Roch theorem to
translation invariant line bundles on E and the morphism f .

We first fix a Kähler structure on complex fibers, that we choose to
be the flat one with riemannian volume 1. We will call it the canonical
Kähler metric. In terms of a uniformization C/a, the hermitian metric
on TC/a is induced by a suitable rescaling of the usual hermitian metric
on TC ' C (constant sheaf over C). To obtain the right scaling factor,
recall that the volume of C/a induced by the Lebesgue measure is

vol(C/a) = 2−1
√
DNK/Q(a),

where we wrote D = |∆K/Q|. This is the form that Minkowski’s theo-
rem adopts for volumes of fractional ideals of K. Hence, the measure
has to be normalized by this constant. Accordingly, the hermitian
metric on TC/a in the holomorphic coordinate z on C is given by

h

(
∂

∂z
,
∂

∂z

)
= 2D−1/2NK/Q(a)−1.

The important feature of this choice of Kähler structure is that it does
not depend on the presentation C/a. It is clearly invariant under the
action of complex conjugation (induced by complex conjugation on C).

Because the structure morphism f is smooth, we have a well defined
relative tangent bundle Tf . The group scheme structure of E forces
this bundle to be generated by its fiber at the origin. Equivalently, if
e : S → E is the zero section there is a canonical isomorphism

Tf
∼−→ f ∗e∗Tf .

With the chosen hermitian structures, this is even an isometry. We can
do the same with the dual of Tf , which is the relative canonical bundle
ωf . We put

ωf = e∗ωf .

Therefore, ωf = f ∗ωf . We equip ωf with the dual of the canonical
Kähler metric. We will suppress the reference to the metrics in order
to simplify the notations.

We apply the arithmetic Riemann-Roch theorem to ωf with this
metric, and the chosen Kähler structure. The topological contribution
involving the exotic R-genus vanishes. We obtain

ĉ1(λf (ωf ), hQ) = f∗(ĉh(f ∗ωf )t̂d(f ∗e∗Tf ))
(1).

Because the characteristic classes in question are pull-backs from the
base S, one easily sees that the right hand side is trivial, so that we
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obtain in particular

(5.3) d̂eg(λf (ωf ), hQ) = 0.

On a complex fiber indexed by σ : L ↪→ C, by definition hQ =
hL2 exp(Tσ), where Tσ is the analytic torsion associated to our data
on the fiber Eσ. This allows us to transform (5.3) into the following
relation:

d̂eg(λf (ωf ), hL2) =
1

2

∑
σ:L↪→C

Tσ.

By the theory of complex multiplication briefly discussed at the begin-
ning and the choice of Kähler metric, one can see that this simplifies
to

(5.4) d̂eg(λf (ωf ), hL2) = [L : H]
∑

c∈Cl(K)

Tc,

where now Tc is the analytic torsion form for similar hermitian data
on a CM elliptic curve attached to the ideal class c. Implicit in this
fact, is the volume 1 normalization for the Kähler metric. We will next
proceed in two steps. First, we will work on the left hand side of (5.4)
and name it after Faltings. Second, we will see that the torsions Tc can
be computed in terms of partial zeta functions of the field K.

Up to normalization, the left hand side of (5.4) is known as the
Faltings height of the elliptic curve. Let us look at the cohomology of
ωf and its L2 metric. The space H0(E , ωf ) = ωf is a rank 1 module
over OL, and is actually the space of Néron differentials. For the L2

metric, given α, β two global sections and σ : L ↪→ C, we find

(5.5) 〈ασ, βσ〉L2,σ =
i

2π

∫
Eσ

ασ ∧ βσ.

The Faltings height of E is defined to be

hF (E ) =
1

[L : Q]
d̂eg(ωf , hL2).

The normalization by the degree [L : Q] makes this height only de-
pends on the elliptic curve E, and we may just write hF (E). For
H1(E , ωf ), Serre’s duality provides an isomorphism with H0(E ,OE )∨,
which is known to be an isometry for the L2 metrics. The L2 metric
on H0(E ,OE ) is essentially a volume. If we write Eσ = C/a, then

〈1, 1〉L2,σ =
i

2π

∫
C/a

h

(
∂

∂z
,
∂

∂z

)
dz ∧ dz =

1

π
,

since we normalized the Kähler structure so that the riemannian vol-
ume is 1. With these facts, one concludes

1

[L : Q]
d̂eg(λf (ωf ), hL2) = hF (E) +

1

2
log π.
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Therefore, equation (5.4) expresses the Faltings height of E in terms
of holomorphic analytic torsion:

hF (E) = −1

2
log π +

1

[H : Q]

∑
c∈Cl(K)

Tc.

Next, we deal with the analytic torsion terms Tc, c ∈ Cl(K). Let a be
a fractional ideal in the class c. By a duality phenomenon, it is enough
to compute the spectrum of the ∂ laplacian acting on smooth func-
tions on C, invariant under the lattice a. In terms of the holomorphic
coordinate z ∈ C, the ∂ laplacian for the standard metric is

−2
∂2

∂z∂z
.

But we have to take into account the volume 1 normalization, that
means renormalizing the laplacian into

∆∂ = −2 vol(C/a)
∂

∂z∂z

= −
√
DNK/Q(a)

∂2

∂z∂z
.

We can easily describe the eigenfunctions of this operator. Let us
introduce the R bilinear form

T : C× C −→ R
(z, w) 7−→ zw + zw.

Observe that restricted toK×K, this pairing is just T (z, w) = trK/Q(zw)
and takes values in Q. With these notations, the eigenfunctions are of
the form

fγ(z) = e2πiT (γ,z),

where γ is an element of the Z-dual of the lattice a with respect to the
pairing T . Namely, γ ∈ a∗ with

a∗ = {z ∈ C | T (z, w) ∈ Z for all w ∈ a}
= {z ∈ K | T (z, w) ∈ Z for all w ∈ a}.

This dual lattice is a fractional ideal of K, that relates to a−1 through
the different ideal dK ⊂ OK :

a∗ = a−1d−1
K .

In particular d−1
K = O∗K . We recall the different ideal controls the

ramification of K over Q, and is related to the discriminant by

D = NK/Q(dK),

and this is the only property we shall use. The eigenvalue of the eigen-
function fγ is

λ|γ|2 = (2π)2
√
DNK/Q(a)|γ|2

= (2π)2D−1/2NK/Q(γadK).
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It is important to remark that this value only depends on the norm
of γ, and therefore multiplicities may arise because of roots of unity
in K. Precisely, the multiplicity of λ|γ|2 is w, the number of roots of
unity in K. Observe also that as γ runs over the elements of a∗, the
ideal γadK ⊂ OK runs over the integral ideals b in the class of adK ,
namely c[dK ] ∈ Cl(K) (recall that c is the class of a). With these
considerations, we conclude the associated spectral zeta function can
be written as

ζ∂,c(s) = (2π)−2sDs/2w
∑

b∈c[dK ]
b⊆OK

1

NK/Q(b)s

= (2π)−2sDs/2wζK,c[dK ](s).

Here, ζK,c[dK ](s) is the partial zeta function of K and the ideal class
c[dK ]. Since for c running over Cl(K) the classes c[dK ] exhaust Cl(K),
we see that ∑

c∈Cl(K)

ζ∂,c(s) = (2π)−2sDs/2wζK(s),

where ζK is the Dedekind zeta function of K. The sum of all the
contributions Tc is obtained by differentiating this expression at s = 0,
so we arrive at∑

c∈Cl(K)

Tc = wζ ′K(0) + wζK(0) log((2π)−2
√
D).

The analytic class number formula provides the following expression
for ζK(0):

ζK(0) = − h
w
,

where h = ]Cl(K) = [H : K] is the class number. Hence, for the
Faltings height of E we find

hF (E) = −1

2

ζ ′K(0)

ζK(0)
− 1

2
log((2π)−2

√
D)− 1

2
log π.

This expression can be further simplified if we take into account the
factorization

ζK(s) = ζ(s)L(s, ε),

where ε is the quadratic Dirichlet character corresponding to the field
K, and L(s, ε) is its Dirichlet L function. Using the evaluation ζ ′(0)/ζ(0) =
log(2π), we finally obtain

hF (E) = −1

2

L′(0, ε)

L(0, ε)
− 1

4
logD +

1

2
log 2.

This result is a reformulation of the so-called Lerch-Chowla-Selberg
formula, in the language of Arakelov geometry. It admits a vast con-
jectural generalization to abelian varieties with complex multiplication,
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formulated by Colmez [16]. In the case of abelian CM fields, the con-
jecture is essentially known, as was first shown by Colmez. Another
possible proof provided by Köhler and Rössler is by application of an
equivariant version of the arithmetic Riemann-Roch theorem [24]. In
the non-abelian CM case, an average version of Colmez’ conjecture has
been recently shown by Andreatta-Goren-Howard-Madapusi-Pera [1]
and Yuan-Zhang [32] and to the knowledge of the author the exist-
ing proofs don’t exploit any version of the arithmetic Riemann-Roch
theorem, but still rely on arithmetic intersection theory on Shimura
varieties. However, for more general motives, there is work of Maillot-
Rössler [26], on a conjecture of Gross-Deligne. Their work invokes an
equivariant version of the arithmetic Riemann-Roch theorem, due to
Köhler-Rössler [25]. We hope this motivates the reader to deepen into
these beautiful questions.
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forms, Astérisque (1997), no. 244, viii+275.

[4] J.-M. Bismut and D. S. Freed, The analysis of elliptic families. I. Metrics and
connections on determinant bundles, Comm. Math. Phys. 106 (1986), no. 1,
159–176.

[5] , The analysis of elliptic families. II. dirac operators, eta invariants,
and the holonomy theorem, Comm. Math. Phys. 107 (1986), no. 1, 103–163.

[6] J.-M. Bismut, H. Gillet, and C. Soulé, Analytic torsion and holomorphic de-
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[25] Kai Köhler and Damian Roessler, A fixed point formula of Lefschetz type in
Arakelov geometry. I. Statement and proof, Invent. Math. 145 (2001), no. 2,
333–396.

[26] V. Maillot and D. Roessler, On the periods of motives with complex multipli-
cation and a conjecture of Gross-Deligne, Ann. of Math. (2) 160 (2004), no. 2,
727–754.

[27] J. Neukirch, Algebraic number theory, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 322,
Springer-Verlag, Berlin, 1999, Translated from the 1992 German original and
with a note by Norbert Schappacher, With a foreword by G. Harder.

[28] A. Selberg and S. Chowla, On Epstein’s zeta-function, J. Reine Angew. Math.
227 (1967), 86–110.
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