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Abstract

Grothendieck conjectures that for every algebraic variety X over C,
the singular cohomology H∗(Xan,C) is canonically isomorphic to the
infinitesimal cohomologyH∗

inf(X/C). The conjecture is proved by Deligne,
so that infinitesimal cohomology provides a purely algebraic way to compute
singular cohomology, even for singular varieties. Hartshorne introduces
the de Rham cohomology H∗

DR(X/C), and shows that it is also isomorphic
toH∗(Xan,C). We prove the folklore comparison isomorphismH∗

inf(X/C) →
H∗

DR(X/C). Combined with Hartshorne’s theorem, it provides an alternative
proof of Grothendieck’s conjecture. The definition ofH∗

DR(X/C) is extrinsic,
and the isomorphism gives it an intrinsic interpretation. The comparison
result is proved for crystals. . It also incorporates the comparison of the
infinitesimal filtration with the Hodge filtration.

We work out several fundamental properties of infinitesimal cohomology
over a general base scheme in characteristic 0, parallel to those of crystalline
cohomology in characteristic p > 0. Some examples are given to illustrate
certain properties of crystalline sites that fail for infinitesimal sites.

1 Introduction

For a complex algebraic variety X, let H∗(Xan,C) be its singular cohomology
defined in terms of the complex analytification Xan. Suppose that X is smooth.
Then the de Rham theorem shows that the singular cohomology can be computed
using differential forms. Let Ω•

Xan be the complex of holomorphic differential
forms on the complex manifold Xan. Let H∗

dR(X
an) be the hypercohomology

H∗(Xan,Ω•
Xan). Then by Poincaré’s lemma, as X is smooth, the morphism

C → Ω•
Xan is a resolution of sheaves on Xan, so the canonical morphism

H∗(Xan,C)→ H∗
dR(X

an) is an isomorphism.
Grothendieck [Gro66, Theorem 1’] offers a purely algebraic way to compute

the singular cohomology. Let Ω•
X/C be the de Rham complex of algebraic

differential forms. Its hypercohomology H∗
dR(X/C) := H∗(X,Ω•

X/C) is called
the algebraic de Rham cohomology of X.
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Fact 1.1. Let X be a scheme smooth over C. Then the canonical morphism
H∗

dR(X/C)→ H∗
dR(X

an) is an isomorphism. In particular, there is a canonical
isomorphism H∗

dR(X/C) ∼= H∗(Xan,C).

Over a field of characteristic 0, the algebraic de Rham cohomology is a Weil
cohomology theory (see, e.g., [Sta25, Tag 0FWC]). In characteristic p > 0, it
no longer has reasonable properties, roughly because of d(xp) = 0. To construct
a satisfactory p-adic cohomology, Grothendieck [Gro68] uses a “topology” for
which locally means differentiably. In characteristic 0, this topology is know as
the infinitesimal site, which provides an alternative to differential forms. Let
H∗

inf(X/C) be the infinitesimal cohomology ofX associated with the infinitesimal
site Inf(X/C).

Fact 1.2 ([Gro68, Theorem 4.1]). Let X be a scheme smooth over C. Then there
is a canonical isomorphism H∗

inf(X/C)
∼−→ H∗

dR(X/C) and hence H∗
inf(X/C) ∼=

H∗(Xan,C).

Grothendieck [Gro68, Conjecture 4.2] conjectures that even if X is a singular
variety, H∗

inf(X/C) ∼= H∗(Xan,C) still holds. According to [HL71, p.98], the
conjecture is proved by Deligne, whose proof remains unpublished.

Theorem 1.3 (Theorem 14.1). Let X be a scheme locally of finite type over C.
Then there is a canonical isomorphism H∗

inf(X/C) ∼= H∗(Xan,C).

It is well-known that Hartshorne’s work [Har75] can be used to provide an
alternative proof of Theorem 1.3. For embeddable X, i.e., admitting a closed
immersion X ↪→ Y into a smooth variety Y over C, Hartshorne introduces
another de Rham cohomologyH∗

DR(X/C). He shows that this group is independent
of the choice of the embedding, and establishes a comparison isomorphism

H∗
DR(X/C) ∼= H∗(Xan,C). (1)

For a general X which may not be embeddable, the theory is technically more
difficult, as sketched in [Har75, Remark, p.28]. As the reduction of Grothendieck’s
conjecture to Hartshorne’s theorem is not documented in the literature, we
provide some details. We shall give a proof of the folklore comparison theorem
of infinitesimal cohomology and Hartshorne’s de Rham cohomology. Combined
with (1), Theorem 1.4 implies Theorem 1.3.

Theorem 1.4. Let S be a locally Noetherian scheme of characteristic 0. Let
i : X → Y be a closed immersion of schemes over S, with Y smooth over S. Let
Ω̂•

Y/S be the formal completion of Ω•
Y/S along X. Then for every i ≥ 0, there is

a canonical isomorphism Hi
inf(X/S)

∼−→ Hi(Y, Ω̂•
Y/S).

In Theorem 11.2 (b), we show a comparison result for the infinitesimal
cohomology with coefficients in a crystal. The special case with the structure
crystal OX/S gives Theorem 1.4. We also compare the natural infinitesimal
filtration on infinitesimal cohomology with the Hodge filtration on de Rham
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cohomology. If X is smooth proper over C, then the infinitesimal filtration
F qHi

inf(X/C) agrees with the Hodge filtration F qHi(Xan,C) (Corollary 11.11).
For a singular proper complex variety X, the infinitesimal filtration is finer
than the Hodge filtration (Remark 14.2 (b)). The infinitesimal Chern class
cp : K0(X) → H2p

inf(X/C) has image in F pH2p
inf(X/C), so the infinitesimal

cohomology imposes more constrains on the Chern classes of singular varieties.
The proof of Theorem 1.4 follows Grothendieck’s approach to Fact 1.2, i.e.,

the case where i : X → Y is idX . He introduces stratifications as linear
counterparts of non-linear differential operators, and assigns a special sheaf,
called crystal, on Inf(X/S) to every stratified OY -module. Thus, he constructs
a linearization functor L, turning differential operators of OY -modules to linear
morphism of crystals. The de Rham complex Ω•

Y/S is a complex of differential

operators of order ≤ 1. By a Poincaré lemma, the linearization L(Ω•
Y/S) of

the the de Rham complex is a resolution of the infinitesimal structure sheaf
OX/S . This gives H∗

inf(X/S)
∼−→ H∗

inf(X/S,L(Ω
•
Y/S)). The Čech-Alexander

technique computes cohomology in a topos. In this way, Grothendieck computes
H∗

inf(X/S,L(Ω
•
Y/S)) by unfolding the Čech-Alexander complex CA•

Y (L(Ω
•
Y/S))

of the linearized complex L(Ω•
Y/S).

In characteristic p, the definition of infinitesimal site using nilpotent thickenings
can be modified to crystalline site ([Gro68, p.351]). Berthelot [Ber74] shows that
it establishes a p-adic Weil cohomology, known as the crystalline cohomology.

As [Ber74, p.11] mentions, compared with crystalline cohomology, the extra
technicalities of infinitesimal cohomology arise from inverse limits related to the
nilpotence condition. On the crystalline side, the Čech-Alexander complex CA•

Y

is the evaluation at a particular object of the crystalline site Cris(X/S), namely
the divided power infinitesimal neighborhood of infinite order DX(Y ) ([Ber74,
I, Définition 4.1.7]). On the infinitesimal side, however, the corresponding
infinitesimal neighborhood of infinite order ∆X(Y ) is a formal scheme and no
longer a scheme. Although not an object of Inf(X/S), it is represented by a
direct system (∆i

X(Y ))i≥0 in Inf(X/S) comprised of infinitesimal neighborhood
of finite order. For this reason, the definition of CA•

Y in infinitesimal cohomology
contains an inverse limit. Similarly, the crystalline linearization functor is
defined using the structure sheaf ofDY (Y ×SY ), while to define the infinitesimal
linearization, Grothendieck replaces it with the limits of the inverse system of
structure sheaves of (∆i

Y (Y ×S Y ))i≥0.
Several problems with the inverse limit functor are that it is not right exact,

and does not commute with tensor product. An inverse limit of quasi-coherent
sheaves may not be quasi-coherent. Inverse limit of sheaves may not commute
with pullback.

Remark 1.5. Bhatt and de Jong [BJ11, Remark 3.7] sketches another strategy to
proving Theorem 1.4, without stratifications nor linearizations. For crystalline
site, they give a vanishing theorem [BJ11, Theorem 3.2] for the crystalline
sheaf of differentials Ωi

X/S,cris with i > 0, defined as (Ωi
X/S,cris)T = Ωi

T/S

for all (U, T, δ) ∈ Cris(X/S). This cohomological vanishing result reduces the
crystalline version of Theorem 1.4 to affine case, which in turn is proved with
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a Čech-theoretic approach. An infinitesimal analog of the vanishing theorem
for the infinitesimal sheaf of differentials is [Cor03, Proposition 7.9] (see also
[CHW09, Theorem 1.9]). The strategy in [BJ11, Remark 3.7] also counts on
the Čech-Alexander technique, so carrying it out shall lead to similar technical
problems with inverse limits.

Notation

For an abelian category A, let Ch+(A) (resp. Ch≥0(A)) be the category of
bounded below cochain complexes (resp. complexes in non-negative degrees)
over A. For a topological space X, let Ab(X) be the category of abelian sheaves
on X. Given a category C, let PSh(C) be the category of presheaves on C,
i.e., functors Cop → Set. For a site S, let Sh(S) be the category of sheaves
on S. Let e be the presheaf assigning the singleton {∗} to all objects of S.
Then e ∈ Sh(S) and is a final object of PSh(S). The global section functor
Sh(S) → Set is Γ(Sh(S), ·) := HomSh(S)(e, ·). For a ringed site (C, OC), let
Mod(OC) = Mod(C, OC) be the category of OC-modules on C.

For an integer n ≥ 0 and an immersion of schemes X ↪→ Y , let ∆n
X(Y ) be

the n-th infinitesimal neighborhood of X in Y . Let Pn
X(Y ) be the structure

sheaf of the scheme ∆n
X(Y ). Let PX(Y ) := limn≥0 P

n
X(Y ) be the completion of

OY along X in the sense of [GD71, Définition 10.8.2], where each Pn
X(Y ) is a

pseudo-discrete sheaf of rings. Then PX(Y ) is an OY -algebra supported on X.
By [GD71, Proposition 10.6.3], the topologically ringed space (X,PX(Y )) is a
formal scheme, denoted by ∆X(Y ).

Remark 1.6. From [GD71, Proposition 10.8.3], if X → Y is a closed immersion
defined by an ideal sheaf I of finite type, then ∆X(Y ) is an adic formal scheme,
which is called the formal completion of Y along X.

2 Infinitesimal site

We recall the infinitesimal site, infinitesimal topos, the structure sheaf, the
infinitesimal ideal sheaf. We only emphasize differences compared with crystalline
cohomology theory. If a result for crystalline cohomology has an analog for
infinitesimal cohomology and can be proved similarly, we use it directly.

Fix two universes U and V with U ∈ V . Let f : X → S be a morphism of
schemes. Recall the infinitesimal site Inf(X/S) introduced in [Gro68, p.331].

Definition 2.1. Define a category Inf(X/S) as follows. An object of it is a finite
order thickening U → T over S, where U is a Zariski open subset of X, and T
is an S-scheme belonging to U . By a covering family {(Ui, Ti)→ (U, T )}i∈I , we
mean that for every i ∈ I, Ti → T is an open immersion, and T = ∪i∈ITi.

From U ∈ V , Inf(X/S) is a small site in V . Let (X/S)inf be the corresponding
topos, called the infinitesimal topos of X over S. For a description of sheaves
of sets on Inf(X/S), see [Ber74, III, 1.1.4]. For a sheaf E on Inf(X/S) and
(U, T ) ∈ Inf(X/S), let ET = E(U,T ) be the induced Zariski sheaf on T .
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Remark 2.2. The infinitesimal topos has enough points in the following sense.
Let P denote the punctual topos. For (U, T ) ∈ Inf(X/S) and t ∈ T , the functor

ξ∗T,t : Sh(Inf(X/S))→ Set, E 7→ ET,t

is the pullback functor of a morphism of topoi ξT,t : P → (X/S)inf , called a
point of (X/S)inf . From the proof of [Ber74, III, Proposition 2.1.10], the family
of points ξT,t (with (U, T ) ∈ Inf(X/S) and t ∈ T ) is conservative.

LetOX/S be the structure sheaf of rings on Inf(X/S). Then ((X/S)inf , OX/S)
is a ringed topos. Let

uX/S : (X/S)inf → XZar

be the morphism of topoi from [Ber74, III, Proposition 3.2.3], called the projection
from the infinitesimal topos to the Zariski topos. For every (U, T ) ∈ Inf(X/S)
and every sheaf F ∈ Sh(X), the inverse image (u∗X/SF )(U,T ) is F |U viewed as a
sheaf on T .

Remark 2.3. The morphism of topoi uX/S : (X/S)inf → XZar may not define a
morphism of ringed topoi ((X/S)inf , OX/S)→ (X,OX). We prove that

uX/S : ((X/S)inf , OX/S)→ (X, f−1OS)

is a morphism of ringed topoi, for which we need to construct a morphism
ϕ : u∗X/Sf

−1OS → OX/S of shaves of rings. For every object (U, T ) ∈ Inf(X/S),

let gT : T → S be the structure morphism. As (u∗X/Sf
−1OS)(U,T ) is (f

−1OS)|U
seen as a sheaf on T , it equals g−1

T OS . The canonical morphism g−1
T OS → OT

gives
ϕ(U,T ) : (u

∗
X/Sf

−1OS)T → OT .

These morphisms are compatible and define ϕ.

Let
iX/S : XZar → (X/S)inf

be the morphism of ringed topoi from [Ber74, III, Proposition 3.3.2], known
as the immersion of the Zariski topos into the infinitesimal topos. It satisfies
uX/S ◦ iX/S = IdXZar . Let JX/S be the sheaf on Inf(X/S) defined in [Ber74, III,
1.1.4]. For every (U, T ) ∈ Inf(X/S), one has JX/S,T = ker(OT → OU ). There
is a canonical exact sequence

0→ JX/S → OX/S → iX/S∗OX → 0

of OX/S-modules.

3 Functoriality of infinitesimal topos

We prove that the formation of infinitesimal topos is functorial, in the sense
that for every commutative square

X ′ X

S′ S

g

f ′ f

u

(2)
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of schemes, there is a canonical morphism of ringed topoi ginf : (X ′/S′)inf →
(X/S)inf . Let RΓinf(X/S) := RΓ((X/S)inf , OX/S), and for every i ≥ 0, let
Hi

inf(X/S) := HiRΓinf(X/S) be the i-th infinitesimal cohomology group. This
functoriality shows that there is a canonical morphismRΓinf(X/S)→ RΓinf(X

′/S′)
and hence Hi

inf(X/S)→ Hi
inf(X

′/S′).

Definition 3.1. For objects (U, T ) ∈ Inf(X/S) and (U ′, T ′) ∈ Inf(X ′/S′), a
morphism h : T ′ → T over S is called a g-morphism, if g(U ′) ⊂ U , and if the
diagram

U ′ U

T ′ T

g|U′

h

is commutative. Let Homg(T
′, T ) be the set of g-morphisms T ′ → T .

For every (U, T ) ∈ Inf(X/S), define a presheaf g∗T = g∗(U, T ) on Inf(X ′/S′)
by

g∗(U, T )(U ′, T ′) = Homg(T
′, T ). (3)

By gluing morphisms of schemes, one can prove that g∗T is a sheaf on Inf(X ′/S′).
Thus, one has a functor

g∗ : Inf(X/S)→ Sh(Inf(X ′/S′)).

Remark 3.2. In Diagram (2), if g = IdX and u = IdS , then a morphism in
Inf(X/S) is exactly an IdX -morphism. For every (U, T ) ∈ Inf(X/S), hT :=
g∗(U, T ) is the sheaf representable by (U, T ). Therefore, the topology on Inf(X/S)
is subcanonical, i.e., every representable functor Inf(X/S)op → Set is a sheaf.

For every F ∈ Sh(Inf(X ′/S′)), let ginf ∗F := F ◦ g∗ denote the pullback
presheaf on Inf(X/S), i.e., for every (U, T ) ∈ Inf(X/S), one has

(ginf ∗F )(U, T ) = HomSh(Inf(X′/S′))(g
∗(U, T ), F ). (4)

By [Ber74, III, Lem 2.2.2], ginf ∗F is a sheaf on Inf(X/S).

Theorem 3.3. For the commutative diagram (2), there is a unique morphism
of topoi ginf : (X

′/S′)inf → (X/S)inf such that for every (U, T ) ∈ Inf(X/S), one
has g−1

inf hT = g∗T . Moreover, it is naturally a morphism of ringed topoi.

Proof. Assume that ginf is such a morphism. As ginf ∗ is right adjoint to g−1
inf ,

it is defined by (4). The uniqueness of ginf follows. Similar to [BO78, pp. 5.8–
5.11], the existence of ginf follows from Remark 2.2 and Lemma 3.4. Similar to
[Ber74, III, Corollaire 2.2.4], one can prove that ginf is a morphism of ringed
topoi.

Lemma 3.4. In the notation of (2), fix an object (U ′, T ′) ∈ Inf(X ′/S′) and
a point t′ ∈ T ′. Define a category It′,T ′,g as follows. An object of it is a g-
morphism h : T ′

0 → T , where (U, T ) ∈ Inf(X/S), T ′
0 is an open neighborhood of
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t′ in T ′, and U ′
0 := U ′ ×T ′ T ′

0 so that (U ′
0, T

′
0) ∈ Inf(X ′/S′). A morphism from

h1 : T ′
1 → T1 to h2 : T ′

2 → T2 in It′,T ′,g is a morphism (U1, T1) → (U2, T2) in
Inf(X/S) such that the diagram

T ′
1 T ′

2

T1 T2

h1 h2

is commutative, where T ′
1 ↪→ T ′

2 is the inclusion.
Then the opposite category (It′,T ′,g)

op is a nonempty filtered category in the
sense of [Sta25, Tag 002V].

Proof. We prove that It′,T ′,g is nonempty. Let u′ ∈ U ′ be the preimage of
t′ ∈ T ′. Let x = g(u′) ∈ X. Choose an affine neighborhood U of x in X. Let U ′

0

be an affine neighborhood of u′ in U ′ ∩ g−1(U). Let T ′
0 be the open subscheme

of T ′ with underlying subset U ′
0. Then U

′
0 → T ′

0 is the base change of U ′ → T ′

along T ′
0 → T ′, so (U ′

0, T
′
0) ∈ Inf(X ′/S′). By Lemma 3.8, as g|U ′

0
: U ′

0 → U is
affine, there is an object (U, T ) ∈ Inf(X/S) and a g|U ′

0
-morphism h : T ′

0 → T .
Then h is an object of It′,T ′,g.

We prove that It′,T ′,g is a connected category. For objects h1 : T ′
1 → T1 and

h2 : T ′
2 → T2 of It′,T ′,g, let

U3 := U1 ∩ U2, U ′
3 := U ′

1 ∩ U ′
2, T ′

3 := T ′
1 ∩ T ′

2.

Then U ′
3 → T ′

3 is the base change of U ′ → T ′ along T ′
3 → T ′, so (U ′

3, T
′
3) ∈

Inf(X ′/S′). One has g(U ′
3) ⊂ g(U ′

1) ∩ g(U ′
2) ⊂ U3. Then by Lemma 3.7, there

is an object (U3, T3) ∈ Inf(X/S) and a g-morphism h : T ′
3 → T3 fitting into a

commutative diagram

T ′
3 T3 T1

S′ T2 S.

h

u

Then h is an object of It′,T ′,g and h→ h1 and h→ h2 are morphisms in It′,T ′,g.
Consider objects h1 : T ′

1 → T1 and h2 : T ′
2 → T2 of It′,T ′,g, and two

morphisms a, b : h1 → h2, depicted as

T ′
1 T ′

2

T1 T2,

h1 h2

a

T ′
1 T ′

2

T1 T2.

h1 h2

b

By Lemma 3.5, there is an object (U1, T0) and a morphism p : (U1, T0) →
(U1, T1) in Inf(X/S), which satisfy a ◦ p = b ◦ p as morphism T0 → T2 and the
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universal property. As morphisms T ′
1 → T2, both a ◦h1 and b ◦h1 coincide with

the composition T ′
1 ↪→ T ′

2
h2→ T2, the universal property implies that there is a

unique g-morphism h3 : T ′
1 → T0 with p ◦ h3 = h1. Then h3 is an object of

It′,T ′,g, and p : T0 → T1 gives rise to a morphism c : h3 → h1. By construction,
one has a ◦ c = b ◦ c.

Lemma 3.5. Let Y be a scheme over S. Let (U, T ) ∈ Inf(X/S). Let q1, q2 :
T → Y be two morphisms over S with q1|U = q2|U . Then there is an object
(U, T0) and a morphism p : (U, T0) → (U, T ) in Inf(X/S) with q1 ◦ p = q2 ◦ p
as morphism T0 → Y , such that the following universal property holds. For
every commutative square (2), every object (U ′, T ′) ∈ Inf(X ′/S′) and every
g-morphism h : T ′ → T with q1 ◦ h = q2 ◦ h, i.e., making the diagram

T ′ T0 T Y

h

h0
p

q1

q2

commutative, there is a unique g-morphism h0 : T ′ → T0 with p ◦ h0 = h as
morphism T ′ → T .

Proof. By [Sta25, Tag 01KM], the category of schemes has equalizers. Let
p : T0 → T be the equalizer of q1, q2 : T ⇒ Y . One has q1 ◦ p = q2 ◦ p, and
p : T0 → T is an immersion and hence separated. As q1|U = q2|U , the closed
immersion U → T factors through a closed immersion U → T0. Then the square

U T0

U T

□ p

is cartesian, so U → T0 is a thickening of finite order. Thus, (U, T0) belongs to
Inf(X/S), and p : (U, T0)→ (U, T ) is a morphism in Inf(X/S).

We verify the universal property. From q1 ◦ h = q2 ◦ h, there is a unique
morphism h0 : T ′ → T0 of schemes with p ◦ h0 = h. As the outer rectangular of
the diagram

U ′ U U

T ′ T0 T

g|U′

h

h0 p

is commutative, and p : T0 → T is a monomorphism, the left square is commutative.
Therefore, h0 : T ′ → T0 is a g-morphism.

Remark 3.6. The category Inf(X/S) has fiber products. By Lemma 3.5, it
also has equalizers. It may not have a final object. By [Ber74, III, Corollaire
2.1.4 i)], the crystalline site has finite nonempty products. By contrast, we
prove that for every irreducible algebraic variety X over C, if the product of
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two copies of (X,X) exists in Inf(X/C), then dimX = 0. Let (U, T ) be the
product. Let ∆ : X → X2 be the diagonal immersion. The two projections
p0, p1 : (U, T )→ (X,X) induce a commutative diagram

U T

X ∆n
X(X2) X2

∆

of schemes over C. As U → T is a nilpotent thickening, there is n > 0 such
that T → X2 factors through ∆n

X(X2). The two projections (X,∆n+1
X (X2))→

(X,X) induce a morphism (X,∆n+1
X (X2))→ (U, T ) in Inf(X/C), so the inclusion

∆n
X(X2) → ∆n+1

X (X2) is an isomorphism. As X2
C is irreducible, X → X2 is a

thickening. Then dimX = 2dimX and hence dimX = 0.

By Remark 3.6, the product of two objects in Inf(X/S) may not be representable.
Lemma 3.7 shows that it is still ind-representable.

Lemma 3.7. Let S be a scheme, X,Y be schemes over S. For i = 1, 2, let
(Ui, Ti) be an object of Inf(X/S). Let U = U1 ∩ U2. Let qi : Ti → Y be a
morphism over S with q1|U = q2|U as morphism U → Y . Then there is a direct
system of objects (U, Tm)m≥0 in Inf(X/S), each of which is equipped with two
morphisms pmi : (U, Tm) → (Ui, Ti) in Inf(X/S), with the following universal
property. Given a commutative square (2), let (U ′, T ′) ∈ Inf(X ′/S′). Consider
a solid commutative diagram

T ′ Tm T1

T2 Y

S′ S,

hm

h1

h2

pm
2

pm
1

q1

q2

u

where hi : T
′ → Ti (i = 1, 2) are g-morphisms. Then there is an integer m ≥ 0,

and a g-morphism hm : T ′ → Tm keeping the diagram commutative. Moreover,
such a hm : T ′ → Tm is unique once m is determined.

Proof. Since q1|U = q2|U , there is an induced morphism U → U1 ×Y U2. It is
a base change of the diagonal immersion X → X ×Y X, so also an immersion.
Since Ui → Ti (i = 1, 2) are immersions over Y , U1 ×Y U2 → T1 ×Y T2 is
an immersion. Hence the composition U → T1 ×Y T2 is an immersion over
Y . For every m ≥ 0, let Tm be the m-th infinitesimal neighborhood of U in
T1 ×Y T2. Then (U, Tm) ∈ Inf(X/S). Let pmi : Tm → Ti be the composition
of the inclusion Tm ↪→ T1 ×Y T2 with the projection T1 ×Y T2 → Ti. Then it
defines a morphism pmi : (U, Tm)→ (Ui, Ti) in Inf(X/S).

As the diagram
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U ′ T ′

U T2

T1 Y

g|U′
h2

h1

q2

q1

is commutative, it induces a commutative diagram

U ′ T ′

U T1 ×Y T2.

g|U′

As U ′ → T ′ is a finite order thickening, there is an integer m > 0, such that
T ′ → T1 ×Y T2 factors through Tm. The induced morphism hm : T ′ → Tm is a
g-morphism.

Lemma 3.8. In the notation of (2), assume that g : X ′ → X is an affine
morphism. Let (X ′, T ′) be an object of Inf(X ′/S′). Then there is an object
(X,T ) of Inf(X/S) and a g-morphism ḡ : T ′ → T with the following universal
property. For every commutative square

X X ′′

S S′′

g′′

u′′

of schemes, every object (X ′′, T ′′) ∈ Inf(X ′′/S′′) and every g′′ ◦ g-morphism
h′′ : T ′ → T ′′, there is a unique g′′-morphism h : T → T ′′ fitting into a
commutative diagram

X ′ T ′

X T

X ′′ T ′′.

g ḡ

h′′

g′′ h

Proof. By the proof of [Sta25, Tag 07RT], as g : X ′ → X is affine and X ′ → T ′

is a thickening of finite order, there is a pushout

X ′ T ′

X T

g ḡ

in the category of schemes, where X → T is also a thickening of finite order.
From the solid commutative diagram
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X ′ T ′ S′

X T

S,

g ḡ

u

f

there is a unique morphism T → S keeping the diagram commutative. Thus,
one defines an object (X,T ) ∈ Inf(X/S), and ḡ : T ′ → T is a g-morphism. From
the universal property of pushout, the existence and uniqueness of h : T → T ′′

follow. Moreover, h is a morphism over S′′ and hence a g′′-morphism.

4 Stratifying topos and Čech-Alexander complex

Let S be a scheme, g : X → Y be a morphism of schemes over S. We review the
stratifying topos, and show that the corresponding cohomology can be computed
as the cohomology of a cosimplicial Zariski sheaf.

Definition 4.1. Let Y Strat(X/S) be the full subcategory of Inf(X/S) of
objects U → T such that there is a morphism h : T → Y over S with
h|U = g|U as morphism U → Y . This subcategory inherits the induced
topology of Inf(X/S), making Y Strat(X/S) a site, called the stratifying site.
Let (X/S)Y Strat be the associated topos, known as the stratifying topos.

By [Ber74, III, Proposition 1.1.5], the restriction functor Sh(Inf(X/S)) →
Sh(Y Strat(X/S)) commutes with V -limits and V -colimits. Then by [SGA4I,
IV, Corollaire 1.7], it is the inverse image j−1 for a morphism of topoi

j : (X/S)Y Strat → (X/S)inf . (5)

We still write OX/S for j∗OX/S . Let u
′
X/S be the composition

(X/S)Y Strat
j→ (X/S)inf

uX/S→ XZar

of morphisms of topoi. Then for every E ∈ Sh(Y Strat(X/S)) and every open
subset U of X, one has

Γ(U, u′X/S∗E) = Γ((U/S)Y Strat, E). (6)

Let ι : X → Y be an immersion of schemes over a scheme S. Given an
OX/S-module F , we recall the construction of the Čech-Alexander complex
CA•

Y (F ). It is a complex of sheaves on X, whose hypercohomology computes
the infinitesimal cohomology of F , as Lemma 4.6 shows.

For every integer v ≥ 0, let Y v+1
S := Y ×S × · · · ×S Y (v + 1 times). Let

∆v+1 : Y → Y v+1
S be the diagonal immersion. For every integer i ≥ 0, let

ji(v + 1) : ∆i
X(Y v+1) → Y v+1

S be the i-th infinitesimal neighborhood of X for
the composed immersion

X
ι→ Y

∆v+1

→ Y v+1
S
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in the sense of [EGA IV 4, Définition 16.1.2]. Then the inclusionX ↪→ ∆i
X(Y v+1)

is a thickening of finite order. For each of the v + 1 projections p : Y v+1
S → Y ,

p ◦ ji(v + 1) : ∆i
X(Y v+1) → Y is a morphism over S whose restriction to X is

ι : X → Y . Therefore, X ↪→ ∆i
X(Y v+1) is an object of Y Strat(X/S).

For a sheaf of sets E on Y Strat(X/S), we define a cosimplicial sheaf of sets
on X, denoted by CA•

Y (E) and called the Čech-Alexander complex of E relative
to ι : X → Y . For every integer v ≥ 0, set

CAv
Y (E) := lim

i
E(X,∆i

X(Y v+1)) (7)

in Sh(X), where every sheaf E(X,∆i
X(Y v+1)) on ∆i

X(Y v+1) is considered as a sheaf

on X via the homeomorphism X ↪→ ∆i
X(Y v+1). By [Ber74, III, Proposition

1.1.5], the resulting functor

CAv
Y : Sh(Y Strat(X/S))→ Sh(X)

is left exact.

Example 4.2. For every v ≥ 0, one has

CAv
Y (OX/S) = PX(Y v+1),

CAv
Y (JX/S) = lim

i
ker(P i

X(Y v+1)→ OX) = ker(PX(Y v+1)→ OX).

Remark 4.3. By [GD71, Remarque 10.6.6], for anOX/S-module F on Y Strat(X/S),
CAv

Y (F ) is naturally an PX(Y v+1)-module. From [GD71, Théorème 10.11.3], if
Y is a locally Noetherian scheme, and if F is a locally coherent (i.e., for every
(U, T ) ∈ Y Strat(X/S), the OT -module FT is coherent) crystal in OX/S-modules
in the sense of Definition 6.1, then CAv

Y (F ) is a coherent sheaf on the formal
scheme ∆X(Y v+1).

We define the linking morphisms of the cosimplicial object CA•
Y (E). For

integers v > 0 and 0 ≤ j ≤ v, let pvj : Y v+1
S → Y v

S be the projection

skipping the j-th factor of Y v+1
S . It defines a projective system of morphisms

{(X,∆i
X(Y v+1))→ (X,∆i

X(Y v))}i in the category Y Strat(X/S). This system
induces a morphism

δvj : CAv−1
Y (E)→ CAv

Y (E).

Consider the immersion

ιvj : Y v+1
S → Y v+2

S , (y0, . . . , yv) 7→ (y0, . . . , yj , yj , yj+1, . . . , yv).

It induces a projective of morphisms {(X,∆i
X(Y v+1)) → (X,∆i

X(Y v+2))}i in
the category Y Strat(X/S), hence a morphism

σv
j : CAv+1

Y (E)→ CAv
Y (E).

Let ∆ be the category of finite ordered sets. Thus, one defines a functor

CA•
Y (E) : ∆→ Sh(X),
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i.e., a cosimplicial sheaf on X. The construction is functorial in E, so one gets
a functor

CA•
Y : Sh(Y Strat(X/S))→ CoSimp(Sh(X)).

Remark 4.4. The Čech-Alexander complex is a sheaf version of the Čech complex,
as we explain. Let Ỹ be the presheaf on Y Strat(X/S) sending each object (U, T )
to the set of morphisms T → Y of schemes over S extending ι|U : U ↪→ Y . It
turns out to be a sheaf. From [SGA4I, II, Proposition 4.8 a)], every topos
has finite limits. For every v > 0, let Ỹ v be the v-fold product of Y in
Sh(Y Strat(X/S)), which is a colimit of representable sheaves colimi h∆i

X(Y v).

From (7), for an open subset U of X, one has

Γ(U,CAv
Y (E)) = lim

i>0
E(U,∆i

U (Y
v+1)). (8)

In particular, one has

Γ(X,CAv
Y (E)) = HomSh(Y Strat(X/S))(Ỹ

v+1, E). (9)

Let U = (Ỹ → e), which is a representable covering morphism by [Ber74, V,
Lemme 1.2.1]. Let C•(U , E) be the Čech complex of the sheaf E relative to the
covering U , i.e., the cosimplicial object defined by [SGA 4II, V, (2.3.3.1)]. The
isomorphisms (9) for variable v ≥ 0 are compatible with linking morphisms, so
Γ(X,CA•

Y (E)) = C•(U , E).
By (6) and (8), given a sheaf of rings A on Y Strat(X/S) and an A-module

E, each CAv
Y (E) is a u′X/S∗A-module. Thus, one can similarly define a functor

CA•
Y : Mod(Y Strat(X/S), A)→ CoSimp(Mod(u′X/S∗A)).

Remark 4.5. Given a cochain complex of abelian sheaves F • on Y Strat(X/S),
one defines a functor CA•

Y (F
•) : ∆ → Ch(Ab(X)), a cosimplicial complex of

sheaves on XZar. We also write CA•
Y (F

•) ∈ Ch(Ab(X)) for the associated
cochain complex.

The assumption of vanishing higher Rq lim in Lemma 4.6 is a variant of
[Gro68, Conditions (1) and (2), p.336]. As the linearization L(OY ) (Definition
8.1) may not be locally quasi-coherent, we have to slightly relax Grothendieck’s
conditions.

Lemma 4.6. Let ι : X ↪→ Y be an immersion of schemes over a scheme S. Let
A be a sheaf of rings on Y Strat(X/S). Let F • ∈ Ch+(Mod(Y Strat(X/S), A)).
Assume that for any integers v ≥ 0 and k, the inverse system (F k

(X,∆i
X(Y v+1))

)i≥0

in Ab(X) has vanishing Rq limi for all q > 0. Then there exists a canonical
isomorphism

Ru′X/S∗F
• ∼= CA•

Y (F
•) (10)

in D+(X,Mod(u′X/S∗A)), which is functorial in F •. It induces a canonical
isomorphism

RΓ((X/S)Y Strat, F
•) ∼= RΓ(X,CA•

Y (F
•))

in D+ (Mod(Γ((X/S)Y Strat, A))).
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Proof. By [Sta25, Tag 07A5], Mod(A) is a Grothendieck abelian category. So
it has enough injectives. Then by [Sta25, Tag 013K], as F • is bounded below,
there is a complex I• such that each term is an injective object of Mod(A),
and a morphism F • → I• in Ch+(Mod(A)) that is a quasi-isomorphism. The
morphism

Ru′X/S∗F
• → u′X/S∗I

• (11)

is an isomorphism in D+(Mod(u′X/S∗A)). By [Ber74, V, Lemme 1.2.4] (whose

infinitesimal analog can be proved using Remark 4.4), for every integer k, as Ik

is an injective in Mod(A), there exists a natural resolution u′X/S∗I
k → CA•

Y (I
k).

Therefore, there is a natural morphism

u′X/S∗I
• → CA•

Y (I
•) (12)

in Ch+(Mod(u′X/S∗A)) that is a quasi-isomorphism.
We prove that the morphism

CA•
Y (F

•)→ CA•
Y (I

•) (13)

in Ch+(Mod(u′X/S∗A)) is a quasi-isomorphism.

By [Ber74, III, Proposition 1.1.5], for every v ≥ 0, the morphism of complexes
of projective systems

(F •
(X,∆i

X(Y v+1)))i≥0 → (I•(X,∆i
X(Y v+1)))i≥0

in Ch+(Mod(u′X/S∗A)
N) is a quasi-isomorphism. By assumption, the termwise

limit complex CAv
Y (F

•) represents R limi F
•
(X,∆i

X(Y v+1))
∈ D(u′X/S∗A). From

Lemma 4.10, for every integer k, the inverse system (Ik
(X,∆i

X(Y v+1))
)i≥0 satisfies

condition (*). Then by Fact 4.8, CAv
Y (I

•) represents R limi I
•
(X,∆i

X(Y v+1))
∈

D(u′X/S∗A). Therefore, the morphism CAv
Y (F

•)→ CAv
Y (I

•) in Ch+(Mod(u′X/S∗A))
is a quasi-isomorphism. The quasi-isomorphisms for variable v ≥ 0 are compatible,
so (13) is indeed a quasi-isomorphism.

Composing the isomorphisms (11), (12) and (13), one gets an isomorphism
Ru′X/S∗F

• → CA•
Y (F

•) inD+(X,u′X/S∗A). Using that two injective resolutions
are homotopic equivalent, one can show that this isomorphism is independent
of the choice of the injective resolution F • → I•. Moreover, the isomorphism
(10) is functorial in F •.

In a Grothendieck abelian category A, an inverse system (Ai)i≥0 satisfying
the Mittag-Leffler condition (see, e.g., [Sta25, Tag 0595]) may have non-vanishing
R1 limiAi. We recall a condition for sheaves ensuring the vanishing of higher
derived limits, due to Grothendieck [EGA III 1, Proposition 13.3.1].

Definition 4.7. Let X be a ringed space. We say that an object (Fi)i≥0 of
Mod(OX)N satisfies condition (*) if there is a base B of X, such that for every
U ∈ B,
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(a) for any integers p > 0 and i ≥ 0, one has Hp(U,Fi) = 0;

(b) one has R1 limi Fi(U) = 0.

Fact 4.8 ([Sta25, Tag 0BKS]). Let X be a ringed space. Let (Fi)i≥0 be an
inverse system satisfying condition (*). Then limi Fi → R limi Fi is an isomorphism
in D(Mod(OX)).

Example 4.9. (a) Let X be a ringed space. Let (Fi)i≥0 be a projective
system in Mod(OX). If for every i ≥ 0, Fi ∈ Mod(OX) is flasque,
then Condition (a) holds. If for every U ∈ B, the inverse system of
OX(U)-modules {Fi(U)}i≥0 satisfies the Mittag-Leffler condition, then
from [Wei95, Proposition 3.5.7], Condition (b) holds.

(b) Let X be a scheme. Let (Fi)i≥0 be an inverse system in the category
Qch(X) of quasi-coherent OX -modules. Suppose that (Fi) satisfies the
Mittag-Leffler condition. Then for every affine open subset U of X, the
inverse system (Fi(U))i≥0 satisfies the Mittag-Leffler condition. By the
Serre vanishing theorem, the system (Fi)i≥0 satisfies condition (*).

Lemma 4.10. Notation as in Lemma 4.6. Let B be a base for the underlying
topological space X. Let I be an injective object of Mod(Y Strat(X/S), A). Then
for every integer v > 0, the inverse system {I(X,∆i

X(Y v))}i≥0 satisfies condition

(*) relative to B.

Proof. By [Ber74, VI, Proposition 1.1.5], for every integer i > 0, theA(X,∆i
X(Y v))-

module I(X,∆i
X(Y v)) on ∆i

X(Y v) is injective. Therefore, the underlying abelian
sheaf on X is flasque. For every open subset U of X and every integer i ≥ 0,
the inclusion

(U,∆i
U (Y

v))→ (U,∆i+1
U (Y v))

is a monomorphism in Y Strat(X/S). By the Yoneda lemma, the canonical
functor Y Strat(X/S) → (X/S)Y Strat is left exact. By [SGA 4II, V, 4.6], the
injective A-module I is flasque. Then by [SGA 4II, V, Proposition 4.7], the map

I(U,∆i+1
U (Y v))→ I(U,∆i

U (Y
v))

is surjective. In particular, the inverse system {I(U,∆i
U (Y

v))}i satisfies the
Mittag-Leffler condition. Then by Example 4.9 (a) , {I(X,∆i

X(Y v))}i≥0 satisfies

condition (*).

5 Stratification and formalization functor

We recollect the notion of stratification on sheaves of modules, which is closely
related to connection. Stratification can be viewed as linearizing differential
operators, as Grothendieck’s construction of formalizing functor shows.
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Definition 5.1. Let C be a category. Let CN be the category of projective
systems over C indexed over N. For an inverse system X = (Xn, dn)n≥0 ∈ CN
and an integer k ≥ 0, let X[k] be the inverse system (Xk+n, dk+n)n≥0. Define
a category AR(C) as follows. Its objects are the same as CN. A morphism
(Xn) → (Yn) in AR(C) refers to an element of colimk≥0 HomCN(X[k], Y ). An
object of AR(C) is known as an Artin-Rees pro-object of C.

Viewing objects of C as constant projective systems, one gets an inclusion
functor ιC : C → AR(C) which is fully faithful. Every functor F : C → D induces
a functor AR(F ) : C → D.
Remark 5.2. Let C be a category such that every projective system indexed over
N in C has a limit. Then the limit functor lim : CN → C induces a functor

lim : AR(C)→ C,

which is right adjoint to the inclusion ιC : C → AR(C). The natural morphism
Id→ lim ◦ιC of functors C → C is an isomorphism.

Remark 5.3. Let C be an abelian category. An object X ∈ CN is called AR-zero
if there is an integer d ≥ 0 such that the canonical morphism X[d] → X in CN
is zero. By [SGA 5, V, Proposition 2.4.4], the natural functor CN → AR(C) is
the quotient by the Serre subcategory of CN consisting of AR-zero objects. In
particular, AR(C) admits a natural structure of abelian category. The inclusion
C → AR(C) is exact and exhibits C as a weak Serre subcategory of AR(C).

Assume that C has enough injectives. Then by [Jan88, Proposition 1.1], CN

has enough injectives, and the inclusion C → CN preserve injective objects. By
[Kri23, Proposition 4.1.5], AR(C) also has enough injectives, and the quotient
functor CN → AR(C) preserves injective objects.

For every left exact functor F : A → B of abelian categories, the induced
functor FN : AN → BN is left exact. Then by [Gab62, III, Corollaire 1], it
descends to a left exact functor AR(F ) : AR(A) → AR(B), called the AR-
extension of F . From [Sta25, Tag 015M], the right derived functors exist, and
are compatible in the sense that they fit into a commutative diagram

D+(A) D+(AN) D+(AR(A))

D+(B) D+(BN) D+(AR(B)).

RF R(FN) R(AR(F ))

By [Jan88, Proposition 1.2], for every integer i ≥ 0, one has AR(RiF ) =
Ri(AR(F )) as functor AR(A)→ AR(B).

Let Y → S be a morphism of schemes. For every integer n ≥ 0, let
Pn
Y/S := Pn

Y (Y
2) be the sheaf of principal parts of order n on Y defined in

[EGA IV 4, Définition 16.3.1]. In particular, one has P 0
Y/S = OY . By [EGA

IV 4, Corollaire 16.1.7], there is a canonical projective system (Pn
Y/S)n≥0 in

the category Ring(Y ) of sheaves of rings on Y . By [EGA IV 4, 16.3.2], for
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every n > 0, the two projections p0, p1 : Y 2
S → Y induces two right inverses

OY → Pn
Y/S to the augmentation morphism πn : Pn

Y/S → OY , giving two
structures of quasi-coherent OY -algebra on Pn

Y/S , called the left structure and
the right structure in order. For integers n ≥ m ≥ 0, let πn,m : Pn

Y/S → Pm
Y/S

be the projection. For integers i, k ≥ 0, let

δi,k : P i+k
Y/S → P i

Y/S ⊗OY
P k
Y/S

be the OY -linear (for both left and right OY -module structures) ring morphism

constructed in [EGA IV 4, Lemme 16.8.9.1]. Let qi,k0 be the composition

P i+k
Y/S

πi+k,i

→ P i
Y/S → P i

Y/S ⊗OY
P k
Y/S .

For an integer n ≥ 0, let σn : Pn
Y/S → Pn

Y/S be the canonical symmetry defined in

[EGA IV 4, Proposition 16.3.4]. It is an involutive automorphism and exchanges
the two structures of OY -algebra on Pn

Y/S . Let P
∞
Y/S := limn P

n
Y/S .

Definition 5.4. Let Y → S be a morphism of schemes. Let M be an object of
AR(Mod(OY )). For an integer n ≥ 0, an n-connection on M relative to S is an
isomorphism

ϵn : Pn
Y/S ⊗OY

M
∼−→M ⊗OY

Pn
Y/S

in AR(Mod(Pn
Y/S)), which induces IdM when base changed along the augmentation

πn : Pn
Y/S → OY . An 1-connection is called a connection. A stratification on M

relative to S is the datum of an n-connection ϵn relative to S for every n ≥ 0,
such that for any integers 0 ≤ m ≤ n,

� the diagram

Pn
Y/S ⊗OY

M M ⊗OY
Pn
Y/S

Pm
Y/S ⊗OY

M M ⊗OY
Pm
Y/S

ϵn

πn,m⊗Id Id⊗πn,m

ϵm

(14)

in AR(Mod(Pn
Y/S)) is commutative,

� and
δm,n−m∗(ϵn) = qm,n−m∗

0 (ϵn) ◦ qm,n−m∗
1 (ϵn). (15)

Let f : M → M ′ be a morphism in AR(Mod(OY )), where M and M ′ are
equipped with stratifications ϵ and ϵ′. If f is compatible with stratifications,
then it is called horizontal.

Remark 5.5. By [Ber74, II, Exemple 3.1.4 i) and Lemme 3.2.1], a connection
on an OY -module M ∈ Mod(OY ) is equivalent to an OS-linear morphism ∇ :
M →M ⊗OY

Ω1
Y/S satisfying the Leibniz rule.

Remark 5.6. For an integer n ≥ 0, let pni : ∆n
Y (Y

2) → Y (i = 0, 1) be the two
projections. LetM ∈ AR(Mod(OY )). Then an n-connection onM is equivalent
to an isomorphism (pn1 )

∗M → (pn0 )
∗M in the category AR(Mod(O∆n

Y (Y 2))),

whose restriction along the diagonal inclusion Y ↪→ ∆n
Y (Y

2) is the identity.
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Remark 5.7. Let M be an OY -module. By [Ber74, II, Proposition 3.2.5], every
integrable connection ∇ :M →M ⊗OY

Ω1
Y/S relative to S naturally fits into a

complex

0→M
∇→M ⊗OY

Ω1
Y/S →M ⊗OY

Ω2
Y/S → . . . ,

called the de Rham complex with coefficients in M . For every integer i ≥ 0, the
morphism M ⊗OY

Ωi
Y/S →M ⊗OY

Ωi+1
Y/S is a differential operator of order ≤ 1.

Similar to the proof of [Sta25, Tag 07J6], one can prove that the connection
underlying a stratification on M relative to S is integrable.

Fact 5.8 ([Gro68, Appendix], [Ber74, p.81]). Let f : Y → S be a smooth
morphism of schemes, with Y of characteristic 0. Let DY/S be the sheaf of
differential operators relative to S. Then for every OY -moduleM , a stratification
on M relative to S is equivalent to an integrable connection M →M⊗OY

Ω1
Y/S,

i.e., a structure of left DY/S-module structure on M .

Definition 5.9. For an OY -module E and an integer n ≥ 0, set Q0(E)nY :=
Pn
Y/S⊗OY

E, where the tensor product is taken with respect to the right structure
of OY -module on Pn

Y/S . Via the left structure of OY -module on Pn
Y/S , we regard

Q0(E)nY as an OY -module. As functors

Q0(·)n = pn0∗ ◦ (pn1 )∗ : Mod(OY )→ Mod(OY ).

Set
Q0(E)•Y := P •

Y/S ⊗OY
E := (Q0(E)nY )n≥0 ∈ Mod(OY )

N.

Let Diff(Y/S) be the category of OY -modules, with differential operators
of finite order relative to S in the sense of [EGA IV 4, Définition 16.8.1] as
morphisms. Let Strat−AR(OY ) be the category of Artin-Rees pro-modules
over OY equipped with a stratification relative to S, with horizontal OY -linear
morphisms. By Lemmas 5.11, 5.12 and 5.13,

Q0 : Diff(Y/S)→ Strat−AR(OY )

is a well-defined functor, called the formalization functor.

Remark 5.10. Let Strat(OY ) be a category, where objects are OY -modules
equipped with a stratification, and morphisms are horizontal. It is a full subcategory
of Strat−AR(OY ). The category Strat−AR(OY ) is different from AR(Strat(OY )).
Both Diff(Y/S) and Strat−AR(OY ) are additive categories, and Q0 is an
additive functor. Every OY -linear morphism is a differential operator, so there is
a natural faithful, essentially surjective additive functor Mod(OY )→ Diff(Y/S).
However, the forgetful functor Diff(Y/S) → Ab(Y ) may not be faithful, i.e., a
nonzero differential operator E → F may have zero morphism of underlying
abelian sheaves. By a slight variant of [Ber74, II, Proposition 1.5.2], if Y is
smooth over S, then Strat−AR(OY ) is naturally an abelian category, and the
forgetful functor Strat−AR(OY )→ ARMod(OY ) is exact.

Lemma 5.11. For every OY -module E, the Artin-Rees pro-module Q0(E)•Y ∈
ARMod(OY ) has a canonical stratification relative to S.
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Proof. For an integer m ≥ 0, define a morphism of abelian sheaves θn,m :
Pn+m
Y/S ⊗ E → (Pm

Y/S ⊗ E)⊗ Pn
Y/S as the composition

Pn+m
Y/S ⊗E

δn,m⊗IdE→ Pn
Y/S⊗P

m
Y/S⊗E

σn⊗Id⊗ Id→ Pn
Y/S⊗

′Pm
Y/S⊗E

∼=→ (Pm
Y/S⊗E)⊗Pn

Y/S ,

where tensor products are over OY , ⊗′ signifies that Pn
Y/S uses the left structure

of OY -algebra, and the last morphism is the symmetry of tensor products. Then
θn,m induces a morphism of Pn

Y/S-modules

ϵn,m : Pn
Y/S ⊗ (Pn+m

Y/S ⊗ E)→ (Pm
Y/S ⊗ E)⊗ Pn

Y/S .

For variable m ≥ 0, they are compatible, so give rise to a morphism

ϵn : Pn
Y/S ⊗ (P •

Y/S ⊗ E)→ (P •
Y/S ⊗ E)⊗ Pn

Y/S

in ARMod(Pn
Y/S). By [Ber74, II, Corollaire 1.4.4], the (ϵn)n≥0 define a stratification.

Let E,F be OY -modules. Let D : E → F be a morphism in Diff(Y/S).
Choose an integer k ≥ 0 such that D is a differential operator of order ≤ k.
Then D factors uniquely as

E
dk
Y/S,E→ P k

Y/S ⊗OY
E

u→ F,

where u : P k
Y/S ⊗OY

E → F is morphism in Mod(OY ). Define a morphism

Q0(E)i+k
Y → Q0(F )iY (16)

in Mod(OY ) as the composition

P i+k
Y/S ⊗OY

E
δi,k→ P i

Y/S ⊗OY
P k
Y/S ⊗OY

E
IdPi ⊗u
→ P i

Y/S ⊗OY
F.

For variable i, they fit to a morphism Q0(D)Y : Q0(E)Y [k] → Q0(F )Y in
Mod(OY )

N. It induces a morphism

Q0(D) : Q0(E)•Y → Q0(F )•Y (17)

in AR(Mod(OY )).

Lemma 5.12. The morphism (17) is independent of the choice of k ≥ 0.

Proof. Let k′ ≥ 0 be another choice with corresponding factorization u′ : P k′

Y/S⊗
E → F . By symmetry, one may assume k′ ≥ k. For i ≥ 0, write P i for P i

Y/S .
Consider a diagram
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P i+k′
P i ⊗ P k′

P i+k ⊗ P k′−k P i ⊗ P k ⊗ P k′−k

P i+k P i ⊗ P k,

δi,k
′

δi+k,k′−k

πi+k′,i+k

Id⊗δk,k′−k

Id⊗πk′,k
δi,k⊗Id

Id⊗πk′−k Id
Pi⊗Pk ⊗πk′−k

δi,k

where the lower square is commutative. From [Ber74, II, Exemple 1.1.5 a)],
P̂ (X/S) is a formal groupoid, so by [Ber74, II, (1.1.10)], the triangles on
both sides are commutative. From [Ber74, II, (1.1.11)], the upper square is
commutative.

By uniqueness of factorization, one has u′ = u ◦ (πk′,k ⊗ IdE). Then the
diagram

P i+k′ ⊗ E P i ⊗ P k′ ⊗ E

P i+k P i ⊗ P k ⊗ E P i ⊗ F

δi,k
′
⊗Id

πi+k′,i+k⊗Id Id⊗πk′,k⊗Id
Id⊗u′

δi,k⊗Id Id⊗u

is commutative. Therefore, the morphism Q0(E)•+k
Y → Q0(F )•Y in Mod(OY )

N

induces Q0(E)•+k′

Y → Q0(F )•Y .

The proof of Lemma 5.13 is similar to that of [Ber74, IV, Lem 3.1.2 ii), iii)],
so it is omitted.

Lemma 5.13. Let D : E → F be a morphism in Diff(Y/S).

(a) The morphism Q0(D) : Q0(E)→ Q0(F ) in ARMod(OY ) is horizontal for
the canonical stratifications.

(b) For another morphism D′ : F → G in Diff(Y/S), one has Q0(D′ ◦D) =
Q0(D′) ◦Q0(D).

6 Crystal

LetX → Y be a morphism of schemes over a scheme S. Grothendieck introduces
a sort of “special”sheaves on the infinitesimal site, known as crystals. He also
gives an interpretation of stratified modules on Y as crystals on Y Strat(X/S).

Definition 6.1. An object E ∈ AR(Mod(Y Strat(X/S), OX/S)) is called a
crystal or an Artin-Rees pro-crystal, if for every morphism g : (U ′, T ′)→ (U, T )
in Y Strat(X/S), the morphism g∗E : g∗E(U,T ) → E(U ′,T ′) is an isomorphism in
AR(Mod(OT ′)). Let Pro−Cris(X/S)Y Strat be the full subcategory of AR(Mod(Y Strat(X/S), OX/S))
consisting of crystals. Let CX/S,Y Strat be the full subcategory consisting of
crystals in Mod(OX/S) on Y Strat(X/S). An object of CX/S,Y Strat is called a
crystal in OX/S-modules. Similar definition extends to the site Inf(X/S) instead
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of Y Strat(X/S). Let CX/S be the category of crystals in OX/S-modules on
Inf(X/S).

Remark 6.2. An OX/S-module M on Inf(X/S) is called locally quasi-coherent,
if for every (U, T ) ∈ Inf(X/S), the OT -moduleMT is quasi-coherent. By [Ber74,
IV, Proposition 1.1.3], an OX/S-module M is quasi-coherent if and only if it is
a locally quasi-coherent crystal.

Remark 6.3. For a commutative ring R, the tensor product ⊗ : Mod(R) ×
Mod(R)→ Mod(R) induces a bifunctor

ARMod(R)×ARMod(R)→ ARMod(R).

From this, one may define a tensor product

ARMod(OY )×ARMod(OY )→ ARMod(OY ).

By [Ber74, II, 1.5.3], it upgrades to a tensor product of stratified pro-modules

Strat−AR(OY )× Strat−AR(OY )→ Strat−AR(OY ). (18)

Similarly, one has a tensor product

ARMod(OX/S)×ARMod(OX/S)→ ARMod(OX/S),

which restricts to a bifunctor

Pro−Cris(X/S)Y Strat × Pro−Cris(X/S)Y Strat → Pro−Cris(X/S)Y Strat.
(19)

Lemma 6.4. Let F be a crystal in OX/S-modules on Inf(X/S) (resp. Y Strat(X/S)).
Then for every object (U, T ) of Inf(X/S) (resp. Y Strat(X/S)), the OT -module
F(U,T ) admits a natural stratification and an integrable connection relative to S.

Proof. We prove the case without parentheses. For every integer n ≥ 0, as
T → ∆n

T (T
2) is a nilpotent thickening, (U,∆n

T (T
2)) is an object of Inf(X/S).

As F is a crystal, for the two projections pi : ∆n
T (T

2) → T (i = 0, 1), the
morphisms

p∗iF(U,T ) → F(U,∆n
T (T 2))

are isomorphisms of Pn
T/S = Pn

T (T
2)-modules. Thus, one has an isomorphism

ϵn,T : Pn
T/S ⊗OT

F(U,T )
∼= F(U,T ) ⊗OT

Pn
T/S

of Pn
T/S-modules. Its base change along Pn

T/S → OT is the identity, so ϵn,T is an

n-connection on F(U,T ). From [Ber74, II, Proposition 1.3.3 i)], using the crystal
property for the three projections ∆n

T (T
3)→ ∆n

T (T
2), one shows that (ϵn,T )n≥0

is a stratification on F(U,T ) relative to S. Let ∇T : FT → FT ⊗OT
Ω1

T/S be the

OS-linear morphism corresponding to the connection ϵ1,T . Similar to [Sta25,
Tag 07J6], one shows that ∇T is an integrable connection.
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Lemma 6.5. Let X → Y be a morphism over S. There is a natural functor

Strat−AR(OY )→ Pro−Cris(X/S)Y Strat, (20)

which regards tensor products (18) and (19). It restricts to a functor

Strat(OY )→ CX/S,Y Strat. (21)

When Y is smooth over S, one can replace the site Y Strat(X/S) by Inf(X/S)
to get a functor Strat(OY )→ CX/S.

Proof. Let M ∈ AR(Mod(OY )) be equipped with a stratification ϵ. For every
object (U, T ) ∈ Y Strat(X/S), choose a morphism h : T → Y over S with h|U =
g|U . We prove that up to canonical isomorphism, h∗M ∈ AR(Mod(OT )) is
independent of the choice of h, and we shall define an objectM∈ ARMod(Y Strat(X/S), OX/S)
withMT := h∗M .

In fact, let hi : T → Y (i = 0, 1) be two such choices. As U ↪→ T is
a thickening of finite order, one may choose an integer n ≥ 0 such that the
(n+1)-th power of the defining ideal sheaf vanishes. By [Ber74, II, Proposition
1.2.4 i)] (which is stated for modules but holds for pro-modules), ϵn induces
an isomorphism ϵh0,h1

: h∗1M → h∗0M in AR(Mod(OT )). By commutativity
of (14), ϵh0,h1

is independent of the choice of n. From [Ber74, II, Proposition
1.3.7 i)] (which holds for pro-modules), the cocycle condition (15) implies that
for another such morphism h2 : T → Y , one has ϵh0,h2 = ϵh0,h1 ◦ ϵh1,h2 as
morphism h∗2M → h∗0M .

For every morphism u : (U ′, T ′) → (U, T ) in Y Strat(X/S), let the natural
isomorphism

u∗M : u∗(h∗M)→ (hu)∗M

be the transition morphism u∗MT → MT ′ in ARMod(OT ′). For another
morphism u′ : (U ′′, T ′′)→ (U ′, T ′) in Y Strat(X/S), the transitivity condition

(u ◦ u′)∗M = u′∗M ◦ u′−1(u∗M ).

holds. Thus, one defines a crystalM in Artin-Rees pro-modules over OX/S on
Y Strat(X/S). Similarly, every horizontal morphism (M ′, ϵ′) → (M, ϵ) induces
a morphism of crystals. Thus, one defines the stated functor (20).

Remark 6.6. Take X → Y to be IdX . Then [Gro68, Section 4.2] shows that the
functor (21) is an equivalence of categories, with a quasi-inverse

CX/S,X Strat → Strat(OX), M 7→M(X,X).

Similarly, (20) is also an equivalence. Suppose further that X is smooth over S
and of characteristic 0. Then by Fact 5.8, (21) is identified with an equivalence
Mod(DX/S)→ CX/S , which sends the DX/S-module OX to the crystal OX/S .

Let X ′ be an other scheme smooth over S and of characteristic 0. Let
f : X → X ′ be a morphism over S. Then by [Ber74, IV, Corollaire 1.2.4], the
pullback of a crystal is a crystal, and there is a canonical commutative diagram
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Mod(DX′/S) CX′/S

Mod(DX/S) CX/S .

f∗

∼=

f∗
inf

∼=

7 Direct image of a crystal along a closed immersion

Let i : X → Y be a closed immersion of schemes over a scheme S. The direct
image of a structural crystal OX/S along the closed immersion may no longer
be a crystal, as Example 7.6 shows. We show that it is nevertheless an Artin-
Rees pro-crystal, which gives a “pro-connection” on the system of infinitesimal
neighborhoods {∆i

X(Y )}i≥0. This “pro-connection” is involved in a complex of
differential operators which computes the infinitesimal cohomology.

For every object (U, T ) ∈ Inf(Y/S), let V := U ×Y X. As i : X → Y is a
closed immersion, so is the composition V → U → T .

Lemma 7.1. For every object (U, T ) ∈ Inf(Y/S), the sheaf i∗T ∈ Sh(Inf(X/S))
defined by (3) is pro-representable. It is representable by (V, T ) if i : X → Y is
a nilpotent thickening.

Proof. By definition (3), for every object (V ′, T ′) ∈ Inf(X/S), one has i∗T (V ′, T ′) =
Homi(T

′, T ). For every integer n ≥ 0, V → ∆n
V (T ) is a finite order thickening,

so (V,∆n
V (T )) ∈ Inf(X/S). For every morphism (V ′, T ′) → (V,∆n

V (T )) in
Inf(X/S), the composition T ′ → ∆n

V (T ) ↪→ T is an i-morphism. Thus, there is
a natural map

ϕ : colimn≥0 HomInf(X/S)((V
′, T ′), (V,∆n

V (T )))→ Homi(T
′, T ).

From [EGA IV 4, Proposition 16.1.5 (ii)], every ∆n
V (T )→ T is a closed immersion,

so ϕ is injective. Conversely, as V ′ → T ′ is a finite order thickening, every i-
morphism T ′ → T induces a factorization T ′ → ∆n

V (T ) for some n > 0. Thus, ϕ
is surjective. Therefore, i∗T is pro-representable by the direct system of objects
(V,∆n

V (T ))n≥0 in Inf(X/S).

Lemma 7.2. Let (U, T ) ∈ Inf(Y/S).

(a) For every n ≥ 0 and every sheaf E ∈ Sh(Inf(X/S)), the presheaf

λnE : Inf(Y/S)op → Set, (U, T ) 7→ E(V,∆n
V (T ))

is a sheaf. The resulting functor λn : Sh(Inf(X/S)) → Sh(Inf(Y/S)) is
exact.

(b) Define a functor

λ : Sh(Inf(X/S))→ Sh(Inf(Y/S))N, E 7→ (λnE)n≥0.

Then there is a canonical isomorphism of functors

iinf ∗
∼−→ lim ◦λ : Sh(Inf(X/S))→ Sh(Inf(Y/S)). (22)
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In particular, there is a canonical isomorphism

(iinf ∗E)(U,T ) → lim
n≥0

E(V,∆n
V (T ))

in Sh(T ), where every E(V,∆n
V (T )) ∈ Sh(∆n

V (T )) is seen as a sheaf on T
via extension by zero for the closed immersion ∆n

V (T )→ T .

(c) There is a canonical isomorphism (iinf ∗OX/S)(U,T )
∼−→ PV (T ) of OT -

algebras. In particular, if the ideal sheaf of i : X ↪→ Y is locally nilpotent,
then the canonical morphism OY/S → iinf ∗OX/S is an isomorphism.

(d) There is a canonical isomorphism of functors

Riinf ∗ → R lim
n
◦λ : D+(OX/S , Inf(X/S))→ D+(OY/S , Inf(Y/S)).

Proof. (a) For every covering {(Ui, Ti) → (U, T )}i∈I in the site Inf(Y/S),
{(Vi,∆n

Vi
(Ti))→ (V,∆n

V (T ))} is a covering in the site Inf(X/S). As E is
a sheaf, the diagram

E(V,∆n
V (T ))→

∏
i∈I

E(Vi,∆
n
Vi
(Ti)) ⇒

∏
i,j∈I

E(Vij ,∆
n
Vij

(Tij))

is exact, which is identified with

(λnE)(U, T )→
∏
i

(λnE)(Ui, Ti) ⇒
∏
ij

(λnE)(Uij , Tij).

Therefore, λn(E) is a sheaf on Inf(Y/S). By construction, one has

(λnE)(U,T ) = E(V,∆n
V (T )). (23)

From [Ber74, III, Proposition 1.1.5], λn is an exact functor.

(b) One has

(iinf ∗E)(U, T )
(a)

= HomSh(Inf(Y/S))(i
∗T,E)

(b)

= lim
n≥0

HomSh(Inf(Y/S))(h(V,∆n
V (T )), E)

(c)

= lim
n≥0

E(V,∆n
V (T )) =: (lim

n
λnE)(U, T ),

(24)

where (a) is from (4), (b) and (c) use Lemma 7.1 and the Yoneda lemma
respectively. For every open subset T0 of T , let U0 = T0 ×T U and V0 =
T0 ×T V . Then ∆n

V0
(T0) = ∆n

V (T )×T T0 for all n ≥ 0. One has a natural

24



identification

Γ(T0, (iinf ∗E)(U,T )) = (iinf ∗E)(U0, T0)

(a)

= lim
n≥0

E(V0,∆
n
V0
(T0))

= lim
n≥0

Γ(∆n
V0
(T0), E(V,∆n

V (T )))

= lim
n≥0

Γ(T0, E(V,∆n
V (T )))

=Γ(T0, lim
n≥0

E(V,∆n
V (T ))),

where (a) uses (24). Thus, there is an isomorphism of sheaves (iinf ∗E)(U,T ) →
limn≥0E(V,∆n

V (T )).

(c) The first statement is from (λnOX/S)T = Pn
V (T ) and (22). Now assume

that X → Y is a locally nilpotent thickening. Then so is V → T . Hence
PV (T ) = OT and the second statement follows.

(d) By Part (a) and [Sta25, Tag 015M], it remains to prove that for every
injective object I of Mod(OX/S) on Inf(X/S), λ(I) is right acyclic for

lim : Mod(OY/S)
N → Mod(OY/S). By [Ber74, VI, Proposition 1.1.5], for

every (U, T ) ∈ Inf(Y/S), the sheaf I(V,∆n
V (T )) on ∆n

V (T ) is flasque. By
(23), so is the sheaf λn(I)(U,T ) on T . For every integer q > 0, one has

Hq((U, T ), λn(I)) = Hq(T, λn(I)(U,T )) = 0.

As the inclusion (V,∆n
V (T ))→ (V,∆n+1

V (T )) is a monomorphism in Inf(X/S),
and I is injective, the map

I(V,∆n+1
V (T ))→ I(V,∆n

V (T ))

is surjective. Equivalently, the map (λn+1I)(U, T )→ (λnI)(U, T ) is surjective.
Therefore, the system {(λnI)(U, T )}n≥0 has vanishing R1 lim. By [Sta25,
Tag 0BKY], the result follows.

Remark 7.3. We do not know whether the functor iinf ∗ : Sh(Inf(X/S)) →
Sh(Inf(Y/S)) is exact. The analogous exactness holds for crystalline topoi
([Ber74, IV, Corollaire 1.3.2]).

Lemma 7.4. For every crystal in OX/S-modules E on Inf(X/S), λ(E) is an
Artin-Rees pro-crystal.

Proof. Let u : (U ′, T ′)→ (U, T ) be a morphism in Inf(Y/S). We prove that the
canonical morphism

u−1λ(E)T ⊗u−1OT
OT ′ → λ(E)T ′ (25)
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in Mod(OT ′)N induces an isomorphism in ARMod(OT ′). Fix an integer d ≥ 0
such that U ′ → T ′ is a thickening of order ≤ d. We shall construct an inverse
{(λn+dE)T ′}n → {(λnE)T ⊗OT

OT ′}n as follows.
First consider the special case E = OX/S . From the commutative diagram

U ′

U ×T T
′ T ′

U T,

□

the factorization U ′ → U ×T T
′ of U ′ → T ′ is also a thickening of order ≤ d.

Then so is its base change V ′ → V ×T T
′ along i : X → Y . For every n ≥ 0,

since V → ∆n
V (T ) is a thickening of order ≤ n, so is its base change V ×T T

′ →
∆n

V (T )×T T
′. Thus, the composition V → ∆n

V (T )×T T
′ is a thickening of order

≤ n+ d. Therefore, the solid commutative diagram

V ′ V ×T T
′ ∆n

V (T )×T T
′

V ′ ∆n+d
V ′ (T ′) T ′

h

induces a factorization h : ∆n
V (T )×T T

′ → ∆n+d
V ′ (T ′). Both the compositions

∆n
V (T )×T T

′ h→ ∆n+d
V ′ (T ′)→ ∆n+d

V (T ) ↪→ T,

∆n
V (T )×T T

′ → ∆n
V (T ) ↪→ ∆n+d

V (T ) ↪→ T

coincide with the canonical morphism ∆n
V (T )×T T

′ → T ′ u→ T . As the inclusion
∆n+d

V (T ) ↪→ T is a monomorphism, the left square of the diagram

∆n
V (T )×T T

′ ∆n+d
V ′ (T ′) T ′

∆n
V (T ) ∆n+d

V (T ) T

h

u (26)

is commutative. The morphism Pn+d
V (T ) → Pn

V (T ) makes the Pn
V (T )-module

Pn
V (T )⊗OT

OT ′ a Pn+d
V (T )-module. The morphism h induces a morphism

h# : Pn+d
V ′ (T ′)→ Pn

V (T )⊗OT
OT ′

of OT ′ -algebras. By (26), it fits into a commutative diagram

Pn+d
V (T ) Pn

V (T )

Pn+d
V ′ (T ′) Pn

V (T )⊗OT
OT ′ .h#

(27)
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Now we consider general E. By (27), the morphism

E∆n+d
V (T )×P

n+d
V ′ (T ′)→ E∆n

V (T )⊗Pn
V (T ) (P

n
V (T )⊗OT

OT ′), (s, y) 7→ s⊗h#(y)

is Pn+d
V (T )-bilinear. It induces a morphism

E∆n+d
V (T )⊗Pn+d

V (T )P
n+d
V ′ (T ′)→ E∆n

V (T )⊗Pn
V (T )(P

n
V (T )⊗OT

OT ′)
∼−→ E∆n

V (T )⊗OT
OT ′

(28)
of Pn+d

V (T )-modules and of OT ′ -modules.
Because E is a crystal, the natural morphism

E∆n+d
V (T ) ⊗Pn+d

V (T ) P
n+d
V ′ (T ′)→ E∆n+d

V ′ (T ′)

is an isomorphism. Thus, one gets a morphism

(λn+dE)T ′ := E∆n+d

V ′ (T ′)

∼←−E∆n+d
V (T ) ⊗Pn+d

V (T ) P
n+d
V ′ (T ′)

(28)→E∆n
V (T ) ⊗OT

OT ′

=(λnE)T ⊗OT
OT ′ ,

For variable n, they are compatible, so give rise to a morphism λ(E)T ′ →
u−1λ(E)T ⊗u−1OT

OT ′ in ARMod(OT ′). By universal property, it is inverse to
(25).

Remark 7.5. By Lemma 7.4 and a slight variant of Lemma 6.4, the object
{λ(OX/S)}(Y,Y ) = {P i

X(Y )}i≥0 of ARMod(OY ) admits a canonical stratification
relative to S. The underlying connection

∇ : {P i
X(Y )} → {P i

X(Y )} ⊗OY
Ω1

Y/S

is represented by the system of morphisms Pn+1
X (Y )→ Pn

X(Y )⊗OY
Ω1

Y/S , such
that for every local section σ of the ideal sheaf of X → Y and every j ≥ 0,

∇(σj) = jσj−1 ⊗ dσ, (29)

and that for every local section y of OY , one has ∇(y) = 1⊗ dy.
Then by a variant of [Ber74, II, Proposition 2.2.1], every differential operator

u :M → N of OY -modules of order ≤ n induces a morphism

{Pn
Y/S ⊗OY

P i
X(Y )⊗OY

M}i≥0 → {P i
X(Y )⊗OY

N}i≥0

in ARMod(OY ). Taking limits, one gets a morphism

lim
i
(Pn

Y/S ⊗OY
P i
X(Y )⊗OY

M)→ lim
i
(P i

X(Y )⊗OY
N) (30)

in Mod(OY ). In addition, the natural morphisms

dnY/S,P i
X(Y )⊗M : P i

X(Y )⊗M → Pn
Y/S ⊗OY

P i
X(Y )⊗OY

M
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induce a morphism

lim
i

(
P i
X(Y )⊗M

)
→ lim

i
(Pn

Y/S ⊗OY
P i
X(Y )⊗OY

M) (31)

in Mod(Y,OS). Taking composition of (30) and (31), one obtains a morphism

lim
i
(P i

X(Y )⊗OY
M)→ lim

i
(P i

X(Y )⊗OY
N) (32)

in Mod(Y,OS).

By [Ber74, IV, Théorème 1.3.4], on crystalline site, the direct image of a
crystal along a closed immersion is a crystal, which is “an extremely nontrivial
and useful example” of crystal ([BO78, p.6.1]). The infinitesimal analog fails,
as Example 7.6 shows.

Example 7.6. Let k be a field. Let X = S = Spec k, Y = Spec k[y] = A1
k,

i : X → Y be the inclusion of the origin. We prove that E := iinf ∗OX/S is not
a crystal in OY/S-modules.

By Lemma 7.2 (c), for every finite order thickening Y → T over S, E(Y,T ) =
PX(T ) as an OT -module. It is supported at a single point. Then the OY -module
E(Y,Y ) is not quasi-coherent, and its stalk at the origin is k[[y]]. Take

R = k[y, x1, x2, . . . ]/(xixj : i, j > 0), T = SpecR.

The morphism of k-algebras

ϕ : R→ k[y], y 7→ y, xi 7→ 0

is surjective, with kernel I := (x1, x2, . . . ). One has I2 = 0 in R. Then ϕ induces
a first order thickening ι : Y → T over S.

Call the composition X → Y → T the origin 0 ∈ T . The corresponding ring
map R → k has kernel J := (y, x1, x2, . . . ). The stalk of E(Y,T ) at the origin is
limn≥0R/J

n. It has an element, formally written as
∑

i>0 xiy
i, whose image in

R/Jn is
∑n−1

i=1 xiy
i.

The inclusion k[y]→ RmakesR a free k[y]-module, with a basis {1, x1, x2, . . . }.
It induces a morphism h : T → Y . Thus, the induced morphism OY,0 → OT,0

makes OT,0 a free OY,0-module with a basis {1, x1, x2, . . . }. One has h◦ι = IdY .
Thus, h : (Y, T )→ (Y, Y ) is a morphism in Inf(Y/S).

Consider the morphism ψ : h∗E(Y,Y ) → E(Y,T ) of OT -modules. By [Sta25,
Tag 0098], the stalk of h∗E(Y,Y ) at the origin is k[[y]]⊗OY,0

OT,0, which is a free
k[[y]]-module with a basis {1, x1, x2, . . . }. The element

∑
i>0 xiy

i is not in the
image of the morphism of stalks

ψ0 : (h∗E(Y,Y ))0 → (E(Y,T ))0,

so ψ is not surjective. Therefore, E is not a crystal.

Remark 7.7. In Example 7.6, take k = C. Then it shows that the functor iinf ∗ is

not compatible with the direct image of D-modules
∫ 0

i
: Mod(DX)→ Mod(DY )

in [HT07, Proposition 1.5.24].

28

https://stacks.math.columbia.edu/tag/0098


8 Linearization

LetX → Y be a morphism of schemes over a scheme S. We recall Grothendieck’s
linearization functor. We shall see that as Poincaré’s lemma, in characteristic
0, the linearization of the de Rham complex Ω•

Y/S is a resolution of OX/S when
Y is smooth.

By [Sta25, Tag 01AH (1)], the category Mod(Y Strat(X/S), OX/S) has limits.
Let

lim : ARMod(OX/S)→ Mod(Y Strat(X/S), OX/S) (33)

be the limit functor from Remark 5.2.

Definition 8.1. Let

Gro : Diff(Y/S)
Q0

→ Strat−AR(OY )
(20)→ Pro−Cris(X/S)Y Strat,

L : Diff(Y/S)
Gro→ ARMod(OX/S)

(33)→ Mod(OX/S)

be the compositions. The functor L is called the linearization functor.

Remark 8.2. From [Ber74, III, Proposition 1.2.3], when Y → S is quasi-smooth,
the morphism of topoi (5) is an equivalence of categories. In this case, the
functor Gro takes values in crystals in ARMod(Inf(X/S), OX/S), and L takes
value in Mod(Inf(X/S), OX/S).

By the proof of Lemma 6.5, for everyOY -module E, every (U, T ) ∈ Y Strat(X/S)
and every morphism h : T → Y with h|U = g|U , there is a canonical isomorphism

Gro(E)(U,T )
∼−→ h∗(P •

Y/S ⊗OY
E) (34)

in AR(Mod(OT )). By [Ber74, III, Proposition 1.1.5], there is an isomorphism

L(E)(U,T ) = limGro(E)(U,T ) = lim
n≥0

h∗
(
Q0(E)n

)
= lim

n≥0
h∗(Pn

Y/S ⊗OY
E) (35)

in Mod(OT ). Then L(OY ) is a sheaf of OX/S-algebras, and L(E) is naturally an
L(OY )-module. By Lemma 8.3, the morphism L(OY )→ Gro(OY ) is surjective.

Lemma 8.3. For a quasi-coherent OY -module E, the canonical morphism L(E)→
Gro(E) in ARMod(OX/S) is surjective.

Proof. We need to prove that for every object (U, T ) ∈ Y Strat(X/S), the
morphism L(E)(U,T ) → Gro(E)(U,T ) in ARMod(OT ) is surjective. Choose a
morphism h : T → Y over S with h|U = g|U . We show that the morphism
limn≥0 h

∗Q0(E)n → h∗Q0(E) in Mod(OT )
N is surjective, i.e., for every integer

n0 ≥ 0, the morphism

lim
n
h∗(Pn

Y/S ⊗OY
E)→ h∗(Pn0

Y/S ⊗OY
E)

in Mod(OT ) is surjective. By [EGA IV 4, 16.7.4], as E is quasi-coherent, the
left and the right structure of OY -modules on Pn0

Y/S ⊗OY
E are quasi-coherent.

The result then follows from Lemma 8.4.
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Lemma 8.4. Let S be a scheme. Let (Fn)n≥0 ∈ Qch(S)N be an inverse system
of quasi-coherent sheaves on S. Assume that for every integer n ≥ 0, the
transition morphism Fn+1 → Fn is surjective. Then for every integer n0 ≥ 0,
the projection limn Fn → Fn0

is surjective.

Proof. For every integer n ≥ n0, let Kn be the kernel of Fn → Fn0
. By the Serre

vanishing theorem (see, e.g., [Sta25, Tag 01XB]), as the Fn are quasi-coherent,
for every affine open subset U of S, the sequence

0→ Kn(U)→ Fn(U)→ Fn0(U)→ 0

is exact. By the four lemma, as the transition morphisms Fn+1(U) → Fn(U)
are surjective, so is Kn+1(U)→ Kn(U). Then by [Ati69, Proposition 10.2], the
morphism limn Fn(U) → Fn0(U) is surjective. As affine opens form a base of
the topology of S, limn Fn → Fn0

is surjective.

Remark 8.5. Let E, F and G be OY -modules. Equip G with a stratification
relative to S. Then by [Ber74, II, Proposition 2.2.1], the stratification induces
a canonical map

HomDiff(Y/S)(E,F )→ HomDiff(Y/S)(G⊗OY
E,G⊗OY

F ). (36)

Let G be the crystal in OX/S-modules on Y Strat(X/S) induced by G via (21).
Let u : E → F be a differential operator. Let v : G⊗OY

E → G⊗OY
F be the

differential operator induced by u via (36). As in [Ber74, IV, Proposition 3.1.4],
one can prove that there is a canonical isomorphism

Gro(G⊗OY
E)→ G ⊗OX/S

Gro(E)

of Artin-Rees pro-crystals, and a similar one for F which fits into a commutative
diagram

Gro(G⊗OY
E) Gro(G⊗OY

F )

G ⊗OX/S
Gro(E) G ⊗OX/S

Gro(F )

Gro(v)

id⊗Gro(u)

in Pro−Cris(X/S)Y Strat.

Lemma 8.6 computes the local expression of the formalization of the de
Rham complex. It can be proved as in [Ber74, IV, Lemme 3.2.5].

Lemma 8.6. Let q1, . . . , qn > 0 and m, k ≥ 0 be integers. Let a, x1, . . . , xn be
local sections of OY . Let ξi be the local section of Pm

Y/S which is the image of

the local section 1⊗ xi − xi ⊗ 1 of OY 2
S
. Let ω be a local section of Ωk

Y/S. Let

Q0(d) : Pm+1
Y/S ⊗OY

Ωk
Y/S → Pm

Y/S ⊗ Ωk+1
Y/S
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be the OY -linear morphism (16). One has

Q0(d)(aξq11 . . . ξqnn ⊗ω) = aξq11 . . . ξqnn ⊗d(ω)+
n∑

i=1

aξq11 . . . (qiξ
qi−1
i ) . . . ξqnn ⊗(d(xi)∧ω)

as local section of Pm
Y/S ⊗OY

Ωk+1
Y/S.

Remark 8.7. Notation as in Lemma 8.6. By [EGA IV 4, 16.11.1], locally the
OY -module Pm

Y/S is generated by the local sections ξt := ξt11 . . . ξtnn with |t| ≤ m.

The image of OY with its natural stratification under the functor (21) is the
crystal OX/S on Y Strat(X/S). The morphisms (πn : Pn

Y/S → OY )n≥0 glue to

a morphism π : Q0(OY )→ OY in ARMod(OY ) that is horizontal. It induces a
surjective augmentation morphism π : Gro(OY )→ OX/S in ARMod(Y Strat(X/S), OX/S).
Taking limit, one gets a morphism

L(OY )→ OX/S (37)

of OX/S-algebras on Y Strat(X/S). The morphisms (dn0 : OY → Pn
Y/S)n≥0

induced by the first projection Y 2
S → Y glue to a morphism d0 : OY → Q0(OY )

in AR(Mod(OY )) that is horizontal. By Lemma (20), it gives rise to a natural
co-augmentation morphism

OX/S → Gro(OY ) (38)

in the category Pro−Cris(X/S)Y Strat of Artin-Rees pro-crystals. Taking limits,
one has a morphism

OX/S → L(OY ) (39)

of sheaves of rings on Y Strat(X/S), which is a right inverse of (37). Thus, OX/S

is a direct factor of L(OY ). By Lemma 8.6, for every n ≥ 0, the composition

OY
dn+1
0→ Pn+1

Y/S

Q0(d)→ Pn
Y/S ⊗ Ω1

Y/S

is zero, so the composition of horizontal morphisms OY → Q0(OY )→ Q0(Ω1
Y/S)

in AR(Mod(OY )) is zero. Therefore, the corresponding composition of morphisms
of crystals

OX/S
(38)→ Gro(OY )→ Gro(Ω1

Y/S)

vanishes. Let M be an OY -module with an integrable connection. By [Ber74,
p.165],M⊗OY

Ω•
Y/S is a differential complex of order ≤ 1. Then from [Ber74, IV,

Proposition 3.2.7], Gro(M⊗OY
Ω•

Y/S) and hence L(M⊗OY
Ω•

Y/S) are complexes.
Thus, there is a canonical morphism

OX/S → Gro(Ω•
Y/S) (40)

in Ch≥0(AR(Mod(Y Strat(X/S), OX/S))). Passing to limit, it induces a canonical
morphism

OX/S → L(Ω•
Y/S)

in Ch≥0(Mod(Y Strat(X/S), OX/S)).
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Lemma 8.8. Let g : X → Y be a morphism over S. Let Alg(Y Strat(X/S), OX/S)
be the category of OX/S-algebras on Y Strat(X/S). Then there is a canonical
surjective morphism

ϕ : Gro(OY )→ j∗iX/S∗OX (41)

in ARAlg(Y Strat(X/S), OX/S). It induces a surjective morphism

L(OY )→ j∗iX/S∗OX (42)

of OX/S-algebras on Y Strat(X/S).

Proof. Pulling back the surjective morphism (Pn
Y/S)n≥0 → OY in Mod(OY )

N

along g : X → Y , one has a surjective morphism

(g∗Pn
Y/S)n≥0 → OX (43)

in Mod(OX)N. By (34), one has Gro(OY )(X,X) = (g∗Pn
Y/S)n≥0 in ARMod(OX).

From [Sta25, Tag 077I], as the inclusion functor Y Strat(X/S) → Inf(X/S) is
fully faithful, the canonical morphism

Gro(OY )→ j∗j! Gro(OY )

in ARMod(Y Strat(X/S), OX/S) is an isomorphism. Therefore, the canonical
morphism

Gro(OY )(X,X) → i∗X/Sj! Gro(OY )

in ARMod(OX) is an isomorphism. Combine it with (43), one has a morphism
i∗X/Sj! Gro(OY )→ OX in ARMod(OX). By adjunction, it induces the morphism

(41).
For every object (U, T ) ∈ Y Strat(X/S), one has an induced morphism

ϕ(U,T ) : Gro(OY )(U,T ) → (j∗iX/S∗OX)(U,T )

in ARAlg(OT ). Choose a morphism h : T → Y over S with h|U = g|U .
By construction, ϕ(U,T ) is induced by the composition (h∗Pn

Y/S)n≥0 → h∗OY =

OT → OU of surjective morphisms in Alg(OT )
N. Therefore, ϕ(U,T ) is a surjective

morphism in ARAlg(OT ). Hence, ϕ is a surjective morphism in ARAlg(Y Strat(X/S), OX/S).
The second statement follows from Lemma 8.3.

Let K be the kernel of (41) in the ARMod(OX/S), which is an abelian
category by Remark 5.3. Let K be the kernel of (42) in the abelian category
Mod(OX/S). ThenK is an ideal of L(OY ) andK = limK. From the commutative
diagram

0 K L(OY ) j∗iX/S∗OX 0

0 j∗JX/S OX/S j∗iX/S∗OX 0

(37) (39)
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with exact rows, j∗JX/S is naturally a direct summand of the OX/S-module K.
We give a concrete description of K. For every integer n ≥ 0, let Hn :=

ker(Pn
Y/S → OY ) be the kernel of the augmentation morphism, i.e., the ideal

sheaf of the nilpotent thickening Y → ∆n
Y (Y

2). For an object (U, T ) ∈ Y Strat(X/S)
and a chosen morphism h : T → Y with h|U = g|U , let Kn,(U,T ) = Kn,T be the
kernel of the morphism h∗Q0(OY )

n → OU , which is an ideal of h∗Pn
Y/S . For

both left and right structures of OT -module, Kn,(U,T ) is quasi-coherent. Then

(Kn,(U,T ))n≥0 ∈ Mod(OT )
N represents K(U,T ) ∈ ARMod(OT ). By [Ber74, III,

Proposition 1.1.5], for left structures one has

K(U,T ) = lim
n
Kn,(U,T )

in Mod(OT ). The short exact sequence 0 → Hn → Pn
Y/S → OY → 0 in

Mod(Pn
Y/S) admits two natural splittings, so the middle row of the commutative

diagram

0 0

0 h∗Hn Kn,(U,T ) JX/S,(U,T )

0 h∗Hn h∗Pn
Y/S OT 0

0 OU OU 0

0 0 0

is exact. By the snake lemma, the diagram induces a short exact sequence

0→ h∗Hn → Kn,(U,T ) → JX/S,(U,T ) → 0 (44)

in Mod(OT ) with two natural splittings. As Pn+1
Y/S → Pn

Y/S is surjective, so are

Hn+1 → Hn and Kn+1,(U,T ) → Kn,(U,T ).

Remark 8.9. For variable n ≥ 0, the left splittings for (44) are compatible, and
same for the right splittings. Thus, taking limits one gets an exact sequence

0→ lim
n
h∗Hn → K(U,T ) → JX/S,(U,T ) → 0

with two natural splittings.

9 Poincaré lemma

Remark 9.1. Let X → Y be a morphism over S. For an OX/S-module M
on Y Strat(X/S), we define a filtration of the complex M ⊗OX/S

Gro(Ω•
Y/S) as
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follows. By (44) and Lemma 8.6, for every k ≥ 0, the morphisms

Q0(d) : Pn+1
Y/S ⊗OY

Ωk
Y/S → Pn

Y/S ⊗ Ωk+1
Y/S

with variable n ≥ 0 induce a morphism

Gro(d) : Kq+1 ·Gro(Ωk
Y/S)→ K

q ·Gro(Ωk+1
Y/S)

for every q ≥ 0. Thus, one gets a subcomplex F q Gro(Ω•
Y/S) of Gro(Ω•

Y/S),

whose k-th term is Kq−k · Gro(Ωk
Y/S). (By convention, Ki = Gro(OY ) when

i ≤ 0.)
By (44), the morphism (38) restricts to a morphism Jq

X/S → K
q. Thus, the

morphism of complexes (40) restricts to a morphism

Jq
X/S → F q Gro(Ω•

Y/S). (45)

Let
F q(M ⊗OX/S

Gro(Ω•
Y/S)) (46)

be the image of the morphism (IdM tensor product with the inclusion)

M ⊗OX/S
F q Gro(Ω•

Y/S)→M ⊗OX/S
Gro(Ω•

Y/S)

in Ch≥0(ARMod(OX/S)). Its k-th term is the image of

M ⊗OX/S
Kq−k ·Gro(Ωk

Y/S)→M ⊗OX/S
Gro(Ωk

Y/S)

in ARMod(OX/S). Then (45) induces a canonical morphism

Jq
X/S ·M → F q

(
M ⊗OX/S

Gro(Ω•
Y/S)

)
. (47)

The filtered Poincaré lemma, Theorem 9.2, is well-known. For instance,
when S = SpecC, X is a scheme separated smooth of finite type over C, X → Y
is the identity, M = OX/S , q = 0 and (U, T ) = (X,X), then [Fio11, Lemma
1] proves that (48) is locally homotopic to zero. We need the case that X is
singular while Y is smooth to prove Theorem 14.1.

Theorem 9.2. Let X → Y be a morphism over S. Assume that Y → S is
smooth, and that X is of characteristic 0. Then for every OX/S-module M and
every q ≥ 0, (47) is a resolution.

Proof. For every (U, T ) ∈ Inf(X/S), we prove that the complex

(Jq
X/S ·M)T →

(
F q(M ⊗OX/S

Gro(Ω•
Y/S))

)
T

(48)

belonging to Ch≥0(ARMod(OT )) is locally homotopic to zero. This property is
local in T . We shall shrink T to prove that (48) is represented by an object of
Ch≥0(Mod(OT )

N), each level of which is homotopic to zero.
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Recall Remark 8.2 that because Y → S is quasi-smooth, shrinking T one may
assume that there is morphism h : T → T over S with h|U = g|U . As Y → S is
differentially smooth, shrinking Y one may find y1, . . . , yt ∈ Γ(Y,OY ) such that
Ω1

Y/S = ⊕t
i=1OY dyi. For every 1 ≤ i ≤ t, let ηi ∈ Γ(Y, P∞

Y/S) be the image of
the global section 1⊗ yi − yi ⊗ 1 under the morphism OY ⊗OS

OY → P∞
Y/S .

Let m = (η1, . . . , ηt), which is an ideal sheaf in OY [η1, . . . , ηt] = OAt
Y
.

Then by a slight variant of [Ber74, I, Corollaire 4.5.3 i)], for every n ≥ 0,
Pn
Y/S = OY [η1, . . . , ηt]/m

n+1 as a sheaf of rings on Y , and these identifications

are compatible with the projections Pn+1
Y/S → Pn

Y/S .

Consider the isomorphism

Pn
Y/S ⊗OY

Ω1
Y/S → OY [η1, . . . , ηt]/m

n+1 ⊗OAt
Y

Ω1
At

Y /Y , 1⊗ dyi 7→ 1⊗ dηi.

For every integer k ≥ 0, it induces an isomorphism

Pn
Y/S ⊗OY

Ωk
Y/S → OY [η1, . . . , ηt]/m

n+1 ⊗OAt
Y

Ωk
At

Y /Y . (49)

By definition, Gro(Ωk
Y/S)T is represented by the inverse system

{h∗(Pn
Y/S ⊗OY

Ωk
Y/S)}n≥0.

From (49), this system is identified with the system

{OT [η1, . . . , ηt]/m
n+1 ⊗OAt

T

Ωk
At

T /T }n≥0. (50)

Consider the object

OT [η1, . . . , ηt]/m
•+1 ⊗OAt

T

Ω•
At

T /T (51)

of Ch≥0(Mod(T,OS)
N). Its n-th level is the complex

OT [η1, . . . , ηt]/m
n+1 → OT [η1, . . . , ηt]/m

n⊗OAt
T

Ω1
At

T /T → · · · → OT [η1, . . . , ηt]/m
n−t+1⊗OAt

T

Ωt
At

T /T → 0,

where each differential

OT [η1, . . . , ηt]/m
n−k+1 ⊗OAt

T

Ωk
At

T /T → OT [η1, . . . , ηt]/m
n−k ⊗OAt

T

Ωk+1
At

T /T

is induced by the “pro-connection”

∇ : OT [η1, . . . , ηt]/m
n−k+1 → OT [η1, . . . , ηt]/m

n−k⊗OAt
T

Ω1
At

T /T , ηri 7→ rηr−1
i ⊗dηi.

From Lemma 8.6, the identifications given by (50) are compatible with differentials,
so Gro(Ω•

Y/S)T is represented by (51). As X is of characteristic 0, so is U . As
U ↪→ T is surjective, T is also of characteristic 0, the result follows from Lemma
9.3.
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Lemma 9.3. Let A be a commutative ring of characteristic 0. Let J be an
ideal of A. Let B = A[η1, . . . , ηt] be a polynomial algebra over A. Let m =
(η1, . . . , ηt) ⊂ B. For every n ≥ 0, let Cn = B/mn+1. Let Kn be the ideal of Cn

generated by J and m. For every q ≥ 0, let F q(C•⊗B Ω•
B/A) be a subcomplex of

C• ⊗B Ω•
B/A ∈ Ch(Mod(A)N), where the k-th term of the n-th level complex is

Kq−k
n−k · (Cn−k⊗B Ωk

B/A). Let M be an A-module. Let F q(M ⊗AC•⊗B Ω•
B/A) be

the image of M ⊗A F
q(C• ⊗B Ω•

B/A)→M ⊗A C• ⊗B Ω•
B/A. Then the A-linear

complex
0→ Jq ·M → F q(M ⊗A C• ⊗B Ω•

B/A) (52)

is homotopic to zero.

Proof. The n-th level of (52) is

0→ Jq·M → Kq
n·(M⊗ACn)→ Kq−1

n−1·(M⊗ACn−1⊗BΩ
1
B/A)→ · · · → Kq−t

n−t·(M⊗ACn−t⊗BΩ
t
B/A)→ 0.

First, we construct a homotopy for (52) with M = A and q = 0, i.e., the
complex belonging to Ch(Mod(A)N)

0→ A→ C• ⊗B Ω•
B/A. (53)

For an ordered subset I = {i1, . . . , ip} of {1, . . . , t}, let dηI = dηi1 ∧ · · · ∧ dηip .
For p > 0, define an A-linear map

hp = hp(n) : Cn−p ⊗B Ωp
B/A → Cn−p+1 ⊗B Ωp−1

B/A,

ηα ⊗ dηI 7→
1

p+ |α|

p∑
m=1

(−1)m+1ηαηim ⊗ dηi1 ∧ . . . d̂ηim · · · ∧ dηip ,

where α = (α1, . . . , αt) ∈ Nt is a multi-index, and ηα = ηα1
1 . . . ηαt

t . It is well-
defined as p+ |α| is invertible in A. Define a morphism of A-algebras

h0 = h0(n) : Cn → A, ηα 7→ 0.

By computation, we prove that the h•(n) form a homotopy for the complex

0→ A→ Cn → Cn−1 ⊗B Ω1
B/A → · · · → Cn−t ⊗B Ωt

B/A → 0, (54)

which is the n-th level of the inverse system (53). Let ej = (0, . . . , 0, 1, 0, . . . , 0) ∈
Nt, where 1 is at the j-th place. As an endomorphism Cn−p ⊗B Ωp

B/A →
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Cn−p ⊗B Ωp
B/A, we have

dp−1 ◦ hp(ηα ⊗ dηI)

=
1

p+ |α|

p∑
m=1

(−1)m+1dp−1(ηαηim ⊗ dηi1 ∧ . . . d̂ηim · · · ∧ dηip)

=
1

p+ |α|

p∑
m=1

(−1)m+1((αim + 1)ηα ⊗ dηim ∧ dηi1 ∧ . . . d̂ηim · · · ∧ dηip

+
∑
j /∈I

αjη
α−ejηim ⊗ dηj ∧ dηi1 ∧ . . . d̂ηim · · · ∧ dηip)

=
1

p+ |α|

p∑
m=1

((αim + 1)ηα ⊗ dηI

+(−1)m+1
∑
j /∈I

αjη
α−ejηim ⊗ dηj ∧ dηi1 ∧ . . . d̂ηim · · · ∧ dηip).

We have

hp+1 ◦ dp(ηα ⊗ dηI)

=hp+1

 ∑
1≤j≤t,j /∈I

(αjη
α−ej ⊗ dηj ∧ dηI)


=

∑
1≤j≤t,j /∈I

αj
1

p+ 1 + |α− ej |
(ηα ⊗ dηI

+
∑

1≤m≤p

(−1)mηα−ejηim ⊗ dηj ∧ dηi1 ∧ . . . d̂ηim · · · ∧ dηip)

Therefore, we have

(dp−1◦hp+hp+1◦dp)(ηα⊗dηI) =
1

p+ |α|

 p∑
m=1

(αim + 1) +
∑
j /∈I

αj

 ηα⊗dηI = ηα⊗dηI .

Thus, the family {hp(n)} is a homotopy for the complex (54).
By construction, for fixed p, the hp(n) are compatible, so define an A-linear

morphism hp : C•−p⊗BΩp
B/A → C•−p+1⊗BΩp−1

B/A of inverse systems. Tensoring

with idM , one gets a homotopy for the complex

0→M →M ⊗A C• ⊗B Ω•
B/A, (55)

which is (52) with q = 0. For general q, since Kq
n is generated by elements of

the form aηα (|α| ≤ q and a ∈ Jq−|α|), hp(n) induces a morphism

Kq−p
n−p · (M ⊗A Cn−p ⊗B Ωp

B/A)→ Kq−p+1
n−p+1 · (M ⊗A Cn−p+1 ⊗B Ωp−1

B/A).

Therefore, the constructed homotopy for (55) restricts to a homotopy of the
subcomplex (52).
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10 Čech-Alexander complex of linearization

We compute the composition of the Čech-Alexander functor with the linearization
functor. Combined with Lemma 4.6, the computation for an immersion X ↪→ Y
over S implies that the linearization L(E) of a quasi-coherent sheaf E on Y is
acyclic for the functor u′X/S∗.

Remark 10.1. Let X → Y be a morphism over S. Let E be an OY -module with
a stratification relative to S. Let E be the induced crystal on Y Strat(X/S) via
(21). Let E ⊗OY

Ω•
Y/S be the de Rham complex with coefficients in E as in

Remark 5.7. By Remark 8.5, there is a canonical isomorphism

Gro(E ⊗OY
Ω•

Y/S)
∼−→ E ⊗OX/S

Gro(Ω•
Y/S)

in Ch≥0(ARMod(OX/S)). For every q ≥ 0, it identifies the subcomplex F q(E⊗OX/S

Gro(Ω•
Y/S)) defined in (46) with a subcomplex

F q Gro(E ⊗OY
Ω•

Y/S) ⊂ Gro(E ⊗OY
Ω•

Y/S),

whose k-th term is Kq−k ·Gro(E ⊗OY
Ωk

Y/S). From (47), one gets a morphism

in Ch(ARMod(OX/S)) on Y Strat(X/S)

Jq
X/S · E → F q Gro(E ⊗OY

Ω•
Y/S). (56)

Remark 10.2. LetX → Y be a morphism over S. For every q > 0 and every OY -
module M , define K [q]L(M) := limKq ·Gro(M), which is an OX/S-submodule
of L(M) containing Kq · L(M). For every (U, T ) ∈ Y Strat(X/S), choose a
morphism h : T → Y over S with h|U = g|U . As Kn,(U,T ) is the ideal sheaf
of the nilpotent thickening U → T → T ×Y ∆n

Y (Y
2) of schemes, and En :=

h∗(Pn
Y/S ⊗OY

M) is a sheaf of module on T ×Y ∆n
Y (Y

2), one has

K [q]L(M)(U,T ) = lim
n≥0

Kq
n,(U,T ) · En

(a)

= lim
n

ker
(
En → P q−1

U (T ×Y ∆n
Y (Y

2))⊗OT×Y ∆n
Y

(Y 2)
En

)
= lim

n
ker

(
h∗(Pn

Y/S ⊗OY
M)→ P q−1

U (T ×Y ∆n
Y (Y

2))⊗OY
M

)
,

(57)

where (a) uses Remark 10.3.

Remark 10.3. For a closed immersion i : X → Y of schemes, let I be the
ideal sheaf. Let q > 0 be an integer. Let i : ∆q−1

X (Y ) → Y be the inclusion.
For every OY -module M , Iq ·M is the kernel of the natural morphism M →
M ⊗OY

P q−1
X (Y ) = i∗i

∗M .

Let i : X → Y be an immersion of schemes over S. Let Ji be the ideal sheaf
of the closed immersion X → ∆i

X(Y ). Let J be the kernel of the morphism
PX(Y ) → OX induced by the inclusion X → ∆X(Y ), which is an ideal of
PX(Y ), and an abelian sheaf on X.
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Lemma 10.4. (a) Let E be an OY -module. For every integer q ≥ 0, let

J [q]E := lim
i
(Jq

i · (P
i
X(Y )⊗OY

E)),

which is a PX(Y )-submodule of limi(P
i
X(Y ) ⊗OY

E). Then there is a
natural complex of abelian sheaves on X

J [q]E → CA•
Y (K

[q]L(E))

that is homotopic to zero. In particular, for q = 0, there is a natural
resolution

lim
i
(P i

X(Y )⊗OY
E)→ CA•

Y (L(E)). (58)

(b) Let u : E → F be a differential operator of OY -modules. Let

v : lim
i
(P i

X(Y )⊗ E)→ lim
i
(P i

X(Y )⊗ F )

be the morphism induced by u as in (32). Then under the resolution (58),
v is compatible with CA•

Y (L(u)).

Proof. (a) First, we prove the case with q = 0. Define a cosimplicial object of
Ab(X) as follows. For every v ≥ 0, let

Ev = lim
i≥0

P i
X(Y v+1)⊗OY

E.

For v > 0 and 0 ≤ j ≤ v, the projection Y v+1 → Y v over S skipping the
j-th factor induces a system of morphisms {P i

X(Y v) → P i
X(Y v+1)}i≥0.

Tensoring product with idE and passing to limits, the system induces a
morphism δvj : Ev−1 → Ev. The closed immersion

Y v+1 → Y v+2, (y0, . . . , yv) 7→ (y0, . . . , yj−1, yj , yj , yj+1, . . . , yv)

induces a system of morphisms {P i
X(Y v+2) → P i

X(Y v+1)}i≥2. They
induce a morphism σv

j : Ev+1 → Ev. From [Sta25, Tag 016K], one obtains
E ∈ CoSimp(Ab(X)).

For every i ≥ 0, let h : ∆i
X(Y v+1) → Y be the projection to the last

factor, which fits into a commutative diagram

X ∆i
X(Y v+1)

X Y.

h

By (35), one has

L(E)(X,∆i
X(Y v+1)) = lim

n≥0
h∗(Pn

Y/S⊗OY
E) = lim

n≥0
P i
X(Y v+1)⊗OY

Pn
Y/S⊗OY

E.
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Then one has

CAv
Y (L(E)) := lim

i≥0
lim
n≥0

P i
X(Y v+1)⊗ Pn

Y/S ⊗OY
E

(a)

= lim
i≥0

P i
X(Y v+2)⊗OY

E = Ev+1,
(59)

where (a) uses (62).

For every integer v, let Fv be Ev+1 when v ≥ −1, and be 0 when
v < −1. Define the differential morphism dv : Fv → Fv+1 as the
alternating sum of degeneracy maps

∑v+1
k=0(−1)kδ

v+2
k . Then (F•, d•) is

a complex. By construction, the truncation (CAv
Y (L(E)), dv)v≥0 of F•

is exactly the cochain complex associated with the cosimplicial object
CA•

Y (L(E)) ∈ CoSimp(Ab(X)). By [Ber74, V, Lemme 2.2.1], the complex
F• is homotopy equivalent to zero, and a homotopy is given by

hvE = (−1)v+1σv+1
v+1 : Fv+1 → Fv.

Therefore, J [0]E → CA•
Y (L(E)) is a resolution.

Now assume q > 0. We compute an expression of K [q]L(E). For any
i, v ≥ 0, the pair (X,∆i

X(Y v+1)) is an object of Y Strat(X/S). Therefore,
by (57) one has(

K [q]L(E)
)
∆i

X(Y v+1)

= lim
n

ker
(
P i
X(Y v+1)⊗OY

Pn
Y/S ⊗OY

E → P q−1
X (∆i

X(Y v+1)×Y ∆n
Y (Y

2))⊗OY
E
)
.

Then one has

CAv
Y (K

[q]L(E)) = lim
i

(
K [q]L(E)

)
∆i

X(Y v+1)

= lim
i,n

ker
(
P i
X(Y v+1)⊗OY

Pn
Y/S ⊗OY

E → P q−1
X (∆i

X(Y v+1)×Y ∆n
Y (Y

2))⊗OY
E
)

=ker

(
lim
i,n

P i
X(Y v+1)⊗OY

Pn
Y/S ⊗OY

E → lim
i,n

P q−1
X (∆i

X(Y v+1)×Y ∆n
Y (Y

2))⊗OY
E

)
(a)

= ker
(
lim
i
P i
X(Y v+2)⊗OY

E → lim
i
P q−1
X (∆i

X(Y v+2))⊗OY
E
)

= lim
i

ker
(
P i
X(Y v+2)⊗OY

E → P q−1
X (∆i

X(Y v+2))⊗OY
E
)
.

(60)
where (a) uses (63).

Similarly, one has

J [q]E := lim
i
(Jq

i ·(P
i
X(Y )⊗OY

E)) = lim
i

ker
(
P i
X(Y )⊗OY

E → P q−1
X (∆i

X(Y ))⊗OY
E
)
.

(61)
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Therefore, d−1 : E0 → CA0
Y (L(E)) restricts to a morphism J [q]E →

CA0
Y (K

[q]L(E)). Hence, J [q]E → CA•
Y (K

[q]L(E)) is a subcomplex of F•.

We check that the homotopy (hv)v∈Z of F• restricts to a homotopy of this
subcomplex. The closed immersion Y v+2 → Y v+3 defining σv+1

v+1 induces
a commutative diagram

∆q−1
X (∆i

X(Y v+2)) ∆i
X(Y v+2)

∆q−1
X (∆i

X(Y v+3)) ∆i
X(Y v+3)

of schemes over Y , and hence a commutative diagram

P i
X(Y v+3) P q−1

X (∆i
X(Y v+3))

P i
X(Y v+2) P q−1

X (∆i
X(Y v+2))

hv
OY

of OY -algebras. Therefore,

P i
X(Y v+3)⊗OY

E → P i
X(Y v+2)⊗OY

E

restricts to a morphism

ker(P i
X(Y v+3)⊗OY

E → P q−1
X (∆i

X(Y v+3))⊗OY
E)

→ ker(P i
X(Y v+2)⊗OY

E → P q−1
X (∆i

X(Y v+2))⊗OY
E).

From (60) and (61), passing to limits, hvE : Fv+1 → Fv restricts to
a morphism CAv+1

Y (K [q]L(E)) → CAv
Y (K

[q]L(E)) (when v ≥ 0) and
CA0

Y (K
[q]L(E))→ J [q]E (when v = −1).

(b) The proof is similar to that of [Ber74, V, Proposition 2.2.2 ii)].

Lemma 10.5. Let X → Y be an immersion of schemes over S. Let E be an
OY -module. Then for any integers k, k′ ≥ 0, there is a canonical isomorphism

lim
i,j≥0

(
P i
X(Y k+1)⊗OY

P j
Y (Y

k′+1)⊗OY
E
)
→ lim

n
(Pn

X(Y k+k′+1)⊗OY
E) (62)

of OY -modules. For every integer q ≥ 0, there is a canonical isomorphism

lim
i,j≥0

P q
X(∆i

X(Y k+1)×Y ∆j
Y (Y

k′+1))⊗OY
E → lim

n
P q
X(∆n

X(Y k+k′+1))⊗OY
E

(63)
of OY -modules.
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Proof. Taking cofinal inverse subsystems does not change limits. For every

integer n ≥ 0, the projection Y k+k′+1
S → Y k+1

S to the first k+1 factors induces

a morphism ∆n
X(Y k+k′+1) → ∆n

X(Y k+1). Similarly, the projection Y k+k′+1
S →

Y k′+1
S to the last k′+1 factors induces a morphism ∆n

X(Y k+k′+1)→ ∆n
Y (Y

k′+1).
Thus, one gets a morphism

∆n
X(Y k+k′+1)→ ∆n

X(Y k+1)×Y ∆n
Y (Y

k′+1)

of schemes over Y . It restricts to a morphism

∆q
X(∆n

X(Y k+k′+1))→ ∆q
X

(
∆n

X(Y k+1)×Y ∆n
Y (Y

k′+1)
)
.

They induce morphisms

Pn
X(Y k+1)⊗OY

Pn
Y (Y

k′+1)→ Pn
X(Y k+k′+1),

P q
X

(
∆n

X(Y k+1)×Y ∆n
Y (Y

k′+1)
)
→ P q

X(∆n
X(Y k+k′+1))

of OY -algebras. Thus, one has morphisms

lim
n≥0

(
Pn
X(Y k+1)×OY

Pn
Y (Y

k′+1)⊗OY
E
)
→ lim

n≥0

(
Pn
X(Y k+k′+1)⊗OY

E
)
,

(64)

lim
n
P q
X

(
∆n

X(Y k+1)×Y ∆n
Y (Y

k′+1)
)
⊗OY

E → lim
n

(
P q
X(∆n

X(Y k+k′+1))⊗OY
E
)

(65)

of OY -modules.
Conversely, for any integers i, j ≥ 0, as Y → ∆j

Y (Y
k′+1) is a thickening of

order ≤ j, so is its base change ∆i
X(Y k+1) → ∆i

X(Y k+1) ×Y ∆j
Y (Y

k′+1). As
X → ∆i

X(Y k+1) is a thickening of order ≤ i, the composition

X → ∆i
X(Y k+1)→ ∆i

X(Y k+1)×Y ∆j
Y (Y

k′+1)

is a thickening of order ≤ i + j. The inclusions ∆i
X(Y k+1) → Y k+1

S and

∆j
Y (Y

k′+1)→ Y k′+1
S induce a morphism

∆i
X(Y k+1)×Y ∆j

Y (Y
k′+1)→ Y k+k′+1

S

fitting into a solid commutative diagram

X ∆i
X(Y k+1)×Y ∆j

Y (Y
k′+1)

X ∆i+j
X (Y k+k′+1) Y k+k′+1

S .
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The diagram induces a morphism

∆i
X(Y k+1)×Y ∆j

Y (Y
k′+1)→ ∆i+j

X (Y k+k′+1)

of schemes. It restricts to a morphism

∆q
X

(
∆i

X(Y k+1)×Y ∆j
Y (Y

k′+1)
)
→ ∆q

X(∆i+j
X (Y k+k′+1)).

They correspond to morphisms

P i+j
X (Y k+k′+1)→ P i

X(Y k+1)⊗OY
P j
Y (Y

k′+1),

P q
X(∆i+j

X (Y k+k′+1))→ P q
X

(
∆i

X(Y k+1)×Y ∆j
Y (Y

k′+1)
)
.

of OY -algebras. Thus, one has morphisms

lim
i,j≥0

(
P i+j
X (Y k+k′+1)⊗OY

E
)
→ lim

i,j≥0

(
P i
X(Y k+1)⊗OY

P j
Y (Y

k′+1)⊗OY
E
)
,

(66)

lim
i,j

(
P q
X(∆i+j

X (Y k+k′+1))⊗OY
E
)
→ lim

i,j

(
P q
X

(
∆i

X(Y k+1)×Y ∆j
Y (Y

k′+1)
)
⊗OY

E
)
.

(67)

By universal properties, (64) and (66) are inverse to each other, and so are (65)
and (67).

11 Comparison of infinitesimal cohomology and
de Rham cohomology

Let X → Y be an immersion of schemes over a scheme S. Let E be an OY -
module with a stratification relative to S. We prove a comparison isomorphism
between the de Rham cohomology with coefficients in E and the infinitesimal
cohomology of the corresponding crystal E . In particular, for E = OY , the
result reduces to a a comparison isomorphism of Hi

inf(X/S) and Hartshorne’s
de Rham cohomology Hi

DR(X/S).
The stratification of E together with the stratification of the Artin-Rees

system {P i
X(Y )}i≥0 (Remark 7.5) induces a complex

Pn
X(Y )⊗OY

E → Pn−1
X (Y )⊗OY

E⊗OY
Ω1

Y/S → Pn−2
X (Y )⊗OY

E⊗OY
Ω2

Y/S → . . .
(68)

for every n ≥ 0. They fit to an object (P •
X(Y ) ⊗OY

E ⊗OY
Ω•

Y/S)n≥0 of

Ch≥0(Mod(X,OS)
N). Let

E⊗̂Ω•
D ∈ Ch≥0(Mod(X,OS))

be the termwise limit complex, whose k-th term is

E⊗̂Ωk
D := lim

n

(
Pn
X(Y )⊗OY

E ⊗OY
Ωk

Y/S

)
.
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Remark 11.1. In Lemma 10.4, assume that Y is locally Noetherian, X → Y is a
closed immersion, and E is a coherent OY -module. Then by [GD71, Proposition
10.8.8 (ii)], the canonical morphism PX(Y )⊗OY

E → J [0]E is an isomorphism.
Suppose further that Y → S is locally of finite type. Then from [EGA IV 4,
Proposition 16.3.9], Ω1

Y/S is a coherent OY -module. Therefore, the morphism

PX(Y )⊗OY
E ⊗OY

Ωk
Y/S → E⊗̂Ωk

D is also an isomorphism.
Let f : X → S be a finite type morphism of Noetherian Q-schemes. Let

X ↪→ Y be a closed immersion with Y smooth over S. Let E be OY with the
natural stratification. Then E⊗̂Ω•

D coincides with ΩH
X/S ∈ D(X,OS) introduced

in [Bha12, Construction 4.25].

From (29), for any integers q > k ≥ 0, the differential

Pn−k
X (Y )⊗OY

E ⊗OY
Ωk

Y/S → Pn−k−1
X (Y )⊗OY

E ⊗OY
Ωk+1

Y/S

in the complex (68) restricts to a morphism

Jq−k
n−k · (P

n−k
X (Y )⊗OY

E⊗OY
Ωk

Y/S)→ Jq−k−1
n−k−1 · (P

n−k−1
X (Y )⊗OY

E⊗OY
Ωk+1

Y/S).

Thus, one gets a subcomplex

F q(E⊗̂Ω•
D) ⊂ E⊗̂Ω•

D,

whose k-th term is

J [q−k](E ⊗OY
Ωk

Y/S) := lim
i
Jq−k
i · (P i

X(Y )⊗OY
E ⊗OY

Ωk
Y/S). (69)

Theorem 1.4 follows from Remark 11.1 and Theorem 11.2 (b) (where we take
q = 0 and E to be OY with its natural stratification).

Theorem 11.2. Let i : X → Y be an immersion over S. Let E be a quasi-
coherent OY -module with a stratification relative to S. Let E be the crystal in
OX/S-modules induced by E on Y Strat(X/S) via (21).

(a) Then for every q ≥ 0, there is a canonical morphism

Ru′X/S∗(J
q
X/S · E)→ F q(E⊗̂Ω•

D) (70)

in D+(X,OS). It induces a morphism

RΓ((X/S)Y Strat, J
q
X/S · E)→ RΓ(Y, F q(E⊗̂Ω•

D))

in D+(OS(S)).

(b) Assume further that X is of characteristic 0, and Y → S is smooth. Then
the morphisms in Part (a) are isomorphisms, and one can write RuX/S

for Ru′X/S∗, and RΓ((X/S)inf ,−) for RΓ((X/S)Y Strat,−).

44



Proof. (a) From [Ber74, IV, Proposition 1.1.3], as E is quasi-coherent over
OY , E is a quasi-coherent OX/S-module. Then by Lemma 11.3, for every
v ≥ 0, the inverse system ((Jq

X/S · E)(X,∆i
X(Y v+1)))i≥0 satisfies Condition

(*). By Fact 4.8, it has vanishing Rq limi for all q > 0. Hence by Lemma
4.6 and Remark 2.3, there is a canonical isomorphism

Ru′X/S∗(J
q
X/S · E) ∼= CA•

Y (J
q
X/S · E) (71)

in D+(X,u′X/S∗OX/S). For every v ≥ 0, the canonical morphism

CAv
Y (J

q
X/S · E)

∼−→ R lim
i
(Jq

X/S · E)∆i
X(Y v+1) (72)

is an isomorphism.

For every i ≥ 0, let hi : ∆i
X(Y v+1) → Y be the last projection. Let

K •
v,i ∈ Ch≥0(P i

X(Y v+1)) be the complex

Kq
i,∆i

X(Y v+1)
·h∗i (P i

Y/S⊗OY
E)→ Kq−1

i−1,∆i
X(Y v+1)

·h∗i (P i−1
Y/S⊗OY

E⊗OY
Ω1

Y/S)→ . . .

The differential morphisms are constructed as follows. By (36), the stratification
on E turns the differential operator d : Ωk

Y/S → Ωk+1
Y/S to another E ⊗OY

Ωk
Y/S → E ⊗OY

Ωk+1
Y/S . From (16), one gets a morphism

P i−k
Y/S ⊗OY

E ⊗OY
Ωk

Y/S → P i−k−1
Y/S ⊗OY

E ⊗OY
Ωk+1

Y/S .

From (56), there is a canonical morphism

(Jq
X/S · E)∆i

X(Y v+1) → K •
v,i (73)

in Ch≥0(P i
X(Y v+1)). For variable i ≥ 0, the morphisms fit to a morphism

of inverse systems in Ch≥0(Ab(X)). Therefore, there is a canonical morphism

R lim
i
(Jq

X/S · E)∆i
X(Y v+1) → R lim

i
K •

v,i (74)

in D+(X,PX(Y v+1)). By Lemma 11.4, for every k ≥ 0, the inverse system
(K k

v,i)i≥0 satisfies Condition (*), so it is right acyclic for the functor
lim. Then by Leray’s acyclicity lemma (see, e.g., [Sta25, Tag 015E]),
the termwise limit complex limi K •

v,i represents R limi K •
v,i.

For every k ≥ 0, one has

lim
i

K k
v,i = lim

i
Kq−k

i−k,∆i
X(Y v+1)

· h∗i (P i−k
Y/S ⊗OY

E ⊗ Ωk
Y/S)

= lim
i,n

Kq−k
n−k,∆i

X(Y v+1)
· h∗i (Pn−k

Y/S ⊗OY
E ⊗ Ωk

Y/S)

=:CAv
Y (K

[q−k]L(E ⊗OY
Ωk

Y/S)).

(75)
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Let limi K •
∗,i be the cosimplicial object

∆→ Ch(Ab(X)), v 7→ lim
i

K •
v,i.

Together with Lemma 10.4, (75) implies that there is a quasi-isomorphism

F q(E⊗̂Ω•
D)

∼−→ lim
i

K •
∗,i (76)

of complexes. As the diagram

Ru′X/S∗(J
q
X/S · E) CA•

Y (J
q
X/S · E) R limi(J

q
X/S · E)∆i

X(Y v+1)

F q(E⊗̂Ω•
D) limi K •

v,i R limi K •
v,i

∼= ∼=

(74)

∼= ∼=

shows, combining (71), (72), (74) and (76), one gets a morphism (70).

(b) By Remark 8.2, as Y is quasi-smooth over S, E is defined on Inf(X/S).
By the filtered Poincaré lemma, as Y is smooth over S and X is of
characteristic 0, for the object (X,∆i

X(Y v+1)) ∈ Inf(X/S) the complex
(48) is locally homotopic to zero. Therefore, (73) is a resolution. Then
(74) is an isomorphism.

Lemma 11.3. Let X → Y be a morphism over S. Let E be a quasi-coherent
OX/S-module on Y Strat(X/S). Then

(a) For any i > 0, q ≥ 0, every (U, T ) ∈ Y Strat(X/S) and every affine open
subset V of T , one has Hi(V, (Jq

X/S · E)T ) = 0.

(b) Let u : (U, T ) → (U, T ′) be a morphism in Y Strat(X/S) such that T ′ is
affine and u : T → T ′ is a closed immersion. Then for every q ≥ 0,
(Jq

X/S · E)(T
′)→ (Jq

X/S · E)(T ) is surjective.

Proof. (a) As E is quasi-coherent, ET is a quasi-coherent OT -module. By
[Ber74, III, Proposition 1.1.5], one has (Jq

X/S · E)T = (JX/S,T )
q · ET , so

it is a quasi-coherent OT -module. The result follows from [Sta25, Tag
01XB].

(b) From [Ber74, IV, Proposition 1.1.3], as E is quasi-coherent, it is a crystal.
Whence, the morphism u∗ET ′ → ET of OT -modules is an isomorphism. As
T ′ is affine, the map E(T ′)⊗O(T ′) O(T )→ E(T ) is an isomorphism. Since
u : T → T ′ is a closed immersion, O(T ′) → O(T ) is surjective. Thus,
E(T ′)→ E(T ) is surjective. By the four lemma, the commutative diagram
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0 JX/S(T
′) O(T ′) O(U) 0

0 JX/S(T ) O(T ) O(U) 0

with exact rows shows that JX/S(T
′) → JX/S(T ) is surjective. As T ′ is

affine, one has

(Jq
X/S · E)(T

′) =
(
JX/S(T

′)
)q · E(T ′), (Jq

X/S · E)(T ) =
(
JX/S(T )

)q · E(T ).
The surjectivity follows.

Lemma 11.4. Let X → Y be an immersion over S. Let E be a quasi-coherent
OY -module. Fix integers k, v ≥ 0. For every i ≥ k, let Ki := Ki−k,(X,∆i

X(Y v+1))

be the ideal sheaf of the closed immersion X ↪→ ∆i
X(Y v+1)×Y ∆i−k

Y (Y 2). Then
for every q ≥ 0, the inverse system

{Kq
i · (P

i
X(Y v+1)⊗OY

P i−k
Y/S ⊗OY

E)}i≥k

in Ab(X) satisfies Condition (*).

Proof. Write (Fi)i≥k for this system. As E is quasi-coherent, every Fi is a
quasi-coherent sheaf on ∆i

X(Y v+1)×Y ∆i−k
Y (Y 2). For every affine open subset

U of X, the open subscheme of ∆i
X(Y v+1)×Y ∆i−k

Y (Y 2) with underlying set U
is a thickening of the scheme U . Then by [Sta25, Tag 06AD], it is also affine.
Therefore, by [Sta25, Tag 01XB], for every j > 0, one has Hj(U,Fi) = 0.

Assume further that there is an affine open subset V of Y containing the
image of U . We prove that Γ(U,Fi+1)→ Γ(U,Fi) is surjective. As U and V are
affine, one has

Γ(U,Ki) = ker
(
Γ(U,P i

X(Y v+1))⊗OY (V ) Γ(V, P
i−k
Y/S)→ OX(U)

)
,

Γ(U,Fi) = Γ(U,Ki)
q ·

(
Γ(U,P i

X(Y v+1))⊗OY (V ) Γ(V, P
i−k
Y/S)⊗OY (V ) Γ(V,E)

)
.

Since both

Γ(U,P i+1
X (Y v+1))→ Γ(U,P i

X(Y v+1)), Γ(V, P i−k+1
Y/S )→ Γ(V, P i−k

Y/S)

are surjective, so is Γ(U,Ki+1) → Γ(U,Ki). The surjectivity of Γ(U,Fi+1) →
Γ(U,Fi) follows.

Remark 11.5. We discuss the comparison between the infinitesimal cohomology
and Hartshorne’s algebraic de Rham cohomology, from which the finiteness
and Künneth formula for infinitesimal cohomology follows. Let k be a field of
characteristic 0. Let X be a scheme of finite type over k, which is embeddable,
i.e., there is a closed immersionX → Y over k with Y smooth over k. Hartshorne
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[Har75, p.24] defines Hq
DR(X) := Hq(X,Ω•

D). From Theorem 11.2 (b), there
is a canonical isomorphism RuX/k∗OX/k

∼= Ω•
D. So up to isomorphism in

D+(X, k), Ω•
D := Ω̂•

Y/k depends only on X and is independent of the choice
of the embedding X ↪→ Y . This gives a canonical isomorphism

Hq
inf(X/k)

∼= Hq
DR(X).

Thus, one recovers [Har75, II, Theorem 1.4].
Hartshorne [Har75, Remark, p.28] sketches how to define Hq

DR(Z) for a
(possibly non-embeddable) scheme Z of finite type over k, which is still canonically
isomorphic to Hq

inf(Z/k). One can extend the finiteness result [Har75, II,
Theorem 6.1] to Hq

DR(Z), so that Hq
inf(Z/k) is a finite dimensional k-vector

space.
Based on Geisser’s result, Huber and Jörder [HJ14, Remark 7.5] interpret

Hq
DR(Z) in the h-topology when Z is moreover separated. From [HJ14, Proposition

7.29], for two schemes Z and Z ′ separated of finite type over k, the Künneth
formula

Hn
inf(Z ×k Z

′/k) = ⊕a+b=nH
q
inf(Z/k)⊗k H

b
inf(Z

′/k)

holds.

Remark 11.6. In Theorem 11.2 (b), assume further that f : X → S is a
finite type morphism of Noetherian schemes, and that i : X → Y is a closed
immersion. Let E be OY with the natural stratification. Then Ω•

D is the formal

completion Ω̂•
Y/S of the de Rham complex Ω•

Y/S along X. For q ≥ 0, Hartshorne

[Har75, p.74] defines the q-th relative algebraic de Rham cohomology of X over
S as Rq

DRf∗(X) := Rqf∗Ω
•
D, which is an OS-module. In particular, there is a

canonical isomorphism

RqfX/S∗OX/S
∼−→ Rq

DRf∗(X).

They are the sheafification of the presheaf U 7→ Hq
inf(X ×S U/U) on S.

Remark 11.7. Let k be a field of characteristic 0. Let f : X → S be a morphism
of finite type of reduced schemes over k. Then by Remark 11.6 and [Har75, III,
Theorem 5.1], there is an open dense subset U of S, such that for every integer
i ≥ 0, RifX/S∗OX/S is finite locally free on U . For a flat base change theorem,
see [Har75, III, Proposition 5.2]. Combined with Remark 11.6, it implies the
following. If further S is irreducible with generic point η, then for every q ≥ 0,
the natural morphism

(RqfX/S∗OX/S)⊗OS
k(S)→ Hq

inf(Xη/k(S))

is an isomorphism. In particular, the natural morphism colimV H
q
inf(X ×S

V/V ) → Hq
inf(Xη/k(S)) is an isomorphism, where V runs through nonempty

open subsets of S.

Remark 11.8. Hartshorne [Har75, p.75] extends the Gauss-Manin connection
to a singular morphism, which is assumed to be the factorization of a closed
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immersion followed by a smooth morphism. Using Remark 11.6, we rewrite his
construction in terms of infinitesimal cohomology to allow the non-embeddable
case. Let S be a Noetherian scheme of characteristic 0. Let X, Y be schemes
of finite type over S. Let f : X → Y be a morphism over S. Then there is a
spectral sequence

Epq
1 = Rqf∗(f

∗Ωp
Y/S ⊗OY

RuX/Y ∗OX/Y )⇒ Rp+qf∗RuX/S∗OX/S .

Suppose further that the structure morphism g : Y → S is smooth. Then the
canonical morphism Ωp

Y/S ⊗OY
RqfX/Y ∗OX/Y

∼−→ Epq
1 is an isomorphism for

any p, q ≥ 0. The differential

d0q1 : RqfX/Y ∗OX/Y → RqfX/Y ∗OX/Y ⊗OY
Ω1

Y/S

is an integrable connection on the OY -module RqfX/Y ∗OX/Y relative to S.
Take S = SpecC and assume that Y is smooth. Assume that f : X → Y

is either smooth or proper. Then by [Del70, II, Théorème 6.13] (in smooth
case) [Har75, IV, Corollary 4.3] (in proper case), up to shrinking Y to a dense
open subset, the following holds. For every q ≥ 0, Rqfan∗ C is a local system
on Y an, and RqfX/Y ∗OX/Y is finite locally free over OY . The vector bundle
RqfX/Y ∗OX/Y equipped with the Gauss-Manin connection corresponds the
local system Rqfan∗ C via the Riemann-Hilbert correspondence.

Corollary 11.9. Let X → S be a morphism of schemes. Let S0 → S be a
nilpotent thickening. Let X0 = X ×S S0. Then there is a canonical morphism

RuX0/S∗OX0/S∗ → Ω•
X/S (77)

in D+(X,OS). Assume further that X is of characteristic 0 and X → S is
smooth. Then (77) is an isomorphism, so up to quasi-isomorphism the de Rham
complex Ω•

X/S depends only on X0.

Proof. As X0 → X is a nilpotent thickening, P i
X0

(X) = OX when i is large
enough. Then the result follows from Theorem 11.2, and the canonical morphism
RuX0/S∗OX0/S → Ru′X0/S∗OX0/S .

Definition 11.10. Let X → S be a morphism of schemes. Let M be an
OX/S-module on Inf(X/S). For any q, i ≥ 0, let F qHi

inf(X/S,M) be the image
of the map Hi

inf(X/S, J
q
X/SM) → Hi

inf(X/S,M). The decreasing filtration

F •Hi
inf(X/S,M) on Hi

inf(X/S,M) is called the infinitesimal filtration.

We give an infinitesimal interpretation of the Hodge filtration.

Corollary 11.11. Let X → S be a morphism of schemes. Then for every
q ≥ 0, there is a canonical morphism

RuX/S∗J
q
X/S → σ≥qΩ

•
X/S (78)
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in D+(X,OS), which induces a morphism F qH∗
inf(X/S)→ F qH∗

dR(X/S). When
q = 0, (78) becomes

RuX/S∗OX/S → Ω•
X/S

and induces a morphism

RΓinf(X/S)→ RΓdR(X/S). (79)

If X is smooth over S and of characteristic 0, then they are all isomorphisms.

Proof. Let X Strat(X/S) be the stratifying topos for id : X → X over S. Let
J ′
X/S := j−1JX/S , which is a sheaf on X Strat(X/S). Since (5) is a morphism

of ringed topoi, there is a canonical morphism

RuX/S∗J
q
X/S → Ru′X/S∗J

′q
X/S .

From (69), one has F q(Ω•
D) = σ≥qΩ

•
X/S . Then by Theorem 11.2, there is a

canonical morphism
Ru′X/S∗J

′q
X/S → σ≥qΩ

•
X/S .

By composition, one gets (78), which is an isomorphism when X is smooth over
S and of characteristic 0.

Remark 11.12. Let Y be a scheme of characteristic 0. Let Y → S be a smooth
morphism. Let E ∈ ARQch(Y ) be an object with a stratification relative to S.
Let E ∈ Pro−Cris(X/S) be the Artin-Rees pro-crystal on Inf(Y/S) induced by
E via (20). Write Γ : ARMod(OX/S)→ ARMod(OS(S)) for the AR-extension
of the left exact functor Γ : Mod(OX/S) → Mod(OS(S)). Then similar to
Theorem 11.2, one can show that there is a canonical isomorphism

RΓinf(Y/S, E)
∼−→ RΓ(Y,E ⊗OY

Ω•
Y/S)

in D+(ARMod(OS(S))).

Theorem 11.2 concerns the infinitesimal cohomology of crystals induced by
stratified modules. The case with a general crystal follows.

Corollary 11.13. Let Y → S be a smooth morphism of schemes. Let i : X → Y
be a closed immersion over S, with X of characteristic 0. Let F be a quasi-
coherent OX/S-module on Inf(X/S). Then there is a canonical isomorphism

RΓinf(X/S,F)
∼−→ RΓ(Y, lim

n
F∆n

X(Y ) ⊗OY
Ω•

Y/S).

Proof. As each Ωk
Y/S is a finite locally free OY -module, (limn F∆n

X(Y )) ⊗OY

Ω•
Y/S → limn(F∆n

X(Y )⊗OY
Ω•

Y/S) is an isomorphism. By Lemma 7.4, E := λ(F)
is an Artin-Rees pro-crystal on Inf(Y/S). By Remark 6.6, it is induced by a
stratified Artin-Rees pro-module E := E(Y,Y ). From (23), E = (F∆n

X(Y ))n≥0 is
in ARQch(Y ). By Lemma 11.3, for every k ≥ 0, the inverse system (F∆n

X(Y )⊗OY
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Ωk
Y/S)n≥0 satisfies condition (*). Then by Fact 4.8, the termwise limit complex

limn(E ⊗OY
Ω•

Y/S) represents

R lim(E ⊗OY
Ω•

Y/S).

One has

RΓinf(X/S,F) = RΓinf(Y/S,Riinf ∗F)
(a)

=RΓinf(Y/S,R lim E)
=R limRΓinf(Y/S, E)

(b)
∼−→R limRΓ(Y,E ⊗OY

Ω•
Y/S)

(c)

=RΓ
(
Y,R lim(E ⊗OY

Ω•
Y/S)

)
=RΓ

(
Y, lim

n
(F∆n

X(Y ) ⊗OY
Ω•

Y/S)
)
,

where (a) uses Lemma 7.2 (d), (b) relies on Remark 11.12, (c) uses [Sta25, Tag
0BKP].

Remark 11.14. From Theorem 11.2 and Corollary 11.13, one can derive cohomological
finiteness for quasi-coherent crystals, the smooth base change theorem [Ber74,
V, 3.2.4, 3.2.7, 3.5.1, 3.5.2], as well as perfectness [BO78, 7.16, 7.24].

12 Algebraic infinitesimal topos

Let X be a scheme locally of finite type over a field k. The infinitesimal site
Inf(X/k) contains objects (U, T ) with T non-Noetherian. We introduce a subsite
of the infinitesimal site, consisting of objects with finiteness condition.

Let Inf(X/k)alg be the full subcategory of Inf(X/k) of objects (U, T ) with
T separated of finite type over k. Let Inf(X/k)eft be the full subcategory of
Inf(X/k) of objects (U, T ) admitting a morphism

(U, T )→ (V,Z)

in Inf(X/k) with (V,Z) ∈ Inf(X/k)alg. Endow Inf(X/k)alg and Inf(X/k)eft

with the topology induced by Inf(X/k) in the sense of [SGA4I, III, 3.1], so that

both are sites. Let (X/k)alginf be the topos associated with the site Inf(X/k)alg.

Lemma 12.1. The restriction functor Sh(Inf(X/k)) → Sh(Inf(X/k)eft) is an
equivalence of categories.

Proof. By [SGA4I, III, Théorème 4.1], it remains to prove that every (U, T ) ∈
Inf(X/k) can be covered by objects in Inf(X/k)eft. Thus, one may assume
that T is affine. As X is locally of finite type over k, one may choose a closed
immersion U → An

k over k for some integer n > 0. Since An
k is formally

smooth over k and U → T is a nilpotent thickening of affine schemes, there is a
morphism T → An

k fitting into a commutative diagram
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U T

U An
k Spec k.

Then there is an integer m with T → An
k factoring through the affine variety

∆m
U (An

k ). Then (U,∆m
U (An

k )) ∈ Inf(X/k)alg, and (U, T ) → (U,∆m
U (An

k )) is a
morphism in Inf(X/k). Hence (U, T ) is in Inf(X/k)eft.

The inclusion functor u : Inf(X/k)alg → Inf(X/k) is continuous and cocontinuous.
By [Sta25, Tag 00XO], it defines a morphism of topoi

ιX/k : (X/k)alginf → (X/k)inf

with ι−1
X/k = us. Let Oalg

X/k := ι−1
X/kOX/k. Then for every (U, T ) ∈ Inf(X/k)alg,

(Oalg
X/k)T = OT . Moreover, ((X/k)alginf , O

alg
X/k) is a ringed topos, and ιX/k is a

morphism of ringed topoi.

Lemma 12.2. The inclusion u : Inf(X/k)alg → Inf(X/k) defines a morphism

of ringed topoi pX/k : (X/k)inf → (X/k)alginf . Furthermore,

pX/k∗ = us = ι−1
X/k : Sh(Inf(X/k))→ Sh(Inf(X/k)alg)

is an exact functor, and pX/k ◦ ιX/k = id(X/k)alginf
up to a canonical isomorphism.

Proof. The functor u factors through a continuous functor u : Inf(X/k)alg →
Inf(X/k)eft. We prove that it induces a morphism of sites Inf(X/k)eft →
Inf(X/k)alg. For every object (U, T ) ∈ Inf(X/k)eft, let IT be the category
of morphisms h : (U, T ) → (V,Z) in Inf(X/k) with (V,Z) ∈ Inf(X/k)alg.
By [Sta25, Tag 00X5], it remains to prove that IopT is a filtered category. By
definition of Inf(X/k)eft, IT is nonempty. By Lemma 3.7, it is connected. Then
from Lemma 3.5, IopT is filtered.

The morphism of sites Inf(X/k)eft → Inf(X/k)alg induces a morphism of
topoi

Sh(Inf(X/k)eft)→ (X/k)alginf .

Combined with Lemma 12.1, it defines a morphism of topoi pX/k : (X/k)inf →
(X/k)alginf .

Fix a sheaf F ∈ Sh(Inf(X/k)alg). Define a functor

FT : IopT → Set, (h : (U, T )→ (V,Z)) 7→ F (V,Z).

Then by construction, p−1
X/kF is the sheafification of the presheaf

Inf(X/k)op → Set, (U, T ) 7→ colimIop
T
FT .

As every object ϕ : (U, T )→ (W,S) of IT induces a map OS(S)→ OT (T ), there

is a natural morphism p−1
X/kO

alg
X/k → OX/k. Thus, pX/k : (X/k)inf → (X/k)alginf is

a morphism of ringed topoi.
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Let T I be the category of morphisms ψ : (V,Z) → (U, T ) in Inf(X/k) with
(V,Z) ∈ Inf(X/k)alg. Consider the functor

TF : T I
op → Set, (ψ : (V,Z)→ (U, T )) 7→ F (V,Z).

By construction, one has (ιX/k∗F )(U, T ) = lim
T Iop TF . When (U, T ) ∈ Inf(X/k)alg,

Id(U,T ) is a final object of T I, so (ιX/k∗F )(U, T ) = F (U, T ). This shows

pX/k∗ιX/k∗ = ι−1
X/kιX/k∗ = IdSh(Inf(X/k)alg).

Restricting from the small infinitesimal topos to the algebraic infinitesimal
topos preserves the cohomology.

Corollary 12.3. Let A be a sheaf of rings on Inf(X/k). Let F be a bounded
below complex of A-modules on Inf(X/k). Then there is a canonical isomorphism

RΓ((X/k)inf , F )
∼−→ RΓ((X/k)alginf , ι

−1
X/kF )

in D+(Γ((X/k)inf , A)).

Proof. It follows from Lemma 12.2 and the canonical isomorphism of functors

RΓ((X/k)inf , ·)
∼−→ RΓ((X/k)alginf , ·) ◦RpX/k∗ : D+(A)→ D+(Γ((X/k)inf , A)).

13 Analytic infinitesimal topos

Given an algebraic variety X, we do not know how to construct a comparison
morphism between the infinitesimal cohomologyH∗

inf(X/C) and the Betti cohomology
H∗(Xan,C) directly. Instead, we introduce an auxiliary site Inf(Xan), which is a
complex analytic analog of the infinitesimal site, and compare both cohomology
groups with the cohomology group H∗

inf(X
an) defined by the site Inf(Xan).

Let M be a complex analytic space in the sense of [Gro60, Définition 2.1].
Let Mcl be the topos associated with the topological space underlying M . Let
Inf(M) be the category of pairs (U, T ), where U is an open subset of M , and
U ↪→ T is a nilpotent thickening of complex analytic spaces. Morphisms and
covering families are defined similar to the infinitesimal topos Inf(X/S) for
schemes. Similar to OX/S , there is a structure sheaf OM,inf on Inf(M). Let
Minf be the topos corresponding to Inf(M). Parallel to Remark 2.2, every
(U, T ) ∈ Inf(M) and every t ∈ T define a point of the topos ξT,t : P → Minf ,
and the family of points {ξT,t} is conservative. Similar to the construction of
uX/S : (X/S)inf → XZar, there is a canonical morphism of topoi uM : Minf →
Mcl.

Let X be a scheme locally of finite type over C. Let ϕX : Xan
cl → XZar be

the morphism of topoi induced by the continuous map Xan → X. We also write
ϕ for ϕX . Let Inf(Xan)eft be the full subcategory of Inf(Xan) of objects (U, T )
admitting a morphism (U, T ) → (V an, Zan) for certain (V,Z) ∈ Inf(X/C)alg.
Endow it with the topology induced by Inf(Xan).
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Lemma 13.1. The restriction functor Sh(Inf(Xan)) → Sh(Inf(Xan)eft) is an
equivalence of categories.

Proof. The proof is similar to that of Lemma 12.1. We prove that every (U, T ) ∈
Inf(Xan) can be covered by objects in Inf(Xan)eft. ShrinkingX, one may assume
that X is affine. Since X is of finite type over C, one can choose a closed
immersion X → An

C for some integer n > 0. As U → T is a nilpotent thickening,
locally on T , there is a morphism h : T → Cn fitting into a commutative diagram

U T

Xan Cn.

h

There is an integer m > 0 such that h : T → Cn factors through ∆m
Xan(Cn),

which is the analytification of ∆m
X(An). Then (X,∆m

X(An)) ∈ Inf(X/C)alg, and
there is a morphism (U, T )→ (Xan, (∆m

X(An))an).

Lemma 13.2. The analytification functor

u : Inf(X/C)alg → Inf(Xan), (U, T ) 7→ (Uan, T an)

induces a morphism of ringed topoi ϵ : Xan
inf → (X/C)alginf .

Proof. By [SGA 1, XII, 1.2], the analytification functor Φ from the category of
schemes locally of finite type over C to the category of complex analytic spaces
commutes with finite projective limits. So u : Inf(X/C)alg → Inf(Xan)eft is
a continuous functor. For every (U, T ) ∈ Inf(Xan), let IT be the category of
morphisms ϕ : (U, T ) → (V an, Zan) in Inf(Xan) with (V,Z) ∈ Inf(X/C)alg.
Assume (U, T ) ∈ Inf(Xan)eft, so that IT is nonempty. By Lemma 3.7, as Φ
preserves finite products, IT is connected. From Lemma 3.5, as Φ preserves
equalizers, IopT is a filtered category. Then by [Sta25, Tag 00X5], the continuous
functor u defines a morphism of sites

Inf(Xan)eft → Inf(X/C)alg.

Together with Lemma 13.1, it induces a morphism of topoi ϵ : Xan
inf → (X/C)alginf ,

such that for every sheaf G ∈ Sh(Inf(Xan)), ϵ∗G is the sheaf

Inf(X/C)alg,op → Set, (V,Z) 7→ G(V an, Zan).

For every (U, T ) ∈ Inf(Xan) and every F ∈ Sh(Inf(X/C)alg), define a functor

FT : IopT → Set, (ϕ : (U, T )→ (V an, Zan)) 7→ F (V,Z).

Then ϵ−1F is the sheafification of the presheaf

Inf(Xan)op → Set, (U, T ) 7→ colimIop
T
FT . (80)

For every object ϕ : (U, T ) → (V an, Zan) of IT , there is a canonical ring map
OZ(Z) → OT (T ). Thus, for F = OX/C one gets a morphism colimIop

T
FT →

OT (T ). Whence, there is a canonical morphism ϵ−1Oalg
X/C → OXan,inf of sheaves

of rings on Inf(X)an. Thus, ϵ is a morphism of ringed topoi.
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Lemma 13.3. The diagram

Xan
inf Xalg

inf (X/C)inf

Xan
cl XZar

ϵ

uXan

ιX/C

uX/C

ϕ

(81)

of topoi is commutative.

Proof. We construct a canonical morphism of functors

ϵ−1ι−1
X/Cu

−1
X/C → u−1

Xanϕ
−1 : Sh(X)→ Sh(Inf(Xan)) (82)

as follows. For every F ∈ Sh(X) and every (V,Z) ∈ Inf(X/C)alg, one has

(ι−1
X/Cu

−1
X/CF )(V,Z) = (u−1

X/CF )(V,Z) = F (V ),

(ϵ∗u
−1
Xanϕ

−1F )(V,Z) = (u−1
Xanϕ

−1F )(V an, Zan) = (ϕ−1F )(V an).

The natural maps F (V )→ (ϕ−1F )(V an) induce a morphism in Sh(Inf(X/C)alg)

ι−1
X/Cu

−1
X/CF → ϵ∗u

−1
Xanϕ

−1F.

By adjunction, it induces a morphism

ϵ−1ι−1
X/Cu

−1
X/CF → u−1

Xanϕ
−1F

in Sh(Inf(Xan)) which is functorial in F .
We prove that (82) is an isomorphism. As the family of points {ξT,t} is

conservative, it suffices to prove that for every (U, T ) ∈ Inf(Xan) and every
t ∈ T ,

ξT,tϵ
−1ι−1

X/Cu
−1
X/CF → ξT,tu

−1
Xanϕ

−1F

is an isomorphism. Let x ∈ U ⊂ Xan be the preimage of t. Define a category
It, whose objects are open neighborhoods of x in X, and whose morphisms are
inclusions. Define a functor

Ft : I
op
t → Set, V 7→ F (V ).

Then

ξT,tu
−1
Xanϕ

−1F =
(
(u−1

Xanϕ
−1F )T

)
t
= (ϕ−1F )x = Fx = colimIop

t
Ft.

Similarly, let IT be the category of morphisms (U, T ) → (V an, Zan) in
Inf(Xan) with (V,Z) ∈ Inf(X/C)alg. Define a functor

FT : IopT → Set, ((U, T )→ (V an, Zan)) 7→ F (V ).

From (80), ϵ−1ι−1
X/Cu

−1
X/CF is the sheafification of the presheaf

Inf(Xan)eft,op → Set, (U, T ) 7→ colimIop
T
FT .
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Define a category IT,t as follows. An object of it is a morphism (U0, T0) →
(V an, Zan) in Inf(Xan), where T0 is an open neighborhood of t in T , U0 :=
U ×T T0 and (V,Z) ∈ Inf(X/C)alg. There is a forgetful functor

IT,t → It, ((U0, T0)→ (V an, Zan)) 7→ V.

Define a functor

FT,t : I
op
T,t → Set, ((U0, T0)→ (V an, Zan)) 7→ F (V ),

which is the composition IopT,t → Iopt
Ft→ Set. Then

ξT,tϵ
−1ι−1

X/Cu
−1
X/CF = colimT0

colimIop
T0
FT0

= colimIop
T,t
FT,t.

By [Sta25, Tag 04E7], it suffices to prove that for every (U, T ) ∈ Inf(Xan)
and every t ∈ T , the forgetful functor IT,t → It is initial.

(a) For every V ∈ It, we need to find an object (U0, T0) → (W an, San) of
IT,t with W ⊂ V . Shrinking V to an affine neighborhood of x in X, one
may assume that V is affine. The remaining proof is similar to that of
Lemma 13.1. Choose a closed immersion V → An

C over C. Take U0 = V an.
Let T0 be the image of U0 ↪→ U ↪→ T , which is an open subset of T .
Then U0 → T0 is a nilpotent thickening of complex analytic spaces. As
Cn is smooth, shrinking T0 one may assume that there is a morphism
h : T0 → Cn extending U0 = V an ↪→ Cn. Then h factors through some
∆m

V (An)an, and (U0, T0)→ (V an,∆m
V (An)an) is an object of IT,t.

(b) For every W ∈ It and any two objects ψ : (U0, T0) → (V,Z)an and ψ′ :
(U ′

0, T
′
0) → (V ′, Z ′)an of IT,t with V ⊂ W and V ′ ⊂ W , we shall find an

object ψ′′ : (U ′′
0 , T

′′
0 ) → (V ′′, Z ′′)an of IT,t with two morphisms ψ′′ → ψ

and ψ′′ → ψ′. This follows from Lemma 3.7.

The proof of Theorem 13.4 is similar to that of Theorem 11.2. We use
Cartan’s Theorem B instead of Serre’s vanishing theorem.

Theorem 13.4. Let X → Y be a closed immersion of complex analytic spaces,
with Y smooth. Let E be a finite locally free OY -module with an integrable
connection. Let E be the crystal in OX,inf-modules on Inf(X) defined by E.
Let Ω•

Y be the complex of sheaves of holomorphic differential forms on Y . Let

Ω̂•
Y be its formal completion along X. Then there is a canonical isomorphism

RuX∗E → E ⊗OY
Ω̂•

Y in D+(X,C).

14 Comparison of infinitesimal cohomology and
singular cohomology

We finish the proof of [Gro68, Conjecture 4.2].
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Theorem 14.1. Let X be a scheme locally of finite type over C. Then the
canonical morphisms

RΓinf(X/C)→ RΓinf(X
an)← RΓ(Xan,C) (83)

are isomorphisms. In particular, for every i ≥ 0, there exist a canonical
commutative diagram

Hi(Xan,C) Hi
inf(X/C)

Hi
dR(X

an) Hi
dR(X/C) Hi(X,OX).

∼=

(84)

Proof. We use the notation in Diagram (81). From Lemma 13.2, there is a
natural morphism in D+(Inf(X/C), OX/C)

OX/C → R(ιX/Cϵ)∗OXan,inf .

By Lemma 13.3, it induces a morphism

α : RuX/C∗OX/C → Rϕ∗RuXan∗OXan,inf

in D+(X,C). By adjunction, the morphism u−1
XanC→ OXan,inf in Sh(Inf(Xan))

induces a morphism C→ RuXan∗OXan,inf inD
+(Xan,C), and hence a morphism

β : Rϕ∗C→ Rϕ∗RuXan∗OXan,inf

in D+(X,C).
We prove that α and β are isomorphisms. It remains to prove that for every

integer q, both morphisms of sheaves on X

HqRuX/C∗OX/C
Hq(α)→ HqRϕ∗RuXan∗OXan,inf

Hq(β)← HqRϕ∗C

are isomorphisms. By [Sta25, Tag 0BKJ], it suffices to prove that for every
affine open subset U of X, the maps

Hq(U,RuX/C∗OX/C)
αq

→ Hq(U,Rϕ∗RuXan∗OXan,inf)
βq

← Hq(U,Rϕ∗C)

are isomorphisms.
The formation of uX/C : (X/C)inf → XZar and ϕ : Xcl → XZar commutes

with restriction to open subsets of X, so we may assume that X = U is affine,
and we need to prove that the maps

Hq
inf(X/C)

αq

→ HqRΓ(Xan
inf , OXan,inf)

βq

← Hq(Xan,C)

are isomorphisms.
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As X is affine, one may choose a smooth algebraic variety Y and a closed
immersion X → Y over C. By Theorems 11.2 (b) and 13.4, αq and βq are
identified with the functorial maps

Hq(X, Ω̂•
Y/C)

αq

→ Hq(Xan, Ω̂Y an)
βq

← Hq(Xan,C).

By [Har75, IV, Theorem 1.1], both are isomorphisms.
For a generalX, applyingRΓ(X, ·) : D+(X,C)→ D+(C) to the isomorphisms

α and β, one gets an isomorphism (83). The second statement follows from
(79).

Remark 14.2. Let X be a scheme separate of finite type over C. Deligne [Del74,
Proposition 8.2.2] shows that the singular cohomology H∗(Xan,Z) carries a
natural mixed Hodge structure. Using the isomorphismH∗(Xan,C) ∼= H∗

inf(X/C)
from Theorem 14.1, we compare the Hodge filtration on H∗(Xan,C) and the
infinitesimal filtration on H∗

inf(X/C).

(a) Assume that X is smooth over C. We show that the infinitesimal filtration
is coarser than the Hodge filtration. From Corollary 11.11, the isomorphism
H∗

inf(X/C)
∼−→ H∗

dR(X/C) identifies the infinitesimal filtration with the
naive Hodge filtration.

By Fact 1.1, as X is smooth, for every i ≥ 0 there is a natural isomorphism

Hi(Xan,C) ∼= Hi
dR(X/C). (85)

The logarithmic de Rham complex in [Del71, p.31] is the analytification of
a C-linear complex of algebraic coherent sheaves on X, which by [Del71,
Théorème 3.2.5 (i)] defines the Hodge filtration onH∗(Xan,C). Therefore,
(85) restricts to an injection F qHi(Xan,C) ⊂ F qHi

dR(X/C). As [EZT14,
Example 3.4.9] shows, there is a smooth affine curve X such that the
inclusion is strict.

(b) Assume thatX is proper over C. By Remark 11.1 and [Bha12, Proposition
5.2], the infinitesimal filtration is finer than the Hodge filtration. More
precisely, for any q, i ≥ 0, the isomorphism Hi

inf(X/C) ∼= Hi(Xan,C)
restricts to an injection

F qHi
inf(X/C) ↪→ F qHi(Xan,C). (86)

By properness and GAGA, the canonical map F qHi
dR(X/C)→ F qHi

dR(X
an)

is an isomorphism. Then by [AK11, Example 4.5], there is a projective
curve X over C such that the map H1(Xan,C) → H1

dR(X/C) in (84)
does not send F 1H1(Xan,C) inside F 1H1

dR(X/C). For this curve, (86)
(with q = i = 1) is a strict inclusion. Such an example with X a normal
projective surface is in [BVS94, p.39].
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topos et cohomologie étale des schémas: Tome 2. Springer, 1972.
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