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1 Introduction

Mordell’s conjecture is first proved by Faltings via Arakelov methods (see
|Fal83| or its English translation [Fal86]). He proved the following conjectures
in order:

e (Tate conjecture) An abelian variety over a number field K is determined
up to K-isogeny by its Tate module with I'g-action.

e (Shafarevich conjecture) There are only finitely many abelian varieties
(resp. smooth projective curves) of fixed dimension g > 0 (resp. fixed
genus g > 1) defined over a fixed number field K with good reduction?
outside a fixed finite set of places of K.

e (Mordell conjecture) Theorem 5.0.1.

The observation that Mordell’s conjecture follows from that of Shafarevich
was due to Parshin [Par68|. It relies on constructing a non-isotrivial relative
curve over the given curve of genus at least 2.

Definition 3.4.5



By now different proofs are presented: Vojta’s Diophantine approximation
way [Voj91] and Lawrence-Venkatesh’s p-adic period method in [LV20]. The
method of Lawrence-Venkatesh is a combination of ideas from Faltings’ proof
and Kim’s non-abelian Chabauty theory [Kim05]. Although certain additional
assumption is needed to deduce finiteness by the method of Chabauty-Kim,
this one can explicitly determine the set of rational points in some examples
where the additional information is known.

Mordell’s conjecture can be formulated more generally for integral points
on smooth hyperbolic curves in order to include genus 0 curves with at least
three punctures (cf.[LV20, Theorem 4.1]) and genus 1 curves with at least
one puncture (see Theorem 8.0.1).
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2 Preparatory results

This section should be referred to only as necessary when reading the main
text.

Frob, € Gk, arithmetic Frobenius, see [BC09, p.4]

We gather some notation. A general field is denoted by k& and its absolute
Galois group is denoted by Gy = G(k*/k), where k* denotes a separable
closure of k. Denote an algebraic closure of k by k. A field with a discrete
valuation is denoted by FE, the ring of integer by Op and its residue field
by F. For a finite unramified extension E/Q,, we call a preimage of the
(arithmetic, that is the field automorphism F, — F, defined by x — 2?)
Frobenius (element of G,) under the isomorphism G(E/Q,) — G(F/F,) an
(arithmetic) Frobenius of E/Q, and denote it by og/qg,, which is of order
[E : Qp). Throughout K denotes a number field unless otherwise specified.
Repeatedly S(D Sy ) stands for a finite set of places of K, including the set



Se of all archimedean ones. Then Og(C K) is understood to be the ring of
S-integers.

For a finite place w of K, K, denotes the completion of K at w and F,,
denotes its residue field. Let ¢, = #IF,, be its cardinal. We let Ck, denote the
completion of an algebraic closure of K, which is isomorphic to C and K" be
the maximal unramified extension of K, inside K. Then the inertia group
at w is Ggur. Recall the natural isomorphism G, /Gger — Gr,. Choosing
a place u of K above w allows us to identify G, with the decomposition
subgorup D, of Gk. Different choices lead to G'x-conjucate closed subgroups.
Choose Froby, € Gk, an element maps to the Frobenius in Gy, and use the
same symbol for its restriction to K*: Frob, € Gg. For a scheme X of
finite type over K, denote by X"(= X&) (resp.X") the analytification of
Xc (resp.Xg, ). For X a scheme over a local ring (R, m), its special fiber
X ®r R/m is written as X. For a scheme S, we denote dim S its Krull
dimension.

Recall that a subset of a topology space is called rare/thin /nowhere dense
if its closure has no interior.

Proposition 2.0.1. /[GR12, Theorem, p.168] Let X be an analytic space,
then X 1s irreducible if and only if every proper analytic subset is rare. Fvery
connected complex manifold is an irreducible analytic space.

Theorem 2.0.2. [GR12, p.111] Let X be an analytic space, {A.} a family
of analytic subsets of X, then N, A, is an analytic subset of X.

From Theorem 2.0.2, for every subset A C X, there is a smallest analytic
subset of X containing A, called the analytic Zariski closure of A in X.

2.1 Riemann-Hilbert correspondence

Let M be a connected, locally path connected, locally simply connected
topological space with a base point p.

Proposition 2.1.1. [Del70, Corollaire 1.4, p.4][Z509, Corollary 1.9] Denote
the category of local systems (i.e., locally constant sheaf) of finite-dimensional
C-vector spaces by Loc(M). Then taking stalk F, : Loc(M) — Vecc is a fiber
functor making Loc(M) a neutralized Tannakian category. The topological
monodromy representation induces an equivalence of neutralized Tannakian
categories

Loc(M) = Repe(mi (M, p)). (1)
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The Tannakian group is the algebraic hull of m (M, p) over field C. For all
L € Loc(M), its Tannakian monodromy group is the Zariski closure of the
image of the associated monodromy representation m (M,p) — GL(L,) and
the image of the natural map U'(M,L) — L, is an isomorphism onto the
set of monodromy invariants L;rl(M’p). In particular, when M is furthermore

simply connected, then any local system on M is a constant sheaf.

Assume further that M is a connected smooth manifold. Let C; be the
sheaf of smooth complex functions on M. Let E — M be a smooth vector
bundle with a linear (smooth) connection D. Let £ be the sheaf of smooth
sections of E. The connection D is called integrable/flat if its curvature RP
vanishes. A smooth local section s of E is called horizontal/flat/parallel if
D(s) =0.

Assume that {sy,...,s,} is a smooth local frame of E over an open
U C M, then any section s € I'(U, E) writes as s = »_._, fis; and D(s) =
Y i1 si @df;. That means we get a local trivialization

Ely — U xCr
\U

that carries D to the standard derivative on U x C". Then RP|y = 0. In
fact, a converse holds.

Theorem 2.1.2 (Smooth Frobenius). [Huy05, Ezercise 4.5.10, p.192[[CMSP17,
Lemma C.4.1; Corollary C.4.2] The connection D is integrable if and only

if every p € M admits an open neighborhood U and a smooth local frame
over U consisting of horizontal sections. In that case, ker(D) is a local
system on M and the parallel transport along a smooth curve depends only
on the homotopy (with fized ends) class of the curve, hence a representation
m(M,p) — GL(Ep). The natural map ker(D), — E, = &, ®csx C is a
1 (M, p)-equivariant isomorphism.

Given another smooth vector bundle E’ with a connection D’, then a
morphism F': (E, D) — (E’, D’) is equivalent to a global horizontal section
of the Hom-vector bundle Hom(E, E’) with the induced connection. When
D, D’ are integrable, then so is the induced connection. In particular, the
stalks [, € Homc(E)y, E,) are of the same rank in view of Theorem 2.1.2.



Here a morphism of smooth vector bundles is not required to have a smooth
vector bundles as its kernel a priori, but this follows from its compatibility
with the flat connections.

Theorem 2.1.3 (Smooth Riemann-Hilbert correspondence). [CMSP17, Theorem
C.4.3] Let F1(M) be the category of smooth complex vector bundles with a flat
connection. Then FI(M) is an abelian category and the functor : FI(M) —
Loc(M) by (E, D) — ker(D) is an equivalence of abelian categories. A quasi-
inverse is given by L — (L @c C5g,1d ® d).

Proof. For a morphism (E, D) — (E’, D’) in FI(M), the kernel is a smooth
vector bundle. Given a local system £, then £ ®@¢ Cf§; is a smooth vector
bundle. Then one can argue as in [Con, Theorem 2.6|. O]

Now assume even further that M is a connected complex manifold and
retain a base point p € M. Let A}, (resp.A}\f, resp. A?\;[l) the sheaf of smooth
complex 1 (resp. (1,0) resp. (0,1)) forms on M, Q}, C A} the sheaf of
holomorphic 1-forms on M, (note that A}, = A} @ A% = Q}, ®0,, C).
Recall the definition of holomorphic connection, which is more restrictive
than a connection compatible with the holomorphic structure.

Definition 2.1.4 (holomorphic connection). [Huy05, Definition 4.2.17, p.179|Let
H — M be a holomorphic vector bundle. A holomorphic connection is a C-
linear map V : H — H ®c Q}, with

V(fs)=s©(0f)+fV(s)

for any local holomorphic function f on M and any local holomorphic section
sof H.

An analogue for Theorem 2.1.2 in the analytic setting.

Theorem 2.1.5 (holomorphic Frobenius). Let E — M be a holomorphic
vector bundle with a holomorphic connection, then the connection is integrable
if and only if every p € M admits an open neighborhood U and a holomorphic
local frame comprised of horizontal sections.

Proof. Use [V0i02, Theorem 2.26, p.51]. ]

Given a smooth vector bundle on M with a smooth connection D, ie a
locally free sheaf € of Cig-module of rank 7 with D : £ = £ @ce A}, We
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can decompose D = D04 D%, where D'V : € — £ ®ce A} (not a smooth
connection!) idem for D%!. Then the curvature RP? = (D)2 4+ (D%)? +
DYDYt 1 DO DL Therefore, D is integrable if and only if

(DLO)Q — 0’ (D0,1>2’ Dl,ODO,l + D071D170 =0.

If (D%Y? = 0, then by Koszul-Malgrange theorem [KM58, Théoréme 2,
p.106] H := ker(D%!) C £ is a holomorphic vector bundle (i.e a locally free
sheaf of Oy/-module) of same rank r, the natural map H ®o,, C5; — £ is an
isomorphism and D%!' = 9™ is the Dolbeault operator. If D is furthermore
integrable, then by [Bis98, p.2829] D' restricts to an integrable holomorphic
connection V : H — H ®o,, ;-

Conversely, given a holomorphic vector bundle H, we obtain a smooth
vector bundle £ := H ®o,, C3;. If V is a holomorphic connection on H, then
D:E— E®cex Ay by D(s® f) = (Vs) ® f + s ®@df (for all holomorphic
local section s of H and smooth function f defined on the same open subset)
defines a smooth connection. We find

DY(s® f)=(Vs)® f+s®(df);
D™ (s® f) =s®Jf.

Therefore D%' = 0", H = ker(D*!) and D'°|;, = V. If V is integrable,
then D is integrable.

Denote the category of holomorphic vector bundles with an integrable
connection on M by DE(M). The following is a summary of the preceding
discussion.

Theorem 2.1.6. DE(M) is an abelian category. The functor FI(M) —
DE(M) by (€, D) — (ker(D%'), D'y (po.ry) is an equivalence of categories,
with quasi-inverse DE(M) — FI(M) by (H,V) — (H ®o,, C3i, V + d).

Note carefully, a morphism of two holomorphic vector bundles is not
required to have a holomorphic vector bundle as its kernel a priori. Then
and taking fiber w, : DE(M) — Vecc by (€,V) = &, ®0,,, C is a fiber
functor making DE(M) a neutralized Tannakian category over C. Under
Theorem 2.1.3, Theorem 2.1.6 is equivalent to the following.

Theorem 2.1.7 (Analytic Riemann-Hilbert correspondence, [Del70, Théoréme
2.17, p.12|, [Kat82, Proposition 5.1|, [Mal87, Theorem 1.1|, [Con, Theorem 2.6]).
The functor n : DE(M) — Loc(M) defined by (£,V) — ker(V), ker(V) C &
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being the subsheaf given by horizontal sections, is an equivalence of neutralized
Tannakian categories (a tensor equivalence commuting with chosen fiber functors).
A quasi-inverse Loc(M) — DE(M) is given by

In particular, for all (£,V) € DE(M) the natural inclusion (ker V), —
& ®o,,, C is a m (M, p)-equivariant linear isomorphism.

Example 2.1.8. Let M = C* with base point p = 1 € M. The trivial
holomorphic line bundle £ = M x C (ie £ = Oy;). For every holomorphic
function f € Oyp(M), we define a holomorphic connection D : £ — £ ®¢ Q)
by D(s) = (s’ — fs) ® dz. This connection is flat since dim M = 1. Then
L = ker(D) is a local system on M of rank 1. The fundamental group
71 (M, p) has a generator v : [0,1] — M by ~(t) = €*™. TIts monodromy
representation (M, p) — GL(L,) is identified with Z — C*. By parallel
transport, s(p) € L, is transported to s(p)efzg /(@)= along the chose path.
Therefor the image of 1 € Z is el /()4 = ¢2miRes(£0)

Corollary 2.1.9. Given (£,V) € DE(M), then ker(V) is quasi-isomorphic
to the de Rham complex (23, @ E).

Since ker V is a local system, there exists a connected open neighborhood
Qofp € M such that (ker V)|q = £(p),,. Further, £(p) ®cOq = (ker V)|o®c

Oq = &|q. For any y € Q, taking fibers at y induces a parallel transport
isomorphism:

B E(yo) = E(y)-

In short, an integrable connection on a vector bundle provides a way to
identify nearby fibers.
Now we present a relative version of Theorem 2.1.7.

Definition 2.1.10 (relative local system). |[BE13, Definition 1.17 (ii)] A
sheaf £ of ¢7'(Ox)-module is called a relative local system if for every
y € Y there exist an open neighborhoods U of y and an open subset V' of X
with ¢(U) C V and a coherent Oy-module M such that L]y is isomorphic
to ¢~ Y(M)|y. The full subcategory of the category of ¢~!(Ox)-modules
comprised of relative local systems is denoted by LS(Y/X).



When X is a point, then we recover local system of finite dimensional C-
vector spaces on Y. Given a morphism X’ — X, let ¢’ : Y’ — X’ be the base
change, tensor then LS(Y/X) — LS(Y'/X’) functor. In particular, given a
relative local system £ on Y/X, for any = € X, L]y, is a local system. If
Y — X — X/, a relative local system on Y/ X" is also a relative local system
onY/X.

let DE(Y/X) be the category of coherent Oy-modules with a flat relative
connection.

Proposition 2.1.11. [Kat70, Proposition 8.8J[And01, Corollaire 2.5.2.2]
When X is a point, (E,V) € DE(Y/X), then & is a holomorphic vector
bundle on the complex manifold Y and hence DE(Y) = DE(Y/X). (I don’t
think it is true in general.)

Theorem 2.1.12 (relative Riemann-Hilbert). [Del70, Théoréme 2.23, p.14]
then the functor DE(Y/X) — LS(Y/X) by (€,V) = ker(V) is an equivalence
of categories. A quasi-inverse is given by L — L ®y-10, Oy with relative
connection Id; @ dy;x.

By Proposition 2.1.11, Theorem 2.1.12 contains Theorem 2.1.7 as a special
case.

2.2 Symplectic groups

Let (V, (,)) be a finite dimensional symplectic space over a field k of characteristic
0. The associated symplectic group is denoted by Sp(V). If dim; V = 2n,
we also write Spa, (k) for Sp(V).

Definition 2.2.1 (transvection). If T' € Sp(V) is unipotent and rk(T —1I) =
1, then we call T" a transvection.

Example 2.2.2. For 0 # v € V, define T,,(x) = x + (v,z)v. Then T, is a
transvection.

Theorem 2.2.3. [Hua{8, p. 740, Theorem[[Dul74, p. 26,V.1. Theorem[[Sol77,
Theorem 2.5/[Kli63, Theorem 3] Let k be a field with characteristic different
from 2 and g € N*. If A € Aut(Spay(k)), then there exists B € GSpay(k)
such that A(A) = BAB™! for any A € Spay(k). Moreover, the natural map
Aut(Spey(k)) — Aut(PSpyy(k)) is surjective. The only nontrivial normal
subgroup of Spag(k) is its center {£1s,}.
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We record two Goursat type lemmas for subgroups of [[ Spag(Q).

Lemma 2.2.4. Suppose that G < Spa,(Q)Y is an abstract normal subgroup
whose projection to each factor is surjective, then G = Spa,(Q)N

The proof of [Rib76, Sublemma, p. 794| works.
The second is a mild generalization of [LV20, Lemma 2.12].

Lemma 2.2.5. Let G be an algebraic subgroup of Spa,(Q)Y satisfying the
following conditions.

o For1<i <N, the projection m; : G — Spo,(Q) onto the i-th factor is
surjective.

o Forl1 <i#j <N, there exists g € G such that m;(g) is not conjugated
to any one of £m;(g) in GSpa,(Q).

Then G = Spa,(Q)N.

Note that G = {(A,+A) : A € SLy(Q)}< SLy(Q)?) satisfies the first
condition but not the second.

Proof. Induction on N. The case N = 1 is trivial. Now assume that the case
N = k is proved and we proceed to N = k + 1. Let P, : G — Sp* be the
projection onto the first k£ factors. By induction hypothesis, Py is surjective.
Let Hy = ker(Py) and Hy = ker(mg41). By Goursat’s lemma, H; (resp. Hs)
can be viewed as a normal algebraic subgroup of the product of first £ factors
Sp” (resp. of the last factor Sp) and im(G — Sp*/H; x Sp/Hy) is the graph
of an isomorphism

f:Sp*/Hy — Sp/Hs,  [m(9)] = [me41(9)] (2)

between algebraic groups, hence an isomorphism between Lie algebras
d.f : Lie(Sp*/H;) — Lie(Sp/Hy).

By Theorem 2.2.3, Hy is {Io,},{xlo,} or the full of Sp. We just need to
exclude the first two possibilities.

If Hy, = {I}, in virtue of [Ser09, p. 45,Corollary 3], Lie(H;) C sp* is direct
sum of some (say the first) (k — 1) factors. By [Borl2, 7.1, p.105], Sp*~! is
the identity component of H;. Then 7, (H;) is a finite normal subgroup of
the k-th factor Sp and 7, induces an isomorphism Sp*/H; — Sp/m(H,). By
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(2) the latter group has nontrivial center, so m(H;) = {I} and H, = Sp*~1.
Now (2) becomes

f:Sp— Sp, m(g) = mri1(9)
an isomorphism between the last two factors. According to the second
condition, there exists gy € G such that m4(go), mk+1(g0) are not conjugated,
which contradicts Theorem 2.2.3.

If Hy = {£I}, by the same reasoning as above, we may assume that H;
is the product of the first (k — 1) factors and one piece of {£I} at the k-th
factor which leads to similar contradiction.

Therefore, Hy = Sp and G = Sp**!. The induction is completed. ]

Lemma 2.2.6. A finite (abstract) subgroup G of SLs(R) is cyclic.

Proof. Define a new scalar product of R? from the standard one (—,—) by
(x,y) = |—é| > gec(g-2,g-y). Fix an orthonormal basis of (R?, (—, —)), with
regard to which we obtain an injection ¢ : G — SO3(R). As any finite
subgroup of SO(R) is cyclic, so is G. ]

Remark 2.2.7. We can determine n = |G| if G < SLy(Q). In fact, there

exists g € G such that ¥ (g) = (Z?r?ég)) _C(i;rgéﬁ)), where 0 = 27” Since ¥(g)

and ¢ are conjugate, tr(g) = tr(¢(g)) = 2cos(f) € Q. By Niven’s theorem
(cf.[KN16]), n = 1,2,3,4 or 6.

2.3 Faltings’ finiteness theorem
All representations are assumed to be finite dimensional.

Definition 2.3.1. Let v be a finite place of K and p be a Galois representation
of Gk. Denote the inertia group by I,(< Gk). If p(I,) is trivial, then p is
called unramified at v.

Fact 2.3.2 (|Dal06, Theorem, p.2|). Let p # [ be primes. Let E/Q, be a
finite extension. Let X/E be a smooth proper variety with good reduction.
Then for every integer k > 0, the representation Uy — GL(HE(Xgs; Q) is
unramified.

Definition 2.3.3 (Weil number). [SZ15, Sec.1][Kli, Definition 2.5.1] Fix m €
N*. Let Z be the set of algebraic integers (i;e., the integral closure of Z inside
C). An m-Weil number is an element a € Z such that |o(a)|*> = m for every
(oS GQ.
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Definition 2.3.4 (Purity, weight). [FON12, p.19]|[FO22, Def. 2.19] Let K
be a number field. A p-adic Galois representation p : Gx — GL4(Q,) is
called pure of weight w € Z, if for all but finitely many finite places v of K,
p is unramified at v and any complex eigenvalue of the geometric Frobenius
action p(Froby) is a ¢)'-Weil number.

Theorem 2.3.5. [Del7j, Theorem 1.6][Del80, Corollaire 3.3.9, p.207]Let
X/F, be a smooth proper variety. The Frobenius morphism F : X — X
(defined by x — x9) induces F* : Hy(Xp, Q) — Hg(Xg,, Qi) for each
i > 0 and rational prime [(# char(IF,)). Then the characteristic polynomial
det(tl — F*,Hét(XE, Q1)) is of integral coefficients and independent of .
FEach complex root of this polynomial is a q-Weil number of weight i.

Lemma 2.3.6 (Faltings’ finiteness, |[Del85, Cor. 1], [Del83, Thm. 3.1|, [Lan91,
Ch. 1V, Theorem 4.3|, [LV20, Lem. 2.3|). Fiz d > 0, w € Z, K a number
field with a finite set S(D Sw) of places including all the archimedean ones.
Then up to conjugation, there are only finitely many semisimple p-adic Galois
representations p : Gx — GL4(Q,) such that outside S

1. p s unramified and
2. pure of weight w.

3. The characteristic polynomials of a (hence every) arithmetic Frobenius
(element of 'k ) have integer coefficients.

This is a consequence of Theorem 2.3.7 below. It is worth noting that
the semisimplicity hypothesis is essential in Lemma 2.3.6.

Theorem 2.3.7 (Hermite-Minkowski). [SBW89, p. 49[Let K be a number
field, S D So a finite set of places of K, and n > 1 an integer. Then
there are (up to isomorphism) only finitely many extensions of K unramified
outside S of degree n.

3 Cohomology theory

A quick guide is [Rom14].
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3.1 Algebraic de Rham cohomology

Definition 3.1.1 (hypercohomology). Suppose that 4 is an abelian category
with enough injectives and F': A — B a left exact functor to another abelian
category B. If C' € Kom™(A) is a cochain complex of objects of A bounded
on the left, i € Z, then the i-th hypercohomology H'(C') := R'F(C) € B of
C is calculated as follows: Take a quasi-isomorphism ® : C' — I, here [ is
a complex of injective elements of A. Then H'(C) is the i-th cohomology of
the complex F'(I).

The hypercohomology of C' is independent of the choice of the quasi-
isomorphism, up to a unique isomorphism. In the language of derived categories,
it is the composition of derived functor RF : DT (A) — D*(B) and the
cohomology functor H' : D™(B) — B.

Lemma 3.1.2. [Wei95, Lemma 5.7.5/Settings as in Definition 8.1.1. If 0 —
C1 — Cy = C3 — 0 is a short exact sequence of complexes bounded on the
left, then there is a long exact sequence

S RIF(Cy) S RITIF(CY) — RITLF(Cy) — RIVLF(Cy) S ..

Given a scheme X, let Mod(X) be the category of sheaves of Ox-modules.
It is a Grothendieck abelian category, hence with enough injectives. Let
m: X — Y be a morphism of schemes. Then the functor 7, : Mod(X) —
Mod(Y) is left exact. Its right derived functor Rm, : Dt (Mod(X)) —
DT (Mod(Y)) exists.

Definition 3.1.3. [Sta23, Tag OFL6|For every n > 0, the n-th algebraic de
Rham cohomology of X over Y is defined by

ar(X/Y) == R"m.(Qy)y,d) € Mod(Y).
Put I'(Y, Oy )-module
Hip(X/Y) == T(Y, Hip(X/Y)).

By [Sta23, Tag OFLX], if f is quasi-compact and quasi-separated, then
each HJ,(X/Y) is a quasi-coherent Oy-module.

Lemma 3.1.4. [Sta23, Tag OFLY] If Y is a locally Noether scheme and
f: X =Y is a proper morphism, then H},(X/Y) is a coherent Oy -module
for each n > 0.
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Lemma 3.1.5 (finiteness). [Sta23, Tag OFLZ] Let A be a Noether ring and
Y = Spec(A). If f : X =Y is a proper morphism, then Hix(X/Y) is finite
A-module for all 1.

Example 3.1.6. Let k be a field of characteristic p > 0, then Hiz(A}/k) =
k[T?] as O(A}) = k[T]-module.

This examples shows that de Rham cohomology is not a reasonable tool
in positive characteristic.

Lemma 3.1.7. Let k be a field and X/k be a proper connected geometrically
connected scheme, then Hiz(X/k) = k.

Proof. By [Sta23, Tag 0BUG], Qg(/k = O(X) = k and the differential map
d’ - Qg(/k — Qﬁ(/k is zero. O

Fact 3.1.8. [Lau96, p.18/[Vig21, p.62] Let k be a field and A/k an abelian
variety. Then the cup product induces a canonical isomorphism N Hig (A/k) —
Hi:(A/k) for each ¢ > 0. There is a first Chern class map ¢ : Pic(A) —
H2:(A/k). If L € Pic(A) induces a polarization on A, then the pairing
HR(A/k) x HiR(A/k) = k induced by c1(L) is symplectic.

Remark 3.1.9. Let w : X — Y be a morphism of complex analytic spaces,
then we can define (analytic) relative de Rham cohomology in a similar
manner.

Lemma 3.1.10. [Sta23, Tag OFMO]Let m : X — Y be a proper smooth
morphism of schemes. Then the formation of Hip(X/Y) commutes with
arbitrary base change.

Without properness, it remains true in derived categories, cf [Gro68,
p.309].

The stupid truncation (Q)Z(’/’Y)pzo on the complex %y, gives rise to a
spectral sequence (cf.[Sta23, Tag 012K]), called the Hodge to de Rham
spectral sequence (also known as the Frolicher spectral sequence),

EY = Rim. = Hip' (X/Y). (3)

The induced decreasing filtration by holomorphic vector subbundles on H},(X/Y)
is called the Hodge filtration, whose terms are

FilPHjp(X/Y) = Im(H" (X, Q50,) = Hig(X/Y)).
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FPH" = im[R" £.Q5, = Hip(X/Y)].

Similar formula holds for FilPH},(X/Y). Taking global sections, we get
a filtration of HJz (X/Y).

Theorem 3.1.11. [Del68, Thm. 5.5] [Kat70, Proposition 8.8] Let Y be a

scheme of characteristic 0 and let f : X — 'Y be a proper smooth morphism.
Then

1. The Oy-modules H)p(X/Y) and HPI(X/Y) = R[5y are locally
free of finite type whose formation commutes with arbitrary base change.

2. The Hodge to de Rham spectral sequence (8) degenerates at Ey. In
particular, for each n € N, the p-th graded piece of Hodge filtration on
na(X)Y) is GrPFH™ = FPJFP~1 = R”_pf*ng/Y.

3. At any point of Y, the Oy-modules qu*Qﬁ(/Y and Rpf*Qg(/Y have the
same rank (Hodge symmetry).

For analytic counterparts of Theorem 3.1.11, see Proposition 3.1.16 and
Theorem 3.6.6.

Proposition 3.1.12. Let f : X — Y be a morphism of locally finite type
C-schemes. Then there are unique isomorphisms WP : (Q’)’(/Y)h — Qg(h/yh
of Oxn-modules for p > 0 such that U° is the natural isomorphism and the
following diagram commutes

g

l(dgg/y)h ldi{h/Yh

+1 \p WPH! +1
(Q];(/Y) Q];(h/yh

Theorem 3.1.13. Let f : X — Y be a proper morphism of locally finite type
C-schemes. Then the natural maps are isomorphisms:

1 (RIS ) = RIFAOR, L
2. Hop(X/Y)" = (X" /YT

Proposition 3.1.14. Let f : X — Y be a smooth proper morphism of
complex analytic spaces. Then for every j € N:
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1. For every local system L on X, the sheaf R’ f.L is a local system on'Y .

2. The natural map Cy — Ox induces an isomorphism of Oy-modules

R f,C®c, Oy = HIp(X/Y).

3. The module H)p(X/Y) is a holomorphic vector bundle on Y.
Proof. 1. Tt can be proved as in [Vir21, Prop. 2].

2. By projection formula [KS90, Prop. 2.6.6], R f.C = Rj'f*f*IOy. By
Lemma 3.5.2, the canonical morphism R/ f, f 'Oy — H}(X/Y) is an
isomorphism.

3. It follows from 1 and 2.

An analytic analogue for Theorem 3.1.11.

Fact 3.1.15. [Del70, Cor. 1.4, p.4] Let S be a path-connected, locally path-
connected and locally simply connected topological space with a base point s.
Then the category of local systems (of finite-dimensional C-vector spaces) on
S is equivalent to the category Repe(m1(S, s)), by sending a local system L to
its monodromy representation on the stalk L.

Proposition 3.1.16. Let f : X — Y be a smooth proper morphism of
complex analytic manifolds. Then

1. lef*@ s a local system of finite-dimensional C-vector spaces on'Y, so
Hip(X/Y) is a holomorphic vector bundle on'Y. (by Ehresmann and
Riemann-Hilbert correspondence)

2. [Dem96, p.58] For each pair p,q € N, the Oy-module qu*Qg(/Y is a
vector bundle.

3.2 Cohomology on sites
We follow Tag 00VG to present the notion of site.

Definition 3.2.1 (site). A site is given by a category C with a set Cov(C)
of families of morphisms with fixed target, called coverings of C, satisfying
the following axioms.
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1. If f:V — U is an isomorphism in C, then {f} € Cov(C).

2. f{V; = U :i eI} € Cou(C) and for each ¢ {V;; = U, : j € I;} €
Cov(C), then {V;; = U :iel,je J;} € Cou(C).

3. f {U; - U :iel} € Cov(C) and V — U is a morphism of C then
U; xy V exists for all i and {U; xy V=V :1 € I} € Cov(C).

Example 3.2.2. Given a topological space X, let C be the category whose
objects consist of all the opens in X and whose morphisms are inclusion
maps. Define {U; — U : i € I} € Cov(C) if and only if U;U; = U. Thus we
get a site (C, Cov(C)).

Fix a site C and let Psh(C) be the category of presheaves of sets on C.

Definition 3.2.3 (sheaf). [Sta23, Tag 00VM|Let F' be a presheaf of sets on
a site C. We say F'is a sheaf if for every covering {U; —» U :i € I} € Cov(C)
the diagram

Prg
FU) — Hie[ F(U;) %; H(io,il)eﬁ F(Us, xv Usy)

represents the first arrow as the equalizer of prj and pry.

Let A be a category and let F' be a presheaf on C with values in A. For
each X € Ob(A), define a presheaf of sets Fx by

Fx(U) = Homy (X, F(U)).

We say that F'is a sheaf if for all X € Ob(A), Fyx is a sheaf. Let Ab(C) be
the category of abelian sheaves on C.

Theorem 3.2.4. [Sta23, Tag 03NU|The category of abelian sheaves on a site
s an abelian category with enough injectives.

If U € Ob(C), then the section functor I'(U, —) : Ab(C) — Ab is left exact.
Define H?(U, —) = RPT(U, —).

Definition 3.2.5 (global section functor). [Sta23, Tag 071D|Define I'(C, —) :
Psh(C) — Set by I'(C, F) = Hompgpc)(e, F'), where e is a final object of
Psh(C).

Example 3.2.6. Suppose that C has a final object X, then I'(C, F') = F/(X).
The functor T'(C,—) : Ab(C) — Ab is left exact. Define H'(C,—) =
RT(C,—).
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3.3 Etale cohomology
Fix a scheme X and F' € Ab(X).

Definition 3.3.1 (small étale site). [Sta23, Tag 03XB|Let X be a scheme.
The category X is the full subcategory of Sch/X whose objects are étale X-
schemes. A covering is {f; : U; —» U : i € I} with U € Ob(Xg), User fi(Us) =
U and f; is étale for each ¢ € I.

Clearly X is a final object of X¢. The étale cohomology group Hj, (X, F)
is defined to be HP(X, F') on the site X4. However, this definition is reasonable
only when F'is a torsion sheaf. We define

H] (X, Z,) = lim H}, (X, Z/p");
Hgt(Xv @p) = Qp ®Zp Hgt(Xv Zp)

If X is a k-scheme, then HZ, (X}, Q,) is a p-adic representation of Gj. Tt is
an important origin of Galois representations.
Then we review étale fundamental groups.

Definition 3.3.2 (geometric point). [Sta23, Tag 03PO|Let X be a scheme. A
geometric point of X is a morphism Spec(k) — X where k is an algebraically
closed field (separably closed fields also work). It is usually denoted by z.

Definition 3.3.3 (étale fundamental group). [Sta23, Tag 0BNC]Let X be
a connected scheme. Let T be a geometric point of X. Let F; be the fiber
functor FEt/X — Set. Define

(X, %) = Aut(Fy).

The 78 (X, Z) is naturally a profinite group. Another choice of geometric
point leads to isomorphic fundamental group, although the isomorphism is
not canonical. So, sometimes we omit the geometric point in the notation.

Example 3.3.4. Let & be the natural geometric point of X = Spec(k), then
Wi}t(X, i’) = Gk

In general, for a connected scheme X/k and a geometric point = of Xj,
(or X, they are the same), we put 7" (X, z) = n$"(X}, 7).
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Lemma 3.3.5 (fundamental exact sequence). [Sta23, Tag 0BTX] Let X /k be
a geometrically connected quasi-compact quasi-separated scheme, then there
15 a natural exact sequence

1 — af“™"(X) = 7(X) = G — 1.

Theorem 3.3.6 (Grauert-Remmert). [Sza09, Theorem 5.7.4[[Ray71, Exp.
XII, Corollaire 5.2] Let X/C be a connected scheme locally of finite type.
Then the functor (Y — X) — (Y% — X) induces an equivalence of the
category F'Et/ X of finite étale covers of X with that of finite-sheeted covers of
X2, Consequently, for every x € X (C) this functor induces an isomorphism

—

m(Xo, z) = mi(X, x)
where ~ on the left hand side means profinite completion.

Theorem 3.3.7. [Ser07, Theorem 6.3.3] Let L/k be an extension of two
algebraically closed fields of characteristic 0 and V/k be an algebraic variety.
Then the base change functor FEt/V — FEt/Vy, is an equivalence of categories.
In particular, for any geometric point ©' of Vi, let a be the corresponding
geometric point of V, then the natural map nf(Vy,v') — 7{(V,0) is an
1somorphism.

Proposition 3.3.8. [EVAGM12, Corollary 10.59] Let k be a field, A/k be an
abelian variety, | be a rational prime invertible in k. Then Hgyl(Ags,Z;) =
Hom(T)A,7Z,;) as Z;-modules with continuous Gy-action.

Theorem 3.3.9 is part of Tate’s conjecture, proved by Zarhin (positive
characteristic) and Faltings (zero characteristic).

Theorem 3.3.9. Let K be a finitely generated field, X/K a smooth proper
integral variety with a geometric point T. If | is a rational prime different
from the characteristic of K and 7" (X,Z) has no l-torsion, then the
representation Gx — GL(H}(Xgs,Q;)) is semisimple. In particular, the
identity component of the Zariski closure of the image is a reducitve algebraic

group.

It is conjectured to hold for the Galois representation on HE (X s, Q) for
each k£ € N.
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Proof. We may enlarge K to a finite extension. Let x € X be the image
of Z. We may assume that x is a closed point of X, then k(z)/K is a
finite extension. By enlarging K, we may assume x € X (K). Consder the
Albanese map o, : (X,z) — (Alb(X),0) defined over K. It induces an
morphism 77" (X, z) — 7{“"(Alb(X),0) identifying the latter as the free
part of the abelianization of the former. It induces further an isomorphism
of Gg-modules H} (AIb(X) s, Q) — H (Xgs,Q;). By Proposition 3.3.8 the
first as a Gx-module is dual to the Tate moduel V;Alb(X). The result follows
from [Fal83, Satz 3| in the number field case and [MBS85, Théoréme 2.5,
pp.244-245, Ch XII] in positive characteristic case. O

3.4 Crystalline cohomology

Assume that p is a rational prime and (S,Z,~) is a divided power scheme
over Zgy. Set So = V(Z) C S. Suppose that p is locally nilpotent on an
So-scheme X.

Definition 3.4.1 (divided power thickening). [Sta23, Tag 0714|Let U — T
be a thickening of schemes and let J be the corresponding ideal sheaf. If
(T, J,7) is a divided power scheme, we call the triple (U, T,~) a divided
power thickening.

Definition 3.4.2 (big crystalline site). [Sta23, Tag 07IB|A divided power
thickening of X relative to (S,Z,~) is a divided power thickening (U, T, 0)
with an S-morphism U — X. All of them form a category, denoted by
CRIS(X/S,Z,v) = CRIS(X/S). A family {(U;,T;,6;) — (U, T,9)} is a
covering if U; = T; xp U for all i and {T; — T} is a Zariski covering,.

Definition 3.4.3 (small crystalline site). [Sta23, Tag 07IG|The full subcategory
Cris(X/S) of CRIS(X/S) consisting of those (U, T,¢) € CRIS(X/S) such
that U — X is an open immersion, endowed with the induced (Zariski)
topology.

Let F be a perfect field with char(F) = p > 0. Let W = W(F) be the
ring of Witt vectors of F and W,, = W/p". For an F-scheme X, we denote
H) (X/W,) = HI(Cris(X/W,)) and Hy,(X/W) = lm_H?, (X/W,). This

is a graded W-module depending functorially on X.

Lemma 3.4.4. If X/F is a smooth proper scheme, then H!  (X/W(F)) is a
finite W (F)-module. When j >2dim X, H? . (X/W(F)) = 0.
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Let E be a field of characteristic 0 with a complete discrete valuation.
Assume its residue field F is perfect and char(F) = p > 0. Let ¢ be the
Frobenius endomorphism of W. Denote Ey the fraction field of W. (In
application, we will take £ to be a finite unramified extension of Q,, then
W = Og, ¢ = 0g/g,|o, and Ey = E.) Let X/E be a proper smooth variety.

Definition 3.4.5 (Good reduction, [GM87, B.1.1|, [Dal06, p.1]). The variety
X/E has good reduction provided there exists a smooth proper Og-scheme
X such that the generic fiber Xy is F-isomorphic to X. In that case, the
special fiber X' is a smooth proper variety over F, called a reduction of X.
Similarly, given a smooth proper variety Y over a number field K and a
finite place v of K, we call Y has good reduction at v if Y ®x K, has good
reduction in the above sense.

We consider two particular cases. When A/E is an abelian variety, then
it has good reduction if and only if its the identity component of its Néron
model is an abelian scheme over Og. When C'/E'is a smooth projective curve
with H°(C,O¢) = E and positive genus, then it has good reduction if and
only if its minimal model (provided by [Sta23, Tag 0C6B]|) is smooth over
OE-

Proposition 3.4.6. If X has good reduction over E, then so does its Albanese
variety.

Proof. 1t follows from Fact 2.3.2 and the Néron-Ogg-Shafarevich criterion.
(But the converse is not true.) O

Theorem 3.4.7 (finiteness of bad reduction). If Y is a smooth proper variety
over a number field K, then there is a finite set of (finite) places of K, outside
which Y has good reduction.

Theorem 3.4.8 (Fontaine, Abrashkin). [Fon85, Corollaire, p.517][Abr87]
There is no abelian variety over Q with everywhere good reduction.

~Assume X has good reduction. We define its crystalline cohomology to be
H! . (X):=Ey®w H...(X/W). Then H!. (X) is equipped with a bijective

cris cris

p-semilinear endomorphism ¢ induced by the absolute Frobenius of X and
functoriality of HZ .. (By [GM87, Corollary B.3.6], H.,.(X), together with

the Gauss-Manin connection and the crystalline Frobenius, is independent of
the model X.)
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3.5 Comparison theorems

Theorem 3.5.1. /Gro66a, Theorem 1][Gro68, Theorem 1.2, p.310[[HMS17,
Proposition 4.1.7, p.101] Let X be an algebraic variety over C (neither

smoothness nor properness are required), then analytification induces a linear
isomorphism Hjp(X/C) — Hjp(X).

The singular cohomology groups are usually called Betti cohomology.

Lemma 3.5.2 (Relative holomorphic Poincaré lemma). Let f : X — Y be
a smooth morphism of complex analytic spaces. Then the kernel of dx/y :
Ox — QY is the sheaf theoretic inverse image f~'Oy and the complex
Q*X/Y 15 exact in all higher degrees.

In other words, f~'Oy is quasi-isomorphic to the de Rham complex
(Q;(/Yﬂd>-

Corollary 3.5.3 (analytic de Rham). Let M be a complex manifold, then
HI. (M) is canonically isomorphic to H1(M;C) (the sheaf cohomology or
singular cohomology) for all ¢ > 0.

Theorem 3.5.4 (Artin). [AGV73, Théoréme 4.4, Exposé XI] Let X/C be a
smooth scheme, then the canonical morphism Hg(X, Q) — HY, (X", Z)®y
Q; s an isomorphism for all ¢ > 0.

Theorem 3.5.5 (Comparison of Hodge structures, [Del82, Theorem 1.4]).
If X/C is a smooth proper variety, then the canonical morphism X** — Xy,
of ringed spaces induces an isomorphism Hjp(X/C) — H, (X*; C) under

sing

which the Hodge filtration Fil' H (X/C) corresponds to @psiprqen HP(X"; C).
Proof. By Lemma 3.5.2, the complex
O _> QX(L’!L _> Qj;(an

is exact. H’.(X" C) = H/(X®, Cyan) equals the hypercohomology H *
(X Q%an) and the latter equals HY (X, ) = Hyp(X/C) by GAGA. O

Theorem 3.5.6. [BO83, Corollary 2.5/[Ber06, p.24] Let V' be a complete
discrete valuation ring of mized characteristic (0,p) with fraction field K
and perfect residue field k. Let X be a smooth proper V -scheme, with generic
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fiber X/K and special fiber Xo/k. Then there exists a canonical K-linear
isomorphism

Oaris * Hyp(X/K) = Hyp(X V) @y K — Hi (Xo/W) @w K,
where W = W (k) is a subring of K.

By Lemma 3.1.10, H.p(X/V) @y K = Hx(X/K). Thus, if one takes
FE/Q, a finite unramified extension and V' = Og, then H)x(X/E) is equipped
with a 0 /g,-semilinear operator ¢ (called the crystalline Frobenius operator).
Note that ¢[F@! is E-linear.

3.6 Variation of Hodge structures and Period maps

Definition 3.6.1 (relative algebraic (holomorphic) connection). [BE13, Definition
1.17 (i)] Let f : X — Y be a morphism of schemes (complex analytic spaces),

and let £ be a vector bundle on X. A connection on £ relative to Y is an
f~1Oy-linear map of sheaves V : £ — Qﬁ(/y ®oy € satisfying Leibniz rule:

for g a section of Ox and s a section of &,

V(gs) =dx/y(g9) ®s+g-V(s).

A relative connection V is called integrable/flat if its relative curvature form
RY vanishes.

When Y is a point, we recover Definition 2.1.4.

Example 3.6.2 (Analytic GM connection). Let f : X — Y be a smooth
proper morphism of complex analytic spaces. Then R‘m,Cy is a C-local
system on Y (¢f. [Vir2l, Proposition 2|).

Oy ®¢ RIf,C —2®1 QL @c RIf,C

; v; .
Hiyp(X/Y) —— Qy ®o, (Oy ®c IV f.C)

The vertical isomorphism on the left is given by Proposition 3.1.14. The
integrable connection on H’,(X/Y) corresponding to dy ® Id is called the
complex analytic Gauss-Manin connection. By Lemma 3.5.2, the local system
Rim,Cy = ker(V;) is the sheaf of germs of horizontal sections of H?,(X/Y).
When Y is a complex manifold, this is an example of Theorem 2.1.7.
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Definition 3.6.3 (Variation of complex Hodge structures(=C-VHS), [Gri70,
sec 2,p.232|, [CMSP17, Definition 4.6.1, p.156|, [PS03, p.189], [SS22, Definition
4.1.4,4.1.5]). Let S be a connected complex manifold and w € Z. A variation
of C-Hodge structure of weight w on S refers to the following data:

1. a C-local system £ on S with the corresponding object (E,V) € DE(S)
given by Theorem 2.1.7;

2. opposite filtrations: two finite decreasing filtrations F” (called the Hodge
filtration) and F” of E, such that for each k € Z, F'* and F’* are
(holomorphic) vector subbundles of E (i.e., of holomorphic variation)
and such that at each s € S, the C-vector space F, with the filtrations
F* F" is a C-Hodge structure of weight w;

3. Griffiths transversality: V(F'?) C F'?7'®Q{ and anti-Griffiths transversality:
V(F"™) ¢ F" " @ QL for all p € Z.

The C-VHS above is called real, an R-VHS for short, if there is an R-local
system Lg on S such that Lr ®@r C = L and we have Hodge symmetry: for
all k € Z, F"* = F'*. Then the fiber at each point z € S is an R-Hodge
structure.

The R-VHS above is called rational, a Q-VHS for short, if there is a
Q-local system Lg on S such that Lo ®g R = L.

For a C-VHS, by condition 2 in Definition 3.6.3, when p large enough,
F'" =0, F"? = 0; when —p is large enough, then F’? = E and F'? = E. The
natural map from

EPYTP .= [P pYP (4)
to the graded piece GrPE = FITT/_I;I is an isomorphism of smooth vector
subbundles of F ®o, Q. And we have a global Hodge decomposition

E ®04 QU = Gpeg EPP. (5)

Remark 3.6.4. One can also use smooth vector bundle with integrable connection
to define C-VHS, see [SS22, Lem. 4.1.6]

We proceed to define period mappings, central objects in this note.

Given a C-VHS (L, E, F’*) on a connected complex manifold S with a
base point p, we take a simply connected open neighborhood 2 C S of p.
As the connection V is integrable, by Theorem 2.1.2 for any x € {2 we have
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a parallel transport (C-linear) isomoprhism E(z) — E(p) between fibers of
E. (Since ) is simply connected, this isomorphism does not depend on the
chosen curve from z to p used in the parallel transport.) The Hodge filtration
of the fiber F(x) is sent to a filtration of E(p), which has the same dimension
data as (but in general is different from) the Hodge filtration of E(p). This
(local) variation of Hodge filtrations is encoded in the period map.

We define period maps as follows. Consider the smooth projective variety
H/C (so-called flag variety) parametrizing the filtrations of the C-vector
space L, = H, with same dimension data as its Hodge filtration. (Explicitly,
the C-linear algebraic group GL(L,) acts transitively on the set of such
filtrations. Let St < GL(L,) be the closed subgroup of the stabilizer of
the Hodge filtration of £,. Then St is a parabolic subgroup of GL(L,) and
H =GL(L,)/St.) Then we get a holomorphic map

d:Q — H™,

where ®(x) € H®™ represents the filtration corresponding to the Hodge
filtration on E(x).

To globalize, consider the universal cover 7 : S — S and pull the C-VHS
back over S, then we get a holomorphic map

d:5 - H™ (6)
fitting to a commutative square

pH(Q) —— 8

ool

Q% g

We call @ a local period map and ® the global period map. Recall that the
monodromy (C-)representation

m(S,p) = GL(L,)

given by Proposition 2.1.1. Let I' be the Zariski closure of the image,
which is a C-linear algebraic group. Then there is a natural morphism
I' x H — H defining a group action. Moreover, P is 71 (S, p)-equivariant
(|Sch73, (3.25)]) and we get the Griffiths’ period mapping [Sch73, (3.26)]
S — w1 (S, p)\H*". Therefore, the image of the global period map is bounded
below by monodromy.
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Lemma 3.6.5. [LV20, Lemma 3.1]For every C-VHS on a complex manifold
S, The analytic Zariski closure Z of ®(S2) inside Hc coincides with that of
®(S), hence independent of choice of Q. Moreover, Z contains I' - ®(p).

Proof. As ® is holomorphic, ®~'(Z) is an analytic subset of S containing
the non-empty open 7~ (Q). In particular, ®'(Z) is not rare in S. By
Proposition 2.0.1 ®'(Z) = S. Therefore, Z contains ®(S). Note that
d(S) D ®(Q), so Z is the analytic Zariski closure of ®(S5). As the global
period map (6) is 71 (.S, p)-equivariant, the image ®(S) contains (S, p)-®(p).
The preimage of Z under the morphism GL(L,) — Hc of algebraic varieties
contains the image of m;(S,p) and is Zariski closed in GL(L,). Thus, Z
contains I' - ®(p). O

An important class of VHS comes from geometry.

Theorem 3.6.6 (Griffiths). [Dem96, Theorem 10.9/[Voi02, Theorem 10.3]
Let m: X — 'Y be a proper, smooth morphism of complex manifolds. Suppose
that for each t € Y, the Hodge to de Rham spectral sequence (3) degenerates
at page Ey. For each k € N, the following data: Q-local system Lo = RFm,Q
inducing the holomorphic vector bundle E = HE (X/Y) with the (analytic)
Gauss-Manin connection V : HE (X/Y) — HEL(X/Y) @ Q) as well as the
Hodge filtration Fil*H*(X;,C) C H*(X,;,C) (at allt € Y) form a Q-VHS
of weight k on'Y. (Modulo torsion, R*f,7, gives integral VHS.) The smooth
subbundle EP*7P in (4) underlies the holomorphic vector bundle Rk*pW*QZ)’(/Y.

Remark 3.6.7. The decomposition (5) induces a decomposition Hyr(X/Y) =

Po<p<k RFPm, Q5 /y of smooth vector bundles. In general, this decomposition

does not hold in the sense of holomorphic vector bundles, see [Dem96, p.59|.
Now we turn to algebraic Gauss-Manin connection.

Theorem 3.6.8 (Katz-Oda, existence of Gauss-Manin connection). Let S

be a scheme and m: X — Y be a smooth S-morphism of smooth S-schemes.

Then for each q € N, there exists a canonical integrable connection relative

to S
V=V, Hig(X/Y) = Q%f/s ®oy Hir(X/Y).

The connection V s compatible with the cup product in the sense that
V(e-e')=V(e) e+ (=1)%-V(e),
where e and € are sections of Hin(X/Y) and Hg,R(X/Y) respectively over

an open subset of Y.
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The above theorem is a slight generalization of [KO68, Thm. 1] and the
proof therein extends to our situation. The complex Q% has a filtration
LT = Q) @ Q% ". The short exact sequence of Ox-modules

0= 7*Qy @ FPFIQ = FPQY — FPQ%x )y — 0

induces a long exact sequnece of Oy-modules with connected morphims
Rqﬂ'*FpQ;(/Y — Q%/ ® Fp_quW*Q}/Y is the connection. See also [Sta23,
Tag OFMN]| and [BP96, Section 2.C|. A result of GAGA type.

Fact 3.6.9 (Deligne, [HT07, Corollary 5.3.9, p.156|). Let X/C be a smooth
integral variety. Let DE(X/C) be the category of locally free finite rank Ox-
modules (i.e., vector bundles) with integrable connection. Let DE,(X/C) be
the full subcategory of DE(X/C) comprised of object with regqular singularity.
Then the analytification functor induces an equivalence of neutralized Tannakian
categories

DE, (X/C) — DE(X™).
If X is proper, then DE,(X/C) = DE(X/C).

If S = Spec(C) and 7 is further proper, we see that H3,(X/Y) with
algebraic Gauss-Manin connection is naturally a Dy-module by Theorem
3.1.11 and [HTO07, Theorem 1.4.10].

By [BP96, Theorem 2.1], the analytic and algebraic Gauss-Manin connections
are compatible when 7 is furthermore proper.

Corollary 3.6.10. Let m: X — Y be a smooth proper morphism of smooth
C-algebraic varieties with Y irreducible, then for each k € N, RFr,Qxan
carries a natural Q-VHS of weight k on Y".

Proof. Combine Theorem 3.1.11 and Theorem 3.6.6. n

3.7 p-adic Hodge theory

Let E/Q, be a finite unramified extension and o = op/q, the Frobenius
on E. See [BC09, Def. 9.1.4] for the crystalline period ring B of E. Tt
is an integral domain containing the maxima unramified extension of Q,
and carries an action of Gg, an injective Frobenius operator ¢ : B —
Beis ([BC09, Thm. 9.1.8|) and a non-increasing, exhausting and separated
filtration (Fil' Beys)iez stable under Gg.
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Definition 3.7.1 (Filtered ¢-module, [BC09, 6.2; 7.3.1; 7.3.4], [Dial7, p.11]).
If V is a finite dimensional E-vector space equipped with ¢ : V — V a o-
semilinear bijection and a decreasing exhaustive and separated filtration?
Fil*V, then we call the triple (V, ¢, Fil*V') a filtered ¢-module. A morphism
is required to preserve ¢ and compatible with the filtrations. Let MF% be
the category of filtered ¢-modules over E.

Note here we require no compatibility of F'il*V with ¢. Given two objects
(V, 0, F*V), (V' ¢, F*V'), we define their tensor product to be (V&g V', ¢®
¢, G*(V @ V")), where G*(V @5 V') is 3 . Wpg, where W,  is the
image of the natural map FPV ®p F1E" — V ®@g V'. The forget functor
MF% — Vecg is a fibre functor. We see that MF% is a symmetric monoidal
category. The pair (V,¢) is an isocrystal over E in the sense of [BC09,
Def. 7.3.1|, and the triple (V, ¢, Fil*V) is called a filtered isocrystal in [BC09,
Section 7.

Define a functor Deis : Repg, (Gg) — MF% by

Dcris(v) = (Bcris ®@p V)GEa
and for every integer 4, Fil'Deyis(V) = (Fil' Beyis ®q, V)°".

Definition 3.7.2 (Crystalline representation). [BC09, p.133] A p-adic representation
V of G is called crystalline if dimg Deis(V) = dimg, (V).

Denote the full subcategory of RepQP(G g) comprised of crystalline ones
by Reprf;S(GE).

Proposition 3.7.3 (|[BC09, Prop. 9.1.11]). The functor Des Reprf;S(GE) —
MF% s an exact fully faithful tensor functor.

Theorem 3.7.4 (Fontaine’s Cys conjecture, Faltings’ crystalline comparison
theorem, [Fon82, A.11, p.573], [Fal88, Cor. p.69|, [Dal06, p.2|, [Hon, Example
3.2.2 (2); Remark to Thm. 1.2.4, p.10]). If X /Og is a smooth proper scheme,
let X = Xp, then Hy(Xp, Qp) € Repg®(Gr) and its image under Deris is

(H:x(X/E), ¢, Hodge filtration),

where the crystalline Frobenius ¢ on Hin(X/FE) is given by Theorem 3.5.6.

2Here the dimension data is changing.
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4 A family of varieties with good reduction

We assemble some ingredients needed for the method of Lawrence and Venkatesh.

The following lemma relates rational points to integral points. It relies on
|Gro61, Proposition 7.3.3|.

Lemma 4.0.1. Let Y be an integral scheme of generic point b and function
field K. Assume that for any y # b € Y, the stalk Oy, is a valuation ring.
Let f: X =Y be a separated closed morphism.

1. If X is an integral scheme, the generic fiber f~1(b) = {z} is a singleton
and the corresponding homomorphism k(b) — k(x) is bijective, then f
1S5 an tsomorphism.

2. The natural map ¢ : X(Y) = Xg(K) is a bijection.

Proof. 1.For any y # b € Y, the localization Spec(Oy,) — Y is a topological
embedding, so the base change f, : X, := X xy Spec(Oy,) — Spec(Oy,)
is closed. The morphism 7, : X, — X is also a localization of ring when
restricted to affine opens of X, hence ¢, is a topological embedding and X,
is reduced. As x € X is the generic point and v € X,, the scheme X,
is irreducible. Thus by |[Gro61, Propositon 7.3.1], f, is an isomorphism.
Therefore f is an isomorphism.

2.By [Gro60, Ch I, Corollaire 5.4.7], ¢ is injective. Let’s show ¢ is surjective.

Take any v € X (K). Since f is separated, so is X — Spec(K). Then
x € Xk is a closed point by [Gro60, Ch I, Corollaire 5.4.6]. Let X' be
the closure of € X with reduced induced scheme structure. Then X' is
integral. The restricted morphism X’ — Y is closed and separated, which is
an isomorphism by 1. The inverse Y — X’ followed by X’ — X is in ¢~!(z).
We conclude that ¢ is bijective. O]

A rough picture for the presented proof of Mordell’s conjecture is summarized

below: Given a smooth Og-scheme ), our aim is to show the finiteness of
Y(Os) in view of Lemma 4.0.1. In stages:

e Construct a smooth proper morphism 7 : X — ).

e Show the semisimplicity of the global Galois representation p, : Gx —
GL(HE (X)) %, Qp)) for “most” y € Y(Os). Lemma 2.3.6 ensures that
for such y, p, lies in only finitely many isomorphism classes. We are
going to show there are only finitely many y for each class.
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e Choose a place v and use Gauss-Manin connection to construct a v-adic
period map which encodes the variation of the Galois representations

Py-

e Calculate monodromy to give a lower bound of the image of v-adic
period map, i.e. show that Hodge structure indeed varies.

e Control the centralizer of Frobenius operator to give an upper bound
of the image of integral points under the v-adic period map.

In this section we consider a proper smooth morphism Il : X — ) of smooth
separated Og schemes, whose base change to K is denoted by 7 : X — Y.
Fix yo € Y(Og) C Y(K). Let X,, be the fiber above yo, which is a smooth
proper K-variety that has good reduction at every finite place of K outsider
S. Let V := Hiz(X,,/Os) and V := Hip(X,,/K) =V Qoy K. Since Y is
separated over Og, the map yo : Spec(Og) — Y is a closed immersion. Let
yo(€ Y(F,)) : SpecF, — Spec(Og) — Y denote the reduction modulo v and
v Oyy — O the local surjection.

4.1 Comparison of connections

By Theorem 3.1.11, Rim, Q) 5, and Hip(X/Y) are finite locally free Oy-

modules. As the morphism II is smooth of smooth Og schemes, Theorem
3.6.8 provides us with the Gauss-Manin connection

Vi HIR(X/Y) = Hip(X/Y) ®o, Qi//os-
Fix an archimedean place + : K — C and a finite place v of K satisfying:
e if p is the rational prime below v, then p > 2;
e v is unramified in K/Q;
e no place of K above p lies in S.

In fact, the condition p > 2 is here just to simplify notation. Once for
all, we fix an isomorphism Cg, — C. For any K-scheme Z, we denote
interchangeably by Z¢ or Z, its base change to C via ¢.

Let’s show that the Gauss-Manin connection is defined by power series
on K.
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Take a basis {v1, ..., v,} of the free Oy zz-module Hi,(X /V)z. On some
open neighborhood of 75 € Y, {v1,...,v,} is defined and form a local basis.
Write Vu; = 3 Alv;, where the A7 are local sections of Q&/Os near .

Since ) is smooth over Og, Oy g5 is a Noetherian regular local ring. Also
Oy is a discrete valuation ring. There exists a regular system of parameters

{20,21,.,%m} of Oygs such that {z,...,2,} generate the kernel of yi .
The completion of Oy g5 is O,[[21, ..., 2n]] In which Oy is included in
Owllz1s - -5 2m]]-

Oyg — Owl[z1, -, 2m]] —— K21, .., 2n]]

(73;;—0 — Oy[z1y -y 2m]] — Ku[[z1,- -y 2m]] = Cllz1, -+, zml]

The stalk AY(75) = 3, al*dz;, with
al* € Oy C Owllzts - - -, Zm]]- (7)

(The stalk Q3 o = Q}oy,%/o(w') Note that the a’* are power series with
coefficients in K'!

Then we consider the existence of horizontal sections.

A local section of H, (X /Y) near go writes as f = > f*vq, where f are
local sections of Oy. Recall that a local section f satisfying the flat equation
V f = 0 is called horizontal. In local basis, the equation expand as a linear
system of differential equations

df*+Y ASfP=0; a=12...r (8)
B

By integrability of the Gauss-Manin connection, for any K-initial condition
we obtain a formal solution (f!, ..., f") € K[[z1,...,2x]] to (8) (compare to
Theorem 2.1.5).

Lemma 4.1.1 (Picard-Lindel6f method). [LV20, p.915] Any K,-formal solution
[ is v-adically absolutely convergent on {z € K" : |z, < ]p|11/(p71)}. If the
initial value is in Op, then it remains true over this disk.

Proof. For any given initial condition (f*(0),..., f"(0)) = (a',...,a") € K,
let f* =3 ;cnm a%z! be the unique formal solution with coefficients in K,.

31



We show that max, |af| < \I_C!|’ where C' is shorthand for max, |a®|. by

induction on 7. It is trivial if 7 = 0. Assume the inequality for J <
I = (i1,...,%n). We proceed to show that for I + 1, = (i1,..., 01,0 +
1,941, ..,%m). Consider equation (8) with 8%6’ then

(L4 ) [T, + Z Z a%,Jff = 0.

8 J+L=IJ,LEN™
Note that for aj ; € O, by (7), so for each L <1,

C C
o B B
lag  fol < ol < 7] < ]

by induction hypothesis. As (K,,|-|) is non-archimedean,

C C

« < :
[T, < |0 (ik + 1) [(1+ 1)

The induction is completed. Recall that for any n € N*, |n|, > |pl, "', so

maxi<;<m |Z7,|v

fi="] < O ).

=1
Ipls
O

Since a!* € C{z1, ..., zn}, the formal C-solution converges near the origin
of C™ for any initial C-condition.

For the base change mc : X¢ — Yg, the pullback of HI,(X/Y) to Y is
Hin(Xc/Ye). Its analytification is Hin(X&"/YE™). Thus, the pullback of
{v,...,v.} to Y& is a local basis of H,(X&"/YE™) around yo € Y. The
analytification of the algebraic Gauss-Manin connection ¢V : Hi,(Xc/Ye) —

12(Xc/Ye) ®oy Q%/C/C is the analytic counterpart Vo : H2 (X /Y ") —
IR (X /Y ) R0y an Qyan. Therefore, the formal solution (f1,..., f") induces
a local basis of Hi (X&"/YE") near y, consisting of horizontal sections.
By Lemma 4.1.1, the argument carries over mutatis mutandis to the K-
analytic setting and results in a local basis of HI,(X2"/Y,*) on the chart

disk {z € KI" : |zi]» < |p|11,/(p_1)} centered at yy (the chart induced by y €
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Y(0,)) consisting of horizontal sections. The t-adic and v-adic local bases
are represented by the same power series in K with respect to {vy,...,v,.}.

Now we use the horizontal sections to identify nearby fibers in both v-adic
and ¢-adic settings via parallel transport.

On Y&", Ri7"C .y is a local system (Proposition 3.1.16). The fiber at y €
Y(C) is Hg,, (X", C) (singular cohomology) by proper base change theorem
|Har11, Theorem 4.4.17|. When y,,y, € Y (C) are sufficiently close in the
analytic topology, the complex analytic Gauss-Manin connection induces an
identification

GM : H!

sing

(X' C) = Hgy o (X5 C). (9)
Consider the v-adic analogue. On Yg,, Rim, K, is a local system. The

fiber at y € Y (K,) is Hi,(X,/K,). By the choice of v, p > 2 and |p[s/?™" >
|p|lo- Thus by Lemma 4.1.1, for any v, y, € Y(O,) with y; = y» modulo v,
we obtain an identification [LV20, (3.7)]:

GM : HgR(Xyl/KU> — HgR(Xyz/Kv)'
The fiber over y € Y(O,) is a smooth proper O,-model &, for X,/K,.

X, > X, < X,
Spec(K,) —— Spec(O,) «—— Spec(F}).

By Theorem 3.5.6, the Frobenius operator ¢, on Hj,(X,/K,) is induced by
the identification with H? , (X)) ®0, K,. As y1 =y modulo v, X, = X,
Hip(Xy, [ Ky)

cris — ty2:
\

H: (%) @0, K, (10

CTris
/

HgR(Xyz/Kv)
The commutativity of Diagram (10) follows from [Ber06, Prop.3.6.1]. Thus
the identification GM is a morphism of filtered modules.
The GM identifications in general do not preserve the Hodge filtration.
The period maps are tools to study the variation of Hodge structures.
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4.2 Monodromy and the period mappings

By Theorem 3.5.5, we get an isomorphism Hj,(X,/C) — H{, (X", C) for
y € Y(C). In particular, Ve = Hjp(X,,/C) = HL, (X C). First recall the

Yo’
monodromy representation
wm(YE" yo) = GL(Ve). (11)

Let I" be the Zariski closure of the image, which is an algebraic subgroup of
GL(Vg).

Form the flag scheme H/Og such that H(Og) is the set of flags in V with
the same dimension data as the Hodge filtration defined by fiber over .
Note that H/Og is proper and its generic fiber H/K is the usual (projective)
flag variety.

We start by the complex case. Let €2, be a simply connected open
neighborhood of yy € Y#". Recall the analytic period maps defined in Section
3.6

o, :Q, - H™ (12)
and o
QY — He(C), (13)
where p : Yor — Y denotes the universal cover of Y.
Put

Counsider a v-adic analogue. Let 2, = {y € Y(O,) : y = yo modulo v}
be the residue disk centered at a base point yo € Y(O,). Then Q, is
a K,-analytic manifold in the sense of [Ser09, Part II, Ch. IIL.2] since
Y(Os) C Y is open. For any y € ,, the Gauss-Manin connection (10)
induces a K,-linear isomorphism Hi,(X,/K,) = Hin(X,,/K,) translating
the Hodge filtration at y to a filtration with same dimension date on V;, (by
Theorem.3.1.11). There is a v-adic period map

o, :Q, = H(O,) = HK,).
The map &, is K,-analytic. We record a simple observation.
Lemma 4.2.1. [LV20, Lem. 3.3] If H'*? C H,, is a Zariski closed subset and
dim H%* < dim ®,(€,),
then ®_Y(H) is a proper K,-analytic subset of ,. Here D,(Q,) denotes
the Zariski closure of ®,(),) inside H,.
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When (2, is one-dimensional, the result implies further the finiteness of
_1(Hb). In the next subsection we will get lower bounds of dim ®,(€2,).

4.3 v-period> C-period > monodromy

The title of is an informal way to put the results. The second inequality
refers to Lemma 3.6.5.

To compare complex and v-adic period maps, the key is that the flat
variety is over K and the two Gauss-Manin connections are defined by
common power series with K coefficients (see Section 4.1).

Lemma 4.3.1. Given a field K of characteristic 0 and power series By, ..., By €
K|[z1, ., 2m]], then there exists a closed subvariety Z C AR with the following
property: For every local field L containing K and € > 0 such that all the

B; are absolutely convergent on U = U, = {z € L™ : |z < €,Vi}, the base
change Zp, is the Zariski closure of B(U) inside AY, where B : U — AY is
the map associated with By, ..., By.

Proof. Let I C K|xy,...,xy] be the ideal generated by all polynomials @
such that Q(By,...,By) = 0 in K[[z1,...,2,]] and let Z C A¥ be the
corresponding subvariety.

Claim: the vanishing ideal of L[zy, ..., zy] associated to B(U)(C AY) is
I- L[Il, Ce ,{L'N].

In fact, if a polynomial P € L[z, ..., zy] vanishes on B(U), then P(Bq, ..., Bx)
as a function on U is L-analytic and identically vanishes, so P(By, ..., By) =
0in L[[z1, ..., Zy)]- This is equivalent to an infinite system of linear equation
with coefficients in K (the finitely many variables being the coefficients of P).
Any L-solution of this linear system is a L-linear combination of K-solutions.
The Claim is proved.

So, the Zariski closure of B(U) contains Zj. The reverse inclusion is
clear. [

The following lemma links v-adic period map to its complex counterpart.

Lemma 4.3.2. There is a closed subvariety W C H defined over K such
that W is the Zariski closure of ®,(Q2,) in Hc and Wy, is contained in the
Zariski closure ®,(Q,) of ©,(2,). In particular,

dim ®,(£2,) > dimI" - hg.
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Proof. Take ¢ > 0 small enough such that a formal solution to the flat
equation (8) converges absolutely on both U, g, C Q, and U, ¢. Recall that
the v-adic and (-adic Gauss-Manin connections are determined by same power
series over K. Lemma 4.3.1 implies that the Zariski closures of @, (U, k, ) and
that of ®,(U.c) are base changes of a same K-closed subvariety W C H. By
Lemma 3.6.5, W is the Zariski closure of ®,(€2,) and dim W > dimI'-hf. O

Note that we may use some variant of the flag variety in Lemma 4.2.1,
3.6.5 and 4.3.2. Below we will use some Lagrangian Grassmannian in the
place of H.

4.4 A prototype of arguments

Fix ¢ > 0. For y € Y(Os), we denote by p, the global p-adic Galois
representation

py: Gg — GL(Hgt(Xy’F,@p)).

Restricted to Gk, , p, is crystalline by Theorem 3.7.4 (as a good model X,
exists) and

Deris(plar,) = (Har(Xy/Ky), ¢y, Hodge filtration).
Then Gauss-Manin connection identifies the last triple with (V,, ¢, ®,(v))
where V, := V @k K, = H!,(X,,/K,). (Recall that a morphism in MF, is

compatible with ¢ but may not preserve the filtration.)
Here is a sample result.

Lemma 4.4.1. [LV20, Prop. 3.4] Suppose that
dimpg, (Z (%)) < dimT - Ay,

where Z(—) denotes the centralizer of the K, -linear operator Pl iy GLg, (V,)
and hy is defined in (14). Then the set

Uss = {y € Y(Os) : y = yo modulo v, p, semisimple}

is contained in a proper K,-analytic subvariety of Q0. (Here T" - b, is locally
closed in the Zariski topology of He by [Mill7, p.27].)
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Proof. Let S” be the union of S with the places above p of K. For y € U,
and at a place outside S’, the p-adic representation p, of I'r is unramified
by Fact 2.3.2, pure of weight ¢ with integral characteristic polynomial by
Theorem 2.3.5. By Lemma 2.3.6, p, belongs to finitely many isomorphism
classes. We may consider y € Uy, with p, in a fixed isomorphism class.
Take a representative (V,, ¢y, h) of the D image of this fixed class. By
Proposition 3.7.3, the triple (V, ¢, ®,(y)) is isomorphic to (V,, ¢,, h) in
MF%. | 50 ®,(y) € Z(¢,) - h. Note that Z(¢,) C Z(¢h ")) and Z(¢y %))
is the K,-points of a K,-algebraic subgroup of GLk,(V,). Therefore ®,(Uss)
is contained in a finite union of subsets of Hy, of the form Z(gzﬁLK”:Q”]) - h,
each of which is Zariski-closed subset of H, having dimension no greater than

dimg, (Z(65))). We conclude by applying Lemma 4.2.1. O

Lemma 4.4.1 appeals us to find upper bound of the centralizer of the
Frobenius ¢,. To this end, we record the following linear algebra result.

Lemma 4.4.2. [LV20, Lemma 2.1]Let E be a field and 0 : E — E a field
automorphism of finite order e, with fized subfield F'. Assume that V is a
E-vector space of dimension d with ¢ : V — V is a o-semilinear® bijection.
Define Zena(¢) = {f € gl(V) : fo = ¢f}. It’s an F vector space of dimension
dimg Zena(¢°). In particular, dimp Ze,q(¢) < d°.

4.5 Abelian-by-finite family

We concentrate on the specific type of morphism IT: X — ) to be used.

Definition 4.5.1 (relative (smooth proper) curve). Let S be a scheme. A
relative curve over S is defined to be a smooth proper morphism X — § of
relative dimension 1 whose geometric fibers are connected curves.

Definition 4.5.2 (abelian scheme). [FP19, Definition 1.1]A smooth proper
group scheme X — S is called an abelian scheme if the geometric fibers are
connected.

We call an abelian scheme of relative dimension one an elliptic scheme.

Example 4.5.3 (relative Jacobian). If C' — S is a relative curve, then
Picf, g — S is an abelian scheme.

3i.e., ¢ is F-linear and for every A\ € E, v € V, one has ¢(\v) = o(\)g(v)
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Proposition 4.5.4. [FGI05, Remark 9.6.22]If A — S is an abelian scheme,
then Pic%/s = Pic], .

Let 1 : A — S be an abelian scheme, then 7 : Picﬂl/s — S is also
an abelian scheme, called the dual of 7. If 7 is projective, then so is 7
(cf.[MFK94, Corollary 6.8]). Denote Pic) g by A.

Theorem 4.5.5. [BBMO06, Theorem 5.1.6/Let m : A — S be an abelian
scheme. Then there is a canonical isomorphism

©a: Hap(A/S)" — Hap(A/S).

Corollary 4.5.6. [Wed08, Section 5.1JA polarization X : X — X of an
abelian variety X /K induces a symplectic pairing Hjp(X/K)X Hjp(X/K) —
K.

Definition 4.5.7 (polarization). [MFK94, Definition 6.3|Let 7 : X — S be
a projective abelian scheme. A polarization of X is an S-homomorphism A\ :
X — X such that for all geometric points 5 € S, then induced \ : X5 — Xs
is a polarization of abelian variety. If X is further an isomorphism, we call it
a principal polarization.

Definition 4.5.8. [LV20, Definition 5.1] An abelian-by-finite family over a
scheme Y is a sequence of morphisms

X —Y LYy

where 7 is finite étale, and X — Y is a polarized abelian scheme. A good Og-
model for such a family is an abelian-by-finite family X — )’ — ) of smooth
finite type separated Og-scheme whose base change to K is X — Y’ — Y
and satisfies the assumptions in the start of Section 4.1.

Remark 4.5.9. In our application, K is a number field, then for any y € Y(K),
p, on HZ is semisimple by Theorem 3.3.9. This deep result is avoided in
|LV20] intentionally.

Given an abelian-by-finite family X — Y’ — Y over K with a good
Os-model X — V" — Y, let E, = O(Y)) for y € Y(K), then the finite
étale K-scheme Y = SpecE, and By, = [[;c,-1(,) k(9) is an étale K-algebra.
The fiber X, is a polarized abelian scheme over E,. Let d be the relative
dimension of the abelian scheme X — Y’. For any § € 7 '(y), X;/k(9)
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is an abelian variety of dimension d. As a result, V, = Hjn(X,/K) =
Hin(Xy/Ey) = ®gen—10)Hip(X;/k()) is actually a free E,-module of rank
2d. The polarization on X, gives an Fy-bilinear symplectic pairing

wy + Hap(Xy/K) x Hip(X,/K) = E,.

Also k(y)/K is unramified outside S of bounded degree (see identification
(20) below). By Theorem 2.3.7, up to K-isomorphism, there are finitely
many extensions k(y)/K. There are only finitely many possibilities for the
algebras E, up to isomorphism, or equivalently, for the finite Gx-sets Y;J’(I_( ).
The Frob,-orbits of Y, (K) are in bijection with pairs (y/, w) where y/ € 771 (y)
and w|v a place of k(y'). The (v, w) orbit has [k(y), : K,] elements.

Let v be a place of K as in the start of Section 4.1. Fix yo € Y(Os) and

define (2, as before. Write E, , = E, ®x K, then

Eyo = [T ) (15)

where § € 7 !(y) and w|v is a place of k(). Now k(7),/Q, is unramified,
hence a Frobenius o), /0, € G(k(7)w/Qp) is available.
Write V., = V, ®x K,. Then

where Vj.,, = Hjp(X;5/k(9)w). The two decompositions (15), (16) and module
structures are compatible.
Write py for the 2d dimensional p-adic representation

Py Grig) = Her(X;7, Q). (17)
For y' € 7 (yo), define the flag variety by Weil restriction: H, =
Resi” 'LGr(Vy/, wy/) and
H= ][ #y (18)
y'er1(yo)

Here Lagrangian Grassmann LGr classifies k(y')-Lagrangian subspaces of
Vyy. The period map
O, Q= H, (19)

by y — Fil'H},(X,/K,) is K,-analytic. In fact, we have
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For y € Q, N Y(Og), the v-adic Gauss-Manin connection of Y/ =Y on HJ,
induces an isomorphism
Ey, — Eyo (20)

which is compatible with the identification

HéR(X%Kv/Kv) - H;R<Xyo,Kv/Kv)

and gives a bijection between pairs

(g, w) above (y,v) — (go, wo) above (yo,v).

This bijection gives further identifications Vj.,, — Vi w,. Recall that the
Lagrangian Grassmannian LG7yy) (Vy,, w) is a projective variety of dimension

(dH)d carrying a transitive action of symplectic group, so dim Hz = [k(¥0)wy, :

Projecting the period map further to each factor, we have period maps
(I)mewo 1y — ,Hzfo,wo (21)

where @y o (y) = Fil' Hjp(Xg.0/k(9)w). Here Fil' H' is embedded into
Vijo.wo Via Gauss-Manin connection.

In application we hope that the monodromy is “big” in some sense in view
of Lemma 4.4.1. We make a precise definition.

Definition 4.5.10 (full monodromy). Let Y/K be a variety and X — Y’ 5
Y be an abelian-by-finite family. This family is said to have full monodromy
if for a base point yy € Y(C) the Zariski closure of the image of monodromy
representation

w1 (YE", ) = GL(H, (X0, Q)

sing Yo ?

contains [, Sp( H};y(X5,Q),w). Here we use the decomposition

H;zng(X;l:? Q) = @§E7T71(y0)H;mg(X§n7 Q)

and the symplectic form w comes from the polarization.
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5 Mordell’s conjecture

Theorem 5.0.1 (Mordell’s conjecture, Faltings). If Y /K is an integral smooth
projective curve of genus g > 2, then Y (K) is finite.

The proof relies on Proposition 5.0.4 below and a specific construction of
family of curves. Note that in the case of S-unit equation, we may use the
group law of the base variety G, /0, to twist the Legendre family, and hence
a large field extension. But here such a twist is absent. In Proposition 5.0.4,
we need a size condition to get large field extension, which is checked using
Weil pairing in the proof of Theorem 5.0.1.

Start by some properties of the constructed family. For a rational prime

q, let

Aff(q):{(g 11)) ‘a€F,beF,} =F, % F.

Given Y as in Theorem 5.0.1, the abelian-by-finite family X, — Y, — Y in
Definition 6.0.5 for each prime ¢ > 3 has the following properties:

1. It has full monodromy.

2. dy = (q—1)(g — 1/2), where d, is the relative dimension of X, — Y.

3. For each yy € Y(K), there is a G g-equivariant identification of 7~ (yo)(K)
with the conjugacy classes of surjections ¢ (Y — 1o, %) — Aff(q) that
are nontrivial on a loop around yj.

We state it in a theorem, whose proof is in Section 7.2.

Theorem 5.0.2. The Kodaira-Parshin family for the group Aft(q) with ¢ > 3
a rational prime has full monodromy. The relative dimension of X, — Y is

(¢ —1)(g—1/2).

Fix a geometric symplectic basis of H(Y*",Z), then by Theorem 3.3.6,
7" (Y — yo, *) is the profinite completion of the free group on 2g generators
T1, T, . .., Ty, Ty and the loop around yo corresponds to [1, ] [w, 75] . . . [14, 74 ],
so T{UY — g, %)% = wIO(Y, *),

He,(Yre, 2/ (q—1)) = Hom(n{*" (Y, %), Z/(¢—1)) = Hom(x{*"" (Y —yo, ), Z/(q—1)).
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Note that a conjugacy classes of group morphisms H — Aff(q) induces a
unique morphism H — F;. Thus the third property of Kodaira-Parshin
family gives a G -equivariant

™ (o) (K) = Hyy (Y, 2/ (q — 1)), (22)
which is the map |[LV20, (2.3)] with regard to the fixed basis.

Definition 5.0.3. Let K be a number field and E be a finite set with Gx
action. Fix a positive integer d (it will be the relative dimension of X — Y’
when used). If v is a place of K such that v unramified in K/Q and the Gk
action on E is unramified at v, then we define

sizey (E) = |A/[E],

where A C E is the subset of elements whose Frob,(€ Gg) orbit has size
8d
= a1

See |[LV20, Definition 2.7| for the term “friendly place” appearing below.
At friendly places, we have control of the local behavior of global Galois
representations (that is the restriction to G, of a representation of G ).

Proposition 5.0.4. Let Y/K be a smooth curve, with an abelian-by-finite
family X —Y' 5Y of full monodromy and having a good model X — Y' —
Y over Og. Let d be the relative dimension of X — Y'. Let v ¢ S be a
friendly place of K. Then

Y(K)" = {y € Y(Os) :size(r ' (y)(K)) < ———

s finite.

Example 5.0.5. The variant Legendre family in [LV20, Section 4.2| satisfies
the conditions. Let v be as in Proposition 5.0.4. For t € Y (K), Y/ =
Spec(K (t'/™)) and 77 1(t)(K) = {z € K : 2™ = t}. The cardinality of each
Frob, orbit is the order of the element Frob, xi/m)x € GK(t/™)/K).

Assuming Proposition 5.0.4, we finish the proof of Theorem 5.0.1 .

Proof. We are going to find a suitable prime ¢ > 3, a finite set S of places
and a friendly place v such that for the family X, — Y — Y, the conditions
of Proposition 5.0.4 are satisfied (relatively easy) and Y (K)* = Y(K) (main
part of arguments). The finiteness follows.

We can enlarge K freely, so assume that K/Q is Galois. First, choose a
prime ¢ such that
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1. ¢ =3(4) and g = 2(I) for any odd prime [|disc(K) or | < 8[K : Q]
2. K is linearly disjoint from Q((,—1) over Q

7.99+1
3 (¢=1)9

1
S o2 D+

By Dirichlet’s theorem on arithmetic progressions, we choose ¢ satisfying
the first and last condition (since g > 2). If a rational prime p ramifies in
Q(¢y—1) = Q({(4-1)/2) and in K, then p|%* and p|disc(K), so p # 2 and this
contradicts the first condition on ¢. The second condition follows and

G(K(¢-1)/Q) = G(K/Q) x G(Q(¢-1)/Q)

is an isomorphism. (That any odd prime factor of ¢ — 1 must > 8[K : Q] is
used when we choose v.) Choose S such that the family X, — Y, — Y has
a good model over Og. We admit the existence of v satisfying the following
conditions (proved in [LV20, p. 27] and relying essentially on Chebotarev
density theorem):

L (q,qg—1)=1
2. For any odd prime {|(¢ — 1), g, € F; has order > 8.

We are going to bound size of 7! (y)(K) to show Y (K) = Y (K)*.

Let E be the image of (22). By |[LV20, Lemma 2.11], each nonempty
fiber of the map have the same cardinality and #F = (g — 1) Hp|(q71)(1 —
p~ %) > (¢ —1)%9/2, in particular size,(71(y)(K)) < size,(E). Let J be the
Jacobian variety of Y. Recall M := H. (Y%, Z/(q — 1)) = J[g — 1] is a free
Z/(q — 1)-module of rank 2¢g equipped with a perfect G -equivariant Weil
pairing (|[Mum74, p.183])

M x M — Hom(p,1(K),Z/(q — 1)).

Also Frob, € Gk, < Gk induces a Z/(g—1)-linear automorphism 7" of M. As
Frob, acts on pi,—1(K) by ¢,-power and the Weil pairing is Gx-equivariant,

(Tvy, Tvg) = qv_l(vl, Ug).

We estimate size,(E). An element of M of Frob,-orbit < 8 is in U!_, ker(7"—
1). If my,my € ker(T" — 1), then (q;° — 1)(my,ms) = 0. By the second
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condition on v, 2(my, ms) = 0. The pairing restricted to 2M is nondegenerate
and vanishes on 2ker(T" —1), so #[2ker(T" —1)] < /#2M = (‘1;—1)9. Hence,

#Hker(T" —1) <29(qg—1).

7-29(q—1)9 1

= 3(g—-1)% dy+1

The proof of Theorem 5.0.1 is completed. O]

A

size, (E)

By the existence of a good model X — )" — ) over Og, the Gk action on
7~ (y)(K) is unramified at v (which justifies the notation size, (7~ (y)(K))).
As in the proof of S-unit equation, we hope that for most y € Y(K), there
is a pair (v, w) above (y,v) such that [k(y'), : K] is large (to obtain better
control when applying Lemma 4.4.2). Lemma 5.0.6 and 5.0.8 show that the
condition on size, gives the existence of such pairs. To prove Proposition
5.0.4, we need Lemmas 5.0.6 and 5.0.7.

Lemma 5.0.6. [LV20, Lemma 6.1] Setting as in Proposition 5.0.4. There
is a finite subset F' C Q, NY (K)* such that fory € Q, NY (K)* — F, there
exists (g, w) above (y,v) such that [k(§), : K] > % and py (see (17)) is a
simple Gy)-representation.

Lemma 5.0.6 is analogue to Lemma 8.0.2 but more complicated. It takes
care of failure of simplicity and its proof requires friendliness of the place v.
We advice the reader to skip it and use Theorem 3.3.9 instead in the proof
of Proposition 5.0.4 below at first reading.

Lemma 5.0.7. [LV20, Lemma 6.2[Setting as in Proposition 5.0.4 butv ¢ S
is allowed to be unfriendly. Fiz a finite extension E/K, with [E : K] > %
and a semisimple p-adic representation p of Gg. There are only finitely
many y € Q, NY(K) for which there ezists a pair (y,w) above (y,v) such
that (k(9)w, pgw) is isomorphic to (E, p).

Assuming Lemma 5.0.6 and 5.0.7 temporarily, we prove Proposition 5.0.4.

Proof. Fixyo € Y(K)*. It suffices to show the finiteness of Y (K)*N<2,. There
are only finitely many possibilities for k(y) when y € Y(Og). Consider the
finite subset F'in Lemma 5.0.6. When y € (2, NY (K)*)\ F, let (g, w) be as
in Lemma 5.0.6. By Lemma 2.3.6, there are only finitely many possibilities
for (k(9), py) and also for (k(9)w, pjlc,,, ). The conclusion then follows from
Lemma 5.0.7. [l
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Proof of Lemma 5.0.7. 1t’s a repeat of the proof of Lemma 4.4.1.
By Theorem 3.7.4,

Deris(pgw) = (H;R(Xg/k(g)w), ¢, Hodge filtration). (23)

Here ¢ is the o), /0,-semilinear Frobenius operator and the Hodge filtration
is determined by Fil'H],(X;/k(9)w). Using the Gauss-Manin connection
and the period map (21) we identify the tripe with

(HcllR(Xyb/k(?JO)wo)v ¢7 (I)?fmwo (y)> (24)

It remains to show the finiteness of points y € Q, N Y (K) such that the
triple (24) belongs to a fixed isomorphism class, i.e. @y ., (y) lies in a fixed
orbit for the action of centralizer Z(¢) on Hy, - Here Z(—) is taken inside
G L)y Voo )- note that Z(¢) C Z(¢pEw @) and ¢! is oy ik, =

a,[fé;):%(]@p—semilinear. By Lemma 4.4.2,

dimy, Zend(ﬁb[KU:Qp}) < (dimk(zfo)wo V;fmwo) = 4d°.

The assumption of full monodromy implies that ®,(Q,) C H, is Zariski-
dense, so is each @y () C Hyywo- Now that [E: K] > %, we find

(d+1)d

dim(T - hY) = dim Hy, 0, = [E 1 K] > 4d>.

Lemma 4.2.1 terminates the proof. O

We proceed to the proof of Lemma 5.0.6. It follows lines similar to the
proof of Lemma 8.0.2. We call y € Q,NY (K)* “bad” if no (g, w) above (y,v)
is such that [k(9), @ K,] > % and pj is simple simultaneously. We will take
F' to be the set of bad points.

Lemma 5.0.8. Setting as in Lemma 5.0.6. If y € Q, N Y (K)* is bad,

then there exists a pair (§,w) above (y,v) with [k(§), : K| > % and a
nonzero proper ¢-stable subspace Wyp < Hjn(X3/k(§)w) = Vyw such that

dimy ), Fil' Wyg > %dimk(g)w Wayg. (Here ¢ is as in (23).)

Proof. Assume the contrary of Lemma 5.0.8. For each 3 € 77!(y), choose
W,, a minimal nonzero subrepresentation of p,,. For each w|v a place of k(y'),
we have Dyg,, : Repé’j(Gk(y/)w) — Flilyy,. The subspace Dgp.,(W,) <
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Dar.w(py) = Hip(Xy /k(y')w) is ¢-stable and equipped with induced Hodge
filtration. The representation Gy — GL(W,,) is crystalline at all primes
above v (by Theorem 3.7.4) and pure of weight 1,

Fil’Dap(Wy) < Fil>H o (X, /k(y)w) = 0.

Therefore dim Dyg (W, ) is even and 242 dim F'il* Dyg ,(Wy) < dim Dgg ., (W,).
Applying [LV20, Lemma 2.10| to the friendly place v, we find

dim Fil' Dyg (W, k(y'): K
Z[k(yl)w . K’U] : dR, ( y) — [ ( ) ]
wlo dim DdR,w (Wy/> 2
If (k) : K] > d+1’ then p, is not simple as y is bad. As Xy ,/k(Y)w
a polarized abelian variety,

: L.
iy, D (W) < 5 dimugy, Hin(Xy [5(0)a) =d,  (25)
. . 1 _
lel.FZl DdR,w(Wy’) S d 1 (26)
dim DdR,w (Wy/) 2d

Sum over all i € 77 1(y),

1 , 1 '

. ST K=Y Sk : K]
(y',w) '

dim Fil' Dyp ,(Wy)
= E(y)w : K Y
> kW) —m Danw(Wy)

IA
oW
NG
Q
[a—
=
—~
@\
E_/
s
+
?
—~
Q\
E_/
s

k(") w:Ko]> 25 [k(y")w:Ko]< 25
We deduce that
d Y ke K= ) k) K.
k(¥ w Ko< 35 [k(y")w:Ko]> 25
Let fi,..., frx be the cardinal of each Frob,-orbit. Then
d Y £z > f
Zfz<d2f1 i5fi>%

so size, (771 (y)(K)) > This contradicts the assumption that y € Y (K)*.

[]

— d+1
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Proof of Lemma 5.0.6. Fix (y',w) above (yo,v). Define Ay ., C LGryyy, (Vi w, w)
(closed sub k(y'),-variety) as the set of Lagrangian k(y'),-subspaces F' C

Vi w for which there exists a ¢-stable subspace W C V,, ,, satisfying dimy,,, (FN
W) > Ldimyy, W. Put H%% = Resi? " A, ,,. By [LV20, Lemma 6.3,6.4],
Hg‘% C Hy o is a proper closed K,-subvariety. The assumption of full
monodromy and Lemma 4.2.1 show that @ (H%) is finite. Combined
with Lemma 5.0.8 this implies the finiteness of bad points. Take F' to be the

set of bad points. O

6 Construction of Kodaira-Parshin family

We present the construction of the family used in the proof of Theorem 5.0.1.
Readers can admit Proposition 6.0.1 and jump to Definition 6.0.4.

Proposition 6.0.1. [LV20, Proposition 7.1[/Let Y be a smooth projective
curve over a number field K of genus g > 1, and let G be a center-free
finite group. Then there is a smooth projective K-curve Y' with a finite
étale morphism w :Y' — Y and a relative curve Z — Y with the following
properties:

1. Fory € Y(K), 7 (y) is in bijection with the set of G-conjugacy classes
of surjections Ti"(Y — y,x) — G nontrivial on a loop around y.

Moreover, if y € Y(K), this identification is Gk -equivariant.

2. There’s a finite Y'-morphism f : Z — Y' XY, where G acts on Z
covering the trivial action on Y' XY and making Z — [~ (T;) — Y’ X
Y —T'; into a G-Galois cover, where I'y C Y’ Xy Y is the graph of
7. Fory € Y'(K), the base change Z, — Y is branched exactly at
y = 7(y') and the induced morphism " (Y™ —y,x) — G is in the

conjugacy class from 1.

The strategy of proof is to construct it analytically over C, where the
properties are easily verified. Then show it is algebraic over C and use
GAGA to translate the properties. The difficulty is to descent to K (i.e.,
show that it is algebraic over K).

Proof of Proposition 6.0.1. Lemma 6.0.3 gives Z° — Y’ xg Y — Y? where
everything is algebraic over K. Let Z — Y? be the normalization of Y2
inside the function field of Z°. Then Z is normal, and finite over Y2. The
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base extension Z¢ is normal, so coincides with the normalization of Y inside
the function field of Z°. The desired properties can be verified since they are
true over C by Proposition 6.0.2. O]

Proposition 6.0.2. Let Y be a compact Riemann surface and let G be a
finite group. Then there exists a compact Riemann surface Y' with a finite
sheeted cover map w:Y' — Y, and an algebraic relative curve Z — Y with
the following properties:

1. Fory €Y, m Y(y) is in bijection with the finite set S(y) of G-conjugacy
classes of surjections m (Y — y,x) — G nontrivial on a loop around
Y.

2. There is an algebraic finite Y'-morphism [ : Z — Y' xY. And G
acts on Z covering the trivial action onY' xY making Z — f~1(T,) —
Y'xY —T'; into a G-Galois cover, where I'y CY' XY is the graph of 7.
Fory' €Y', the base change Z, —'Y is branched exactly at y = 7(y’)
and the induced morphism m (Y —y, %) — G is in the conjugacy class
from 1.

Proof. For y € Y we identify S(y) to the set of isomorphism classes of
connected branched coverings of Y branched precisely at y, whose restriction
to Y — y is a G-Galois finite sheeted cover.

Put a set Y’ = UyeyS(y) and 7 : Y' — Y the natural map. Fix a small
open neighborhood U of y € Y, then Y —U C Y —y is a deformation retract,
which induces an isomorphism 71 (Y — U) — m(Y — y) and hence a way to
identify the various groups m(Y — ¢/) for ¥/ € U. Another choice U’ leads
to same identification over y' € U N U’ (cf.[Ful69, Section 1.3]). Therefore,
locally on Y, e is a in the form of the projection ¥ x S — Y, where S is a
finite set. So, Y’ has a unique topology making 7 : Y/ — Y a finite sheeted
covering. Then Y’ becomes a compact Riemann surface.

Let Z, — Y be the branched cover represented by y' € Y. Put Z =
Uyey'Zy and f: Z — Y'xY the natural map. Then Z is a complex manifold
and f is holomorphic. The group G acts holomorphically on Z (leaving the
ramification locus of each Z,, — Y invariant) and f is G-equivariant where
the action on Y’ x Y is trivial. Restriction Z — f~}(T;) > Y/ xY — T, is a
G-Galois cover.

We have explicitly constructed what we need in the analytic setting. Now
note that 7 is algebraic as Y, Y are projective. As f is a finite analytic map,
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the manifold Z and the map f are algebraic by [Har77, Appendix B, Theorem
3.2]. (Note that the cited result is false if the map is only proper instead of
being finite, as there is a compact complex manifold not algebraic.) O]

The following lemma descends from C to K.

Lemma 6.0.3. [LV20, Lemma 7.4[Settings as in Proposition 6.0.1. Let A C
Y x Y = Y? be the diagonal. Recall the embedding 1 : K — C fized in Section
4.1. Denote by Z/C the algebraic variety and by f : Z — (Y X Y)c the
finite morphism given by Proposition 6.0.2. Put Z° = f~1 (V' X Y)c—T5).
Then

1. There exists a unique finite étale cover F : Z° — Y% — A over K such
that its base extension to C is (m x Id)o f : Z° — (Y2 — A)c. This
Z° /K is a smooth integral variety equipped with a G-action and F is
G-equivariant, where Y? — A s with trivial G-action.

2. Let (y1,v0) € Y(K)? withy, # yo, the categorical quotient F~1(y1,v0)/G
is identified with S(yo) (notation from of Proposition 6.0.2, using 7] (Y —
Yo, Y1) instead of topological mp to define it). If furthermore (y1,yo) €
Y (K), then this identification is G i -equivariant.

3. There is a smooth projective curve Y' /K and an étale cover m: Y —'Y
such that # X Id : Y' xxg Y — Y? extends Z°/G — Y? — A.

Proof. (I can only prove a weaker version, allowing finite extension of K,
which suffices for our purpose.) Firstly, we descend from C to Q. By
Proposition 6.0.1, there is a finite étale morphism 7 : Y/ — Y over C. By
Theorem 3.3.7, m and Y’ are defined over Q. Idem, the finite étale morphism
Z° = (Y xgY)c —I'; is defined over (Y’ X Y)c — I'y. By enlarging K we
find F, Z° in 1. O]

The construction uses also Prym variety to get abelian scheme from
relative curve.

Definition 6.0.4 (Prym variety). [LV20, Section 7.2|Let k be an algebraically
closed field. For f : C; — (5 a nonconstant morphism between smooth
projective curves over k, the Prym variety is defined to be Prym(C,/Csy) =
coker(f* : Jo — Jq), where J; is the Jacobian of C; and the norm map J, — J;
is by pulling back a divisor.
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Note that the so defined Prym variety is isogenous to the connected
component of ker(N : J; — .J;), where N is the norm map. If the cover
f: Cy — Oy is Galois of group G, then J; — Jj is of finite kernel and the
image is the connected component of the G-invariants. For a subgroup H
of G, let C; — M be the corresponding Galois cover. Then Prym(M/Cy) is
isogenous to cokernel of the map

connected component of J — connected component of Ji.

Form the idempotent e = #LH Yohenh— # > gec 9 € Q[Glandlet e’ =1—e
be the complementary idempotent. Then e’ = #G - ¢ € Z[G] acts on J;.
The connected component of the kernel J;[e”] is isogenous to Prym(M/Cs).

Let Y/K be a smooth projective curve of genus g > 1 and let ¢ > 3
be a rational prime, consider the sequence Z, — Yq’ — Y be the sequence
given by Proposition 6.0.1 with G = Aff(q). Let H(<)G be the stabilizer

of 0 € F, and form e” as above. For each y' € Y(K). Define X, to be the
relative identity component (cf. [Sta23, Tag 055K]) of Pic%q Sy [€"]. Then

X, — Y, is a polarized abelian scheme. Its fiber over ¢’ € Y/(K) is isogenous
to Prym(Zi?/Y), where

Zih = Zy xgFy =Y (27)
is a cover of degree g and [, is viewed as a G-set.

Definition 6.0.5 (Kodaira-Parshin family). Notations as above. We call
X, — Y] =Y the Kodaira-Parshin family over Y associated to Aff(q).

7 The monodromy of Kodaira-Parshin families

A few words about the proof of Theorem 5.0.2. We relate the fundamental
group to the mapping class group using Birman exact sequence. When
working with the latter we have access to Dehn twists, which is amenable to
explicit calculation.

From now on, by a “surface” we mean a connected orientable closed surface
with finitely many punctures. For such a surface Y, MCG(Y) denotes the
mapping class group of Y. When we discuss homology or cohomology, the
coefficients are assumed to be QQ unless stated otherwise. An embedding
e: St — X to a surface ¥ is called a simple closed curve, which is oriented
by a fixed orientation of S'. Quite often we use the image of e to refer to e
by abusing language.
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7.1 Covers and their homology

Definition 7.1.1 (Primitive homology). For a map = : Z — Y between
surfaces, define the primitive homology to be HI"(Z,Y) = ker(m, : Hi(Z,Q) —
HI(Y7 Q))

Let S be a compact Riemann surface with Jacobian J. Fix a basepoint
p € S and let ¥ : S — J be the corresponding Abel-Jacobi map, then
U, : Hi(S,Z) — Hy(J,Z) is an isomorphism.

Lemma 7.1.2. If 7 : Z — Y s a non-constant morphism of compact
Riemann surfaces, then the primitive homology equals the homology of the

Prym variety, i.e. H(Prym(Z/Y),Q) = H"(Z,Y;Q).

Proof. Let Jy — Jz be the induced map on the Jacobians. Note that J is

isogenous to Jy xPrym(Z/Y), so Hi(Jz,Q) = H,(Jy,Q)®H,(Prym(Z/Y), Q).
Choose base point 2y € Z and (%) € Y and form the corresponding Abel-

Jacobian map.

0 — HI"(Z)Y) ——— H(Z) —— H (Y) —— 0
Therefore, H;(Prym(Z/Y),Q) = H"(Z,Y,Q). O

Given a finite-sheeted topological covering m : Z — Y of surfaces, we
have an exact sequence

0— HfT<Zv Y7 Q) — Hl(Z7 Q) g Hl(Y7Q) — 0.

By path lifting, we have a splitting of this sequence 7* : H,(Y,Q) — H,(Z,Q),
hence a decomposition

H\(Z,Q) = " H,(Y,Q) ® H"(2,Y, Q). (28)

If furthermore the intersection pairing on H;(Z, Q) is nondegenerate, then
it’s an orthogonal direct sum, making H{"(Z,Y;Q) a symplectic Q-vector
space.
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Definition 7.1.3 (Aff(g)-cover). A g-sheeted covering Z — Y between
surfaces whose monodromy representation on a general fiber is equivalent
to the action of Aff(q) on F, (i.e. we can label the points in the fiber by F,
such that m (Y, y) — Sym(F,) has image Aff(q)) is called an Aff(q)-cover.

Do not confuse it with Galois cover of group Aff(g)!

Fix a basepoint yo € Y. For an Aff(q)-cover 7 : Z — Y, its monodromy
representation m (Y, y9) — Aff(q) is well-defined up to conjugation by the
normalizer of Aff(¢) in Sym(F,) (due to various ways to label a fiber in
Definition 7.1.3). But the normalizer is Aff(q) itself. As a result, the
isomorphism classes of Aff(g)-covers over Y is in bijection with the set of
Aff(q)-conjugacy classes of surjections (Y, yo) — Aff(q).

Define the type that the cover (27) belongs to.

Definition 7.1.4 (singly ramified Aff(g)-cover). Let f : Z — Y be a

branched cover between compact Riemann surfaces. If its ramification locus
is a singleton z € Z, and Z° = Z — 2z — Y — f(z) is an Aff(q)-cover, then
Z —Y is called a singly ramified Aff(q)-cover.

For a singly ramified Aff(q)-cover, Riemann-Hurwitz formula implies that

9(Z) = g(Y)q — %1 Note that the intersection pairing on H:(Z°,Q) =

H,(Z) is perfect, and

0 —— H{"(Z°Y —y) — Hi(Z —2,Q) — Hi(Y —y,Q) —— 0

We find that H{"(Z°,Y —y) = H"(Z,Y) (with subspace intersection pairings).
To emphasis, the importance is that each branch point has only one preimage.
See also Remark 7.3.4.

7.2 Mapping class group

For a surface Y, recall the natural morphism MCG(Y) — Out(m (Y, yo)) and
that Out(m(Y,y0)) acts on the set of Aff(q)-conjugacy classes of surjections
m(Y,y0) — Aff(q), or rather isomorphism classes of Aff(q)-covers over Y.
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Given an Aff(q)-cover 71 : Z — Y, let MCG(Y); < MCG(Y) be the
stabilizer of the isomorphism class of m. There’s a homomorphism

MCG(Y),; — MCG(Z). (29)

Consider the symplectic representation MCG(Z) — Sp(H1(Z,Q)). The
action on Hy(Z,Q) of an element of MCG(Y'); preserves the decomposition
(28). If the intersection pairing on H;(Z, Q) is nondegenerate, then we get

Mon : MCG(Y )z — Sp(HI"(Z,Y;Q)).

Fix Y a closed surface of genus g > 2, a basepoint y € Y, a prime
q > 3. There are only finitely many isomorphism classes for singly ramified
Aff(q)-cover of Y branched at y. Choose a representative system Zy,..., Zy.
MCG(Y —y)o == NiMCG(Y —y)ze. We have a combined monodromy map

MCG(Y —y)o — ﬂ Sp(H{"™(Z;,Y)). (30)

Theorem 7.2.1 (Birman exact sequence). [FM11, Theorem 4.6] Let S be a
surface with x(S) < 0 and x € S. Then the following sequence is exact:

1 = m(S,z) > MCG(S,x) > MCG(S) — 1.

As x(Y) =2 —2g < 0, Theorem 7.2.1 applies and we have a morphism
m(Y,y) - MCG(Y —y). Let m(Y,y)o < m(Y,y) be the preimage of

Theorem 7.2.2. Let notation be as above. The restriction of (30)
N
Mon : 7 (Y, y)o — [ [ Sp(H"(Z:,Y)) (31)
i=1
has Zariski-dense image.

By definition, each lift in Y’ of a simple closed curve representing a class
of m (Y, y)o is a simple closed curve.
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Proof of Theorem 5.0.2 assuming Theorem 7.2.2. In the analytic setting, fix
y €Y and for y' € 7 (y), the cover Z,, — Y is singly branched and outside
the branch locus is an Aff(q)-Galois cover. The induced homomorphism
m(Y —y,*) — G maps a loop around y to a g-cycle by the discussion
following Theorem 5.0.2. The induced morphism Z;Fd — Y is therefore a
singly ramified Aff(g)-cover branched at y, hence isomorphic to a unique
Z; — Y. By the construction of Kodaira-Parshin family, X, is isogenous to
Prym(Z:5/Y), so dim X,y = g(Z,) =1 = (¢—1)(g —1/2) and Hy(X,,Q) =
H"(Z7%%,Y; Q) by Lemma 7.1.2. The space H'(X,,, Q) is dual to Hy (X, Q).
As {Z;Fd 9y’ € 7 (y)} is in bijection with {Z; : 1 < i < N}, Theorem 7.2.2
shows that the monodromy is full. O]

Lemma 7.2.3. [LV20, Lemma 8.7/

N
MCG(Y —y)o — [ [ SpHI"(2:,Y)

i=1
has Zariski dense image.
Lemma 7.2.3 is proved by Lemma 7.2.4, 2.2.5 and |LV20, Lemma 8.8|.

Proof of Theorem 7.2.2, assuming Lemma 7.2.58. As m(Y,y)o < MCG(Y —
y)o is a normal subgroup and the symplectic group is almost simple, 71 (Y, y)o —
SpHFT(Z;,Y) has Zariski dense image for each i and the Zariski-closure of the
image of (31) is normal subgroup. Lemma 2.2.4 readily implies the desired
result. O

Lemma 7.2.4. Let Z — Y be a singly ramified Aff(q)-cover branched at y.
The monodromy map Mon : MCG(Y — y)ze — SpHE™(Z,Y) has Zariski-
dense image.

We prove Lemma 7.2.4 in the next section by showing that there are
enough Dehn twists.

7.3 Dehn twist

Consider an Aff(q)-cover f : M — N, or rather a conjugacy class m (V, %) —
Aff(q). For e a simple closed curve in N, let n, be the order of the “image”
in Aff(q) of [e] € m (N, *) (It is well-defined.) The “image” in Sym([F,) has
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a well-defined cycle type (dy,...,dx), then n, = lem(dy,...,dy). The Dehn
twist about e is denoted by D, € MCG(N). Then DI € MCG(N)y. The
lift of e in M is Le;, where e; are closed curves in M. In fact, e; is the
concatenate of d; pieces of lift of e. The image of D! in MCG(N)y —
MCG(M) is T[, Di’“. (As e; are disjoint, the elements D,, € MCG(M)

are commuting. )

Lemma 7.3.1. [LV20, Lemma 8.2[Notations as above. Then [eq],...,[ex] €
H\(M, Q) are linearly independent over Q. When projected to HE™ (M, N; Q),

their span has dimension k — 1.

Definition 7.3.2 (liftable curve). For a finite sheeted covering of surfaces
X — Y, asimple closed curve e on Y whose lift to X consists of two disjoint
closed curves is called liftable.

For a liftable simple closed curve e on N, D?~! is mapped to a transvection
(cf. Definition 2.2.1) under the map MCG(N)y — SpH{" (M, N;Q). Let
f~Ye) = eTUe™, where e is of degree 1 over e and e~ of degree ¢ — 1. Write
¢ for the projection of [eT] € Hy(M) to H"(M, N). We admit the following
lemma.

Lemma 7.3.3. [LV20, Lemma 8.10[/For a singly ramified Aft(q)-cover Z —
Y branched at y with g(Y) > 1, there exists a collection of liftable curves
Ai,..., Ay on'Y —y such that

o the A; span HF"(Z,Y)
o the graph obtained by connecting A;, A; when A; - flj # 0 is connected.

Lemma 2.2.4 and [LV20, Lemma 2.14] prove Lemma 7.2.4.

Remark 7.3.4. For Y = Pj-—{0,1, 00}, the Legendre family L — Y (which is
an abelian scheme by [MFK94, Theorem 6.14]) defined by y? = x(z—1)(z—\)
can be viewed as the Kodaira-Parshin family associated to G = Z/27Z. It’s
monodromy group is I'(2) by [CMSP17, Theorem 1.1.7], which is Zariski
dense inside SLy/g. The strategy of Section 7 gives another proof to the
full monodromy of Legendre family. In the analytic setting, given y € C —
{0,1}, there is only one (up to isomorphism) degree-2 morphism E — P!
with branch locus {0, 1,00, y}. Each branch point has only one preimage, so
HP"(E — R, P! — B) = HI'"(E, P') where R, B stand for ramification and
branch locus respectively. The analogue of Lemma 7.3.3 is that there exists
two split curves A, B on P' — {0, 1,00, y} such that A- B # 0, which is clear
from the picture. (Note that H"(E, P') = H,(FE) is of dimension two.)
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Figure 1: The unique double cover

8 Siegel’s theorem

The following theorem of Siegel is an immediate corollary of Faltings’ theorem
and Chevalley-Weil theorem on integral points ([Fucl4, p.140]). Still, we
present a proof base on the method of [LV20)].

Theorem 8.0.1. Let Y be a smooth separated Og-scheme whose base change
to K isY = E— O, where E/K is an elliptic curve with O € E(K) the zero
element of the group law. Then Y(QOg) is a finite set.

If we start with an affine embedding Y — A%, then Y (K) N A"(Og)
is finite. In fact, let )V be the scheme theoretic image of ¥ — A% —
Ap ., then the generic fiber Y ®o, K is the smooth curve Y. By [Gro66b,
Théoréme 12.2.4 (iii)| by enlarging S we may assume )/QOg is smooth. Note
that Y (K) N Ap, C V(Os), we deduce finiteness of the former from the
latter.

To prove Theorem 8.0.1, we make use of X — Y’ ﬂ Y the [-twist of KP
family, where X — Y is the KP family (see Definition 9.0.2 and 9.0.3). Some
ideas are borrowed from [Chel9, Chapter 3|, where finiteness is established
for modular curves Y = Y;(N) when X;(N) is of genus 1.

In the following proof the reader will recognize similarity to that of S-unit
equation in [LV20, Section 4|, parallel to the similarity between Dirichlet’s
unit theorem and Mordell-Weil theorem.

Proof. Choose a prime [ > 4 and enlarge K such that E[l] C E(K), so E|l]
is isomorphic to (Z/IZ)?. Let € be a good Og-model of E and X — ) Lt Yy

a good Og-model of the [-twist of KP family X — Y’ ﬂ Y, where ) C ) is
a Zariski open. By Lemma 4.0.1 and Mordell-Weil theorem, £(Os) = E(K)
is a finitely generated abelian group. Let m be the largest integer such that
€(Og) has an element of order .

Claim: Y(Os) C U [l]]U
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If v € £(Os) is such that Iy’ € V(Og), then ¢y € V' (Og) C Y(Os). Let
U={y € Vs):y¢[lJE(Os)}. Assume y € Y(Os) — UL [I')U, y ¢ U,
so y = ly; with y; € Y(Og). 11 ¢ U, so y; = lyy with yo € Y(Og) till then
Ym = Wms1 With ¥y € V(Os). vy = ™y, 11. By maximality of m, the
torsion group £(Og)[I™] has an element r ¢ [[|E(Og). y = 1" (lYms1 + 1), SO
r 4+ lyms1 € Y(Os) and further r + ly,,,1 € U. Claim is proved.

Recall the Kummer map

E(K)/IE(K) — HY(Gg, E[l]),z — (g gz’ — 1),

where 2’ is any point with [z’ = x. Since E[l] C E(K), the field K(z')
is independent of 2/, written as K(I"'z), and K(z')/K is Galois. When
y € U, K(I"'y)/K is nontrivial. The Kummer pairing embeds G(K(y')/K)
into (Z/IZ)?, so it is isomorphic to either Z/IZ or (Z/IZ)?. As discussed in
Section 4.5, there are only finitely many isomorphism classes of K(I"'y)/K
when y varies over U. Therefore, it suffices to show finiteness of

U,={yeU:K( 'y)/K isomorphic to L/K}

for a fixed extension L/K. We may apply the Chebotarev density theorem
to choose a prime v of K such that

" {v inertin L if G(L/K) = ZJIZ. .
v=w...w; if G(L/K)=(Z/IZ)*
2. the rational prime p > 2 below v is unramified in L.
3. no prime of S lies above p.
We leave the rest part of proof to Lemma 8.0.3 below. O

For the following, the numbering with prime in parentheses indicates to
which result in [LV20] it should be compared.

Lemma 8.0.2 (4.4°). Let p > 2 a rational prime unramified in K such
that no element of S is above p. Assume that & — X is an elliptic scheme
defined over Og such that E — X, the base change to K, has nontrivial
monodromy. Then there are only finitely many x € X(Or) such that the
elliptic curve E, /K has good reduction at all places above p but Hy(E, 7, Qp)
s not simple representation of G .
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Proof. Fix zy € X(Os) such that E,; has good reductions above p. We
just need to prove the finiteness of such z (i.e. those with non-simple
representation) in the residue disk Q, = {z € X(Og) : © = x¢y modulo v, Vv|p}.

Consider the situation where p, is not simple. Say p, has a one-dimensional
subrepresentation W, which is pure of weight 1 and crystalline at all places
above p by Theorem 2.3.5 and 3.7.4. By [LV20, Lemma 2.10] (with notation
loc.cit.),

SIK, : Qlau(W) = [K : Q)2

ulp

Since dim W, = 1, the weights of Hodge filtration a, (W) are integers, and in
particular, a,(W,) > 1 for some w|p.
Recall Fil’?H)(E, k,/K.) = 0, so

Fil' Dap(W.) = Dap(W.) = Fil' Hjp(E. k., | Ku),

where Dyg ., Repg:(GKw) — Filg, is the functor in p-adic Hodge theory.

Since dim Dyg ,(W,) = 1, the Hodge polygon of Dyg .,(W,) is a slope one
line, so is its Newton polygon. The slope of the Frobenius on Dgyg (W)
is 1. The Hodge polygon of H)n(E, k,/K,) consists of a slope zero line
followed by a slope one line of length 1, so the other slope of the Frobenius
¢ on Hlo(E.x, /Ky) is 0. The K,-linear operator ¢l "% has distinct
eigenvalues and Dgyp (W) is the eigenspace of slope one. (We remind that
the identification GM : Hix(E. k., /Kw) — Hip(E. k., /Kw) is compatible
with ¢,,.)

To sum up, if z € 2, and p, is not simple, then there exists a place w|p,
such that ®,,(z) is the unique slope-1 ¢,-eigenline inside Hjp(E,, x,,/Kuw)-

The w-adic period map ®,, : {z € O, : 2 = o modulo w} = PHjp(Ey,/Ly)
is K ,-analytic and non-constant by the results of Section 4.3 and the assumption
that the monodromy is non-trivial. The conclusion follows. O]

Lemma 8.0.3. Adopt the notation of proof of Theorem 8.0.1. For fized
extension L/K and yo € Uy, the set

Ur={yeUL:y=yo (modv)}
is finite.

Proof. We may enlarge S such that the twisted KP family has a good model
over Og. By Lemma 8.0.2 and Theorem 10.0.1, there are only finitely many
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y € Y(Os) such that there exist y' € Y, with non-simple G -representation
V,X, (Tate module). In virtue of this and [LV20, Lemma 2.2|, we may
assume that p, is semisimple. Therefore, p,|, lies in finitely many isomorphism
class by Lemma 2.3.6.

The K,-analytic period maps (21) in this case are @) @ Q, = Hy
where Q, = {y € Y(O,) : y = yo (mod v)} and H,, = Resy P} ., for
y' €Y/ and ulv a place of L.

Yo
The functor Deris. @ Repg *(Gr,) — MFﬁu maps py|g,, to

(Hjr(Xy/Ly), ¢u, Hodge filtration).

Here ¢, (acting on Hjp(X, /L)) is o, jg,-semilinear and Pl Dl g 0L /Ky

semilinear.

When y € Y(Os), @y ) (y) is in a finite union of orbits U; Z(¢,)h,, where
Z(¢u) < GL,(Hip(X,/L,)) denotes the centralizer. By |[LV20, Lemma
2.1],

dimg, Zopa(d ) < (dimy, Hip(X,/Ly))? = 4.

By Section 4.3 and Theorem 10.0.2, &, ,, is of Zariski-dense image. Note
that dim Hy ») = [Lu : K] =1 > 4. Apply Lemma 4.2.1 to the period map
®,, ,, to finish the proof. m

9 Construction of KP family

Proposition 9.0.1 (7.1"). Let Y = E—O be the K -curve under consideration
and let G = S3 = Aff(F3). Then there is a relative curve Z over Y with a
finite morphism Z — Y x E such that for eachy € Y (K), the base extension
Zy — B along y : Spec(K) — Y is a branched Galois cover of group G
corresponding to S the G-conjugacy class of surjections 77" (Y —y, %) — S3
sending 01,09 to the same 3-cycle and T to a transposition. Here {01, 05}
are loops of Y —y forming a geometric symplectic basis of E and T is a loop

around .
Note that a loop around O is necessarily sent to a transposition.

Proof. By Lemma 9.0.5, there is a finite étale morphism Z° — Y2 — A, so
Z° is normal integral. Let Z be the normalization of Y2 inside the function
field of Z°. Then Z is normal, and finite over Y2. The base extension Z¢ is
therefore normal, and finite over YZ2. Consequently, Z¢ coincides with Z, the
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normalization of Y2 inside the function field of Z°. The proposition follows
from the construction of Z. n

Definition 9.0.2 (KP family). Let Z — Y be the family given by Proposition
9.0.1. Define X to be the relative identify component of Pic% .,-[¢"], where ¢’
is that in the discussion following Definition 6.0.4 with H = Z/3Z(< G = Ss).
We call X — Y the KP family over Y.

Then X — Y is a polarized elliptic scheme. Its fiber over y € Y(K)
is isogenous to Prym(Z;*/E), where Z7** — Ey is the subcover of degree
two of Z, — Ey corresponding to Z/3Z < Ss,. As Z, — E is unramified
outside {O,y}, so is Z;e‘i — E. In Proposition 9.0.1 we require that a loop
around y is sent to a transposition, so Z;//E is branched at {y,O}. By
Riemann-Hurwitz formula, ¢(Z,*?) = 2 and dim Prym(Z;**/E) = 1.

As in the S-unit equation case, we use the group law of F to twist the
constructed KP family.

Definition 9.0.3. Let Y’ be the pullback of Y under the isogeny [I] : £ — E
and j : Y/ — Y be the natural open immersion. Given an abelian family X —

Y, call the abelian-by-finite family X — Y’ ﬂ Y obtained by restriction to
Y’ its [-twist.

X —
T j
X

Lyl

> Y

We complete the proof of Proposition 9.0.1.

Proposition 9.0.4. Proposition 9.0.1 remains true if we replace both K and
K by C and replace 7™ by topological .

Proof. We start by working in the analytic topology. For each y € Y,
let Z, — E be the branched cover of Riemann surfaces corresponding to
the said homomorphism (with 7(Y*" — y, %) in the place of 7{“"). Define
Z = UyeyanZy and [ 1 Z — Y x E to be the natural map. Then Z has
a structure of complex manifold such that f is a finite sheeted cover over
Y? — A, where A C Y? is the diagonal. With this topology, f is a closed
map (verified directly) of finite fiber, hence a finite (analytic) morphism. By

|[Har77, Appendix B, Theorem 3.2|, both Z and f are algebraic over C. [
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Lemma 9.0.5 (7.4%). Settings as in Proposition 9.0.1. Let Z and f : Z —
(Y X E)c be as given by Proposition 9.0.4 . Let Z° = f71((Y? — A)¢).
Then there exists a unique finite étale morphism F : Z° — Y? — A over K
whose base change to C is Z2° — Y& — A.

Proof. Fix yo # y1 € Y(C). Then yo,y; are geometric points of Y. Write
y=(y1,9) € Y. Let I' = 7' (Yg — yo, 1), 19" = 7*((Y? — A)g, ) and
[ = 7% (Y2 — A, y).The universal cover of Y% is biholomorphic to the unit
disk, so m(Y*", yg) = 0. Use the terminology of [Sch78]: Z is locally free of
type F, so belongs to F'x. By Theorem 2 loc.cit, so is m1(Y ", yo), hence the
sequence

1 — 7Y —yo,y1) — 7 (Y2 = A y) — 7 (Y, y0) — 1

is exact by Proposition 2 loc.cit. The rest is the same as the proof of Lemma
6.0.3. O

10 The monodromy of KP family

Theorem 10.0.1. The KP family ¥ : X — Y has full topological monodromy.
Ezplicitly, fir yo € Y(Q*) C Y/(C),

Prop = (Y, y0) = SpH g, ,(Xyy, Q) (33)
has Zariski-dense image.

Theorem 10.0.2. For a positive integer | > 1, the l-twisted KP family
X =Y =Y (9.0.8) is also of full monodromy.

Proof assuming Theorem 10.0.1. The proof parallels that of [LV20, Lemma 4.3|.
To fix ideas, take [ = 2. Fix a basepoint yo € Y and denote by v}, ... ,y, € Y’
its preimages under [[]. The situation is depicted in Figure 2. The round
holes are punctures, the blacks being those only for Y’ but not Y. The
monodromy action is

T (Yomv yO) — GL(@?:leling(Xy;v Q))

Let G be the Zariski closure of the image. Fix an element (vq,...,v4) €
69;4:1H1 (Xyg)-

sing
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Figure 2: Y’ ﬂ Y
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Take two simple closed curves {o1,0,} of Y representing a geometric
symplectic basis of H;(F,Z) and 7 a small loop around y, all of which are of
base point yy. Each o lifts to four paths who form two disjoint loops.

The 7-monodromy is of matrix (Id,[d,T,Id) € [[,SpH"(X.). The

picked element is mapped to (Ajavg, A2 01, Asqvs, Ayzvz) under the o-monodromy,

and to (Bi3vs, Boyvy, B31v1, Byovs) under the oy-monodromy.

We check the two conditions of Lemma 2.2.5 for GﬂHle Sp(He(Xyr, Q)).
As in the proof of [LV20, Lemma 4.3]|, we recognize a transitive action
on indices ¢ = 1,...,4. Iterate twice the two o-monodromies we get the
monodromies of the untwisted KP family X — Y. By Theorem 10.0.1, the
projection to SpH!'(X3) is surjective. By transitive action on ¢, it remains
true if we replace 3 by other indices ¢. The first condition is thus fulfilled.

By Borel’s monodromy theorem (cf.[Kat70, Section 0.2]), T is quasi-
unipotent. Recall that T is the commutator of the two ¢ monodromies and
that PSLy(Q) is not abelian, so T' ¢ {£I,}. By transitive action on 7, the
second condition is fulfilled. We conclude by Lemma 2.2.5. O]

10.1 Topological proof of Theorem 10.0.1

We make some preparation. Throughout this section we use analytic topology.
FixyeY.

Lemma 10.1.1. For a branched cover p : Z — E of degree two with exactly
two branch points {O,y}, H™(Z — p~Y(O,y),E — {O,y}) — H{"(Z/E) is
an isomorphism preserving their subspace intersection pairing.

Proof. Let 7 be a loop around y € E, then its lift in Z is a simple closed
curve 7 surrounding the ramification point above y and is of degree 2 over 7.

0 > Q- [7] Z Q- [7]
0 —— H"(Z —p7(0.9).Y — ) — H\(Z - p<0y>>—> H(E ~ {0.4)) — 0
N SOgr S N
0 . 0 0
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We conclude by Snake Lemma. O

By Lemma 10.1.1, the morphism (29) (now MCG(Y — y)z_p-10,y) —
MCG(Z —p‘l(O,y))) induces a monodromy map

MCG(Y —y)z_p1(04) — Sp(H{"(Z,E)). (34)

Let Z,..., Zy be a (finite) representative system of twice-ramified double
covers of E branched at {O,y}. In fact, N = 4. Let MCG(Y — y)o denote

the intersection of MCG(Y — y)zi_pi—l(ay). Combine the maps (34) to be

MCG(Y —y)o — [ [ Sp(H{" (2, E)).

i=1
Theorem 7.2.1 gives an exact sequence
1 ->mY,y) > MCG(Y,y) - MCG(Y) — 1,

where MCG(Y,y)(< MCG(Y —y)) is the subgroup preserving the marking
point y € Y. Let m (Y, y)o and MCG(Y,y)o be the pullbacks of MCG(Y —y)o
respectively.

Theorem 10.1.2 (8.1%). Notation as above. The map

m(Y.y)o = [ [ SpH{"(Z:, E) (35)

i=1
has Zariski-dense image.

Proof of Theorem 10.0.1. By the discussion following Definition 9.0.2, the
degree two cover Z;ed — E is branched at {O,y}, so isomorphic to one
Z; — E. 1t follows that the fiber X, is isogenous to Prym(Z;/E), hence an
isomorphism

H\(X,,Q) — H,(Prym(Z;/E),Q) — H{"(Z;, E).

This identification is compatible with monodromy, so the conclusion follows
form Theorem 10.1.2. O

Note that Theorem 10.1.2 is stronger than what we need. The rest part
is devoted to the proof of Theorem 10.1.2.
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Proof of Theorem 10.1.2. By Lemma 10.1.3, MCG(Y,y)o — SpHI"(Z;, F)
has Zariski-dense image for each i. Because m(Y,y)o < MCG(Y,y)o is a
normal subgroup of finite index, the Zariski closure of the image of (35)
is a normal subgroup of finite index of the right hand side and for each ¢,
m1(Y,y)o — SpH{"(Z;, E) has Zariski-dense image. The result follows from
Lemma 2.2.4. O

Lemma 10.1.3 (8.7°). The monodromy map

N
MCG(Y,y)o — HSPHFT(Zz',E)

i=1
has Zariski-dense image.

Proof. It follows from Lemma 10.1.4, 10.1.5 and [LV20, Lemma 2.12]. O

Lemma 10.1.4 (8.8%). For two non-isomorphic two-sheeted covers Zy, Zy —
E —{0,y}, there exists a simple closed curve e in E —{O,y} such that the
cycle decomposition of the monodromy along e in Zy, Zy are different.

Proof. Obvious since the induced morphisms m (Y —y, *) — Z/27Z are different.
]

Lemma 10.1.5 (8.9°). For a double cover p : Z — E branched at {O,y}, the
monodromy map MCG(Y — y)z_p-1(0.y) — SPH{"(Z,Y) has Zariski dense
mage.

Proof. By the construction of Dehn twists from liftable curves (consult the
paragraph following Definition 7.3.2), as well as [LV20, Lemma 2.14], the
desired result follows from Lemma 10.1.6 below. O

For a two-sheeted cover > — S of surfaces, the preimage of a liftable

. _ ~ +_e— . . .
curve e is €™, e” each of degree 1 over e and é = <% is the projection of

let] € Hi(S,Q) to HI"(X,S). Given a pair of liftable curves A, B, we have

A'B:(A+~B+)—%A~B. (36)

(Compare this to [LV20, (8.6)])

Lemma 10.1.6 (8.10°). Given a double cover Z — E branched at {O,y}
with Z closed, there exists a pair of liftable curves (A, B) on E—{O,y} such
that A- B # 0.
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Proof. Adopt the notation in proof of Theorem 10.0.2 but the loops are
forbidden to pass y. Note that [0;7] € m(E — {O,y},yo) is represented by
a simple closed curve e;. Consider the image of [0;] € m(E — {O,y},z) in
7,/27. 1f both of them are trivial, then take the pair (o1, 05). If o7 is trivial
but o9 not, take (o1, e3). The case that oy is trivial but o7 not follows by
symmetry. If both are nontrivial, take (e, es). In each case, the pairing is
nonzero by (36) since A- B = 1. O

10.2 Algebraic proof of Theorem 10.0.1

Denote by M, the moduli space of genus g compact Riemann surfaces.

Lemma 10.2.1. The map
H:Y(C)—= My yw (2]
15 of finite fiber.

We introduce some notation: Let A be the set of isomorphism classes of
double covers of E by genus two surface, branched at O. (Recall that two
E-covers Z1 — FE and Zy — FE are called isomorphism if there exists an
E-isomorphism Z; — Z5.)

Let D be the underlying scheme of FE, i.e., the curve forgetting the group
law. Let B be the set of isomorphism classes of double covers by genus two
surface over some elliptic curve, whose underlying scheme is D, branched at
the origin. In the definition of B, an isomorphism between two covers py, po
signifies an isomorphism ® and an isomorphism of elliptic curves ¢ such that
the following diagram commutes.

7, -2 7,

lpl lpz
B - B

Let C' be the set of isomorphism classes of double covers of D by genus
two surface. Let N = {(Z,.) : Z € My, € Aut(Z)}.

Proof. Let F : Y(C) — A be the map y — (27 — E). Let E® be the
two-fold symmetric product of E. The following diagram shows that F' is
injective.
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Y (C) a > A

y—{O,y}
branch locus

E®2)

We have forgetful maps A — B and B — (. The automorphism group
of a complex elliptic curve is finite, so A — B is of finite fiber. Since the
origin is in the finite branch locus, B — C'is of finite fiber. The map
C — N by (Z = D)+ (Z,1z/p) is injective, where tz/p € Aut(Z/D) is the
nontrivial element. The projection N — M, is of finite fiber by Hurwitz’s
automorphisms theorem. The map H is the composition of all the morphisms
above, so of finite fiber. n

We give another proof of Theorem 10.0.1. Assuming the contrary
from now on, we are going to derive a contradiction by cardinality argument.
The following lemma is a first consequence.

Lemma 10.2.2. Fory € Y(C), the fibers X,, are isomorphic complez elliptic
CUTvES.

Let I" be the Zariski closure of the image of monodromy (33). By [Del71,
Corollary 4.2.9], T' is a semisimple proper closed subgroup of SL,/q. Therefore
[' is a finite Q-group scheme. Denote the generic point of Y by &. RI\I/*@X
is a lisse Q-sheaf on Y, and its fiber over yo is Hg (X,,, Q;) which as a Q-
module is canonically isomorphic to H}, (X,,, Q) ®g @ by Theorem 3.5.4.
This isomorphism induces an injection of (abstract) groups i : SL(H;,,(X,,,Q)) —
SL(HL(X,,,Q)). Consider the geometrical monodromy representation (cf.[CT12,
Section 5.1.1])

Pgeo Wit(YQyO) - SL<Hélt (Xyo, Q1)) (37)

which is compatible with (33) in the sense that the following diagram is
commutative:

ﬂ-l(Y(ML?yO) & SL<Hslzng(Xy07Q))

b J

77-?5(}/@’ yO) ﬂ) SL(Hét(Xyo? Ql))

where j is the map given by Theorem 3.3.6. By Theorem 3.3.6, I'g, is the
Zariski closure of the image of (37). Let W — Y be the connected finite
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étale cover corresponding to the kernel of (37) (which is an open subgroup
of 78 (Ye, y0)). The morphism W — Y¢ and the scheme Y¢ are affine, so
W = Spec(R) is also affine. By [Sta23, Tag 0BQL|, W is normal integral.
As W/C is a smooth curve, R is a Dedekind domain.

Remark 10.2.3. By Lemma 2.2.6, T" is cyclic, so the morphism (37) factors
through the natural map 7$*(Yc, yo) — 7$'(Ec, yo). The kernel of 7' (Ec, o) —
SLy(Q,) corresponds to a finite étale cover p: E — Eg. A finite étale cover
of an elliptic curve is still an elliptic curve. Therefore, W = p~!(Y¢) is an
elliptic curve with finitely many punctures. This provides another way to see
that W = Spec(R) for some Dedekind domain R.

Let C(W) = Frac(R) be the function field of W. Let n = Spec(C(W)) €
W be the generic point. Let P = X Xy Spec(C(W)) be the generic fiber of
the abelian scheme X xyv W — W.

We have a canonical surjection Gewy — i (W, 7) given by [Sta23, Tag
0BQM]. By the choice of W and Proposition 3.3.8, the Gicwy action on the
Tate module T} P is trivial, or equivalently, P[i"] C P(C(W)) for each n > 1.
In particular, the Z-module P(C(W)) has infinite torsion thus is not finitely
generated.

By [Con06, Example 2.2|, the C(WW)-elliptic curve P is defined over C.
More precisely, there exists an elliptic curve E’/C such that P is isomorphic
to Bty

Proof of Lemma 10.2.2. An abelian scheme over R is a Néron model of its
generic fiber. By uniqueness of Néron model, W xy X = W x¢ E' as W-
abelian scheme. By GAGA, W — Y¢" is a finite sheeted cover. Therefore,
X, = E’ as C-elliptic curve for each y € Y/(C). O

From now on, the base field is C unless otherwise specified.

Definition 10.2.4 (optimal cover). [Djul?, Definition 1.1|Let C' be a curve
of genus 2 and E an elliptic curve. A covering map ¢ : C' — E is called
optimal if whenever ¢ factors through an isogeny ¢ : £y — E with F; being
another elliptic curve, then 1 is an isomorphism.

For example, ¢ : C' — F is optimal if deg(¢) is a prime.

Lemma 10.2.5. [Djul7, Lemma 1.6[/Let C' be a curve of genus 2 and let
¢ : C — E be an optimal cover of an elliptic curve E with deg(¢) = n.
Then E' = ker(¢, : Jo — E) is an elliptic curve. There exists an isogeny
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0 : Ex E' — Jo such that deg(p) = n® and ker(p) C (E x E')[n] is the
graph of an isomorphism E[n] — FE'[n].

Lemma 10.2.6. Given an elliptic curve E/C, its isogeny class is at most
countable.

It is a special case of [Har77, Ch.IV, Exercise 4.9|.

Proof. For 7 in H the upper half plane, write A, = Z ® Z7 and E, = C/A.,.
We may assume that £ = E, . Assume that ¢ : £, — E,, is a (nonzero)
isogeny. Then there exists a € C* such that aA, C A,, and the following
diagram commutes:

C——=c¢C

| |

C/A. —2 C/As,

So, there exists integers (p,q,r,s) such that 7 = %. In particular, 7 has

at most countably many choices. O]
Lemma 10.2.7. The image of the map H is at most countable.

Proof. The elliptic curve Ej := ker(.Jz.a — E) is isogenous to Prym(Z;*'|E),
so isogenous to X, by the construction of KP family. By Lemma 10.2.2,
X, = E'. In virtue of Lemma 10.2.6, there are at most countably many £ up
to isomorphism. We fix one Ej. By Lemma 10.2.5, (ExcE})/ ker(p) = Jzyed
is an isomorphism. There are only finitely many isomorphisms E[n] —
E'[n], so up to isomorphism there are only finitely many Jzrea. By [NN81,
Theorem 1.1], there are only finitely many principally polarized abelian
variety (Jzpea, A). By Torelli theorem, there are only finitely many [Z7°9] €

My (and at most countably many [Z//] when E is allowed to vary). O

Lemma 10.2.7 and Lemma 10.2.1 forces Y(C) to be countable. This
contradiction completes the proof of Theorem 10.0.1.

11 MPN family

A far simpler abelian-by-finite family is used by Marc Paul Noordman to
demonstrate Siegel’ theorem in [Noo21|. We briefly present that construction.
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By enlarging K suitably, we may assume that E is given by Legendre
form y* = z(z — 1)(z — A) for some A € K — {0,1}. Then E[2] C E(K).
There is a K-morphism z : E — P! of degree 2 whose ramification locus F|[2]
and branch locus is {0,1,00,A\} C P(K). Denote T = F — E[2]. Define an
elliptic scheme A" — T, which we call MPN family, by pullback:

A —T

! |

L —— P'—{0,1,00}

where L — P! —{0,1,00} is the Legendre family. For a positive integer
m > 1, consider the twisted MPN family

Ay —— E— El2m] 2% y

! /

Al —— T

Note that everything is defined over K. Analogue to Theorem 10.0.1, the
MPN family has full monodromy.

Theorem 11.0.1. Fiz a base point ty € T(C), the monodromy representation
¢ m (T tg) — SpHslmg(A;O; Q)
has Zariski-dense image.
Proof. The morphism = : T — P! — {0,1, 00} induces
71 (z) : m (T, t) — m (CP' — {0, 1,00}, z(t0))

The two-sheeted covering 79" — CP' — {0, 1, 00, A} identifies (7", ty) as
an index 2 subgroup of m; (CP' — {0,1,00, A}, 2(ty))-

an ¢
™ (T ) tO) ’ SpHslzng (A;m @)

lm(z) =

WI(CPl —{0,1,00}), z(to) L SPH;mg(Lx(to)? Q)
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Because Legendre family is of full monodromy, and the natural morphism
71 (CP' — {0,1, 00, A}, z(ty)) — 71 (CP* — {0,1, 00}, 2(tg))

is surjective, the index of the Zariski closure G of the image of ¢ is at most
2 in SLsy. Recall that SL, is Zariski connected, so G = SLs. O

A counterpart of Theorem 10.0.2 follows by parallel proof. (We can also
cite [LV20, Lemma 2.12] in stead of Lemma 2.2.5 in the end.)

Theorem 11.0.2. For m > 2, the twisted MPN family A,, — E — E[2m] —
Y s of full monodromy.

Given these two theorems, Lemma 8.0.3 and hence Siegel’s theorem (Theorem
8.0.1) follow immediately.

References

|Abr87] V Abrashkin. Galois modules of period p group schemes over
the ring of witt vectors. Akad. Sci. SSSR Ser. Mat, 51:691-736,
1987.

|[AGVT73]  Michael Artin, Alexandre Grothendieck, and Jean Louis
Verdier. Théorie des topos et cohomologie etale des schémas:
tome 3. Springer-Verlag, 1973.

|AndO1] Yves André. Différentielles non commutatives et théorie de
galois différentielle ou aux différences. Annales scientifiques de
I’Ecole normale supérieure, 34(5):685-739, 2001.

[BBM06]  Pierre Berthelot, Lawrence Breen, and William Messing.
Théorie de Dieudonné cristalline II, volume 930. Springer, 2006.

|[BCO9| Olivier Brinon and Brian Conrad. CMI summer school notes on
p-adic Hodge theory. https://math.stanford.edu/"conrad/
papers/notes.pdf, 2009.

|BE13] Patrick Brosnan and Fouad Elzein. Variation of mixed Hodge
structures, 2013. https://arxiv.org/abs/1302.5814v1.

71


https://math.stanford.edu/~conrad/papers/notes.pdf
https://math.stanford.edu/~conrad/papers/notes.pdf
https://arxiv.org/abs/1302.5814v1

[Ber06]

[Bis98]

[BOS3|

|Bor12]

[BP96|

|Chel9]

|CMSP17]

|Con)|

|Con06|

|CT12]

[Dal06]

Pierre Berthelot.  Cohomologie C'ristalline des Schemas de
Caracteristique p > 0, volume 407. Springer, 2006.

Indranil Biswas. Vector bundles with holomorphic connection
over a projective manifold with tangent bundle of nonnegative
degree.  Proceedings of the American Mathematical Society,
126(10):2827-2834, 1998.

Pierre Berthelot and Arthur Ogus. F-isocrystals and de Rham
cohomology. I. Inventiones mathematicae, 72(2):159-199, 1983.

Armand Borel. Linear algebraic groups, volume 126. Springer
Science & Business Media, 2012.

José Bertin and Chris Peters. Variations de structures de Hodge,
variétés de Calabi-Yau et symétrie miroir. In Introduction
a la théorie de Hodge, volume 3, pages 171-260. Société
Mathématique de France, 1996.

Ryan Chen. Integer points on complements of dual curves and
on genus one modular curves, 2019. http://arks.princeton.
edu/ark:/88435/dsp018k71nk94t.

James Carlson, Stefan Miiller-Stach, and Chris Peters. Period
mappings and period domains, volume 168. Cambridge
University Press, 2017.

Brian Conrad. Classical motivation for the Riemann—Hilbert
correspondence. https://math.stanford.edu/"conrad/
papers/rhtalk.pdf.

Brian Conrad. Chow’s K/k-image and K/k-trace, and the
Lang-Néron theorem. Enseignement Mathématique, 52(1/2):37,
2006.

Anna Cadoret and Akio Tamagawa. A uniform open image
theorem for /-adic representations, I. Duke Mathematical
Journal, 161(13):2605-2634, 2012.

Chandan Singh Dalawat. Good reduction, bad reduction, 2006.
arXiv:math/0605326v1.

72


http://arks.princeton.edu/ark:/88435/dsp018k71nk94t
http://arks.princeton.edu/ark:/88435/dsp018k71nk94t
https://math.stanford.edu/~conrad/papers/rhtalk.pdf
https://math.stanford.edu/~conrad/papers/rhtalk.pdf
arXiv:math/0605326v1

[Del68]

[Del70)

[Del71]

|Del74]

[Del80)

|Del82]

[Del83]

[Del85)

[Dem96|

[Dial7]

[Djul7]

Pierre Deligne. Théoréme de Lefschetz et critéres de

dégénérescence de suites spectrales. Publications Mathématiques
de 'IHES, 35:107-126, 1968.

Pierre Deligne. Equations différentielles & points singuliers
réguliers, volume 163. Springer, 1970.

Pierre Deligne. Théorie de Hodge, II. Publications
Mathématiques de UInstitut des Hautes FEtudes Scientifiques,
40(1):5-57, 1971.

Pierre Deligne. La conjecture de Weil. I.  Publications
Mathématiques de UInstitut des Hautes FEtudes Scientifiques,
43(1):273-307, 1974.

Pierre Deligne. La conjecture de Weil: II.  Publications
Mathématiques de UInstitut des Hautes FEtudes Scientifiques,
52(1):137-252, 1980.

Pierre Deligne. Hodge cycles on abelian varieties. In Hodge
cycles, motives, and Shimura varieties, pages 9-100. Springer,
1982.

Pierre Deligne. Preuve des conjectures de Tate et de
Shafarevitch. Séminaire Bourbaki, 4:25-41, 1983.

Pierre Deligne. Représentations (-adiques. Astérisque, 124:13,
1985.

Jean-Pierre Demailly. Théorie de Hodge L? et théorémes
d’annulation. In Introduction a la théorie de Hodge, volume 3
of Panoramas et Synthéses, pages 3-111. Société mathématique
de France, 1996.

Hansheng Diao. Period rings and period sheaves, 2017. https:
//swc-math.github.io/aws/2017/2017DiaoProblemsNH.
pdf.

Martin Djukanovic. Split jacobians and lower bounds on heights.
PhD thesis, Bordeaux, 2017.

73


https://swc-math.github.io/aws/2017/2017DiaoProblemsNH.pdf
https://swc-math.github.io/aws/2017/2017DiaoProblemsNH.pdf
https://swc-math.github.io/aws/2017/2017DiaoProblemsNH.pdf

[Dul74]

[EVAGM12]

[Fal83]

[Fal86]

[Fal8s|

[FGI05]

[FM11]

[FO22]

|[Fon82]|

[Fon85)

[FON12]

Martin H Dull.  Automorphisms of the two-dimensional

linear groups over integral domains. American Journal of
Mathematics, 96(1):1-40, 1974.

Bas Edixhoven, Gerard Van der Geer, and Ben Moonen. Abelian
varieties, 2012. http://van-der-geer.nl/"gerard/AV.pdf.

Gerd Faltings. Endlichkeitssétze fiir abelsche Varietdten iiber
Zahlkorpern. Inventiones mathematicae, 73(3):349-366, 1983.

Gerd Faltings. Finiteness theorems for abelian varieties over
number fields. In Arithmetic geometry, pages 9-26. Springer,
1986.

Gerd Faltings.  Crystalline cohomology and p-adic Galois
representations. In Algebraic analysis, geometry, and number
theory, pages 25—80. Johns Hopkins University Press, 1988.

Barbara Fantechi, Lothar Gottsche, and Luc Illusie.
Fundamental algebraic  geometry: Grothendieck’s FGA
explained, volume 123 of Mathematical Surveys and
Monographs. American Mathematical Soc., 2005.

Benson Farb and Dan Margalit. A primer on mapping class
groups (PMS-49). Princeton University Press, 2011.

Jean-Marc Fontaine and Yi Ouyang. Theory of p-adic Galois
representations. http://staff.ustc.edu.cn/"yiouyang/
galoisrep.pdf, 2022.

Jean-Marc Fontaine. Sur certains types de représentations p-
adiques du groupe de Galois d’un corps local; construction d’un
anneau de Barsotti-Tate. Ann. of math, 115(2):529-577, 1982.

Jean-Marc Fontaine. Il n’y a pas de variété abélienne sur Z.
Inventiones mathematicae, 81(3):515-538, 1985.

Jean-Marc FONTAINE.  Perfectoides, presque pureté et
monodromie-poids. Séminaire Bourbaki, page 64, 2012.

74


http://van-der-geer.nl/~gerard/AV.pdf
http://staff.ustc.edu.cn/~yiouyang/galoisrep.pdf
http://staff.ustc.edu.cn/~yiouyang/galoisrep.pdf

[FP19)

|[Fucl4|

[Ful69]

[GMS7]

[GR12]

[G1i70]

|Gro60|

|Gro61|

| Gro66a|

| Gro66b|

|Gro68|

Roberto Fringuelli and Roberto Pirisi. The Picard group of
the universal abelian variety and the Franchetta conjecture for
abelian varieties. Michigan Math. J., 68(3):651-671, 08 2019.

Clemens Fuchs. On some applications of Diophantine
approximations. Springer, 2014.

William Fulton. Hurwitz schemes and irreducibility of moduli of
algebraic curves. Annals of Mathematics, 90(3):542-575, 1969.

Henri Gillet and William Messing. Cycle classes and Riemann-
Roch for crystalline cohomology. Duke Math. J., 55(3):501-538,
09 1987.

Hans Grauert and Reinhold Remmert.  Coherent analytic
sheaves, volume 265. Springer Science & Business Media, 2012.

Phillip A Griffiths. Periods of integrals on algebraic manifolds,
iii (some global differential-geometric properties of the period
mapping). Publications Mathématiques de 'THES, 38:125-180,
1970.

Alexander Grothendieck. Eléments de géométrie algébrique : 1.
Le langage des schémas. Publications Mathématiques de 'THES,
4:5-228, 1960.

Alexander Grothendieck. Eléments de géométrie algébrique: II.
Etude globale élémentaire de quelques classes de morphismes.
Publications Mathématiques de 'ITHES, 8:5-222, 1961.

Alexander Grothendieck. On the de Rham cohomology of
algebraic varieties. Publications Mathématiques de [’Institut des
Hautes Etudes Scientifiques, 29(1):95-103, 1966.

Alexander Grothendieck. Eléments de géométrie algébrique :
IV. Etude locale des schémas et des morphismes de schémas,
troisiéme partie. Publications Mathématiques de 'IHES, 28:5-
255, 1966.

Alexander Grothendieck. Crystals and the de Rham cohomology
of schemes. In Diz exposés sur la cohomologie des schémas,
pages 306-358. North Holland Publishing Company, 1968.

)



[Har77]

|[Har11]

[HMS17]

|Hon)|

[HT07|

[Huads|

[Huy05]

[Kat70]

|Kat82]

[Kim05]

IK1i]

Robin Hartshorne. Algebraic Geometry. Springer Science &
Business Media, 1977.

Giinter Harder. Lectures on algebraic geometry I: sheaves,
cohomology of sheaves, and applications to Riemann
surfaces/Gunter Harder. Vieweg+Teubner Verlag, 2nd
edition, 2011.

Annette Huber and Stefan Miiller-Stach. Periods and Nori
motives, volume 65. Springer, 2017.

Serin Hong. Notes on p-adic Hodge theory. https:
//www.math.arizona.edu/ serinh/Notes’200n%20p-adicy
20Hodge’20theory.pdf.

Ryoshi Hotta and Toshiyuki Tanisaki. D-modules, perverse
sheaves, and representation theory, volume 236.  Springer
Science & Business Media, 2007.

Loo-Keng Hua. On the automorphisms of the symplectic group
over any field. Annals of Mathematics, 49(4):739-759, 1948.

Daniel Huybrechts. Complex geometry: an introduction,
volume 78. Springer, 2005.

Nicholas M Katz. Nilpotent connections and the monodromy
theorem: Applications of a result of Turrittin. Publications
mathématiques de 'THES, 39:175-232, 1970.

Nicholas M Katz. A conjecture in the arithmetic theory of
differential equations. Bulletin de la Société Mathématique de
France, 110:203-239, 1982.

Minhyong Kim. The motivic fundamental group of P!\
{0,1, 00} and the theorem of Siegel. Inventiones mathematicae,
161(3):629-656, 2005.

Bruno Klingler. Etale cohomology and the Weil conjectures.
available at https://webusers.imj-prg.fr/“bruno.
klingler/cours/Weil.pdf.

76


https://www.math.arizona.edu/~serinh/Notes%20on%20p-adic%20Hodge%20theory.pdf
https://www.math.arizona.edu/~serinh/Notes%20on%20p-adic%20Hodge%20theory.pdf
https://www.math.arizona.edu/~serinh/Notes%20on%20p-adic%20Hodge%20theory.pdf
https://webusers.imj-prg.fr/~bruno.klingler/cours/Weil.pdf
https://webusers.imj-prg.fr/~bruno.klingler/cours/Weil.pdf

[K1i63)]

[KM58]

[KN16]

[KO63]

[KS90]

|Lan91]

[Lau96|

[LV20]

[Mal87]

[MB85]

[MFK94|

[Mil17]

Wilhelm Klingenberg. Symplectic groups over local rings.
American Journal of Mathematics, 85(2):232-240, 1963.

J-L Koszul and Bernard Malgrange. Sur certaines structures
fibrées complexes. Archiv der Mathematik, 9(1):102-109, 1958.

Artur Kornilowicz and Adam Naumowicz. Niven’s theorem.
Formalized Mathematics, 24, 12 2016.

Nicholas M. Katz and Tadao Oda. On the differentiation of De
Rham cohomology classes with respect to parameters. Journal
of Mathematics of Kyoto University, 8(2):199 — 213, 1968.

Masaki Kashiwara and Pierre Schapira. Sheaves on Manifolds,
volume 292. Springer Science & Business Media, 1990.

Serge Lang. Number theory III: Diophantine geometry,
volume 60. Springer Science & Business Media, 1991.

Gerard Laumon. Transformation de Fourier generalisee, 1996.
arXiv:alg-geom/9603004v1.

Brian Lawrence and Akshay Venkatesh. Diophantine problems
and p-adic period mappings. Inventiones mathematicae,
221:893-999, 2020.

Bernard Malgrange. Regular connections, after Deligne. In
Algebraic D-modules, volume 2, pages 151-172. Academic Press,
Inc. Boston, MA, 1987.

Laurent Moret-Bailly. Pinceaux de variétés abéliennes.
Astérisque, 129, 1985.

David Mumford, John Fogarty, and Frances Kirwan. Geometric

invariant theory, volume 34. Springer Science & Business Media,
1994.

James S Milne. Algebraic groups: the theory of group schemes
of finite type over a field, volume 170. Cambridge University
Press, 2017.

7


arXiv:alg-geom/9603004v1

[Mum74]

[NNS1|

[Noo21]

[Par68|

[PS03]

|Ray71]

[Rib76]

|[Rom14]

[SBWSY|

[Sch73]

[Sch78]

David Mumford. Abelian varieties, volume 3. Oxford university
press, Oxford, 2nd edition, 1974.

Mudumbai S Narasimhan and Madhav V Nori. Polarisations
on an abelian variety. In Proceedings of the Indian Academy
of Sciences-Mathematical Sciences, volume 90, pages 125—-128.
Springer, 1981.

Marc Paul Noordman. Siegel’s theorem via the Lawrence-
Venkatesh method, 2021. https://arxiv.org/abs/2101.
07111v2.

Aleksey Nikolaevich Parshin. Algebraic curves over function
fields. T. Izvestiya  Rossiiskoi  Akademii  Nauk. Seriya
Matematicheskaya, 32(5):1191-1219, 1968.

Chris AM Peters and JHM Steenbrink. = Monodromy of
variations of Hodge structure. Acta Applicandae Mathematica,
75(1-3):183-194, 2003.

Michele Raynaud. Revétements étales et groupe fondamental
(SGA1). Springer-Verlag, 1971.

Kenneth A Ribet. Galois action on division points of abelian
varieties with real multiplications.  American Journal of
mathematics, 98(3):751-804, 1976.

Matthieu Romagny. Théorémes de comparaison et
représentations galoisiennes, 2014. available at https://perso.
univ-rennesl.fr/matthieu.romagny/exposes/Theoremes_
de_comparaison_et_representatons_galoisiennes.pdf.

Jean-Pierre Serre, Martin Brown, and Michel Waldschmidt.
Lectures on the Mordell-Weil theorem. Springer, 1989.

Wilfried Schmid. Variation of Hodge structure: the singularities
of the period mapping. Inventiones mathematicae, 22(3-4):211—
319, 1973.

Hans Rudolf Schneebeli. Group extensions whose profinite
completion is exact. Archiv der Mathematik, 31(1):244-253,
1978.

78


https://arxiv.org/abs/2101.07111v2
https://arxiv.org/abs/2101.07111v2
https://perso.univ-rennes1.fr/matthieu.romagny/exposes/Theoremes_de_comparaison_et_representatons_galoisiennes.pdf
https://perso.univ-rennes1.fr/matthieu.romagny/exposes/Theoremes_de_comparaison_et_representatons_galoisiennes.pdf
https://perso.univ-rennes1.fr/matthieu.romagny/exposes/Theoremes_de_comparaison_et_representatons_galoisiennes.pdf

[Ser07]

[Ser09]

[Sol77]

[$522]

[Sta23]

[SZ15]

|Sza09|

[Vig21|

[Vir21]

[Voi02]

[Vojo1]

[Wed08]

Jean-Pierre Serre. Topics in Galois theory. McGill University,
2nd edition, 2007.

Jean-Pierre Serre. Lie algebras and Lie groups: 1964 Lectures
gwen at Harvard University. Springer, corrected 5th printing
edition, 2009.

Robert E Solazzi. Four-dimensional symplectic groups. Journal
of Algebra, 49(1):225-237, 1977.

Claude Sabbah and Christian Schnell. The MHM project.
https://perso.pages.math.cnrs.fr/users/claude.
sabbah/MHMProject/mhm.html, 2022.

The Stacks project authors. The stacks project. https:
//stacks.math.columbia.edu, 2023.

Florin Stan and Alexandru Zaharescu.  Weil numbers in
finite extensions of Q®: the Loxton-Kedlaya phenomenon.
Transactions of the American  Mathematical Society,
367(6):4359-4376, 2015.

Tamas Szamuely.  Galois groups and fundamental groups,
volume 117. Cambridge University Press, 2009.

Florian Viguier. D-modules arithmétiques et transformation de
Fourier-Mukai. PhD thesis, Université de Strasbourg, 2021.

R. Virk. A remark on Ehresmann’s fibration theorem, 2021.
https://arxiv.org/abs/2201.07967v1.

Claire Voisin. Hodge theory and complex algebraic geometry,
volume 1. Cambridge Studies in Advanced Mathematics, 2002.

Paul Vojta. Siegel’s theorem in the compact case. Annals of
Mathematics, pages 509-548, 1991.

Torsten Wedhorn. De Rham cohomology of varieties over fields
of positive characteristic. NATO Security through Science Series
D: Information and Communication Security, 16:269, 2008.

79


https://perso.pages.math.cnrs.fr/users/claude.sabbah/MHMProject/mhm.html
https://perso.pages.math.cnrs.fr/users/claude.sabbah/MHMProject/mhm.html
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu
https://arxiv.org/abs/2201.07967v1

[Wei95] Charles A Weibel. An introduction to homological algebra.
Cambridge university press, 1995.

|ZS09] Fouad El Zein and Jawad Snoussi. Local systems and
constructible sheaves. In Arrangements, local systems and
singularities, pages 111-153. Springer, 2009.

80



	Introduction
	Preparatory results
	Riemann-Hilbert correspondence
	Symplectic groups
	Faltings' finiteness theorem

	Cohomology theory
	Algebraic de Rham cohomology
	Cohomology on sites
	Étale cohomology
	Crystalline cohomology
	Comparison theorems
	Variation of Hodge structures and Period maps
	p-adic Hodge theory

	A family of varieties with good reduction
	Comparison of connections
	Monodromy and the period mappings
	v-periodC-period  monodromy
	A prototype of arguments
	Abelian-by-finite family

	Mordell's conjecture
	Construction of Kodaira-Parshin family
	The monodromy of Kodaira-Parshin families
	Covers and their homology
	Mapping class group
	Dehn twist

	Siegel's theorem
	Construction of KP family
	The monodromy of KP family
	Topological proof of Theorem 10.0.1
	Algebraic proof of Theorem 10.0.1

	MPN family

