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A Testimony on the Inverse Set-Valued Map Theorem

Jean-Pierre Aubin
CREA, Ecole Polytechnique, Paris

This talk recalls the initial statement in 1982 of the sufficient condition for the surjectivity
and the lower continuity of the contingent derivative at a given point of the graph for implying
the pseudo-Lipschitz property of neighboring solutions and the necessary condition based on
viability theorems stated in 2004. Next, it provides a generalization of the very same state-
ment to the case of metric spaces supplied with a mutational structure (2000). An application
to the decentralization issue of Hamilton-Jacobi equations involving a sum of Hamiltonians is
presented (2011).

Global Surjectivity Results of Hadamard’s Type for
Multifunctions

Dominique Azé
Institut de Mathématiques de Toulouse, Université Paul Sabatier

We give generalizations to multifunctions of the surjectivity part of the classical global dif-
feomorphism theorem for mappings due to Hadamard. Both tangencial and normal sufficient
conditions are given in order to derive surjectivity of a multifunctions along with some lipschitz
like property of its inverse.

To this end, we use a variational method based on the notion of De Giorgi’s strong slope
coupled with a change of metric.
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Lipschitz Regularity of Solution Map for State Constrained
Control Systems

Piernicola Bettiol
Université de Bretagne Occidentale

Consider a control system under a state constraints
x′(t) = f(t, x(t), u(t)), u(t) ∈ U a.e. in [0, T ]

x(t) ∈ K for all t ∈ [0, T ]

x(0) = x0.

When the boundary of K is smooth, then an inward pointing condition guarantees that under
standard assumptions on f (measurable in t, Lipschitz in x, continuous in u) the sets of solu-
tions to the above system depend on the initial state x0 in a Lipschitz way. This follows from
the so-called Neighboring Feasible Trajectories (NFT) theorems. Some recent counterexam-
ples imply that NFT theorems are not valid when f is discontinuous in time and K is a finite
intersection of sets with smooth boundaries.

We show that for multiple state constraints the inward pointing condition yields local Lips-
chitz dependence of solution sets on the initial states from the interior of K.

On Constrained Open Mapping Theorems

Radek Cibulka
University of West Bohemia, Czech Republic

The lecture (which is based on the notes [1] and [2]) will be divided into two main parts.
The first one will be devoted to an analogue of the well-known Robinson-Ursescu theorem
concerning the so-called relative openness with a linear rate at the reference point (which
corresponds to the restrictive metric regularity introduced by B. S. Mordukhovich and B.
Wang) of a set-valued mapping between Banach spaces. Conditions guaranteeing this property
will be given. Moreover, simple examples will illustrate that no single assumption can be
dropped in general.

The latter part will deal with a generalization of Lyusternik-Graves theorem when the non-
linear mapping under consideration is restricted to a closed convex subset of a Banach space
and can be “well” approximated at a reference point, e.g. by a bunch of mappings from the
space of all continuous linear operators or by a set-valued mapping with a star-shaped graph.
It will be emphasized that there is no need to have a suitable approximation of both the
constraint set and the non-linear mapping in a whole neighborhood of the point in question
when one is interested in the openness at this point. Also, only positive homogeneity of the
approximation is required. Moreover, under mild additional assumptions on the approximating
mapping (such as convexity and closeness of its graph), one obtains this property in a vicinity
of the reference point.
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Metric Regularity on a Set

Asen Dontchev
American Mathematical Society, Ann Arbor, USA

We introduce a new definition of global metric regularity on a set and associated definitions
of Aubin continuity and linear openness that are equivalent to metric regularity on the same
sets and with the same constant. When the sets are neighborhoods of a point in the graph of
the mapping, these definitions reduce to the well studied properties at a point. We present
Lyusternik-Graves type theorems in metric spaces for single-valued and set-valued perturba-
tions, and show that they can be derived from, and some of them are even equivalent to,
corresponding set-valued fixed point theorems.

Characterization of Metric Regularity of Subdifferentials∗

Michel H. Geoffroy
Université des Antilles et de la Guyane, Guadeloupe (France)

We start by presenting a general proximal point algorithm for solving the inclusion

T (x) 3 0,

where T is a set-valued mapping acting from a Banach space X to a Banach space Y . We
successively consider the case when the mapping T is metrically regular, strongly metrically
regular and strongly metrically subregular and then state several convergence results. This
study naturally leads us to examine the case when T is the subdifferential of a single-valued
function which reduces to finding critical points of such a function. More precisely, we in-
vestigate the metric regularity and subregularity, the strong regularity and subregularity of
the subdifferential of proper lower semicontinuous convex functions in a Hilbert space. We
characterize each of these properties in terms of a growth condition involving the function.

∗This work is supported by contract EA 4540
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Convergence of Approximate Projections onto Nonconvex
Regularized Sets

Russel Luke
Universität Göttingen, Germany

The numerical properties of algorithms for finding the intersection of sets depend to some
extent on the regularity of the sets, but even more importantly on the regularity of the inter-
section. The alternating projection algorithm of von Neumann has been shown to converge
locally at a linear rate dependent on the regularity modulus of the intersection. In many
applications, however, the sets in question come from inexact measurements that are matched
to idealized models. It is unlikely that any such problems in applications will enjoy metri-
cally regular intersection, let alone set intersection. We explore a regularization strategy that
generates an intersection with the desired regularity properties. The regularization, however,
can lead to a significant increase in computational complexity. In a further refinement, we
investigate and prove linear convergence of an approximate alternating projection algorithm.
The analysis provides a regularization strategy that fits naturally with many ill-posed inverse
problems, and a mathematically sound stopping criterion for extrapolated, approximate algo-
rithms.

Neighboring Feasible Trajectories Theorem for a General Set
of Constraints

Marco Mazzola, Université Pierre et Marie Curie, Paris

We consider the set of solutions to a control system under pure state constraints and in-
vestigate its Lipschitz dependence on the initial conditions. An approach dealing with this
problem relies on neighboring feasible trajectories (NFT) theorems, which are strictly related
to metric regularity. We propose a new inward pointing condition in order to derive NFT
results when the boundary of the constraint is possibly non-smooth. We apply this result to
the study of the optimal synthesis and the optimality of the maximum principle for the Mayer
optimal control problem under pure state constraints and we investigate the uniqueness of
lower semicontinuous solutions to constrained Hamilton-Jacobi equations. Joint work with H.
Frankowska.

Metric Regularity of Higher Order

Marc Quincampoix
Université de Bretagne Occidentale, Brest

We provide new necessary and sufficient conditions characterizing the metric regularity of
order one and higher order for set valued maps. We discuss several applications. Joint work
with H. Frankowska.
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Some New Results on Implicit Multifunction Theorems

Michel Théra
Université de Limoges

In this talk, we will survey some new characterizations of metric regularity of implicit multi-
functions in complete metric spaces. The approach is based on the theory of error bounds and
the use of lower semicontinuous envelopes of the distance functions for set-valued mappings.
Using these new characterizations it will be possible to investigate implicit multifunction theo-
rems based on coderivatives and on contingent derivatives as well as the perturbation stability
of implicit multifunctions.

Metric Subsmooth Sets and Metric Subregularity

Lionel Thibault
Université de Montpellier II

The talk will be devoted to the development of the new concept of metric subsmoothness
introduced by A. Daniilidis and myself. It will be also shown how this concept allows us to
provide various characterizations of metric subregularity.

Metric Regularity Properties of Control Systems with State
Constraints

Richard Vinter
Imperial College London

The study of metric regularity properties of trajectory maps give insights into a number of
important problem areas in state constrained optimal control theory. These include deriving
unrestrictive conditions under which first order conditions of optimality are non-degenerate,
characterizing value functions as unique solutions to the Hamilton Jacobi equations and es-
tablishing regularity properties of value functions. We discuss these relationships, and show
how they depend on the choice of function spaces for their formulation.

Back to Metric Regularity Homepage
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