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while Proposition 1 applies only to �elds of harateristi zero. Propositions 1and 2 rely on an elementary property of Vandermonde-like matries, establishedin Lemma 1. In Setion 3 we give a seond appliation of this lemma. LetNULLDET be the following problem: given two integers n and m with n 6 mand a n �m matrix A with entries in Z, deide whether there exists a n � nsub-determinant of A whih is equal to zero. We show that this problem is NP-omplete for polynomial time many-one redutions. It is not diÆult to showthat NULLDET is NP-hard for randomized redutions, and our proof an beviewed as a derandomization result. The NP-ompleteness of NULLDET wasproposed as an open problem as early as in 1982 [3℄ and as late as in 1998 [6℄.One motivation omes from omputational geometry, where general positionassumptions are often made. It is therefore of interest to determine whethersuh an assumption an be heked eÆiently [6℄. In fat, when that paper waspublished the problem had already been solved by Khahiyan [8℄. Subsequently,a very elegant proof was published by Erikson [7℄. This result is therefore notnew, but at least we hope that the proof is new.2 Transversal SubspaesLet E and F be two linear subspaes of K n suh that dimE + dimF 6 n.Reall that E and F are said to be transversal if dim(E +F ) = dimE +dimF ,or equivalently if E \ F = f0g. We denote by Vetfv1; : : : ; vrg the subspaespanned by the vetors v1; : : : ; vr.For d 2 N, we denote by vd(x) the Vandermonde vetor (1; x; : : : ; xd).More generally, given a tuple � = (�1; : : : ; �p) 2 Np , we denote v�(x) =(x�1 ; : : : ; x�p). For the appliations to the transversality lemma in Proposi-tions 1 and 2 we shall only use the ase � = (0; 1; : : : ; n� 1), but Proposition 4uses general �'s. The following lemma is a variation on a result of [9℄.Lemma 1 Let E be a subspae of K n of dimension p and � = (�1; : : : ; �n) astritly inreasing sequene of integers. Let x be transendental over K and Lbe an extension �eld of K ontaining x. We denote by EL the subspae of Lnspanned by E.Let f 2 K [X℄ be a nononstant polynomial suh that fk 6= Id for 1 6k 6 �n, where fk denotes the k-th iterate of f . If n > p + r then Vr(x) =Vetfv�(x); v�(f(x)); : : : ; v�(f r�1(x))g is transversal to EL.Proof. By indution on r; we may start from r = 0. In this ase the resultis lear sine Vr(x) = f0g. Assume now by ontradition that r > 1 and thatVr(x) is not transversal to EL. By indution hypothesis, EL is transversal toVr�1(x). Hene x must satisfy property Q(x) below:v�(f r�1(x)) 2 EL + Vr�1(x):Note that this property an be expressed as a onjuntion of polynomial equal-ities with oeÆients in K . Sine fk(x) is transendental over K for any k > 0,Q(fk(x)) must in fat hold for all k > 0. This implies that for k = 0; : : : ; �n the1 +�n vetors v�(fk(x)) all belong to EL + Vr�1(x). Now build a (1 +�n)� n2



matrix A suh that v�(fk(x)) is the k-th row of A. The olumns of A are ndistint olumns extrated from a (1 + �n) � (1 + �n) Vandermonde matrix,hene A is of rank n. This is absurd sine dim(EL + Vr�1(x)) = p+ r � 1 < n.2As announed in the introdution, we now give an expliit onstrution of afamily of 1 + r(n� r) subspaes with property Pn;r(K ) in the ase where K isof harateristi 0. Note that the basis vetors of the elements of this familyhave polynomial bit size.Proposition 1 Let K be a �eld of harateristi 0. The family (Vi)06i6r(n�r)where Vi = Vetfvn�1(i); : : : ; vn�1(i+ r � 1)g has property Pn;r(K ).Proof. We apply Lemma 1 to the polynomial f(x) = x + 1. Let E be a linearsubspae of K n of dimension n�r; let e1; : : : ; en�r be a basis of E. By Lemma 1,the polynomialQ(x) = det(e1; : : : ; en�r; vn�1(x); vn�1(x+ 1); : : : ; vn�1(x+ r � 1))is not identially zero. Obviously, the degree of Q is upper bounded byPn�1i=n�r i = r(2n � r � 1)=2. In order to obtain a better bound, onsider thepolynomial R(x1; : : : ; xr) = det(e1; : : : ; en�r; vn�1(x1); vn�1(x2); : : : ; vn�1(xr)).Its degree is upper bounded by r(2n � r � 1)=2 as well. The point is that Radmits a fatorization of the form R = Q16i<j6r(xi � xj)S(x1; : : : ; xr). Thedegree of S is therefore upper bounded by r(2n � r � 1)=2 � �r2� = r(n � r),and the same is true of Q. Hene there exists an integer i 2 f0; 1; : : : ; r(n� r)gwhih is not a root of Q. The orresponding subspae Vi is transversal to E.2 The next proposition takes are of �elds of positive harateristi. We de-note by order(�) the order of the multipliative group generated by �.Proposition 2 Let K be an in�nite �eld (of arbitrary harateristi). Let(zi)06i6r(n�r) be a family of non-zero distint elements of K . If order(�) > n,the family (Vi)06i6r(n�r) whereVi = Vetfvn�1(zi); vn�1(�zi); : : : ; vn�1(�r�1zi)ghas property Pn;r(K ).Proof. We now apply Lemma 1 to the polynomial f(x) = �x. Let E be alinear subspae of K n of dimension n� r; let e1; : : : ; en�r be a basis of E. ByLemma 1, the polynomialQ(x) = det(e1; : : : ; en�r; vn�1(x); vn�1(�x); : : : ; vn�1(�r�1x))is not identially 0. Consider the polynomialR(x1; : : : ; xr) = det(e1; : : : ; en�r; vn�1(x1); vn�1(�x2); : : : ; vn�1(�r�1xr)):3



Now we have a fatorization of the formR(x1; : : : ; xr) = Y16i<j6r(xj � �i�jxi)S(x1; : : : ; xr):Hene Q has at most r(n � r) nonzero roots sine this polynomial admits afatorization of the form Q(x) = x(r2)A(x). One of the zi's is not a root of Q,and the orresponding subspae Vi is transversal to E. 2In order to have a ompletely expliit onstrution, one should of ourse explainhow to onstrut an element � of order at least n. It is natural to represent � byits minimal polynomial over Fp. Hene we just need to produe an irreduiblepolynomial of degree at least n. For this purpose we an use the deterministialgorithms of [4℄ or [15℄. These algorithms produes in time polynomial in nand p a polynomial of degree n whih is irreduible over Fp. Alternatively, onemay onstrut an irreduible polynomial of degree m where pm > n + 1, andlook for an element of order at least n in GF (pm). Suh an element exists sinethe multipliative group of a �nite �eld is yli.Here is a slightly di�erent family with the property of transversality.Proposition 3 Let K be an in�nite �eld. Let a0; : : : ; an�1 be distint ele-ments of K . For 0 6 i 6 r � 1, let us de�ne the olumn vetor vi(t) =(ai0; ai1t; ai2t2; : : : ; ain�1tn�1). Let (zi)06i6r(n�r) be a family of non-zero distintelements of K . The family (Vi)06i6r(n�r) where Vi = Vetfv0(zi); : : : ; vr�1(zi)ghas property Pn;r(K ).Proof. Let E be a linear subspae of K n of dimension n � r; let e1; : : : ; en�rbe a basis of E. By Gaussian elimination, one an assume that ei =(e0i ; e1i ; : : : ; e�ii ; 0; : : : ; 0) with e�ii 6= 0 and �1 < �2 < : : : < �n�r. LetP (t) = det(e1; : : : ; en�r; v0(t); : : : ; vr�1(t)). We laim that the valuation of P(i.e., the smallest power of t whih appears in P with a nonzero oeÆient) isv = �n2� �Pn�rj=1 �j. Indeed, the basis of E ensures that val(P ) > v and theoeÆient of tv, up to the sign, equals to V � �n�ri=1 e�ii where V is the determi-nant of the r � r Vandermonde matrix built on (a�i)16i6r. Thus P (t) is notidentially zero, and val(P ) > �n2� �Pn�1j=r j = �r2�. The argument is now thesame as in proposition 2 sine P (t) = t(r2)A(t) where A(t) is not identially zeroand deg(A) 6Pn�1j=n�r j � �r2� = r(n� r). 2It is a folklore result that no family of ardinality less than 1+ r(n� r) anhave property Pn;r(K ) if K is algebraially losed (this follows from algebrai ge-ometry: r(n�r) is the dimension of the Grassmanian manifold of r-dimensionalsubspaes of K n). Thus our onstrutions are optimal in this respet. For other�elds (for instane Q or R) it seems that the smallest possible ardinality isunknown. We are not even aware of nontrivial upper or lower bounds. Stillthe following remark shows that the real ase is genuinely di�erent from theomplex ase. 4



Remark 1 Consider the family F of the 4 two-dimensional subspaes of R4spanned by the olumns of the following 4� 2 matries:� I0 � ;� 0I � ;� II � ;� R�=2I � :Here I is the identity matrix and R�=2 the rotation matrix of angle �=2. Thisfamily has property P4;2(R).Indeed, any two-dimensional subspae of R4 whih has a non-trivial intersetionwith the �rst two elements of F must be of the form V = Vetf�x0�; �0y�g. Asubspae of this form an interset non-trivially at most one of remaining twoelements of F . More preisely, if x and y are ollinear the intersetion with thelast subspae is f0g, and if they are not ollinear the intersetion with the thirdsubspae is f0g.It is also possible to show that the family in Remark 1 is of ardinality assmall as possible.3 An NP-omplete ProblemThe problemNULLDET de�ned in the introdution an be restated in geomet-ri terms as follows: given m points of Zn, deide if there exists a homogeneoushyperplane whih ontains at least n of these points. The losely relatedMAX-FLS problem is known to be NP-omplete [1℄. In this problem one must deidewhether there exist K olumns of the input matrix A 2 Zn�m whih form asubmatrix of rank < n, where K > n is a part of the input. Geometrially, thismeans that there exists a homogeneous hyperplane whih ontains at least Kof the m input points.Proposition 4 NULLDET is NP-omplete for polynomial time many-one re-dutions.Proof. We shall redue MAX-FLS to NULLDET. Let (A;K) be an instaneof this problem, where A 2 Zn�m and m > K > n. Let M be the largestabsolute value of the entries of A. Let B(x) be the following K �m matrix.B(x) = 0BBB� Avm�1(x)...vm�1(x+ (K � n)� 1) 1CCCALet N = MnKKm + 1. We laim that B(N) 2 NULLDET if and only if(A;K) 2MAX-FLS. IfK olumns of A are of rank < n then the same olumnsof B(N) are of rank < K. Conversely, assume now that A 62MAX-FLS. Let(�1; : : : ; �K) be a stritly inreasing sequene of elements of f1; : : : ;mg. Therank of the submatrix A� is equal to n sine A 62MAX-FLS. We need toshow that B(N)� is of rank K. Let P (x) = det(B(x)�). By Lemma 1, thispolynomial is not identially zero. Moreover, expanding the determinant shows5



that the oeÆients of P are integers bounded by N � 1 in absolute value.By the lassial bound on roots of polynomials, N is not a root of B so thatB(N)� is indeed of rank K. As this is true for any �, B(N) does no belong toNULLDET. 2Let �-DET be the following problem: given two integers n and m with n 6 mand a n �m matrix A with entries in Z, deide whether there exists a n � nsub-determinant of A whih is equal to �. It was shown by Dyer, Gritzmannand Hufnagel [6℄ that �-DET is NP-omplete for � 6= 0. However, as pointedout by these authors, their proof does not apply to the ase � = 0 and thereforestops short of proving that NULLDET is NP-omplete.It would also be interesting to understand the omplexity of NULLDETin algebrai models of omputation. For instane, an this problem be solvedby polynomial depth algebrai omputation trees (over the ordered �eld of realnumbers, say)? Note that the NP-ompleteness of this problem needs not be anobstale: it is well known that some \geometri" NP-omplete problems (e.g.,KNAPSACK) an be solved in polynomial depth [10, 11, 12℄.AknowledgmentsSeveral improvements in the presentation of this paper were suggested by the anony-mous referees.Referenes[1℄ E. Amaldi and V. Kann. The omplexity and approximability of �nding maximumfeasible subsystems of linear relations. Theoretial Computer Siene, 147:181{210,1995.[2℄ J. Cai, A. Naik and D. Sivakumar. On the existene of hard sparse sets underweak redutions. In Pro. STACS'96, volume 1046 of Letures Notes in ComputerSiene, pages 307-318. Springer-Verlag, 1996.[3℄ R. Chandrasekaran, S. N. Kabadi and K. Murty. Some NP-omplete problems inlinear programming. Operations Researh Letters, 1:101-103, 1982.[4℄ A. Chistov. Construting a �nite �eld within a polynomial time. In Pro. 7th SovietConferene on Mathematial Logi, Novosibirsk, 1984 (in Russian).[5℄ A. Chistov. Fast parallel alulation of the rank of matries over a �eld of arbitraryharateristi. In Pro. 5th International FCT Conferene, volume 199 of LeturesNotes in Computer Siene, pages 9{13. Springer-Verlag, 1985.[6℄ M. Dyer, P. Gritzmann and A. Hufnagel. On the omplexity of omputing mixedvolumes. SIAM Journal on Computing, 27(2):356-400, 1998.[7℄ J. Erikson. New lower bounds for onvex hull problems in odd dimensions. SIAMJournal on Computing, 28(4):1198-1214, 1999.[8℄ L. Khahiyan. On the omplexity of approximating extremal determinants in ma-tries. Journal of Complexity, 11:138-153, 1995.[9℄ P. Koiran, N. Portier, and G. Villard. A rank theorem for Vandermonde matries.LIP Researh Report 01-34, 2001. 6
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