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Abstra
t. We 
onsider a nonlinear semi{
lassi
al S
hr�odinger equation for

whi
h it is known that quadrati
 os
illations lead to fo
using at one point,

des
ribed by a nonlinear s
attering operator. If the initial data is an energy

bounded sequen
e, we prove that the nonlinear term has an e�e
t at leading

order only if the initial data have quadrati
 os
illations; the proof relies on a

linearizability 
ondition (whi
h 
an be expressed in terms of Wigner measures).

When the initial data is a sum of su
h quadrati
 os
illations, we prove that

the asso
iate solution is the superposition of the nonlinear evolution of ea
h of

them, up to a small remainder term. In an appendix, we transpose those results

to the 
ase of the nonlinear S
hr�odinger equation with harmoni
 potential.

1. Introdu
tion

Consider the initial value problem

(1.1)

8
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>

:

i�

t

u+

1

2

�u = 0; (t; x) 2 R

+

� R

n

;

u

jt=0

= e

�i

jxj

2

2

:

It is easy to see that at time t = 1, the solution u is the Dira
 mass at the origin.

For the nonlinear S
hr�odinger equation with attra
tive nonlinearity,

8

<

:

i�

t

u+

1

2

�u = �juj

2�

u; (t; x) 2 R

+

� R

n

;

u

jt=0

= u

0

(x);

where � 2 [2=n; 2=(n � 2)[, and u

0

2 H

1

(R

n

) with jxju

0

2 L

2

(R

n

), it is well

known (
ite e.g. [5℄) that blow up in �nite time may o

ur. Cazenave and Weissler

([7℄) proved that 
hanging u

0

(x) into u

0

(x)e

ibjxj

2

for b suÆ
iently large ensures the

existen
e of the solution u globally in time. On the other hand, if u blows up in

�nite time be
ause it has negative energy, then 
hanging u

0

(x) into u

0

(x)e

�ibjxj

2

for b > 0 suÆ
iently large makes the blow up happen sooner.

For the S
hr�odinger equation with fo
using nonlinearity and 
riti
al power,

(1.2) i�

t

u+

1

2

�u = �juj

4=n

u;

Merle ([20℄) proved that if the initial data u

0

belongs to H

1

(R

n

) and its L

2

-norm is

the same as that of the solitary wave, then blow up in �nite time T > 0 
an o

ur

only under a very rigid assumption on u

0

, for it must be of the form

u

0

(x) =

�

Æ

T

�

n=2

e

i��ijx�x

1

j

2

=2T+iÆ

2

=T

Q

�

Æ

�

x� x

1

T

� x

0

��

;
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for some � 2 R, Æ > 0, x

0

; x

1

2 R

n

, where Q is a solution of the stationary problem.

In parti
ular, blow up in �nite time ne
essarily involves quadrati
 os
illations in

the initial data (but this 
ondition is not suÆ
ient).

In [21℄, the authors noti
e that the defe
t of 
ompa
tness in the two-dimensional


ubi
 nonlinear S
hr�odinger equation is due to quadrati
 os
illations, e

�i�x

2

, with �

large. These os
illations are related to the Galilean invarian
e, as in [20℄.

In [2℄, nonlinear S
hr�odinger equations are 
onsidered in the semi
lassi
al limit,

in parti
ular the initial value problem,

(1.3)

8

>

<

>

:

i"�

t

u

"

+

1

2

"

2

�u

"

= "

n�

ju

"

j

2�

u

"

; (t; x) 2 R

+

� R

n

;

u

"

jt=0

= e

�i

jxj

2

2"

f(x);

where " 2℄0; 1℄, � > 2=(n+2), and � < 2=(n�2) if n � 3. The asymptoti
 behavior

of the solution u

"

is studied, as " goes to zero: quadrati
 os
illations 
ause fo
using

at the origin at time t = 1 (
ompare with (1.1)), and the s
aling of the nonlinearity

(in parti
ular, the presen
e of the fa
tor "

n�

) makes the in
uen
e of the right-hand

side of (1.3) negligible away from the fo
al point. On the other hand, the 
austi



rossing takes some nonlinear e�e
ts into a

ount, and is des
ribed at leading order

by the (nonlinear) s
attering operator asso
iated with

(1.4) i�

t

 +

1

2

� = j j

2�

 :

One may argue that this 
ase is very parti
ular, inasmu
h as the initial os
illations

are asso
iated with a spe
i�
 geometry (the rays of geometri
 opti
s meet at the

origin at time 1), and ask: What if the initial data are more general? For instan
e,

what happens when more general os
illating initial data are 
onsidered,

(1.5) u

"

jt=0

=

J

X

j=1

f

j

(x)e

i

'

j

(x)

"

?

The aim of this paper is to study (a generalization of) these 
ases. We prove in

parti
ular that the nonlinear term "

n�

ju

"

j

2�

u

"


an always be negle
ted if none of

the phases '

j

is quadrati
 (Theorem 1.2): this means that the framework of [2℄


on
erned a 
riti
al 
ase as far as geometri
 opti
s is 
on
erned. We also study

the 
ase where all the phases '

j

are quadrati
 (Theorem 1.4), and prove that the

solution u

"


an be des
ribed as the superposition of the solutions v

"

j

of problems

(1.3), with

v

"

jjt=0

= f

j

(x)e

i

'

j

(x)

"

:

We now set up the framework we will keep throughout this paper, and state pre
isely

our results. We study the following Cau
hy problem,

(1.6)

8

<

:

i"�

t

u

"

+

1

2

"

2

�u

"

= "

n�

ju

"

j

2�

u

"

; (t; x) 2 R

+

� R

n

;

u

"

jt=0

= u

"

0

;

with the following assumptions.

Assumptions. We suppose that

� (H1) " 2℄0; 1℄.

� (H2) � > 2=n, and � < 2=(n� 2) if n � 3.

� (H3) The initial data u

"

0

belong to H

1

(R

n

), uniformly in the following

sense,

sup

0<"�1

(ku

"

0

k

L

2

+ k"ru

"

0

k

L

2

) <1:

Noti
e that this 
ase in
ludes the 
ase of WKB data (1.5).
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� (H4) There is no fo
using at time 0. As we shall see later, that means

that we suppose that

lim sup

"!0

"

n�

ku

"

0

k

2�+2

L

2�+2

= 0:

We de�ne v

"

as the free evolution of u

"

0

,

(1.7)

8

<

:

i"�

t

v

"

+

1

2

"

2

�v

"

= 0; (t; x) 2 R

+

� R

n

;

v

"

jt=0

= u

"

0

:

We will also need the free evolution \without "",

(1.8)

8

<

:

i�

t

V +

1

2

�V = 0; (t; x) 2 R

+

� R

n

;

V

jt=0

= V

0

:

We will de�ne the asso
iate linear operators U

"

0

(t) := e

i"

t

2

�

and U

0

(t) := e

i

t

2

�

.

Following some ideas introdu
ed in [10℄, our �rst result is the following.

Theorem 1.1. Let T > 0. The following properties are equivalent,

(1) The fun
tion v

"

is an approximation of u

"

on the time interval [0; T ℄,

sup

0�t�T

(ku

"

(t)� v

"

(t)k

L

2
+ k"ru

"

(t)� "rv

"

(t)k

L

2
)�!

"!0

0:

(2) The fun
tion v

"

satis�es

(1.9) lim sup

"!0

sup

0�t�T

"

n�

kv

"

(t)k

2�+2

L

2�+2

= 0:

To 
he
k whether the 
ondition (1.9) is satis�ed or not, one 
an 
ompute the

Wigner measure of the initial data u

"

0

. We shall state the 
orresponding result after

having analyzed more pre
isely 
ondition (1.9) in Theorem 1.2.

For the sake of readability, we introdu
e the following notation.

Notation. i) For a family (a

"

)

0<"�1

of fun
tions in H

1

(R

n

), de�ne

ka

"

k

H

1

"

:= ka

"

k

L

2

+ k"ra

"

k

L

2

;

ka

"

k

L

2�+2

"

:= "

n�

2�+2

ka

"

k

L

2�+2
:

We will say that a

"

is bounded (resp. goes to zero) in H

1

"

if

lim sup

"!0

ka

"

k

H

1

"

<1 (resp. = 0):

The same notions are obviously de�ned in L

2�+2

"

.

ii) If (�

"

)

0<"�1

and (�

"

)

0<"�1

are two families of positive numbers, we will write

(1.10) �

"

. �

"

if there exists C independent of " 2℄0; 1℄ (but possibly depending on other param-

eters) su
h that for any " 2℄0; 1℄,

�

"

� C�

"

:

Remark. Noti
e that (1.9) means exa
tly that v

"

goes to zero in L

2�+2

"

, uniformly

for t 2 [0; T ℄.

Now we examine the 
ase where (1.9) is not satis�ed, that is when the evolution

of u

"

on [0; T ℄ takes some nonlinear e�e
ts into a

ount at leading order. To state

our result, we adapt some te
hniques developed in [11℄, [1℄ and [16℄ for instan
e.

Before stating the result, let us give the following de�nition: if (z

"

j

)

j2N

is a family

of sequen
es in R

d

, d � 1, then we shall say that it is an orthogonal family if

(1.11) 8j 6= k; lim sup

"!0

jz

"

j

� z

"

k

j

"

=1:



4 R. CARLES, C. FERMANIAN, AND I. GALLAGHER

Theorem 1.2. Let T > 0 and assume that (1.9) is not satis�ed. Then up to the

extra
tion of a subsequen
e, there exist an orthogonal family (t

"

j

; x

"

j

)

j2N

in R

+

�R

n

,

a family (	

"

`

)

`2N

, bounded in H

1

"

(R

n

), and a (nonempty) family ('

j

)

j2N

, bounded

in f' 2 L

2

(R

n

) ; jxj' 2 L

2

(R

n

)g, su
h that:

(1.12) u

"

0

(x) = 	

"

`

(x) + r

"

`

(x); with lim sup

"!0

kU

"

0

(t)r

"

`

k

L

1

(R

+

;L

2�+2

"

)

�!

`!1

0;

and for every ` 2 N, the following asymptoti
s holds in L

2

(R

n

), as "! 0,

(1.13) 	

"

`

(x) =

`

X

j=0

1

(t

"

j

)

n

2

'

j

 

x� x

"

j

t

"

j

!

e

�i

(x�x

"

j

)

2

2"t

"

j

+ o(1):

Moreover, we have lim sup

"!0

t

"

j

"

= +1 and lim sup

"!0

t

"

j

2 [0; T ℄ for all j 2 N.

Remark. In the 
ase when x

"

j

and t

"

j

have a limit as " goes to zero (for example if

one has WKB initial data, in whi
h 
ase an immediate identi�
ation gives the value

of those limits) then Theorem 1.4 gives the form of the solution u

"

for all times.

Remark. From Theorem 1.1, (1.12) means that the obstru
tion for the initial data

to be linearizable 
omes from 	

"

`

. Equation (1.13) asserts that this obstru
tion is

due to quadrati
 os
illations. Noti
e that a priori, the pro�les '

j

do not belong

to H

1

(R

n

). This information would require re�ned geometri
 assumptions on the

initial data u

"

0

, an issue whi
h we will not pursue here.

Remark. From a geometri
al opti
s point of view, quadrati
 os
illations 
ause fo-


using at a point, whi
h is the most degenerate 
austi
. In parti
ular, if the initial

data os
illates di�erently, a 
austi
 may be formed, but the nonlinear term will

remain negligible. This means that when the 
austi
 is not a point, the s
aling of

the nonlinearity is sub-
riti
al. This is very mu
h in the spirit of the results of [15℄,

where this type of phenomenon is en
ountered, in a di�erent setting.

Theorem 1.2 enables us to give a suÆ
ient 
ondition for 
ondition (1.9) to be

satis�ed. Re
all the de�nition of a Wigner measure. The Wigner measure of a

family (f

"

)

0<"�1

bounded in L

2

(R

n

) is the weak limit (up to extra
tion) of its

Wigner transform,

W

"

(f

"

)(x; �) =

Z

R

n

f

"

�

x�

v"

2

�

f

"

�

x+

v"

2

�

e

i��v

dv

(2�)

n

�

This limit is a positive Radon measure, whose study has proved to be eÆ
ient in

semi
lassi
al analysis, and in homogenization issues (see e.g. [19℄, [12℄).

If � and � are two positive measures on the same measured spa
e, the notation

�?� means that � and � are mutually singular, i.e. there exist measurable sets A

and B su
h that A \ B = ; and, for every measurable set E, �(E) = �(E \ A),

�(E) = �(E \B).

Corollary 1.3. Let T > 0. Assume that for every Wigner measure �

0

asso
iated

with u

"

0

, for every y 2 R

n

, for every a 2 [0; T ℄, we have

�

0

(x; �) ? Æ(x� y � a�)
 d�:

Then (1.9) holds, and in parti
ular, v

"

is an approximation of u

"

on the time interval

[0; T ℄.

We �nally fo
us on the 
ase where the initial data u

"

0

have quadrati
 os
illations.

We assume that

(1.14) u

"

0

(x) =

J

X

j=1

f

j

(x)e

�i

jx�x

j

j

2

2"t

j

+ r

"

0

(x);
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where

(1.15) f

j

2 � :=

�

� 2 H

1

(R

n

); jxj� 2 L

2

(R

n

)

	

;

x

j

2 R

n

, t

j

> 0, with (t

j

; x

j

) 6= (t

k

; x

k

) if j 6= k. We also assume that r

"

0

is bounded

in H

1

"

and that its free evolution r

"

, de�ned by

(1.16)

8

<

:

i"�

t

r

"

+

1

2

"

2

�r

"

= 0; (t; x) 2 R

+

� R

n

;

r

"

jt=0

= r

"

0

;

satis�es (1.9) for some T > 0. For 1 � j � J , we de�ne v

"

j

as the solution of the

initial value problem

(1.17)

8

>

<

>

:

i"�

t

v

"

j

+

1

2

"

2

�v

"

j

= "

n�

jv

"

j

j

2�

v

"

j

; (t; x) 2 R

+

� R

n

;

v

"

jjt=0

= f

j

(x)e

�i

jx�x

j

j

2

2"t

j

:

De�ne Z by

(1.18) Z = F Æ S Æ F

�1

;

where S is the nonlinear s
attering operator asso
iated to (1.4) (see e.g. [5℄) and

(1.19) Ff(�) =

b

f(�) =

1

(2i�)

n=2

Z

R

n

e

�ix:�

f(x)dx:

From [2℄, we know that for 1 � j � J , the following asymptoti
s holds in H

1

"

as "

goes to zero,

(1.20) v

"

j

(t; x) =

8

>

>

>

<

>

>

>

:

1

(1� t=t

j

)

n=2

f

j

�

x� x

j

1� t=t

j

�

e

i

jx�x

j

j

2

2"(t�t

j

)

+ o(1); if t < t

j

;

1

(t=t

j

� 1)

n=2

Zf

j

�

x� x

j

1� t=t

j

�

e

i

jx�x

j

j

2

2"(t�t

j

)

+ o(1); if t > t

j

:

Our �nal result is the following.

Theorem 1.4. Assume that u

"

0

is given by (1.14). Then for any T > 0 su
h that

lim sup

"!0

sup

0�t�T

"

n�

kr

"

(t)k

2�+2

L

2�+2

= 0;

the following asymptoti
s holds in L

1

(0; T ;L

2

) as " goes to zero,

u

"

=

J

X

j=1

v

"

j

+ r

"

+ o(1):

Remark. As we shall see in the proof of Theorem 1.4, one 
an prove a result in the

spa
e L

1

(0; T ;H

1

"

) if one is prepared to suppose that "rr

"

is linearizable. This is

the 
ase in parti
ular if r

"

0

� 0.

Remark. Compare for instan
e with the results of Oberguggenberger [24℄, and

Rau
h and Reed [26℄. They exhibited some 
ases where the solution of a non-

linear hyperboli
 equation 
ould be approximated as the sum of a solution to a

nonlinear equation and of the free evolution of a linearizable data. As in our 
ase,

this was possible thanks to strong geometri
 assumptions. In nonlinear geometri


opti
s, this phenomenon also o

urs: in di�ra
tive regime, an approximate solution

is given by S
hr�odinger like equations. Lannes [18℄ proved a splitting phenomenon

in the propagation of di�erent modes, also explained by a re�ned geometri
 analysis.

This leads to a similar nonlinear superposition, whose statement and geometri
al

interpretation are similar to that of [1℄, [16℄ or [9℄.
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The rest of the paper is organized as follows. In Se
tion 2, we introdu
e the

tools we will use throughout the paper, and in Se
tion 3, we prove Theorem 1.1. In

Se
tion 4, we prove Theorem 1.2, and in Se
tion 5, we prove Theorem 1.4. Finally in

the Appendix, we 
onsider the analog to Equation (1.6) with a harmoni
 potential,

and we transpose the above results to that 
ase.

A
knowledgments. The authors are indebted to Patri
k G�erard for fruitful dis
us-

sions on this work.

2. General results on NLS and appli
ations

Before going into the proof of the theorems, let us re
all some general tools and

results on nonlinear S
hr�odinger equations, and their 
onsequen
es for our study.

First, re
all the 
lassi
al de�nition (see e.g. [5℄),

De�nition 2.1. A pair (q; r) is admissible if 2 � r <

2n

n�2

(resp. 2 � r � 1 if

n = 1, 2 � r <1 if n = 2) and

2

q

= Æ(r) := n

�

1

2

�

1

r

�

:

Consider the initial value problem

(2.1)

8

<

:

i�

t

 

"

+

1

2

� 

"

= j 

"

j

2�

 

"

; (t; x) 2 R � R

n

;

 

"

jt=0

=  

"

0

(x):

Sin
e � > 2=n, and � < 2=(n � 2) if n � 3, we know that if  

"

0

2 H

1

(R

n

), then

(2.1) has a unique global solution  

"

, whi
h satis�es

 

"

2 C(R; H

1

(R

n

)) \ L

q

(R;W

1;r

(R

n

)); 8(q; r) admissible:

If n � 3, this result was proved by Ginibre and Velo ([13℄, [14℄, see also [5℄), and

for n = 1 or 2, it was proved by Nakanishi ([22℄, see also [23℄).

Moreover, if  

"

0

belong to a bounded domain of H

1

(R

n

), then  

"

belongs to

a bounded domain of L

q

(R;W

1;r

(R

n

)) for any admissible pair (q; r). Using the

s
aling

u

"

(t; x) =

1

"

n=2

 

"

�

t

"

,

x

"

�

we get the following lemma.

Lemma 2.2. The fun
tions u

"

and v

"

satisfy the following properties.

(1) u

"

; v

"

2 C(R;H

1

(R

n

)).

(2) For any admissible pair (q; r), there exists C

r

su
h that

(2.2) ku

"

k

L

q

(R;L

r

)

+ kv

"

k

L

q

(R;L

r

)

+ k"ru

"

k

L

q

(R;L

r

)

+ k"rv

"

k

L

q

(R;L

r

)

� C

r

"

�1=q

:

(3) Re
all that U

"

0

(t) := e

i"

t

2

�

. For any admissible pair (q; r), there exists C

q

independent of " su
h that

"

1

q

kU

"

0

(t)'k

L

q

(R;L

r

)

� C

q

k'k

L

2
:

(4) For any admissible pairs (q

1

; r

1

) and (q

2

; r

2

) and any interval I , there exists

C

r

1

;r

2

independent of " and I su
h that

(2.3) "

1

q

1

+

1

q

2
















Z

I\fs�tg

U

"

0

(t� s)F (s)ds
















L

q

1

(I;L

r

1

)

� C

r

1

;r

2

kFk

L

q

0

2

(I;L

r

0

2

)

:

Notation. For a

"

= a

"

(t; x) and t > 0, we write ka

"

k

L

q

t

(L

r

)

:= ka

"

k

L

q

(0;t;L

r

(R

n

))

:
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Remark. In the spe
ial 
ase where u

"

0

does not depend on ", say u

"

0

= f 2 S(R

n

)

a fun
tion of the S
hwartz spa
e, it is easy to see, through stationary phase argu-

ments, that

kv

"

(t; :)� fk

L

2

\L

1
�!

"!0

0; 8t � 0:

In that 
ase, the above estimate (2.2) is therefore far from being sharp, in terms

of powers of ". On the other hand, if we 
hoose the same initial data as in [2℄,

u

"

0

(x) = f(x)e

�ix

2

=(2")

, then the 
omputations of [2℄ show that for t > 1, kv

"

k

L

q

t

(L

r

)

and ku

"

k

L

q

t

(L

r

)

are exa
tly of order "

�1=q

, when (q; r) is admissible. This shows

that Stri
hartz estimates are sharp in terms of powers of ", and suggests that the

best possible estimates are those of this 
ase, whi
h is that of the worst geometry

from the viewpoint of geometri
 opti
s (all the rays meet at one point). Bearing

this 
redo in mind 
an be helpful for the intuition in the proof of Theorem 1.1.

The well-known 
onservations of mass and energy for (2.1) yield,

Lemma 2.3. The following quantities are independent of time.

� Mass: ku

"

(t)k

L

2

= kv

"

(t)k

L

2

= ku

"

0

k

L

2

.

� Linear energy:

E

"

0

(t) :=

1

2

k"r

x

v

"

(t)k

2

L

2

= E

"

0

(0):

� Nonlinear energy:

E

"

(t) :=

1

2

k"r

x

u

"

(t)k

2

L

2

+

"

n�

� + 1

ku

"

(t)k

2�+2

L

2�+2

= E

"

(0):

In parti
ular, sin
e u

"

0

is bounded in H

1

"

, u

"

and v

"

are bounded in H

1

"

, uniformly

in time.

We 
on
lude this se
tion by stating the Gagliardo-Nirenberg inequalities we will

use.

Lemma 2.4. Let r � 2, and if n � 3, assume that r < 2n=(n � 2). Then there

exists C

r

su
h that for any f 2 H

1

(R

n

),

kfk

L

r

� C

r

kfk

1�Æ(r)

L

2

krfk

Æ(r)

L

2

:

In parti
ular, for any " 2℄0; 1℄,

kfk

L

r

� C

r

"

�Æ(r)

kfk

1�Æ(r)

L

2

k"rfk

Æ(r)

L

2

;

and every solution bounded in H

1

"

is bounded in L

2�+2

"

.

3. The linearizability 
ondition

We 
an now prove Theorem 1.1. We �rst prove that (1) implies (2). Let

R := lim sup

"!0

sup

0�t�T

�

�

�

�

1

2

k"r

x

u

"

(t)k

2

L

2

+

"

n�

� + 1

ku

"

(t)k

2�+2

L

2�+2

�

1

2

k"r

x

v

"

(t)k

2

L

2

�

"

n�

� + 1

kv

"

(t)k

2�+2

L

2�+2

�

�

�

�

:

On the one hand, assumption (1) implies that

R � lim sup

"!0

sup

0�t�T

"

n�

� + 1

Z

�

�

ju

"

(t; x)j

2�+2

� jv

"

(t; x)j

2�+2

�

�

dx

. lim sup

"!0

sup

0�t�T

"

n�

Z

�

ju

"

(t; x)j

2�+1

+ jv

"

(t; x)j

2�+1

�

ju

"

(t; x) � v

"

(t; x)jdx:
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H�older's inequality yields

R . lim sup

"!0

sup

0�t�T

"

n�

ku

"

(t)� v

"

(t)k

L

2�+2

�

ku

"

(t)k

L

2�+2
+ kv

"

(t)k

L

2�+2

�

2�+1

:

From Lemma 2.3 and Lemma 2.4, this implies

R . lim sup

"!0

sup

0�t�T

"

n�

ku

"

(t)� v

"

(t)k

L

2�+2
"

�n�

2�+1

2�+2

. lim sup

"!0

sup

0�t�T

"

Æ(2�+2)

ku

"

(t)� v

"

(t)k

L

2�+2

. lim sup

"!0

sup

0�t�T

ku

"

(t)� v

"

(t)k

1�Æ(2�+2)

L

2

k"ru

"

(t)� "rv

"

(t)k

Æ(2�+2)

L

2

:

We 
on
lude from (1) that R = 0. On the other hand, the 
onservation of energy

stated in Lemma 2.3 yield

R = lim sup

"!0

sup

0�t�T

"

n�

� + 1

�

�

ku

"

0

k

2�+2

L

2�+2

� kv

"

(t)k

2�+2

L

2�+2

�

�

;

and sin
e u

"

0

is supposed to go to zero in L

2�+2

"

, this proves that (1) implies (2).

To prove that (2) implies (1), introdu
e the (expe
ted) remainder w

"

:= u

"

�v

"

.

It solves,

(3.1)

8

<

:

i"�

t

w

"

+

1

2

"

2

�w

"

= "

n�

ju

"

j

2�

u

"

; (t; x) 2 R

+

� R

n

;

w

"

jt=0

= 0:

In a �rst step, we prove that

sup

0�t�T

kw

"

(t)k

L

2

�!

"!0

0:

Writing ju

"

j

2�

u

"

= ju

"

j

2�

w

"

+ju

"

j

2�

v

"

suggests the use of a Gronwall type argument,

with ju

"

j

2�

v

"

as a sour
e term. Sin
e in general (that is, when n � 2) we 
annot

expe
t L

1

-estimates of ju

"

j

2�

, the linear term ju

"

j

2�

w

"

must be handled with 
are.

The following algebrai
 lemma, whose proof is left out, will help us.

Lemma 3.1. Under the assumption 2=n < � < 2=(n� 2), one 
an �nd q; r; s and

k su
h that

8

>

>

<

>

>

:

1

r

0

=

1

r

+

2�

s

;

1

q

0

=

1

q

+

2�

k

;

and satisfying the additional 
onditions:

� The pair (q; r) is admissible,

� 0 <

2

k

< Æ(s) < 1.

Apply the Stri
hartz inequality (2.3) with (q

1

; r

1

) = (q; r), and (q

2

; r

2

) = (q; r)

for the \linear" term, (q

2

; r

2

) = (1; 2) for the sour
e term. This yields,

kw

"

k

L

q

t

(L

r

)

. "

n��1�2=q







ju

"

j

2�

w

"







L

q

0

t

(L

r

0

)

+ "

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

H�older's inequality, along with Lemma 3.1, implies

(3.2) kw

"

k

L

q

t

(L

r

)

. "

n��1�2=q

ku

"

k

2�

L

k

t

(L

s

)

kw

"

k

L

q

t

(L

r

)

+ "

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

Our goal is to prove that up to in
reasing the 
onstants (whi
h we have not written

so far), the left{hand side of (3.2) 
an be estimated by the se
ond term of the

right{hand side only.
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Lemma 3.2. De�ne �

1

by

�

1

=

Æ(s)� 2=k

Æ(2� + 2)

:

Then �

1

2℄0; 1[, and the pair (q; r) de�ned as follows is admissible,

8

>

>

<

>

>

:

1

s

=

1� �

1

r

+

�

1

2� + 2

,

1

k

=

1� �

1

q

+

�

1

1

�

H�older's inequality then yields, along with Lemma 2.2,

ku

"

k

2�

L

k

t

(L

s

)

� ku

"

k

2�(1��

1

)

L

q

t

(L

r

)

ku

"

k

2��

1

L

1

t

(L

2�+2

)

. "

�2�(1��

1

)=q

ku

"

k

2��

1

L

1

t

(L

2�+2

)

:

At this stage, we 
ould estimate the last term thanks to Lemma 2.3; however, we


ould not absorb the �rst term of the right{hand side of (3.2) by the left{hand

side, for the 
onstant in fa
tor of kw

"

k

L

q

t

(L

r

)

need not be smaller than 1. We rather

write

ku

"

k

L

1

t

(L

2�+2

)

� kv

"

k

L

1

t

(L

2�+2

)

+ kw

"

k

L

1

t

(L

2�+2

)

:

From (1.9),

kv

"

k

L

1

t

(L

2�+2

)

= "

�

n�

2�+2

o(1);

where o(1) goes to zero as " goes to zero, uniformly for t 2 [0; T ℄. From Lemma 2.4,

kw

"

k

L

1

t

(L

2�+2

)

. "

�

n�

2�+2

kw

"

k

1�Æ(2�+2)

L

1

t

(L

2

)

k"rw

"

k

Æ(2�+2)

L

1

t

(L

2

)

:

Gathering all these estimates, and using Lemma 2.2 to estimate "rw

"

, estimate (3.2)


an be written as follows: there exist C

�

; C independent of t 2 [0; T ℄ and " 2℄0; 1℄

su
h that, for any t 2 [0; T ℄,

kw

"

k

L

q

t

(L

r

)

� C

�

�

o(1) + kw

"

k




L

1

t

(L

2

)

�

kw

"

k

L

q

t

(L

r

)

+ C"

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

;

(3.3)

where we denoted 
 = 2��

1

(1�Æ(2�+2)). Noti
e that 
 > 0; with our 
onstru
tion,

it would not ne
essarily be so if we had � = 2=n. Now, re
all that we want to

prove that kw

"

k

L

1

T

(L

2

)

= o(1). Thus for " suÆ
iently small, the term in fa
tor of

kw

"

k

L

q

t

(L

r

)

in the right{hand side of (3.3) should be less than, say, 1=2, and the

left{hand side 
ould be estimated by the se
ond term of the right{hand side. Let

us make this argument rigorous. We know that at time t = 0, w

"

= 0. From

Lemma 2.2, w

"

is a 
ontinuous fun
tion of time with values in L

2

, thus there exists

t

"

> 0 su
h that

kw

"

k




L

1

t

"

(L

2

)

<

1

4C

�

�

So long as

(3.4) kw

"

k




L

1

t

(L

2

)

<

1

4C

�

holds, (3.3) thus yields

kw

"

k

L

q

t

(L

r

)

�

�

C

�

o(1) +

1

4

�

kw

"

k

L

q

t

(L

r

)

+ C"

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

Taking " suÆ
iently small, we have,

kw

"

k

L

q

t

(L

r

)

�

1

2

kw

"

k

L

q

t

(L

r

)

+ C"

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

;
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and we 
on
lude that so long as (3.4) holds,

(3.5) kw

"

k

L

q

t

(L

r

)

. "

n��1�1=q







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

Applying Stri
hartz inequality (2.3) again, with now (q

1

; r

1

) = (1; 2), yields, along

with Lemma 3.1,

(3.6) kw

"

k

L

1

t

(L

2

)

. "

n��1�1=q

ku

"

k

2�

L

k

t

(L

s

)

kw

"

k

L

q

t

(L

r

)

+ "

n��1







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

Now from Lemma 3.2, Lemma 2.2 and Lemma 2.3,

"

n��1�1=q

ku

"

k

2�

L

k

t

(L

s

)

. "

1=q

:

Noti
e that at this stage, we do not de
ompose u

"

as v

"

+w

"

. Using (3.5), we have:

so long as (3.4) holds,

(3.7) kw

"

k

L

1

t

(L

2

)

. "

n��1







ju

"

j

2�

v

"







L

1

t

(L

2

)

:

From H�older's inequality,







ju

"

j

2�

v

"







L

1

t

(L

2

)

� ku

"

k

2�

L

2�+1

t

(L

4�+2

)

kv

"

k

L

2�+1

t

(L

4�+2

)

:

We use the analogue of Lemma 3.2.

Lemma 3.3. De�ne �

2

by

�

2

=

(2� + 2)(n� � 2)

n�(2� + 1)

:

Then �

2

2℄0; 1[, and the pair (q

1

; r

1

) de�ned as follows is admissible,

8

>

>

<

>

>

:

1

4� + 2

=

�

2

2� + 2

+

1� �

2

r

1

;

1

2� + 1

=

�

2

1

+

1� �

2

q

1

:

From H�older's inequality, we now have

kv

"

k

L

2�+1

t

(L

4�+2

)

� kv

"

k

�

2

L

1

t

(L

2�+2

)

kv

"

k

1��

2

L

q

1

t

(L

r

1

)

:

Using (1.9) and Lemma 2.2, it follows that, sin
e �

2

> 0,

kv

"

k

L

2�+1

t

(L

4�+2

)

� o(1)"

�

n��

2

2�+2

"

�(1��

2

)=q

1

:

For u

"

, we 
an repla
e o(1) by a O(1), from Lemma 2.3. Therefore, so long as (3.4)

holds,

kw

"

k

L

1

t

(L

2

)

. "

n��1

o(1)"

�(2�+1)

(

n��

2

2�+2

+(1��

2

)=q

1

)

= o(1):

Indeed, the powers of " 
an
el exa
tly, from Lemma 3.3. Taking 0 < " � 1, (3.4)

thus holds up to time t = T , and the �rst part of (1) is proved:

sup

0�t�T

kw

"

(t)k

L

2

�!

"!0

0:

To 
omplete the proof of Theorem 1.1, we must show that the same holds for

"rw

"

. We have all the tools we need to do so, and we will see that it is a 
onsequen
e

of the above asymptoti
s. Di�erentiating (3.1), we see that "rw

"

solves the initial

value problem,

(3.8)

8

<

:

i"�

t

("rw

"

) +

1

2

"

2

�("rw

"

) = "

n�

"r

�

ju

"

j

2�

u

"

�

; (t; x) 2 R

+

� R

n

;

"rw

"

jt=0

= 0:

We 
an pro
eed with the same 
omputations as before: noti
e that

�

�

"r

�

ju

"

j

2�

u

"

�

�

�

. ju

"

j

2�

j"rw

"

j+ ju

"

j

2�

j"rv

"

j:
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The �rst term of the right{hand side plays the same role as ju

"

j

2�

w

"

in the previous

step. We 
an 
laim at this stage that the se
ond term is small: the reason is that

from the �rst step, we know that u

"

goes to zero in L

2�+2

"

. Let us give some more


onvin
ing details.

Repeating the 
omputations of the �rst step, but with a di�erent admissible pair

for the sour
e term, (q; r) instead of (1; 2), yields the analogue of (3.3),

k"rw

"

k

L

q

T

(L

r

)

� C

0

�

�

o(1) + kw

"

k




L

1

T

(L

2

)

�

k"rw

"

k

L

q

T

(L

r

)

+ C

0

"

n��1�2=q







ju

"

j

2�

"rv

"







L

q

0

T

(L

r

0

)

;

(3.9)

where we kept the notation 
 = 2��

1

(1� Æ(2� + 2)), and possibly other 
onstants

C

0

�

and C

0

. From the �rst step, if " is suÆ
iently small, then the fa
tor C

0

�

(o(1) +

kw

"

k




L

1

T

(L

2

)

) is smaller than 1=2, and (3.9) yields

k"rw

"

k

L

q

T

(L

r

)

. "

n��1�2=q







ju

"

j

2�

"rv

"







L

q

0

T

(L

r

0

)

:

Plugging this estimate like in the �rst step, we have

k"rw

"

k

L

1

T

(L

2

)

. "

n��1�1=q







ju

"

j

2�

"rv

"







L

q

0

T

(L

r

0

)

:

From Lemma 3.1 and H�older's inequality,







ju

"

j

2�

"rv

"







L

q

0

T

(L

r

0

)

� ku

"

k

2�

L

k

T

(L

s

)

k"rv

"

k

L

q

T

(L

r

)

Using Lemma 3.2 and Lemma 2.2, it follows







ju

"

j

2�

"rv

"







L

q

0

T

(L

r

0

)

. ku

"

k

2�(1��

1

)

L

q

T

(L

r

)

ku

"

k

2��

1

L

1

T

(L

2�+2

)

"

�1=q

. "

�2�(1��

1

)=q

ku

"

k

2��

1

L

1

T

(L

2�+2

)

"

�1=q

:

But from (1.9) and the �rst step,

ku

"

k

L

1

T

(L

2�+2

)

� kv

"

k

L

1

T

(L

2�+2

)

+ kw

"

k

L

1

T

(L

2�+2

)

. "

�

n�

2�+2

o(1) + "

�Æ(2�+2)

kw

"

k

1�Æ(2�+2)

L

1

T

(L

2

)

k"rw

"

k

Æ(2�+2)

L

1

T

(L

2

)

. "

�

n�

2�+2

o(1):

We 
on
lude that k"rw

"

k

L

1

T

(L

2

)

= o(1), whi
h 
ompletes the proof of Theorem 1.1.

Remark. Noti
e that in the proof of (1) ) (2), we did not use the assumption

� > 2=n, but only the 
onservations of mass and energy.

Remark. The proof of (2)) (1) 
ould have been a
hieved without knowing a priori

the Stri
hartz estimates for u

"

, stated in Lemma 2.2, (2.2). Indeed, we exploited

these estimates for only a �nite number of q: sin
e the knowledge of su
h estimates

for v

"

is straightforward, these estimates 
ould have been obtained by a \so long"

argument, as we used on the L

1

(L

2

) norm of the remainder. Nevertheless, our

proof relied at several steps on the assumption � > 2=n, so knowing whether our

result holds for instan
e when � = 2=n seems to be a 
hallenging question.

4. When is the linearizability 
ondition violated?

The goal of this se
tion is to prove Theorem 1.2. We shall a
tually be proving

a slightly more pre
ise result than that stated in Theorem 1.2: it is in fa
t not

ne
essary to assume that there is no fo
using at time 0.

Theorem 4.1. Let T > 0, suppose that (H1); (H2) and (H3) are satis�ed, but

assume that (1.9) is not satis�ed. Then up to the extra
tion of a subsequen
e, there

exist two orthogonal families (x

"

j

; t

"

j

)

j2N

and (ex

"

j

)

j2N

in R

n

�R

+

and R

n

respe
tively,
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a family (	

"

`

)

`2N

bounded in H

1

"

(R

n

), a family (�

j

)

j2N

, bounded in H

1

(R

n

), and

a family ('

j

)

j2N

, bounded in F(H

1

)(R

n

), su
h that:

u

"

0

(x) =	

"

`

(x) +

`

X

j=0

1

"

n

2

�

j

�

x� ex

"

j

"

�

+ r

"

`

(x);

with lim sup

"!0

kU

"

0

(t)r

"

`

k

L

1

(R

+

;L

2�+2

"

)

�!

`!1

0;

(4.1)

and for every ` 2 N, the following asymptoti
s holds in L

2

(R

n

), as "! 0,

(4.2) 	

"

`

(x) =

`

X

j=0

1

(t

"

j

)

n

2

'

j

 

x� x

"

j

t

"

j

!

e

�i

(x�x

"

j

)

2

2"t

"

j

+ o(1):

We have also lim sup

"!0

t

"

j

"

= +1.

In the 
ase when (H4) is satis�ed, then for every j, lim sup

"!0

t

"

j

2 [0; T ℄; more-

over �

j

is equal to zero for all j 2 N, and the family ('

j

)

j2N

is nonempty.

To prove Theorem 4.1, we shall mainly be using results of Keraani [16℄, and

in parti
ular the pro�le de
omposition of a sequen
e of solutions to the linear

S
hr�odinger equation, bounded in energy. That result is only proved in dimension 3,

but it 
learly holds in all dimensions. In order to avoid unne
essary 
ompli
ations,

and to use dire
tly the theorem of [16℄, we shall suppose in the proof of Theorem 4.1

that n = 3; on
e again that is purely for the sake of simpli
ity.

Let us start by res
aling our solution v

"

in order to apply dire
tly Theorem 1.6

of [16℄. We de�ne the res
aled fun
tion

V

"

(s; y) := "

3

2

v

"

("s; "y);

whi
h satis�es the linear equation (1.8) with data

V

"

0

(y) := "

3

2

u

"

0

("y):

By (H3), the family V

"

0

is obviously bounded in H

1

, so one 
an apply Theorem 1.6

of [16℄: we shall prove the following proposition.

Proposition 4.2. Under the assumptions of Theorem 4.1, and up to the extra
-

tion of a subsequen
e, there exist two families (s

"

j

)

j2N

and (y

"

j

)

j2N

in R and R

3

respe
tively, su
h that

(4.3) 8j 6= k; lim sup

"!0

js

"

j

� s

"

k

j+ jy

"

j

� y

"

k

j = +1;

and there exists a (non empty) bounded family (V

j

)

j2N

of solutions to (1.8) in H

1

,

su
h that

V

"

(s; y) =

`

X

j=0

V

j

(s� s

"

j

; y � y

"

j

) +W

"

`

(s; y)

with

(4.4) lim sup

"!0

kW

"

`

k

L

1

(R;L

2�+2

)

= 0 when `!1:

Let us prove that result. Applying dire
tly Theorem 1.6 of [16℄, we have the

following de
omposition for V

"

, up to an extra
tion:

(4.5) V

"

(s; y) =

`

X

j=0

1

p

�

"

j

V

j

 

s� s

"

j

(�

"

j

)

2

,

y � y

"

j

�

"

j

!

+W

"

`

(s; y)
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where �

"

j

2 R

+

nf0g are the s
ales of 
on
entration, satisfying the following orthog-

onality 
ondition:

8j 6= k; either lim sup

"!0

�

"

j

�

"

k

+

�

"

k

�

"

j

= +1;

or �

"

j

= �

"

k

and lim sup

"!0

js

"

j

� s

"

k

j+ jy

"

j

� y

"

k

j

�

"

j

= +1:

The remainder W

"

`

satis�es

(4.6) lim sup

"!0

kW

"

`

k

L

q

(R;L

r

)

= 0 when `!1;

and

2

q

+

3

r

=

1

2

,

with r < +1. Su
h (q; r) are said to be

_

H

1

-admissible (as opposed

to the L

2

-admissible pairs of De�nition 2.1, see [16℄).

Finally the V

j

's and W

"

`

are solutions of (1.8) in L

1

(R;

_

H

1

).

So we need to prove the following fa
ts.

� (1) Up to an extra
tion, �

"

j

is equal to one for all j.

� (2) The V

j

's and W

"

`

are bounded in L

1

(R; H

1

).

� (3) The limit (4.4) holds.

� (4) The family (V

j

)

j2N

is not empty.

Note that the �rst result implies (2) and (3). Indeed suppose that �

"

j

is equal to

one for all j. Then by the orthogonality properties (4.3), one has

V

"

(s+ s

"

j

; y + y

"

j

)* V

j

(s; y) in D

0

(R � R

3

):

But we know by Lemma 2.3 that V

"

is bounded in L

1

(R; L

2

), so it follows that

for all j 2 N, the pro�les V

j

are bounded in L

1

(R; L

2

); that implies also that

(4.7) (W

"

`

)

0<"�1

is bounded in L

1

(R; L

2

); uniformly in ` 2 N:

Sin
e L

2

\

_

H

1

= H

1

, point (2) follows. Then to �nd the limit (4.4) (point (3)), we

simply use (4.6) with q = +1 and (4.7): the result follows by H�older's inequality

(using assumption (H2)).

Point (4) is due to the following observation: we have

kV

"

k

L

1

([0;T ℄;L

2�+2

)

�

`

X

j=1

kV

j

k

L

1

([0;T ℄;L

2�+2

)

+ kW

"

`

k

L

1

([0;T ℄;L

2�+2

)

;

so sin
e (1.9) is not satis�ed, (4.4) implies that all of the V

j

's 
annot be zero.

So to end the proof of Proposition 4.2, all we need to prove is that �

"

j

is equal

to one for all j. In fa
t we shall prove that, up to an extra
tion,

(4.8) 8j 2 N; �

"

j

= �

j

2 R

+

n f0g;

and the expe
ted result will follow simply by res
aling V

j

by �

j

. To prove (4.8),

we are going to use the notion of "

n

{os
illating sequen
es. For more details on the

subje
t, we refer to [1℄, [12℄.

De�nition 4.3. Let ("

n

)

n2N

be a given sequen
e in R

+

n f0g, and let (V

n

) be a

bounded sequen
e in

_

H

1

. Then the sequen
e (V

n

) is "

n

{os
illating if the following

property holds:

lim sup

n!1

Z

"

n

j�j�R

�1

j�j

2

jF(V

n

)(�)j

2

d� +

Z

"

n

j�j�R

j�j

2

jF(V

n

)(�)j

2

d� �!

R!+1

0:

Remark. For a time{dependent sequen
e (V

n

), uniformly bounded in L

1

(R

+

;

_

H

1

),

the de�nition holds taking the limit uniformly in time.
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It is easy to see (see [11℄ or [16℄) that V

"

is �

"

j

{os
illating for every sequen
e �

"

j

appearing in the de
omposition (4.5). So the proof of (4.8) is a 
onsequen
e of the

following lemma.

Lemma 4.4. Suppose the sequen
e (V

"

) is �

"

{os
illating for some sequen
e �

"

.

Then up to a subsequen
e, we 
an write �

"

= � for some � 2 R

+

n f0g.

Proof of Lemma 4.4. Suppose that (V

"

) is �

"

{os
illating. Then we 
an write, uni-

formly in time,

krV

"

(s)k

2

L

2

.

Z

R

�1

��

"

j�j�R

j�j

2

jF(V

"

)j

2

d� + Æ(";R)

.

�

R

�

"

�

2

kV

"

(s)k

2

L

2

+ Æ(";R);

where lim sup

"!0

Æ(";R)! 0 as R!1. The 
onservation of the energy yields

krV

"

(s)k

2

L

2

= krV

"

(0)k

2

L

2

= k"ru

"

0

k

2

L

2

:

Up to a subsequen
e, we 
an suppose that this quantity is bounded from below

by some 
 > 0 independent of " 2℄0; 1℄ (otherwise, Condition (1.9) 
ould not be

violated, from Lemma 2.4). Fixing R su
h that

lim sup

"!0

Æ(";R) �




2

,

yields, up to an extra
tion,

lim sup

"!0

�

"

= � 2 R

+

:

Now suppose that � = 0. One 
an write, for all time,

V

"

= V

"

R

+W

"

R

; with FV

"

R

(t; �) := 1

R

�1

��

"

j�j�R

FV

"

(t; �) ;

and for all Æ > 0, if R is large enough uniformly in " and �

"

, we have

kW

"

R

k

L

1

(R;H

1

)

� Æ:

The Gagliardo{Nirenberg inequality (see Lemma 2.4) implies that kW

"

R

k

L

1

(R;L

2�+2

)


an be 
hosen arbitrarily small if R is large enough, uniformly in " and �

"

. It follows

that one 
an write

kV

"

k

2�+2

L

1

([0;T ℄;L

2�+2

)

. kV

"

R

k

2�+2

L

1

([0;T ℄;L

2�+2

)

+ o(1)(4.9)

. kV

"

R

k

(2�+2)(1�Æ(2�+2))

L

1

([0;T ℄;L

2

)

+ o(1)

where the se
ond inequality is due again to Gagliardo{Nirenberg inequality and the

boundedness of V

"

in H

1

.

Moreover, frequen
y lo
alization on
e again implies that for all s 2 [0; T ℄,

kV

"

R

(s)k

2

L

2

. (�

"

)

2

Z

1

R

��

"

��R

j � j

2

j FV

"

R

(s; �) j

2

d�:

So the result follows, sin
e by assumption the left{hand side in (4.9) does not go

to zero and (2� + 2) (1� Æ(2� + 2)) = 2� � > 0. Lemma 4.4 is proved (and with

it, Proposition 4.2). �

Now let us �nish the proof of Theorem 4.1. Using the de
omposition given by

Proposition 4.2 for s = 0, we get

V

"

(0; y) =

`

X

j=0

V

j

(�s

"

j

; y � y

"

j

) +W

"

`

(0; y);
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and going ba
k to the de�nition of v

"

, it follows that one 
an write

(4.10) u

"

0

(x) =

`

X

j=0

1

"

3

2

V

j

�

�

t

"

j

"

,

x� x

"

j

"

�

+ w

"

`

(x):

We have de�ned

(4.11) t

"

j

:= "s

"

j

; x

"

j

:= "y

"

j

and w

"

`

:=

1

"

3

2

W

"

`

�

0;

�

"

�

�

Of 
ourse U

"

0

(t)w

"

`

=

1

"

3

2

W

"

`

�

t

"

;

�

"

�

, so (4.4) 
an also be written

(4.12) lim sup

"!0

kU

"

0

(t)w

"

`

k

L

1

(R;L

2�+2

"

)

�!

`!1

0:

Remark. If one 
onsiders a family of initial data r

"

0

going to zero in L

2

and uniformly

bounded in H

1

"

, then 
learly that 
onvergen
e to zero holds uniformly in time

for U

"

0

(t)r

"

0

(due to Lemma 2.3), and Lemma 2.4 implies that kU

"

0

(t)r

"

0

k

L

1

(R;L

2�+2

"

)

goes to zero.

De�ne the fun
tion

I

"

j

(t; x) :=

1

"

3

2

V

j

�

t� t

"

j

"

,

x� x

"

j

"

�

:

We seek the asymptoti
 behavior of I

"

j

(0; x) as " goes to zero. For every j, V

j

solves

(1.8), we re
all some 
lassi
al results we will need on that equation (see e.g. [25℄,

[5℄).

Lemma 4.5. Consider the initial value problem (1.8).

� If V

0

2 L

2

(R

n

), then (1.8) has a unique, global solution V 2 C(R; L

2

). Moreover,

its asymptoti
 behavior as t! �1 is given by
















V (t; x) �

e

i

x

2

2t

t

n=2

b

V

0

�

x

t

�
















L

2

�!

t!�1

0 ;

where the Fourier transform is de�ned by (1.19), and we use the notation

1

t

n=2

=

i

n

jtj

n=2

if t < 0 :

� If V

0

2 H

1

(R

n

), then (1.8) has a unique, global solution V 2 C(R; H

1

). Moreover,

the following quantities are independent of time,

Mass: kV (t)k

L

2

= kV

0

k

L

2

Energy: kr

x

V (t)k

L

2

= krV

0

k

L

2

:

� If V

0

2 �, where � is de�ned in (1.15), then (1.8) has a unique, global solution

V 2 C(R;�); it satis�es
















V (t; x) �

e

i

x

2

2t

t

n=2

b

V

0

�

x

t

�
















H

1

�!

t!�1

0:

For ` 2 N, de�ne

J

`

:=

�

j 2 f0; : : : ; `g; lim sup

"!0

t

"

j

"

= +1

�

;

e

J

`

:=

�

j 2 f0; : : : ; `g; lim sup

"!0

t

"

j

"

2 R

�

;

and we denote by J

1

(resp.

e

J

1

) the union of all these J

`

(resp.

e

J

`

).

The following proposition enables us to transform the pro�les V

j

of (4.10) into

the form given in Theorem 4.1.
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Proposition 4.6. Up to extra
tion of a subsequen
e, still denoted ", we have:

� If j 2

e

J

1

, then there exists �

j

2 H

1

su
h that, as " goes to zero, the following

asymptoti
s holds in H

1

"

,

I

"

j

(0; x) =

1

"

3

2

�

j

�

x� x

"

j

"

�

+ o(1):

� If j 2 N n

e

J

1

, then there exists  

j

2 F(H

1

) su
h that, as " goes to zero, the

following asymptoti
s holds in L

2

,

I

"

j

(0; x) =

1

�

t

"

j

�

3

2

e

�

i(x�x

"

j

)

2

2"t

"

j

 

j

 

x� x

"

j

t

"

j

!

+ o(1):

� For j 2 N n

e

J

1

, if we assume moreover that V

j

(0; �) 2 �, then  

j

2 �, and the

above asymptoti
s holds not only in L

2

, but also in H

1

"

.

� If j 2 N n (J

1

[

e

J

1

), then under the assumptions of Theorem 4.1,

lim sup

"!0

kI

"

j

k

L

1

([0;T ℄;L

2�+2

"

)

= 0:

Proof of Proposition 4.6. By de�nition of I

"

j

, we have

I

"

j

(0; x) =

1

"

3

2

V

j

�

�

t

"

j

"

,

x� x

"

j

"

�

:

If j 2

e

J

1

, then the �rst point of Proposition 4.6 follows from the se
ond point of

Lemma 4.5, with

�

j

(x) = V

j

(��

j

; x);

where �

j

:= lim sup

"!0

(t

"

j

=").

If j 2 N n

e

J

1

, then the se
ond point of the proposition follows from the �rst

point of Lemma 4.5, with

 

j

(x) =




V

j

(0;�x);

where the Fourier transform is taken with respe
t to the spa
e variable only. Sim-

ilarly, the third point of the proposition is a 
onsequen
e of the last point of

Lemma 4.5.

For the last point of Proposition 4.6, we need to 
onsider more pre
isely the 
ase

when �

j

= �1. The idea of the result we want to prove is that if �

j

= �1,

then for " small enough, we have t

"

j

< 0, so fo
using for I

"

j

has taken pla
e at a

negative time. Sin
e there 
annot be more than one fo
using time, the solution

is linearizable for positive times. Let us make that idea pre
ise. For Æ > 0, there

exists F

j

2 � su
h that

kV

j

(0; �)� F

j

k

H

1

� Æ:

Let

e

V

j

(t; x) be the solution of the linear S
hr�odinger equation (1.8) with initial data

F

j

. Then from the 
onservations of mass and energy, we have

(4.13) kV

j

�

e

V

j

k

L

1

(R;H

1

)

� Æ:

De�ne

e

I

"

j

as the 
ounterpart of I

"

j

by

e

I

"

j

(t; x) :=

1

"

3

2

e

V

j

�

t� t

"

j

"

,

x� x

"

j

"

�

:

From (4.13) and Lemma 2.4, we have,

sup

t2[0;T ℄

kI

"

j

(t; �)�

e

I

"

j

(t; �)k

L

2�+2

"

� C

2�+2

Æ:
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The uniformity in time stems from the fa
t that for every t 2 [0; T ℄,

jt

"

j

� tj

"

=

t� t

"

j

"

�

�t

"

j

"

�!

"!0

+1 ;

sin
e we assumed �

j

= �1.

On the other hand, the last part of Lemma 4.5 implies

e

V

j

2 C(R;�), and

e

I

"

j

(t; x) =

1

�

t� t

"

j

�

3

2

e

i

jx�x

"

j

j

2

2"(t�t

"

j

)

b

F

j

 

x� x

"

j

t� t

"

j

!

+ o(1); in L

1

([0; T ℄; H

1

"

):

This expli
it expression and Lemma 2.4 yield

(4.14) k

e

I

"

j

k

L

1

([0;T ℄;L

2�+2

"

)

� sup

t2[0;T ℄

�

�

�

�

�

"

t

"

j

� t

�

�

�

�

�

3�

2�+2

k

e

F

j

k

L

2�+2
+ o(1):

We assumed �

j

= �1, thus for " small enough and all t 2 [0; T ℄,

"

jt

"

j

� tj

=

"

t� t

"

j

�

"

�t

"

j

�!

"!0

0 �

Therefore,

lim sup

"!0

kI

"

j

k

L

1

([0;T ℄;L

2�+2

"

)

� C

2�+2

Æ ;

and sin
e Æ > 0 is arbitrary, this 
ompletes the proof of Proposition 4.6. �

Now let us dedu
e the theorem. Write

u

"

0

(x) =

X

j2J

`

I

"

j

(0; x) +

X

j2

e

J

`

I

"

j

(0; x) + �

"

`

(x);

The remainder �

"

`

satis�es the limit (4.1): it is indeed the sum of w

"

`

, whi
h satis-

�es (4.12), and of the pro�les asso
iated with �

j

= �1, whi
h satisfy the desired

limit by the last point of Proposition 4.6.

For j 2

e

J

1

, de�ne ex

"

j

= x

"

j

. From the �rst point of Proposition 4.6, we also

know that there exists a family (�

j

) in H

1

su
h that for any ` 2 N,

(4.15) u

"

0

(x) =

X

j2J

`

I

"

j

(0; x) +

X

j2

e

I

`

1

"

3

2

�

j

�

x� ex

"

j

"

�

+ r

"

`

(x);

where r

"

`

satis�es the limit (4.1), as the sum of �

"

`

and of a term whi
h is small in

H

1

"

. From the se
ond point of Proposition 4.6, we also know that there exists a

family ('

j

) in L

2

su
h that for any ` 2 N, the following asymptoti
s holds in L

2

as

"! 0,

X

j2J

`

I

"

j

(0; x) =

X

j2J

`

1

�

t

"

j

�

3

2

e

�

i(x�x

"

j

)

2

2"t

"

j

'

j

 

x� x

"

j

t

"

j

!

+ o(1):

The orthogonality property on (t

"

j

; x

"

j

) and on (ex

"

j

) is due to de�nitions (4.11)

and (4.3). The family ('

j

)

j2N

is the family ( 

j

)

j2N

from whi
h we have removed

the pro�les asso
iated to �

j

= �1. We used the obvious 
onvention that  

j

� 0

if j 2

e

J

1

, and similarly, we set �

j

� 0 if j 2 N n

e

J

1

.

Now to end the proof of Theorem 4.1, we are left with the following proposition.

Proposition 4.7. Under the assumptions of Th. 4.1, if additionally (H4) is satis-

�ed, then in de
omposition (4.15)we have�

j

= 0 for every j, and the family ('

j

)

j2N

is nonempty. Moreover, there is an integer j 2 J

1

su
h that lim sup

"!0

t

"

j

2 [0; T ℄.

Let us prove the result. It relies on the following lemma, whi
h itself uses the

orthogonality of the ex

"

j

's. We shall postpone its proof to the end of this se
tion.
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Lemma 4.8. Fix ` 2 N. If for 1 � j � `, �

j

2 H

1

, then we have,



















`

X

j=0

1

"

3

2

�

j

�

� � ex

"

j

"

�



















2�+2

L

2�+2

"

�!

"!0

`

X

j=0

k�

j

k

2�+2

L

2�+2

:

Now let us prove the �rst part of Proposition 4.7. Let Æ > 0. For every j 2 J

1

,

there exists F

j

2 � su
h that

kV

j

(0; �)� F

j

k

H

1

�

Æ

2

j+1

:

Let

e

V

j

(t; x) be the solution of the linear S
hr�odinger equation (1.8) with initial data

F

j

. Then from the 
onservations of mass and energy, we have

(4.16) kV

j

�

e

V

j

k

L

1

(R;H

1

)

�

Æ

2

j+1

:

De�ne

e

I

"

j

as the 
ounterpart of I

"

j

by

e

I

"

j

(t; x) :=

1

"

3

2

e

V

j

�

t� t

"

j

"

,

x� x

"

j

"

�

:

From (4.16) and Lemma 2.4, we have, for every j 2 J

1

,

kI

"

j

(0; �)�

e

I

"

j

(0; �)k

L

2�+2

"

� C

2�+2

Æ

2

j+1

:

Fix ` 2 N. From (4.15), we have,

(4.17)



















X

j2

e

J

`

I

"

j

(0; �)



















L

2�+2

"

�

X

j2J

`

k

e

I

"

j

(0; �)k

L

2�+2

"

+ku

"

0

k

L

2�+2

"

+kr

"

0

k

L

2�+2

"

+C

2�+2

Æ:

Proposition 4.6 yields pro�les �

j

2 H

1

asso
iated to V

j

for j 2

e

J

1

, and e'

j

2 �

asso
iated to

e

V

j

for j 2 J

1

. The asymptoti
s in H

1

"

imply in parti
ular, from

Lemma 2.4,

X

j2J

`










e

I

"

j

(0; �)










L

2�+2

"

=

X

j2J

`
















1

(t

"

j

)

3

2

e

�

i(��x

"

j

)

2

2"t

"

j

e'

j

 

� � x

"

j

t

"

j

!
















L

2�+2

"

+ o(1); as "! 0:

But we have
















1

(t

"

j

)

3

2

e

�

i(��x

"

j

)

2

2"t

"

j

e'

j

 

� � x

"

j

t

"

j

!
















2�+2

L

2�+2

"

=

 

"

t

"

j

!

3�

ke'

j

k

2�+2

L

2�+2

;

so by de�nition of J

`

we get

lim sup

"!0
















1

(t

"

j

)

3

2

e

�

i(��x

"

j

)

2

2"t

"

j

e'

j

 

� � x

"

j

t

"

j

!
















L

2�+2

"

= 0:

Then (4.1), (H4) and (4.17) imply that

lim sup

`!1

lim sup

"!0



















X

j2

e

J

`

1

"

3

2

�

j

�

� � ex

"

j

"

�



















L

2�+2

"

� C

2�+2

Æ:

In parti
ular, for ` � `

0

suÆ
iently large,

(4.18) lim sup

"!0



















X

j2

e

J

`

1

"

3

2

�

j

�

� � ex

"

j

"

�



















L

2�+2

"

� 2C

2�+2

Æ:
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Lemma 4.8 along with the above estimate imply that for every ` 2 N and every

j 2

e

I

`

,

k�

j

k

L

2�+2 � 2C

2�+2

Æ:

Sin
e Æ > 0 is arbitrary, this means that all the �

j

's are zero. But Proposition 4.2

states that the family V

j

is non empty, so the '

j

's 
annot all be equal to zero. That

yields the �rst part of Proposition 4.7.

Let us now prove the se
ond part. We apply the operator U

"

0

(t) to de
omposi-

tion (4.15), and using the fa
t that all the �

j

's are zero, we get for ` large enough,

for all times t 2 [0; T ℄,

kU

"

0

(t)u

"

0

k

L

1

([0;T ℄;L

2�+2

"

)

�

X

j2I

`

kI

"

j

k

L

1

([0;T ℄;L

2�+2

"

)

+ Æ(T; `; ");

where lim sup

"!0

Æ(T; `; ")! 0 as `!1. Now suppose that for all integers j 2 J

1

,

(4.19) lim sup

"!0

t

"

j

> T:

This 
ontradi
ts the 
on
lusion of the proposition. Reasoning as in the proof of

Proposition 4.6 (see in parti
ular (4.14)), and using the inequality, for t 2 [0; T ℄,

"

jt

"

j

� tj

=

"

t

"

j

� t

�

"

t

"

j

� T

;

we get, for every j 2 J

1

,

lim sup

"!0

kI

"

j

k

L

1

([0;T ℄;L

2�+2

"

)

= 0:

The 
ontradi
tion follows, sin
e the prin
ipal assumption of Theorem 4.1 is that (1.9)

is not satis�ed. This proves that for at least one j, lim sup

"!0

t

"

j

2 [0; T ℄. The above

argument also shows that indexes j's whi
h do not satisfy this property 
an be

in
orporated into the remainder r

"

`

. So �nally the theorem is proved, up to the

proof of Lemma 4.8.

Proof of Lemma 4.8. This lemma is very 
lassi
al, and uses the orthogonality of

the ex

"

j

's (see for instan
e [11℄). The only di�eren
e with the usual 
ase is that the

nonlinearity is not polynomial; however it is C

1

(see also Se
tion 5). So let ` be

�xed, and let j 6= k be in f1; ::; `g. An immediate indu
tion shows that is enough

to prove that for all j 6= k,

lim sup

"!0

"

3�

Z

1

"

3

2

�

�

�

�

�

j

�

x� ex

"

j

"

�

�

�

�

�

1

"

3

2

(2�+1)

�

�

�

�

�

k

�

x� ex

"

k

"

�

�

�

�

�

2�+1

dx = 0:

But a 
hange of variables yields

"

3�

Z

1

"

3

2

�

�

�

�

�

j

�

x� ex

"

j

"

�

�

�

�

�

1

"

3

2

(2�+1)

�

�

�

�

�

k

�

x� ex

"

k

"

�

�

�

�

�

2�+1

dx

=

Z

j�

j

j

�

y +

ex

"

k

� ex

"

j

"

�

j�

k

j

2�+1

(y) dy;

and the result simply follows from the orthogonality of the family (ex

"

j

), sin
e at this

stage, one 
an suppose that �

j

is 
ompa
tly supported. �

That 
on
ludes the proof of Theorem 4.1, hen
e of Theorem 1.2.
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5. Initial data with quadrati
 os
illations

In this se
tion, we aim at proving Theorem 1.4. We set

v

"

(t; x) :=

J

X

j=1

v

"

j

(t; x):

We �rst re
all an estimate obtained in [2℄.

Lemma 5.1. Let r � 2, with r < 2n=(n � 2) if n � 3. For any j 2 [1; J ℄, there

exists C = C(j; r) su
h that for any t � 0,

(5.1) kv

"

j

(t)k

L

r

� C

�

1

jt� t

j

j+ "

�

Æ(r)

:

Proof of Lemma 5.1. This estimate follows from the results of [2℄, and we brie
y

re
all its proof. First, the 
onservation of energy (stated in Lemma 2.3) shows that

v

"

j

is bounded in H

1

"

, and from Lemma 2.4, there exists C = C(j; r) su
h that

kv

"

j

(t)k

L

r

� C"

�Æ(r)

:

Introdu
e the Galilean operator J

"

j

(t) = (x � x

j

)="+ i(t � t

j

)r

x

. Then from the

pseudo-
onformal 
onservation law (see e.g. [5℄), J

"

j

(t)v

"

j

remains bounded in L

2

(this is straightforward in our 
ase � > 2=n). On the other hand, J

"

j

also writes

J

"

j

(t) = i(t� t

j

)e

i

jx�x

j

j

2

2"(t�t

j

)

r

x

 

e

�i

jx�x

j

j

2

2"(t�t

j

)

�

!

;

so Lemma 2.4 yields

kv

"

j

(t)k

L

r

� Cjt� t

j

j

�Æ(r)

;

whi
h 
ompletes the proof of Lemma 5.1. �

We want to prove that the remainder de�ned by w

"

= u

"

�r

"

�v

"

remains small

in L

1

(0; T; L

2

). Noti
e that w

"

satis�es the following S
hr�odinger equation:

i"�

t

w

"

+

"

2

2

�w

"

= "

n�

(f

"

+ s

"

);

with

f

"

= ju

"

j

2�

u

"

� jv

"

+ r

"

j

2�

(v

"

+ r

"

);

s

"

= jv

"

+ r

"

j

2�

(v

"

+ r

"

)�

J

X

j=1

jv

"

j

j

2�

v

"

j

;

and is zero at time t = 0. The key estimate is the Stri
hartz inequality (2.3), whi
h

gives on any bounded interval I

(5.2) kw

"

k

L

q

1

(I;L

r

1

)

. "

n��1�

1

q

1

�

1

q

2

kf

"

k

L

q

0

2

(I;L

r

0

2

)

+ "

n��1�

1

q

1

�

1

q

3

ks

"

k

L

q

0

3

(I;L

r

0

3

)

;

for all admissible pairs (q

1

; r

1

), (q

2

; r

2

), (q

3

; r

3

). Sin
e

jf

"

j .

�

jv

"

j

2�

+ ju

"

j

2�

+ jr

"

j

2�

�

jw

"

j;

this term will be treated as a Gronwall type term, while s

"

is a sour
e term. This

resumes the spirit of the proof of Th. 1.1.

We will pro
eed as follows, de
omposing [0; T ℄ as the union of di�erent types of

intervals I and arguing di�erently with regards to I . First, we examine the Gronwall

type term, kf

"

k

L

q

0

2

(I;L

r

0

2

)

. Then, we study the sour
e term, ks

"

k

L

q

0

3

(I;L

r

0

3

)

. Finally,

we 
an 
on
lude on kw

"

k

L

1

(I;L

2

)

.
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The Gronwall type term: For � > 0, we denote by I

�

some interval in
luded

in fjt � t

j

j > �"; 8j 2 f1; :::; Jgg, and by I

�

for � > 0 any interval of length �"

disjoint from all the intervals I

�

.

Lemma 5.2. Let (q; r) be as in Lemma 3.1.

1) Consider Æ > 0. There exist �

0

> 0 and "

0

> 0, su
h that for all � � �

0

and

0 < " � "

0

,

kf

"

k

L

q

0

(I

�

;L

r

0

)

� Æ "

1�n�+2=q

kw

"

k

L

q

(I

�

;L

r

)

:

2) There exist C; 
 > 0 su
h that for any Æ > 0, there exist �

0

� 1 and "

1

> 0,

su
h that for all � � �

0

and 0 < " � "

1

,

kf

"

k

L

q

0

(I

�

;L

r

0

)

� C"

1�n�+2=q

�

Æ + kw

"

k




L

1

(I

�

;L

2

)

�

kw

"

k

L

q

(I

�

;L

r

)

:

Proof of Lemma 5.2. Using H�older's inequality and Lemma 3.1, we obtain for any

interval I ,

(5.3) kf

"

k

L

q

0

(I;L

r

0

)

.

�

ku

"

k

2�

L

k

(I;L

s

)

+ kv

"

k

2�

L

k

(I;L

s

)

+ kr

"

k

2�

L

k

(I;L

s

)

�

kw

"

k

L

q

(I;L

r

)

:

1) Let us study the 
ase of an interval of the form I

�

for some � > 0. The

Gagliardo-Nirenberg inequality of Lemma 2.4 yields for any t 2 I

�

,

ku

"

(t)k

L

s

. "

�Æ(s)

ku

"

(t)k

1�Æ(s)

L

2

k"r

x

u

"

(t)k

Æ(s)

L

2

;

and similarly for v

"

and r

"

. Therefore, using the boundedness of the H

1

"

-norm of

the solutions of S
hr�odinger equations, we obtain

ku

"

k

2�

L

k

(I

�

;L

s

)

.

 

Z

I

�

"

�Æ(s)k

dt

!

2�

k

. �

2�=k

"

2�(

1

k

�Æ(s))

:

Sin
e 2�

�

Æ(s)�

1

k

�

= �

2

q

+ n� � 1, we obtain 1) in Lemma 5.2.

2) Let us 
onsider now intervals of the type I

�

for some � > 0. Using Lemma 3.2,

Lemma 2.2 and H�older's inequality, we obtain

ku

"

k

2�

L

k

(I

�

;L

s

)

. ku

"

k

2�(1��

1

)

L

q

(I

�

;L

r

)

ku

"

k

2��

1

L

1

(I

�

;L

2�+2

)

. "

�2�(1��

1

)=q

ku

"

k

2��

1

L

1

(I

�

;L

2�+2

)

:

Sin
e u

"

= v

"

+ w

"

+ r

"

, we have,

ku

"

k

2��

1

L

1

(I

�

;L

2�+2

)

. kw

"

k

2��

1

L

1

(I

�

;L

2�+2

)

+ kv

"

k

2��

1

L

1

(I

�

;L

2�+2

)

+ kr

"

k

2��

1

L

1

(I

�

;L

2�+2

)

:

By the Gagliardo-Nirenberg inequality (see Lemma 2.4), we obtain as in point 1),

kw

"

(t)k

L

2�+2 . "

�Æ(2�+2)

kw

"

k

1�Æ(2�+2)

L

2

k"r

x

w

"

k

Æ(2�+2)

L

2

;

. "

�Æ(2�+2)

kw

"

k

1�Æ(2�+2)

L

2

;

by use of the boundedness of kw

"

k

H

1

"

. Moreover by assumption,

kr

"

k

L

1

(I

�

;L

2�+2

)

�!

"!0

0:

On the other hand, sin
e fjt � t

j

j < �"g \ I

�

= ; for all j 2 f1; :::; Jg, we have,

from Lemma 5.1,

kv

"

k

2��

1

L

1

(I

�

;L

2�+2

)

.

�

1

�"+ "

�

n�

2��

1

2�+2

:

Sin
e

2�(1� �

1

)=q + n� 2��

1

=(2� + 2) = 1� n� + 2=q;
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Eq. (5.3) reads

kf

"

k

L

q

0

(I

�

;L

r

0

)

. "

�n�+1+2=q

�

�

�n�

2��

1

2�+2

+ o(1) + kw

"

k




L

1

(I

�

;L

2

)

�

kw

"

k

L

q

(I

�

;L

2

)

;

with 
 = 2��

1

(1� Æ(2� + 2)) > 0. Hen
e 2) of Lemma 5.2. �

The sour
e term: We prove the following lemma.

Lemma 5.3. Let T > 0 be su
h that

lim sup

"!0

sup

0�t�T

"

n�

kr

"

(t)k

2�+2

L

2�+2

= 0:

Then we have

ks

"

k

L

1

T

(L

2

)

= o("

1�n�

):

Proof of Lemma 5.3. De
ompose the sour
e term s

"

as s

"

= s

"

1

+ s

"

2

with

s

"

1

:= jv

"

j

2�

v

"

�

J

X

j=1

jv

"

j

j

2�

v

"

j

:

Let us �rst estimate s

"

2

: we have js

"

2

j . jv

"

j

2�

jr

"

j + jr

"

j

2�

jv

"

j, hen
e by H�older's

inequality, we have

ks

"

2

k

L

1

T

(L

2

)

. kr

"

k

2�

L

2�+1

T

(L

4�+2

)

kv

"

k

L

2�+1

T

(L

4�+2

)

+ kv

"

k

2�

L

2�+1

T

(L

4�+2

)

kr

"

k

L

2�+1

T

(L

4�+2

)

:

By Lemma 3.3, we have

kv

"

k

L

2�+1

T

(L

4�+2

)

. "

�

n��

2

2�+2

"

�(1��

2

)=q

1

:

By the smallness assumption on r

"

, we have also

kr

"

k

L

2�+1

T

(L

4�+2

)

� o(1)"

�

n��

2

2�+2

"

�(1��

2

)=q

1

:

The 
on
lusion is as in Se
tion 3, and we get

ks

"

2

k

L

1

T

(L

2

)

� o("

1�n�

):

Now let us 
onsider the term s

"

1

. We have the pointwise estimate

js

"

1

j .

J

X

j=1

jv

"

j

j

2�

X

k 6=j

jv

"

k

j:

This is proved by indu
tion on J , as soon as it is known for J = 2, in whi
h 
ase

it is a 
onsequen
e of the following general estimate: let g(z) := jzj

2�

z, then for

every (z

1

; z

2

) 2 C

2

,

jg(z

1

+ z

2

)� g(z

1

)� g(z

2

)j . jz

1

j

2�

jz

2

j+ jz

2

j

2�

jz

1

j:

We �rst redu
e the estimate to pro�le intera
tions, whi
h is then treated by or-

thogonality arguments. It is proved in [2℄ that for every ` 2 [1; J ℄,

v

"

`

(t; x) =

1

"

n=2

	

`

�

t� t

`

"

,

x� x

`

"

�

+ Æ

"

`

(t; x) =:  

"

`

(t; x) + Æ

"

`

(t; x);

where 	

`

2 C(R;�) \ L

q

(R;W

1;r

) for any admissible (q; r), and

(5.4) 8r 2

�

2;

2n

n� 2

�

; kÆ

"

`

(t)k

L

r

�

o(1)

("+ jt� t

`

j)

Æ(r)

,

uniformly in t 2 R:

It follows that

ks

"

1

k

L

1

T

(L

2

)

.

J

X

j=1

X

k 6=j







j 

"

j

j

2�

 

"

k







L

1

T

(L

2

)

+ �

"

;

where �

"

is a linear 
ombination of terms of the type







(j 

"

j

j

2�

+ jÆ

"

`

j

2�

)Æ

"

k







L

1

T

(L

2

)

.
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Let us start by showing that �

"

is estimated by o("

1�n�

). We have indeed







(j 

"

j

j

2�

+ jÆ

"

`

j

2�

)Æ

"

k







L

1

T

(L

2

)

�

�

k 

"

j

k

2�

L

2�+1

T

(L

4�+2

)

+ kÆ

"

`

k

2�

L

2�+1

T

(L

4�+2

)

�

�kÆ

"

k

k

L

2�+1

T

(L

4�+2

)

and (5.4) yields the expe
ted result.

Finally for j 6= k, an obvious 
hange of variables yields










j 

"

j

j

2�

 

"

k










L

1

T

(L

2

)

�

� "

1�n�

Z

R

 

Z

R

n

�

j	

j

(s; y)j

2�

�

�

�

�

	

k

�

s+

t

j

� t

k

"

; y +

x

j

� x

k

"

�

�

�

�

�

�

2

dy

!

1=2

ds:

By density one 
an suppose that the 	

`

's are 
ompa
tly supported in time and

spa
e. The fa
t that

�

�

�

�

t

j

� t

k

"

�

�

�

�

+

�

�

�

�

x

j

� x

k

"

�

�

�

�

�!

"!0

+1

shows that the above integral goes to zero as " goes to zero; the result follows. �

Proof of Theorem 1.4. We now have all the tools to 
omplete the proof of Theo-

rem 1.4. The idea is that on intervals of the form I

�

, we 
an use the linearizability


ondition, provided that � is suÆ
iently large. This is quanti�ed by the se
ond

point of Lemma 5.2. The 
omplementary of su
h intervals 
an be split into a �nite

number of intervals of the form I

�

(on
e � is �xed). Choosing �rst � suÆ
iently

large, then � suÆ
iently small, Theorem 1.4 stems from Lemma 5.3.

Assume that the �rst fo
using time is t

1

. Let 0 � t � t

1

� �", for � to be �xed

later. From (5.2) applied with (q

1

; r

1

) = (q

2

; r

2

) = (q; r), and (q

3

; r

3

) = (1; 2), we

have, using the se
ond point of Lemma 5.2,

kw

"

k

L

q

t

(L

r

)

�C

1

�

"

n��1�2=q

kf

"

k

L

q

0

t

(L

r

0

)

+ "

n��1�1=q

ks

"

k

L

1

t

(L

2

)

�

�C

2

�

Æ + kw

"

k




L

1

t

(L

2

)

�

kw

"

k

L

q

t

(L

r

)

+ C

1

"

n��1�1=q

ks

"

k

L

1

t

(L

2

)

;

where Æ > 0 is to be �xed, and the 
onstants C

1

, C

2

are universal. We �rst �x

Æ = 1=(4C

2

). Lemma 5.2 yields an asso
iate �

0

, and we �x � = �

0

. As in the

proof of Th. 1.1, we 
an absorb the �rst term of the right hand side so long as

(5.5) kw

"

k




L

1

t

(L

2

)

�

1

4C

2

�

So long as (5.5) holds and t � t

1

� �", we dedu
e

kw

"

k

L

q

t

(L

r

)

� 2C

1

"

n��1�1=q

ks

"

k

L

1

t

(L

2

)

;

and like in the proof of Th. 1.1, we infer, along with Lemma 5.3, that (5.5) holds

up to time t = t

1

� �", and with I

�

= [0; t

1

� �"℄, we have

(5.6) kw

"

k

L

1

(I

�

;L

2

)

= o(1):

Now we have to analyze the 
rossing of the small time interval [t

1

� �"; t

1

+ �"℄.

The idea is to de
ompose that interval into a �nite number (of the order �=�) of

intervals I

�

where � is �xed so that we 
an repeat a similar absorption argument.

Indeed, with I

�

= [t

1

� �"; t

1

� �"+ �"℄, we have, using Lemma 2.2

kw

"

k

L

q

(I

�

;L

r

)

� C

1

"

n��1�2=q

kf

"

k

L

q

0

(I

�

;L

r

0

)

+ C

1

"

n��1�1=q

ks

"

k

L

1

(I

�

;L

2

)

+ C

1

"

�

1

q

kw

"

(t

1

� �")k

L

2

:
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Choosing Æ = 1=(2C

1

) in the �rst part of Lemma 5.2 �xes the value of � = �

0

, and

we have

kw

"

k

L

q

(I

�

;L

r

)

� 2C

1

("

n��1�1=q

ks

"

k

L

1

(I

�

;L

2

)

+ "

�

1

q

kw

"

k

L

1

(I

�

;L

2

)

):

We also dedu
e, applying Stri
hartz inequality on
e more, as in Se
tion 3,

kw

"

k

L

1

(I

�

;L

2

)

� C("

n��1

ks

"

k

L

1

(I

�

;L

2

)

+ kw

"

k

L

1

(I

�

;L

2

)

):

whi
h implies, using (5.6), that

kw

"

k

L

1

(I

�

;L

2

)

� C"

n��1

ks

"

k

L

1

(I

�

;L

2

)

+ o(1):

Repeating this argument in order to 
over the whole interval [t

1

� �"; t

1

+ �"℄ by

intervals I

�

, we �nally 
ome up with

kw

"

k

L

1

(t

1

��";t

1

+�";L

2

)

� Ce


�=�

�

"

n��1

ks

"

k

L

1

(t

1

��";t

1

+�";L

2

)

+ o(1)

�

= o(1);

from Lemma 5.3. At time t = t

1

+ �", we are thus redu
ed to the same situation

as at time t = 0, and we 
an repeat the same operations. Noti
e that the values of

� and � are �xed on
e and for all at the �rst step, and Condition (5.5) will hold

on the whole interval [0; T ℄, provided that " is suÆ
iently small. �

Remark. Under the assumptions of Theorem 1.4, one 
annot obtain a result in

the spa
e L

1

([0; T ℄; H

1

"

): indeed, if we di�erentiate the equation on w

"

and then

follow the same method as above, all the terms 
an be estimated along the same

lines ex
ept for one, whi
h is of the type "

n�

jv

"

j

2�

"rr

"

. Far from fo
using times,

the linearizability 
ondition makes that term small, but the problem 
omes from

the times t

j

, near whi
h "

n�

jv

"

j

2�

is not small. Under our assumptions, "rr

"

has

no reason to be small, in any sense. On the other hand, the asymptoti
s holds

in L

1

([0; T ℄; H

1

"

) if one supposes that "rr

"

is linearizable (whi
h is the 
ase for

instan
e if "rr

"

0

goes to zero in L

2

).

Appendix A. Nonlinear S
hr

�

odinger equation with harmoni


potential

In this appendix, we transpose the previous results to the 
ase of nonlinear

S
hr�odinger equations with harmoni
 potential. We repla
e (1.6) with

(A.1)

8

<

:

i"�

t

u

"

+

1

2

"

2

�u

"

=

jxj

2

2

u

"

+ "

n�

ju

"

j

2�

u

"

; (t; x) 2 R

+

� R

n

;

u

"

jt=0

= u

"

0

:

We still suppose that � > 2=n, and � < 2=(n � 2) if n � 3. The motivation in

this study relies in the fa
t that su
h equations are 
urrently used to model Bose-

Einstein 
ondensation (see e.g. [6℄). In [17℄, it is proposed that the above equation

models Bose-Einstein 
ondensation in spa
e dimensions one (n = 1, with � = 2)

and two (n = 2, with � = 1), if " = ~, the Plan
k 
onstant. In spa
e dimension

three, the nonlinearity ~

2

ju

~

j

2

u

~

is usually 
onsidered, and does not �t our s
aling.

Noti
e that (A.1) meets the usual model when n � 2, and � = 2=n, whi
h is

pre
isely the borderline 
ase for whi
h we do not know whether all our results

still hold. Nevertheless, some results remain, and we believe that the information

provided by the 
ase � > 2=n is interesting.

The 
orresponding linear solution satis�es

(A.2)

8

<

:

i"�

t

v

"

+

1

2

"

2

�v

"

=

jxj

2

2

v

"

;

v

"

jt=0

= u

"

0

:
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It is natural to assume not only that u

"

0

2 H

1

"

(R

n

), but also that jxju

"

0

2 L

2

(R

n

),

so that u

"

0

belongs to the domain of

p

�"

2

�+ jxj

2

. We denote

�

"

:=

�

f

"

2 H

1

(R

n

) ; sup

0<"�1

(kf

"

k

L

2

+ k"r

x

f

"

k

L

2

+ kxf

"

k

L

2

) <1

�

:

As before, we also suppose that there is no fo
using at time 0,

lim sup

"!0

"

n�

ku

"

0

k

2�+2

L

2�+2

= 0:

The expression of v

"

is given by Mehler's formula (see e.g. [8℄),

v

"

(t; x) =

1

(2i�" sin t)

n=2

Z

R

n

e

i

" sin t

�

jxj

2

+jyj

2

2


os t�x:y

�

u

"

0

(y)dy =: U

"

(t)u

"

0

(x):

In parti
ular, lo
al dispersion estimates hold for the group U

"

and the same Stri-


hartz estimates as in the 
ase with no potential hold, with a 
onstant depending

on the size of the time interval 
onsidered (see for instan
e [5℄, Remark 3.4.4).

Following [4℄, introdu
e

A

"

(t) = x sin t� i" 
os tr

x

; B

"

(t) = x 
os t+ i" sin tr

x

:

These two operators, usual in a linear 
ontext (they are the quantization of impulse

and momentum), 
ommute with the operator

i"�

t

+

1

2

"

2

��

jxj

2

2

;

a
t on the nonlinearity ju

"

j

2�

u

"

like derivatives, and satisfy the pointwise identity

(A.3) jA

"

(t)'(x)j

2

+ jB

"

(t)'(x)j

2

= jx'(x)j

2

+ j"r

x

'(x)j

2

:

Using the above remarks, we have the following preliminary results.

Lemma A.1. Assume that u

"

0

2 �

"

. Let I be a bounded time interval. The fun
-

tions u

"

and v

"

are the unique solutions of (A.1) and (A.2) in C(R; �

"

) respe
tively,

and satisfy the following properties.

(1) u

"

; v

"

2 C(R; �

"

), with the following 
onservations.

� Mass: ku

"

(t)k

L

2

= kv

"

(t)k

L

2

= ku

"

0

k

L

2

.

� Linear energy:

E

"

0

(t) :=

1

2

k"r

x

v

"

(t)k

2

L

2

+

1

2

kxv

"

(t)k

2

L

2

= E

"

0

(0):

� Nonlinear energy:

E

"

(t) :=

1

2

k"r

x

u

"

(t)k

2

L

2

+

1

2

kxu

"

(t)k

2

L

2

+

"

n�

� + 1

ku

"

(t)k

2�+2

L

2�+2

= E

"

(0):

(2) For any admissible pair (q; r), there exists C

r

(I) independent of " su
h that

(A.4) kv

"

k

L

q

(I;L

r

)

+ kA

"

v

"

k

L

q

(I;L

r

)

+ kB

"

v

"

k

L

q

(I;L

r

)

� C

r

(I)"

�1=q

:

(3) For any admissible pair (q

1

; r

1

) and (q

2

; r

2

), there exists C

r

1

;r

2

(I) independent

of " su
h that

"

1

q

1

+

1

q

2
















Z

I\fs�tg

U

"

0

(t� s)F (s)ds
















L

q

1

(I;L

r

1

)

� C

r

1

;r

2

(I) kFk

L

q

0

2

(I;L

r

0

2

)

:
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We did not state Stri
hartz estimates for u

"

in (A.4). First, we noti
ed at the

end of Se
t. 3 that they are not really needed, for knowing su
h estimates for v

"

is enough. On the other hand we 
ould get these estimates for u

"

thanks to the

following 
hange of unknown (see [3℄). De�ne eu

"

by

(A.5) eu

"

(t; x) =

1

(1 + t

2

)

n=4

e

i

t

2"(1+t

2

)

jxj

2

u

"

�

ar
tan t;

x

p

1 + t

2

�

:

Then eu

"

solves

i"�

t

eu

"

+

1

2

"

2

�eu

"

= "

n�

(1 + t

2

)

n�

2

�1

jeu

"

j

2�

eu

"

:

Sin
e we have to 
onsider bounded values for t, Stri
hartz estimates for u

"

are a


onsequen
e of Lemma 2.2, along with the remark that

A

"

�

t+

�

2

�

= B

"

(t):

Using either one of the above two arguments, we have the �rst result,

Theorem A.2. Let T > 0. The following properties are equivalent,

(1) The fun
tion v

"

is an approximation of u

"

on the time interval [0; T ℄,

sup

0�t�T

(ku

"

(t)� v

"

(t)k

L

2

+ k"r

x

u

"

(t)� "r

x

v

"

(t)k

L

2

+ kxu

"

(t)� xv

"

(t)k

L

2

)�!

"!0

0:

(2) The fun
tion v

"

satis�es

(A.6) lim sup

"!0

sup

0�t�T

"

n�

kv

"

(t)k

2�+2

L

2�+2

= 0:

This result is proved the same way as Theorem 1.1. Noti
e that from (A.3), (1)

is equivalent to

sup

0�t�T

�

ku

"

(t)� v

"

(t)k

L

2

+ kA

"

(t)(u

"

� v

"

)k

L

2

+ kB

"

(t)(u

"

� v

"

)k

L

2

�

�!

"!0

0:

Sin
e A

"

and B

"


ommute with the linear equation and a
t on the nonlinearity like

derivatives, ea
h of them plays the same role as "r

x

in Theorem 1.1.

Remark. Noti
e that as in Theorem 1.1, the proof that (1) ) (2) does not rely

on the assumption � > 2=n, sin
e it is a 
onsequen
e of the 
onservation laws. In

parti
ular, this result 
ould be used to study Bose-Einstein 
ondensation in spa
e

dimensions one and two.

To state the analog of Theorem 1.2, noti
e that (A.5) turns (A.2) into (1.7).

Theorem A.3. Let T > 0 and assume that (1.9) is not satis�ed. Then:

(1) There exists 0 < T

0

� � su
h that

lim sup

"!0

sup

0�t�T

0

"

n�

kv

"

(t)k

2�+2

L

2�+2

> 0:

(2) Up to the extra
tion of a subsequen
e, there exist an orthogonal family (t

"

j

; x

"

j

)

j2N

in ℄0; �[�R

n

, a family (	

"

`

)

`2N

, bounded inH

1

"

(R

n

), and a (nonempty) family ('

j

)

j2N

bounded in F(H

1

)(R

n

), su
h that for all ` 2 N and all x 2 R

n

,

u

"

0

(x) = 	

"

`

(x) + r

"

`

(x); with lim sup

"!0

kU

"

(t)r

"

`

k

L

1

lo


(R

+

;L

2�+2

"

)

�!

`!1

0;

and for every ` 2 N, the following asymptoti
s holds in L

2

(R

n

), as "! 0,

	

"

`

(x) =

`

X

j=0

1

(sin t

"

j

)

n

2

'

j

 

x� x

"

j


os t

"

j

sin t

"

j

!

e

�i

jxj

2

+jx

"

j

j

2

2"


ot t

"

j

+i

x:x

"

j

2" sin t

"

j

+ o(1):

Moreover, we have lim sup

"!0

t

"

j

"

= +1 for all j 2 N, and there is an integer j 2 N

su
h that t

"

j

2 [0; T

0

℄.
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Remark. In parti
ular, if the nonlinear term remains negligible up to time T = �,

then it is always negligible. Noti
e that the �rst point of the theorem is a
tually a


onsequen
e of the pro�le de
omposition stated in the se
ond point. This phenom-

enon 
an be 
ompared with a result stated in [3℄, where the spe
ial 
ase � = 2=n

is 
onsidered. Let u be the solution of the initial value problem (noti
e that the

nonlinearity is attra
tive, and not repulsive as in the present paper),

8

<

:

i�

t

u+

1

2

�u =

jxj

2

2

u� juj

4=n

u; (t; x) 2 R

+

� R

n

;

u

jt=0

= u

0

:

If the mass of u

0

is 
riti
al (that is, if its L

2

-norm is that of the solitary wave

asso
iated to (1.2)), then blow up in �nite time may o

ur. But if the solution has

not 
ollapsed up to time t = �, then it never blows up.

Remark. Su
h initial data still make the nonlinear term relevant at time t = t

"

j

(
on
entration at the point x

"

j

) in the 
ase � = 2=n, in parti
ular for Bose-Einstein


ondensation. The open question is: are they the only ones?

Corollary A.4. Assume that for every Wigner measure �

0

asso
iated with the

data u

"

0

and for every y 2 R

n

,

�

0

?Æ(x� y)
 d�:

Assume moreover that there exists 0 < T � � su
h for every y 2 R

n

and for every

t 2℄0; T [,

�

0

?dx
 Æ(� � x 
ot t� y):

Then

lim sup

"!0

sup

0�t�T

"

n�

kv

"

(t)k

2�+2

L

2�+2

= 0:

In other words, u

"

is linearizable on [0; T ℄. Moreover, if one 
an take T = �, then

u

"

is linearizable on R

+

.

We �nally analyze the 
ase where the initial data u

"

0

has the form displayed in

Th. A.3,

(A.7) u

"

0

(x) =

J

X

j=1

1

(sin t

j

)

n

2

f

j

�

x� x

j


os t

j

sin t

j

�

e

�i

jxj

2

+jx

j

j

2

2"


ot t

j

+i

x:x

j

2" sin t

j

+ r

"

0

(x);

where f

j

2 �; x

j

2 R

n

, t

j

2℄0; �[, with (t

j

; x

j

) 6= (t

k

; x

k

) if j 6= k. We also assume

that r

"

0

is bounded in �

"

and that its free evolution r

"

, de�ned by

(A.8)

8

<

:

i"�

t

r

"

+

1

2

"

2

�r

"

=

jxj

2

2

r

"

;

r

"

jt=0

= r

"

0

;

satis�es (A.6) for some 0 < T � �. For 1 � j � J , we de�ne v

"

j

as the solution of

the initial value problem

(A.9)

8

>

>

<

>

>

:

i"�

t

v

"

j

+

1

2

"

2

�v

"

j

=

jxj

2

2

v

"

j

+ "

n�

jv

"

j

j

2�

v

"

j

; (t; x) 2 R

+

� R

n

;

v

"

jjt=0

=

1

(sin t

j

)

n

2

f

j

�

x� x

j


os t

j

sin t

j

�

e

�i

jxj

2

+jx

j

j

2

2"


ot t

j

+i

x:x

j

2" sin t

j

:

The asymptoti
s for v

"

j

is des
ribed in [4℄ for t

j

= �=2. For t

j

6= �=2, it is similar

and 
an be dedu
ed by a time translation.
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Theorem A.5. Assume that u

"

0

is given by (A.7). Then for any T > 0 su
h that

lim sup

"!0

sup

0�t�T

"

n�

kr

"

(t)k

2�+2

L

2�+2

= 0;

the following asymptoti
s holds in L

1

(0; T ;L

2

) as " goes to zero,

u

"

=

J

X

j=1

v

"

j

+ r

"

+ o(1):

Remark. All the above results 
ould be generalized to the 
ase of an anisotropi


potential,

V (x) =

1

2

�

!

2

1

x

2

1

+ !

2

2

x

2

2

+ : : :+ !

2

n

x

2

n

�

;

with !

j

� 0, not ne
essarily all equal. Mehler's formula in that 
ase is di�erent

but analogous, hen
e Stri
hartz estimates are still available. The te
hni
al point

then 
onsists in repla
ing the operators A

"

and B

"

by their ve
torial 
ounterparts

de�ned by

A

"

j

(t) = !

j

x

j

sin(!

j

t)� i" 
os(!

j

t)�

j

; B

"

j

(t) = !

j

x

j


os(!

j

t) + i" sin(!

j

t)�

j

:

The asymptoti
s of the 
orresponding v

"

j

's are dis
ussed in some parti
ular 
ases in

[4℄.
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