ON THE ROLE OF QUADRATIC OSCILLATIONS IN
NONLINEAR SCHRODINGER EQUATIONS
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ABSTRACT. We consider a nonlinear semi—classical Schrédinger equation for
which it is known that quadratic oscillations lead to focusing at one point,
described by a nonlinear scattering operator. If the initial data is an energy
bounded sequence, we prove that the nonlinear term has an effect at leading
order only if the initial data have quadratic oscillations; the proof relies on a
linearizability condition (which can be expressed in terms of Wigner measures).
When the initial data is a sum of such quadratic oscillations, we prove that
the associate solution is the superposition of the nonlinear evolution of each of
them, up to a small remainder term. In an appendix, we transpose those results
to the case of the nonlinear Schrédinger equation with harmonic potential.

1. INTRODUCTION

Consider the initial value problem

10pu + 1Au =0, (t,z) e Ry xR",
(1.1) 2

2
—l‘m‘
2

Ult=0 = €

It is easy to see that at time ¢ = 1, the solution u is the Dirac mass at the origin.
For the nonlinear Schrédinger equation with attractive nonlinearity,

1
10y + §Au = —|u|*"u, (t,r) € Ry xR,
Ult=0 = U0($),

where 0 € [2/n,2/(n — 2)[, and up € H'(R") with |zjuy € L*(R"), it is well
known (cite e.g. [5]) that blow up in finite time may occur. Cazenave and Weissler
([7]) proved that changing uo(z) into ug(z)el*” for b sufficiently large ensures the
existence of the solution u globally in time. On the other hand, if v blows up in
finite time because it has negative energy, then changing uo(z) into ug (,*L')ffib|’”|2
for b > 0 sufficiently large makes the blow up happen sooner.

For the Schrédinger equation with focusing nonlinearity and critical power,

1
(1.2) 10y + §AU = —|u|*"u,

Merle ([20]) proved that if the initial data ug belongs to H(R™) and its L?-norm is
the same as that of the solitary wave, then blow up in finite time 7" > 0 can occur
only under a very rigid assumption on wug, for it must be of the form

n/2 , = .
wo(z) = (%) ¢i0—ila—z:|*/2T+id /T ) (5 (x Tm 3 x())) ,
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for some 6 € R, § > 0, zg, 21 € R, where @ is a solution of the stationary problem.
In particular, blow up in finite time necessarily involves quadratic oscillations in
the initial data (but this condition is not sufficient).

In [21], the authors notice that the defect of compactness in the two-dimensional
cubic nonlinear Schrédinger equation is due to quadratic oscillations, e‘”"”z, with A
large. These oscillations are related to the Galilean invariance, as in [20].

In [2], nonlinear Schrédinger equations are considered in the semiclassical limit,
in particular the initial value problem,

1
et + = Auf =" |uf|*uf, (t,z) € Ry x R,
(1.3) 2

2
Wymg = 71 f(@),
where ¢ €]0,1], 0 > 2/(n+2), and o < 2/(n—2) if n > 3. The asymptotic behavior
of the solution u° is studied, as € goes to zero: quadratic oscillations cause focusing
at the origin at time ¢t = 1 (compare with (1.1)), and the scaling of the nonlinearity
(in particular, the presence of the factor £”7) makes the influence of the right-hand
side of (1.3) negligible away from the focal point. On the other hand, the caustic
crossing takes some nonlinear effects into account, and is described at leading order
by the (nonlinear) scattering operator associated with

(1.4) 10 + %Azp = |]*7 9.

One may argue that this case is very particular, inasmuch as the initial oscillations
are associated with a specific geometry (the rays of geometric optics meet at the
origin at time 1), and ask: What if the initial data are more general? For instance,
what happens when more general oscillating initial data are considered,

Lpj(=

J
(L5) Wiy = fi(w)el
j=1

The aim of this paper is to study (a generalization of) these cases. We prove in
particular that the nonlinear term £"7|u®|??u® can always be neglected if none of
the phases ¢; is quadratic (Theorem 1.2): this means that the framework of [2]
concerned a critical case as far as geometric optics is concerned. We also study
the case where all the phases ¢; are quadratic (Theorem 1.4), and prove that the
solution u® can be described as the superposition of the solutions CH of problems

(1.3), with
- 1 %i ()
V=0 = fi(x)e" =
We now set up the framework we will keep throughout this paper, and state precisely
our results. We study the following Cauchy problem,

1
(1.6) tedpu® + 552Au5 =" )?7uf, (t,z) € Ry x R",

“\Etzo = g,
with the following assumptions.

Assumptions. We suppose that
o (H1) £€0,1].
e (H2) o>2/n,and o <2/(n—2)ifn > 3.
e (H3) The initial data uj belong to H*(R"™), uniformly in the following
sense,
sup (lugllze + 1Vuglz2) < oo.
0<e<1

Notice that this case includes the case of WKB data (1.5).
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e (H4) There is no focusing at time 0. As we shall see later, that means
that we suppose that
lim sup £"7 [|ug |33 7> = 0.
e—0
We define v° as the free evolution of ug,

1
je0v° + —e?Av° =0, (t R?
(17) i€y +2a v , (t,x) e Ry x R™,
Vjy—o = Up-
We will also need the free evolution “without &”,
1
i@tV+§AV=O, (t,x) € Ry x R?,

Vii=o = Vo.

(1.8)
We will define the associate linear operators Ug (t) := 322 and Up(t) := efz2.
Following some ideas introduced in [10], our first result is the following.

Theorem 1.1. Let T > 0. The following properties are equivalent,
(1) The function v® is an approximation of u® on the time interval [0, T],
sup ([lu”(t) = v ()L + [[eVu (t) — eV (t)]|L2) — 0.
0<t<T e—0
(2) The function v° satisfies
(1.9) limsup sup &™7||v°(t)] QL‘ZEZ = 0.
e—0 0<i<T

To check whether the condition (1.9) is satisfied or not, one can compute the
Wigner measure of the initial data ug. We shall state the corresponding result after
having analyzed more precisely condition (1.9) in Theorem 1.2.

For the sake of readability, we introduce the following notation.

Notation. i) For a family (a®)p<c<; of functions in H'(R™), define
la®[lmy = lla®llz> + lleVaZ|lz2,
0l 2e42 1= 2752 0¥ |or s

We will say that a° is bounded (resp. goes to zero) in H? if

limsup ||a®[|g: < oo (resp. = 0).
e—0

The same notions are obviously defined in L27+2.
ii) If (o )o<e<1 and (5°)o<:<1 are two families of positive numbers, we will write
(1.10) a® < p°
if there exists C' independent of ¢ €]0, 1] (but possibly depending on other param-
eters) such that for any e €]0, 1],

a® < Cp.
Remark. Notice that (1.9) means exactly that v° goes to zero in L27+2, uniformly
for t € [0, T.

Now we examine the case where (1.9) is not satisfied, that is when the evolution
of u® on [0,T] takes some nonlinear effects into account at leading order. To state
our result, we adapt some techniques developed in [11], [1] and [16] for instance.
Before stating the result, let us give the following definition: if (25);en is a family
of sequences in R?, d > 1, then we shall say that it is an orthogonal family if

|25 — zil

(1.11) Vj # k, limsup —~ -

e—0
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Theorem 1.2. Let T > 0 and assume that (1.9) is not satisfied. Then up to the
extraction of a subsequence, there exist an orthogonal family (t; , xj) jen in Ry xR™,
a family (95)sen, bounded in H}(R™), and a (nonempty) family (¢;);en, bounded
in {p € L*(R") ; |z|¢ € L*(R™)}, such that:

(1.12) ug(z) = Vi(z) +rg(x), with limsup ||Us ()¢l o (p, p2o+2) — 0,
£—0 {—o0

and for every ( € N, the following asymptotics holds in L*>(R"), as ¢ — 0,

¢ 1 r — 7t _iﬁ
(1.13) Ti(z) =) @) I)e TFET 40(1).
j=0 \'J

£

£
Moreover, we have lim sup -+

e—0

= +o0 and limsupt; € [0,T] for all j € N.
e—0

Remark. In the case when x5 and 5 have a limit as € goes to zero (for example if
one has WKB initial data, in which case an immediate identification gives the value
of those limits) then Theorem 1.4 gives the form of the solution u® for all times.

Remark. From Theorem 1.1, (1.12) means that the obstruction for the initial data
to be linearizable comes from ¥9. Equation (1.13) asserts that this obstruction is
due to quadratic oscillations. Notice that a priori, the profiles p; do not belong
to H'(R™). This information would require refined geometric assumptions on the
initial data ug, an issue which we will not pursue here.

Remark. From a geometrical optics point of view, quadratic oscillations cause fo-
cusing at a point, which is the most degenerate caustic. In particular, if the initial
data oscillates differently, a caustic may be formed, but the nonlinear term will
remain negligible. This means that when the caustic is not a point, the scaling of
the nonlinearity is sub-critical. This is very much in the spirit of the results of [15],
where this type of phenomenon is encountered, in a different setting.

Theorem 1.2 enables us to give a sufficient condition for condition (1.9) to be
satisfied. Recall the definition of a Wigner measure. The Wigner measure of a
family (f€)o<e<1 bounded in L?(R") is the weak limit (up to extraction) of its
Wigner transform,

e( e _ e (r_ VE\TFE Ve igw

W= [ f (e = F)F (a4 5) e

This limit is a positive Radon measure, whose study has proved to be efficient in
semiclassical analysis, and in homogenization issues (see e.g. [19], [12]).

If © and v are two positive measures on the same measured space, the notation
i Llv means that p and v are mutually singular, i.e. there exist measurable sets A
and B such that AN B = @ and, for every measurable set E, u(E) = p(E N A),
v(E) =v(ENB).

Corollary 1.3. Let T > 0. Assume that for every Wigner measure po associated
with uf, for every y € R, for every a € [0, T, we have

po(x, &) L o(x —y — af) @ d¢.
Then (1.9) holds, and in particular, v is an approximation of u® on the time interval
[0,77].

We finally focus on the case where the initial data ug have quadratic oscillations.
We assume that

J .
(1.14) ug(z) = ij(as)e_Z g,
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where
(1.15) fies:={pe H'R"); |z|¢ € L*(R")},
x; € R, t; >0, with (¢, ;) # (tg, xr) if 7 # k. We also assume that r§ is bounded

in H! and that its free evolution r¢, defined by

1
(1.16) ieor® + 562A7’E =0, (t,z) € Ry xR",

€ _ £
Tt=0 = To>

satisfies (1.9) for some 7' > 0. For 1 < j < J, we define v as the solution of the
initial value problem

1
iedv; + 552Av§ =" 5?05, (t,x) € Ry x R”,

(1.17) -
Vij=0 = Ji (x)e” =
Define Z by
(1.18) Z=F0803 1
where S is the nonlinear scattering operator associated to (1.4) (see e.g. [5]) and
(1.19) T1(E) = 76) = ﬁ [ sy

From [2], we know that for 1 < j < J, the following asymptotics holds in H! as ¢
goes to zero,

1 T —zj iiéj(;f{s'i .
(]_—t/tj)n/2fj (1—t/t]'>e J +0(].), 1ft<tj,
L zf (=2 i +o(1), ift >t
(t/t; =2\ T =1t;) o Rt

Our final result is the following.

(1.20)  vi(t,z) =

Theorem 1.4. Assume that u§ is given by (1.14). Then for any T > 0 such that

limsup sup &"7|r°(¢)] 2;2?32 =0,
e—=0 0<t<T

the following asymptotics holds in L>(0, T’ LZ) as € goes to zero,
J
ut = Zvj +7r° +o(1).
j=1

Remark. As we shall see in the proof of Theorem 1.4, one can prove a result in the
space L>(0,T; H}) if one is prepared to suppose that eVr® is linearizable. This is
the case in particular if r§ = 0.

Remark. Compare for instance with the results of Oberguggenberger [24], and
Rauch and Reed [26]. They exhibited some cases where the solution of a non-
linear hyperbolic equation could be approximated as the sum of a solution to a
nonlinear equation and of the free evolution of a linearizable data. As in our case,
this was possible thanks to strong geometric assumptions. In nonlinear geometric
optics, this phenomenon also occurs: in diffractive regime, an approximate solution
is given by Schrédinger like equations. Lannes [18] proved a splitting phenomenon
in the propagation of different modes, also explained by a refined geometric analysis.
This leads to a similar nonlinear superposition, whose statement and geometrical
interpretation are similar to that of [1], [16] or [9].
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The rest of the paper is organized as follows. In Section 2, we introduce the
tools we will use throughout the paper, and in Section 3, we prove Theorem 1.1. In
Section 4, we prove Theorem 1.2, and in Section 5, we prove Theorem 1.4. Finally in
the Appendix, we consider the analog to Equation (1.6) with a harmonic potential,
and we transpose the above results to that case.

Acknowledgments. The authors are indebted to Patrick Gérard for fruitful discus-
sions on this work.
2. GENERAL RESULTS ON NLS AND APPLICATIONS

Before going into the proof of the theorems, let us recall some general tools and
results on nonlinear Schrédinger equations, and their consequences for our study.
First, recall the classical definition (see e.g. [5]),

Definition 2.1. A pair (¢,r) is admissible if 2 < r < % (resp. 2 <r < oo if
n=12<r<ooifn=2)and

2=6(r):=n<%—%>.

Consider the initial value problem
1

10" + §Azpf = [V 277, (t,x) € R x R,
‘p\stzo = P5(2).

Since 0 > 2/n, and ¢ < 2/(n — 2) if n > 3, we know that if 5 € H'(R"), then
(2.1) has a unique global solution ¢°, which satisfies

Y° € O(R, H (R")) N LI(R, W' (R™)), V(¢,r) admissible.

If n > 3, this result was proved by Ginibre and Velo ([13], [14], see also [5]), and
for n =1 or 2, it was proved by Nakanishi ([22], see also [23]).

Moreover, if 1§ belong to a bounded domain of H*(R"), then ¢° belongs to
a bounded domain of L4(R, Wb (R™)) for any admissible pair (g,r). Using the

scaling
1 tx
) = v (0F)

we get the following lemma.

(2.1)

Lemma 2.2. The functions u® and v® satisfy the following properties.
(1) u®,v® € C(R; H' (R")).
(2) For any admissible pair (q,r), there exists C, such that

(2.2) ||UE||Lq(R;Lr) + ||'UE||Lq(R;Lr) + Hgqu”Lq(R;Lr) + ||5V’UE||Lq(R;Lr) < Crg_l/q~
(

3) Recall that Ug(t) := €22, For any admissible pair (q,r), there exists C,
independent of ¢ such that

1
e2||Us (D) ellzarszny < Collellze-
(4) For any admissible pairs (q1,r1) and (g2, 72) and any interval I, there exists

Cy, r, independent of ¢ and I such that

1

(2.3)  ewtwm <C

Lai(I;Lm1)

r1,r2 ||F||Lq’2(1;y'z) :

/ Us(t — s)F(s)ds
IN{s<t}

Notation. For a* = a°(¢,z) and t > 0, we write ||a°||ps(zr) = [|a®[|La(0,6L7®))-



ON THE ROLE OF QUADRATIC OSCILLATIONS IN NLS 7

Remark. In the special case where u§ does not depend on e, say uf = f € §(R™)
a function of the Schwartz space, it is easy to see, through stationary phase argu-
ments, that

[v°(t,.) — fllr2Ar= —>0, V&t > 0.
e—0

In that case, the above estimate (2.2) is therefore far from being sharp, in terms
of powers of €. On the other hand, if we choose the same initial data as in [2],
ug(x) = f(ac)e’“”z/@s), then the computations of [2] show that for ¢ > 1, ||UE||L3(L,)
and HUE“L;’(LT) are exactly of order e7'/9, when (g,r) is admissible. This shows
that Strichartz estimates are sharp in terms of powers of ¢, and suggests that the
best possible estimates are those of this case, which is that of the worst geometry
from the viewpoint of geometric optics (all the rays meet at one point). Bearing
this credo in mind can be helpful for the intuition in the proof of Theorem 1.1.

The well-known conservations of mass and energy for (2.1) yield,

Lemma 2.3. The following quantities are independent of time.

o Mass: |lu(t)|r2 = |[v" (D)2 = [lu5llz=-
e Linear energy:

£ 1 (> £
E5(t) := 3lleVar (D7 = E5(0).

e Nonlinear energy:

ETLO'

oc+1

In particular, since u§ is bounded in H!, u® and v® are bounded in H, uniformly
in time.

£ 1 g g loa £
E*(t) := SlleVaur ()72 + lus ()75 = E°(0).

We conclude this section by stating the Gagliardo-Nirenberg inequalities we will
use.

Lemma 2.4. Let r > 2, and if n > 3, assume that r < 2n/(n — 2). Then there
exists C, such that for any f € H'(R"),

—0 )
1£llzr < ColF I NV 1159
In particular, for any ¢ €]0,1],
—o(r —o(r &(r
1£ller < Cre 8O 7113550 1ev 111557,

and every solution bounded in H! is bounded in L?°+2.

3. THE LINEARIZABILITY CONDITION

We can now prove Theorem 1.1. We first prove that (1) implies (2). Let

Eno'

c+1

gno 2042
I35

1
R :=limsup sup §||5vzug(t)“2L2 +

[l (D) 117522
e—=0 0<t<T

1 £
= SVt ()13 -

On the one hand, assumption (1) implies that

no

R <limsup sup
e—0 o<¢t<T O+ 1

<limsup sup €™ / (Ju (¢, )27 + [0 (8, 2) 27T us (¢, ) — v° (¢, 2)|dz.
e=0  0<t<T

[l )P — o7 )P da
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Holder’s inequality yields

2041
R <limsup sup " ||us(t) — v° ()| parse (||uf(t)||L2,+2 + ||v5(t)||L2,+2)
e—0 0<t<T

From Lemma 2.3 and Lemma 2.4, this implies
R <limsup sup &"7||u’(t)— Ug(t)||L2a+2€_no-§;1é
e—=0 0<t<T

<limsup sup e2C7FD||uf(t) — v° ()] 2042
e—0  0<t<T

Slimsup sup [Ju(8) = v (O]} |eVut (1) - Vo (1527,
e—=0 0<t<T

We conclude from (1) that R = 0. On the other hand, the conservation of energy
stated in Lemma 2.3 yield

R =limsup sup

2042 5 2042
mup sup S gl — I 05

[204+2 [20+2

and since u§ is supposed to go to zero in L27F2 this proves that (1) implies (2).
To prove that (2) implies (1), introduce the (expected) remainder w® := u® —v°.
It solves,
tedyw® + 152Aw5 =" uf)?7uf, (t,z) € Ry x R,
(3.1) 2
Wyy—g = 0.

In a first step, we prove that
sup ||lw®(t)||z2 — 0.
s ()l =
Writing [u®|?7u® = |u®|?7w®+|uf|?7v° suggests the use of a Gronwall type argument,
with |u®|?7v° as a source term. Since in general (that is, when n > 2) we cannot

expect L>®-estimates of |u®|>?, the linear term |u®|??w*® must be handled with care.
The following algebraic lemma, whose proof is left out, will help us.

Lemma 3.1. Under the assumption 2/n < 0 < 2/(n —2), one can find q,r,s and
k such that

+

+
SEE

ST R i

|*Q\| —_ |ﬁ\| —

and satisfying the additional conditions:
e The pair (q,r) is admissible,
° 0< 2<d(s) <1

Apply the Strichartz inequality (2.3) with (¢1,71) = (¢,r), and (g2,72) = (q,1)
for the “linear” term, (g2, 72) = (00, 2) for the source term. This yields,

< gno—l1- 2/q |||us|20'ws||

||7~U HL (L_) < +6ncr—1—1/g |||us|2fr,us

leycee)-

Lf (1)
Holder’s inequality, along with Lemma 3.1, implies
(3 2) ||ws||L < gno—1- 2/q|| E||20’ wEHL%(LL)_i_Smr—l—l/g |||u6|20' E||L1(L2)'

Our goal is to prove that up to increasing the constants (which we have not written
so far), the left-hand side of (3.2) can be estimated by the second term of the
right—hand side only.
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Lemma 3.2. Define 6, by
6(s) —2/k
§(204+2)°
Then 6, €]0,1[, and the pair (q,r) defined as follows is admissible,
1—-6, 01

r + 2 +2
1-6 0

LRE
q 00

0, =

Bl I R

Holder’s inequality then yields, along with Lemma 2.2,

20(1—0 206
2%, < Il e 52

L (L) Lo (L20+2)

55_20(1 o) /q” 5”2;001“”2)

At this stage, we could estimate the last term thanks to Lemma 2.3; however, we
could not absorb the first term of the right-hand side of (3.2) by the left-hand
side, for the constant in factor of ||w5||Lg(LL) need not be smaller than 1. We rather
write
||UE||Ltoo(L20'+2) S ||UE||Ltoo(L2a+2) + ||w5||Ltoo(L2a+2).
From (1.9),
[v¥ ]| Loe (p20+2) = g7 0(1),

where o(1) goes to zero as € goes to zero, uniformly for ¢ € [0,T]. From Lemma 2.4,

_ne_ 1-5(20+2) (20+2)
lwllge(p2rte) S 72+ ||w5||Lw(LZ lleVw E||LooULz)

Gathering all these estimates, and using Lemma 2.2 to estimate e Vw®, estimate (3.2)

can be written as follows: there exist C.,C independent of ¢ € [0,T] and ¢ €]0, 1]

such that, for any ¢ € [0, 7],

o ey < Co (001) + 0" 1o 1) ) 107 2
(3.3)
+ CeMT T Py

where we denoted v = 206, (1—0(20+2)). Notice that v > 0; with our construction,
it would not necessarily be so if we had o = 2/n. Now, recall that we want to
prove that [|w®[[pe(z2) = o(1). Thus for ¢ sufficiently small, the term in factor of
||w5||L%(LL) in the right-hand side of (3.3) should be less than, say, 1/2, and the
left—hand side could be estimated by the second term of the right—hand side. Let
us make this argument rigorous. We know that at time ¢ = 0, w® = 0. From
Lemma 2.2, w® is a continuous function of time with values in L2, thus there exists
te > 0 such that

R 1
[Jw ||z§§(L2) < 1c,
So long as
1
Y
(3.4) 10 o < 307

holds, (3.3) thus yields

€ 1 £ no—1— E|20 ,,E
w2 pey < <O*0(1) + Z) Il e (pey + Ce s P ||L}(L2)‘
Taking ¢ sufficiently small, we have,

1 1
w2y < §||w5||L%(Lz) + el |||UE|20UE||L}(L2) ’
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and we conclude that so long as (3.4) holds,

(3.5) [ P e [

Iy cre) -

Applying Strichartz inequality (2.3) again, with now (¢1,71) = (00, 2), yields, along
with Lemma 3.1,

(3.6) [ llrge(r2) S e MLl

€ no—1 |20,
LEreyl? ||L%(Lz) t+e |||“ |*7v ||L}(L2)‘
Now from Lemma 3.2, Lemma 2.2 and Lemma 2.3,

gno—1- 1/q||ua||L (L VS < 61/2

Notice that at this stage, we do not decompose u® as v® 4+ w®. Using (3.5), we have:
so long as (3.4) holds,

(3.7) ||z L2y S ™71 ||[u v E“Ll(L?) :

From Holder’s inequality,
5|20' £

|||u ||L}(L2 < ||u5||L2,+1 L4a+2)||UE||Lt2‘T+1(L4a+2)-

We use the analogue of Lemma 3.2.

Lemma 3.3. Define 6> by
(20 + 2)(no —2)

9, —
> no(20 + 1)
Then 6, €]0,1[, and the pair (q1,r1) defined as follows is admissible,
1 6 N 1-6,
do0+2 2042 ro
1 0 1-6
=24+ —2

20+1 q1

From Holder’s inequality, we now have

1-6
[lv® ||L2”+1(L40+2 < ||UE||Loo(L2a+2)||UE||L;11(2LT1)~

Using (1.9) and Lemma 2.2, it follows that, since #5 > 0,
||’UE||Lt2¢T+1(L4U+2) S 0(1)6_%5*(1*92)/111.

For u¢, we can replace o(1) by a O(1), from Lemma 2.3. Therefore, so long as (3.4)
holds,

o e 22y S "7 o(1)eCoHDEAH=0/0) — o1),
Indeed, the powers of & cancel exactly, from Lemma 3.3. Taking 0 < ¢ <« 1, (3.4)
thus holds up to time ¢t = T', and the first part of (1) is proved:

sup [lw®(t)||r> — 0.
0<t<T e—0

To complete the proof of Theorem 1.1, we must show that the same holds for
eVw?®. We have all the tools we need to do so, and we will see that it is a consequence
of the above asymptotics. Differentiating (3.1), we see that eVw® solves the initial
value problem,

1
(3.8) icd(eVw®) + 552A(6Vw5) ="V ([u*u’), (t,z) € Ry x R”,
eVuj—o = 0.

We can proceed with the same computations as before: notice that
eV (Jus P7u®) | £ 7 [eVur| + [uf]*7|eVor|.
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The first term of the right—hand side plays the same role as |u®|>w*® in the previous
step. We can claim at this stage that the second term is small: the reason is that
from the first step, we know that u® goes to zero in L2°+2. Let us give some more
convincing details.

Repeating the computations of the first step, but with a different admissible pair
for the source term, (g,r) instead of (0o, 2), yields the analogue of (3.3),

eVl ey < CL(0() + 0 1} 12 ) 1oVl 2

3.9
( ) +Cl£n07172/2 |||UE|2O'EV,UE||

’
rye)”

where we kept the notation v = 206, (1 — (20 + 2)), and possibly other constants
C! and C'. From the first step, if ¢ is sufficiently small, then the factor C.(o(1) +
||w5||zoo(L2)) is smaller than 1/2, and (3.9) yields

T

||€V’LU || q Lr) <5n‘7 1-2/q |||UE|2UEV'U ||

Plugging this estimate like in the first step, we have
—1-1 2
leVurllng @2y S 7'V w7Vt

From Lemma 3.1 and Hélder’s inequality,

2
1P|y, < I°I2S Iy ey
Using Lemma 3.2 and Lemma 2.2, it follows
20(1—01) 0 -
1 P70 |ty S M5 N ey

<6—20-(1 01) /qH 5”20'91Lza+2) 71/2.

But from (1.9) and the first step,
1w (Inse 2042y < ([0 ||Lso(r2o+2) + (|| Lo (n20+2)
SemmRo() + e O G0 Va7
< e o).
We conclude that [|eVw?||s(r2) = o(1), which completes the proof of Theorem 1.1.

Remark. Notice that in the proof of (1) = (2), we did not use the assumption
o > 2/n, but only the conservations of mass and energy.

Remark. The proof of (2) = (1) could have been achieved without knowing a priori
the Strichartz estimates for u®, stated in Lemma 2.2, (2.2). Indeed, we exploited
these estimates for only a finite number of ¢: since the knowledge of such estimates
for v® is straightforward, these estimates could have been obtained by a “so long”
argument, as we used on the L>°(L?) norm of the remainder. Nevertheless, our
proof relied at several steps on the assumption o > 2/n, so knowing whether our
result holds for instance when o = 2/n seems to be a challenging question.

4. WHEN IS THE LINEARIZABILITY CONDITION VIOLATED?

The goal of this section is to prove Theorem 1.2. We shall actually be proving
a slightly more precise result than that stated in Theorem 1.2: it is in fact not
necessary to assume that there is no focusing at time 0.

Theorem 4.1. Let T > 0, suppose that (H1),(H2) and (H3) are satisfied, but
assume that (1.9) is not satisfied. Then up to the extraction of a subsequence, there

exist two orthogonal families (25,15) jen and (75) jen in R" xRy and R" respectively,
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a family (95)sen bounded in HX(R™), a family (®;);en, bounded in H'(R"), and
a family (p;)jen, bounded in F(H')(R™), such that:

T —7°

ujle) =W (o) + ij o (F2) i,

(4.1) €

ith li U ()75 || oo ar2) — 0
wi 1r§1j(1)1p|| o Mrillpee @y, 2742y 720,

and for every ( € N, the following asymptotics holds in L*>(R"), as ¢ — 0,
‘

€ 1 T — $; _Z(”;E—’;J:)Z
42) Vi) = Y g | Tt )e T ol
J

§=0 J

£

We have also lim sup < = 0.
e—0
In the case when (H4) is satisfied, then for every j, limsupt; € [0,T]; more-
e—0

over ®; is equal to zero for all j € N, and the family (¢;);en Is nonempty.

To prove Theorem 4.1, we shall mainly be using results of Keraani [16], and
in particular the profile decomposition of a sequence of solutions to the linear
Schrédinger equation, bounded in energy. That result is only proved in dimension 3,
but it clearly holds in all dimensions. In order to avoid unnecessary complications,
and to use directly the theorem of [16], we shall suppose in the proof of Theorem 4.1
that n = 3; once again that is purely for the sake of simplicity.

Let us start by rescaling our solution v® in order to apply directly Theorem 1.6
of [16]. We define the rescaled function

Ve(s,y) = 207 (e5,2y),
which satisfies the linear equation (1.8) with data
Vs () = 2 ug(ey).

By (H3), the family Vg is obviously bounded in H!, so one can apply Theorem 1.6
of [16]: we shall prove the following proposition.

Proposition 4.2. Under the assumptions of Theorem 4.1, and up to the extrac-
tion of a subsequence, there exist two families (s5)jen and (y5)jen in R and R3
respectively, such that

(4.3) Vi # Fk, limjélp |85 — skl + Y5 — Yl = +o0,
£

and there exists a (non empty) bounded family (V});en of solutions to (1.8) in H,
such that

¢
Ve(s,y) =Y Vils — 55,y —y5) + Wi(s,y)
=0
with
(4.4) limsup ||W7 ||po(®,r20+2) =0 when (= oo.
e—0

Let us prove that result. Applying directly Theorem 1.6 of [16], we have the
following decomposition for V¢, up to an extraction:

I4 € &
1 §—8, Y-y,
(4.5) Visy) =Y —=V; ( i ,) +Wi(s,y)
=0 V' (77]')2 Uk
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where 77 € Ry \ {0} are the scales of concentration, satisfying the following orthog-
onality condition:
. . . n; oo
Vj #k, either limsup —= 4+ —% = 400,
e—0 nk 77]'

|s% = sil+ |y; — vil

or n;=mn, and limsup . =400
e—0 Uk
The remainder W; satisfies
(4.6) limsup ||[W7||Lo@,y =0 when ¢ — oo,
e—0

2 3 1 .
and —+- = 3’ with r < 4+00. Such (g, r) are said to be H!-admissible (as opposed
q T

to the L2-admissible pairs of Definition 2.1, see [16]).
Finally the V;’s and W} are solutions of (1.8) in L>(R, H').
So we need to prove the following facts.
e (1) Up to an extraction, 15 is equal to one for all j.
e (2) The V;’s and W} are bounded in L>(R, H').
e (3) The limit (4.4) holds.
e (4) The family (V) en is not empty.
Note that the first result implies (2) and (3). Indeed suppose that 75 is equal to
one for all j. Then by the orthogonality properties (4.3), one has

V(s +s5,y+y5) = Vi(s,y) in D'(RxR).

But we know by Lemma 2.3 that V¢ is bounded in L>=(R, L?), so it follows that
for all j € N, the profiles V; are bounded in L>(R, L?); that implies also that

(4.7) (W§)oce<1 is bounded in  L*°(R,L?), uniformly in (€ N.

Since L>N H' = H', point, (2) follows. Then to find the limit (4.4) (point (3)), we
simply use (4.6) with ¢ = 400 and (4.7): the result follows by Holder’s inequality
(using assumption (H?2)).
Point (4) is due to the following observation: we have
¢

Vel oo (0,177,227 +2) < Z Vil Lo (o,1),L27+2) + (IWE oo (0,7, 120 +2)
j=1
so since (1.9) is not satisfied, (4.4) implies that all of the V}’s cannot be zero.
So to end the proof of Proposition 4.2, all we need to prove is that 7 is equal
to one for all j. In fact we shall prove that, up to an extraction,

(4.8) VjieN, nj=2X;eRy\{0},

and the expected result will follow simply by rescaling V; by A;. To prove (4.8),
we are going to use the notion of e,-oscillating sequences. For more details on the
subject, we refer to [1], [12].

Definition 4.3. Let (,)nen be a given sequence in Ry \ {0}, and let (V™) be a
bounded sequence in H'. Then the sequence (V™) is e,-oscillating if the following
property holds:

limsup/ eln IEP1F V™) (€))7 df-l-/

n—roo enlé|ZR

ERIFVOP d — 0.

Remark. For a time—dependent sequence (V"), uniformly bounded in L> (R, Hl),
the definition holds taking the limit uniformly in time.
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It is easy to see (see [11] or [16]) that V© is n;-oscillating for every sequence n;
appearing in the decomposition (4.5). So the proof of (4.8) is a consequence of the
following lemma.

Lemma 4.4. Suppose the sequence (V¢) is n°-oscillating for some sequence 7°.
Then up to a subsequence, we can write n° = \ for some A € Ry \ {0}.

Proof of Lemma 4.4. Suppose that (V¢) is n—oscillating. Then we can write, uni-
formly in time,

IV 2 < / EPIF(VOP de + 6. R)
R-1<n*|¢|<R

R ? € 2
S pr IV=(s)llz2 + 6(e, R),

where lim sup (¢, R) — 0 as R — oo. The conservation of the energy yields
e—0

IVVE(s)l[72 = IVVE(0)[72 = [leVug|[7-.

Up to a subsequence, we can suppose that this quantity is bounded from below
by some ¢ > 0 independent of ¢ €]0,1] (otherwise, Condition (1.9) could not be
violated, from Lemma 2.4). Fixing R such that

limsupd(e, R) < <,
e—0 2

yields, up to an extraction,

limsupn® =X € Ry.

e—0

Now suppose that A = 0. One can write, for all time,
VE=Ve+Wg, with FVi(t,&) = 1rp-1<pe1g)<rIV(,E) ,
and for all § > 0, if R is large enough uniformly in ¢ and n°, we have
Wl Lo @, m1) < 0.

The Gagliardo-Nirenberg inequality (see Lemma 2.4) implies that [|IWg|| e (12742
can be chosen arbitrarily small if R is large enough, uniformly in € and n®. It follows
that one can write

(4.9) “VE”iaoj(?mT],L%JrZ) S ||V§||iio+(2[07T],L20+2) +o(1)
o —i(20
< ||V§||22wa(2)?§“1],L2()2 +2)) +o(1)

where the second inequality is due again to Gagliardo—Nirenberg inequality and the
boundedness of V= in H'.
Moreover, frequency localization once again implies that for all s € [0, T],

V()2 < () / € P FVa(s.€) |2 de.
L<né<R

So the result follows, since by assumption the left—hand side in (4.9) does not go
to zero and (20 + 2) (1 — §(20 +2)) =2 — ¢ > 0. Lemma 4.4 is proved (and with
it, Proposition 4.2). O

Now let us finish the proof of Theorem 4.1. Using the decomposition given by
Proposition 4.2 for s = 0, we get

4
VE(0,y) =Y Vi(=s5,y — y5) + Wi (0,),
=0
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and going back to the definition of v¢, it follows that one can write

: I AR
(4.10) ug(x) = Vil -2 + wj(x).
=0 £2 g 3
We have defined
1 .
(4.11) t;:=esj, aj:=ey; and wp:=—5W; (0, —) .
g2 &
1 t - .
Of course Ug (t)w; = W7 <g, g>, o0 (4.4) can also be written
32

(4.12) lim sup ||U§(t)w§||Loo(R 2otz — 0.
e—0 vUE {—o0

Remark. If one considers a family of initial data r§ going to zero in L? and uniformly
bounded in H!, then clearly that convergence to zero holds uniformly in time
for Ug (t)r§ (due to Lemma 2.3), and Lemma 2.4 implies that [|Ug ()|l (p 127 +2,
goes to zero.

Define the function

1 t—1t5 ©—at
IE t, = —V Ja J .
i(62) c3 ]( € € )

We seek the asymptotic behavior of Ij(O, x) as € goes to zero. For every j, V; solves
(1.8), we recall some classical results we will need on that equation (see e.g. [25],

[5])-
Lemma 4.5. Consider the initial value problem (1.8).

o If Vo € L?>(R"), then (1.8) has a unique, global solution V' € C(R, L?). Moreover,
its asymptotic behavior as t — +o0o is given by

v~ ()

— 0,
t

t—+oo
L2

where the Fourier transform is defined by (1.19), and we use the notation
1 "
o IfVy € HY(R™), then (1.8) has a unique, global solution V € C(R, H'). Moreover,
the following quantities are independent of time,
Mass: ||V (#)llz> = [IVoll >
Energy: [[VoV ()||L2 = [[VVol| 2
o If Vy € X, where X is defined in (1.15), then (1.8) has a unique, global solution
V e C(R,X); it satisfies

For ¢ € N, define

1
Jo = {j €{0,...,¢}, limsup -~ =—}—oo}7

e—0 &

e—0

~ t5
Jp = {j € {0,...,0}, limsup;] ER},

and we denote by Jao (resp. Joo) the union of all these J; (resp. Jp).
The following proposition enables us to transform the profiles V; of (4.10) into
the form given in Theorem 4.1.
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Proposition 4.6. Up to extraction of a subsequence, still denoted ¢, we have:
e Ifj € foo, then there exists ®; € H' such that, as ¢ goes to zero, the following
asymptotics holds in H!,
£02) = o, <x - x§> +o(1)
FAN N - .

e Ifj e N\ Joo, then there exists Y; € F(H') such that, as € goes to zero, the
following asymptotics holds in L?,

: €12

1 77’(”;;1) T — a8

Ij(O,x) = Te =5y ( = ]> +o(1).
(t5)* '

j
e For j € N\ Joo, if we assume moreover that V;(0,-) € X, then ¢; € £, and the
above asymptotics holds not only in L?, but also in H_.
o If j € N\ (Jx U Js), then under the assumptions of Theorem 4.1,

limsup || I5]]; o 2042y = 0.
E_)Opll illLo(0,77,27+2)

Proof of Proposition 4.6. By definition of I5, we have

. 1 t; x—xj

Ifje foo, then the first point of Proposition 4.6 follows from the second point of
Lemma 4.5, with
Oj(x) = Vj(=Aj, ),
where \; := lim sup(tj/¢).
e—0

If j e N\ joo, then the second point of the proposition follows from the first

point of Lemma 4.5, with

¢]($) = ‘/}(07 —$),
where the Fourier transform is taken with respect to the space variable only. Sim-
ilarly, the third point of the proposition is a consequence of the last point of
Lemma 4.5.

For the last point of Proposition 4.6, we need to consider more precisely the case
when A; = —oo. The idea of the result we want to prove is that if A\; = —oo0,
then for ¢ small enough, we have t; < 0, so focusing for I7 has taken place at a
negative time. Since there cannot be more than one focusing time, the solution
is linearizable for positive times. Let us make that idea precise. For § > 0, there
exists F; € ¥ such that

IV3(0,) = Fyllm <34,

Let ‘73 (t,x) be the solution of the linear Schrédinger equation (1.8) with initial data
F};. Then from the conservations of mass and energy, we have

(4.13) 1V = Villo= e,y < 6.
Define INJE as the counterpart of I7 by

~ 1 ~ [t—1t5 v — 25
Ij(t,x) = —3VJ( J, ]).

From (4.13) and Lemma 2.4, we have,

sup ||I]E(t7 ) - T]E(tv ')”LE‘TJFZ < C2tr+26~
t€[0,T)
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The uniformity in time stems from the fact that for every ¢ € [0, 7],

|5 — ¢ t—ts —t
(LI A NN
€ € £ 0
since we assumed \; = —o0.

On the other hand, the last part of Lemma 4.5 implies IN/] € C(R,X), and

~ 1 iﬂ/\ T —af
Ib?(tvx) = =3¢ 2E(t7t§)Fj . + O(I)a in LOO([OvT]aHal)
! (t—t)2 t=t;

J

This explicit expression and Lemma 2.4 yield

30
2042

||| 242 + o(1).

(4.14) 15 | Lo (10,77, 22742) < sup

tefo,1) |85 — 1

We assumed \; = —oo, thus for e small enough and all ¢ € [0, 7],

€ € €
_ =< — —30 -
t5—t] ~ t—t5 = —t5 =0
Therefore,
limsup (|15 || < 0,77, 2.27+2) < C20426
e—0
and since § > 0 is arbitrary, this completes the proof of Proposition 4.6. O

Now let us deduce the theorem. Write

us(e) = Y I5(0,2) + Y I5(0,2) + pi (),
JEJ. jETe
The remainder pj satisfies the limit (4.1): it is indeed the sum of w7, which satis-
fies (4.12), and of the profiles associated with A; = —oo, which satisfy the desired
limit by the last point of Proposition 4.6.
For j € foo, define 75 = x5. From the first point of Proposition 4.6, we also

J
know that there exists a family (®;) in H' such that for any ¢ € N,

(4.15) (@)= S E0,2)+ 3 é@i <$ ;x7> + (),

JEJe jel,

where 7§ satisfies the limit (4.1), as the sum of p§ and of a term which is small in
H!. From the second point of Proposition 4.6, we also know that there exists a
family (¢;) in L? such that for any ¢ € N, the following asymptotics holds in L? as
e —0,

1 _i(m;—:j)z r — xt
S 00 =X Ly o (1) v
iede jer, (£5) j

The orthogonality property on (#5,25) and on (z5) is due to definitions (4.11)
and (4.3). The family (¢;);en is the family (¢););en from which we have removed
the profiles associated to A\j = —oo. We used the obvious convention that ¢; = 0
if j € Joo, and similarly, we set ®; =0if j € N\ Jo.

Now to end the proof of Theorem 4.1, we are left with the following proposition.

Proposition 4.7. Under the assumptions of Th. 4.1, if additionally (H4) is satis-
fied, then in decomposition (4.15) we have ®; = 0 for every j, and the family (¢;)jen
is nonempty. Moreover, there is an integer j € J such that lim sup t; € [0,T].
e—=0
Let us prove the result. It relies on the following lemma, which itself uses the
orthogonality of the 5’s. We shall postpone its proof to the end of this section.
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Lemma 4.8. Fix (e N. Iffor 1 < j </{, ®; € H', then we have,

2 2
¢ 7t

1 —
_@ J @ 20’—&-2.
>3 (=2) HO}ju 22,
J= L§a+2

Now let us prove the first part of Proposition 4.7. Let § > 0. For every j € Ju,
there exists F; € ¥ such that

1V3(0,) = Fyllin < 5o

Let V;(t, ) be the solution of the linear Schrédinger equation (1.8) with initial data

F};. Then from the conservations of mass and energy, we have

~ )
(4~16) ||VJ - VJ’HLW(R,Hl) < W

Define INj as the counterpart of I5 by

~ 1 ~ [t—1t5 v — 25
Ij(t,x) ==V ( Ja—]).

g2 e £

From (4.16) and Lemma 2.4, we have, for every j € Joo,

£ ~E 6
150, = L0l 242 < Capsagror
Fix ¢ € N. From (4.15), we have,
(417 |3 I < ST, 2t + gl 22+ [l 252+ Cos 20,

jeT L§’+2 jede

Proposition 4.6 yields profiles ®; € H' associated to V; for j € joo, and ¢; € ¥
associated to V; for j € Jx. The asymptotics in H! imply in particular, from

Lemma 2.4,
2
_iC==%) o
2etS J
§ ! 99] tE
2 J

’ ‘L2a+2 = Z
2042 30
€ ~ 12042
= (t_g> ||99j| L2042 >
J

Jj€J, jEJe
L20‘+2
&

1 _i('_m§)2 —

e 25t§ ("5] Vi
3 €
(t5)> t

so by definition of .J, we get

R e s
e 3 € ] e
(tj)z J

Then (4.1), (H4) and (4.17) imply that

But we have

lim sup
e—0

L20+2

|-

lim sup lim sup E —®; < ]> < Czp420.
{—o00 e—0 =~ €2

JEJe L2+

In particular, for ¢ > ¢, sufficiently large,

1 —

4.18 li Sy Y Q— < 2055 420.

(418) mawp |2 30 ()| <20
JjEJ, L§”+2
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Lemma 4.8 along with the above estimate imply that for every ¢ € N and every
J €I,

1] r20+2 < 2025420

Since § > 0 is arbitrary, this means that all the ®;’s are zero. But Proposition 4.2
states that the family V; is non empty, so the ¢;’s cannot all be equal to zero. That
yields the first part of Proposition 4.7.

Let us now prove the second part. We apply the operator U§(t) to decomposi-
tion (4.15), and using the fact that all the ®;’s are zero, we get for ¢ large enough,
for all times ¢ € [0, T,

HUg(t)u(E)||Lw([07T]7L§’+2) < Z ||Ij||Loo([o7T],L§’+2) + 6(T7€75)7
S
where limsup, _,( 6(T, ¢,e) - 0 as £ — oo. Now suppose that for all integers j € J,

(4.19) limsupt; > T.

e—0

This contradicts the conclusion of the proposition. Reasoning as in the proof of
Proposition 4.6 (see in particular (4.14)), and using the inequality, for ¢ € [0, 77,

9 _ 9 < £
ts —t]  t=—t = =T

we get, for every j € J,
lim sup [| 5|7 o 2042, = 0.
s 1751, ([0,T],L.27%2)

The contradiction follows, since the principal assumption of Theorem 4.1 is that (1.9)
is not satisfied. This proves that for at least one j, limsup#; € [0,T]. The above

e—0
argument also shows that indexes j’s which do not satisfy this property can be

incorporated into the remainder rj. So finally the theorem is proved, up to the
proof of Lemma 4.8.

Proof of Lemma 4.8. This lemma is very classical, and uses the orthogonality of

the 75’s (see for instance [11]). The only difference with the usual case is that the

nonlinearity is not polynomial; however it is C* (see also Section 5). So let ¢ be
fixed, and let j # k be in {1,..,¢}. An immediate induction shows that is enough
to prove that for all j # k,

1 T =75 1 x— I

: 30 _ . J k
111;1_%1p5 /5é <I>]< . )‘ T001) ‘<I>k< . )

But a change of variables yields
1 T —7° 1 T — I
30 J k
— |P; ¢
© /5% ]< € )‘ c5(20+1) ‘ k( € )
x5 — 25

= 1ol (3 + B2 ) 1o ) a,

and the result simply follows from the orthogonality of the family (z5), since at this
stage, one can suppose that ®; is compactly supported. O

20+1
dx = 0.

2041
dx

That concludes the proof of Theorem 4.1, hence of Theorem 1.2.
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5. INITIAL DATA WITH QUADRATIC OSCILLATIONS

In this section, we aim at proving Theorem 1.4. We set

J
x) = Zvj(t,x).

We first recall an estimate obtained in [2].

Lemma 5.1. Let r > 2, with r < 2n/(n —2) if n > 3. For any j € [1,.J], there
exists C = C(j,r) such that for any t > 0,

&(r)
(5.1) @l < C (;) |

|t—t]'|+6

Proof of Lemma 5.1. This estimate follows from the results of [2], and we briefly
recall its proof. First, the conservation of energy (stated in Lemma 2.3) shows that
v: is bounded in H!, and from Lemma 2.4, there exists C' = C(j,r) such that

J
105 ()2 < Ce™*)

Introduce the Galilean operator J;(t) = (z — xj)/s +i(t — t;)V,. Then from the
pseudo-conformal conservation law (see e.g. [5]), J5(t)v5 remains bounded in L?
(this is straightforward in our case o > 2/n). On the other hand, J; also writes

ez 012 z—w;|2
T5(t) = i(t — 1) TSV, < ﬁ)

so Lemma 2.4 yields
|05 (1)l - < Ot — ;)70
which completes the proof of Lemma 5.1. O

We want to prove that the remainder defined by w® = u® —r® — v® remains small
in L>°(0, T, L?). Notice that w® satisfies the following Schrédinger equation:

2
€
iedpw® + EAwE =" (f° +5%),
with
£ _ |u6‘|20'u6‘ _ |Q)E +,r,s|20'(vs -I-T‘E),

J
|’U +T6|20',U +7, Z|U5205

and is zero at time ¢ = 0. The key estimate is the Strichartz inequality (2.3), which
gives on any bounded interval I

1—L L —1-Lt L
(5:2) wllza (zzm) S T Ta T || f ||qu I,L72) +e" S S Hqu I,L73)

for all admissible pairs (q1,71), (¢2,72), (¢3,73). Since

|fs| S (|vs|2a + |us|20' + |rs|2a) |w5|,
this term will be treated as a Gronwall type term, while s is a source term. This
resumes the spirit of the proof of Th. 1.1.

We will proceed as follows, decomposing [0, 7] as the union of different types of
intervals I and arguing differently with regards to . First, we examine the Gronwall
type term, ||f5||Lqr2(I L7y Then, we study the source term, ||55||Lq/3(1 L4y Finally,
we can conclude on |[w®|[p(r;12).
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The Gronwall type term: For A > 0, we denote by Iy some interval included
in {|t —¢t;] > Ae, Vj € {1,...,J}}, and by I, for n > 0 any interval of length ne
disjoint from all the intervals I .
Lemma 5.2. Let (q,r) be as in Lemma 3.1.
1) Consider § > 0. There exist 19 > 0 and o > 0, such that for all n < ny and
0<e<eg,

1Nt g, gy < 0872/ | sy o,
2) There exist C,~v > 0 such that for any § > 0, there exist Ag > 1 and £ > 0,
such that for all A > Ag and 0 < ¢ < &1,

||fs||Li'([A7Lz’) < 0517n0+2/g (5 + ||w5||700(IA’L2)) “wE”Li(IA,Ll)-

Proof of Lemma 5.2. Using Holder’s inequality and Lemma 3.1, we obtain for any
interval I,

(53) 1N gy S (11380 ey + 107 B ey + 1 %1 1y ) D0 2

1) Let us study the case of an interval of the form I, for some n > 0. The
Gagliardo-Nirenberg inequality of Lemma 2.4 yields for any t € I,,

5 —i(s d(s 6(s
[ (Olle S 2@ uf (O]1}2° e Vaus (]S,

and similarly for v* and r°. Therefore, using the boundedness of the H!-norm of
the solutions of Schrédinger equations, we obtain

o

o

&
/ 5*5(§)Edt
Iy

< ok 2o(E o)

~

Since 20 (6(§) - %) = —% + no — 1, we obtain 1) in Lemma 5.2.

N

||UE||%0&(L,,L£)

2) Let us consider now intervals of the type Ix for some A > 0. Using Lemma 3.2,
Lemma 2.2 and Holder’s inequality, we obtain

374 o) s 2
La IA,L*) L°°(IA,L2”+2)

S Ty P

||UE||Lk (Ia,L%)

N N

Since u® = v + w® 4+ r°, we have,

200 200 200 200
||UE||L0;OE]A7L20+2) S ||1UE||LZO%]A7L20+2 + ||’UE|| 7 1IA L20+2) + ||TE||LZ°1[A I20+2)"

By the Gagliardo-Nirenberg inequality (see Lemma 2.4), we obtain as in point 1),

— 1-6(20+2) (2042
[ (Bl gzese S e @Dt |57 e 0t 757

~ )

< 575(2a+2)||ws||i25 20+2)

~ )

by use of the boundedness of ||w?||:1. Moreover by assumption,

71| Lo (14,127 4+2) 530

On the other hand, since {|t —¢;| < Ae} NIy = 0 for all j € {1,..., J}, we have,
from Lemma 5.1,

1 no55¥3
||'UE||2C221 20+2 S| —— .
Leo(In,L27%2) ~ \ A + ¢

20(1=61)/q+no206,/(20 +2) =1—-no +2/q,

Since
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Eq. (5.3) reads
£ —no 77740'@ € £
0¥l 1y gy S =" (A5 4 0(1) 4 [y gy ) 110 ey,

with v = 206, (1 — §(20 + 2)) > 0. Hence 2) of Lemma 5.2. O

The source term: We prove the following lemma.

Lemma 5.3. Let T > 0 be such that
limsup sup & ||r®(8)||7557, = 0
e—=0 0<t<T
Then we have
1511 L3, (22) = o(e" ™).

Proof of Lemma 5.3. Decompose the source term s as s° = s + s with
J
£ .__ e|20,. e|20,.€
87 = [v°*70° — E 5 O
Jj=1

Let us first estimate s5: we have |s5| < [v°]?7|r®| + |r]?7|v®], hence by Holder’s
inequality, we have

524 0 S 1125 g 107 Lz ey + 107 a1 241 g5
By Lemma 3.3, we have

nod
||v5||L3f'+1(L4g+2) S 67ﬁ67(1792)/01 .

By the smallness assumption on r¢, we have also

nod
||,rE ||L2T’+1(L4"’+2) < O(l)g_ﬁg—(l—ez)/tﬁ )

The conclusion is as in Section 3, and we get
15113, (12) < o(e' 7).

Now let us consider the term sj. We have the pointwise estimate

J
1511 S D 105177 D vkl
j=1

k#j
This is proved by induction on J, as soon as it is known for J = 2, in which case
it is a consequence of the following general estimate: let g(z) := |2|>?z, then for

every (z1,29) € C2,
lg(z1 + 22) — g(21) — g(22)| S 2117 |22 + |22/ |21 ).

We first reduce the estimate to profile interactions, which is then treated by or-
thogonality arguments. It is proved in [2] that for every ¢ € [1, J],

1 t—ty x—x
¥ (TS ) i) = i) 46

where ¥, € C(R,¥) N LY(R, W) for any admissible (¢, r), and

o(1)
(e + |t — tg])0(")

v;(t,x) =

2
(54) Vre [2, _n2 {, 167 (8)]|zr < » uniformly in ¢t € R
n—

It follows that p
Isilles ooy S D0 D M5IP70RN 1y oy + 07

=1 k]
€

where ¢ is a linear combination of terms of the type | (|¢5|* +167]>7)57 ||L1 (12)
T
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Let us start by showing that p° is estimated by o(¢'~"?). We have indeed

||(|1/J§|20. + |6;|20)61§”L;(L2) S (||¢]E| i%g+1(L4a+2) + ||6;||i(§g+1(L4a+2))

X ||6z||L2T’+1(L46+2)

and (5.4) yields the expected result.
Finally for j # k, an obvious change of variables yields

s 27w

Ly(L2) —

5 1/2
Sgl—na/ (/ (|‘I’j(8,y)|20‘\11k <S+t];t1¢7y+$];$k>‘> dy) ds.
R R™

By density one can suppose that the ¥,’s are compactly supported in time and
space. The fact that

tj —ty
9

Tj; — Tk

— +00

g e—0

shows that the above integral goes to zero as € goes to zero; the result follows. [

Proof of Theorem 1.4. We now have all the tools to complete the proof of Theo-
rem 1.4. The idea is that on intervals of the form I, we can use the linearizability
condition, provided that A is sufficiently large. This is quantified by the second
point of Lemma 5.2. The complementary of such intervals can be split into a finite
number of intervals of the form I,, (once A is fixed). Choosing first A sufficiently
large, then n sufficiently small, Theorem 1.4 stems from Lemma 5.3.

Assume that the first focusing time is #;. Let 0 < ¢ <ty — Ag, for A to be fixed
later. From (5.2) applied with (g1,71) = (g2,72) = (¢, 1), and (g3, 73) = (0, 2), we
have, using the second point of Lemma 5.2, B

02y <Cv (77 2NN e+

L (1)
<C (5 + ||ws||zt°°(L2)) Nl pepny + Cre™ V4|5 Ly r),
where § > 0 is to be fixed, and the constants C, Cs are universal. We first fix

d = 1/(4C5). Lemma 5.2 yields an associate Ag, and we fix A = Ap. As in the
proof of Th. 1.1, we can absorb the first term of the right hand side so long as
< 1
L2) = E
So long as (5.5) holds and ¢ < #; — Ae, we deduce

(5.5) 0”7

[l ll gy < 2015”07171/2H35||L}(L2)a

and like in the proof of Th. 1.1, we infer, along with Lemma 5.3, that (5.5) holds
up to time t = t; — Ae, and with Tp = [0,¢; — A¢], we have
(5.6) W[ Loe(14,22) = o(1).

Now we have to analyze the crossing of the small time interval [t; — Ae,t; + Ae].
The idea is to decompose that interval into a finite number (of the order A/n) of
intervals I, where 7 is fixed so that we can repeat a similar absorption argument.
Indeed, with I,, = [t1 — Ae,t1 — Ae + ne], we have, using Lemma 2.2

HwE“LZ(I,,,LL) S len(’iliZ/g”fE“Lg’([,I,Lz’)
+ 0167”_1_1/2”35||L1(1,7,L2)

_1
+ 015 g||’LUE(t1 —A6)||L2.
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Choosing 6 = 1/(2C4) in the first part of Lemma 5.2 fixes the value of n = 1, and
we have

_1
[0l a(r, Ley < 2C1 (€™ ™ s | pagr, o) + € 2w |poe (14, 22))-

We also deduce, applying Strichartz inequality once more, as in Section 3,

lw® || Lo (1,,22) < C(gmr_l”SE”Ll(L,,L?) + [lw ||z oe(15,22))-

which implies, using (5.6), that

||ws||L°°(ImL2) < CEno—_1||SE||L1(In7L2) + 0(1)

Repeating this argument in order to cover the whole interval [t; — Ae, t; + Ae] by
intervals I, we finally come up with

||ws||L°°(t1*As,t1+As;L2) S CeCA/n (ana_l||SE||L1(t17A5,t1+As;L2) + 0(1)) = 0(1)7

from Lemma 5.3. At time ¢t = ¢; + Ae, we are thus reduced to the same situation
as at time ¢ = 0, and we can repeat the same operations. Notice that the values of
A and n are fixed once and for all at the first step, and Condition (5.5) will hold
on the whole interval [0, 7], provided that ¢ is sufficiently small. O

Remark. Under the assumptions of Theorem 1.4, one cannot obtain a result in
the space L>([0,T], H}): indeed, if we differentiate the equation on w® and then
follow the same method as above, all the terms can be estimated along the same
lines except for one, which is of the type " |v?|27cVre. Far from focusing times,
the linearizability condition makes that term small, but the problem comes from
the times ¢;, near which "7 |v°|?? is not small. Under our assumptions, eVr® has
no reason to be small, in any sense. On the other hand, the asymptotics holds
in L>°([0,T], H!) if one supposes that eVr® is linearizable (which is the case for
instance if eVr§ goes to zero in L?).

APPENDIX A. NONLINEAR SCHRODINGER EQUATION WITH HARMONIC
POTENTIAL

In this appendix, we transpose the previous results to the case of nonlinear
Schrédinger equations with harmonic potential. We replace (1.6) with

1 2
ieOpu® + §E2Aus = %us +e" uf|?7uf, (t,z) € Ry x R,

5 _,E
U"t:O = Ug-

We still suppose that o > 2/n, and ¢ < 2/(n — 2) if n > 3. The motivation in
this study relies in the fact that such equations are currently used to model Bose-
Einstein condensation (see e.g. [6]). In [17], it is proposed that the above equation
models Bose-Einstein condensation in space dimensions one (n = 1, with o = 2)
and two (n = 2, with ¢ = 1), if ¢ = A, the Planck constant. In space dimension
three, the nonlinearity h?|u”|?>u” is usually considered, and does not fit our scaling.
Notice that (A.1) meets the usual model when n < 2, and o = 2/n, which is
precisely the borderline case for which we do not know whether all our results
still hold. Nevertheless, some results remain, and we believe that the information
provided by the case o > 2/n is interesting.
The corresponding linear solution satisfies

- £ ]' 2 e __ |l‘|2
(A2) 1e00° + 55 Av® = -

& . E
U‘t:o = Ug.

v°,
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It is natural to assume not only that uf € H:(R™), but also that |z|u§ € L?(R™),
so that u§ belongs to the domain of \/—¢2A + |2]2. We denote

Som {5 e )5 sup (1o + 10l + llf i) < oo}
<e<

As before, we also suppose that there is no focusing at time 0,

lim sup £"7 [|ug |33 7> = 0.
e—0

The expression of v° is given by Mehler’s formula (see e.g. [8]),

1 ? (M“’“*”)
£ t - @@ esint 0 d = UE t 0 ‘
o — t)n/2 /Rne ug(y)dy (t)ug(x)

In particular, local dispersion estimates hold for the group U¢ and the same Stri-
chartz estimates as in the case with no potential hold, with a constant depending
on the size of the time interval considered (see for instance [5], Remark 3.4.4).
Following [4], introduce

A®(t) = xsint —iecostV,, B(t) =xcost +icsintV,.

These two operators, usual in a linear context (they are the quantization of impulse
and momentum), commute with the operator

) 1 |z|?

Zfat + §€2A — T,

act on the nonlinearity |u®|?>?u® like derivatives, and satisfy the pointwise identity
(A.3) |4° () (@) ? + B ()p(2)* = |zp(2)* + [eVaip(x)]*.
Using the above remarks, we have the following preliminary results.

Lemma A.1. Assume that uf € ¥.. Let I be a bounded time interval. The func-
tions u® and v° are the unique solutions of (A.1) and (A.2) in C'(R; X, ) respectively,
and satisfy the following properties.

(1) uf,v® € C(R; Z.), with the following conservations.

o Mass: [[u®(t)l|L> = [lv*()llz> = llugllz>-
e Linear energy:

£ 1 (> 1 £ 1>
Es(t) := 5lleVav OI7= + S llzv (t)I7= = E5(0).

e Nonlinear energy:

677,0' 2042
Tl Ollzzo42 = E°(0).

1 1
E*(1) = 5lIeVaur ()l + 5 o ]2 +

(2) For any admissible pair (g, r), there exists C.(I) independent of € such that
(A4) Ny + 1A N aqrzny + 1Bl agripny < Cr(DH0

(3) For any admissible pair (q;,r1) and (g2,72), there exists Cy, ,,(I) independent
of ¢ such that

1.1
+‘12

g < Crim(DIF

La1(I;Lm1)

/ U (t — 5)F(s)ds
In{s<t}

L9 (I;L72)
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We did not state Strichartz estimates for u in (A.4). First, we noticed at the
end of Sect. 3 that they are not really needed, for knowing such estimates for v¢
is enough. On the other hand we could get these estimates for u® thanks to the
following change of unknown (see [3]). Define u® by

1

eiZE(ﬁrtZ)"”‘ZuE (arctant L) )
V1482
Then u® solves
~ 1 ~ D { o120~
IO + 562Au5 =" (1 + 2% HaE |7 ue.

Since we have to consider bounded values for ¢, Strichartz estimates for u® are a
consequence of Lemma 2.2, along with the remark that

A 1+ g) = B(1).
Using either one of the above two arguments, we have the first result,

Theorem A.2. Let T > 0. The following properties are equivalent,
(1) The function v° is an approximation of u® on the time interval [0, T,

sup (||u®(t) —v®(t)||z2 + |[eVu®(t) — eV v ()22 + ||lzu® () — 2v° (¢)||r2) — 0.
0<t<T e—0

(2) The function v° satisfies

(A.6) limsup sup &"7||v°(8)|[3%57, =
e=0  0<i<T

This result is proved the same way as Theorem 1.1. Notice that from (A.3), (1)
is equivalent to

sup. ([l (1) = o ()2 + 4% ()" = v9)l|z2 + 1B (1) = ) [12) —30.

0<t<T e—0
Since A% and B® commute with the linear equation and act on the nonlinearity like
derivatives, each of them plays the same role as ¢V, in Theorem 1.1.

Remark. Notice that as in Theorem 1.1, the proof that (1) = (2) does not rely
on the assumption o > 2/n, since it is a consequence of the conservation laws. In
particular, this result could be used to study Bose-Einstein condensation in space
dimensions one and two.

To state the analog of Theorem 1.2, notice that (A.5) turns (A.2) into (1.7).

Theorem A.3. Let T > 0 and assume that (1.9) is not satisfied. Then:
(1) There exists 0 < Ty < 7 such that
limsup sup &"7|jv° (¢ )||i(;j—+22
e—0 0<t<Tp
(2) Up to the extraction of a subsequence, there exist an orthogonal family (15, ¥5) jen
in]0, 7[xR", a family (¥$)¢en, bounded in H! (R"™), and a (nonempty) family (p;) jen
bounded in F(H"')(R"), such that for all { € N and all x € R*,

ug(@) = Vi(z) +ri(x), with limsup [|US()ri|l e @, p2e+2) — 0,
£—0 loc 45 be {—o00

and for every ( € N, the following asymptotics holds in L*>(R"), as ¢ — 0,

! 1 T — 7€ cos 1€ ;1 12+25 12 w28
— § ©; J J e 2 cot &5 +l2asmt5 -I-O(].)
(sint5)s ™ sin £

Jj=0

£

Moreover, we have limsup -+ = +oo for all j € N, and there is an integer j € N
e—=0 €

such that t5 € [0, Tp].
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Remark. In particular, if the nonlinear term remains negligible up to time T' = 7,
then it is always negligible. Notice that the first point of the theorem is actually a
consequence of the profile decomposition stated in the second point. This phenom-
enon can be compared with a result stated in [3], where the special case o = 2/n
is considered. Let u be the solution of the initial value problem (notice that the
nonlinearity is attractive, and not repulsive as in the present paper),

@ |4/n

2

1
i@tu+§Au= u—|ul*"u, (t,z) € Ry x R?,

Ujt=0 = Uo.

If the mass of ug is critical (that is, if its L2-norm is that of the solitary wave
associated to (1.2)), then blow up in finite time may occur. But if the solution has
not, collapsed up to time ¢ = 7, then it never blows up.

Remark. Such initial data still make the nonlinear term relevant at time ¢ = 3
(concentration at the point %) in the case 0 = 2/n, in particular for Bose-Einstein
condensation. The open question is: are they the only ones?

Corollary A.4. Assume that for every Wigner measure o associated with the
data uf and for every y € R",

po-Ld(z —y) @ dE.
Assume moreover that there exists 0 < T' < m such for every y € R" and for every
t €10, 77,
poLldr ® 6(§ — xcott — y).
Then

limsup sup & ||v°()[[3347 =

=0 0<t<T
In other words, u® is linearizable on [0,T]. Moreover, if one can take T = , then
u® is linearizable on R, .

We finally analyze the case where the initial data ug has the form displayed in
Th. A.3,

J x—wjeost;\ —ilmlHEi® gy 4 e
(A7 UO E g - e € csint; +T0( )
smt sint;

]:1

where f; € ¥, z; € R, t; €]0, 7], with (¢;,2;) # (tg,2x) if j # k. We also assume
that r; is bounded in ¥, and that its free evolution r, defined by

1 2
(A8) 10yt + 562A7‘E = %rs,
T'\Etzo =0,

satisfies (A.6) for some 0 < 7" < . For 1 < j < J, we define v} as the solution of
the initial value problem

1 z|?
ie0v; + 552Av]5- = %vf + "7 w3 2"1135, (t,z) € Ry x R*,

1 '<$_$]’C05t]’>e zwcott +ZZEST
(sint;)2 sin¢;

(A.9)

€ —
Vjjt=0 =

The asymptotics for vj is described in [4] for ¢; = /2. For t; # m/2, it is similar
and can be deduced by a time translation.
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Theorem A.5. Assume that uf is given by (A.7). Then for any T > 0 such that

limsup sup &"7||r°(¢)] 2;2?32 =0,
ems0  0<i<T

the following asymptotics holds in L>(0,T; L?) as e goes to zero,
T
u® = ZUJS +7° 4+ 0o(1).
i=1

Remark. All the above results could be generalized to the case of an anisotropic
potential,

1
V(z) = 3 (wiz] + w3y + ... +wial),

with w; > 0, not necessarily all equal. Mehler’s formula in that case is different

but analogous, hence Strichartz estimates are still available. The technical point

then consists in replacing the operators A and B by their vectorial counterparts

defined by
A5(t) = wjzj sin(w;t) — ie cos(w;t)d;, Bj(t) = wjx; cos(w;t) + iesin(w;t)d;.

The asymptotics of the corresponding v5’s are discussed in some particular cases in

[4].
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