Fluids with anisotropic viscosity

J.-Y. Chemin ? B. Desjardins { I. Gallagher { E. Grenier

Abstract

Motivated by rotating fluids, we study incompressible fluids with anisotropic viscosity. We use aniso-
tropic spaces that enable us to prove existence theorems for less regular initial data than usual. In the
case of rotating fluids, in the whole space, we prove Strichartz-type anisotropic, dispersive estimates
which allow us to prove global wellposedness for fast enough rotation.

Introduction

The aim of this paper is the study of the following system

ov+v-Vo—vApw—v,03v = —Vp in RTxR3?
(NSh) dive = 0
Ut=0 — Yo,

where A; denotes the horizontal Laplacian, i.e. the operator 92 LT 8:%2. The constants v > 0
and v, > 0 represent respectively the horizontal and vertical viscosities. Obviously, this
system is locally well posed when the initial data vy belongs to a Sobolev space H %+’7(R3)
for any positive real number n simply because the energy estimates are better than the ones
for Euler (i.e. v = v, =0). On the other hand, it is well known that if » and v,, are positive,
and if vy is only in L?(R?), then a global weak solution exists (that is Leray’s theorem,
see [16]). Finally, if vy belongs to the homogeneous Sobolev space H %(R‘o’), then a unique
local solution exists (that is Fujita and Kato’s theorem, see [10]). Moreover, if ||v0||H 1 1s small
enough with respect to min{v, v, }, then the system is globally well posed. Let us note that

the homogeneous space H %(R:)’) is well adapted to the Navier—Stokes system, in the sense
that it is invariant under the scaling of the equation: if v is a solution of the Navier—Stokes
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equation, with data vy, then the same goes for vy, defined by v (¢, ) def (A%, Az), with

data vg x () def Avg(Ax); it is easy to see that

||UU,)\||H%(R3) = ||UO||H%(R3)
What we want to investigate here is the case when v, is 0 or converges to 0. We want to

prove existence and if possible uniqueness results as close as possible to the case when the
two viscosities are positive and fixed.

Let us begin by saying something about the motivation of this problem. It is well known since
a series a work devoted to Ekman boundary layers for rotating fluids (see for instance [13], [7]
and [8]) that it makes sense to consider anisotropic viscosities and more precisely viscosities
of the type

—vAj, — Bed3.

That is obviously a particular case of the system (INS;) stated at the beginnning of this
introduction.

Considering the anisotropy of the problem, we shall have to use spaces of functions that take
into account that anisotropy. All we shall do here is strongly related to energy estimates, so
the tool will be anisotropic Sobolev spaces. Such spaces have been introduced by D. Iftimie
in [15] for the study of incompressible Navier-Stokes equations in thin domains.

Let us recall the definition of those spaces. It requires an anisotropic dyadic decomposition
of the Fourier space, so let us start by recalling the definition of the following operators of
localization in Fourier space:

Ala = F U p@|Gl)a) for jeZ
o T Flp@tigha) for keN
Ay F(lE)a)
na © 0 for E <=2,

where Fa and a denote the Fourier transform of any function a. The functions ¢ and 1) are
smooth, compactly supported functions, with support respectively in a fixed ring of R far
from the origin, and in a fixed ball containing the origin and such that

Vte R\{0}, D o(27t)=1 and VteR, ¢(t)+ > @2 7t) =1.
JEZ JEN

We refer to [3] for a precise construction of an isotropic decomposition of the Fourier space;
let us note that there exists an integer Ny such that if |j — j'| > Np, then supp p(277-) N
supp p(277"-) = 0.

Let us remark that we consider a homogeneous decomposition in the horizontal variable and
an inhomogeneous decomposition in the vertical variable. The associate Sobolev spaces are
defined as follows.



Definition 1 Let s and s’ be two real numbers and a a tempered distribution. Let

Jok

2
def s’
lalls,s = (222(”“ k)IIA?AZGIIiz) :

The space H**' is the closure of D(R®) for the above (semi-)norm.

Let us remark that, as usual when homogeneous Sobolev spaces are involved, H* " is a Hilbert
space if and only if s < 1. Spaces of this type have been used by J. Rauch and M. Reed in [18]
and by M. Sabl-Tougeron in [19].

Let us state the three main theorems of this paper.

Theorem 1 (Existence) Let sy > 1/2 be a real number, and let vy € H%*0. Then a positive
time T and a solution v of (N'S},) defined on [0,T] x R? exist such that

v € L>([0,T]; H**°) N L2([0, T]; H%0).

Furthermore, there exists a constant ¢ such that if ||vgl|go.so is less than cv, then we can
choose T' = +o0.

Theorem 2 (Uniqueness) Let sy and s be two real numbers, greater respectively than 1/2
and 3/2, and let vy be an initial data in H**. Then at most one solution v of (N Sy,) exists in

the space
v € LR H") N L*(RT; HY).

Let us denote by T* the maximal time of existence; if T™ is finite, then
T A T ,
/0 [0 @) 1/72.00 dt+/0 [0(t) 131,59 dt = +00.

Those statements deserve a few commentf,. The initial data in Theorem 1 have only L?
regularity in the horizontal variable, and H2"" in the vertical variable; for positive viscosities,
it is proved by D. Iftimie in [15] that the problem is well posed. Here, with that regularity
(which is very close to the scaling of the equation), we obtain short time existence for large
data and global existence for small data as in Fujita-Kato’s Theorem. Uniqueness requires
one additional vertical derivative. That comes from the fact that the lack of vertical viscosity
prevents us from gaining vertical regularity.

The third result of this paper concerns the rotating fluid equations, obtained from (N S}) by

1
adding the Coriolis force —v X ez, where e def (0,0,1). Here £ > 0 represents the Rossby

€
number; we refer to [12] and [17] for a physical interpretation of that system. Note that the

skew—symmetry of the operator Lv def v X eg implies that Theorems 1 and 2 hold for the

rotating fluid equations: their proof only involves energy estimates. Moreover, the rotation
induces a dispersive effect which leads to the following result.



Theorem 3 (Rotating fluids) Let vy be an initial data in H%* with s strictly greater
than 3/2. Let v > 0 and v, > 0 be two real numbers. Then a positive real number &g
exists, depending only on v and vg, such that, for any € < ¢y, the system

1
o +v-Vu—vApw — I/V832»U +-vxe3 = —Vp
€
dive = 0
U|t:0 = 9o,

has a unique global solution in the space L>¥([0,T]; H%*) N L([0, T]; H*).

Let us notice that this global regularity result is different from those proved in the case of
periodic boundary conditions (see for instance [1] and [11]; in those cases, the global regularity
is due to non resonance conditions).

The structure of the paper is the following:

e the first section is devoted to some basic properties of the spaces H**';

e the second section, the core of the proof of Theorems 1 and 2, is devoted to the proof of
an energy estimate in anisotropic Sobolev spaces for the convective term v - V. The fact
that the vector field v is divergence free will allow us to avoid bad terms containing J3v
which are not compensated by viscosity;

e the third section is nothing but an application of that energy estimate through classical
contraction arguments, in order to prove Theorems 1 and 2;

e the fourth section consists in showing a dispersive effect for rotating fluids, as pointed
out in [6], and applying it in this context in order to prove Theorem 3.

1 Algebraic properties of spaces H>*

Before stating the theorem we want to prove, let us give a few properties concerning those
spaces, which we shall use throughout the study. The main results are essentially contained
in [18], in [19] and in [15]. They concern product rules in the spaces H**'; let us start by
recalling the classical product rules in isotropic Sobolev spaces: if a and b are two tempered
distributions, then for any d > 1,

d
Vs,t < 5, s+ t> 0, ||ab||Hs+t_%(Rd) S CsatHa“HS(Rd)||b||Ht(Rd)’ (11)

where the H* spaces are the usual homogeneous Sobolev spaces, defined by the norm ||u|| i7s def

-1 1a )l ze -

Furthermore, in the final section, we shall be working with bidimensional functions as well
as tridimensional functions, and in particular taking the product of such functions. We shall



be in need of the following result, whose proof can be found in [11] (in the case of periodic
boundary conditions, but it is identical in the case of the whole space):

Vs,t < ]_, s+t > 0, ||ab||H5+t_1(R3) S Csvt||a||H5(R2)||b||Ht(R3) (].2)
The same results hold for inhomogeneous Sobolev spaces.

Now we shall prove the following product rule in our anisotropic Sobolev spaces.

Lemma 2 Let o and o' be two real numbers, smaller than 1, such that ¢ + ¢’ > 0, and
let sy > 1/2 and s be such that s + sg > 0; a constant C' exists such that the following holds.
Let a and b be two tempered distributions. Then

abll grotor-1.0 < Cllall gz co[|bll gor.s + [lall s [|bll go7.00)-

Proof of the lemma. By definition of H%*, we have

fallfrs = 3222075 [ AR A awn, )2 dapday
gk

- % [ 218 a7 e e o,

SO we can write

lallres = 275 1A all 2y, e 2| o (1.3)

2(2)
Then we just have to write the paraproduct algorithm of J.-M. Bony (see [2]), in the vertical
direction, which reads

Aj(ab) = AL(T)b+ Ty a + R'(a, b)),

with
b S Sa AL and Ra,b) EY S ALaAl b
k! k" je{-1,0,1}

Let us state the following lemma, whose proof is obvious.

Lemma 3 For any s > 1/2 and any o € R, a constant C exists such that for any function a,

lall oo (R, 1o (m2)) < Cllallmas.

Then we have, by the bidimensional product rules recalled in (1.1),

I1SRaADl Lom, iroto-1y < ISRallLo Bayin) [ARM 2R, o)
< x2 " lallgosol[b] gov.s.

where ¢;, € (2(Z), according to Lemma 3. Similarly we have

||Az,aAU,_jb||L1(Rm3;Ha+af_1) < ||Ak’a||L2(Rm3;H‘7) “Av’—jb“L2(Rm3;H<f’)

N

czIka'(erSO) @l -0 ||b||Hc,,,s.



Then Bernstein’s inequality yields
IALAL Ay 8| ar ety S 27O fal o bl v
This implies that
IARR(a,0) | 2, rosor-1y < cx27HF073 2l oo 16 g7

and Lemma 2 is proved. U

2 Anisotropic energy estimates

We shall prove the following lemma, which is the core of the proof of Theorem 1.

Lemma 4 For any real numbers sy > 1/2 and s > sy, a constant C' exists such that for any
vector fields a and b, with a divergence free,

(A% (a - VB)ALD) 2| < Cd27 (bl g (lall g IVRDl s + llall g [V 5Dl o.so
+HIVhall goso lBll 1« + IVaallgoslbll 3., with Y dy =1.

keZ

Proof of the lemma. Let us define
FF AT QD by and  FY A (@P050).

The terms (FJ|by,)z2 and (FY|by,) are estimated in two different ways. The reason why is that
the term F,? involves only horizontal derivatives which can be compensated by the horizontal
viscosity as in the case of the usual Navier-Stokes system.

Let us start by proving the result for F,? We have, using similar computations to those
leading to Lemma 2,
def

= Z 1Ak (T4 9:b) + Thpa + Rv(az’8ib)||L2(Ra:3;H‘%(R2))

ks v _h
< %2 |Ska ||LooR LHER2) IVibll 2R, L2 r2)
ks
+ 2 TSROl o, rh eyl 2 Regiz2 vy
|k1—k2|<1
‘kl—k|<N0
—k
< a2 (llall 4.0 IVRbllgos + llall 1 IV abll o.s0)-



Finally, we have

(AR (a” - Vi) [br) p2mey| < Cd27*[[0]] g . (llal IVabll o +llall ;3. VROl 0.0 ),

1
H2%

so the result is proved for the term (F}!|by,) 2. To estimate the term (FY|by)z2, let us first use
J.-M. Bony’s decomposition in the vertical variable: we can write

AY(a®dzb) = FP' 4+ FP? with
Flz”l dlef ALY SPyo(95b)Afa®  and
k' >k—No
YA S SudPas AL,
|k —k|<No

We clearly have

1 _ 1
m37

and Bernstein’s inequality, along with bidimensional product rules recalled in (1.1), yields

v, k
I <O Skaatibll g b ey 18907 s

_1
L?(Ryy:H ™ 2(R?)) k> No

But it is clear that

, k' (1-s)
1Sk 2030 < (2 [Lcl/ e

1
L2(Rog;H 2 (R?))
SO

1 k '(1—
15 <02z Y 2MOALE® | pags Bl g e

1
2(Raq;H 2 (R2
(R R%) k'>k—No

Here we are going to use in a crucial way the fact that a is divergence free: we have
d5a® = —divya”.
So, we infer that
1AL (|2 mey < C27V||AL 050 2 (mo)
< C27MY|AY divy o] a gy

That implies that

k / !
< (23 ok (1=5)9=H'(1450) ¢ 11V | gro.so ||
Q(RIS;H_%(RQ)) = kl>;]v0 k “ h “H0 0“ “

< Ca2 ™| Vhal gos, 1]

1
IE: s
H%,s?
since sg > 1/2.

Up to that point, we did not actually use the energy estimate, but only laws of product
or Sobolev embeddings. The estimate of the term (F} 2|b)z2 will use in a crucial way the
structure of the nonlinearity.



First of all, following a computation done in [5], we get that

(F2|br)pe = (SP(a®)0sby|be) 2 + Ri(a,b)  with (2.4)
def
Re(a,b) = > (AL Sboaa®lasaiblbe) L+ Y0 ((SE - Shoy)a®dsAhbler) .
|k~ k| <No |k —k|<No

Then, using an integration by parts, we infer that
1
(St (a®)Dsby|br) 2 = —§(Sz(33a3)bk|bk)m-
Thanks to the fact that a is divergence free, we deduce that
(Fi2|br) 2 = (brSidivia”|be) 12 + Ry (a,b).

The term (b SPdivya’|bg)z> can be estimated as the term (F}'|b;) that appeared above. To
estimate the term ([AY, SV, |a®]03AYblbg) 2, we write that, for any function w,

([AR, Spr_1a®|w) (wp, 23)

=92k / h(2ky3)(82171a3(3:h,x3) — S}C’,fla3(ajh,x3 —y3)))w(zp, v3 — y3))dys.
Writing a Taylor formula, we get that

([A}, Spr_10®|w) (zh, 23) = /R o h1 (2% (y3) (Spr_1050°) (w, w3 +1(23—y3))w (2w, 23 —y3)dysdt
X10,

with hq(z) = zh(z). Thanks to the fact that a is divergence free, we get
([A%, Sk—10°]w) (zh, 23)

= — /R 0.1] hl (2k(y3)(512/_1 divh Uh)(.rhv r3 + t(.rg) — y?)))w(xh7 T3 — y3))dy3dt
>< b

Now, let us apply the rules of product of Sobolev spaces on R2; this implies that
1187 St 10%10) (o) s
k : h
< C/ ha (2%ys)| | divi, 0" || Lo (R, 2 2 0 (5 23 — y3)||H%(R2)dy3-
From this, we deduce that

(] ’;é,Sﬁulaslw)(‘v“""3)“L2<Rm3;H*%(R2>>

< CQikHS};/il dth ah||Loo(Rz3;L2(R2)) ||w||L2(R2'H%(R2))'
So we get
([ zasg'—103]33bk’|bk)m < HSz’—ldivhah||Lm(Rm3;L2(R2))

k' —k
X 2 ||bk’ ||L2(Rz3,H%(R2))||bk||L2(Rz3,H%(R2))

8



Finally, with Lemma 3 joint with the fact that |’ — k| < Ny, we infer
([AYs Spr—1a*]sbpr |bg) L2 < Cely[[Vhall go.00 277 [[B] 71/,

The term (S}c’ — }C’,fl)a383A};,b can be estimated exactly as the term F,;}’l. That concludes
the proof of Lemma 4. U

Remark. We are unable to estimate the term (F,;’|bk)L2(R13;HS(R2)), for any s # 0: that
is due to the fact that the estimate of (S}é(a3)33bk|bk)L2(Rz3;Hs(R2)) which appears in (2.4)

would lead to terms of the type ([A?, S,Z(a3)]83bk|bk)Lg(R3). We do not see here any way of
recovering the vertical derivative of by because of the lack of vertical viscosity.

3 Proof of Theorems 1 and 2

Proof of Theorem 1. It is obvious that for smooth initial data, smooth solutions exist (of
course only for short times); we shall prove a priori estimates for such smooth solutions.

As it occurs in the classical Navier-Stokes system, global results for small initial data are easier
to prove than local results for large data. In any case, the proof relies strongly on Lemma 4
proved in the previous section; let us start by deducing from that lemma the global part of
Theorem 1. Applying the operator A} and using an L? energy estimate gives, considering the
fact that v, >0,

1d
55”%@)“%2 + || Vhor () 172 < (AR (v - Vo)log) 2,
where we denote by vj, the term Ajv. So using the above Lemma 4 with s = sp and a = b = v,

we get
1d -
5 70k ONL: + VI Vhve (BT < Cdp27 o],

Now multiplying this inequality by 22#%° and taking the sum over k gives

|V hol| 50,50 - (3.5)

Lo

1d

2 2 2
5 g1Vl 7000 + VIVRO Ol < Clloll

%’SO ||VhU||H0,so .

An obvious interpolation inequality tells us that

I 4o < 0000 V0] oo

lv
So we infer that
ld 2 2 2
5 7 10O z0.00 + VIV B 70,0 < Cllo(@) oo VR0l 0,50
So, if ||vgl| fro.so is small enough, the function ||v(t)(|30.s, decreases; more precisely, if
v
o(8) oo < o

9



then we get
1d

2dt
So, we get that, for any positive ,

Now standard compactness arguments give the global existence result.

v
1o (@) 10,50 + §||th(t)||%{0a30 <0.

t
0(t)[[F0.00 + V/O IR0 () 1 Fo.00 " < 00| F0.50-

The proof of the local part of Theorem 1 consists in several parts, considering differently the
high vertical frequencies and the low ones.

The case of high vertical frequencies is treated thanks to the following lemma.

Lemma 5 For any sg > 1/2, a constant C' exists such that for any smooth solution v of (N S},)
on [0,T] x R3, for any integer N, we have

11 =S5 oll e o) + 2VIIV R (1A =S80 22 510

T
< C|(1d =S5 )wo 370,50 +C/0 ()12 4 .o Va0 ()]l r0.00 .

»80

Proof of the lemma. We just have to multiply inequality (3.5) by 22¥%0 and take the sum
for k bigger than N — 1; we get

1d
37 Yo 2P0l |+ Y 22k80||vhvk(t)”%2SCHU("’)HZ%,SO||th(t)||H0’30-
k>N-1 E>N-1

Then Lemma 5 follows by integration in time. ]

Let us now consider the low vertical frequencies and high horizontal frequencies.

Lemma 6 For any sg > 1/2, a constant C' exists such that we have the following properties.

Let M and N be two integers such that M > N, and let us define vy n def (Id —Sﬂ)S}’VU.
Then

loar w1 Ze0 (gro.s0) + 20V hoar w72 (41000

T
< Clloasavioliposn +C [ 100 1/me0 V800 oot

Proof. Again by standard energy estimates, we have

1d

§EIIUM,N(75)II%2+V||thM,N(t)ll%z = (FYnlvan)re + (Fiylvan)zz,  with
Fliy X (1d=54)S%(0"V,0) and
Firn € (1d=8}) k(0% ds0).

10



The term F]}\} y 1s estimated easily, using the product rules given in Lemma 2. Using the law
of product, we have

1Fata )y sy < OO o) g ) V008 -

As 59 > 1/2, we get

h h
(1R PPN o L PRYEN |/ Py
T3

hence
h
|(Far vloae ) 2wy < Clollgza IV avll oo
To estimate ||Fy, N“L2(R we use the fact that v is divergence free: we can write

that

ey H™ 2 (R2))
Fyry = (Id _55\14)5%(33(030) +v divhvh),

The term (Id —S%,)S% (v div,v") can be estimated exactly as F]}QN. As to the other term, it
is basic Fourier analysis to observe that

Id =S = 27 (1d =S0;) (x1 (D)1 + x2(D) ),
where y; are smooth, homogeneous functions of degree 0. Then it is clear that when M > N,

((1d=S%) 9505 (v*0)[oar,) 0%l 2 sy 2V IV RoM 22y

<
L2(R3) —

< Clloll 200 Va0 N | 000
< Ololl31/2.50 V0l 0,50
So finally
(Far v o) pagws)y < Cloll e Vol goso,
which proves the lemma in an obvious way. U

Let us conclude the proof of the local existence part of Theorem 1. Let us observe that v is
in L2(R3), so we have the basic L? energy estimate

ool + 20 [ 190 e < ol
So it is obvious that
1S% St v (t) 130,00 + 20 /Ot IV aSY Shv(t) || 30,0 dt’ < C22M22NOT ||y |12,
So using an interpolation inequality and Lemmas 5 and 6, we infer that

1 2 2 2
Q) M0, by + 29003 100y < O (100550 o

,So)

T
+ 1S5 (T =Sh ol 30,0 + 22222V 0T g 13, +/0 T2 4 oy l0(E) 000 t").

11



So we deduce that

1 2 2 2
VIO, rbisny T VITRIE 00y < C (1= )00 50

C
h 2 2M 62N 2 4
+ 18K (1d =85 ol +2M 2V T ol + Tl )

Then choosing first an integer N such that
I(Id =S Yool 0.0 < 1,
then an integer M greater than N such that
1S5 (1d =S5 )vol[30.00 < 1,
and finally a strictly positive real, number T such that
222N lug |72 <,

we obtain that, for any T' < Tp,

1 2 2 C 4
VIO, gty +VIVR0IE: a0y < Ot IO g

So, for any positive real number 7, a positive real number T; exists so that

L 2 2
oy <M.
v?2 ||U||L%1(H%,SO) + V||th||L2Tl(Ho, 0y =1

That yields the result, and proves Theorem 1. ]

Proof of Theorem 2. Let us start by proving the propagation result stated in Theorem 2,
considering vg € H%*, with s > sg; we just have to follow the computations leading to the
global existence result with data in H%%. We have, as for (3.5) and using also Lemma 4,

d —2k
@Iz + VI Vroe®)Ilze < Cdp2™ ol g (Il V00l o0 + 0] 1. [VAoIlos),

HE

Ele)
1d
2 dt
By integration, we find that

c C
o) 70 +VIVRoB) 0.0 < 0117 4 o 101500 + — 100000 10l Fr0.s-

[
H?2

c (T c (T
||v||%%o(Ho,s)+2u||Vv||igT(Ho,s)Sexp(; | ot + 5 [ ||vhv<t>||zo,sodt>.

So we find that the life span of the solution is controlled by the following norm:

T T
T< 400 = A|Mm@mmﬁ+AHWMM@Wﬁ:+m.

12



Now we are left with the proof of the uniqueness of the solutions when s > 3/2. So let v;
and vs be two solutions of (NSy), with initial data vy, such that

Vie {1,2}, wv; € L>([0,T), H**)n L*([0,T], HY*), s> ;

and let w def v1 — v9. We have
Orw — vApw + vy - Vw 4+ w - Vog = —Vp,

hence using Lemma 4 and interpolation inequalities, we can write

(v1 - Vw|w)go,s < C(HVhUl || Fro,5—1 ||w||§{1/2,371 + |t grr/zs—1 |w| gr/2.s-1 ||Vhw||H0,s—1)
< (IVnvtll o 0]l gosr | Viewl| oo
1 3
+ lorll gr/zs-1lwl o, IIVthIi,o,s_l)
v 2 ¢ 2 1 4
< gIVhwllzoss + —{ IVRvilg20-1 + s lloallgy e | lwllgos-1.

But with Lemma 2, we can write that

|(Ak (" - Tyoa) )| < €2l 4, [ Vavll o

and
(A dgva) )| < C2 2 Velyllul] s, oo foall 3.

It follows that
d 2 2 v 2
L lems + T w0 mr < Va0l
c 2 2 1 4 4
+ o IVavillg2.e-1 + [[Vavallge.—1 + i) (||Ul||H1/2,s—1 + ||UZ||H1/2,s—1) [|w|| gro.s—1-

The result follows by time integration, and Theorem 2 is proved. U

4 The case of rotating fluids: proof of Theorem 3

In this final section, we are going to prove Theorem 3. We shall in fact prove a more precise
result that stated in Theorem 3, and in order to do so, we need to introduce some notation.
We shall consider the following rotating fluid system:

1
(RF*) { 8tv—yAhv—uV3§v+v-Vv+gv><63 —Vp

Ut=0 = UYo-

13



The elements of the kernel of the operator Lv def P(v x e3), where P is the projector onto

divergence—free vector fields, are bidimensional vector fields; so it is natural to introduce the
solution of the bidimensional Navier—Stokes equation:

ou—vApu+u-Vu = —Vp
ﬂ|t:0 = Ug,
where ug is a bidimensional, divergence—free vector field.

Finally in order to state the following theorem, we need to introduce the solution to the free
wave equation associated with (RF*®).

1
dw, — vA W, — vy, 3w, + SWeXes = -Vp,
divw, = 0
’U)F|t:0 = wp.

We shall prove the following result.

Theorem 4 Let v > 0 andv,, > 0 be two real numbers. Let vy = ug+wo, where 1y € L?*(R?)
is a bidimensional vector field, and where wy € H**, with s > 1/2. We suppose both fields
are divergence free. Then there exists €y, independent of v,,, such that for ¢ < eq, there is
a global solution to the system (RF¢), bounded in L= (R™, H"*) N L?(R*, H"*). Moreover,
if s > 3/2, then the solution is unique. Finally when € goes to zero, v satisfies

v—iu—w, =0 in LR H")nL*RT,H).

The proof of that theorem mixes the results obtained in the previous sections with anisotropic
Strichartz estimates on w,,, in the spirit of [6]: let us define

F(45,5) (O W RGP ),

We have the following estimate.

Theorem 5 For any vector field f we have, for any p € [1, 0],

h
|ARALAS, Fllpp

z3)

< €, 2075 min (1, (e2%) %250 ) | AL AL || gy (46)

Proof of Theorem 5. We follow exactly the same lines as in [6]. For the convenience of
the reader, we present here a self contained proof. Like all Strichartz—type inequalities, (4.6)
is the consequence of dispersive estimates. Writing

~ € Te2
Ape(7,0,0) f < 71 (e”?“h'”%f (5)) :
we have the following dispersive lemma.

14



Lemma 7 There exists a constant C' such that the following holds. For any function f, we
have

| AL AR A (7,60,0) fll o2 < Cmin (1,77 5207 H) 22~ )0, o (4)

Th»T3 Th»T3

Proof of the lemma. Let us define

def iwh-En i3 —0lEn]2 o—j
L, 0,5', &)  o(277¢s) /R T o 27T |6y ) de.

Then we have

22k:

IIA?A%ARF(Ta979)f||L;<;1,,213SCe_Ce (7, 05 Mpzee Il sz, s

ThoT3

where we have used a Young inequality in the horizontal variables, and Holder’s inequality in
the vertical variable, associated with Plancherel’s formula.

Now all we need is an estimate of I;;(7,6,-,-) in L;z’zoa: we can write
k)

Ijak (7-7 07 Thy 53) = 22k1-j,k(7'a 22k9, 2k$h, 2_k£3)

with
~ <3

d f ol 1 s ~83 2 s
Li(r.n.y' ) < o(G) /R VTR o 987 ¢y ) d

So we shall integrate by parts in the following integral:

31,00 [ &7 o104 ]) dea

Let us introduce the operator £ defined as

1 . .
Va, La= TT7a20) (@ —ia(()0na)  with  a(() = O, <9> )

An easy computation yields

which implies immediately that

B(c1,Go) = [ €77 L (e o((C])) dea

But we can compute, for any function ¥,

—7a? {1e"
L) = (H% - z’(acga)m) Q) - 130 U(0),

so using the fact that ¢ is in a fixed ring of R® and that ¢ € D(R), we get after elementary
computations

. k_]
1o (el p(h—i Cmin(2"7,1) g,
L (e e )| < =g

15



It follows that

- ~ ok dGo
Lig(m,m,y, w00 < Ce M / min(2F 7, 1)——2—
Garmyf Gl < oG [ N ]
S:3
1o i _
< Ce M zmin(2F, 1)]lp(G) e
< Ce 112 min(2/7F, 1).
So finally we have obtained that
IARAR A (7.0) fll o2 < Ce O8O0 92 min(29 K 1)~ 5 || f|l 00 . (48)
Th»T3 ThT3
Now to conclude to (4.7), we note that by Sobolev embeddings,
. ~po2k 2
||AhAv (T, 0 0)f||L;<;Lzm3 < (02 O C€2J||A;'L v el
< 0223'6—002%6_0022]‘ ||A§‘ QI;fHL;h?%v
which with (4.8) implies that
k: 2
“AhAvARF (T e)f“Lg‘;zig < Ce —C922k __Ch2 ]22] (_2) k| 1) HfHLl 5
T2
The lemma, is proved. U

End of the proof of Theorem 5. To prove the result, we are going to use duality
arguments, based on the anisotropic estimate (4.7). In the following, we shall call

def
BE {\If e D(R?), ||‘I’||L°T°(L;’,f,a,3) < 1}. (4.9)

The following set of equalities is standard:

|ARALAS fllpy e ) = sup/ < A (D). U(t) > dt

Tp,r3 ‘I’EB

— swp2m)™ [ plee RO f 0B arde

veB X
LS vt |2y, 13
= sup (27)73 / et IS v s e
\IIEII)B Z R+><R3fj, f) ( f) 3

where we have defined f;; = A?A};f and W;; = A?A};‘II. So it follows that

|A; A, f||L1 o )<Sup (2m)~

. ~
‘/ o E?S—ut\ﬁh\ ’/Vtgg‘lfj’k(tag) dt

k<j L*(R?)

But we have 5

_1_3_ 2=
|, e S

L2(R?)

16



3 ~ .5 & =
- e TR (1, g6l IS () didsde
(RT)2xR3 ' '

1 .
< /(R+)2 15(s, Mgz I1W(E )l 2 min (17> e 2 dtds. (4.10)

Then we just need to notice that

e—u(t+s)22j ) e—v(t+s)
/ C  dtds=27% / C  duds,
®RH)2 |t — s[> R4 |t — |3

t— 5|2

and that )

/ ) e V()2 g — 2 5
(RT)2 v

so (4.10) yields finally

7=k

< G, min (1,(5229')@ : >2jIIA§L nf 2 (re)-

|ATARAS, Fly oo

mh,z3)
But by Sobolev embeddings and energy estimates, we have
h j h
|APALAS, Fll s ) < C2NADALS g,

and the theorem is proved by interpolation. U

Proof of Theorem 4. The proof is going to use Theorem 5 proved above. Such an estimate
is best used when the horizontal and vertical frequencies of w, are fixed, and it is possible to
do so for the following reason: it is clear that, as w,. satisfies a linear equation,

. h\ oh . o
N,nglgl—oo (Id —S¥) Sy (Id —S}’V3)S}’V§ w, =w, in H" Voo (4.11)
N',Ni—+o0

So for any n > 0, there exist integers N, N', N3, Ni such that

lwp = W, | oo v+ HOS L2 RS ) < 15 (4.12)

where we have noted dof
wrn = (Id —S%) SR (1d =K, ) Sy wpe.

Then (4.6) becomes simply

1/4
Wp € [L,00, Nwmllppr ) < Coellwg, 2, (4.13)

where here and in the following, we have written C,, for any constant depending on N, N', N3
and N3, such that (4.12) is satisfied.

Let us recall the following classical estimates on the bidimensional Navier-Stokes equation,
and on linear parabolic equations: we have

t
Wt > 0, ||u(t)||§2(R2)+2u/0 IV () 2 gy At = o e ey (4.14)
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t
and V20, e (Ol +2 [ Va0, ()50 dt = unlfo. (415

Now if we define w def v —u—wg, ., it is enough to prove that w is unique, and goes to zero
in L®(R*, H**) N L2(R*, H*). The function w satisfies the following equation:

6
1
Ow — vAyw — v, 03w + —w X e3 = —=Vp+ Y F; (4.16)
1) j=1
with
F def —w - Vw
def _ =
Fr, = —u-Vw—w-Va
F3 d:ef —u)F,m -Vw
Fy d:ef —w - V’U)F,m
i def . = ; T 1 /
F, = - dlvh(wf,,muh) — divy (u’ w};m) — divy (wy, w};m)
i def j j ]
Fl = —u383wfm,m — uj@s’wi,m - 83(w;,mw;m)-
and

Wiy = (Id —(1d —S%) Sk (1d —S%,) ;’Vé) wo.
Note that, according to (4.11), we have
Vn >0, 3(N,N',N3 N3), |lw=ollgos <. (4.17)

The uniqueness result follows simply from Theorem 2, since the skew—symmetric term %w X es

does not interfere in the energy estimates. So let us prove that for € small enough, there is
a global solution w to equation (4.16), which goes to zero in L®°(R™, H%*) n L2(R*, H*).
The proof will use estimates proved in the previous section, as well as the Strichartz estimate
proved above.

First, using Lemma 4 proved in Section 2, we get
(AR (w - V)| ALw) 2y < Ci2 2 w2 V0 0.
Using the interpolation between H%* and H*, and taking the sum over &, we get
(Filw)gos < Cd272[[w] gross [ Viw]Fpo.s - (4.18)
Now, let us estimate (Fz|w)go,s. Since @ does not depend on the third variable, we have
(AL Vo) [ M) sy = (- VAT)| M) paqry

1
= ——/ div @ | Abw|? da,
2 JRr3
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so as HY/?(R2) is embedded in L*(R?), we get
[(Ag(@- vU))|AQIQU))L2(R3)| < C||Vhﬂ||L2(R2)||A%w||i2(RI3;H1/2(R2)),
By interpolation between L2(R2) and H'(R?), that yields
V(= v ¢ =112 v 2 v v 2
|(Ak(u : VU)>|Akw)L2(R3)| < ;“th||L2(R2)“Akw||L2(R3) + T6||thkw||L2(R3)v

and multiplying by 2%%*

and summing over k, we get finally
_ ¢ — 112 2 d 2
(@ Vwlw)gos| < IVl ge)lwlgos + 76 IVawlo.s (4.19)
Moreover, we have

[(Ag(w - va)|A%w)L2(R3)| < CHA%WH%%R%;HU?(R?))thﬂHL2(R2),

so similarly

_ C _ v
- V)l < IVl l0lFyon + 22 Voo (4.20)
So, putting estimates (4.19) and (4.20) together, we get that
C _ 2 2 v 2
|(Fofw)gos| < ZIVaulza gz [wligos + GIIViwllzo.. (4.21)
In order to estimate the term (F3|w)po,s, we use Lemma 4 proved in Section 2, which yields

|(Ah(wy,, - V)| A1) g | < Cd2™ | g

% (lwe e 19wl o + ol gase [Vao,, lzos)
which in turn implies that
v 2 c 2 2 2 2
|(Fsfw)gos| < 7 lVhwlzo. + — (Ilwp,mHHuz,sIIwIIHuz,s + ||w||H0aS||Vth,mHH0,S) :

So finally, by interpolation, we infer

(Fslio) ol < ZITn0lns + ol ( S5lwm e + 19005, B ) - (422
Moreover, we can write
(Filw)os] = 1w Vg, g
< N0 s 10, e
<

HwH%IO,S ||pr,m ||L°°(R2;H5(Rm3))‘
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But the spectral localization of w,  implies that, for any 7, a constant C), exists such that
||VwF,m||L°°(R2;H5(Rz3)) < CWHMF,m“LgC’;’?zga

so finally
| (Fi|w) pro.s| < CﬂHMF,mHLg‘;ig“w“%{&s- (4.23)

To estimate |(F5|w)go,s|, let us write that

| (F5[w) gro.s |

IN

1B |10 [[Viw]| 0.5

IN

8 v
s v + S h0l
By definition of Fj, we have

1B 7-1s < Clllwg,, ll3p0.0 + W [p0.0)-

As the Fourier transform of w,  has its support in the vertical frequencies included in the
ball of radius Nj, we have

2 _
IFslmre < ONS (hwp 220y + 100 2 sy

IN

2 — 12 2 2 2
ONG (e [0l + 0 22 0, 22 ).

Using again the spectral localization in the vertical variable and the energy estimate of the
free rotating system, we get that

1
CN32 |jw

IN

0, 17200

F,m H%P(R?’)
Tp L3

IN

2
||wo,m||L2(R3)-
So, using now the energy estimate in the 2 — D Navier-Stokes equation, we get that

2 _
1B -re < CNE (Nl + Nl o 3o 05 20

As in all that follows, let us denote by C), any constant depending only on 1 and on the initial
data @y and vy; we can rewrite the above estimate as

v
| (F5|w) gro.s | < Cyllw + 5 IVawlgos. (4.24)

F ||200,2
mllpge?
To estimate |(Fg|w))go,s|, let us write that

|(Fo|w) gro.s| < || Fo || go.s [[w]| gro.s-

Using again the spectral localization in the vertical variable of w , the energy estimate in
the 2 — D Navier-Stokes equation and the energy conservation for the free rotating system,
we get that

+1/) = 1
|Fsllzos < CNE (ol 2y + V32 llwg 2wy ) 1w0pll 2 -

Tho3
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As above, this can be written as

|(Fe|w)os| < Cyllwe, | ooz llwllpro.s. (4.25)
An energy estimate in H%® on equation (4.16) yields

1d
5 gl 5os +VIViw @)l = [(F®)]w() go.s],

where F(t) © S™ Fi(#). So using (4.18) and (4.21)~(4.25), we get
i=1

1d
§Ell’w(t)lll2qo,s + V|| Vaw(t) [ Fo. < @) |lw(t)|Fo.s + Gy(t)

v 1
+ (z + Cllw(®)]| o (1 + ;nw(t)uHo,s)) IV () 0.

2
Callwp 22+ Colln, |l [w(®llmos  and

def C _ C
o) = (1940 By + 19005 O + S5m0+ 7 Col, Oz )

Th>T3
Note that according to (4.14), (4.15) and (4.13), the function ® is in L!(R™) and

Cr2,_ o 2 ¢ 2
12l me) < - (;HUOHL2 + [[wo | 7o.s (1 + ;“wOHHOaS) + Cn||wo,m||L2(R3)>- (4.26)

Let us fix  such that

1 v
Cllew(0) o (1 + (Ol 0. ) < 76 (4.27)
Let us consider the supremum 7™ of the set of the real numbers T' such that

1 v
Ve < T, Clw(®)llos (14 - lw@®lmos ) < 5

(4.28)
As long as the above condition (4.28) is satisfied, we have
1d 2 v 2 2 2
5 g 1Ol + S IVawBlo. < 2W)lwt)lzos + Collwe, o2+ Cnllwe,llpzz, -
Let us define .
(1) < w(t) exp <— / <I>(t’)dt’).
0
We have
1d

. 2 v . 2 2 2
§Ellw(t)llm,s + S IIVa@(#) [Faros < llwy=ollzros + Cnllwp,mlngc;;gzs + Cnllwp,mllLﬁ,,zm
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So by integration, we get, for any ¢ < T*,

_ v [t _
1D (£) 1370, + 5/0 IV L@ ()| 30,0t < ||w\t:o||%{0,s

t
N2 ' ,
+Cn/0 (IIwF,m(t)lngi,gzs+0n||wF,m(t)||Lm,2 )dt_

Th>T3

Now we shall use the Strichartz’ type estimates. Using estimate (4.13), we get

t
Cy || (I ")+ Cyllwg, )l )t < Cife)

zp,T3

where C)(¢) is a function of € such that, for fixed n, liH(l) Cy(e) =0.
e—

So finally

t
~ v ~
19 (#) 370« + 5/0 IV R () |F0.0dt” < lJwji=oll o + Cy(e),

hence

t t
(Ol +5 [ 10BNt < (Jwmolns +Cole)) exp [ (2 at.

and the theorem is proved using (4.26). O
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