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Abstra
t

Motivated by rotating 
uids, we study in
ompressible 
uids with anisotropi
 vis
osity. We use aniso-

tropi
 spa
es that enable us to prove existen
e theorems for less regular initial data than usual. In the


ase of rotating 
uids, in the whole spa
e, we prove Stri
hartz-type anisotropi
, dispersive estimates

whi
h allow us to prove global wellposedness for fast enough rotation.

Introdu
tion

The aim of this paper is the study of the following system

(NS

h

)

8

>

<

>

:

�

t

v + v � rv � ��

h

v � �

V

�

2

3

v = �rp in R

+

�R

3

div v = 0

v

jt=0

= v

0

;

where �

h

denotes the horizontal Lapla
ian, i.e. the operator �

2

x

1

+ �

2

x

2

. The 
onstants � > 0

and �

V

� 0 represent respe
tively the horizontal and verti
al vis
osities. Obviously, this

system is lo
ally well posed when the initial data v

0

belongs to a Sobolev spa
e H

5

2

+�

(R

3

)

for any positive real number � simply be
ause the energy estimates are better than the ones

for Euler (i.e. � = �

V

= 0). On the other hand, it is well known that if � and �

V

are positive,

and if v

0

is only in L

2

(R

3

), then a global weak solution exists (that is Leray's theorem,

see [16℄). Finally, if v

0

belongs to the homogeneous Sobolev spa
e

_

H

1

2

(R

3

), then a unique

lo
al solution exists (that is Fujita and Kato's theorem, see [10℄). Moreover, if kv

0

k

_

H

1

2

is small

enough with respe
t to minf�; �

V

g, then the system is globally well posed. Let us note that

the homogeneous spa
e

_

H

1

2

(R

3

) is well adapted to the Navier{Stokes system, in the sense

that it is invariant under the s
aling of the equation: if v is a solution of the Navier{Stokes

�
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equation, with data v

0

, then the same goes for v

�

de�ned by v

�

(t; x)

def

= �v(�

2

t; �x), with

data v

0;�

(x)

def

= �v

0

(�x); it is easy to see that

kv

0;�

k

_

H

1

2

(R

3

)

= kv

0

k

_

H

1

2

(R

3

)

:

What we want to investigate here is the 
ase when �

V

is 0 or 
onverges to 0. We want to

prove existen
e and if possible uniqueness results as 
lose as possible to the 
ase when the

two vis
osities are positive and �xed.

Let us begin by saying something about the motivation of this problem. It is well known sin
e

a series a work devoted to Ekman boundary layers for rotating 
uids (see for instan
e [13℄, [7℄

and [8℄) that it makes sense to 
onsider anisotropi
 vis
osities and more pre
isely vis
osities

of the type

���

h

� �"�

2

3

:

That is obviously a parti
ular 
ase of the system (NS

h

) stated at the beginnning of this

introdu
tion.

Considering the anisotropy of the problem, we shall have to use spa
es of fun
tions that take

into a

ount that anisotropy. All we shall do here is strongly related to energy estimates, so

the tool will be anisotropi
 Sobolev spa
es. Su
h spa
es have been introdu
ed by D. Iftimie

in [15℄ for the study of in
ompressible Navier-Stokes equations in thin domains.

Let us re
all the de�nition of those spa
es. It requires an anisotropi
 dyadi
 de
omposition

of the Fourier spa
e, so let us start by re
alling the de�nition of the following operators of

lo
alization in Fourier spa
e:

�

h

j

a

def

= F

�1

('(2

�j

j�

h

j)

b

a) for j 2 Z

�

v

k

a

def

= F

�1

('(2

�k

j�

3

j)

b

a) for k 2N

�

v

�1

a

def

= F

�1

( (j�

3

j)

b

a)

�

v

k

a

def

= 0 for k � �2;

where Fa and

b

a denote the Fourier transform of any fun
tion a. The fun
tions ' and  are

smooth, 
ompa
tly supported fun
tions, with support respe
tively in a �xed ring of R far

from the origin, and in a �xed ball 
ontaining the origin and su
h that

8t 2 R nf0g ;

X

j2Z

'(2

�j

t) = 1 and 8t 2 R ;  (t) +

X

j2N

'(2

�j

t) = 1:

We refer to [3℄ for a pre
ise 
onstru
tion of an isotropi
 de
omposition of the Fourier spa
e;

let us note that there exists an integer N

0

su
h that if jj � j

0

j � N

0

, then supp '(2

�j

�) \

supp '(2

�j

0

�) = ;:

Let us remark that we 
onsider a homogeneous de
omposition in the horizontal variable and

an inhomogeneous de
omposition in the verti
al variable. The asso
iate Sobolev spa
es are

de�ned as follows.
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De�nition 1 Let s and s

0

be two real numbers and a a tempered distribution. Let

kak

s;s

0

def

=

0

�

X

j;k

2

2(js+s

0

k)

k�

h

j

�

v

k

ak

2

L

2

1

A

1

2

:

The spa
e H

s;s

0

is the 
losure of D(R

3

) for the above (semi-)norm.

Let us remark that, as usual when homogeneous Sobolev spa
es are involved, H

s;s

0

is a Hilbert

spa
e if and only if s < 1. Spa
es of this type have been used by J. Rau
h and M. Reed in [18℄

and by M. Sabl-Tougeron in [19℄.

Let us state the three main theorems of this paper.

Theorem 1 (Existen
e) Let s

0

> 1=2 be a real number, and let v

0

2 H

0;s

0

. Then a positive

time T and a solution v of (NS

h

) de�ned on [0; T ℄�R

3

exist su
h that

v 2 L

1

([0; T ℄;H

0;s

0

) \ L

2

([0; T ℄;H

1;s

0

):

Furthermore, there exists a 
onstant 
 su
h that if kv

0

k

H

0;s

0

is less than 
�, then we 
an


hoose T = +1.

Theorem 2 (Uniqueness) Let s

0

and s be two real numbers, greater respe
tively than 1=2

and 3=2, and let v

0

be an initial data in H

0;s

. Then at most one solution v of (NS

h

) exists in

the spa
e

v 2 L

1

(R

+

;H

0;s

) \ L

2

(R

+

;H

1;s

):

Let us denote by T

?

the maximal time of existen
e; if T

?

is �nite, then

Z

T

?

0

kv(t)k

4

H

1=2;s

0

dt+

Z

T

?

0

kv(t)k

2

H

1;s

0

dt = +1:

Those statements deserve a few 
omments. The initial data in Theorem 1 have only L

2

regularity in the horizontal variable, and H

1

2

+�

in the verti
al variable; for positive vis
osities,

it is proved by D. Iftimie in [15℄ that the problem is well posed. Here, with that regularity

(whi
h is very 
lose to the s
aling of the equation), we obtain short time existen
e for large

data and global existen
e for small data as in Fujita-Kato's Theorem. Uniqueness requires

one additional verti
al derivative. That 
omes from the fa
t that the la
k of verti
al vis
osity

prevents us from gaining verti
al regularity.

The third result of this paper 
on
erns the rotating 
uid equations, obtained from (NS

h

) by

adding the Coriolis for
e

1

"

v � e

3

, where e

3

def

= (0; 0; 1). Here " > 0 represents the Rossby

number; we refer to [12℄ and [17℄ for a physi
al interpretation of that system. Note that the

skew{symmetry of the operator Lv

def

= v � e

3

implies that Theorems 1 and 2 hold for the

rotating 
uid equations: their proof only involves energy estimates. Moreover, the rotation

indu
es a dispersive e�e
t whi
h leads to the following result.
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Theorem 3 (Rotating 
uids) Let v

0

be an initial data in H

0;s

with s stri
tly greater

than 3=2. Let � > 0 and �

V

� 0 be two real numbers. Then a positive real number "

0

exists, depending only on � and v

0

, su
h that, for any " � "

0

, the system

8

>

>

<

>

>

:

�

t

v + v � rv � ��

h

v � �

V

�

2

3

v +

1

"

v � e

3

= �rp

div v = 0

v

jt=0

= v

0

;

has a unique global solution in the spa
e L

1

([0; T ℄;H

0;s

) \ L

2

([0; T ℄;H

1;s

):

Let us noti
e that this global regularity result is di�erent from those proved in the 
ase of

periodi
 boundary 
onditions (see for instan
e [1℄ and [11℄; in those 
ases, the global regularity

is due to non resonan
e 
onditions).

The stru
ture of the paper is the following:

� the �rst se
tion is devoted to some basi
 properties of the spa
es H

s;s

0

;

� the se
ond se
tion, the 
ore of the proof of Theorems 1 and 2, is devoted to the proof of

an energy estimate in anisotropi
 Sobolev spa
es for the 
onve
tive term v �r. The fa
t

that the ve
tor �eld v is divergen
e free will allow us to avoid bad terms 
ontaining �

3

v

whi
h are not 
ompensated by vis
osity;

� the third se
tion is nothing but an appli
ation of that energy estimate through 
lassi
al


ontra
tion arguments, in order to prove Theorems 1 and 2;

� the fourth se
tion 
onsists in showing a dispersive e�e
t for rotating 
uids, as pointed

out in [6℄, and applying it in this 
ontext in order to prove Theorem 3.

1 Algebrai
 properties of spa
es H

s;s

0

Before stating the theorem we want to prove, let us give a few properties 
on
erning those

spa
es, whi
h we shall use throughout the study. The main results are essentially 
ontained

in [18℄, in [19℄ and in [15℄. They 
on
ern produ
t rules in the spa
es H

s;s

0

; let us start by

re
alling the 
lassi
al produ
t rules in isotropi
 Sobolev spa
es: if a and b are two tempered

distributions, then for any d � 1,

8s; t <

d

2

; s+ t > 0; kabk

_

H

s+t�

d

2

(R

d

)

� C

s;t

kak

_

H

s

(R

d

)

kbk

_

H

t

(R

d

)

; (1.1)

where the

_

H

s

spa
es are the usual homogeneous Sobolev spa
es, de�ned by the norm kuk

_

H

s

def

=

k j � j

s

j

b

u(�)j k

L

2

:

Furthermore, in the �nal se
tion, we shall be working with bidimensional fun
tions as well

as tridimensional fun
tions, and in parti
ular taking the produ
t of su
h fun
tions. We shall
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be in need of the following result, whose proof 
an be found in [11℄ (in the 
ase of periodi


boundary 
onditions, but it is identi
al in the 
ase of the whole spa
e):

8s; t < 1; s+ t > 0; kabk

_

H

s+t�1

(R

3

)

� C

s;t

kak

_

H

s

(R

2

)

kbk

_

H

t

(R

3

)

: (1.2)

The same results hold for inhomogeneous Sobolev spa
es.

Now we shall prove the following produ
t rule in our anisotropi
 Sobolev spa
es.

Lemma 2 Let � and �

0

be two real numbers, smaller than 1, su
h that � + �

0

> 0, and

let s

0

> 1=2 and s be su
h that s+ s

0

> 0; a 
onstant C exists su
h that the following holds.

Let a and b be two tempered distributions. Then

kabk

H

�+�

0

�1;s

� C(kak

H

�;s

0

kbk

H

�

0

;s

+ kak

H

�;s

kbk

H

�

0

;s

0

):

Proof of the lemma. By de�nition of H

�;s

, we have

kak

2

H

�;s

=

X

j;k

2

2(j�+ks)

Z

j�

h

j

�

v

k

a(x

h

; x

3

)j

2

dx

h

dx

3

=

X

k

Z

2

2ks

k�

v

k

a(�; x

3

)k

2

H

�

(R

2

)

dx

3

;

so we 
an write

kak

H

�;s

=










2

�ks

k�

v

k

ak

L

2

(R

x

3

;H

�

(R

2

))










`

2

(Z)

: (1.3)

Then we just have to write the paraprodu
t algorithm of J.-M. Bony (see [2℄), in the verti
al

dire
tion, whi
h reads

�

v

k

(ab) = �

v

k

(T

v

a

b+ T

v

b

a+R

v

(a; b));

with

T

v

a

b

def

=

X

k

0

S

v

k

0

a�

v

k

0

b and R

v

(a; b)

def

=

X

k

0

X

j2f�1;0;1g

�

v

k

0

a�

v

k

0

�j

b:

Let us state the following lemma, whose proof is obvious.

Lemma 3 For any s > 1=2 and any � 2 R, a 
onstant C exists su
h that for any fun
tion a,

kak

L

1

(R

x

3

;H

�

(R

2

))

� Ckak

H

�;s

:

Then we have, by the bidimensional produ
t rules re
alled in (1.1),

kS

v

k

a�

v

k

bk

L

2

(R

x

3

;H

�+�

0

�1

)

� kS

v

k

ak

L

1

(R

x

3

;H

�

)

k�

v

k

bk

L

2

(R

x

3

;H

�

0

)

� 


k

2

�ks

kak

H

�;s

0

kbk

H

�

0

;s

;

where 


k

2 `

2

(Z), a

ording to Lemma 3. Similarly we have

k�

v

k

0

a�

v

k

0

�j

bk

L

1

(R

x

3

;H

�+�

0

�1

)

� k�

k

0

ak

L

2

(R

x

3

;H

�

)

k�

v

k

0

�j

bk

L

2

(R

x

3

;H

�

0

)

� 


2

k

0

2

�k

0

(s+s

0

)

kak

H

�;s

0

kbk

H

�

0

;s

:
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Then Bernstein's inequality yields

k�

v

k

(�

v

k

0

a�

v

k

0

�j

b)k

L

2

(R

x

3

;H

�+�

0

�1

)

� 


2

k

0

2

�k

0

(s+s

0

)+

k

2

kak

H

�;s

0

kbk

H

�

0

;s

:

This implies that

k�

v

k

R(a; b)k

L

2

(R

x

3

;H

�+�

0

�1

)

� 


k

2

�k(s+s

0

�

1

2

)

kak

H

�;s

0

kkbk

H

�

0

;s

k;

and Lemma 2 is proved.

2 Anisotropi
 energy estimates

We shall prove the following lemma, whi
h is the 
ore of the proof of Theorem 1.

Lemma 4 For any real numbers s

0

> 1=2 and s � s

0

, a 
onstant C exists su
h that for any

ve
tor �elds a and b, with a divergen
e free,

j(�

v

k

(a � rb)j�

v

k

b)

L

2
j � Cd

k

2

�2ks

kbk

H

1

2

;s

(kak

H

1

2

;s

0

kr

h

bk

H

0;s
+ kak

H

1

2

;s

kr

h

bk

H

0;s

0

+kr

h

ak

H

0;s

0

kbk

H

1

2

;s

+ kr

h

ak

H

0;skbk

H

1

2

;s

0

) with

X

k2Z

d

k

= 1:

Proof of the lemma. Let us de�ne

F

h

k

def

= �

v

k

(a

h

� r

h

b) and F

v

k

def

= �

v

k

(a

3

�

3

b):

The terms (F

h

k

jb

k

)

L

2
and (F

v

k

jb

k

) are estimated in two di�erent ways. The reason why is that

the term F

h

k

involves only horizontal derivatives whi
h 
an be 
ompensated by the horizontal

vis
osity as in the 
ase of the usual Navier-Stokes system.

Let us start by proving the result for F

h

k

. We have, using similar 
omputations to those

leading to Lemma 2,

A

k

def

= k�

v

k

(a

h

� r

h

b)k

L

2

(R

x

3

;H

�

1

2

(R

2

))

�

2

X

i=1

k�

v

k

(T

v

a

i

�

i

b) + T

v

�

i

b

a

i

+R

v

(a

i

; �

i

b)k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� 


k

2

�ks

kS

v

k

a

h

k

L

1

(R

x

3

;H

1

2

(R

2

))

kr

h

bk

L

2

(R

x

3

;L

2

(R

2

))

+ 


k

2

�ks

kS

v

k

r

h

bk

L

1

(R

x

3

;H

1

2

(R

2

))

kak

L

2

(R

x

3

;L

2

(R

2

))

+

X

jk

1

�k

2

j�1

jk

1

�kj�N

0

k�

v

k

1

ak

L

1

(R

x

3

;H

1

2

(R

2

))

k�

v

k

2

r

h

bk

L

2

(R

x

3

;L

2

(R

2

))

� 


k

2

�ks

(kak

H

1

2

;s

0

kr

h

bk

H

0;s
+ kak

H

1

2

;s

kr

h

bk

H

0;s

0

):
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Finally, we have

j(�

v

k

(a

h

� r

h

b)jb

k

)

L

2

(R

3

)

j � Cd

k

2

�2ks

kbk

H

1

2

;s

(kak

H

1

2

;s

0

kr

h

bk

H

0;s
+ kak

H

1

2

;s

kr

h

bk

H

0;s

0

);

so the result is proved for the term (F

h

k

jb

k

)

L

2 . To estimate the term (F

v

k

jb

k

)

L

2 , let us �rst use

J.-M. Bony's de
omposition in the verti
al variable: we 
an write

�

v

k

(a

3

�

3

b) = F

v;1

k

+ F

v;2

k

with

F

v;1

k

def

= �

v

k

X

k

0

�k�N

0

S

v

k

0

+2

(�

3

b)�

v

k

0

a

3

and

F

v;2

k

def

= �

v

k

X

jk

0

�kj�N

0

S

v

k

0

�1

a

3

�

3

�

v

k

0

b:

We 
learly have

j(F

v;1

k

jb

k

)

L

2

(R

3

)

j � C


k

2

�ks

kbk

H

1

2

;s

kF

v;1

k

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

;

and Bernstein's inequality, along with bidimensional produ
t rules re
alled in (1.1), yields

kF

v;1

k

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� C2

k

2

X

k

0

�k�N

0

kS

k

0

+2

�

3

bk

L

2

(R

x

3

;H

1

2

(R

2

))

k�

k

0

a

3

k

L

2

(R

3

)

:

But it is 
lear that

kS

k

0

+2

�

3

bk

L

2

(R

x

3

;H

1

2

(R

2

))

� C2

k

0

(1�s)

kbk

H

1

2

;s

;

so

kF

v;1

k

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� C2

k

2

X

k

0

�k�N

0

2

k

0

(1�s)

k�

k

0

a

3

k

L

2

(R

3

)

kbk

H

1

2

;s

:

Here we are going to use in a 
ru
ial way the fa
t that a is divergen
e free: we have

�

3

a

3

= �div

h

a

h

:

So, we infer that

k�

v

k

0

a

3

k

L

2

(R

3

)

� C2

�k

0

k�

v

k

0

�

3

a

3

k

L

2

(R

3

)

� C2

�k

0

k�

v

k

0

div

h

a

h

k

L

2

(R

3

)

:

That implies that

kF

v;1

k

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� C2

k

2

X

k

0

�k�N

0

2

k

0

(1�s)

2

�k

0

(1+s

0

)




k

0

kr

h

ak

H

0;s

0

kbk

H

1

2

;s

� C


k

2

�ks

kr

h

ak

H

0;s

0

kbk

H

1

2

;s

;

sin
e s

0

> 1=2.

Up to that point, we did not a
tually use the energy estimate, but only laws of produ
t

or Sobolev embeddings. The estimate of the term (F

v;2

k

jb

k

)

L

2
will use in a 
ru
ial way the

stru
ture of the nonlinearity.

7



First of all, following a 
omputation done in [5℄, we get that

(F

v;2

k

jb

k

)

L

2
= (S

v

k

(a

3

)�

3

b

k

jb

k

)

L

2
+R

k

(a; b) with (2.4)

R

k

(a; b)

def

=

X

jk

0

�kj�N

0

�

[�

v

k

; S

v

k

0

�1

a

3

℄�

3

�

v

k

0

bjb

k

�

L

2

+

X

jk

0

�kj�N

0

�

(S

v

k

� S

v

k

0

�1

)a

3

�

3

�

v

k

0

bjb

k

�

L

2

:

Then, using an integration by parts, we infer that

(S

v

k

(a

3

)�

3

b

k

jb

k

)

L

2
= �

1

2

(S

v

k

(�

3

a

3

)b

k

jb

k

)

L

2
:

Thanks to the fa
t that a is divergen
e free, we dedu
e that

(F

v;2

k

jb

k

)

L

2
= (b

k

S

v

k

div

h

a

h

jb

k

)

L

2
+R

k

(a; b):

The term (b

k

S

v

k

div

h

a

h

jb

k

)

L

2

an be estimated as the term (F

h

k

jb

k

) that appeared above. To

estimate the term ([�

v

k

; S

v

k

0

�1

a

3

℄�

3

�

v

k

0

bjb

k

)

L

2
; we write that, for any fun
tion !,

([�

v

k

; S

v

k

0

�1

a

3

℄!)(x

h

; x

3

)

= 2

k

Z

h(2

k

y

3

)(S

v

k

0

�1

a

3

(x

h

; x

3

)� S

v

k

0

�1

a

3

(x

h

; x

3

� y

3

)))!(x

h

; x

3

� y

3

))dy

3

:

Writing a Taylor formula, we get that

([�

v

k

; S

v

k

0

�1

a

3

℄!)(x

h

; x

3

) =

Z

R�[0;1℄

h

1

(2

k

(y

3

)(S

v

k

0

�1

�

3

a

3

)(x

h

; x

3

+t(x

3

�y

3

))!(x

h

; x

3

�y

3

)dy

3

dt

with h

1

(z) = zh(z). Thanks to the fa
t that a is divergen
e free, we get

([�

v

k

; S

v

k

0

�1

a

3

℄!)(x

h

; x

3

)

= �

Z

R�[0;1℄

h

1

(2

k

(y

3

)(S

v

k

0

�1

div

h

v

h

)(x

h

; x

3

+ t(x

3

� y

3

))!(x

h

; x

3

� y

3

))dy

3

dt:

Now, let us apply the rules of produ
t of Sobolev spa
es on R

2

; this implies that

k([�

v

k

; S

v

k

0

�1

a

3

℄!)(�; x

3

)k

H

�

1

2

(R

2

)

� C

Z

jh

1

(2

k

y

3

)j kdiv

h

v

h

k

L

1

(R

x

3

;L

2

(R

2

))

k!(�; x

3

� y

3

)k

H

1

2

(R

2

)

dy

3

:

From this, we dedu
e that

k([�

v

k

; S

v

k

0

�1

a

3

℄!)(�; x

3

)k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� C2

�k

kS

v

k

0

�1

div

h

a

h

k

L

1

(R

x

3

;L

2

(R

2

))

k!k

L

2

(R

2

;H

1

2

(R

2

))

:

So we get

([�

v

k

; S

v

k

0

�1

a

3

℄�

3

b

k

0

jb

k

)

L

2 � kS

v

k

0

�1

div

h

a

h

k

L

1

(R

x

3

;L

2

(R

2

))

� 2

k

0

�k

kb

k

0

k

L

2

(R

x

3

;H

1

2

(R

2

))

kb

k

k

L

2

(R

x

3

;H

1

2

(R

2

))

:
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Finally, with Lemma 3 joint with the fa
t that jk

0

� kj � N

0

, we infer

([�

v

k

0

; S

v

k

0

�1

a

3

℄�

3

b

k

0

jb

k

)

L

2
� Cd

k

kr

h

ak

H

0;s

0

2

�2ks

kbk

2

H

1=2;s

:

The term (S

v

k

� S

v

k

0

�1

)a

3

�

3

�

v

k

0

b 
an be estimated exa
tly as the term F

v;1

k

. That 
on
ludes

the proof of Lemma 4.

Remark. We are unable to estimate the term (F

v

k

jb

k

)

L

2

(R

x

3

;H

s

(R

2

))

, for any s 6= 0: that

is due to the fa
t that the estimate of (S

v

k

(a

3

)�

3

b

k

jb

k

)

L

2

(R

x

3

;H

s

(R

2

))

whi
h appears in (2.4)

would lead to terms of the type ([�

h

j

; S

v

k

(a

3

)℄�

3

b

k

jb

k

)

L

2

(R

3

)

. We do not see here any way of

re
overing the verti
al derivative of b

k

be
ause of the la
k of verti
al vis
osity.

3 Proof of Theorems 1 and 2

Proof of Theorem 1. It is obvious that for smooth initial data, smooth solutions exist (of


ourse only for short times); we shall prove a priori estimates for su
h smooth solutions.

As it o

urs in the 
lassi
al Navier-Stokes system, global results for small initial data are easier

to prove than lo
al results for large data. In any 
ase, the proof relies strongly on Lemma 4

proved in the previous se
tion; let us start by dedu
ing from that lemma the global part of

Theorem 1. Applying the operator �

v

k

and using an L

2

energy estimate gives, 
onsidering the

fa
t that �

V

� 0,

1

2

d

dt

kv

k

(t)k

2

L

2

+ �kr

h

v

k

(t)k

2

L

2

� (�

v

k

(v � rv)jv

k

)

L

2
;

where we denote by v

k

the term �

v

k

v. So using the above Lemma 4 with s = s

0

and a = b = v,

we get

1

2

d

dt

kv

k

(t)k

2

L

2

+ �kr

h

v

k

(t)k

2

L

2

� Cd

k

2

�2ks

0

kvk

2

H

1

2

;s

0

kr

h

vk

H

0;s

0

: (3.5)

Now multiplying this inequality by 2

2ks

0

and taking the sum over k gives

1

2

d

dt

kv(t)k

2

H

0;s

0

+ �kr

h

v(t)k

2

H

0;s

0

� Ckvk

2

H

1

2

;s

0

kr

h

vk

H

0;s

0

:

An obvious interpolation inequality tells us that

kvk

2

H

1

2

;s

0

� kvk

H

0;s

0

kr

h

vk

H

0;s

0

:

So we infer that

1

2

d

dt

kv(t)k

2

H

0;s

0

+ �kr

h

v(t)k

2

H

0;s

0

� Ckv(t)k

H

0;s

0

kr

h

vk

2

H

0;s

0

:

So, if kv

0

k

H

0;s

0

is small enough, the fun
tion kv(t)k

2

H

0;s

0

de
reases; more pre
isely, if

kv(t)k

H

0;s

0

�

�

2C

,

9



then we get

1

2

d

dt

kv(t)k

2

H

0;s

0

+

�

2

kr

h

v(t)k

2

H

0;s

0

� 0:

So, we get that, for any positive t,

kv(t)k

2

H

0;s

0

+ �

Z

t

0

kr

h

v(t

0

)k

2

H

0;s

0

dt

0

� kv

0

k

2

H

0;s

0

:

Now standard 
ompa
tness arguments give the global existen
e result.

The proof of the lo
al part of Theorem 1 
onsists in several parts, 
onsidering di�erently the

high verti
al frequen
ies and the low ones.

The 
ase of high verti
al frequen
ies is treated thanks to the following lemma.

Lemma 5 For any s

0

> 1=2, a 
onstant C exists su
h that for any smooth solution v of (NS

h

)

on [0; T ℄�R

3

, for any integer N , we have

k(Id�S

v

N

)vk

L

1

T

(H

0;s

0

)

+ 2�kr

h

(Id�S

v

N

)vk

2

L

2

T

(H

0;s

0

)

� Ck(Id�S

v

N

)v

0

k

2

H

0;s

0

+ C

Z

T

0

kv(t)k

2

H

1

2

;s

0

kr

h

v(t)k

H

0;s

0

dt:

Proof of the lemma. We just have to multiply inequality (3.5) by 2

2ks

0

and take the sum

for k bigger than N � 1; we get

1

2

d

dt

0

�

X

k�N�1

2

2ks

0

kv

k

(t)k

2

L

2

1

A

+ �

X

k�N�1

2

2ks

0

kr

h

v

k

(t)k

2

L

2

� Ckv(t)k

2

H

1

2

;s

0

kr

h

v(t)k

H

0;s

0

:

Then Lemma 5 follows by integration in time.

Let us now 
onsider the low verti
al frequen
ies and high horizontal frequen
ies.

Lemma 6 For any s

0

> 1=2, a 
onstant C exists su
h that we have the following properties.

Let M and N be two integers su
h that M � N , and let us de�ne v

M;N

def

= (Id�S

h

M

)S

v

N

v.

Then

kv

M;N

k

2

L

1

T

(H

0;s

0

)

+ 2�kr

h

v

M;N

k

2

L

2

T

(H

0;s

0

)

� Ckv

M;N jt=0

k

2

H

0;s

0

+ C

Z

T

0

kv(t)k

2

H

1=2;s

0

kr

h

v(t)k

H

0;s

0

dt:

Proof. Again by standard energy estimates, we have

1

2

d

dt

kv

M;N

(t)k

2

L

2

+ �kr

h

v

M;N

(t)k

2

L

2

= (F

h

M;N

jv

M;N

)

L

2
+ (F

v

M;N

jv

M;N

)

L

2
; with

F

h

M;N

def

= (Id�S

h

M

)S

v

N

(v

h

r

h

v) and

F

v

M;N

def

= (Id�S

h

M

)S

v

N

(v

3

�

3

v):

10



The term F

h

M;N

is estimated easily, using the produ
t rules given in Lemma 2. Using the law

of produ
t, we have

kF

M;N

(�; x

3

)k

H

�

1

2

(R

2

)

� Ckv

h

(�; x

3

)k

H

1

2

(R

2

)

kr

h

v(�; x

3

)k

L

2

(R

2

)

:

As s

0

> 1=2, we get

kF

h

M;N

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

� Ckv

h

k

H

1=2;s

0

kr

h

vk

H

0;s

0

;

hen
e

j(F

h

M;N

jv

M;N

)

L

2

(R

3

)

j � Ckvk

2

H

1=2;s

0

kr

h

vk

H

0;s

0

:

To estimate kF

v

M;N

k

L

2

(R

x

3

;H

�

1

2

(R

2

))

, we use the fa
t that v is divergen
e free: we 
an write

that

F

v

M;N

= (Id�S

h

M

)S

v

N

(�

3

(v

3

v) + v div

h

v

h

):

The term (Id�S

h

M

)S

v

N

(v div

h

v

h

) 
an be estimated exa
tly as F

h

M;N

. As to the other term, it

is basi
 Fourier analysis to observe that

Id�S

h

M

= 2

�M

(Id�S

h

M

)(�

1

(D)�

1

+ �

2

(D)�

2

);

where �

i

are smooth, homogeneous fun
tions of degree 0. Then it is 
lear that when M � N ,

�

(Id�S

h

M

)S

v

N

�

3

(v

3

v)jv

M;N

�

L

2

(R

3

)

� kv

3

vk

L

2

(R

3

)

2

N�M

kr

h

v

M;N

k

L

2

(R

3

)

� Ckvk

2

H

1=2;s

0

kr

h

v

M;N

k

H

0;s

0

� Ckvk

2

H

1=2;s

0

kr

h

vk

H

0;s

0

:

So �nally

(F

M;N

jv

M;N

)

L

2

(R

3

)

� Ckvk

2

H

1=2;s

0

kr

h

vk

H

0;s

0

;

whi
h proves the lemma in an obvious way.

Let us 
on
lude the proof of the lo
al existen
e part of Theorem 1. Let us observe that v

0

is

in L

2

(R

3

), so we have the basi
 L

2

energy estimate

kv(t)k

2

L

2

+ 2�

Z

t

0

kr

h

v(t

0

)k

2

L

2

dt

0

� kv

0

k

2

L

2

:

So it is obvious that

kS

v

N

S

h

M

v(t)k

2

H

0;s

0

+ 2�

Z

t

0

kr

h

S

v

N

S

h

M

v(t

0

)k

2

H

0;s

0

dt

0

� C2

2M

2

2Ns

0

Tkv

0

k

2

L

2

:

So using an interpolation inequality and Lemmas 5 and 6, we infer that

(2�)

1

2

kvk

2

L

4

T

(H

1

2

;s

0

)

+ 2�kr

h

vk

2

L

2

T

(H

0;s

0

)

� C

�

k(Id�S

v

N

)v

0

k

2

H

0;s

0

+ kS

v

N

(Id�S

h

M

)v

0

k

2

H

0;s

0

+ 2

2M

2

2Ns

0

Tkv

0

k

2

L

2

+

Z

T

0

kv(t

0

)k

2

H

1

2

;s

0

kv(t

0

)k

H

0;s

0

dt

0

�

:
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So we dedu
e that

�

1

2

kvk

2

L

4

T

(H

1

2

;s

0

)

+ �kr

h

vk

2

L

2

T

(H

0;s

0

)

� C

�

k(Id�S

v

N

)v

0

k

2

H

0;s

0

+ kS

v

N

(Id�S

h

M

)v

0

k

2

H

0;s

0

+ 2

2M

2

2Ns

0

Tkv

0

k

2

L

2

+

C

�

kvk

4

L

4

T

(H

1

2

;s

0

)

�

:

Then 
hoosing �rst an integer N su
h that

k(Id�S

v

N

)v

0

k

2

H

0;s

0

� �;

then an integer M greater than N su
h that

kS

v

N

(Id�S

h

M

)v

0

k

2

H

0;s

0

� �;

and �nally a stri
tly positive real, number T

0

su
h that

2

2M

2

2Ns

0

Tkv

0

k

2

L

2

� �;

we obtain that, for any T � T

0

,

�

1

2

kvk

2

L

4

T

(H

1

2

;s

0

)

+ �kr

h

vk

2

L

2

T

(H

0;s

0

)

� C� +

C

�

kvk

4

L

4

T

(H

1

2

;s

0

)

:

So, for any positive real number �, a positive real number T

1

exists so that

�

1

2

kvk

2

L

4

T

1

(H

1

2

;s

0

)

+ �kr

h

vk

2

L

2

T

1

(H

0;s

0

)

� �:

That yields the result, and proves Theorem 1.

Proof of Theorem 2. Let us start by proving the propagation result stated in Theorem 2,


onsidering v

0

2 H

0;s

, with s > s

0

; we just have to follow the 
omputations leading to the

global existen
e result with data in H

0;s

0

. We have, as for (3:5) and using also Lemma 4,

d

dt

kv

k

(t)k

2

L

2

+ �kr

h

v

k

(t)k

2

L

2

� Cd

k

2

�2ks

kvk

H

1

2

;s

(kvk

H

1

2

;s

kr

h

vk

H

0;s

0

+ kvk

H

1

2

;s

0

kr

h

vk

H

0;s);

so

1

2

d

dt

kv(t)k

2

H

0;s

+ �kr

h

v(t)k

2

H

0;s

�

C

�

2

kvk

4

H

1

2

;s

0

kvk

2

H

0;s

+

C

�

kr

h

vk

2

H

0;s

0

kvk

2

H

0;s

:

By integration, we �nd that

kvk

2

L

1

T

(H

0;s

)

+ 2�krvk

2

L

2

T

(H

0;s

)

� exp

 

C

�

2

Z

T

0

kv(t)k

4

H

1=2;s

0

dt+

C

�

Z

T

0

kr

h

v(t)k

2

H

0;s

0

dt

!

:

So we �nd that the life span of the solution is 
ontrolled by the following norm:

T < +1 )

Z

T

0

kv(t)k

4

H

1=2;s

0

dt+

Z

T

0

kr

h

v(t)k

2

H

0;s

0

dt = +1:

12



Now we are left with the proof of the uniqueness of the solutions when s > 3=2. So let v

1

and v

2

be two solutions of (NS

h

), with initial data v

0

, su
h that

8i 2 f1; 2g; v

i

2 L

1

([0; T ℄;H

0;s

) \ L

2

([0; T ℄;H

1;s

); s >

3

2

,

and let w

def

= v

1

� v

2

. We have

�

t

w � ��

h

w + v

1

� rw + w � rv

2

= �rp;

hen
e using Lemma 4 and interpolation inequalities, we 
an write

(v

1

� rwjw)

H

0;s � C

�

kr

h

v

1

k

H

0;s�1kwk

2

H

1=2;s�1

+ kv

1

k

H

1=2;s�1

kwk

H

1=2;s�1

kr

h

wk

H

0;s�1

�

�

�

kr

h

v

1

k

H

0;s�1
kwk

H

0;s�1
kr

h

wk

H

0;s�1

+ kv

1

k

H

1=2;s�1

kwk

1

2

H

0;s�1

kr

h

wk

3

2

H

0;s�1

�

�

�

4

kr

h

wk

2

H

0;s�1

+

C

�

�

kr

h

v

1

k

2

H

1=2;s�1

+

1

�

2

kv

1

k

4

H

1=2;s�1

�

kwk

H

0;s�1
:

But with Lemma 2, we 
an write that

�

�

�

(�

v

k

(w

h

� r

h

v

2

)jw

k

)

�

�

�

� C2

�2k(s�1)

d

k

kwk

2

H

1

2

;s�1

kr

h

v

2

k

H

0;s�1

and

�

�

�

(�

v

k

(w

3

�

3

v

2

)jw

k

)

�

�

�

� C2

�2k(s�1)

d

k

kwk

H

1

2

;s�1

kwk

H

0;s�1kv

2

k

H

1

2

;s

:

It follows that

d

dt

kwk

2

H

0;s�1

+ �kr

h

wk

2

H

0;s�1

�

�

4

kr

h

wk

2

H

0;s�1

+

C

�

�

kr

h

v

1

k

2

H

1=2;s�1

+ kr

h

v

2

k

2

H

1=2;s�1

+

1

�

2

�

kv

1

k

4

H

1=2;s�1

+ kv

2

k

4

H

1=2;s�1

�

�

kwk

H

0;s�1 :

The result follows by time integration, and Theorem 2 is proved.

4 The 
ase of rotating 
uids: proof of Theorem 3

In this �nal se
tion, we are going to prove Theorem 3. We shall in fa
t prove a more pre
ise

result that stated in Theorem 3, and in order to do so, we need to introdu
e some notation.

We shall 
onsider the following rotating 
uid system:

(RF

"

)

8

<

:

�

t

v � ��

h

v � �

V

�

2

3

v + v � rv +

1

"

v � e

3

= �rp

v

jt=0

= v

0

:

13



The elements of the kernel of the operator Lv

def

= P (v � e

3

), where P is the proje
tor onto

divergen
e{free ve
tor �elds, are bidimensional ve
tor �elds; so it is natural to introdu
e the

solution of the bidimensional Navier{Stokes equation:

(

�

t

�u� ��

h

�u+ �u � r�u = �r�p

�u

jt=0

= �u

0

;

where �u

0

is a bidimensional, divergen
e{free ve
tor �eld.

Finally in order to state the following theorem, we need to introdu
e the solution to the free

wave equation asso
iated with (RF

"

).

8

>

>

<

>

>

:

�

t

w

F

� ��

h

w

F

� �

V

�

2

3

w

F

+

1

"

w

F

� e

3

= �rp

F

divw

F

= 0

w

F

jt=0

= w

0

:

We shall prove the following result.

Theorem 4 Let � > 0 and �

V

� 0 be two real numbers. Let v

0

= �u

0

+w

0

, where �u

0

2 L

2

(R

2

)

is a bidimensional ve
tor �eld, and where w

0

2 H

0;s

, with s > 1=2. We suppose both �elds

are divergen
e free. Then there exists "

0

, independent of �

V

, su
h that for " � "

0

, there is

a global solution to the system (RF

"

), bounded in L

1

(R

+

;H

0;s

) \ L

2

(R

+

;H

1;s

). Moreover,

if s > 3=2, then the solution is unique. Finally when " goes to zero, v satis�es

v � �u� w

F

! 0 in L

1

(R

+

;H

0;s

) \ L

2

(R

+

;H

1;s

):

The proof of that theorem mixes the results obtained in the previous se
tions with anisotropi


Stri
hartz estimates on w

F

, in the spirit of [6℄: let us de�ne

F

�

A

"

RF

f

�

(�)

def

= e

i

t

"

�

3

j�j

��tj�

h

j

2

��

V

t�

2

3

Ff(�):

We have the following estimate.

Theorem 5 For any ve
tor �eld f we have, for any p 2 [1;1℄,

k�

h

j

�

v

k

A

"

RF

fk

L

p

T

(L

1;2

x

h

;x

3

)

� C

�

2

j(1�

2

p

)

min

�

1; ("2

2j

)

1

4p

2

1

2p

jj�kj

�

k�

h

j

�

v

k

fk

L

2

(R

3

)

: (4.6)

Proof of Theorem 5. We follow exa
tly the same lines as in [6℄. For the 
onvenien
e of

the reader, we present here a self 
ontained proof. Like all Stri
hartz{type inequalities, (4.6)

is the 
onsequen
e of dispersive estimates. Writing

A

RF

(�; �;

e

�)f

def

= F

�1

�

e

i�

�

3

j�j

��j�

h

j

2

�

e

��

2

3
b

f(�)

�

;

we have the following dispersive lemma.

14



Lemma 7 There exists a 
onstant C su
h that the following holds. For any fun
tion f , we

have

k�

h

j

�

v

k

A

RF

(�; �;

e

�)fk

L

1;2

x

h

;x

3

� Cmin

�

1; �

�

1

2

2

jj�kj

�

2

2j

e

�C�2

2j

kfk

L

1;2

x

h

;x

3

: (4.7)

Proof of the lemma. Let us de�ne

I

j;k

(�; �; x

0

; �

3

)

def

= '(2

�k

�

3

)

Z

R

2

e

ix

h

��

h

+i�

�

3

j�j

��j�

h

j

2

'(2

�j

j�

h

j) d�

h

:

Then we have

k�

h

j

�

v

k

A

RF

(�; �;

e

�)fk

L

1;2

x

h

;x

3

� Ce

�C

e

�2

2k

kI

j;k

(�; �; �; �)k

L

1;1

x

h

;�

3

kfk

L

1;2

x

h

;x

3

;

where we have used a Young inequality in the horizontal variables, and H�older's inequality in

the verti
al variable, asso
iated with Plan
herel's formula.

Now all we need is an estimate of I

j;k

(�; �; �; �) in L

1;1

x

h

;�

3

: we 
an write

I

j;k

(�; �; x

h

; �

3

) = 2

2k

e

I

j;k

(�; 2

2k

�; 2

k

x

h

; 2

�k

�

3

)

with

e

I

j;k

(�; �; y

0

; �

3

)

def

= '(�

3

)

Z

R

2

e

iy

0

��

0

+i�

�

3

j�j

��j�

h

j

2

'(2

k�j

j�

h

j) d�

h

:

So we shall integrate by parts in the following integral:

�(�

1

; �

3

)

def

=

Z

R

e

i�

�

3

j�j

��j�

h

j

2

'(j�

h

j) d�

2

:

Let us introdu
e the operator L de�ned as

8a; La =

1

1 + ��

2

(�)

(a� i�(�)�

�

2

a) with �(�) = �

�

2

�

�

3

j�j

�

:

An easy 
omputation yields

L(e

i�

�

3

j�j

) = e

i�

�

3

j�j

;

whi
h implies immediately that

�(�

1

; �

3

) =

Z

R

e

i�

�

3

j�j

t

L

�

e

��j�

h

j

2

'(j�j)

�

d�

2

:

But we 
an 
ompute, for any fun
tion 	,

t

L (	(�)) =

 

1

1 + �

2

�

� i(�

�

2

�)

1� ��

2

(1 + ��

2

)

2

!

	(�)�

i�

1 + ��

2

�

�

2

	(�);

so using the fa
t that � is in a �xed ring of R

3

and that ' 2 D(R), we get after elementary


omputations

�

�

�

t

L

�

e

��j�

h

j

2

'(2

k�j

j�

h

j)

�

�

�

�

�

Cmin(2

k�j

; 1)

1 + ��

2

2

�

2

3

e

��j�

h

j

2

:
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It follows that

k

e

I

j;k

(�; �; y

0

; �

3

)k

L

1;1

y

0

;�

3

� Ce

�C�
















'(�

3

)

Z

j�

2

j�C2

j�k

min(2

k�j

; 1)

d�

2

1 + ��

2

2

�

2

3
















L

1

�

3

� Ce

�C�

�

�

1

2

min(2

j�k

; 1)k'(�

3

)�

�1

3

k

L

1

� Ce

�C�

�

�

1

2

min(2

j�k

; 1):

So �nally we have obtained that

k�

h

j

�

v

k

A

RF

(�; �)fk

L

1;2

x

h

;x

3

� Ce

�C

e

�2

2k

e

�C�2

2j

2

2k

min(2

j�k

; 1)�

�

1

2

kfk

L

1;2

x

h

;x

3

: (4.8)

Now to 
on
lude to (4.7), we note that by Sobolev embeddings,

k�

h

j

�

v

k

A

RF

(�; �;

e

�)fk

L

1;2

x

h

;x

3

� C2

j

e

�C

e

�2

2k

e

�C�2

2j

k�

h

j

�

v

k

fk

L

2

� C2

2j

e

�C

e

�2

2k

e

�C�2

2j

k�

h

j

�

v

k

fk

L

1;2

x

h

;x

3

;

whi
h with (4.8) implies that

k�

h

j

�

v

k

A

RF

(�; �)fk

L

1;2

x

h

;x

3

� Ce

�C

e

�2

2k

e

�C�2

2j

2

2j

min

�

1

�

1

2

2

jj�kj

; 1

�

kfk

L

1;2

x

h

;x

3

:

The lemma is proved.

End of the proof of Theorem 5. To prove the result, we are going to use duality

arguments, based on the anisotropi
 estimate (4.7). In the following, we shall 
all

B

def

=

�

	 2 D(R

3

); k	k

L

1

T

(L

1;2

x

h

;x

3

)

� 1

�

: (4.9)

The following set of equalities is standard:

k�

h

j

�

v

k

A

"

RF

fk

L

1

T

(L

1;2

x

h

;x

3

)

= sup

	2B

Z

R

+

< �

j

A

"

RF

(t)f;	(t) > dt

= sup

	2B

(2�)

�3

Z

R

+

�R

3

'(2

�j

j�j)e

�i

t

"

�

3

j�j

��tj�

h

j

2

��

V

�

2

3
b

f(�)

b

	(t; �) dtd�

= sup

	2B

(2�)

�3

X

k�j

Z

R

+

�R

3

b

f

j;k

(�)

b

	

j;k

(t; �)e

�i

t

"

�

3

j�j

��tj�

h

j

2

��

V

t�

2

3

dtd�;

where we have de�ned f

j;k

= �

h

j

�

v

k

f and 	

j;k

= �

h

j

�

v

k

	. So it follows that

k�

j

A

"

�;n

fk

L

1

T

(L

1;2

x

h

;x

3

)

� sup

	2B

(2�)

�3

X

k�j

kf

j;k

k

L

2













Z

R

+

e

�i

t

"

�

3

j�j

��tj�

h

j

2

��

V

t�

2

3 b

	

j;k

(t; �) dt













L

2

(R

3

)

:

But we have













Z

R

+

e

�i

t

"

�

3

j�j

��tj�

h

j

2

��

V

t�

2

3 b

	

j;k

(t; �) dt













2

L

2

(R

3

)
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=

Z

(R

+

)

2

�R

3

e

�i

t

"

�

3

j�j

��tj�

h

j

2

��

V

t�

2

3 b

	

j;k

(t; �)e

i

s

"

�

3

j�j

��sj�

h

j

2

��

V

s�

2

3 b

	

j;k

(s; �) dtdsd�

�

Z

(R

+

)

2

k	

j;k

(s; �)k

L

1;2

x

h

;x

3

k	

j;k

(t; �)k

L

1;2

x

h

;x

3

min

 

1;

"

1

2

2

jj�kj

jt� sj

1

2

!

2

2j

e

��(t+s)2

2j

dtds: (4.10)

Then we just need to noti
e that

Z

(R

+

)

2

e

��(t+s)2

2j

jt� sj

1

2

dtds = 2

�3j

Z

(R

+

)

2

e

��(t+s)

jt� sj

1

2

dtds;

and that

Z

(R

+

)

2

e

��(t+s)2

2j

dtds =

2

�2j

�

2

,

so (4.10) yields �nally

k�

h

j

�

v

k

A

"

RF

fk

L

1

T

(L

1;2

x

h

;x

3

)

� C

�

min

�

1; ("2

2j

)

1

4

2

jj�kj

2

�

2

�j

k�

h

j

�

v

k

fk

L

2

(R

3

)

:

But by Sobolev embeddings and energy estimates, we have

k�

h

j

�

v

k

A

"

RF

fk

L

1

T

(L

1;2

x

h

;x

3

)

� C2

j

k�

h

j

�

v

k

fk

L

2

(R

3

)

;

and the theorem is proved by interpolation.

Proof of Theorem 4. The proof is going to use Theorem 5 proved above. Su
h an estimate

is best used when the horizontal and verti
al frequen
ies of w

F

are �xed, and it is possible to

do so for the following reason: it is 
lear that, as w

F

satis�es a linear equation,

lim

N;N

3

!�1

N

0

;N

0

3

!+1

(Id�S

h

N

)S

h

N

0

(Id�S

v

N

3

)S

v

N

0

3

w

F

= w

F

in H

�;�

0

; 8�; �

0

: (4.11)

So for any � > 0, there exist integers N;N

0

; N

3

; N

0

3

su
h that

kw

F

� w

F;m

k

L

1

(R

+

;H

0;s

)\L

2

(R

+

;H

1;s

)

� �; (4.12)

where we have noted

w

F;m

def

= (Id�S

h

N

)S

h

N

0

(Id�S

v

N

3

)S

v

N

0

3

w

F

:

Then (4.6) be
omes simply

8p 2 [1;1℄; kw

F;m

k

L

p

T

(L

1;2

x

h

;x

3

)

� C

�

"

1=4p

kw

0;m

k

L

2

(R

3

)

; (4.13)

where here and in the following, we have written C

�

for any 
onstant depending on N , N

0

, N

3

and N

0

3

, su
h that (4.12) is satis�ed.

Let us re
all the following 
lassi
al estimates on the bidimensional Navier{Stokes equation,

and on linear paraboli
 equations: we have

8t � 0; k�u(t)k

2

L

2

(R

2

)

+ 2�

Z

t

0

kr

h

�u(t

0

)k

2

L

2

(R

2

)

dt

0

= k�u

0

k

2

L

2

(R

2

)

; (4.14)

17



and 8t � 0; kw

F

(t)k

2

H

0;s

+ 2�

Z

t

0

kr

h

w

F

(t

0

)k

2

H

0;s

dt

0

= kw

0

k

2

H

0;s

: (4.15)

Now if we de�ne w

def

= v � �u� w

F;m

, it is enough to prove that w is unique, and goes to zero

in L

1

(R

+

;H

0;s

) \ L

2

(R

+

;H

1;s

). The fun
tion w satis�es the following equation:

�

t

w � ��

h

w � �

V

�

2

3

w +

1

"

w � e

3

= �r~p+

6

X

j=1

F

j

(4.16)

with

F

1

def

= �w � rw

F

2

def

= ��u � rw � w � r�u

F

3

def

= �w

F;m

� rw

F

4

def

= �w � rw

F;m

F

j

5

def

= �div

h

(w

j

F;m

�u

h

)� div

h

(�u

j

w

h

F;m

)� div

h

(w

j

F;m

w

h

F;m

)

F

j

6

def

= ��u

3

�

3

w

j

F;m

� �u

j

�

3

w

3

F;m

� �

3

(w

j

F;m

w

3

F;m

):

and

w

jt=0

=

�

Id�(Id�S

h

N

)S

h

N

0

(Id�S

v

N

3

)S

v

N

0

3

�

w

0

:

Note that, a

ording to (4.11), we have

8� > 0; 9(N;N

0

; N

3

; N

0

3

); kw

jt=0

k

H

0;s
� �: (4.17)

The uniqueness result follows simply from Theorem 2, sin
e the skew{symmetri
 term

1

"

w�e

3

does not interfere in the energy estimates. So let us prove that for " small enough, there is

a global solution w to equation (4.16), whi
h goes to zero in L

1

(R

+

;H

0;s

) \ L

2

(R

+

;H

1;s

).

The proof will use estimates proved in the previous se
tion, as well as the Stri
hartz estimate

proved above.

First, using Lemma 4 proved in Se
tion 2, we get

(�

v

k

(w � rw)j�

v

k

w)

L

2

(R

3

)

� Cd

k

2

�2ks

kwk

2

H

1=2;s

kr

h

wk

H

0;s
:

Using the interpolation between H

0;s

and H

1;s

, and taking the sum over k, we get

(F

1

jw)

H

0;s
� Cd

k

2

�2ks

kwk

H

0;s
kr

h

wk

2

H

0;s

: (4.18)

Now, let us estimate (F

2

jw)

H

0;s
. Sin
e �u does not depend on the third variable, we have

(�

v

k

(�u � rw)j�

v

k

w)

L

2

(R

3

)

= (�u � r�

v

k

w)j�

v

k

w)

L

2

(R

3

)

= �

1

2

Z

R

3

div

h

�u

h

j�

v

k

wj

2

dx;
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so as H

1=2

(R

2

) is embedded in L

4

(R

2

), we get

j(�

v

k

(�u � rw)j�

v

k

w)

L

2

(R

3

)

j � Ckr

h

�uk

L

2

(R

2

)

k�

v

k

wk

2

L

2

(R

x

3

;H

1=2

(R

2

))

;

By interpolation between L

2

(R

2

) and

_

H

1

(R

2

), that yields

j(�

v

k

(�u � rw)j�

v

k

w)

L

2

(R

3

)

j �

C

�

kr

h

�uk

2

L

2

(R

2

)

k�

v

k

wk

2

L

2

(R

3

)

+

�

16

kr

h

�

v

k

wk

2

L

2

(R

3

)

;

and multiplying by 2

2ks

and summing over k, we get �nally

j(�u � rwjw)

H

0;s
j �

C

�

kr

h

�uk

2

L

2

(R

2

)

kwk

2

H

0;s

+

�

16

kr

h

wk

2

H

0;s

: (4.19)

Moreover, we have

j(�

v

k

(w � r�u)j�

v

k

w)

L

2

(R

3

)

j � Ck�

v

k

wk

2

L

2

(R

x

3

;H

1=2

(R

2

))

kr

h

�uk

L

2

(R

2

)

;

so similarly

j(w � r�ujw)

H

0;s
j �

C

�

kr

h

�uk

2

L

2

(R

2

)

kwk

2

H

0;s

+

�

16

kr

h

wk

2

H

0;s

: (4.20)

So, putting estimates (4.19) and (4.20) together, we get that

j(F

2

jw)

H

0;s
j �

C

�

kr

h

�uk

2

L

2

(R

2

)

kwk

2

H

0;s

+

�

8

kr

h

wk

2

H

0;s

: (4.21)

In order to estimate the term (F

3

jw)

H

0;s , we use Lemma 4 proved in Se
tion 2, whi
h yields

�

�

�

(�

v

k

(w

F;m

� rw)j�

v

k

w)

L

2

(R

3

)

�

�

�

� Cd

k

2

�2ks

kwk

H

1=2;s

�

�

kw

F;m

k

H

1=2;s

kr

h

wk

H

0;s
+ kwk

H

1=2;s

kr

h

w

F;m

k

H

0;s

�

;

whi
h in turn implies that

j(F

3

jw)

H

0;s
j �

�

16

kr

h

wk

2

H

0;s

+

C

�

�

kw

F;m

k

2

H

1=2;s

kwk

2

H

1=2;s

+ kwk

2

H

0;s

kr

h

w

F;m

k

2

H

0;s

�

:

So �nally, by interpolation, we infer

j(F

3

jw)

H

0;s
j �

�

8

kr

h

wk

2

H

0;s

+

C

�

kwk

2

H

0;s

�

C

�

2

kw

F;m

k

4

H

1=2;s

+ kr

h

w

F;m

k

2

H

0;s

�

: (4.22)

Moreover, we 
an write

j(F

4

jw)

H

0;s
j = j(w � rw

F;m

jw)

H

0;s
j

�

Z

R

2

�

�

�

�

�

w(x

h

; �) � rw

F;m

(x

h

; �)jw(x

h

; �)

�

H

s

(R

x

3

)

�

�

�

�

dx

h

�

Z

R

2

kw(x

h

; �)k

2

H

s

(R

x

3

)

krw

F;m

(x

h

; �)k

H

s

(R

x

3

)

dx

h

� kwk

2

H

0;s

krw

F;m

k

L

1

(R

2

;H

s

(R

x

3

))

:
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But the spe
tral lo
alization of w

F;m

implies that, for any �, a 
onstant C

�

exists su
h that

krw

F;m

k

L

1

(R

2

;H

s

(R

x

3

))

� C

�

kw

F;m

k

L

1;2

x

h

;x

3

;

so �nally

j(F

4

jw)

H

0;s
j � C

�

kw

F;m

k

L

1;2

x

h

;x

3

kwk

2

H

0;s

: (4.23)

To estimate j(F

5

jw)

H

0;s
j, let us write that

j(F

5

jw)

H

0;s j � kF

5

k

H

�1;skr

h

wk

H

0;s

�

8

�

kF

5

k

2

H

�1;s

+

�

8

kr

h

wk

2

H

0;s

:

By de�nition of F

5

, we have

kF

5

k

2

H

�1;s

� C(kw

F;m

�uk

2

H

0;s

+ kw

F;m

w

F;m

k

2

H

0;s

):

As the Fourier transform of w

F;m

has its support in the verti
al frequen
ies in
luded in the

ball of radius N

0

3

, we have

kF

5

k

2

H

�1;s

� CN

0

3

2s

(kw

F;m

�uk

2

L

2

(R

3

)

+ kw

F;m

w

F;m

k

2

L

2

(R

3

)

)

� CN

0

3

2s

(k�uk

2

L

2

(R

2

)

kw

F;m

k

2

L

1;2

x

h

;x

3

+ kw

F;m

k

2

L

2;1

x

h

;x

3

kw

F;m

k

2

L

1;2

x

h

;x

3

):

Using again the spe
tral lo
alization in the verti
al variable and the energy estimate of the

free rotating system, we get that

kw

F;m

k

2

L

2;1

x

h

;x

3

� CN

0

3

1

2

kw

F;m

k

2

L

2

(R

3

)

� kw

0;m

k

2

L

2

(R

3

)

:

So, using now the energy estimate in the 2�D Navier-Stokes equation, we get that

kF

5

k

2

H

�1;s

� CN

0

3

2s

(k�u

0

k

2

L

2

(R

2

)

+N

0

3

kw

0;m

k

2

L

2

(R

3

)

)kw

F;m

k

2

L

1;2

x

h

;x

3

:

As in all that follows, let us denote by C

�

any 
onstant depending only on � and on the initial

data �u

0

and v

0

; we 
an rewrite the above estimate as

j(F

5

jw)

H

0;s
j � C

�

kw

F;m

k

2

L

1;2

x

h

;x

3

+

�

8

kr

h

wk

H

0;s
: (4.24)

To estimate j(F

6

jw))

H

0;s j, let us write that

j(F

6

jw)

H

0;s
j � kF

6

k

H

0;s
kwk

H

0;s
:

Using again the spe
tral lo
alization in the verti
al variable of w

F;m

, the energy estimate in

the 2 �D Navier-Stokes equation and the energy 
onservation for the free rotating system,

we get that

kF

6

k

H

0;s
� CN

0

3

s+1

�

k�u

0

k

L

2

(R

2

)

+N

0

3

1

2

kw

0;m

k

L

2

(R

3

)

�

kw

F;m

k

L

1;2

x

h

;x

3

:
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As above, this 
an be written as

j(F

6

jw)

H

0;s
j � C

�

kw

F;m

k

L

1;2

x

h

;x

3

kwk

H

0;s
: (4.25)

An energy estimate in H

0;s

on equation (4.16) yields

1

2

d

dt

kw(t)k

2

H

0;s

+ �kr

h

w(t)k

2

H

0;s

= j(F (t)jw(t))

H

0;s
j;

where F (t)

def

=

6

X

i=1

F

i

(t). So using (4.18) and (4.21){(4.25), we get

1

2

d

dt

kw(t)k

2

H

0;s

+ �kr

h

w(t)k

2

H

0;s

� �(t)kw(t)k

2

H

0;s

+G

�

(t)

+

�

�

4

+ Ckw(t)k

H

0;s

�

1 +

1

�

kw(t)k

H

0;s

�

�

kr

h

w(t)k

2

H

0;s

with

G

�

(t)

def

= C

�

kw

F;m

k

2

L

1;2

x

h

;x

3

+ C

�

kw

F;m

k

L

1;2

x

h

;x

3

kw(t)k

H

0;s
and

�(t)

def

=

C

�

�

kr

h

�u(t)k

2

L

2

(R

2

)

+ kr

h

w

F;m

(t)k

2

H

0;s

+

C

�

2

kw

F;m

(t)k

4

H

1

2

;s

+ �C

�

kw

F;m

(t)k

L

1;2

x

h

;x

3

�

:

Note that a

ording to (4.14), (4.15) and (4.13), the fun
tion � is in L

1

(R

+

) and

k�k

L

1

(R

+

)

�

C

�

�

2

�

k�u

0

k

2

L

2

+ kw

0

k

2

H

0;s

�

1 +

C

�

kw

0

k

2

H

0;s

�

+ C

�

kw

0;m

k

L

2

(R

3

)

�

: (4.26)

Let us �x � su
h that

Ckw(0)k

H

0;s

�

1 +

1

�

kw(0)k

H

0;s

�

�

�

16

� (4.27)

Let us 
onsider the supremum T

?

of the set of the real numbers T su
h that

8t � T ; Ckw(t)k

H

0;s

�

1 +

1

�

kw(t)k

H

0;s

�

�

�

8

� (4.28)

As long as the above 
ondition (4.28) is satis�ed, we have

1

2

d

dt

kw(t)k

2

H

0;s

+

�

2

kr

h

w(t)k

2

H

0;s

� �(t)kw(t)k

2

H

0;s

+ C

�

kw

F;m

k

2

L

1;2

x

h

;x

3

+ C

�

kw

F;m

k

L

1;2

x

h

;x

3

:

Let us de�ne

e

w(t)

def

= w(t) exp

�

�

Z

t

0

�(t

0

)dt

0

�

:

We have

1

2

d

dt

k

e

w(t)k

2

H

0;s

+

�

2

kr

h

e

w(t)k

2

H

0;s

� kw

jt=0

k

2

H

0;s

+ C

�

kw

F;m

k

2

L

1;2

x

h

;x

3

+ C

�

kw

F;m

k

L

1;2

x

h

;x

3

:
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So by integration, we get, for any t � T

?

,

k

e

w(t)k

2

H

0;s

+

�

2

Z

t

0

kr

h

e

w(t

0

)k

2

H

0;s

dt

0

� kw

jt=0

k

2

H

0;s

+ C

�

Z

t

0

�

kw

F;m

(t

0

)k

2

L

1;2

x

h

;x

3

+ C

�

kw

F;m

(t

0

)k

L

1;2

x

h

;x

3

�

dt

0

:

Now we shall use the Stri
hartz' type estimates. Using estimate (4.13), we get

C

�

Z

t

0

�

kw

F;m

(t

0

)k

2

L

1;2

x

h

;x

3

+ C

�

kw

F;m

(t

0

)k

L

1;2

x

h

;x

3

�

dt

0

� C

�

(")

where C

�

(") is a fun
tion of " su
h that, for �xed �, lim

"!0

C

�

(") = 0.

So �nally

k

e

w(t)k

2

H

0;s

+

�

2

Z

t

0

kr

h

e

w(t

0

)k

2

H

0;s

dt

0

� kw

jt=0

k

2

H

0;s

+C

�

(");

hen
e

kw(t)k

2

H

0;s

+

�

2

Z

t

0

kr

h

e

w(t

0

)k

2

H

0;s

dt

0

�

�

kw

jt=0

k

2

H

0;s

+ C

�

(")

�

exp

Z

t

0

�(t

0

) dt

0

;

and the theorem is proved using (4.26).
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