Fluids with anisotropic viscosity

J.-Y. Chemin^∗, B. Desjardins^†, I. Gallagher^‡, E. Grenier^§

Abstract

Motivated by rotating fluids, we study incompressible fluids with anisotropic viscosity. We use anisotropic spaces that enable us to prove existence theorems for less regular initial data than usual. In the case of rotating fluids, in the whole space, we prove Strichartz-type anisotropic, dispersive estimates which allow us to prove global wellposedness for fast enough rotation.

Introduction

The aim of this paper is the study of the following system

(NS_h) ∂_tv + v · ∇v − νΔ_hv − ν_V ∂^2_3 v = −∇p in R^+ × R^3 div v = 0 v_{|t=0} = v_0 ,

where Δ_h denotes the horizontal Laplacian, i.e. the operator ∂^2_{x1} + ∂^2_{x2} . The constants ν > 0 and ν_V ≥ 0 represent respectively the horizontal and vertical viscosities. Obviously, this system is locally well posed when the initial data v_0 belongs to a Sobolev space H^52^{+η}(R^3) for any positive real number η simply because the energy estimates are better than the ones for Euler (i.e. ν = ν_V = 0). On the other hand, it is well known that if ν and ν_V are positive, and if v_0 is only in L^2(R^3), then a global weak solution exists (that is Leray’s theorem, see [16]). Finally, if v_0 belongs to the homogeneous Sobolev space Ḣ^12 (R^3), then a unique local solution exists (that is Fujita and Kato’s theorem, see [10]). Moreover, if ‖v_0‖_Ḣ 1_2 is small enough with respect to min{ν, ν_V }, then the system is globally well posed. Let us note that the homogeneous space Ḣ^12 (R^3) is well adapted to the Navier–Stokes system, in the sense that it is invariant under the scaling of the equation: if v is a solution of the Navier–Stokes

∗Laboratoire d’Analyse Numérique, C.N.R.S. UMR 7598, Université Paris 6, Place Jussieu, 75005 Paris, France_† C.E.A., BP 12, 91680 Bruyères-le Châtel, France ‡C.N.R.S. UMR 8628 , Université Paris Sud, Bâtiment 425, 91405 Orsay cedex, France §UMPA (CNRS UMR 5669), E.N.S. Lyon,46 allée d’Italie, 69364 Lyon cedex 07, France

equation, with data v_0, then the same goes for v_λ defined by v_λ(t, x) def= λv(λ^2t, λx), with data v_{0,λ}(x) def= λv_0(λx); it is easy to see that

‖v_{0,λ}‖_Ḣ 1_{2 (R3)} = ‖v_0‖_Ḣ 1_{2 (R3)}.

What we want to investigate here is the case when ν_V is 0 or converges to 0. We want to prove existence and if possible uniqueness results as close as possible to the case when the two viscosities are positive and fixed.

Let us begin by saying something about the motivation of this problem. It is well known since a series a work devoted to Ekman boundary layers for rotating fluids (see for instance [13], [7] and [8]) that it makes sense to consider anisotropic viscosities and more precisely viscosities of the type −νΔ_h − βε∂^2_3 . That is obviously a particular case of the system (NS_h) stated at the beginnning of this introduction.

Considering the anisotropy of the problem, we shall have to use spaces of functions that take into account that anisotropy. All we shall do here is strongly related to energy estimates, so the tool will be anisotropic Sobolev spaces. Such spaces have been introduced by D. Iftimie in [15] for the study of incompressible Navier-Stokes equations in thin domains.

Let us recall the definition of those spaces. It requires an anisotropic dyadic decomposition of the Fourier space, so let us start by recalling the definition of the following operators of localization in Fourier space:

Δ^h_j a def= F^{−1}(φ(2^{−j} |ξ_h|)^a) for j ∈ Z

Δ^v_ka def= F^{−1}(φ(2^{−k}|ξ_3|)^a) for k ∈ N

Δ^v_{−1}a def= F^{−1}(ψ(|ξ_3|)^a)

Δ^v_ka def= 0 for k ≤ −2,

where Fa and ^a denote the Fourier transform of any function a. The functions φ and ψ are smooth, compactly supported functions, with support respectively in a fixed ring of R far from the origin, and in a fixed ball containing the origin and such that ∀t ∈ R \{0} , ∑ j∈Z φ(2^{−j} t) = 1 and ∀t ∈ R , ψ(t) + ∑ j∈N φ(2^{−j} t) = 1.

We refer to [3] for a precise construction of an isotropic decomposition of the Fourier space; let us note that there exists an integer N_0 such that if |j − j^′| ≥ N_0, then supp φ(2^{−j} ·) ∩ supp φ(2^{−j′} ·) = ∅.

Let us remark that we consider a homogeneous decomposition in the horizontal variable and an inhomogeneous decomposition in the vertical variable. The associate Sobolev spaces are defined as follows.

Definition 1 Let s and s^′ be two real numbers and a a tempered distribution. Let

‖a‖_{s,s}′ def= ∑ j,k 2^{2(js+s′k)}‖Δ^h_j Δ^v_ka‖^2_L2 1 2 .

The space H^{s,s′} is the closure of D(R^3) for the above (semi-)norm.

Let us remark that, as usual when homogeneous Sobolev spaces are involved, H^{s,s′} is a Hilbert space if and only if s < 1. Spaces of this type have been used by J. Rauch and M. Reed in [18] and by M. Sabl-Tougeron in [19].

Let us state the three main theorems of this paper.

Theorem 1 (Existence) Let s_0 > 1/2 be a real number, and let v_0 ∈ H^{0,s0} . Then a positive time T and a solution v of (NS_h) defined on [0, T ] × R^3 exist such that

v ∈ L^∞([0, T ]; H^{0,s0} ) ∩ L^2([0, T ]; H^{1,s0} ).

Furthermore, there exists a constant c such that if ‖v_0‖_H0,s_0 is less than cν, then we can choose T = +∞.

Theorem 2 (Uniqueness) Let s_0 and s be two real numbers, greater respectively than 1/2 and 3/2, and let v_0 be an initial data in H^{0,s}. Then at most one solution v of (NS_h) exists in the space v ∈ L^∞(R^+; H^{0,s}) ∩ L^2(R^+; H^{1,s}).

Let us denote by T^⋆ the maximal time of existence; if T^⋆ is finite, then ∫_T ⋆ 0 ‖v(t)‖^4_{H1/2,s0} dt + ∫_T ⋆ 0 ‖v(t)‖^2_H1,s_0 dt = +∞.

Those statements deserve a few comments. The initial data in Theorem 1 have only L^2 regularity in the horizontal variable, and H^12^{+η} in the vertical variable; for positive viscosities, it is proved by D. Iftimie in [15] that the problem is well posed. Here, with that regularity (which is very close to the scaling of the equation), we obtain short time existence for large data and global existence for small data as in Fujita-Kato’s Theorem. Uniqueness requires one additional vertical derivative. That comes from the fact that the lack of vertical viscosity prevents us from gaining vertical regularity.

The third result of this paper concerns the rotating fluid equations, obtained from (NS_h) by adding the Coriolis force 1 ε v × e_3, where e_3 def= (0, 0, 1). Here ε > 0 represents the Rossby number; we refer to [12] and [17] for a physical interpretation of that system. Note that the skew–symmetry of the operator Lv def= v × e_3 implies that Theorems 1 and 2 hold for the rotating fluid equations: their proof only involves energy estimates. Moreover, the rotation induces a dispersive effect which leads to the following result.

Theorem 3 (Rotating fluids) Let v_0 be an initial data in H^{0,s} with s strictly greater than 3/2. Let ν > 0 and ν_V ≥ 0 be two real numbers. Then a positive real number ε_0 exists, depending only on ν and v_0, such that, for any ε ≤ ε_0, the system

∂_tv + v · ∇v − νΔ_hv − ν_V ∂^2_3 v + 1 ε v × e_3 = −∇p div v = 0 v_{|t=0} = v_0 ,

has a unique global solution in the space L^∞([0, T ]; H^{0,s}) ∩ L^2([0, T ]; H^{1,s}).

Let us notice that this global regularity result is different from those proved in the case of periodic boundary conditions (see for instance [1] and [11]; in those cases, the global regularity is due to non resonance conditions).

The structure of the paper is the following:

• the first section is devoted to some basic properties of the spaces H^{s,s′} ;

• the second section, the core of the proof of Theorems 1 and 2, is devoted to the proof of an energy estimate in anisotropic Sobolev spaces for the convective term v · ∇. The fact that the vector field v is divergence free will allow us to avoid bad terms containing ∂_3v which are not compensated by viscosity;

• the third section is nothing but an application of that energy estimate through classical contraction arguments, in order to prove Theorems 1 and 2;

• the fourth section consists in showing a dispersive effect for rotating fluids, as pointed out in [6], and applying it in this context in order to prove Theorem 3.

1 Algebraic properties of spaces H^{s,s′}

Before stating the theorem we want to prove, let us give a few properties concerning those spaces, which we shall use throughout the study. The main results are essentially contained in [18], in [19] and in [15]. They concern product rules in the spaces H^{s,s′} ; let us start by recalling the classical product rules in isotropic Sobolev spaces: if a and b are two tempered distributions, then for any d ≥ 1, ∀s, t < d 2 , s + t > 0, ‖ab‖_{Ḣs+t−} d_{2 (Rd)} ≤ C_{s,t}‖a‖_{Ḣs(R}d_)‖b‖_{Ḣt(R}d_), (1.1) where the Ḣ^s spaces are the usual homogeneous Sobolev spaces, defined by the norm ‖u‖_{Ḣs} def= ‖ | · |^s |^u(·)| ‖_L2 . Furthermore, in the final section, we shall be working with bidimensional functions as well as tridimensional functions, and in particular taking the product of such functions. We shall be in need of the following result, whose proof can be found in [11] (in the case of periodic boundary conditions, but it is identical in the case of the whole space): ∀s, t < 1, s + t > 0, ‖ab‖_{Ḣs+t−1(R}3_) ≤ C_{s,t}‖a‖_{Ḣs(R}2_)‖b‖_{Ḣt(R}3_). (1.2) The same results hold for inhomogeneous Sobolev spaces.

Now we shall prove the following product rule in our anisotropic Sobolev spaces. Lemma 2 Let σ and σ^′ be two real numbers, smaller than 1, such that σ + σ^′ > 0, and let s_0 > 1/2 and s be such that s + s_0 > 0; a constant C exists such that the following holds. Let a and b be two tempered distributions. Then ‖ab‖_Hσ+σ′−1,s ≤ C(‖a‖_Hσ,s0 ‖b‖_Hσ′,s + ‖a‖_Hσ,s ‖b‖_Hσ′,s_0 ). Proof of the lemma. By definition of H^{σ,s}, we have ‖a‖^2_Hσ,s = ∑ j,k 2^{2(jσ+ks)} ∫ |Δ^h_j Δ^v_ka(x_h, x_3)|^2 dx_hdx_3 = ∑ k ∫ 2^{2ks}‖Δ^v_ka(·, x_3)‖^2_{Hσ (R}2_) dx_3,

so we can write ‖a‖_Hσ,s = ‖ ‖2^{−ks}‖Δ^v_ka‖_L2_{(Rx3 ;H}σ_{(R}2_{))} ‖ ‖_{ℓ2(Z)} . (1.3) Then we just have to write the paraproduct algorithm of J.-M. Bony (see [2]), in the vertical direction, which reads Δ^v_k(ab) = Δ^v_k(T^v_a b + T^v_b a + R^v(a, b)), with T^v_a b def= ∑ k^′ S^v_k′ a Δ^v_k′ b and R^v(a, b) def= ∑ k^′ ∑ j∈{−1,0,1} Δ^v_k′ aΔ^v_k′_{−j}b. Let us state the following lemma, whose proof is obvious.

Lemma 3 For any s > 1/2 and any σ ∈ R, a constant C exists such that for any function a, ‖a‖_L∞_{(Rx3 ;H}σ_{(R}2_{))} ≤ C‖a‖_Hσ,s . Then we have, by the bidimensional product rules recalled in (1.1), ‖S^v_k aΔ^v_kb‖_{L2(Rx3 ;Hσ+σ}′_{−1)} ≤ ‖S^v_k a‖_L∞_{(Rx3 ;H}σ_)‖Δ^v_kb‖_{L2(Rx3 ;Hσ}′_) ≤ c_k2^{−ks}‖a‖_Hσ,s0 ‖b‖_{Hσ}′_{,s} , where c_k ∈ ℓ^2(Z), according to Lemma 3. Similarly we have

‖Δ^v_k′ aΔ^v_k′_{−j}b‖_L1_{(Rx3 ;H}σ+σ′−1_) ≤ ‖Δ_k′ a‖_L2_{(Rx3 ;H}σ_)‖Δ^v_k′_{−j}b‖_L2_{(Rx3 ;H}σ′_) ≤ c^2_k′ 2^{−k′(s+s0)}‖a‖_Hσ,s0 ‖b‖_{Hσ}′_{,s} .

Then Bernstein’s inequality yields ‖Δ^v_k(Δ^v_k′ aΔ^v_k′_{−j} b)‖_{L2(Rx3 ;Hσ+σ}′_{−1)} ≤ c^2_k′ 2^{−k′(s+s0)+ k2} ‖a‖_Hσ,s0 ‖b‖_{Hσ}′_{,s} . This implies that ‖Δ^v_kR(a, b)‖_{L2 (Rx3 ;Hσ+σ}′_{−1)} ≤ c_k2^{−k(s+s0− 12 )}‖a‖_Hσ,s0 ‖‖b‖_{Hσ}′_{,s} ‖, and Lemma 2 is proved.

2 Anisotropic energy estimates

We shall prove the following lemma, which is the core of the proof of Theorem 1. Lemma 4 For any real numbers s_0 > 1/2 and s ≥ s_0, a constant C exists such that for any vector fields a and b, with a divergence free, |(Δ^v_k(a · ∇b)|Δ^v_kb)_L2 | ≤ Cd_k2^{−2ks}‖b‖_H 1_{2 ,s} (‖a‖_H 1_{2 ,s0} ‖∇_hb‖_H0,s + ‖a‖_H 1_{2 ,s} ‖∇_hb‖_H0,s_0 +‖∇_ha‖_H0,s_0 ‖b‖_H 1_{2 ,s} + ‖∇_ha‖_H0,s ‖b‖_H 1_{2 ,s0} ) with ∑ k∈Z d_k = 1.

Proof of the lemma. Let us define F^h_k def= Δ^v_k(a^h · ∇_hb) and F^v_k def= Δ^v_k(a^3∂_3b).

The terms (F^h_k |b_k)_L2 and (F^v_k |b_k) are estimated in two different ways. The reason why is that the term F^h_k involves only horizontal derivatives which can be compensated by the horizontal viscosity as in the case of the usual Navier-Stokes system.

Let us start by proving the result for F^h_k . We have, using similar computations to those leading to Lemma 2,

A_k def= ‖Δ^v_k(a^h · ∇_hb)‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ 2∑ i=1 ‖Δ^v_k(T^v_ai ∂_ib) + T^v_{∂ib}a^i + R^v(a^i, ∂_ib)‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ c_k2^{−ks}‖S^v_k a^h‖_{L∞(Rx3 ;H} 1_{2 (R2))}‖∇_hb‖_L2_{(Rx3 ;L}2_{(R}2_{))} + c_k2^{−ks}‖S^v_k ∇_hb‖_{L∞(Rx3 ;H} 1_{2 (R2))}‖a‖_L2_{(Rx3 ;L}2_{(R}2_{))} + ∑ |k_1−k_2|≤1 |k_1−k|≤N_0 ‖Δ^v_{k1} a‖_{L∞(Rx3 ;H} 1_{2 (R2))}‖Δ^v_{k2} ∇_hb‖_L2_{(Rx3 ;L}2_{(R}2_{))}

≤ c_k2^{−ks}(‖a‖_H 1_{2 ,s0} ‖∇_hb‖_H0,s + ‖a‖_H 1_{2 ,s} ‖∇_hb‖_H0,s_0 ).

Finally, we have

|(Δ^v_k(a^h · ∇_hb)|b_k)_L2_{(R}3_)| ≤ Cd_k2^{−2ks}‖b‖_H 1_{2 ,s} (‖a‖_H 1_{2 ,s0} ‖∇_hb‖_H0,s + ‖a‖_H 1_{2 ,s} ‖∇_hb‖_H0,s_0 ), so the result is proved for the term (F^h_k |b_k)_L2 . To estimate the term (F^v_k |b_k)_L2 , let us first use J.-M. Bony’s decomposition in the vertical variable: we can write Δ^v_k(a^3∂_3b) = F^{v,1}_k + F^{v,2}_k with F^{v,1}_k def= Δ^v_k ∑ k^′≥k−N_0 S^v_k′_{+2}(∂_3b)Δ^v_k′ a^3 and

F^{v,2}_k def= Δ^v_k ∑ |k^′−k|≤N_0 S^v_k′_{−1}a^3∂_3Δ^v_k′ b.

We clearly have |(F^{v,1}_k |b_k)_L2_{(R}3_)| ≤ Cc_k2^{−ks}‖b‖_H 1_{2 ,s} ‖F^{v,1}_k ‖_{L2(Rx3 ;H−} 1_{2 (R2))}, and Bernstein’s inequality, along with bidimensional product rules recalled in (1.1), yields ‖F^{v,1}_k ‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ C2^{k2} ∑ k^′≥k−N_0 ‖S_k′_{+2}∂_3b‖_{L2(Rx3 ;H} 1_{2 (R2))}‖Δ_k′ a^3‖_L2_{(R}3_).

But it is clear that ‖S_k′_{+2}∂_3b‖_{L2(Rx3 ;H} 1_{2 (R2))} ≤ C2^{k′(1−s)}‖b‖_H 1_{2 ,s} , so ‖F^{v,1}_k ‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ C2^{k2} ∑ k^′≥k−N_0 2^{k′(1−s)}‖Δ_k′ a^3‖_L2_{(R}3_)‖b‖_H 1_{2 ,s} .

Here we are going to use in a crucial way the fact that a is divergence free: we have ∂_3a^3 = −div_ha^h.

So, we infer that ‖Δ^v_k′ a^3‖_L2_{(R}3_) ≤ C2^{−k′} ‖Δ^v_k′ ∂_3a^3‖_L2_{(R}3_) ≤ C2^{−k′} ‖Δ^v_k′ div_h a^h‖_L2_{(R}3_).

That implies that

‖F^{v,1}_k ‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ C2^{k2} ∑ k^′≥k−N_0 2^{k′(1−s)}2^{−k′(1+s0)}c_k′ ‖∇_ha‖_H0,s_0 ‖b‖_H 1_{2 ,s} ≤ Cc_k2^{−ks}‖∇_ha‖_H0,s_0 ‖b‖_H 1_{2 ,s} , since s_0 > 1/2.

Up to that point, we did not actually use the energy estimate, but only laws of product or Sobolev embeddings. The estimate of the term (F^{v,2}_k |b_k)_L2 will use in a crucial way the structure of the nonlinearity.

First of all, following a computation done in [5], we get that (F^{v,2}_k |b_k)_L2 = (S^v_k (a^3)∂_3b_k|b_k)_L2 + R_k(a, b) with (2.4) R_k(a, b) def= ∑ |k^′−k|≤N_0 ( [Δ^v_k, S^v_k′_{−1}a^3]∂_3Δ^v_k′ b|b_k ) L^2 + ∑ |k^′−k|≤N_0 ( (S^v_k − S^v_k′_{−1})a^3∂_3Δ^v_k′ b|b_k ) L^2 . Then, using an integration by parts, we infer that (S^v_k (a^3)∂_3b_k|b_k)_L2 = − 1 2 (S^v_k (∂_3a^3)b_k|b_k)_L2 .

Thanks to the fact that a is divergence free, we deduce that (F^{v,2}_k |b_k)_L2 = (b_kS^v_k div_ha^h|b_k)_L2 + R_k(a, b).

The term (b_kS^v_k div_ha^h|b_k)_L2 can be estimated as the term (F^h_k |b_k) that appeared above. To estimate the term ([Δ^v_k, S^v_k′_{−1}a^3]∂_3Δ^v_k′ b|b_k)_L2 , we write that, for any function ω, ([Δ^v_k, S^v_k′_{−1}a^3]ω)(x_h, x_3)

= 2^k ∫ h(2^ky_3)(S^v_k′_{−1}a^3(x_h, x_3) − S^v_k′_{−1}a^3(x_h, x_3 − y_3)))ω(x_h, x_3 − y_3))dy_3.

Writing a Taylor formula, we get that ([Δ^v_k, S^v_k′_{−1}a^3]ω)(x_h, x_3) = ∫ R ×[0,1]

h_1(2^k(y_3)(S^v_k′_{−1}∂_3a^3)(x_h, x_3 +t(x_3 −y_3))ω(x_h, x_3 −y_3)dy_3dt with h_1(z) = zh(z). Thanks to the fact that a is divergence free, we get

([Δ^v_k, S^v_k′_{−1}a^3]ω)(x_h, x_3) = − ∫ R ×[0,1]

h_1(2^k(y_3)(S^v_k′_{−1} div_h v^h)(x_h, x_3 + t(x_3 − y_3))ω(x_h, x_3 − y_3))dy_3dt. Now, let us apply the rules of product of Sobolev spaces on R^2; this implies that ‖([Δ^v_k, S^v_k′_{−1}a^3]ω)(·, x_3)‖_{H−} 1_{2 (R2)} ≤ C ∫ |h_1(2^ky_3)| ‖ div_h v^h‖_L∞_{(Rx3 ;L}2_{(R}2_{))}‖ω(·, x_3 − y_3)‖_H 1_{2 (R2)}dy_3.

From this, we deduce that

‖([Δ^v_k, S^v_k′_{−1}a^3]ω)(·, x_3)‖_{L2 (Rx3 ;H−} 1_{2 (R2))} ≤ C2^{−k}‖S^v_k′_{−1} div_h a_h‖_L∞_{(Rx3 ;L}2_{(R}2_{))}‖ω‖_{L2 (R2;H} 1_{2 (R2))}.

So we get

([Δ^v_k, S^v_k′_{−1}a^3]∂_3b_k′ |b_k)_L2 ≤ ‖S^v_k′_{−1}div_ha^h‖_L∞_{(Rx3 ;L}2_{(R}2_{))} × 2^{k′−k}‖b_k′ ‖_{L2(Rx3 ;H} 1_{2 (R2))}‖b_k‖_{L2(Rx3 ;H} 1_{2 (R2))}.

Finally, with Lemma 3 joint with the fact that |k^′ − k| ≤ N_0, we infer

([Δ^v_k′ , S^v_k′_{−1}a^3]∂_3b_k′ |b_k)_L2 ≤ Cd_k‖∇_ha‖_H0,s_0 2^{−2ks}‖b‖^2_{H1/2,s} .

The term (S^v_k − S^v_k′_{−1})a^3∂_3Δ^v_k′ b can be estimated exactly as the term F^{v,1}_k . That concludes the proof of Lemma 4.

Remark. We are unable to estimate the term (F^v_k |b_k)_L2_{(Rx3 ;H}s_{(R}2_{))}, for any s ≠ 0: that is due to the fact that the estimate of (S^v_k (a^3)∂_3b_k|b_k)_L2_{(Rx3 ;H}s_{(R}2_{))} which appears in (2.4) would lead to terms of the type ([Δ^h_j , S^v_k (a^3)]∂_3b_k|b_k)_L2_{(R}3_). We do not see here any way of recovering the vertical derivative of b_k because of the lack of vertical viscosity.

3 Proof of Theorems 1 and 2

Proof of Theorem 1. It is obvious that for smooth initial data, smooth solutions exist (of course only for short times); we shall prove a priori estimates for such smooth solutions.

As it occurs in the classical Navier-Stokes system, global results for small initial data are easier to prove than local results for large data. In any case, the proof relies strongly on Lemma 4 proved in the previous section; let us start by deducing from that lemma the global part of Theorem 1. Applying the operator Δ^v_k and using an L^2 energy estimate gives, considering the fact that ν_V ≥ 0, 1 2 d dt ‖v_k(t)‖^2_L2 + ν‖∇_hv_k(t)‖^2_L2 ≤ (Δ^v_k(v · ∇v)|v_k)_L2 ,

where we denote by v_k the term Δ^v_kv. So using the above Lemma 4 with s = s_0 and a = b = v, we get 1 2 d dt ‖v_k(t)‖^2_L2 + ν‖∇_hv_k(t)‖^2_L2 ≤ Cd_k2^{−2ks0} ‖v‖^2_H 1_{2 ,s0} ‖∇_hv‖_H0,s_0 . (3.5)

Now multiplying this inequality by 2^{2ks0} and taking the sum over k gives 1 2 d dt ‖v(t)‖^2_H0,s_0 + ν‖∇_hv(t)‖^2_H0,s_0 ≤ C‖v‖^2_H 1_{2 ,s0} ‖∇_hv‖_H0,s_0 .

An obvious interpolation inequality tells us that ‖v‖^2_H 1_{2 ,s0} ≤ ‖v‖_H0,s_0 ‖∇_hv‖_H0,s_0 . So we infer that 1 2 d dt ‖v(t)‖^2_H0,s_0 + ν‖∇_hv(t)‖^2_H0,s_0 ≤ C‖v(t)‖_H0,s_0 ‖∇_hv‖^2_H0,s_0 . So, if ‖v_0‖_H0,s_0 is small enough, the function ‖v(t)‖^2_{H0,s0} decreases; more precisely, if ‖v(t)‖_H0,s_0 ≤ ν 2C , then we get 1 2 d dt ‖v(t)‖^2_H0,s_0 + ν 2 ‖∇_hv(t)‖^2_H0,s_0 ≤ 0. So, we get that, for any positive t, ‖v(t)‖^2_H0,s_0 + ν ∫_t 0 ‖∇_hv(t^′)‖^2_H0,s_0 dt^′ ≤ ‖v_0‖^2_H0,s_0 .

Now standard compactness arguments give the global existence result. The proof of the local part of Theorem 1 consists in several parts, considering differently the high vertical frequencies and the low ones.

The case of high vertical frequencies is treated thanks to the following lemma. Lemma 5 For any s_0 > 1/2, a constant C exists such that for any smooth solution v of (NS_h) on [0, T ] × R^3, for any integer N, we have

‖(Id −S^v_N )v‖_L∞_{T (H}0,s_{0 )} + 2ν‖∇_h(Id −S^v_N )v‖^2_L2_{T (H}0,s_{0 )} ≤ C‖(Id −S^v_N )v_0‖^2_H0,s_0 + C ∫_T 0 ‖v(t)‖^2_H 1_{2 ,s0} ‖∇_hv(t)‖_H0,s_0 dt. Proof of the lemma. We just have to multiply inequality (3.5) by 2^{2ks0} and take the sum for k bigger than N − 1; we get 1 2 d dt ∑ k≥N−1 2^{2ks0} ‖v_k(t)‖^2_L2 + ν ∑ k≥N−1 2^{2ks0} ‖∇_hv_k(t)‖^2_L2 ≤ C‖v(t)‖^2_H 1_{2 ,s0} ‖∇_hv(t)‖_H0,s_0 .

Then Lemma 5 follows by integration in time.

Let us now consider the low vertical frequencies and high horizontal frequencies.

Lemma 6 For any s_0 > 1/2, a constant C exists such that we have the following properties. Let M and N be two integers such that M ≥ N, and let us define v_{M,N} def= (Id −S^h_M )S^v_N v. Then

‖v_{M,N} ‖^2_L∞_{T (H}0,s_{0 )} + 2ν‖∇_hv_{M,N} ‖^2_L2_{T (H}0,s_{0 )} ≤ C‖v_{M,N|t=0}‖^2_H0,s_0 + C ∫_T 0 ‖v(t)‖^2_{H1/2,s0} ‖∇_hv(t)‖_H0,s_0 dt. Proof. Again by standard energy estimates, we have 1 2 d dt ‖v_{M,N} (t)‖^2_L2 + ν‖∇_hv_{M,N} (t)‖^2_L2 = (F^h_{M,N} |v_{M,N} )_L2 + (F^v_{M,N} |v_{M,N} )_L2 , with F^h_{M,N} def= (Id −S^h_M )S^v_N (v^h∇_hv) and F^v_{M,N} def= (Id −S^h_M )S^v_N (v^3∂_3v).

The term F^h_{M,N} is estimated easily, using the product rules given in Lemma 2. Using the law of product, we have ‖F_{M,N} (·, x_3)‖_{H−} 1_{2 (R2)} ≤ C‖v^h(·, x_3)‖_H 1_{2 (R2)}‖∇_hv(·, x_3)‖_L2_{(R}2_).

As s_0 > 1/2, we get ‖F^h_{M,N} ‖_{L2(Rx3 ;H−} 1_{2 (R2))} ≤ C‖v^h‖_H1/2,s_0 ‖∇_hv‖_H0,s_0 , hence |(F^h_{M,N} |v_{M,N} )_L2_{(R}3_)| ≤ C‖v‖^2_{H1/2,s0} ‖∇_hv‖_H0,s_0 . To estimate ‖F^v_{M,N} ‖_{L2(Rx3 ;H−} 1_{2 (R2))}, we use the fact that v is divergence free: we can write that F^v_{M,N} = (Id −S^h_M )S^v_N (∂_3(v^3v) + v div_hv^h).

The term (Id −S^h_M )S^v_N (v div_hv^h) can be estimated exactly as F^h_{M,N} . As to the other term, it is basic Fourier analysis to observe that Id −S^h_M = 2^{−M} (Id −S^h_M )(χ_1(D)∂_1 + χ_2(D)∂_2), where χ_i are smooth, homogeneous functions of degree 0. Then it is clear that when M ≥ N, ( (Id −S^h_M )S^v_N ∂_3(v^3v)|v_{M,N} ) L^2(R^3)

≤ ‖v^3v‖_L2_{(R}3_)2^{N−M} ‖∇_hv_{M,N} ‖_L2_{(R}3_) ≤ C‖v‖^2_{H1/2,s0} ‖∇_hv_{M,N} ‖_H0,s_0 ≤ C‖v‖^2_{H1/2,s0} ‖∇_hv‖_H0,s_0 . So finally (F_{M,N} |v_{M,N} )_L2_{(R}3_) ≤ C‖v‖^2_{H1/2,s0} ‖∇_hv‖_H0,s_0 , which proves the lemma in an obvious way.

Let us conclude the proof of the local existence part of Theorem 1. Let us observe that v_0 is in L^2(R^3), so we have the basic L^2 energy estimate ‖v(t)‖^2_L2 + 2ν ∫_t 0 ‖∇_hv(t^′)‖^2_L2 dt^′ ≤ ‖v_0‖^2_L2 .

So it is obvious that

‖S^v_N S^h_M v(t)‖^2_H0,s_0 + 2ν ∫_t 0 ‖∇_hS^v_N S^h_M v(t^′)‖^2_H0,s_0 dt^′ ≤ C2^{2M} 2^{2Ns0} T ‖v_0‖^2_L2 .

So using an interpolation inequality and Lemmas 5 and 6, we infer that

(2ν)^{12} ‖v‖^2_{L4T (H} 1_{2 ,s0 )} + 2ν‖∇_hv‖^2_L2_{T (H}0,s_{0 )} ≤ C ( ‖(Id −S^v_N )v_0‖^2_H0,s_0 + ‖S^v_N (Id −S^h_M )v_0‖^2_H0,s_0 + 2^{2M} 2^{2Ns0} T ‖v_0‖^2_L2 + ∫_T 0 ‖v(t^′)‖^2_H 1_{2 ,s0} ‖v(t^′)‖_H0,s_0 dt^′ ) .

So we deduce that

ν^{12} ‖v‖^2_{L4T (H} 1_{2 ,s0 )} + ν‖∇_hv‖^2_L2_{T (H}0,s_{0 )} ≤ C ( ‖(Id −S^v_N )v_0‖^2_H0,s_0 + ‖S^v_N (Id −S^h_M )v_0‖^2_H0,s_0 + 2^{2M} 2^{2Ns0} T ‖v_0‖^2_L2 + C ν ‖v‖^4_{L4T (H} 1_{2 ,s0 )} ) . Then choosing first an integer N such that ‖(Id −S^v_N )v_0‖^2_H0,s_0 ≤ η, then an integer M greater than N such that ‖S^v_N (Id −S^h_M )v_0‖^2_H0,s_0 ≤ η, and finally a strictly positive real, number T_0 such that 2^{2M} 2^{2Ns0} T ‖v_0‖^2_L2 ≤ η, we obtain that, for any T ≤ T_0, ν^{12} ‖v‖^2_{L4T (H} 1_{2 ,s0 )} + ν‖∇_hv‖^2_L2_{T (H}0,s_{0 )} ≤ Cη + C ν ‖v‖^4_{L4T (H} 1_{2 ,s0 )}.

So, for any positive real number η, a positive real number T_1 exists so that ν^{12} ‖v‖^2_{L4T}

1 (H^12^{,s0} )

+ ν‖∇_hv‖^2_L2_{T1 (H}0,s_{0 )} ≤ η.

That yields the result, and proves Theorem 1.

Proof of Theorem 2. Let us start by proving the propagation result stated in Theorem 2, considering v_0 ∈ H^{0,s}, with s > s_0; we just have to follow the computations leading to the global existence result with data in H^{0,s0} . We have, as for (3.5) and using also Lemma 4, d dt ‖v_k(t)‖^2_L2 + ν‖∇_hv_k(t)‖^2_L2 ≤ Cd_k2^{−2ks}‖v‖_H 1_{2 ,s} (‖v‖_H 1_{2 ,s} ‖∇_hv‖_H0,s_0 + ‖v‖_H 1_{2 ,s0} ‖∇_hv‖_H0,s ), so 1 2 d dt ‖v(t)‖^2_H0,s + ν‖∇_hv(t)‖^2_H0,s ≤ C ν^2

‖v‖^4_H 1_{2 ,s0} ‖v‖^2_H0,s + C ν ‖∇_hv‖^2_H0,s_0 ‖v‖^2_H0,s . By integration, we find that

‖v‖^2_L∞_{T (H}0,s_) + 2ν‖∇v‖^2_L2_{T (H0,s)} ≤ exp ( C ν^2 ∫_T 0 ‖v(t)‖^4_{H1/2,s0} dt + C ν ∫_T 0 ‖∇_hv(t)‖^2_H0,s_0 dt ) . So we find that the life span of the solution is controlled by the following norm: T < +∞ ⇒ ∫_T 0 ‖v(t)‖^4_{H1/2,s0} dt + ∫_T 0 ‖∇_hv(t)‖^2_H0,s_0 dt = +∞.

Now we are left with the proof of the uniqueness of the solutions when s > 3/2. So let v_1 and v_2 be two solutions of (NS_h), with initial data v_0, such that ∀i ∈ {1, 2}, v_i ∈ L^∞([0, T ], H^{0,s}) ∩ L^2([0, T ], H^{1,s}), s > 3 2 , and let w def= v_1 − v_2. We have ∂_tw − νΔ_hw + v_1 · ∇w + w · ∇v_2 = −∇p, hence using Lemma 4 and interpolation inequalities, we can write (v_1 · ∇w|w)_H0,s ≤ C ( ‖∇_hv_1‖_H0,s−1 ‖w‖^2_{H1/2,s−1} + ‖v_1‖_H1/2,s−1 ‖w‖_H1/2,s−1 ‖∇_hw‖_H0,s−1 ) ≤ ( ‖∇_hv_1‖_H0,s−1 ‖w‖_H0,s−1 ‖∇_hw‖_H0,s−1 + ‖v_1‖_H1/2,s−1 ‖w‖^{12}_{H0,s−1} ‖∇_hw‖^{32}_{H0,s−1} )

≤ ν 4 ‖∇_hw‖^2_H0,s−1 + C ν ( ‖∇_hv_1‖^2_{H1/2,s−1} + 1 ν^2 ‖v_1‖^4_{H1/2,s−1} ) ‖w‖_H0,s−1 .

But with Lemma 2, we can write that | | |(Δ^v_k(w^h · ∇_hv_2)|w_k) | | | ≤ C2^{−2k(s−1)}d_k‖w‖^2_H 1_{2 ,s−1} ‖∇_hv_2‖_H0,s−1 and | | |(Δ^v_k(w^3∂_3v_2)|w_k) | | | ≤ C2^{−2k(s−1)}d_k‖w‖_H 1_{2 ,s−1} ‖w‖_H0,s−1 ‖v_2‖_H 1_{2 ,s} . It follows that d dt ‖w‖^2_H0,s−1 + ν‖∇_hw‖^2_H0,s−1 ≤ ν 4 ‖∇_hw‖^2_H0,s−1 + C ν ( ‖∇_hv_1‖^2_{H1/2,s−1} + ‖∇_hv_2‖^2_{H1/2,s−1} + 1 ν^2 ( ‖v_1‖^4_{H1/2,s−1} + ‖v_2‖^4_{H1/2,s−1} )) ‖w‖_H0,s−1 . The result follows by time integration, and Theorem 2 is proved.

4 The case of rotating fluids: proof of Theorem 3

In this final section, we are going to prove Theorem 3. We shall in fact prove a more precise result that stated in Theorem 3, and in order to do so, we need to introduce some notation. We shall consider the following rotating fluid system:

(RF^ε)

∂_tv − νΔ_hv − ν_V ∂^2_3 v + v · ∇v + 1 ε v × e_3 = −∇p v_{|t=0} = v_0 .

The elements of the kernel of the operator Lv def= P (v × e_3), where P is the projector onto divergence–free vector fields, are bidimensional vector fields; so it is natural to introduce the solution of the bidimensional Navier–Stokes equation: { ∂_tū − νΔ_hū + ū · ∇ū = −∇p̄ ū_{|t=0} = ū_0 ,

where ū_0 is a bidimensional, divergence–free vector field.

Finally in order to state the following theorem, we need to introduce the solution to the free wave equation associated with (RF^ε).

∂_tw_F − νΔ_hw_F − ν_V ∂^2_3 w_F + 1 ε w_F × e_3 = −∇p_F div w_F = 0 w_{F |t=0} = w_0 .

We shall prove the following result.

Theorem 4 Let ν > 0 and ν_V ≥ 0 be two real numbers. Let v_0 = ū_0 +w_0, where ū_0 ∈ L^2(R^2) is a bidimensional vector field, and where w_0 ∈ H^{0,s}, with s > 1/2. We suppose both fields are divergence free. Then there exists ε_0, independent of ν_V , such that for ε ≤ ε_0, there is a global solution to the system (RF^ε), bounded in L^∞(R^+, H^{0,s}) ∩ L^2(R^+, H^{1,s}). Moreover, if s > 3/2, then the solution is unique. Finally when ε goes to zero, v satisfies

v − ū − w_F → 0 in L^∞(R^+, H^{0,s}) ∩ L^2(R^+, H^{1,s}).

The proof of that theorem mixes the results obtained in the previous sections with anisotropic Strichartz estimates on w_F , in the spirit of [6]: let us define

F ( A^ε_{RF} f ) (ξ) def= e^{i tε ξ3|ξ| −νt|ξh|2−νV tξ23} Ff(ξ). We have the following estimate.

Theorem 5 For any vector field f we have, for any p ∈ [1, ∞],

‖Δ^h_j Δ^v_kA^ε_{RF} f‖_Lp_{T (L}∞,2_{xh,x3 )} ≤ C_ν 2^{j(1− 2p )} min ( 1, (ε2^{2j} )^{14p} 2^{12p |j−k|} ) ‖Δ^h_j Δ^v_kf‖_L2_{(R}3_). (4.6)

Proof of Theorem 5. We follow exactly the same lines as in [6]. For the convenience of the reader, we present here a self contained proof. Like all Strichartz–type inequalities, (4.6) is the consequence of dispersive estimates. Writing A_{RF} (τ, θ, ~θ)f def= F^{−1} ( e^{iτ ξ3|ξ| −θ|ξh|2−} ~_{θξ}^2_3 ^ f(ξ) ) , we have the following dispersive lemma.

Lemma 7 There exists a constant C such that the following holds. For any function f, we have ‖Δ^h_j Δ^v_kA_{RF} (τ, θ, ~θ)f‖_L∞,2_{xh,x3} ≤ C min ( 1, τ^{− 12} 2^{|j−k|} ) 2^{2j} e^{−Cθ22j} ‖f‖_L1,2_{xh,x3} . (4.7) Proof of the lemma. Let us define

I_{j,k}(τ, θ, x^′, ξ_3) def= φ(2^{−k}ξ_3) ∫ R^2 e^{ixh·ξh+iτ ξ3|ξ| −θ|ξh|2} φ(2^{−j} |ξ_h|) dξ_h. Then we have ‖Δ^h_j Δ^v_kA_{RF} (τ, θ, ~θ)f‖_L∞,2_{xh,x3} ≤ Ce^{−C}~^{θ22k} ‖I_{j,k}(τ, θ, ·, ·)‖_L∞,∞_{xh ,ξ3} ‖f‖_L1,2_{xh,x3} , where we have used a Young inequality in the horizontal variables, and Hölder’s inequality in the vertical variable, associated with Plancherel’s formula.

Now all we need is an estimate of I_{j,k}(τ, θ, ·, ·) in L^{∞,∞}_{xh,ξ3} : we can write

I_{j,k}(τ, θ, x_h, ξ_3) = 2^{2k} ~I_{j,k}(τ, 2^{2k}θ, 2^kx_h, 2^{−k}ξ_3)

with ~I_{j,k}(τ, η, y^′, ζ_3) def= φ(ζ_3) ∫ R^2 e^{iy′·ζ′+iτ ζ3|ζ| −η|ζh|2} φ(2^{k−j} |ζ_h|) dζ_h. So we shall integrate by parts in the following integral:

Φ(ζ_1, ζ_3) def= ∫ R e^{iτ ζ3|ζ| −η|ζh|2} φ(|ζ_h|) dζ_2. Let us introduce the operator L defined as ∀a, La = 1 1 + τα^2(ζ)

(a − iα(ζ)∂_{ζ2} a) with α(ζ) = ∂_{ζ2} ( ζ_3 |ζ| ) . An easy computation yields L(e^{iτ ζ3|ζ|} ) = e^{iτ ζ3|ζ|} , which implies immediately that

Φ(ζ_1, ζ_3) = ∫ R e^{iτ ζ3|ζ| t}L ( e^{−η|ζh|2} φ(|ζ|) ) dζ_2. But we can compute, for any function Ψ,

tL (Ψ(ζ)) = ( 1 1 + α^2τ − i(∂_{ζ2} α) 1 − τα^2 (1 + τα^2)^2 ) Ψ(ζ) − iα 1 + τα^2

∂_{ζ2} Ψ(ζ),

so using the fact that ζ is in a fixed ring of R^3 and that φ ∈ D(R), we get after elementary computations | |_tL (e_{−η|ζh|}^2 φ(2_{k−j} |ζ_h|)) | | ≤ C min(2^{k−j} , 1) 1 + τζ^2_2 ζ^2_3 e^{−η|ζh|2} .

It follows that ‖ ~I_{j,k}(τ, η, y^′, ζ_3)‖_L∞,∞_{y′,ζ3} ≤ Ce^{−Cη} ‖ ‖ ‖ ‖φ(ζ^3) ∫ |ζ_2|≤C2^{j−k} min(2^{k−j} , 1) dζ_2 1 + τζ^2_2 ζ^2_3 ‖ ‖ ‖ ‖_{L∞ζ} 3 ≤ Ce^{−Cη}τ^{− 12} min(2^{j−k}, 1)‖φ(ζ_3)ζ^{−1}_3 ‖_L∞ ≤ Ce^{−Cη}τ^{− 12} min(2^{j−k}, 1). So finally we have obtained that ‖Δ^h_j Δ^v_kA_{RF} (τ, θ)f‖_L∞,2_{xh,x3} ≤ Ce^{−C}~^{θ22k} e^{−Cθ22j} 2^{2k} min(2^{j−k}, 1)τ^{− 12} ‖f‖_L1,2_{xh,x3} . (4.8) Now to conclude to (4.7), we note that by Sobolev embeddings, ‖Δ^h_j Δ^v_kA_{RF} (τ, θ, ~θ)f‖_L∞,2_{xh,x3} ≤ C2^je^{−C}~^{θ22k} e^{−Cθ22j} ‖Δ^h_j Δ^v_kf‖_L2 ≤ C2^{2j}e^{−C}~^{θ22k} e^{−Cθ22j} ‖Δ^h_j Δ^v_kf‖_L1,2_{xh,x3} , which with (4.8) implies that ‖Δ^h_j Δ^v_kA_{RF} (τ, θ)f‖_L∞,2_{xh,x3} ≤ Ce^{−C}~^{θ22k} e^{−Cθ22j} 2^{2j} min ( 1 τ^12 2^{|j−k|}, 1 ) ‖f‖_L1,2_{xh,x3} . The lemma is proved.

End of the proof of Theorem 5. To prove the result, we are going to use duality arguments, based on the anisotropic estimate (4.7). In the following, we shall call

B def= { Ψ ∈ D(R^3), ‖Ψ‖_{L∞T (L}1,2_{xh,x3 )} ≤ 1 } . (4.9)

The following set of equalities is standard:

‖Δ^h_j Δ^v_kA^ε_{RF} f‖_{L1T (L}∞,2_{xh,x3 )} = sup_{Ψ∈B} ∫ R^+ < Δ_jA^ε_{RF} (t)f, Ψ(t) > dt = sup_{Ψ∈B} (2π)^{−3} ∫ R^+ × R^3 φ(2^{−j} |ξ|)e^{−i tε ξ3|ξ| −νt|ξh|2−νV ξ23} ^f(ξ) ^Ψ(t, ξ) dtdξ = sup_{Ψ∈B} (2π)^{−3} ∑ k≤j ∫ R^+ × R^3 ^f_{j,k}(ξ) ^Ψ_{j,k}(t, ξ)e^{−i t}ε^{ξ3}|ξ|^{−νt|ξ}h^{|2−ν}V^{tξ2}3 dtdξ,

where we have defined f_{j,k} = Δ^h_j Δ^v_kf and Ψ_{j,k} = Δ^h_j Δ^v_kΨ. So it follows that ‖Δ_j A^ε_{ν,n}f‖_{L1T (L}∞,2_{xh,x3 )} ≤ sup_{Ψ∈B} (2π)^{−3} ∑ k≤j ‖f_{j,k}‖_L2 ‖ ‖ ‖ ∫ R^+ e^{−i tε ξ3|ξ| −νt|ξh|2−νV tξ23} ^Ψ_{j,k}(t, ξ) dt ‖ ‖ ‖ L^2(R^3) . But we have ‖ ‖ ‖ ∫ R^+ e^{−i tε ξ3|ξ| −νt|ξh|2−νV tξ23} ^Ψ_{j,k}(t, ξ) dt ‖ ‖ ‖^2 L^2(R^3)

= ∫ (R^+)^2×R^3 e^{−i tε ξ3|ξ| −νt|ξh|2−νV tξ23} ^Ψ_{j,k}(t, ξ)e^{i sε ξ3|ξ| −νs|ξh|2−νV sξ23} ^Ψ_{j,k}(s, ξ) dtdsdξ

≤ ∫ (R^+)^2 ‖Ψ_{j,k}(s, ·)‖_L1,2_{xh,x3} ‖Ψ_{j,k}(t, ·)‖_L1,2_{xh,x3} min ( 1, ε^12 2^{|j−k|} |t − s|^12 ) 2^{2j} e^{−ν(t+s)22j} dtds. (4.10) Then we just need to notice that ∫ (R^+)^2 e^{−ν(t+s)22j} |t − s|^12 dtds = 2^{−3j} ∫ (R^+)^2 e^{−ν(t+s)} |t − s|^12 dtds, and that ∫

(R^+)^2 e^{−ν(t+s)22j} dtds = 2^{−2j} ν^2 , so (4.10) yields finally

‖Δ^h_j Δ^v_kA^ε_{RF} f‖_{L1T (L}∞,2_{xh,x3 )} ≤ C_ν min ( 1, (ε2^{2j} )^{14} 2^{|j−k|2} ) 2^{−j}‖Δ^h_j Δ^v_kf‖_L2_{(R}3_).

But by Sobolev embeddings and energy estimates, we have ‖Δ^h_j Δ^v_kA^ε_{RF} f‖_L1_{T (L}∞,2_{xh,x3 )} ≤ C2^j ‖Δ^h_j Δ^v_kf‖_L2_{(R}3_), and the theorem is proved by interpolation.

Proof of Theorem 4. The proof is going to use Theorem 5 proved above. Such an estimate is best used when the horizontal and vertical frequencies of w_F are fixed, and it is possible to do so for the following reason: it is clear that, as w_F satisfies a linear equation, lim N,N_3→−∞ N^′,N^′_3→+∞ (Id −S^h_N )S^h_N ′ (Id −S^v_{N3} )S^v_N ′_3 w_F = w_F in H^{σ,σ′} , ∀σ, σ^′. (4.11)

So for any η > 0, there exist integers N, N^′, N_3, N^′_3 such that ‖w_F − w_{F,m} ‖_L∞_{(R}+_{,H}0,s_{)∩L}2_{(R}+_{,H}1,s_) ≤ η, (4.12) where we have noted w_{F,m} def= (Id −S^h_N )S^h_N ′ (Id −S^v_{N3} )S^v_N ′_3 w_F .

Then (4.6) becomes simply ∀p ∈ [1, ∞], ‖w_{F,m} ‖_Lp_{T (L}∞,2_{xh,x3 )} ≤ C_ηε^{1/4p}‖w_{0,m} ‖_L2_{(R}3_), (4.13) where here and in the following, we have written C_η for any constant depending on N, N^′, N_3 and N^′_3, such that (4.12) is satisfied.

Let us recall the following classical estimates on the bidimensional Navier–Stokes equation, and on linear parabolic equations: we have

∀t ≥ 0, ‖ū(t)‖^2_{L2 (R}2_) + 2ν ∫_t 0 ‖∇_hū(t^′)‖^2_{L2(R}2_) dt^′ = ‖ū_0‖^2_{L2(R}2_), (4.14) and ∀t ≥ 0, ‖w_F (t)‖^2_H0,s + 2ν ∫_t 0 ‖∇_hw_F (t^′)‖^2_H0,s dt^′ = ‖w_0‖^2_H0,s . (4.15)

Now if we define w def= v − ū − w_{F,m} , it is enough to prove that w is unique, and goes to zero in L^∞(R^+, H^{0,s}) ∩ L^2(R^+, H^{1,s}). The function w satisfies the following equation:

∂_tw − νΔ_hw − ν_V ∂^2_3 w + 1 ε w × e_3 = −∇p̃ + 6∑ j=1 F_j (4.16)

with F_1 def= −w · ∇w F_2 def= −ū · ∇w − w · ∇ū F_3 def= −w_{F,m} · ∇w F_4 def= −w · ∇w_{F,m} F^j_5 def= − div_h(w^j_{F,m}ū^h) − div_h(ū^j w^h_{F,m} ) − div_h(w^j_{F,m} w^h_{F,m} ) F^j_6 def= −ū^3∂_3w^j_{F,m} − ū^j∂_3w^3_{F,m} − ∂_3(w^j_{F,m} w^3_{F,m} ). and w_{|t=0} = ( Id −(Id −S^h_N )S^h_N ′ (Id −S^v_{N3} )S^v_N ′_3 ) w_0.

Note that, according to (4.11), we have ∀η > 0, ∃(N, N^′, N_3, N^′_3), ‖w_{|t=0}‖_H0,s ≤ η. (4.17) The uniqueness result follows simply from Theorem 2, since the skew–symmetric term 1ε w×e_3 does not interfere in the energy estimates. So let us prove that for ε small enough, there is a global solution w to equation (4.16), which goes to zero in L^∞(R^+, H^{0,s}) ∩ L^2(R^+, H^{1,s}). The proof will use estimates proved in the previous section, as well as the Strichartz estimate proved above.

First, using Lemma 4 proved in Section 2, we get (Δ^v_k(w · ∇w)|Δ^v_kw)_L2_{(R}3_) ≤ Cd_k2^{−2ks}‖w‖^2_{H1/2,s} ‖∇_hw‖_H0,s .

Using the interpolation between H^{0,s} and H^{1,s}, and taking the sum over k, we get (F_1|w)_H0,s ≤ Cd_k2^{−2ks}‖w‖_H0,s ‖∇_hw‖^2_H0,s . (4.18) Now, let us estimate (F_2|w)_H0,s . Since ū does not depend on the third variable, we have (Δ^v_k(ū · ∇w)|Δ^v_kw)_L2_{(R}3_) = (ū · ∇Δ^v_kw)|Δ^v_kw)_L2_{(R}3_) = − 1 2 ∫ R^3

div_hū^h|Δ^v_kw|^2 dx, so as H^{1/2}(R^2) is embedded in L^4(R^2), we get

|(Δ^v_k(ū · ∇w)|Δ^v_kw)_L2_{(R}3_)| ≤ C‖∇_hū‖_L2_{(R}2_)‖Δ^v_kw‖^2_{L2(Rx3 ;H1/2(R}2_{))},

By interpolation between L^2(R^2) and Ḣ^1(R^2), that yields

|(Δ^v_k(ū · ∇w)|Δ^v_kw)_L2_{(R}3_)| ≤ C ν ‖∇_hū‖^2_{L2(R}2_)‖Δ^v_kw‖^2_{L2(R}3_) + ν 16 ‖∇_hΔ^v_kw‖^2_{L2 (R}3_),

and multiplying by 2^{2ks} and summing over k, we get finally |(ū · ∇w|w)_H0,s | ≤ C ν ‖∇_hū‖^2_{L2(R}2_)‖w‖^2_H0,s + ν 16 ‖∇_hw‖^2_H0,s . (4.19)

Moreover, we have

|(Δ^v_k(w · ∇ū)|Δ^v_kw)_L2_{(R}3_)| ≤ C‖Δ^v_kw‖^2_{L2 (Rx3 ;H1/2(R}2_{))}‖∇_hū‖_L2_{(R}2_),

so similarly |(w · ∇ū|w)_H0,s | ≤ C ν ‖∇_hū‖^2_{L2(R}2_)‖w‖^2_H0,s + ν 16 ‖∇_hw‖^2_H0,s . (4.20)

So, putting estimates (4.19) and (4.20) together, we get that |(F_2|w)_H0,s | ≤ C ν ‖∇_hū‖^2_{L2(R}2_)‖w‖^2_H0,s + ν 8 ‖∇_hw‖^2_H0,s . (4.21)

In order to estimate the term (F_3|w)_H0,s , we use Lemma 4 proved in Section 2, which yields | | |(Δ^v_k(w_{F,m} · ∇w)|Δ^v_kw)_L2_{(R}3_) | | | ≤ Cd_k2^{−2ks}‖w‖_H1/2,s × ( ‖w_{F,m} ‖_H1/2,s ‖∇_hw‖_H0,s + ‖w‖_H1/2,s ‖∇_hw_{F,m} ‖_H0,s ) , which in turn implies that |(F_3|w)_H0,s | ≤ ν 16 ‖∇_hw‖^2_H0,s + C ν ( ‖w_{F,m} ‖^2_{H1/2,s} ‖w‖^2_{H1/2,s} + ‖w‖^2_H0,s ‖∇_hw_{F,m} ‖^2_H0,s ) . So finally, by interpolation, we infer |(F_3|w)_H0,s | ≤ ν 8 ‖∇_hw‖^2_H0,s + C ν ‖w‖^2_H0,s ( C ν^2 ‖w_{F,m} ‖^4_{H1/2,s} + ‖∇_hw_{F,m} ‖^2_H0,s ) . (4.22)

Moreover, we can write |(F_4|w)_H0,s | = |(w · ∇w_{F,m} |w)_H0,s | ≤ ∫ R^2 | | | ( w(x_h, ·) · ∇w_{F,m} (x_h, ·)|w(x_h, ·) ) H^s(R_{x3} ) | | | dx^h ≤ ∫ R^2 ‖w(x_h, ·)‖^2_Hs_{(Rx3 )}‖∇w_{F,m} (x_h, ·)‖_Hs_{(Rx3 )} dx_h ≤ ‖w‖^2_H0,s ‖∇w_{F,m} ‖_L∞_{(R}2_{;H}s_{(Rx3 ))}.

But the spectral localization of w_{F,m} implies that, for any η, a constant C_η exists such that ‖∇w_{F,m} ‖_L∞_{(R}2_{;H}s_{(Rx3 ))} ≤ C_η‖w_{F,m} ‖_L∞,2_{xh,x3} , so finally |(F_4|w)_H0,s | ≤ C_η‖w_{F,m} ‖_L∞,2_{xh,x3} ‖w‖^2_H0,s . (4.23) To estimate |(F_5|w)_H0,s |, let us write that |(F_5|w)_H0,s | ≤ ‖F_5‖_H−1,s ‖∇_hw‖_H0,s ≤ 8 ν ‖F_5‖^2_H−1,s + ν 8 ‖∇_hw‖^2_H0,s . By definition of F_5, we have ‖F_5‖^2_H−1,s ≤ C(‖w_{F,m}ū‖^2_H0,s + ‖w_{F,m} w_{F,m} ‖^2_H0,s ). As the Fourier transform of w_{F,m} has its support in the vertical frequencies included in the ball of radius N^′_3, we have

‖F_5‖^2_H−1,s ≤ CN^′_3^{2s}(‖w_{F,m}ū‖^2_{L2(R}3_) + ‖w_{F,m} w_{F,m} ‖^2_{L2(R}3_)) ≤ CN^′_3^{2s}(‖ū‖^2_{L2(R}2_)‖w_{F,m} ‖^2_L∞,2_{xh,x3} + ‖w_{F,m} ‖^2_L2,∞_{xh,x3} ‖w_{F,m} ‖^2_L∞,2_{xh,x3} ). Using again the spectral localization in the vertical variable and the energy estimate of the free rotating system, we get that ‖w_{F,m} ‖^2_L2,∞_{xh,x3} ≤ CN^′_3^{12} ‖w_{F,m} ‖^2_{L2(R}3_) ≤ ‖w_{0,m} ‖^2_{L2(R}3_).

So, using now the energy estimate in the 2 − D Navier-Stokes equation, we get that ‖F_5‖^2_H−1,s ≤ CN^′_3^{2s}(‖ū_0‖^2_{L2(R}2_) + N^′_3‖w_{0,m} ‖^2_{L2(R}3_))‖w_{F,m} ‖^2_L∞,2_{xh,x3} .

As in all that follows, let us denote by C_η any constant depending only on η and on the initial data ū_0 and v_0; we can rewrite the above estimate as |(F_5|w)_H0,s | ≤ C_η‖w_{F,m} ‖^2_L∞,2_{xh,x3} + ν 8 ‖∇_hw‖_H0,s . (4.24) To estimate |(F_6|w))_H0,s |, let us write that |(F_6|w)_H0,s | ≤ ‖F_6‖_H0,s ‖w‖_H0,s . Using again the spectral localization in the vertical variable of w_{F,m} , the energy estimate in the 2 − D Navier-Stokes equation and the energy conservation for the free rotating system, we get that ‖F_6‖_H0,s ≤ CN^′_3^{s+1} ( ‖ū_0‖_L2_{(R}2_) + N^′_3^{12} ‖w_{0,m} ‖_L2_{(R}3_) ) ‖w_{F,m} ‖_L∞,2_{xh,x3} .

As above, this can be written as |(F_6|w)_H0,s | ≤ C_η‖w_{F,m} ‖_L∞,2_{xh,x3} ‖w‖_H0,s . (4.25) An energy estimate in H^{0,s} on equation (4.16) yields 1 2 d dt ‖w(t)‖^2_H0,s + ν‖∇_hw(t)‖^2_H0,s = |(F (t)|w(t))_H0,s |,

where F (t) def= 6∑ i=1 F_i(t). So using (4.18) and (4.21)–(4.25), we get 1 2 d dt ‖w(t)‖^2_H0,s + ν‖∇_hw(t)‖^2_H0,s ≤ Φ(t)‖w(t)‖^2_H0,s + G_η(t) + ( ν 4 + C‖w(t)‖_H0,s ( 1 + 1 ν ‖w(t)‖_H0,s )) ‖∇_hw(t)‖^2_H0,s with G_η(t) def= C_η‖w_{F,m} ‖^2_L∞,2_{xh,x3} + C_η‖w_{F,m} ‖_L∞,2_{xh,x3} ‖w(t)‖_H0,s and Φ(t) def= C ν ( ‖∇_hū(t)‖^2_{L2 (R}2_) + ‖∇_hw_{F,m} (t)‖^2_H0,s + C ν^2 ‖w_{F,m} (t)‖^4_H 1_{2 ,s} + νC_η‖w_{F,m} (t)‖_L∞,2_{xh,x3} ) . Note that according to (4.14), (4.15) and (4.13), the function Φ is in L^1(R^+) and

‖Φ‖_L1_{(R}+_) ≤ C ν ( 2 ν ‖ū_0‖^2_L2 + ‖w_0‖^2_H0,s ( 1 + C ν ‖w_0‖^2_H0,s ) + C_η‖w_{0,m} ‖_L2_{(R}3_) ) . (4.26)

Let us fix η such that C‖w(0)‖_H0,s ( 1 + 1 ν ‖w(0)‖_H0,s ) ≤ ν 16 · (4.27)

Let us consider the supremum T^⋆ of the set of the real numbers T such that ∀t ≤ T , C‖w(t)‖_H0,s ( 1 + 1 ν ‖w(t)‖_H0,s ) ≤ ν 8 · (4.28)

As long as the above condition (4.28) is satisfied, we have 1 2 d dt ‖w(t)‖^2_H0,s + ν 2 ‖∇_hw(t)‖^2_H0,s ≤ Φ(t)‖w(t)‖^2_H0,s + C_η‖w_{F,m} ‖^2_L∞,2_{xh,x3} + C_η‖w_{F,m} ‖_L∞,2_{xh,x3} . Let us define ~w(t) def= w(t) exp ( − ∫_t 0 Φ(t^′)dt^′ ) . We have 1 2 d dt ‖ ~w(t)‖^2_H0,s + ν 2 ‖∇_h ~w(t)‖^2_H0,s ≤ ‖w_{|t=0}‖^2_H0,s + C_η‖w_{F,m} ‖^2_L∞,2_{xh,x3} + C_η‖w_{F,m} ‖_L∞,2_{xh,x3} .

So by integration, we get, for any t ≤ T^⋆, ‖ ~w(t)‖^2_H0,s + ν 2 ∫_t 0 ‖∇_h ~w(t^′)‖^2_H0,s dt^′ ≤ ‖w_{|t=0}‖^2_H0,s + C_η ∫_t 0 ( ‖w_{F,m} (t^′)‖^2_L∞,2_{xh,x3} + C_η‖w_{F,m} (t^′)‖_L∞,2_{xh,x3} ) dt^′. Now we shall use the Strichartz’ type estimates. Using estimate (4.13), we get C_η ∫_t 0 ( ‖w_{F,m} (t^′)‖^2_L∞,2_{xh,x3} + C_η‖w_{F,m} (t^′)‖_L∞,2_{xh,x3} ) dt^′ ≤ C_η(ε) where C_η(ε) is a function of ε such that, for fixed η, lim_{ε→0} C_η(ε) = 0.

So finally ‖ ~w(t)‖^2_H0,s + ν 2 ∫_t 0 ‖∇_h ~w(t^′)‖^2_H0,s dt^′ ≤ ‖w_{|t=0}‖^2_H0,s + C_η(ε), hence ‖w(t)‖^2_H0,s + ν 2 ∫_t 0 ‖∇_h ~w(t^′)‖^2_H0,s dt^′ ≤ ( ‖w_{|t=0}‖^2_H0,s + C_η(ε) ) exp ∫_t 0 Φ(t^′) dt^′, and the theorem is proved using (4.26).

References

[1] A. Babin, A. Mahalov, and B. Nicolaenko, Global Splitting, Integrability and Regularity of 3D Euler and Navier–Stokes Equations for Uniformly Rotating Fluids, European Journal of Mechanics, 15, 1996, pages 291-300.

[2] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non linéaires, Annales de l’École Normale Supérieure, 14, p. 209–246, 1981.

[3] J.-Y. Chemin, Fluides parfaits incompressibles, Astérisque, 230, 1995.

[4] J.-Y. Chemin, À propos d’un problème de pénalisation de type antisymétrique, Journal de Mathématiques Pures et Appliquées, 9, 76, p. 739–755, 1997.

[5] J.-Y. Chemin and N. Lerner, Flot de champs de vecteurs non Lipschitziens et équations de Navier–Stokes, Journal of Differential Equations, 121, p. 314-328, 1992.

[6] J. -Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Anisotropy and dispersion in rotating fluids, preprint of Université d’Orsay, 1999.

[7] B. Desjardins and E. Grenier, On the homogeneous model of wind driven ocean circulation. to appear in SIAM Journal for Applied Mathematics.

[8] B. Desjardins and E. Grenier, Derivation of quasi-geostrophic potential vorticity equations, Advances in Differential Equations 3 (1998), no. 5, p. 715–752.

[9] B. Desjardins and E. Grenier, Low Mach number limit of compressible flows in the whole space, Proceedings of the Royal Society of London A. 455 (1999) p. 2271–2279.

[10] H. Fujita and T. Kato, On the Navier-Stokes initial value problem I, Archiv for Rational Mechanic Analysis, 16, 1964, pages 269–315.

[11] I. Gallagher, The Tridimensional Navier–Stokes Equations with Almost Bidimensional Data: Stability, Uniqueness and Life Span, International Mathematics Research Notices, 18, pages 919-935, 1997.

[12] H.P. Greenspan, The theory of rotating fluids, Cambridge monographs on mechanics and applied mathematics, 1969.

[13] E. Grenier and N. Masmoudi, Ekman layers of rotating fluids, the case of well prepared initial data, Comm. Partial Differential Equations 22 (1997), no. 5-6, pages 953–975.

[14] D. Iftimie, La résolution des équations de Navier–Stokes dans des domaines minces et la limite quasigéostrophique, Thèse de l’Université Paris 6, 1997.

[15] D. Iftimie, The resolution of the Navier–Stokes equations in anisotropic spaces, Revista Matematica Ibero–Americana, 15, 1999, pages 1-36.

[16] J. Leray, Essai sur le mouvement d’un liquide visqueux emplissant l’espace, Acta Matematica, 63, 1933, pages 193–248.

[17] J. Pedlosky, Geophysical fluid dynamics, Springer, 1979.

[18] J. Rauch et M. Reed, Nonlinear microlocal analysis of semilinear hyperbolic systems in one space dimension. Duke Mathematical Journal 49, 1982, pages 397–475.

[19] M. Sabl-Tougeron, Rgularit microlocale pour des problmes aux limites non linaires, Annales de l’Institut Fourier, 36, 1986, pages 39–82.