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Abstract. We study the tridimensional periodic Navier{Stokes equations when the initial data is close to a

bidimensional vector �eld: we prove a stability theorem on the tridimensional part of the solutions, as well as results

regarding their life span. The stability theorem leads to a uniqueness result on the solutions of the tridimensional

equations in the class of the solutions satisfying the energy estimate, when the initial data is bidimensional.

1 Introduction

Let us consider the following tridimensional incompressible Navier{Stokes equations:

(NS3D)
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where � and � are two strictly positive real numbers, representing respectively the horizontal

and vertical viscosities. The tridimensional vector �eld f corresponds to the exterior forces.

We shall suppose that the initial �eld v

0

, tridimensional and divergence free, converges to a

�eld �v

0

which only depends on two variables.

We have written �

2

= @

2

1

+ @

2

2

and v � rv =

P

i�3

v

i

@

i

v; where v = (v

1

; v

2

; v

3

). Let us note

that, as v is divergence free, we can write v � rv = div(v 
 v). In the following, v

0

will be

the �rst two components of v, i.e. v

0

= (v

1

; v

2

). We will also write r

2

= (@

1

; @

2

), where @

i

represents the partial derivative in the direction x

i

. Similarly we will note the divergence along

the horizontal variables by div

2

v = @

1

v

1

+ @

2

v

2

. The domain 
 will be the tridimensional

torus 
 = T

3

, but the results proved here also hold if 
 = R

2

x

1

;x

2

� S

1

x

3

.

In the following we will say that a vector �eld is a solution of (NS3D) if it satis�es the

equation in the distribution sense.

Remark. In the whole of this text, all the proofs will be based on energy estimates; hence

one can add to (NS3D) any term of the type Lv where L is a skew{symmetric matrix,

since such a term does not contribute to the estimates, and the results proved here are

unchanged. Typically, when Lv represents the Coriolis force, this corresponds to the rotating


uid equations (see [5] for instance).

The following theorem sums up the principal and most classical results concerning (NS3D),

the proofs of which can be found in [7], [2] or [4] for instance:
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Theorem 1.1 If v

0

2 L

2

(T

3

) and f 2 L

2

(R

+

; H

�1

(T

3

)), then the system (NS3D) has at

least one solution v in L

1

(R

+

; L

2

(T

3

)) \ L

2

(R

+

; H

1

(T

3

)) that satis�es, for all t > 0,
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C
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(T
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: (1)

If v

0

2 H

1

2

(T

3

) and f 2 L

2

(R

+

; H

�

1

2

(T

3

)), then there exists a unique maximal time T

�

> 0,

and a unique solution v, in C

0

([0; T

�

[; H

1

2

(T

3

)) \ L

2

loc

([0; T

�

[; H

3

2

(T

3

)). Finally, if the force

satis�es kfk

2

L

2

(R

+

;H

�

1

2

(T

3

))

� Cmin(�; �)

3

; then the time T

�

, if �nite, is bounded in the

following way:

T

�

� C min(�; �)

�5

�
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0

k

4

L

2

(T

3

)

+ Cmin(�; �)

�2

kfk

4

L

2

(R

+

;H

�1

(T

3

))

�

:

Let us now consider the following bidimensional Navier{Stokes equations:

(NS2D)
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div

2

u

0

= 0 in T

3

@

3

u = 0 in T

3

u

jt=0

= v

h

0

:

The initial data v

h

0

is the vertical mean of v

0

, v

h

0

=

Z

x

3

v

0

dx

3

; and

�

f is a bidimensional force.

In the following, we shall note the vertical mean of a function a by a

h

, and a

v

= a� a

h

:

Compared to the classical bidimensional equations, the di�erence here is that u has three

components instead of two. However, in the proofs of existence or uniqueness theorems, that

can be found in [2] or [4] for instance, the number of variables comes alone into consideration,

and not the number of components of the velocity �eld. Hence the results known for those

equations hold here and are valid for u:

Theorem 1.2 If v

h

0

2 L

2

(T

2

) and

�

f 2 L

2

(R

+

; H

�1

(T

2

)), then (NS2D) has a unique solu-

tion u in L

1

(R

+

; L

2

(T

2

))\ L

2

(R

+

; H

1

(T

2

)), which moreover satis�es u 2 C

0

(R

+

; L

2

(T

2

)),

and, for all t > 0,

ku(t)k

2

L

2

(T

2

)

+ �

Z

t

0

kr

2

u(�)k

2

L

2

(T

2

)

d� = kv

h

0

k

2

L

2

(T

2

)

+

C

�

k

�

fk

2

L

2

([0;t];H

�1

(T

2

))

: (2)

Furthermore, if v

h

0

2 H

1

2

(T

2

) and

�

f 2 L

2

(R

+

; H

�

1

2

(T

2

)), then there exists a unique associate

solution u, and u 2 C

0

(R

+

; H

1

2

(T

2

))\ L

2

(R

+

; H

3

2

(T

2

)).

Notation. In the following we will call E

h

0

(t) the right hand side of (2), and E

h

0

= E

h

0

(+1):

We are interested here in seeing if the results concerning (NS3D) recalled in Theorem 1.1

approach those concerning the bidimensional equations, from Theorem 1.2, when the initial

data v

0

converges to a bidimensional �eld: we shall suppose that �v

0

, the limit of v

0

, satis-

�es @

3

�v

0

= 0, and in the same way that f converges to a bidimensional force

�

f .

We will call �u the bidimensional vector �eld, with three components, solution of the bidimen-

sional Navier{Stokes equations, associated with the initial data �v

0

.
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2 Statement of the results

Our aim is the study of the behaviour of the solutions of (NS3D) when the initial data

converges to a bidimensional �eld. Let us therefore de�ne w, the tridimensional part of v,

as w = v � u, where v and u are respectively solutions of (NS3D) and (NS2D), and let us

study the evolution of w as a function of w

0

= v

0

� v

h

0

.

In the �rst part (section 4), we shall consider the initial data v

0

in L

2

(T

3

), and study the

behaviour of the associate solutions of (NS3D). More precisely, we will place ourselves in the

following class of solutions, which we shall call \�nite energy solutions":

De�nition. If v

0

2 L

2

(T

3

) and f 2 L

2

(R

+

; H

�1

(T

3

)), then the vector �eld v will be said

to be a solution of (NS3D) of �nite energy if v 2 L

1

(R

+

; L

2

) \ L

2

(R

+

; H

1

) is a solution in

the sense of distributions, that satis�es moreover the estimate

kv(t)k

2

L

2

+ �

Z

t

0

kr

2

v(�)k

2

L

2

d� + �

Z

t

0

k@

3

v(�)k

2

L

2

d� � kv

0

k

2

L

2

+

Z

t

0

(f j v) (�) d�:

Remark. In particular, any �nite energy solution of (NS3D) satis�es the energy inequal-

ity (1). Moreover, if u is a solution of (NS2D), then in particular u is a �nite energy solution

in the sense of that de�nition; this last result is proved in section 4 (with Lemma 4.2). Fi-

nally let us note that the solutions of (NS3D) obtained by Galerkin approximation, or by

penalization of the divergence (see [8]), are suitable.

Theorem 2.1 There exists a constant C such that the following property is satis�ed: let v

0

be

a vector �eld in L

2

(T

3

), of vertical mean v

h

0

, and let f and

�

f be two forces in L

2

(R

+

; H

�1

),

with

�

f bidimensional. If v and u are solutions respectively of (NS3D) and (NS2D), with

respective initial data v

0

and v

h

0

, and with v of �nite energy, then the vector �eld w, de�ned

by w=v�u, satis�es the following estimate for all t � 0:

kw(t)k

2

L

2

(T

3

)

+ �

Z

t

0

kr

2

w(�)k

2

L

2

(T

3

)

d� + �

Z

t

0

k@

3

w(�)k

2

L

2

(T

3

)

d� (3)

�

�

kw

0

k

2

L

2

(T

3

)

+

C

�

kf

h

�

�

fk

2

L

2

([0;t];H

�1

)

+

C

min(�; �)

kf

v

k

2

L

2

([0;t];H

�1

)

�

exp

�

C

�

2

E

h

0

(t)

�

:

Corollary 2.1 If v

0

does not depend on the third variable, v

0

2 L

2

(T

2

), and if f = f

h

, then

there exists a unique �nite energy solution of (NS3D) in L

1

(R

+

; L

2

)\L

2

(R

+

; H

1

): it is the

solution of (NS2D).

Remark. The proof of those results is founded in the method followed by W. von Wahl in [9]

to prove the uniqueness of the solutions of (NS3D) in certain classes of solutions: namely one

procedes by energy estimates, and that is the reason why we have been led to the restriction

to the �nite energy solutions of (NS3D), to ensure the validity of the computations.

Theorem 2.2 If v

0

2 L

2

(T

3

) converges in L

2

to �v

0

2 L

2

(T

2

), if f converges to

�

f , a bidimen-

sional force, in L

2

(R

+

; H

�1

), and if v is a �nite energy solution of (NS3D), then v converges

to �u in L

1

(R

+

; L

2

(T

2

)) \ L

2

(R

+

; H

1

(T

2

)), where �u is the solution of (NS2D) with initial

data �v

0

and exterior force

�

f .
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Remark. In the case when the force f is bidimensional, i.e. f

v

= 0, one can note that

in the upper bound in (3), the vertical viscosity does not appear, and in particular can be

chosen as small as one likes, without that choice a�ecting in any way the rate of convergence

of w to 0; this is not the case for the horizontal viscosity �, which appears in a crucial way

in (3). Therefore when f = f

h

, everything takes place as if there were no dependence on the

vertical variable | that will appear clearly in the course of the proofs.

In the following part, section 5, we will study the case when the data is in H

1

2

(T

3

):

Theorem 2.3 There exists a constant C such that the following property is satis�ed: let v

0

be a vector �eld in H

1

2

(T

3

), of vertical mean v

h

0

, and let w

0

= v

0

� v

h

0

. We consider two

forces f and

�

f in L

2

(R

+

; H

�

1

2

), where

�

f is bidimensional. Then if

kw

0

k

2

H

1

2

(T

3

)

+

C

�

kf �

�

fk

2

L

2

(R

+

;H

�

1

2

)

� C�

2

exp

�

�

C

�

2

E

h

0

�

;

then the system (NS3D), with equal horizontal and vertical viscosities, is globally well posed

in C

0

(R

+

; H

1

2

(T

3

)) \ L

2

(R

+

; H

3

2

(T

3

)) and we have, for all t � 0,

kwk

2

L

1

([0;t];H

1

2

)

+ �kwk

2

L

2

([0;t];H

3

2

)

�

�

kw

0

k

2

H

1

2

+

C

�

kf �

�

fk

2

L

2

([0;t];H

�

1

2

)

�

exp

�

C

�

2

E

h

0

(t)

�

;

where w = v � u, and v and u are solutions respectively of (NS3D) and (NS2D), with

respective initial data v

0

and v

h

0

.

Remark. Rather than on the smallness of the initial data, the su�cient condition for

there to be global existence depends on the relative size of its tridimensional part and its

vertical mean. Let us note that in [6], D. Iftimie proves a more general result, computing the

norm of w in spaces containing strictly H

1

2

, called H

�;

1

2

��

, with � 2]0;

1

2

[; they are de�ned

using a Littlewood{Paley decomposition, which is non isotropic in the horizontal and vertical

variables. The interesting aspect of the weaker result proved here is that it can be found in a

more elementary way, without the use of those new spaces.

Corollary 2.2 If v

0

2 H

1

2

(T

3

) satis�es v

h

0

! �v

0

in L

2

(T

2

) and w

0

! 0 in H

1

2

(T

3

); and if

f !

�

f in L

2

(R

+

; H

�

1

2

), where

�

f is bidimensional, then v converges to �u, solution of (NS2D)

with the initial data �v

0

, and for w

0

and f �

�

f small enough, the system (NS3D) is globally

well posed in C

0

(R

+

; H

1

2

) \ L

2

(R

+

; H

3

2

).

Those various results will enable us to �nd an upper bound for the life span when it is �nite.

Theorem 2.4 Let us consider v

0

an element of H

1

2

(T

3

), and v

h

0

its vertical mean, and let f

and

�

f be two forces in L

2

(R

+

; H

�

1

2

), where

�

f is bidimensional, such that

kf �

�

fk

2

L

2

(R

+

;H

�

1

2

)

� C�

3

exp

�

�

C

�

2

E

h

0

�

:

Then let v be a solution of (NS3D) associated with v

0

, when the vertical and horizontal

viscosities are equal, and �nally let T

�

be its life span. If T

�

is �nite, then

T

�

�

C

�

5

�

kw

0

k

4

L

2

(T

3

)

+

C

�

2

kf �

�

fk

4

L

2

(R

+

;H

�1

)

�

exp

�

C

�

2

E

h

0

�

:
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That estimate is a more precise version of the one written in Theorem 1.1, as it enables one

to recover the global existence when the tridimensional part w

0

is zero, and f = f

h

.

3 Notations

In this section, we are going to de�ne some notations, and state a few classical results concern-

ing Sobolev spaces: we shall note jaj

s

the norm of any function a in the Sobolev space H

s

(T

d

),

where T

d

is the d{dimensional torus. If the a

n

are the Fourier coe�cients of a, then that

norm is de�ned by

jaj

2

s

=

X

n2Z

d

(1 + jnj

2

)

s

ja

n

j

2

:

Let us note that in order to simplify notations, we do not specify in the de�nition of the norm,

the dimension of the space in which a is de�ned.

The Sobolev spaces H

s

(T

d

) can be characterized using a dyadic decomposition in the fre-

quency space: let us recall some elements of the Littlewood{Paley theory, the details of

which, along as the proofs of the results stated here, can be found in [6].

De�nition. Let ' be a C

1

function, supported in ] � 1; 1[, equal to 1 near [0;

1

2

]. For any

distribution a, we de�ne the operators S

q

and �

q

, for q � 0, by

S

q

a =

X

n2Z

d

e

in�x

a

n

'

�

jnj

2

q

�

; �

q

a = S

q+1

a � S

q

a:

We have written a(x) =

P

a

n

e

in�x

.

That de�nition enables one to characterize H

s

(T

d

) by

a 2 H

s

(T

d

) , 2

qs

j�

q

aj

0

2 `

2

(N):

Moreover we have the equivalence jr�

q

aj

0

� 2

q

j�

q

aj

0

; where the constants of equivalence

only depend on the truncation function ' chosen, and in particular depend neither on q nor

on a.

That decomposition enables one to prove the following product lemma (see [2], [6]):

Lemma 3.1 Let s and t be two real numbers such that s; t <

d

2

and s+ t > 0. If a 2 H

s

(T

d

)

and b 2 H

t

(T

d

), then ab 2 H

s+t�

d

2

(T

d

), and

jabj

s+t�

d

2

� C

s;t

jaj

s

jbj

t

:

If b is divergence free, one can take s; t <

d

2

+ 1 and s + t > 0, and we have

j(�

q

(b � ra)j�

q

a)j � C

0

s;t

c

q

2

�q(s+t�

d

2

�1)

jaj

s

jbj

t

j�

q

aj

0

;

where (c

q

)

q�0

is a sequence of norm 1 in `

2

, and C

s;t

and C

0

s;t

are constants depending on s

and t.
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From now on one shall note C for any universal constant.

In section 4, we shall be led to studying restrictions of tridimensional functions, to the hor-

izontal variables. More precisely, if the horizontal variables are called x

0

, i.e. x

0

= (x

1

; x

2

),

then we will note a

x

3

(x

0

) = a(x

1

; x

2

; x

3

).

We will also de�ne the space H

s

x

0

(resp. L

2

x

0

) as the Sobolev space H

s

(T

3

) (resp. L

2

(T

3

))

restricted to the horizontal variables, de�ned by the norm jaj

H

s

x

0

= ja

x

3

j

s

: In this last equality,

the H

s

norm is taken in T

2

. Naturally, for a function �a depending only on two variables, we

have j�aj

H

s

x

0

= j�aj

s

:

Finally, in the following, ( � j � ) will be the scalar product in L

2

.

4 The case when the data is in L

2

(T

3

)

4.1 Proof of the stability theorem

In this section, we shall prove the estimate (3) of Theorem 2.1, by a method inspired by

the one used by W. von Wahl in [9]. Let us note that in [5], a similar theorem is proved

using a method requiring results on spaces of the Sobolev type, where the third variable is

particularised: those spaces are presented and studied precisely by D. Iftimie in [6]. Here we

will rather try to make the most of the purely L

2

setting, to present a more elementary proof,

which procedes by energy estimates successively in the horizontal, followed by the vertical,

variables.

Proof of Theorem 2.1. Let v and u be two solutions, respectively of (NS3D) and (NS2D),

with v of �nite energy, and let w be the divergence free vector �eld de�ned by w = v � u.

Let us note that kwk

2

L

1

(R

+

;L

2

)

� 2kuk

2

L

1

(R

+

;L

2

)

+ 2kvk

2

L

1

(R

+

;L

2

)

, therefore in particular w

belongs to L

1

(R

+

; L

2

(T

3

)), and similarly w belongs to L

2

(R

+

; H

1

(T

3

)).

Moreover one can write, for all t � 0,

1

2

jw(t)j

2

0

+

Z

t

0

�

�jr

2

w(s)j

2

0

+ �j@

3

w(s)j

2

0

�

ds =

1

2

ju(t)j

2

0

+ �

Z

t

0

jr

2

u(s)j

2

0

ds

+

1

2

jv(t)j

2

0

+

Z

t

0

�

�jr

2

v(s)j

2

0

+ �j@

3

v(s)j

2

0

�

ds� (v(t) j u(t))� 2�

Z

t

0

(r

2

v(s) j r

2

u(s)) ds: (4)

The estimate (3) we want to prove will then result from the two following lemmas:

Lemma 4.1 Let t 2 R

+

. The application (a; b; u) 7!

Z

t

0

(r � (a
 b) j u) (s) ds is a trilinear

form, continuous in

�

L

1

([0; t]; L

2

(T

3

)) \ L

2

([0; t]; H

1

(T

3

))

�

2

� L

2

([0; t]; H

1

(T

2

)). Further-

more, there exists a constant C, independent of t, such that for any divergence free vector

�eld a, we have

j

Z

t

0

(a � raju) (s) dsj �

�

2

Z

t

0

jr

2

a(s)j

2

0

ds+

C

�

Z

t

0

ju(s)j

2

1

ja(s)j

2

0

ds: (5)
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Lemma 4.2 Let u

0

2 L

2

(T

2

) and v

0

2 L

2

(T

3

) be two divergence free vector �elds, let f and

�

f be two forces in L

2

(R

+

; H

�1

), with

�

f bidimensional, and �nally let u and v be the associate

solutions of (NS2D) and (NS3D), in L

1

(R

+

; L

2

)\L

2

(R

+

; H

1

). Then we have the following

equality, for any time t � 0:

(v(t) j u(t)) + 2�

Z

t

0

(r

2

v(s) j r

2

u(s)) ds = (u

0

j v

0

) +

Z

t

0

�

(f j u) + (

�

f j v)

�

(s) ds

�

Z

t

0

�

�

v j u

0

� r

2

u

�

+ (u j v � rv)

�

(s) ds:

Proof of Lemma 4.1. We can �rst notice, as u only depends on two variables, that

Z

t

0

j(r � (a
 b) j u) (s)j ds =

Z

t

0

�

�

�

�

Z

x

3

�

Z

x

0

a

x

3

b

x

3

� r

2

u(s) dx

0

�

dx

3

�

�

�

�

ds

� C

Z

t

0

Z

x

3

ku(s)k

H

1

x

0

ka

x

3

(s)k

H

1

2

x

0

kb

x

3

(s)k

H

1

2

x

0

dx

3

ds

� C

Z

t

0

ju(s)j

1

�

Z

x

3

ka

x

3

k

2

H

1

2

x

0

dx

3

�

1

2

�

Z

x

3

kb

x

3

k

2

H

1

2

x

0

dx

3

�

1

2

ds;

by the rules of product in Sobolev spaces, and with the notations presented in the previous

section. That estimate ensures the continuity of the trilinear application, by interpolation

between L

2

x

0

and H

1

x

0

: thus in the case of a, we have

�

Z

x

3

ka

x

3

(s)k

2

H

1

2

x

0

dx

3

�

1

2

�

�

Z

x

3

ka

x

3

(s)k

L

2

x

0

kr

2

a

x

3

(s)k

L

2

x

0

dx

3

�

1

2

� ja(s)j

0

jr

2

a(s)j

0

;

and similarly for b, and the result follows.

The estimate (5) is then an immediate consequence of the previous computation, where one

takes a divergence free, and b = a.

Proof of Lemma 4.2. That lemma is proved by the same method as that used by W.

von Wahl in [9]. Let us note that, in addition to the hypotheses stated in the lemma, u

satis�es u 2 C

0

(R

+

; L

2

(T

2

)). So let us consider two divergence free vector �elds u

n

and v

n

,

elements of C

1

(R

+

� T

2

) and C

1

(R

+

�T

3

) respectively, such that

u

n

converges strongly to u in L

1

(R

+

; L

2

(T

2

))\ L

2

(R

+

; H

1

(T

2

));

v

n

converges strongly to v in L

2

(R

+

; H

1

(T

3

)):

Since �

2

u and div

2

(u 
 u) are in L

2

(R

+

; H

�1

(T

2

)), then @

t

u is an element of the space

L

2

(R

+

; H

�1

(T

2

)) as well, and we will then additionnally suppose that

@

t

u

n

converges strongly to @

t

u in L

2

(R

+

; H

�1

(T

2

)):

Then as u and v are solutions of (NS2D) and (NS3D) respectively, we have

Z

t

0

�

(@

s

u j v

n

)� � (�

2

u j v

n

) +

�

u

0

� r

2

u j v

n

�

� (

�

f j v

n

)

�

(s) ds = 0; (6)

7



Z

t

0

�

(@

s

v j u

n

)� � (�

2

v j u

n

) + (v � rv j u

n

)� (f j u

n

)

�

(s) ds = 0: (7)

It is now a matter of taking the limit in n: since �

2

u; div

2

(u(s)
u(s)), @

t

u and

�

f are elements

of the space L

2

(R

+

; H

�1

(T

2

)), the equality (6) has for limit the following equality:

Z

t

0

�

(@

s

u j v) + � (r

2

u j r

2

v) +

�

u

0

� r

2

u j v

�

� (

�

f j v)

�

(s) ds = 0: (8)

Remark. An identical computation, where v

n

has been replaced by u

n

, enables one to prove

that any solution u of (NS2D) is a �nite energy solution, as remarked in section 2.

As for the equality (7), one �rst notices that

Z

t

0

(@

s

v j u

n

) (s) ds = (u

n

(t) j v(t))� (u

n;0

j v

0

)�

Z

t

0

(@

s

u

n

j v) (s) ds:

Since we have assumed that @

s

u

n

converges to @

s

u in the space L

2

(R

+

; H

�1

), and u

n

converges

to u in L

1

(R

+

; L

2

(T

2

)), we have

Z

t

0

(@

s

v j u

n

) (s) ds converges to (u(t) j v(t))� (u

0

j v

0

)�

Z

t

0

(@

s

u j v) (s) ds:

Finally the limit of

Z

t

0

(v � rv j u

n

) (s) ds is given by Lemma 4.1, and the equality (7) thus

has for limit

(u(t) j v(t))� (u

0

j v

0

)�

Z

t

0

�

(@

s

u j v)� � (r

2

v j r

2

u)� (v � rv j u)� (f j u)

�

(s) ds = 0: (9)

The sum of the two limit equalities (8) and (9) leads to the result.

Return to the proof of the theorem. Let us apply the results of Lemmas 4.1 and 4.2

to the inequality (4) found above. Since v and u are of �nite energy, the right hand side is

bounded by

1

2

jv

0

j

2

0

+

1

2

jv

h

0

j

2

0

� (v

0

j v

h

0

) +

Z

t

0

�

�

v(s) j u

0

(s) � r

2

u(s)

�

+ (u(s) j v(s) � rv(s))

�

ds

+

Z

t

0

�

(f j v) + (

�

f j u)

�

(s) ds�

Z

t

0

�

(

�

f j v) + (f j u)

�

(s) ds:

But as

Z

t

0

�

�

v(s) j u

0

(s) � r

2

u(s)

�

+(u(s) j v(s) � rv(s))

�

ds =

Z

t

0

(w(s) � rw(s) j u(s)) ds, and

since jv

0

j

2

0

+ jv

h

0

j

2

0

� 2(v

0

j v

h

0

) = jw

0

j

2

0

, the bound above can also be written

1

2

jw

0

j

2

0

+

Z

t

0

(w(s) � rw(s) j u(s)) ds+

Z

t

0

(f �

�

f j w)(s) ds:

But we have

�

�

(f �

�

f jw)

�

�

� Cjf �

�

f j

�1

jrwj

0

: (10)

This estimate can be modi�ed if we split the force f into f

h

+ f

v

, as we get

�

�

(f �

�

f j w)

�

�

� C

Z

x

3

jf

h

�

�

f j

�1

kr

2

wk

L

2

x

0

dx

3

+ Cjf

v

j

�1

jrwj

0

:
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Finally, using the estimate (5) with a = w, we �nd

jw(t)j

2

0

+

Z

t

0

�

� jr

2

w(s)j

2

0

+ � j@

3

w(s)j

2

0

�

ds � jw

0

j

2

0

+

C

�

Z

t

0

ju(s)j

2

1

jw(s)j

2

0

ds

+

C

�

Z

t

0

j(f �

�

f)(s)j

2

�1

ds+

C

min(�; �)

Z

t

0

jf

v

j

2

�1

ds: (11)

One then just has to conjugate that last estimate by exp

�

�

C

�

Z

t

0

ju(s)j

2

1

ds

�

to �nd �nally,

by standard computations,

jw(t)j

2

0

+

Z

t

0

�

� jr

2

w(s)j

2

0

+ � j@

3

w(s)j

2

0

�

ds

�

�

jw

0

j

2

0

+

C

�

kf

h

�

�

fk

2

L

2

([0;t];H

�1

)

+

C

min(�; �)

kf

v

k

2

L

2

([0;t];H

�1

)

�

exp

�

C

�

Z

t

0

ju(s)j

2

1

ds

�

:

Using (2), Theorem 2.1 is proved.

Remark. In the case where � = �, one can rather use the estimate (10) to �nd

jw(t)j

2

0

+

Z

t

0

� jrw(s)j

2

0

�

�

jw

0

j

2

0

+

C

�

kf �

�

fk

2

L

2

([0;t];H

�1

)

�

exp

�

C

�

Z

t

0

ju(s)j

2

1

ds

�

: (12)

4.2 Convergence of the solutions of (NS3D) to the solutions of (NS2D)

The proof of Theorem 2.2 is achieved by identical computations to the ones above: we de�ne

the divergence free vector �eld ~w by ~w = v��u, and we can then follow the proof of Theorem 2.1.

The result follows directly.

5 The case when the data is in H

1

2

(T

3

)

We shall write energy estimates in the space H

1

2

(T

3

), on the vector �eld w = v � u. The

bidimensional character of u is used through the following lemma, the proof of which will be

written at the end of this section.

Lemma 5.1 Let s and t be two real numbers such that s+ t > 0 and s; t < 1. If a and b are

two distributions such that a 2 H

s

(T

3

) and b 2 H

t

(T

2

), then ab 2 H

s+t�1

(T

3

), and

kabk

H

s+t�1

(T

3

)

� Ckak

H

s

(T

3

)

kbk

H

t

(T

2

)

: (13)

Moreover, if (�

q

)

q�0

is the Littlewood{Paley decomposition in the torus T

3

, we have for any a,

and for any divergence free vector �eld b, such that a 2 H

s

(T

3

) and b 2 H

t

(T

2

), and with

s; t < 2 and s+ t > 0,

j(�

q

(b � ra)j�

q

a)j � Cc

q

2

�q(s+t�2)

kak

H

s

(T

3

)

kbk

H

t

(T

2

)

k�

q

ak

L

2
; (14)

where (c

q

)

q�0

is a sequence in `

2

, of norm 1.
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Let us note that, compared to Lemma 3.1, the dependence of a in the third variable does not

play any part.

Proof of Theorem 2.3. Let us momentarily assume that lemma to be true, and apply the

Littlewood{Paley decomposition to the equation satis�ed by w. De�ning w

q

= �

q

w, we get

@

t

w

q

� ��w

q

+ �

q

(w � rw + u � rw + w � ru) = ��

q

rp+�

q

(f �

�

f):

Applying Lemma 5.1 to w � ru and j(�

q

(u � rw)jw

q

)j, and its tridimensional counterpart

(Lemma 3.1) to j(�

q

(w � rw)jw

q

)j, it follows that

1

2

d

dt

jw

q

j

2

0

+ �2

2q

jw

q

j

2

0

� Cc

q

jwj

1

juj

1

jw

q

j

0

+ Cc

q

2

q

2

jwj 1

2

juj

1

jw

q

j

0

+ Cc

q

2

q

2

jwj 3

2

jwj 1

2

jw

q

j

0

+ Cc

q

2

q

2

jf �

�

f j

�

1

2

jw

q

j

0

:

Let us then multiply that estimate by 2

q

, and sum over q; we �nd

1

2

d

dt

jw(t)j

2

1

2

+ �jw(t)j

2

3

2

� Cjw(t)j

2

1

ju(t)j

1

+ Cjw(t)j 1

2

jw(t)j 3

2

ju(t)j

1

+ Cjw(t)j 1

2

jw(t)j

2

3

2

+ Cj(f �

�

f)(t)j

�

1

2

jw(t)j 3

2

:

Interpolating between H

1

2

and H

3

2

yields

1

2

d

dt

jw(t)j

2

1

2

+

2

3

�jw(t)j

2

3

2

� Cjw(t)j 1

2

jw(t)j 3

2

ju(t)j

1

+ Cjw(t)j 1

2

jw(t)j

2

3

2

+

C

�

j(f �

�

f)(t)j

2

�

1

2

;

hence

1

2

d

dt

jw(t)j

2

1

2

+

�

2

jw(t)j

2

3

2

�

C

�

jw(t)j

2

1

2

ju(t)j

2

1

+ Cjw(t)j 1

2

jw(t)j

2

3

2

+

C

�

j(f �

�

f)(t)j

2

�

1

2

:

Then Gronwall's Lemma, along with the results recalled in (2) lead to

jw(t)j

2

1

2

+ �

Z

t

0

jw(�)j

2

3

2

d� � C

�

jw

0

j

2

1

2

+

C

�

kf �

�

fk

2

L

2

([0;t];H

�

1

2

)

�

exp

�

C

�

2

E

h

0

(t)

�

+ C

�

Z

t

0

jw(�)j

2

3

2

d�

�

2

exp

�

C

�

2

E

h

0

(t)

�

:

Then by a classical argument for that type of estimate, we obtain the global existence if

jw

0

j

2

1

2

+

C

�

kf �

�

fk

2

L

2

(R

+

;H

�

1

2

)

� C�

2

exp

�

�

C

�

2

E

h

0

�

: (15)

Hence Theorem 2.3 is proved.

Proof of Corollary 2.2. The result above implies that, if w

0

is su�ciently small, the

system (NS3D) is globally well posed. Indeed, since v

h

0

! �v

0

in L

2

and w

0

! 0 in H

1

2

, we

have for v

0

close enough to �v

0

,

jv

h

0

j

2

0

� 2j�v

0

j

2

0

and jw

0

j 1

2

� C� exp

�

�

2C

�

2

j�v

0

j

2

0

�

C

�

3

k

�

fk

2

L

2

(R

+

;H

�

1

2

)

�

;
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and since we have assumed that f �

�

f is small enough, then (15) is satis�ed, which gives the

expected result.

Remark. As in the case of data in L

2

(T

3

), identical computations lead to the convergence

of the solutions of (NS3D) to those of (NS2D) for an initial data in H

1

2

(T

3

).

Proof of Theorem 2.4. We shall suppose here that the force f is su�ciently close to a

bidimensional force

�

f , that is to say more precisely that

kf �

�

fk

2

L

2

(R

+

;H

�

1

2

)

� C�

3

exp

�

�

C

�

2

E

h

0

�

:

According to Corollary 2.2, the global existence theorem 2.3 implies that for v

0

close enough

to �v

0

, the life span is in�nite. Therefore we shall rather consider the case when the initial

data does not converge to some bidimensional data.

So let us suppose that the existence time T

�

is �nite. The classical computation below gives

an upper bound for T

�

: for all T < T

�

, we have

meas

�

t 2 [0; T [ j C

2

�

2

exp

�

�

C

�

2

E

h

0

�

� jw(t)j

2

1

2

�

�

C

�

4

exp

�

C

�

2

E

h

0

�

Z

T

0

jw(t)j

4

1

2

dt;

by the Bienaym�e{Tchebytchev inequality, where we have noted meas A for the Lebesgue

measure of A.

Interpolating between L

2

and H

1

, we get

T

�

�

C

�

4

exp

�

C

�

2

E

h

0

�

sup

T<T

�

kwk

2

L

1

([0;T ];L

2

)

kwk

2

L

2

([0;T ];H

1

)

�

C

�

5

�

jw

0

j

4

0

+

C

�

2

kf �

�

fk

4

L

2

(R

+

;H

�1

)

�

exp

�

C

�

2

E

h

0

�

;

by the estimate (12) proved above, and Theorem 2.4 is proved.

Proof of the product lemma 5.1. The proof of that lemma is very similar to that leading

to the product results of D. Iftimie in [6], where di�erent Sobolev or Besov type spaces are

studied, in which the variables are separated. However in our setting, we can write more

direct computations, without using those new spaces.

To prove the result (13), we are going to follow the proof of the product lemma in Sobolev

spaces, in the classical tridimensional case (see [2] for example), trying to seperate as much

as possible the horizontal from the vertical variables. With that in mind, let us de�ne the

following spaces:

De�nition. The space L

p;q

, for 1 � p; q � 1, is de�ned by the norm

kfk

L

p;q

=









kfk

L

q

x

3










L

p

x

0

:

Of course, we have in particular L

p;p

= L

p

for all p.

It is well known that the connection between the L

p

and L

q

norms of a function whose

Fourier transform is supported in a ball, is a function of the radius of that ball (see [2]). In [6]

(Theorem 1.3.2), is proved an anisotropic version of that result:
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Lemma 5.2 Let u be a function de�ned on T

3

, whose Fourier transform is supported in the

set B(0; �; �) = fn 2 Z

3

j jn

0

j � �; jn

3

j � �g. Let us consider a multi{index � = (�

1

; �

2

; �

3

),

and four real numbers p; p

0

; q; q

0

such that 1 � p � p

0

� 1 and 1 � q � q

0

� 1: Then

k@

�

uk

L

p

0

;q

0

� C �

�

1

+�

2

+2(

1

p

�

1

p

0

)

�

�

3

+

1

q

�

1

q

0

kuk

L

p;q

:

We can apply that lemma to the operators �

q

, once we have noticed that if jnj � C2

q

, then

in particular jn

0

j � C2

q

and jn

3

j � C2

q

. Lemma 5.2, applied to � = � = 2

q

then leads to:

Corollary 5.1 For any distribution a de�ned on T

3

, we have the estimates

k�

q

ak

L

1;2
� C 2

q

k�

q

ak

L

2;2

k�

q

ak

L

2;2
� C 2

q

k�

q

ak

L

1;2
:

To prove Lemma 5.1, we shall use J.-M. Bony's paraproduct algorithm (see [1]):

De�nition. For any couple of distributions (a; b), we de�ne the following operators:

T

a

b =

X

q�1

S

q�1

a�

q

b; R(a; b) =

X

q

X

�2f�1;0;1g

�

q+�

a�

q

b:

Using that de�nition, we can decompose the product ab into

ab = T

a

b+ T

b

a+R(a; b): (16)

Let us now prove Lemma 5.1, by writing the computations for each of those three terms:

� The term T

a

b:

j�

q

T

a

bj

0

= j�

q

X

p

S

p�1

a �

p

bj

0

= j�

q

X

p

X

r�p�2

�

r

a �

p

bj

0

�

X

jp�qj�N

0

X

r�p�2

k�

r

ak

L

1;2
k�

p

bk

L

2;1

� C

X

jp�qj�N

0

X

r�p�2

2

r

j�

r

aj

0

j�

p

bj

0

;

since b does not depend on the third variable, which leads to

2

q(s+t�1)

j�

q

T

a

bj

0

� C

X

jp�qj�N

0

r�p�2

2

rs

j�

r

aj

0

2

pt

j�

p

bj

0

2

(s�1)(q�r)

2

t(q�p)

:

One can then take the `

2

norm in q; since s < 1, Young's inequality leads to the expected

result for the �rst term in (16).

The computation for T

b

a is identical, and we get T

b

a 2 H

s+t�1

(T

3

) if t < 1.
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� The term R(a; b):

j�

q

R(a; b)j

0

� 2

q

k �

q

X

p

X

�2f�1;0;1g

�

p

a�

p��

b k

L

1;2

� 2

q

k

X

p

X

�2f�1;0;1g

�

p

a�

p��

b k

L

1;2

� C2

q

X

�2f�1;0;1g

X

q�p+N

0

j�

p

aj

0

k�

p��

bk

L

2;1

� C2

q

X

�2f�1;0;1g

X

q�p+N

0

j�

p

aj

0

j�

p��

bj

0

;

therefore

2

q(s+t�1)

j�

q

R(a; b)j

0

� C

X

q�p+N

0

�2f�1;0;1g

2

ps

j�

p

aj

0

2

(p��)t

j�

p��

bj

0

2

s(q�p)+t(q�p)

;

which, by Young's inequality again, gives the result for the last term in (16); �nally we have

proved that ab 2 H

s+t�1

(T

3

), and the �rst part of the lemma is found.

Before moving on to the proof of the second part of Lemma 5.1, let us note that the compu-

tations above lead directly to

jT

ra

bj

s+t�2

� C jraj

s�1

jbj

t

if s < 2; (17)

and similarly, if b is divergence free, one can write

j

X

j

@

j

R(a; b

j

)j

s+t�2

� C jR(a; b)j

s+t�1

� C jaj

s

jbj

t

if s + t > 0: (18)

The inequality (14) of Lemma 5.1, for T

ra

b and R(ra; b), is therefore a consequence of (17)

and (18). For the term T

b

ra however, the previous computations only give that type of

estimate for t < 1. Therefore we are going to prove the inequality (14) directly, for T

b

ra,

which will hold if t < 2.

As above, we shall follow the proof of the tridimensional case: it is written for example in [3]

in the case of functions de�ned on R

3

, and is identical for periodic functions, on T

3

. We

will show that the dimension only appears on the low frequency term, which in our case is

bidimensional. That will enable us to get the expected result.

So let us estimate the quantity (�

q

T

b

raj�

q

a) : A computation using the fact that b is diver-

gence free shows that

j (�

q

T

b

raj�

q

a) j �

X

j;jp�qj�N

0

j ([�

q

; S

p�1

b

j

]@

j

�

p

aj�

q

a) j

+

1

2

X

j;jp�qj�N

0

j ((S

q

� S

p

)b

j

@

j

�

p

aj�

q

a) j:
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Hence we just have to estimate the terms

I

q

= j([�

q

; S

p�1

b

j

]@

j

�

p

aj�

q

a)j ; and J

q

=

�

�

�

�

q

0

b

j

@

j

�

p

aj�

q

a

�
�

�

;

where p and q

0

are integers, such that jq � q

0

j � N

0

and jq � pj � N

0

.

In order to �nd an upper bound for I

q

, one can notice that if we write �

q

= h

q

�, where � is

the convolution operator, then, for any g and any !,

[h

q

�; g]! =

Z

T

3

h

q

(y) (g(x)� g(x� y))!(x� y) dy;

which immediately leads to

k[h

q

�; g]!k

L

2
� Ckrgk

L

1

k!k

L

2
kxh

q

k

L

1
:

Let us apply that result to the case when ! = @

j

�

p

a and g = S

p�1

b

j

: we use the fact that

krS

p�1

b

j

k

L

1

�

X

p

0

�p�2

k�

p

0

rb

j

k

L

1

� C

X

p

0

�p�2

2

2p

0

j�

p

0

b

j

j

0

;

using Lemma 5.2 and the fact that b is bidimensional, hence

krS

p�1

b

j

k

L

1

� C

X

p

0

�p�2

2

p

0

(2�t)

jbj

t

b

p

� C 2

p(2�t)

jbj

t

;

using t < 2 and where b

p

is a sequence of norm 1 in `

2

. Finally since, as in [6], one can

write kxh

q

k

L

1

(T

3

)

� C2

�q

, we get

I

q

� C 2

�q

krS

p�1

b

j

k

L

1

j@

j

�

p

aj

0

j�

q

aj

0

� C 2

�q

jbj

t

2

p(2�t)

jaj

s

2

�p(s�1)

a

p

j�

q

aj

0

;

where (a

p

)

p�0

is a sequence of norm 1 in `

2

. One can notice that the dimension only appeared

to bound krS

p�1

b

j

k

L

1

, and it is there that we gained a half{derivative compared to the

tridimensional case.

Finally the term J

q

can simply be estimated by the following inequalities:

k�

q

0

b

j

k

L

1

� C 2

q

0

k�

q

b

j

k

L

2

� C 2

q

0

(1�t)

jbj

t

b

q

0

;

and

k@

j

�

p

ak

L

2
� C 2

�p(s�1)

jaj

s

a

p

;

where here again, the dimension appeared on the term b.

Putting together the results found for I

q

and J

q

we get the estimate we wanted for the term

(�

q

(T

b

ra) j�

q

a), and the lemma is proved.
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