Ekman boundary layers in rotating fluids
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Introduction

In this paper, we investigate the problem of fast rotating viscous fluids between two plates
with Dirichlet boundary conditions. We present the model with so called ”turbulent” viscosity.
More precisely, we shall study the limit when € tends to 0 of the system involving the velocity
field u® and the pressure p®

dpu’ + div(u® @ u°) — vARu® — Bediu’ + ‘s z L —Vp*
(NSC.) divgug =0
Uiy = uj € L*(Q)

where Q = R? x]0, 1[. We shall use the following notation: if u is a vector on R? we state u =
(u', u?,u®) = (u", u?), and we will note Aj, = 92 + 03. Moreover, if f is a function on Q, Ff
(and also f) will denote the Fourier transform with respect to the horizontal variable xj,.
Finally in all that follows, the space L? (with no argument) will denote the space L?(Q).
These equations arise in physical contexts when one studies oceanic or atmospheric mo-
tions. In general geophysical flows can be considered as incompressible, and with the length
and time scales considered, the rotation of the Earth can not be neglected and on the con-
trary plays a major role. Basically under high rotation, a three dimensional fluid tends to
behave like a two dimensional one, and to become invariant in the direction of the rotation.
This well known phenomena, called Taylor Proudman theorem is detailled in the monographs
[7],[10]. The part of the initial data which depends on the vertical component creates waves,
called inertial waves, which propagate with a high speed. Moreover, keeping in mind this
anisotropy, it is usual to consider an anisotropic viscosity like in (N SC;), the horizontal “tur-
bulent” diffusion being larger than the vertical one. In the periodic case we refer to [1],[6],[8]
for mathematical studies. In the presence of horizontal boundaries, bounday layers called
Ekman layers appear to match the Dirichlet boundary condition with the tendency of the
fluid to become independent on the third variable z3. It turns out that these layers are always
stable in the case of anisotropic viscosity. For previous studies we refer to [5] and [9]. The
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aim of this paper is to combine the study of these layers with the study of the dispersion of
the inertial waves (we consider an unbounded domain).

In the sequel, we shall assume that ug - n = ug’?’ = 0 on 012, and divuy = 0. This
condition uB’S = 0 implies the following fact: for any L? divergence free vector field u, the
function dsu® is L2(]0,1]) with respect to the variable 23 with value in H~'(R?). Hence by
integration, we get

1
u?(zp, 1) — u®(xp,0) = —/ divy, u" (z, z3)dzs = 0.
0

So the vertical mean value of the horizontal part on the vector field is divergence free as a
vector field on R2. Of course, a quantity will play a key role: this is (twice) the energy defined
by t t
E)O) E o®)F: + 20 [ IV 0(¢) Bt +282 | oao(e) st

The reason why we choose the vertical viscosity of the form (e will be explained in Section 1
where we shall recall the properties of the ”"well prepared” case. The relation between this
choice and the Ekman pumping will be studied in detail in that next section. First of all we
shall study the linear problem in the well prepared case, which means that the function ug
does not depend on the vertical variable z3. Then we shall investigate the more delicate case
when the initial data ug does actually depend on the vertical variable x3. We shall compute
explicitly approximate solutions for the linear problem.

To study the real problem we have to deal with non linear terms. In the well prepared
case, we have strong convergence in L2, as well as in the case when the domain is T2 x]0, 1[
(see [9]). The precise theorem proved in [9] is the following.

Theorem 1 Let u® be a family of weak solutions of (N SC.) associated with a family of initial
data ug of divergence free vector fields such that

lim u = (T,0) in L2
e—0

where Ty is a divergence free vector field in L?>(R?). Denoting by T the global solution of the
two dimensional Navier-Stokes type equations

i +divy(T@U) —vAL, T+ /280 = —V'p
(NSEVﬂ) divp,u = 0
U|t:0 = UO,

we have
[ = (@, 0) || oo (R 22) + [V (u” = (W, 0)) lL2(my502) = 0 when & — 0.
Here we shall prove the following result.

Theorem 2 Let ug be a divergence free vector field in L? such that ug‘aﬂ = 0. Let u® be a
family of weak solutions of (NSC.) associated with ug. Denoting by u the global solution of
the two—dimensional Navier-Stokes equations

Hu+divy,(T@u) —vALT+Vip+v26u=0 in D'(R* xR?), (0.1)



1
divpu =0, and Uj—g = / wo(zp, v3)drs, (0.2)
0
we have
||u8 — (U,O>||LOO(R+;L?OC(R2 X]O,l[)) + ||Vh (UE — (ﬂ, 0)) ||L2(R+;L?OC(R2 X]O,l[)) — 0 When g — 0

This result is specific to the domain R? x]0, 1[. The key point for the proof of this theorem
is that the dispersive phenomenon studied in [4] and [3] is not affected by boundary layers.
Let us notice that this result is also true when the family (u°) is associated with a family of
initial data u§ which converges to some ug strongly in L.

To conclude this introduction, let us state some definitions and notations. As the phe-
nomenon studied here is obviously anisotropic, it is natural to introduce the spaces H*° which
are defined as the closure of smooth compactly supported functions on Q for the (semi) norm

1/2
11l < (/ |ff<fh,x3>|2d5hdx3> .
R? x]0,1]

In this spirit we shall introduce

def
Er) € sup {0l + / 9"t ||det} and
0<t<
- def 2 h
Bro) o {Jo@)le+ [ IV o) et + [ o) ')
0<t<T 0

1 The linear problem in the well prepared case

The goal of this section is to recall some results and methods of [9]. The purpose is to have
information on approximate solutions of

X g
Opv° — vART — Bediv® + ©rv —Vp*+f° in R xQ
€
(FRF") dive® = 0 in RTxQ
Vime = v with v3® =0
Voo = 0
with
limf* =7 in L*Ry;H M)  and limvj =Ty in L2
e—0 e—0

where f belongs to L?(R*; H~!(R?)). In all that follows, we shall denote

X
Lfv —8tv—uAhv—6€83v+63 v,

In [9], it is proved in particular that

limv® = (73,0) in L®°R";L?)nLAR*T; HYY),

e—0



where 7 is the solution of
T —vAT+287 = —-V'B5+f in R' xR?
(LE) div, T 0 in R"xR?
Ty = Tp with T§ =0.

To simplify notations, we shall note in the following 7 = (7, 0).
In fact, much more is done in [9]. We can sum up those results in the following lemma.

Lemma 1 Let T be in R and let T be a time dependent divergence free vector field in the

space L>([0,T); L>(R?)) whose gradient belongs to L*([0,T] x R?). Let us assume that its

Fourier transform is supported in the ball of center 0 and radius N. Then a family of smooth

divergence free vector fields (vg,,)->0 whose value is 0 on the boundary of Q exists such that
L70s,, = 0 — vALT + 2BT + On(e7) in L([0,T]; H'0).

The vector field vy, tends to v in the following sense: a constant Cn exists such that

Er(v:,, — ) < Cne? Ep(v). (1.3)

app

Moreover the family (v5 ) satisfies the following estimates

app )

IN

T
| sup V0 (¢ ) age dt < CwEr(7) (1.4)

x3€]0,1]

T 1 o

Vp € [2,00] /0 /O A(@3) 9505 (1., 23) 3 oy dides < COnFr(@) and (1)
T r1 .

/0 /0 A(s)? 055 (b, 23) [ oy ids < CeBr (D) (1.6)

where d(z3) denotes the distance from x3 to the boundary of |0, 1].

For the the reader’s convenience, let us recall briefly the proof of this lemma. The approx-
imate solution is defined by

1—:E3

T 1 .
+ 23¢2 <0, <exp<—ﬁ) - exp(— 6\/%) — (1 —2x3) exp(—ﬁ))w>
+e(ev/23) ( 6x3(xs — 1)RU, x3(x3 — 1)(223 — 1)w)

4



with

def

) M) = R SO E G reosd) and & ey

My(¢

The function e(e/23) is exponentially decreasing and can be computed explicitly. From this
formula, the proof of estimates (1.4)—(1.5) is straightforward.

2 The linear problem in the ill prepared case

This case is more delicate. The reason why is the following. There is no hope that the
term v ;n+ does not depend on the vertical variable x3, so we have to deal with very fast time
oscillations of the interior solution. This will lead us to consider the equation in a different
way. The goal of this section is to construct approximate solutions to

Opv° — vART — Bedav® + v xes = —Vp® in Q
(FRF¥) di\f v* = 0 in Q
Vg = 0
U‘%Q = 0.

Without loss of generality, we can suppose that vg € L'(Q); this will be useful in the proof of
Strichartz estimates in Section 4.

First of all, we shall rewrite the system (FRF*®) in terms of the Fourier transform of the
horizontal divergence and vorticity. To do so, let us decompose the horizontal part of the
initial data on the Hilbert basis (cos(kmz3))ren of L2(]0,1[). We can write for any horizontal
vector field v,

oz, 23) = Z vFR (2, cos(kmas). (2.7)
keN

Note that the fact that v is divergence free implies that

vi (zp, 23) = — Z = divy, vg’h(xh) sin(kmxs). (2.8)
i1k

Let us make some preliminary remarks. As the set of functions whose Fourier transform
(on R2?) is supported in rings is dense in L?, we can assume that the Fourier transform of
the initial data is of this type. Moreover for L? functions, boundary values do not make any
sense. However, as v is divergence free, we have v®> € C([0,1] ; H~'(R?)), so the quantity 0\389
has a meaning. The case when k = 0 corresponds to well-prepared case and has been recalled
in the previous section.

The choice of the basis (cos(kmx3))ren for the horizontal component ensures that the
boundary condition 1)3‘39 = 0 is satisfied since the vertical component is a linear combination
of (sin(kmzs))ren thanks to the divergence free condition. But the terms of type cos(kmxs)
will produce time oscillations. As we shall see later on, the situation is therefore a little bit
more complicated than in the well prepared case.



For reasons which will appear clearly when we deal with dispersive phenomena, we need
to avoid extreme horizontal frequencies. So we approximate any divergence free vector field v
(resp. time dependent) of L? (resp. of L>([0,T]; L?) N L?([0,T]; H'Y)) by

N
ow & F 1S (1, (6 (4) cos(krag). —% Loy (6)F divy, of " (&) sin(kras)

k=0

where Cy denotes the set of all ¢, in R? such that |¢,| € [N~!, N]. It is obvious that ]\}im UN =
—00

vy in L? (resp. in L2([0, T]; HY0)).

It is in that situation of boundary conditions that the Rossby operator has a good spectral
representation; let us be more precise on that point, before stating the key lemma. The first
step of the construction of the approximate solution consists in writing the system (FRF®)
in a simpler way, in fact in terms of the horizontal divergence and horizontal curl of v". Let
us state the following notation:

d" d:ef}"divh o , ol def Feurl po" , ﬁd:ef Fp and W def (&h,c?)h,}"v?').
For the sake of simplicity in the notation, we drop the ¢ in c/lh, o, ph and W. In the
following TT; denotes the projection on the first coordinate (recall that the first coordinate
of W is the horizontal Fourier transform of the horizontal divergence of the vector field v).
Then for vectors of the type

<Wk’h(t) cos(kmzs), —kiﬂl WF(t) sin(kmas), )

™

writing W = (W*!, W*?2), and pressures of the type p* cos(kmxs) the rotating fluid system
is equivalent to the following ordinary differential system

cd 1 ]
@W’“vl + V|G PWR + Be(kn)?WhL — —Wh2 = g, 25k
SWE2 VG PWE 4 Bk WH? 4 WL = 0
d
ZWER e PR 4 Be(km) PR = g
Wk 4 grWhk3 = 0
\ VV\t:O = WO.

As usual the divergence free condition (which here turns out to be W*! + kxWk3 = 0)
determines the pressure. Here this gives

eGP + (km)?)

The rotating fluid system can now be written

1
P k2

d 1
ZWE |G PWR + e (km)? Wt — R R =0

(rrF) ) i
Wk:,h|t:0 — Wéﬁ,h



with

0 —\2 def< (km)? )é
Ry = k DY (P GPAR—
’“ (1 0 ) and A En]2 + (k)2

Now in order to find the interior solution at order zero, and to get rid of the e ! terms in the
equation, let us write

W = i <Ek (é)ﬁ;’k(t) COS(k?T:Eg), _%Hlﬁk (é)ﬁ}k(t) Sin(kﬂ$3)>
k=1

where £}, is a function from R* into £(R?) and W* is a function from RT into C?, to be
determined.
Then looking at the terms of size e ! in the above equation (FRF), we get

L+ RyLy,=0 with £4(0)=1d,

COS Ty, AL sin 7,
Li(1) = 1. (2.9)

—— SIN T COS T,
Ak

SO

with, as in all that follows, 7, = A\;7. Let us remark that when & = 0, (this corresponds of
course to the well prepared case studied in the previous section), we get £ = Id because in
this case A\ = 0.

To state the approximation lemma in the general case, we need to define the following
family of operators (£(7))-er: for any vector v of the form (2.7,2.8),

(L)) (@ 25) L (0ON( +f12( () La(T) A1 (€4) 8" (€n) cos(kmas),

o A Ca(r) AT )T () sinlhmas) ) (2.10)

where L}, is defined by formula (2.9) and with

(fh) d_ef §1|§h|_2 _£2|§h|_2 .
Elénl 2 &lén] 2

Let us note that (£(7));er is bounded in £(H®?) for any real number s. Moreover, the
restriction of £(7) to functions which do not depend on the third variable (which corresponds
to the well prepared case) is Id. This operator £(7) is the Rossby wave operator.

Similarly we shall need the definition of the following “Ekman operator”:

(Ev)(@n,ms) B V2B @O (21),0) + F~ 12( () Bu A~ (€4)55" (£3,) cos(kmas),

kish AEBAT G ) sinbmry) (@11
s



with

T =% MO )
v+ - and with
¥ e e

+  def 1 23
et (1= )
Tk < + )\k> W

Let us notice that the restriction of £ on functions which do not depend on the third variable
(which again corresponds to the well prepared case) is /25 1d.
The key lemma is the following.

def (1 - A2) N\

B
k 4

Lemma 2 Let (vy)nen be a (time—dependent) bounded sequence of divergence free vector

fields in the space
*([0,T); L) N L*([0,T); H™?)

of the form

oy = dEf Z(@fvh &) cos(kmas), —%ﬁh UN (fh)sm(kﬂ'x?)))

with Supp UAE]\}k’h(fh) C Cn. A sequence of families (vg,, y)ven of smooth divergence free
vector fields whose value on the boundary of Q) is 0 exists, such that

Vi =L <£> (8tvN —vApon + EUN) — VDapp.n + By
where R5; tends to 0 in the following sense:
Vi, 3N1, VN > Ny, Jeo/ Ve <co, [[Ry|lpee(mt:m-1.0)nreo (m+;02) < 1- (2.12)
The vector field vg,, - converges to L <£) vy in the following sense: a constant Cn exists

such that ;
ET (Utslpp,N — E(g)?)]\/’) § CNEET(UN). (2.13)

Moreover the family (vg,, v) satisfies the following estimates

T
/ sup (V05 (s 23) 2 geydt < CxBr(oy) (2.14)
0 x3€]01[

T (1 -
Wp € [2, 5], / / d(@3) 9505y 3 (1, 73) [ oydides < CnFr(vy) and (2.15)

//dg;g ‘@,(LW,N z:(t) N>

Remark In the proof, we shall forget the part associated with 6?\}h because this case is nothing
but the previous lemma (i.e. the ”well-prepared” case).

2
dtdxg S CNé‘FT(UN). (2.16)
L (R?)




The proof of this lemma is one of the key points of the paper.
In horizontal divergence and curl formulation, the system (FRF®) becomes

r 1
atW1+v|§h|2W1—658§W1—%W2 = &P
MW+ |&a|PW? — Bed2W?2 + WL = 0
(FRF") atW3+u|§h|2W3—ﬁea§W3 = —05p
W1+83W3 = 0
Wi = Wo
Wiapa = 0.

From now on, we shall only consider the above system. Let us search for an approximate
solution of the form

W = Woint + Wo,Br + Wi int +eWrpr +--- and
~ I 1. . R
p = Epfl,int + E}LLBL + Po,int +Do,BL + -

where each component of (vjin¢, pjint) is a function of the form
t
f (_a tv .133)
€
and each component of (v;pr,pj L) is a function of the form

g(é,t, %)+h(£,t,1;x3)-

In all that follows, we shall denote 7 = t/e. First we have to determine the form of Wy ;¢
and p_1 n¢. Considering the decomposition of the initial data, we look for Wy ;s of the form

N
t\ ~ 1 fn ‘
]; <Ek (g) W(ﬁint(t) cos(kmxs), — Eﬂlﬁk (g) W(ﬁint(t) sm(kmc;;))

where £}, is the function from R* into £(R?) defined above in (2.9), W}imt is a function

from R* into C? and recall that IT; denotes the projection on the first coordinate. The

vector W(ﬁint must be understood as the image of Wéi ;Zt through the "filtering” operator Ly.
Now let us write

N
def £y 1 ey
Wo,int,N < ;(ﬁk (g)W(ﬁmt cos(kmxs), —Eﬂlﬁk (E)W(ﬁmt sm(lmmjg)). (2.17)

We now have to determine the boundary layer of size €. As the third component of the
interior solution at order 0 is identically 0, then the vertical component of the boundary layer
of size €¥ vanishes. This implies that 93p* 1,51, = 0. We recover the well known fact that the
pressure does not vary in the boundary layer. Now let us study the term of size ¢! for the



horizontal component of the boundary layer. As cos(km) = (—1)F we look for the boundary
layer of the form

1—£E3

The term of size e~ ! of
k.h
8tWo BL — B3 W, 0 BL + RWO BL
must be equal to 0. So we infer that
Mkﬁk — ﬂMlgﬁk + RM. Ly = 0.

In the case when k£ = 0, we have £;, = Id. Now let us assume that k& > 1. As Ly = —RpL;, it
turns out that the equation on the boundary layer is

—BM; = MRy — RM;
Mip(0) = —-1d
M (+00) = 0.

This is a linear differential equation of order 2 with an initial and a final condition. The
solution is

Mi(Q) = = 3 st exp(—GM(G)

+
with
+ def cosf)  FApsinf
M () = ( —sinf FA;cosh
and ¢ )
+ def + def + def
= ) = and 1F —-
<k 26]? ﬂk 14+ N H Ak
So stating

Eki def o 2 Bki
we infer by definition of £; that
1 I3 I3 )\kt =
5 2 exp |~ ) M (= F | Wgiins
25 ,/Eki JEE €
1 — I3 + 1-— I3 )\kt
—-1)"- WM = 2w
2 Z ( ¥ > k ( T 0,int*
£ \/ Ei. \Er £
Let us remark that the eigenvectors of M ki and those of L are different. Moreover, time
oscillations introduce a phase shift in the boundary layer.
As in the well prepared case, the fact that the boundary layer must be divergence free

implies that we have to introduce a vertical component of the boundary layer of size . It is
given by the following formula:

k,3 k,h
Ea?’Wl,BL = _H1WO,BL‘

10



So we get
1 x x et =
omife = 5 Sk ow(~) (cos( 2= M,
+ E; E; €
et =
F M sin( 2 i)Wé“z-L)
+ € ’
V B
1—2x 11—z et =
it (2 (22 20,
Ek o
1 - et =
a2 = 2wz, ).
+ € ’
V B

id:efcos:lzsin and fyi def i\/Qﬁk,

So with the notation

we get by integration,

k3 1 73 _( w3 Akt k1
Wig, = 1 Z%:ct eXP(‘ i) (CS < = T —) Wit
T \/ Ei. \E; €
T At ~—
F Akcs+( 3i + ?>Wti%it>
vV E
1 1—£E3 _ ]_—133 )\kt k1
) o (e
) 4 ;71; exp Ei cs \/Eflzct + e 0,int

k
+ )\k:CS+( 3 + k )” (iﬁlt)

It is clear that this boundary layer is a sum of a rapidly decreasing function of z3/e and of a
rapidly decreasing function of (1 — z3)/e. But it is obvious that those two functions do not
vanish respectively in z3 = 0 and 3 = 1. More precisely, up to exponentially small terms, we
have, stating again 7, = AT,

k.3 k3 t
Wl L‘x3 0 _(_1)kW1 L|£E3 1 _fk (_)
with

def e o~
flr) €3 Zf (e (m) W is T Aes™ (1) W' ).
+

Now, let us have a look at the terms of size €° in the interior system. The system of equations

11



is the following.

2/\
2\117h h h _ &R 1" Po,int,N
(O + VI IV ine v + O Wi v + BW e v = ( 0 " >
(O + V|§h|2)W§;int,N + 3TW12,mt,N = —03po,int,N
Wiitn +BWiiuny = 0 .
3 JE— 9
Wl,int,N‘(aQ - _WI,BL‘QQ‘

As usual, we are going to reduce this problem to a problem with a homogeneous Dirichlet
boundary condition. To do so, let us first define the function r;, where

re(zs) =1 when £ is odd, 7,(x3) =1—2x3 when / is even.
Then let us state

N
def .
Wiy S 3 Folr) (00,0,7¢(23)) - with 0y =1+ (=1)°
/=1

and let us look for Wy ;s v of the form
Wiint,n = Wit N + W it n-

Now the above system can be written

4 2/\
—=h §nl“Point, N h
(0 + V|£h|2)W&int,N +(0r + R)W e n = <| | 0 " ) — (0r + R)WY jnt N
—3 .
(O + V|fh|2)Wfiint,N + W1 ine N = —03D0,int,N — aTE%,int,N
—1 —3
W1 int,N +E’>3W1,int,N =0
L Wl,int,N‘ag = 0.

Still as usual, the original boundary condition appears through a forcing term. Considering
this boundary condition on Wy ;¢ v, it is natural to look for Wi ;¢ n and  point, v of the
form

N N
T kb L k1 .
Wity = <Z W1 int v cos(kmas), — Z k_Wl,%nt,N sm(kmc3)> and
k=0 =1 "7
N
k=0

Now let us decompose the forcing term in a low and a high vertical frequency part. This part
will be small when N tends to oo. Let us notice that in L2(]0, 1[), we have

1
re(xzg) = Z regsin(kres)  with gy, def k_(l + (=1)k+h, (2.18)
k>1 &

12



So, we write that
def ol
Wyt n = Fn + Ry with Fy = Zf[(T) <5g,0, Z Tk Sin(kﬂ'xg)).
=1 k=1

Obviously, RY; satisfies the property (2.12). Now let us project on cosine and sine functions,
which ylelds

d Ny df
(dT +R)W1 int,N = [:ZI{ dr (5Z7 )+f€(7-)(07 5[)}
d —
e (l)zg)nt,N =0

and, when k # 0, considering the form of Wy jns v given by (2.17)

a d W Enl?P5,;
d d —k3 dfe
_Hlﬂﬁk(ﬂ(dt + v|é| )W(ﬁint + EWI,Z-M,N = _KZN W’kﬁ + k”ﬁg,mt-
Let us solve first the system when £ = 0. As W[l]:?nt,N _ 0 the divergence free condition

implies that W(l)’zlnt ~ = 0. So the system becomes

—0,2 dfe
~Wiimn = —Z + |€n]D0 Doint,N

d 0,2
d_Wl,int,N = Z fe(T)
T =1

Thus we get

N
Wlo,int,N = <07 Z Z )‘Z (ZFCS:F TZ WO Jint + )‘ZCS (TE)W[f:iznt) ’ 0) :
(=1 £

We also get an explicit formula for pgvmt’ ~ Whose computation is left to the reader.

Let us notice that those terms do not depend on the variable 23 and are bounded in time
and time oscillating.

Now let us study the case when k # 0. As usual, the divergence free condition will
determine the pressure by

~k
p[],int |§ |2 (Z kﬂ'rlk + Wl Jint N)
(<N

So now the system becomes

d " d e _karerlénl” dfe
Lo(m) (5 + VG ) W ine + (- + R) Wi = Y | &P+ (bm2dr | =0, (219)
(<N 0

13



Now we have to remember that the f, are linear maps of Woe,mt whose coefficients oscillate

A
in time with the frequency ZL. This leads to the following lemma whose proof is a series of

straighforward computations left to the reader.

Lemma 3 We have the following identity:

krroxlénl® dfe N N
Y | G+ k2 dr | =utn) (Bk L3 Bk,,_;(f)) Wi
<N 0 =1

where By, ((7) are matrices whose coefficients are cosine or sine functions of (A, £A,)7 for £ # k
and of \p,7 when £ = k and where

a— - MO )
— | wtn
Ak

By, = )
Yo — M

Thus the system splits into the two following ones

d 2 ik _
(5 + il + Be) Wiy = 0 and

d —k.h al T
(E + B ) Wiy = —Li(7) (E Bk,e(7)> Wit
=1

Immediately we have that

— ) cos Ot Af sin Oyt .
W) = expviPr—pey [ 1 oo ) W0 itk (220)
Ak
def (1 =X\ _
o = %(7/}’_ + % ) s
def (1—=AD)Ae,
p M L
N
k.h t t\ =
Wity = Ek(g)ZCM(g)W&mt(t) (2.21)
=1

where C}, ¢ are (2 X 2 valued) smooth bounded functions of 7 whose derivatives are the By, .
So applying the usual procedure for the higher order terms for boundary layers, we find the
complete expression of the approximate solution.

As far as estimates (2.15) and (2.16) are concerned, the worse terms are obviously Wéﬁ ’gL.
As the support of ]—"W(i’gL is included in C(N~!,N), it is enough estimate then L? norm
on R2.

From the above formula, we have that

C T 1—2z ~
0o (1)l oy < 25 3 (exp(— ) + exp(— e ) ) I )y
€ £1/203;, £1/203;,

+



So we infer that

AN

1 Ld(z d(x
[ oWt a0 sy < CIWE Wy [ 22 exp (2722 Vg

< Ck‘” mt( )||L2 (R2)"

Moreover, exactly along the sames lines, we have that

1 L d(z4)2 d(z
/0 d($3)2||83W(i,gL(ta'7x3)“L2(R2) < Gil[W, mt( )“L2 R2)/0 (83) exp(—2 (83))dx3
< CrelWoime(t ) 3a e

The result follows.

3 The non linear estimates

This section consists in proving Theorem 2. Let us first cut off the initial data in the frequency
space. To do so, let us define

def 1
To(zp) = /0U0($h,1?3)d1?37

Ulg’h(l‘h) = 5/0 uo(xp, r3) cos(krrs)drs ,

Ql

0,N = f_l(lcNﬁg) and

k h def ~Fk,h

un = F Moy tp™)-

For any positive real number 7, an integer Ny exists, depending of course on 7 and on the
initial data ug such that

|lug — To,n — to N |2 < g with

. L. .
Uo,N = Z (ulg”ﬁ,(xh) cos(kmxs), T divy, ulg:ﬁ,(:ch) sm(kmcg)) .
k=1

Let us define uy as the solution of

ouy — VAR uN +V208un = —Vpy — f_l(lcN]:(dth(ﬂ & ﬂ)))
(LEV”[;) divpuy = 0
UN|t=0 = Uo,N-

A basic energy estimate implies that, for any positive n, an integer Ny exists such that, for
any t in RT and any N greater or equal to Ny, we have

t 2
() Ty (O3 +2 [ (VIV" @)~ T (@I +VIB [al) —av (¢ 3 ) e < To- (322

15



Sobolev embeddings also imply that % belongs to L*(R* x R?) and %y converges to % in the
space L*(R* x R?). Thus we have

lim F(1c, F(divy(@®7))) = lim div,(Gy @ Ty) = div, (7 @ 7) (3.23)
N—oo N—o0

in the space L2(RT; H 1(R?)).

Now we shall use Lemmas 1 and 2 to define the (sequence of) approximate solutions of the
system. Let us define (Ui}p, ~)e>0 as the families given by Lemma 1 applied with vy = Ty
solution of (LE, g); it represents the “well prepared” part pf the solution. The so—called “ill
prepared” part is defined as (ugp’ ~), the families given by Lemma 2 applied with vy equal to
the solution of the linear problem

8tUN - VAhUN + EUN = —VpN
divoy = 0 (3.24)
UNjt=0 = Uo,N-
Of course, we state
def
Ugpp,N = Ungp, N + Uiy N- (3.25)

Let us derive the equation satisfied by Ugpp,n- Using Lemmas 1, 2 and (3.23), we get that
Eupr,N = R?\f + Vp. + divh(ﬂN X EN). (326)

Using energy estimates, we get that

t t
h
gy ()15 20 [ 19" () 3t + 282 | [0ty (¢
t
< luoll? —/0 (divi(@n ® Tn) () [ugyy n (t) r2dt’ + ply
where, as in all that follows, p%, denotes generically a scalar quantity such that

Vn, ANy, VN > Ny, 360/V6<60, p§V<77.

In fact, p5 will be the sum of a series which tends to 0 uniformly in € when N goes to oo and
of terms bounded by Cne® for some positive a.
Thanks to Inequality (2.13) of Lemma 2 we have

t 1
i = £ (2) oxlzaqesanoy < Ot e

So, as divy, (T ® Ty) belongs to L2(R™ xQ), we have

/Ot(dth (@n @ N (t)|ugyy N (1) p2dt’ = /Ot(divh(ﬂN ®@uN)(t)[an(t') 2dt’

/

+ [ (aivita o) ()1e(Z)oxt)) de + o

16



But uy (and thus divy(uy ® Uy )) is a horizontal vector field, and since divy uy = 0, we have
t
| iva iy ) ()l (#) ot = 0.
0
Moreover, by definition of vy and £(7), we have
o t '
(div @y @ Tn) (0L (2)on(t')e

N
> / diva Ty © ) () - F A(en) L1 (£) A1 (€)5 () (¢) cos(kmasy)drydrs.
k=179 £

1
But as / cos(kmrrzs)drs =0, if k # 0, we have
0

/Ot(divh(ﬂN ®EN)(t’)|£(tgl)vN(t’))det’ ~0,

so finally
t
| v (i © ) (¢ 0 ()2t = .
As an immediate consequence, it turns out that

t t
IIUZW,z\r(lt)II%a4-2'//0 IIVhUZW,z\/(t')II%zdt'+2ﬁ€/0 10515, () 122dt" < lluollZ2+pk- (3.27)

Equation (3.26) can be rewritten as

LEUZPPVN + UZPP,N ’ vupr,N = ?V + Vp: + F]FV (3.28)
with
FE d_ef £ V £ — V_
N = Ugpp,N * VUgpp N — UN - VUN.

Now, we use the classical method to prove weak strong type estimates. We are exactly in
this situation because we consider a weak solution «* without any additionnal regularity and
a regular (approximate) solution Ugpp N+ L€t us denote by 0¢ the difference u® — Ugpp, N> WE
write that

t t
B 0 @3 + 20 [ IV @I+ 28 [ 10507 (¢
0 0
t t
= @1+ 20 [ IVt + 262 [ 0w (¢ Bt
t t
W (Ol +20 [ 19 0 (Ot + 282 [ 0015y 0 (1)

t
= 2(u” (D) |ugpp, N (1)) 22 — 41//0 (V" (1) |V g, (1) podt!

t
— 48e | (O ()] Batiy e (#)
0

17



As uf is a Leray solution of (RF.), it satisfies the energy inequality. So thanks to Inequal-
ity (3.27) we get

t
E(t) < 2lluollZs — 2(u®[ugy, )1 41//0 (V" (1) |V g, (1)) podt!

t
~4pe / (D50 ()| D51 (F)) 2t +

As ut

app,N = (), the function

is a smooth function such that ug,, Njon = = Orug,, o0

t—= ( ( )|uapp N(t)) 2

is C'!, so we can write, using (3.28) and the fact that a x e3-b+b x e3-a = 0,

d
E(UEWpr,N)N = (lehuE + Bed2u’ — u’ - Vu — Vp° UZPP’N)H

€ UE) .
L2

By an integration by parts allowed by the fact that u® and ug,, y vanish at the boundary, we
have

€ 2, ¢ € € 5
+ (”Ah“app,N + Bed3 gy N — Uapp,N * Viapp,N = VPapp

d
E(u€|u2pp,N)L2 = _2V(Vh E|vh Uapp, N) 2ﬁ5(a3u8|83uapp N)L
- (u - Vu® |’u’a,pp,N)L2 - (uapp,N : Vuapp,N|u )L2 + (F]i/|u€)L2

The fact that ug,, v is a smooth function and that u® and ug,, y are divergence free vector
fields that vanish on the boundary imply that

(ua ’ V’U’E|’u’pr,N)L2 + (U’pr,N ’ v’U’pr,N|’u’€) (58 v5€|uapp N)L

Using again the fact that uy, v is a smooth function and that u® and ug
free vector fields that vanish on the boundary, we infer that

app.N are divergence

d
_(ug|u3pp,N)L2 = _27/(vh 8|Vh Uapp, N) 265(83u |a3uapp N)L (58 ’ V(5€|u2pp,N)L2

dt
)
By integration and using Lemmas 1 and 2 we get that
(b)) = Tuolls + o
=00 [ (PN g (g = 2 [ (P50 (1) By ()
[ W) I g (ot + [ FR () ot
So we infer that
) <2 / (0°(¢) - V0% (¢ u o (1)) g2t +2 /0 S ()0 () padt + pe. (329

Now let us state the lemmas which will enable us to conclude the proof of Theorem 2.

18



Lemma 4 Let u (resp. v) be any vector field (resp. divergence free vector field) in H?(Q)
(resp. HY(Q)). If we define

1
N(u)2 1€ xsup ||th(.7x3)||%2(R2) —I—/ d(x3)||83u(-,x3)||%4(R2)dx3,
3€[0,1] 0
then we have o
v
(v Volu)zz < ZI9 035 + =N () ol
In the following lemma, and subsequently, we note ON(aé) a quantity of the order of magni-

tude 5%, depending on N.

Lemma 5 We have

=

[ E O @)t = Ox (),

The proof of this lemma uses in a crucial way dispersive estimates which are summarized in
the following lemma.

Lemma 6 Let p € [1,+00] be given, and let us denote by

def t
US,z‘nt,N =r (g) U (3.30)

where uy is the solution of
oruy —vApuy +Euny =0

with the initial data ug n. Then we have
e _ 11
14 int v = BNl Lo (R+5100()) < One? # |lug]| 2.
The following corollary is the result of an easy interpolation.

Corollary 7 For any p € [1,+00], any o > 0 and any q €]2, +0c|, we have

Haa (ug,int,N - HN)||LP(R+;LQ(Q)) = /ﬁv.

Let us postpone the proof of those lemmas to the next paragraph and to Section 4. They
imply that

v o[t C ot
(1) <5 IV @5t + 5 [Nl (00205 (W) + i
But Lemmas 1 and 2 imply in particular that there is a constant C'y such that for any e,
* 2 2
N ()2t < Covlul

So a Gronwall lemma implies that

oo
sup lu”(t) — Uapp N (D122 + 21//0 IV" (u () = ugpp () IIZ2dE" = piy. (3.31)

19



Now we can conclude the proof of Theorem 2. From (2.13) we infer that

oo
h
sup (1) = e (Dl + 207 [ IV (0 = i) () = .

Thanks to the above corollary, we infer that for any compact subset K of €2, we have
o0
sup (1) = ()3 +20 [ 19" (u =) (¢) ' = pi.

The result follows from the fact that @y converges towards w in the energy space, as N goes
to infinity.

Now let us prove the lemmas we have admitted above, starting with Lemma 4. We have
to estimate

Lk d:ef/ v (z)0F (@) o (z)de.
Q
The case when k # 3 is easier. Let us write that
1
il < [ 000 a1Vl ) 2.

Using the fact that ||a||i4(R2) < ||a||L2(R2)||Vha||L2(Rz), we have by definition of N (u),

1
il < /0“U('vx3)||L2(R2)||vhU('ax3)||L2(R2)||vhu('vx3)“L2(R2)dx3
1
< N /0 (23| 2 ey IV 0 (e, 3) | 2 ey s
< N[l |90 g2

So Lemma 4 is proved for I;; which k£ # 3. When k = 3, we shall use the following lemma.

Lemma 8 Let v be a divergence free vector field in H(2). Then we have for almost ev-
2
ery rp € R

v3(zp, .
sup M < |1 divy ©" ()l 220,10
23€]0,1] d(l‘g)?

Let us prove Lemma 8. As v is a smooth divergence free vector field whose value on the
boundary is 0, we have

3
v (zp,w3) = /0 03v® (1, y3)dys
T3 b
= —/0 divy, 0" (zh, y3)dys.
Using Cauchy-Schwarz inequality, we have
1
v (onsa) P < s [ [ divy o” (o, ) Pl

As the same is true for the upper boundary, Lemma 8 is proved.

20



Lemma 8 implies that
1 .
Vag €10,1[, [|o(-,z3)llp2(r2) < d(ws)? || divy o 2.

Now let us write that
1
Lial < [ 10Coa)llaqma) 102 a) ooy ) s oy
1 1
< divn vz [ oma)llpameyd(oa)Ovu(0) L pagu doa.

Using Cauchy-Schwarz and Sobolev inequalities, that inequality implies that

|73

IN

1 1
1 2 1 2
livi oz ([ loCaa)Bagdza) ([ daliosut o) da

3 1
"
VP ollZ2 ol Z2 N (w).

IN

Using a log-concavity inequality, Lemma 4 is proved.

Now let us prove Lemma 5. To begin with let us decompose F5; as

3 _ 3 3 :
FN = FN,]. + FN,2 Wlth
Fe def 3 VUl € VUl d
N,1 uapp,N uapp,N uO,int,N uO,int,N an
def _ _
e 1€ € €
FN,z =  Ugint,N " VUo,int,N —un - Vuy.

These two terms will be estimated in two different ways. The estimate on F5 ; does not
use any dispersion estimates but the one on Fy , does indeed.
To estimate Ff\,,l, let us write

Fya = F]F;,}il + infﬁz + inrgn + inf,glz with
F]if}il o (“Z};};,N - u[g]:?nt,N) : vthpp,N

Fif}iz « uz:?nt,N : Vh(U’pr,N — UQ int,N)

F;;»?)H d:d‘ (U’Zﬁp,N - uz:?nt,N)83upr,N and
F]i/,,?)lZ d:ef uz:?nt,Na3 (upr,N - u(g),int,N)'

As usual, terms which do not contain vertical derivatives are easier to deal with. Using
Cauchy-Schwarz and Sobolev inequalities, we get

7h h
‘(F;/,lﬂug)w < sup (|[V%ugy, nllr2m2)

x3€]0,1]

1
[ = 0, 0) ) a1 20)l sy

IN

1 : 1
) . 1
N(Uzpp,N)/O v (upr,N . U(E),mt,N)('vx3)“22(R2)HuZPP7N — Ug,mt,N(-,m)sz(Rz)
1 1
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Using estimates (2.13) and (2.14) of Lemma 2, we have that
o e,h 5 L 2
LI O @)edt < Ol

Note that E(T) is bounded uniformly in time. The estimate about Ff\,’}b will be proved
following the same lines. We have

B
|(F§,12|U8)L2| < sup ||u(6),int,N('7x3)||L4(R2)
x3€]0,1]

1
x /0 17" (v — 15, me) (- 8 2y 10 o ey s

IN

Ligh ho 2|2
O l[uoll 2 N (45 e, ) 2 IV (tapp, v = 0, ime, 5 ) 21|V 0 72

So it turns out that -
h 1
[(Fy 12 ()] (£) 2 |dt < Cne?[|uol|7.

As it is now usual, terms which contain vertical derivatives are estimated in another way.
Using Lemma 8, we have

73 ,3 l h
||(u2pp,N - ug,int,N)('7x3)“L2(R2) < d(23)2 |V (ugpp,n — g ine,n) |l 22

So we have
3
|(FN1|u) 2| < IV (ugpp v — g inen) 22
1 1
X | d(23)2[|ugpp, n (- 23) || Lo m2) U™ (-5 #3) | L2 (m 2y dvs-
0 (R%) (R7)
By Cauchy-Schwarz inequality, we have that
»3 h
[(Fx1alu) 2| < IV (ugpp v — U ine v ) llz2

1
1 2
< ([ ) 100y ) ey )

So applying Inequalities (2.13) and (2.15) of Lemma 2 we get that
> ,3 € L 2
1S Ol @) 2l < Covet ol

To estimate the term F]f,’?’lz, let us observe that
k)
N o1
&,3 _ . e,k,h .
uO,int,N(xm x3) = — Z o= divy, uO,int,N(xh) sin(kmrzs).
k=1

So it turns out that
»3 h
“u(a),int,N('vx3)||L2(R2) < Cnd(z3)||V ug,int,N”LQ-
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So we find
|(F5alu%) p2 ] < 19" g el 2
[ 0000~ )20 ey ) .
So by Cauchy-Schwarz inequality, we get

h
I( N12|U Jr2| <[V ug th||L2||U |2
x / (w3105 (S, x — 1510t ) (+23) |2 ey s

The estimate (2.16) allows to conclude that

o0 E . l
/0 (5 (O] () 2]t < Cve [lugl 2.
So we have that ~
1
/0 |(FS 1 (8)] (£)) g2 dt < Coved[Jugl |2

Let us notice that no dispersion effects have been used to prove this estimate. But we shall
use them to estimate

o0
|10 0) st
As w3 = 0, let us write that
Fys = FJFV21 + Fy oo with

def

1 ]_
FN721 28 “othUOth uyuy) and

def 3
FJF‘E22 - 233 Oth UN)U(E),int,N)-

As ug ;,, x 18 a (finite) sum of products of a function of the horizontal variable those Fourier
transform is included in the ball of center 0 and radius N by a function cos(kmwz3) or sin(kmxs)
we have, for j € {1,2},

1FN 25 (Ol L2 < CN (g ine,x = Tn) ()| oo (|45 e, v (D) [ L2 + [N (£)]] Lo0)-

So using Lemma 6 and of course the conservation of energy for (NSE) and the fact that £(7)
is uniformly bounded on L2, we can write that

IN

ON 14 e, = T [l @+ ol

/Ooo |(F]il,2(t)|u5(t))L2 |dt

1
Cnetluo|lZe.

IN

Lemma 5 is now proved and thus Theorem 2 also.

23



4 Proof of the Strichartz type inequality

In this final section, we shall prove Lemma 6, stated in the previous section. This type of
estimate in the case of rotating fluids has been investigated in [3] in various situations. For
the convenience of the reader, we give here a self contained proof.

Thanks to the definition of £ (see (2.10)) we have that

N
1
UG jint N — UN = Z (Ak * Ty (t, xp,) cos(kmxs), o divy, Ap v * Zi(t, xp) Sil’l(kﬂ'l’g)) with

k=1
t

. é. +k7ﬂ-__ tf 2/\
Ti(t,an) & /R2 e s ey = Ve i (§n)dEpn

where Ay, is a L' function on R? and 7, is a linear function of c?k and @. Now let ox be a
radial function in D(R?\{0}) whose value is 1 near Cy. We have

t
I]i = ,Ck <—at, ) * Y with
€
. . km _ 2
Ki(r b)) / , I G e T e,
R
As usual in the proof of Strichartz type estimates, we start by proving a so called dispersive

estimate which here is the following.

Lemma 9 There exist constants Cy and cy such that for any k < N, we have

Cn
||’Ck(T,t,-)||LOO(R2) < —€ et
T2

Let us prove Lemma 9. Using the rotation invariance on R2, we may assume that zj, = (21,0).
So we have to estimate

, i s T VHET HE3)
- 7 1t+&3
’Ck(T,t,xl,O) = /Rezaﬂ{l /Re ((km)2+€24£2)1/2 @N(fl,&)dfzdfl-

Now let us define the function ay by

(&) o Gl _ Sokm .
e (0 s = N (s e R B

We notice that
|ar(62)| > Cnl&al- (4.32)

Similarly we define the vector field X} by
; (1 + iak(§2)8§2a).
This vector field acts only on the & variable and satisfies obviously

L s S— ir——kr
Xpe ((km24e3 4612 _ 0 ((km)2 467 +65)1/2
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An integration by parts allows us to obtain

Kr(7,t,21,0) / m&/ ((k”)2+£2+§2)1/2 (" X}.) (@N(flaﬁz) HeE+ED) )d§2d€1~

But easy computations yield

tXy (@N(fb&) 61+£2))

Il
VS
—
o
N
-
—
e
V]
Q
e
SN—
—
—_
|
R
NS
—
8%
[$)
SN
N~

—ma& (@N(flafz) £2+£2)) :

Using (4.32), it turns out that

—ent
t vH(ER+E3) e ™
15 (a6, ) <O
so going back to K, we get
_ SIS
Kr(r,t, 2 < Cpe cNt/ ——
Kertm)l < Oye ot | 220
< i3 e

which proves Lemma 9.
Now let us finish the proof of Lemma 6. As an immediate corollary of the result above,
we have

C 81/2 .
Ik (25 ) mcrty < e el gy (4.33)

Now we shall use a duality argument, otherwise known as the TT* argument. Once we have
observed that

a +.700(R2 =Sup/ a(t, xp)e(t, zn) depdt
lall Lo r+poo (r2)) SUD Jas o m2 (t,zn)e(t, zn)

with B d—ef{ € D(RT x R?), [l oo r+;01(r2)) < 1}, We can write

t
1Kk (—vt ) * Vel (m+ ;oo (m2)) = sup /R+ g (Eat,x - y) Ve(y)(t, ) dedydt

= sup/ Vi (y) (/ K, (Evt T — y) o(t, ) da:) dydt.
peBJRT x R? R?

A Cauchy Schwarz inequality then yields

t - t
2o . < “ot,- - )
e (8,15, > * Vil o1 (R0 (R2)) < ||7k||L2(R2)zlég H/R+ Kk (5 t > * op(t,-)dt s

By Fourier—Plancherel, we have

e
H/m Ky (g,t,-> «o(t,-)dt

2 2

= (27)?
L2(R?2)

L2(R?)
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and we can write
— [/t 2
Ki (=t ) = @(t,-)dt
| o (F0) <00

<c
L2(R2) RT xRt x R?

Ki <£at7 —§h> P(t,&n)
x K <§, 37€h> P(s,&p)dEpdtds.

But by definition of I, we have
~ t = /S8 -~ t—s
Ky <_’t7 —§h> Ky <—,8,§h> = Kk < it+ s, —€h> :
€ € €

2 —
go/ f(/ék (t 3,t+s,.)w(t,.)>
L2(R2) RT xRt x R? €

x@(s, ) dEpdtds.

It follows that

- [t
Ky | =, t,)dt
[ (D) < ote
Now we use Fourier—Plancherel again to get

. t
H/R+ K (E,t, ) v ot )dt

<C
RT xRt

2

<c (’ék (t — 5
L2(R2?) Rt xRt xR?

,t+s,.> v olt, -)> ()
X (s, —x)dxdtds

. t—s
K ( ‘ot ) ‘ot >H o5, )l 1 ey .
€ L (R?)

Using the dispersion estimate (4.33), we get

o t
H/R+ K (E,t, ) v ot )dt

2 1/2

conf P
pwy - Jrmt (1 )12

e~ N o(t, ) | 11 ry
[l (s, My (m2)dsdt,

S0
K ! t,- ) *p(t,-)dt
/ k 20y )

Lemma 6 is proved.

2 e—Cen(t+s)

1/2 2
S CN€/ ||g0||L°°(R+;L1(R2)) ,/R,+><R+ mdet

L2(R?)

IN

CN€1/2||90||%00(R+;L1(R2))'
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