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Introdu
tion

In this paper, we investigate the problem of fast rotating vis
ous 
uids between two plates

with Diri
hlet boundary 
onditions. We present the model with so 
alled "turbulent" vis
osity.

More pre
isely, we shall study the limit when " tends to 0 of the system involving the velo
ity

�eld u

"

and the pressure p

"

(NSC

"

)

8

>

>

>

>

>

<

>

>

>

>

>

:

�

t

u

"

+ div(u

"


 u

"

)� ��

h

u

"

� �"�

2

3

u

"

+

e

3

� u

"

"

= �rp

"

div u

"

= 0

u

"

j�


= 0

u

"

jt=0

= u

"

0

2 L

2

(
)

where 
 = R

2

�℄0; 1[. We shall use the following notation: if u is a ve
tor on R

3

we state u =

(u

1

; u

2

; u

3

) = (u

h

; u

3

), and we will note �

h

= �

2

1

+ �

2

2

. Moreover, if f is a fun
tion on 
, Ff

(and also

b

f) will denote the Fourier transform with respe
t to the horizontal variable x

h

.

Finally in all that follows, the spa
e L

2

(with no argument) will denote the spa
e L

2

(
).

These equations arise in physi
al 
ontexts when one studies o
eani
 or atmospheri
 mo-

tions. In general geophysi
al 
ows 
an be 
onsidered as in
ompressible, and with the length

and time s
ales 
onsidered, the rotation of the Earth 
an not be negle
ted and on the 
on-

trary plays a major role. Basi
ally under high rotation, a three dimensional 
uid tends to

behave like a two dimensional one, and to be
ome invariant in the dire
tion of the rotation.

This well known phenomena, 
alled Taylor Proudman theorem is detailled in the monographs

[7℄,[10℄. The part of the initial data whi
h depends on the verti
al 
omponent 
reates waves,


alled inertial waves, whi
h propagate with a high speed. Moreover, keeping in mind this

anisotropy, it is usual to 
onsider an anisotropi
 vis
osity like in (NSC

"

), the horizontal \tur-

bulent" di�usion being larger than the verti
al one. In the periodi
 
ase we refer to [1℄,[6℄,[8℄

for mathemati
al studies. In the presen
e of horizontal boundaries, bounday layers 
alled

Ekman layers appear to mat
h the Diri
hlet boundary 
ondition with the tenden
y of the


uid to be
ome independent on the third variable x

3

. It turns out that these layers are always

stable in the 
ase of anisotropi
 vis
osity. For previous studies we refer to [5℄ and [9℄. The
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aim of this paper is to 
ombine the study of these layers with the study of the dispersion of

the inertial waves (we 
onsider an unbounded domain).

In the sequel, we shall assume that u

"

0

� n = u

";3

0

= 0 on �
, and divu

"

0

= 0. This


ondition u

";3

0

= 0 implies the following fa
t: for any L

2

divergen
e free ve
tor �eld u, the

fun
tion �

3

u

3

is L

2

(℄0; 1[) with respe
t to the variable x

3

with value in H

�1

(R

2

). Hen
e by

integration, we get

u

3

(x

h

; 1) � u

3

(x

h

; 0) = �

Z

1

0

div

h

u

h

(x

h

; x

3

)dx

3

= 0:

So the verti
al mean value of the horizontal part on the ve
tor �eld is divergen
e free as a

ve
tor �eld on R

2

. Of 
ourse, a quantity will play a key role: this is (twi
e) the energy de�ned

by

E

"

(v)(t)

def

= kv(t)k

2

L

2

+ 2�

h

Z

t

0

kr

h

v(t

0

)k

2

L

2

dt

0

+ 2�"

Z

t

0

k�

3

v(t

0

)k

2

L

2

dt

0

:

The reason why we 
hoose the verti
al vis
osity of the form �" will be explained in Se
tion 1

where we shall re
all the properties of the "well prepared" 
ase. The relation between this


hoi
e and the Ekman pumping will be studied in detail in that next se
tion. First of all we

shall study the linear problem in the well prepared 
ase, whi
h means that the fun
tion u

0

does not depend on the verti
al variable x

3

. Then we shall investigate the more deli
ate 
ase

when the initial data u

0

does a
tually depend on the verti
al variable x

3

. We shall 
ompute

expli
itly approximate solutions for the linear problem.

To study the real problem we have to deal with non linear terms. In the well prepared


ase, we have strong 
onvergen
e in L

2

, as well as in the 
ase when the domain is T

2

�℄0; 1[

(see [9℄). The pre
ise theorem proved in [9℄ is the following.

Theorem 1 Let u

"

be a family of weak solutions of (NSC

"

) asso
iated with a family of initial

data u

"

0

of divergen
e free ve
tor �elds su
h that

lim

"!0

u

"

0

= (u

0

; 0) in L

2

;

where u

0

is a divergen
e free ve
tor �eld in L

2

(R

2

). Denoting by u the global solution of the

two dimensional Navier-Stokes type equations

(NSE

�;�

)

8

>

<

>

:

�

t

u+ div

h

(u
 u)� ��

h

u+

p

2� u = �r

h

p

div

h

u = 0

u

jt=0

= u

0

;

we have

ku

"

� (u; 0)k

L

1

(R

+

;L

2

)

+ kr

h

(u

"

� (u; 0)) k

L

2

(R

+

;L

2

)

! 0 when "! 0:

Here we shall prove the following result.

Theorem 2 Let u

0

be a divergen
e free ve
tor �eld in L

2

su
h that u

3

0

j�


= 0. Let u

"

be a

family of weak solutions of (NSC

"

) asso
iated with u

0

. Denoting by u the global solution of

the two{dimensional Navier{Stokes equations

�

t

u+ div

h

(u
 u)� ��

h

u+r

h

p+

p

2� u = 0 in D

0

(R

+

�R

2

); (0.1)
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div

h

u = 0; and u

jt=0

=

Z

1

0

u

0

(x

h

; x

3

)dx

3

; (0.2)

we have

ku

"

� (u; 0)k

L

1

(R

+

;L

2

lo


(R

2

�℄0;1[))

+ kr

h

(u

"

� (u; 0)) k

L

2

(R

+

;L

2

lo


(R

2

�℄0;1[))

! 0 when "! 0:

This result is spe
i�
 to the domainR

2

�℄0; 1[. The key point for the proof of this theorem

is that the dispersive phenomenon studied in [4℄ and [3℄ is not a�e
ted by boundary layers.

Let us noti
e that this result is also true when the family (u

"

) is asso
iated with a family of

initial data u

"

0

whi
h 
onverges to some u

0

strongly in L

2

.

To 
on
lude this introdu
tion, let us state some de�nitions and notations. As the phe-

nomenon studied here is obviously anisotropi
, it is natural to introdu
e the spa
es H

s;0

whi
h

are de�ned as the 
losure of smooth 
ompa
tly supported fun
tions on 
 for the (semi) norm

kfk

H

s;0

def

=

 

Z

R

2

�℄0;1[

jFf(�

h

; x

3

)j

2

d�

h

dx

3

!

1=2

:

In this spirit we shall introdu
e

E

T

(v)

def

= sup

0�t�T

n

kv(t)k

2

L

2

+

Z

t

0

kr

h

v(t

0

)k

2

L

2

dt

0

o

and

E

T

(v)

def

= sup

0�t�T

n

kv(t)k

2

L

2

+

Z

t

0

kr

h

v(t

0

)k

2

L

2

dt

0

+

Z

t

0

kv(t

0

)k

2

L

2

dt

0

o

:

1 The linear problem in the well prepared 
ase

The goal of this se
tion is to re
all some results and methods of [9℄. The purpose is to have

information on approximate solutions of

(FRF

"

)

8

>

>

>

>

>

<

>

>

>

>

>

:

�

t

v

"

� ��

h

v

"

� �"�

2

3

v

"

+

e

3

�v

"

"

= �rp

"

+ f

"

in R

+

�


div v

"

= 0 in R

+

�


v

"

jt=0

= v

"

0

with v

";3

0

= 0

v

"

j�


= 0

with

lim

"!0

f

"

= f in L

2

(R

+

;H

�1;0

) and lim

"!0

v

"

0

= v

0

in L

2

where f belongs to L

2

(R

+

;H

�1

(R

2

)). In all that follows, we shall denote

L

"

v

def

= �

t

v � ��

h

v � �"�

2

3

v +

e

3

�v

"

�

In [9℄, it is proved in parti
ular that

lim

"!0

v

"

= (v; 0) in L

1

(R

+

;L

2

) \ L

2

(R

+

;H

1;0

);
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where v is the solution of

(LE)

8

>

<

>

:

�

t

v � ��

h

v +

p

2� v = �r

h

p+ f in R

+

�R

2

div

h

v = 0 in R

+

�R

2

v

jt=0

= v

0

with v

3

0

= 0:

To simplify notations, we shall note in the following v = (v; 0).

In fa
t, mu
h more is done in [9℄. We 
an sum up those results in the following lemma.

Lemma 1 Let T be in R

+

and let v be a time dependent divergen
e free ve
tor �eld in the

spa
e L

1

([0; T ℄;L

2

(R

2

)) whose gradient belongs to L

2

([0; T ℄ �R

2

). Let us assume that its

Fourier transform is supported in the ball of 
enter 0 and radius N . Then a family of smooth

divergen
e free ve
tor �elds (v

"

app

)

">0

whose value is 0 on the boundary of 
 exists su
h that

L

"

v

"

app

= �

t

v � ��

h

v +

p

2� v +O

N

("

1

2

) in L

2

([0; T ℄;H

�1;0

):

The ve
tor �eld v

"

app

tends to v in the following sense: a 
onstant C

N

exists su
h that

E

T

(v

"

app

� v) � C

N

"

1

2

E

T

(v): (1.3)

Moreover the family (v

"

app

) satis�es the following estimates

Z

T

0

sup

x

3

2℄0;1[

kr

h

v

"

app

(t; �; x

3

)k

2

L

2

(R

2

)

dt � C

N

E

T

(v) (1.4)

8p 2 [2;1℄ ;

Z

T

0

Z

1

0

d(x

3

)k�

3

v

"

app

(t; �; x

3

)k

2

L

p

(R

2

)

dtdx

3

� C

N

E

T

(v) and (1.5)

Z

T

0

Z

1

0

d(x

3

)

2

k�

3

v

"

app

(t; �; x

3

)k

2

L

1

(R

2

)

dtdx

3

� C

N

"E

T

(v) (1.6)

where d(x

3

) denotes the distan
e from x

3

to the boundary of ℄0; 1[.

For the the reader's 
onvenien
e, let us re
all brie
y the proof of this lemma. The approx-

imate solution is de�ned by

v

"

app

def

= (v; 0)� "

p

2�

�

Rv;

�

1

2

� x

3

�

!

�

+

 

�

M

0

�

x

3

"

p

2�

�

+M

0

�

1� x

3

"

p

2�

�

�M

0

�

1

"

p

2�

�

�

v; 0

!

+ "

p

2�

 

�

exp

�

�

x

3

"

p

2�

�

+ exp

�

�

1� x

3

"

p

2�

�

� exp

�

�

1

"

p

2�

�

�

Rv;

�

f

�

x

3

"

p

2�

�

� f

�

1� x

3

"

p

2�

�

� (1� 2x

3

)f

�

1

"

p

2�

�

�

!

!

+ 2�"

2

 

0;

�

exp

�

�

x

3

"

p

2�

�

� exp

�

�

1� x

3

"

p

2�

�

� (1� 2x

3

) exp

�

�

1

"

p

2�

�

�

!

!

+e("

p

2�)

�

�6x

3

(x

3

� 1)Rv; x

3

(x

3

� 1)(2x

3

� 1)!

�

4



with

M

0

(�)

def

= M

0

(�) = �e

��

R

��

; f(�)

def

= �

1

2

e

��

(sin � + 
os �) and !

def

= 
url

h

v:

The fun
tion e("

p

2�) is exponentially de
reasing and 
an be 
omputed expli
itly. From this

formula, the proof of estimates (1.4){(1.5) is straightforward.

2 The linear problem in the ill prepared 
ase

This 
ase is more deli
ate. The reason why is the following. There is no hope that the

term v

0;int

does not depend on the verti
al variable x

3

, so we have to deal with very fast time

os
illations of the interior solution. This will lead us to 
onsider the equation in a di�erent

way. The goal of this se
tion is to 
onstru
t approximate solutions to

(FRF

"

)

8

>

>

>

>

>

<

>

>

>

>

>

:

�

t

v

"

� ��

h

v

"

� �"�

2

3

v

"

+

v

"

�e

3

"

= �rp

"

in 


div v

"

= 0 in 


v

"

jt=0

= v

0

v

"

j�


= 0:

Without loss of generality, we 
an suppose that v

0

2 L

1

(
); this will be useful in the proof of

Stri
hartz estimates in Se
tion 4.

First of all, we shall rewrite the system (FRF

"

) in terms of the Fourier transform of the

horizontal divergen
e and vorti
ity. To do so, let us de
ompose the horizontal part of the

initial data on the Hilbert basis (
os(k�x

3

))

k2N

of L

2

(℄0; 1[). We 
an write for any horizontal

ve
tor �eld v

h

,

v

h

(x

h

; x

3

) =

X

k2N

v

k;h

(x

h

) 
os(k�x

3

): (2.7)

Note that the fa
t that v is divergen
e free implies that

v

3

0

(x

h

; x

3

) = �

X

k�1

1

k�

div

h

v

k;h

0

(x

h

) sin(k�x

3

): (2.8)

Let us make some preliminary remarks. As the set of fun
tions whose Fourier transform

(on R

2

) is supported in rings is dense in L

2

, we 
an assume that the Fourier transform of

the initial data is of this type. Moreover for L

2

fun
tions, boundary values do not make any

sense. However, as v is divergen
e free, we have v

3

2 C([0; 1℄ ;H

�1

(R

2

)), so the quantity v

3

j�


has a meaning. The 
ase when k = 0 
orresponds to well-prepared 
ase and has been re
alled

in the previous se
tion.

The 
hoi
e of the basis (
os(k�x

3

))

k2N

for the horizontal 
omponent ensures that the

boundary 
ondition v

3

j�


= 0 is satis�ed sin
e the verti
al 
omponent is a linear 
ombination

of (sin(k�x

3

))

k2N

thanks to the divergen
e free 
ondition. But the terms of type 
os(k�x

3

)

will produ
e time os
illations. As we shall see later on, the situation is therefore a little bit

more 
ompli
ated than in the well prepared 
ase.

5



For reasons whi
h will appear 
learly when we deal with dispersive phenomena, we need

to avoid extreme horizontal frequen
ies. So we approximate any divergen
e free ve
tor �eld v

(resp. time dependent) of L

2

(resp. of L

1

([0; T ℄;L

2

) \ L

2

([0; T ℄;H

1;0

)) by

v

N

def

= F

�1

N

X

k=0

�

1

C

N

(�

h

)

b

v

k;h

(�

h

) 
os(k�x

3

);�

1

k�

1

C

N

(�

h

)F div

h

v

k;h

0

(�

h

) sin(k�x

3

)

�

where C

N

denotes the set of all �

h

inR

2

su
h that j�

h

j 2 [N

�1

; N ℄. It is obvious that lim

N!1

v

N

=

v

0

in L

2

(resp. in L

2

([0; T ℄;H

1;0

)).

It is in that situation of boundary 
onditions that the Rossby operator has a good spe
tral

representation; let us be more pre
ise on that point, before stating the key lemma. The �rst

step of the 
onstru
tion of the approximate solution 
onsists in writing the system (FRF

"

)

in a simpler way, in fa
t in terms of the horizontal divergen
e and horizontal 
url of v

h

. Let

us state the following notation:

b

d

h

def

= F div

h

v

h

;

b

!

h

def

= F
url

h

v

h

;

b

p

def

= Fp and W

def

= (

b

d

h

;

b

!

h

;Fv

3

):

For the sake of simpli
ity in the notation, we drop the " in

b

d

h

,

b

!

h

,

b

p

h

and W . In the

following �

1

denotes the proje
tion on the �rst 
oordinate (re
all that the �rst 
oordinate

of W is the horizontal Fourier transform of the horizontal divergen
e of the ve
tor �eld v).

Then for ve
tors of the type

�

W

k;h

(t) 
os(k�x

3

);�

1

k�

�

1

W

k

(t) sin(k�x

3

);

�

writingW

k;h

= (W

k;1

;W

k;2

), and pressures of the type

b

p

k


os(k�x

3

) the rotating 
uid system

is equivalent to the following ordinary di�erential system

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

d

dt

W

k;1

+ �j�

h

j

2

W

k;1

+ �"(k�)

2

W

k;1

�

1

"

W

k;2

= j�

h

j

2

b

p

k

d

dt

W

k;2

+ �j�

h

j

2

W

k;2

+ �"(k�)

2

W

k;2

+

1

"

W

k;1

= 0

d

dt

W

k;3

+ �j�

h

j

2

W

k;3

+ �"(k�)

2

W

k;3

= k�

b

p

k

W

k;1

+ k�W

k;3

= 0

W

jt=0

= W

0

:

As usual the divergen
e free 
ondition (whi
h here turns out to be W

k;1

+ k�W

k;3

= 0)

determines the pressure. Here this gives

b

p

k

= �

1

"(j�

h

j

2

+ (k�)

2

)

W

k;2

:

The rotating 
uid system 
an now be written

(FRF

"

k

)

8

<

:

d

dt

W

k;h

+ �j�

h

j

2

W

k;h

+ �"(k�)

2

W

k;h

�

1

"

R

k

W

k;h

= 0

W

k;h

jt=0

= W

k;h

0

6



with

R

k

=

 

0 ��

2

k

1 0

!

and �

k

def

=

�

(k�)

2

j�

h

j

2

+ (k�)

2

�

1

2

�

Now in order to �nd the interior solution at order zero, and to get rid of the "

�1

terms in the

equation, let us write

W =

N

X

k=1

�

L

k

�

t

"

�

f

W

k

(t) 
os(k�x

3

);�

1

k�

�

1

L

k

�

t

"

�

f

W

k

(t) sin(k�x

3

)

�

where L

k

is a fun
tion from R

+

into L(R

2

) and

f

W

k

is a fun
tion from R

+

into C

2

, to be

determined.

Then looking at the terms of size "

�1

in the above equation (FRF

"

k

), we get

_

L

k

+R

k

L

k

= 0 with L

k

(0) = Id;

so

L

k

(�) =

0

�


os �

k

�

k

sin �

k

�

1

�

k

sin �

k


os �

k

1

A

(2.9)

with, as in all that follows, �

k

= �

k

� . Let us remark that when k = 0, (this 
orresponds of


ourse to the well prepared 
ase studied in the previous se
tion), we get L

k

= Id be
ause in

this 
ase �

k

= 0.

To state the approximation lemma in the general 
ase, we need to de�ne the following

family of operators (L(�))

�2R

: for any ve
tor v of the form (2.7,2.8),

(L(�)v)(x

h

; x

3

)

def

= (v

0;h

(x

h

); 0) +F

�1

1

X

k=1

�

A(�

h

)L

k

(�)A

�1

(�

h

)

b

v

k;h

(�

h

) 
os(k�x

3

);

i

k�

�

h

�A(�

h

)L

k

(�)A

�1

(�

h

)

b

v

k;h

(�

h

) sin(k�x

3

)

�

(2.10)

where L

k

is de�ned by formula (2.9) and with

A(�

h

)

def

=

 

�

1

j�

h

j

�2

��

2

j�

h

j

�2

�

2

j�

h

j

�2

�

1

j�

h

j

�2

!

:

Let us note that (L(�))

�2R

is bounded in L(H

s;0

) for any real number s. Moreover, the

restri
tion of L(�) to fun
tions whi
h do not depend on the third variable (whi
h 
orresponds

to the well prepared 
ase) is Id. This operator L(�) is the Rossby wave operator.

Similarly we shall need the de�nition of the following \Ekman operator":

(Ev)(x

h

; x

3

)

def

=

p

2� (v

0;h

(x

h

); 0) + F

�1

1

X

k=1

�

A(�

h

)B

k

A

�1

(�

h

)

b

v

k;h

(�

h

) 
os(k�x

3

);

i

k�

�

h

� A(�

h

)B

k

A

�1

(�

h

)

b

v

k;h

(�

h

) sink�x

3

�

(2.11)
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with

B

k

def

=

(1� �

2

k

)�

k

4

0

B

�




�

k

� 


+

k

��

k

(


+

k

+ 


�

k

)




+

k

+ 


�

k

�

k




�

k

� 


+

k

1

C

A

and with




�

k

def

=

�

1�

1

�

k

�

s

2�

1� �

k

�

Let us noti
e that the restri
tion of E on fun
tions whi
h do not depend on the third variable

(whi
h again 
orresponds to the well prepared 
ase) is

p

2� Id.

The key lemma is the following.

Lemma 2 Let (v

N

)

N2N

be a (time{dependent) bounded sequen
e of divergen
e free ve
tor

�elds in the spa
e

L

1

([0; T ℄;L

2

) \ L

2

([0; T ℄;H

1;0

)

of the form

v

N

def

= F

�1

N

X

k=0

�

b

v

k;h

N

(�

h

) 
os(k�x

3

);�

1

ik�

�

h

�

b

v

k;h

N

(�

h

) sin(k�x

3

)

�

with Supp

b

v

";k;h

N

(�

h

) � C

N

. A sequen
e of families (v

"

app;N

)

N2N

of smooth divergen
e free

ve
tor �elds whose value on the boundary of 
 is 0 exists, su
h that

L

"

v

"

app;N

= L

�

t

"

�

�

�

t

v

N

� ��

h

v

N

+ Ev

N

�

�rp

"

app;N

+R

"

N

where R

"

N

tends to 0 in the following sense:

8� ; 9N

1

; 8N > N

1

; 9"

0

= 8" < "

0

; kR

"

N

k

L

1

(R

+

;H

�1;0

)\L

1

(R

+

;L

2

)

< �: (2.12)

The ve
tor �eld v

"

app;N


onverges to L

�

t

"

�

v

N

in the following sense: a 
onstant C

N

exists

su
h that

E

T

�

v

"

app;N

�L

�

t

"

�

v

N

�

� C

N

"E

T

(v

N

): (2.13)

Moreover the family (v

"

app;N

) satis�es the following estimates

Z

T

0

sup

x

3

2℄0;1[

kr

h

v

"

app;N

(t; �; x

3

)k

2

L

2

(R

2

)

dt � C

N

E

T

(v

N

) (2.14)

8p 2 [2;1℄ ;

Z

T

0

Z

1

0

d(x

3

)k�

3

v

"

app;N

(t; �; x

3

)k

2

L

p

(R

2

)

dtdx

3

� C

N

E

T

(v

N

) and (2.15)

Z

T

0

Z

1

0

d(x

3

)

2













�

3

�

v

"

app;N

�L

�

t

"

�

v

N

�













2

L

1

(R

2

)

dtdx

3

� C

N

"E

T

(v

N

): (2.16)

Remark In the proof, we shall forget the part asso
iated with

b

v

0;h

N

be
ause this 
ase is nothing

but the previous lemma (i.e. the "well-prepared" 
ase).
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The proof of this lemma is one of the key points of the paper.

In horizontal divergen
e and 
url formulation, the system (FRF

"

) be
omes

(

g

FRF

"

)

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

�

t

W

1

+ �j�

h

j

2

W

1

� �"�

2

3

W

1

�

1

"

W

2

= j�

h

j

2

b

p

�

t

W

2

+ �j�

h

j

2

W

2

� �"�

2

3

W

2

+

1

"

W

1

= 0

�

t

W

3

+ �j�

h

j

2

W

3

� �"�

2

3

W

3

= ��

3

b

p

W

1

+ �

3

W

3

= 0

W

jt=0

= W

0

W

j�


= 0:

From now on, we shall only 
onsider the above system. Let us sear
h for an approximate

solution of the form

W = W

0;int

+W

0;BL

+ "W

1;int

+ "W

1;BL

+ � � � and

b

p =

1

"

b

p

�1;int

+

1

"

b

p

�1;BL

+

b

p

0;int

+

b

p

0;BL

+ � � �

where ea
h 
omponent of (v

j;int

; p

j;int

) is a fun
tion of the form

f

�

t

"

; t; x

3

�

and ea
h 
omponent of (v

j;BL

; p

j;BL

) is a fun
tion of the form

g

�

t

"

; t;

x

3

"

�

+ h

�

t

"

; t;

1� x

3

"

�

�

In all that follows, we shall denote � = t=". First we have to determine the form of W

0;int

and

b

p

�1;int

. Considering the de
omposition of the initial data, we look for W

0;int

of the form

N

X

k=1

�

L

k

�

t

"

�

f

W

k

0;int

(t) 
os(k�x

3

);�

1

k�

�

1

L

k

�

t

"

�

f

W

k

0;int

(t) sin(k�x

3

)

�

where L

k

is the fun
tion from R

+

into L(R

2

) de�ned above in (2.9),

f

W

k

0;int

is a fun
tion

from R

+

into C

2

and re
all that �

1

denotes the proje
tion on the �rst 
oordinate. The

ve
tor

f

W

k

0;int

must be understood as the image of W

k;h

0;int

through the "�ltering" operator L

k

.

Now let us write

W

0;int;N

def

=

N

X

k=1

�

L

k

�

t

"

�

f

W

k

0;int


os(k�x

3

);�

1

k�

�

1

L

k

�

t

"

�

f

W

k

0;int

sin(k�x

3

)

�

: (2.17)

We now have to determine the boundary layer of size "

0

. As the third 
omponent of the

interior solution at order 0 is identi
ally 0, then the verti
al 
omponent of the boundary layer

of size "

0

vanishes. This implies that �

3

b

p

k

�1;BL

= 0. We re
over the well known fa
t that the

pressure does not vary in the boundary layer. Now let us study the term of size "

�1

for the

9



horizontal 
omponent of the boundary layer. As 
os(k�) = (�1)

k

we look for the boundary

layer of the form

W

k;h

0;BL

def

= M

k

�

x

3

"

�

L

k

�

t

"

�

f

W

k

0;int

+ (�1)

k

M

k

�

1� x

3

"

�

L

k

�

t

"

�

f

W

k

0;int

:

The term of size "

�1

of

�

t

W

k;h

0;BL

� �"�

2

3

W

k;h

0;BL

+

1

"

RW

k;h

0;BL

must be equal to 0. So we infer that

M

k

_

L

k

� �M

00

k

L

k

+RM

k

L

k

= 0:

In the 
ase when k = 0, we have L

k

= Id. Now let us assume that k � 1. As

_

L

k

= �R

k

L

k

, it

turns out that the equation on the boundary layer is

8

>

<

>

:

��M

00

k

= M

k

R

k

�RM

k

M

k

(0) = � Id

M

k

(+1) = 0:

This is a linear di�erential equation of order 2 with an initial and a �nal 
ondition. The

solution is

M

k

(�) = �

X

�

1

2

�

�

k

exp(��

�

k

)M

�

k

(�

�

k

)

with

M

�

k

(�)

def

=

 


os � ��

k

sin �

� sin � ��

k


os �

!

and

�

�

k

def

=

�

q

2�

�

k

,

�

�

k

def

=

�

1� �

k

and �

�

k

def

= 1�

1

�

k

�

So stating

E

�

k

def

= 2"

2

�

�

k

we infer by de�nition of L

k

that

W

k;h

0;BL

= �

1

2

X

�

�

�

k

exp

�

�

x

3

q

E

�

k

�

M

�

k

�

x

3

q

E

�

k

�

�

k

t

"

�

f

W

k

0;int

� (�1)

k

1

2

X

�

�

�

k

exp

�

�

1� x

3

q

E

�

k

�

M

�

k

�

1� x

3

q

E

�

k

�

�

k

t

"

�

f

W

k

0;int

:

Let us remark that the eigenve
tors of M

�

k

and those of L

k

are di�erent. Moreover, time

os
illations introdu
e a phase shift in the boundary layer.

As in the well prepared 
ase, the fa
t that the boundary layer must be divergen
e free

implies that we have to introdu
e a verti
al 
omponent of the boundary layer of size ". It is

given by the following formula:

"�

3

W

k;3

1;BL

= ��

1

W

k;h

0;BL

:

10



So we get

"�

3

W

k;3

1;BL

=

1

2

X

�

�

�

k

exp

�

�

x

3

q

E

�

k

�

 


os

�

x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;1

0;int

� �

k

sin

�

x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;2

0;int

!

+(�1)

k

1

2

X

�

�

�

k

exp

�

�

1� x

3

q

E

�

k

�

 


os

�

1� x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;1

0;int

� �

k

sin

�

1� x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;2

0;int

!

:

So with the notation


s

�

def

= 
os� sin and 


�

k

def

= �

�

k

q

2�

�

k

;

we get by integration,

W

k;3

1;BL

= �

1

4

X

�




�

k

exp

�

�

x

3

q

E

�

k

�

 


s

�

�

x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;1

0;int

� �

k


s

+

�

x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;2

0;int

!

+(�1)

k

1

4

X

�




�

k

exp

�

�

1� x

3

q

E

�

k

�

 


s

�

�

1� x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;1

0;int

� �

k


s

+

�

1� x

3

q

E

�

k

�

�

k

t

"

�

f

W

k;2

0;int

!

:

It is 
lear that this boundary layer is a sum of a rapidly de
reasing fun
tion of x

3

=" and of a

rapidly de
reasing fun
tion of (1 � x

3

)=". But it is obvious that those two fun
tions do not

vanish respe
tively in x

3

= 0 and x

3

= 1. More pre
isely, up to exponentially small terms, we

have, stating again �

k

= �

k

� ,

W

k;3

1;BL

jx

3

=0

= �(�1)

k

W

k;3

1;BL

jx

3

=1

= �f

k

�

t

"

�

with

f

k

(�)

def

=

X

�




�

k

4

�


s

�

(�

k

)

f

W

k;1

0;int

� �

k


s

�

(�

k

)

f

W

k;2

0;int

�

:

Now, let us have a look at the terms of size "

0

in the interior system. The system of equations

11



is the following.

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

(�

t

+ �j�

h

j

2

)W

h

0;int;N

+ �

�

W

h

1;int;N

+RW

h

1;int;N

=

 

j�

h

j

2

b

p

0;int;N

0

!

(�

t

+ �j�

h

j

2

)W

3

0;int;N

+ �

�

W

3

1;int;N

= ��

3

b

p

0;int;N

W

1

1;int;N

+ �

3

W

3

1;int;N

= 0

W

3

1;int;N

j�


= �W

k;3

1;BL

j�


:

As usual, we are going to redu
e this problem to a problem with a homogeneous Diri
hlet

boundary 
ondition. To do so, let us �rst de�ne the fun
tion r

`

where

r

`

(x

3

) = 1 when ` is odd, r

`

(x

3

) = 1� 2x

3

when ` is even.

Then let us state

W

1;int;N

def

=

N

X

`=1

f

`

(�)

�

Æ

`

; 0; r

`

(x

3

)

�

with Æ

`

= 1 + (�1)

`

and let us look for W

1;int;N

of the form

W

1;int;N

=W

1;int;N

+W

1;int;N

:

Now the above system 
an be written

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

(�

t

+ �j�

h

j

2

)W

h

0;int;N

+ (�

�

+R)W

h

1;int;N

=

 

j�

h

j

2

b

p

0;int;N

0

!

� (�

�

+R)W

h

1;int;N

(�

t

+ �j�

h

j

2

)W

3

0;int;N

+ �

�

W

3

1;int;N

= ��

3

b

p

0;int;N

� �

�

W

3

1;int;N

W

1

1;int;N

+ �

3

W

3

1;int;N

= 0

W

3

1;int;N

j�


= 0:

Still as usual, the original boundary 
ondition appears through a for
ing term. Considering

this boundary 
ondition on W

1;int;N

, it is natural to look for W

1;int;N

and

b

p

0;int;N

of the

form

W

1;int;N

=

�

N

X

k=0

W

k;h

1;int;N


os(k�x

3

);�

N

X

k=1

1

k�

W

k;1

1;int;N

sin(k�x

3

)

�

and

b

p

0;int;N

=

N

X

k=0

p

k

0;int


os(k�x

3

):

Now let us de
ompose the for
ing term in a low and a high verti
al frequen
y part. This part

will be small when N tends to 1. Let us noti
e that in L

2

(℄0; 1[), we have

r

`

(x

3

) =

X

k�1

r

`;k

sin(k�x

3

) with r

`;k

def

=

1

k�

(1 + (�1)

k+`

): (2.18)

12



So, we write that

W

1;int;N

= F

N

+R

"

N

with F

N

def

=

N

X

`=1

f

`

(�)

�

Æ

`

; 0;

N

X

k=1

r

`;k

sin(k�x

3

)

�

:

Obviously, R

"

N

satis�es the property (2.12). Now let us proje
t on 
osine and sine fun
tions,

whi
h yields

�

d

d�

+R

�

W

0;h

1;int;N

=

N

X

`=1

n

�

df

`

d�

(Æ

`

; 0) + f

`

(�)(0; Æ

`

)

o

d

d�

W

0;3

1;int;N

= 0

and, when k 6= 0, 
onsidering the form of W

0;int;N

given by (2.17)

L

k

(�)

�

d

dt

+ �j�

h

j

2

�

f

W

k

0;int

+

�

d

d�

+R

�

W

k;h

1;int;N

=

 

j�

h

j

2

b

p

k

0;int

0

!

��

1

1

k�

L

k

(�)

�

d

dt

+ �j�

h

j

2

�

f

W

k

0;int

+

d

d�

W

k;3

1;int;N

= �

X

`�N

r

`;k

df

`

d�

+ k�

b

p

k

0;int

:

Let us solve �rst the system when k = 0. As W

0;3

1;int;N

= 0 the divergen
e free 
ondition

implies that W

0;1

1;int;N

= 0. So the system be
omes

�W

0;2

1;int;N

= �

N

X

`=1

df

`

d�

+ j�

h

j

2

b

p

0

0;int;N

d

d�

W

0;2

1;int;N

=

N

X

`=1

f

`

(�)

Thus we get

W

0

1;int;N

=

�

0;

N

X

`=1

X

�




�

`

4�

`

�

�
s

�

(�

`

)

f

W

`;1

0;int

+ �

`


s

�

(�

`

)

f

W

`;2

0;int

�

; 0

�

:

We also get an expli
it formula for p

0

0;int;N

whose 
omputation is left to the reader.

Let us noti
e that those terms do not depend on the variable x

3

and are bounded in time

and time os
illating.

Now let us study the 
ase when k 6= 0. As usual, the divergen
e free 
ondition will

determine the pressure by

b

p

k

0;int

=

1

j�

h

j

2

+ (k�)

2

�

X

`�N

k�r

`;k

df

`

d�

+W

k;2

1;int;N

�

:

So now the system be
omes

L

k

(�)

�

d

dt

+ �j�

h

j

2

�

f

W

k

0;int

+

�

d

d�

+R

k

�

W

k;h

1;int;N

�

X

`�N

0

B

�

k�r

`;k

j�

h

j

2

j�

h

j

2

+ (k�)

2

df

`

d�

0

1

C

A

= 0: (2.19)
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Now we have to remember that the f

`

are linear maps of

f

W

`

0;int

whose 
oeÆ
ients os
illate

in time with the frequen
y

�

`

"

� This leads to the following lemma whose proof is a series of

straighforward 
omputations left to the reader.

Lemma 3 We have the following identity:

�

X

`�N

0

B

�

k�r

`;k

j�

h

j

2

j�

h

j

2

+ (k�)

2

df

`

d�

0

1

C

A

= L

k

(�)

�

B

k

+

N

X

`=1

B

k;`

(�)

�

f

W

k

0;int

where B

k;`

(�) are matri
es whose 
oeÆ
ients are 
osine or sine fun
tions of (�

k

��

`

)� for ` 6= k

and of �

k

� when ` = k and where

B

k

=

(1� �

2

k

)�

k

4

0

B

�




�

k

� 


+

k

��

k

(


+

k

+ 


�

k

)




+

k

+ 


�

k

�

k




�

k

� 


+

k

1

C

A

�

Thus the system splits into the two following ones

�

d

dt

+ �j�

h

j

2

+B

k

�

f

W

k

0;int

= 0 and

�

d

d�

+R

k

�

W

k;h

1;int;N

= �L

k

(�)

�

N

X

`=1

B

k;`

(�)

�

f

W

k

0;int

:

Immediately we have that

f

W

k

0;int

(t) = exp(��j�

h

j

2

t� P

k

t)

0

�


os Æ

k

t �

k

sin Æ

k

t

�

1

�

k

sin Æ

k

t 
os Æ

k

t

1

A

f

W

k

0;int

(0) with (2.20)

Æ

k

def

=

(1� �

2

k

)�

k

4

(


+

k

+ 


�

k

) ;

P

k

def

=

(1� �

2

k

)�

k

4

(


�

k

� 


+

k

) and

W

k;h

1;int;N

= L

k

�

t

"

�

N

X

`=1

C

k;`

�

t

"

�

f

W

k

0;int

(t) (2.21)

where C

k;`

are (2 � 2 valued) smooth bounded fun
tions of � whose derivatives are the B

k;`

.

So applying the usual pro
edure for the higher order terms for boundary layers, we �nd the


omplete expression of the approximate solution.

As far as estimates (2.15) and (2.16) are 
on
erned, the worse terms are obviously W

k;h

0;BL

.

As the support of FW

k;h

0;BL

is in
luded in C(N

�1

; N), it is enough estimate then L

2

norm

on R

2

.

From the above formula, we have that

k�

3

W

k;h

0;BL

(t; �; x

3

)k

L

2

(R

2

)

�

C

k

"

X

�

�

exp

�

�

x

3

"

q

2�

�

k

�

+ exp

�

�

1� x

3

"

q

2�

�

k

�

�

k

f

W

k;h

0;int

(t; �)k

L

2

(R

2

)

:
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So we infer that

Z

1

0

d(x

3

)k�

3

W

k;h

0;BL

(t; �; x

3

)k

2

L

2

(R

2

)

� C

k

kW

k;h

0;int

(t; �)k

2

L

2

(R

2

)

Z

1

0

d(x

3

)

"

exp

�

�2

d(x

3

)

"

�

dx

3

� C

k

kW

k;h

0;int

(t; �)k

2

L

2

(R

2

)

:

Moreover, exa
tly along the sames lines, we have that

Z

1

0

d(x

3

)

2

k�

3

W

k;h

0;BL

(t; �; x

3

)k

L

2

(R

2

)

� C

k

kW

k;h

0;int

(t; �)k

2

L

2

(R

2

)

Z

1

0

d(x

3

)

2

"

exp

�

�2

d(x

3

)

"

�

dx

3

� C

k

"kW

k;h

0;int

(t; �)k

2

L

2

(R

2

)

:

The result follows.

3 The non linear estimates

This se
tion 
onsists in proving Theorem 2. Let us �rst 
ut o� the initial data in the frequen
y

spa
e. To do so, let us de�ne

u

0

(x

h

)

def

=

Z

1

0

u

0

(x

h

; x

3

)dx

3

;

u

k;h

0

(x

h

)

def

=

1

2

Z

1

0

u

0

(x

h

; x

3

) 
os(k�x

3

)dx

3

;

u

0;N

def

= F

�1

(1

C

N

b

u

0

) and

u

k;h

0;N

def

= F

�1

(1

C

N

b

u

k;h

0

):

For any positive real number �, an integer N

0

exists, depending of 
ourse on � and on the

initial data u

0

su
h that

ku

0

� u

0;N

�

e

u

0;N

k

L

2
<

�

4

with

e

u

0;N

=

N

X

k=1

�

u

k;h

0;N

(x

h

) 
os(k�x

3

);�

1

k�

div

h

u

k;h

0;N

(x

h

) sin(k�x

3

)

�

:

Let us de�ne u

N

as the solution of

(LE

�;�

)

8

>

<

>

:

�

t

u

N

� ��

h

u

N

+

p

2� u

N

= �rp

N

�F

�1

(1

C

N

F(div

h

(u
 u)))

div

h

u

N

= 0

u

N

jt=0

= u

0;N

:

A basi
 energy estimate implies that, for any positive �, an integer N

0

exists su
h that, for

any t in R

+

and any N greater or equal to N

0

, we have

ku(t)� u

N

(t)k

2

L

2

+2

Z

t

0

�

�kr

h

(u(t

0

)� u

N

(t

0

))k

2

L

2

+

p

2� ku(t

0

)� u

N

(t

0

)k

2

L

2

�

dt

0

<

�

2

16

� (3.22)
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Sobolev embeddings also imply that u belongs to L

4

(R

+

�R

2

) and u

N


onverges to u in the

spa
e L

4

(R

+

�R

2

). Thus we have

lim

N!1

F

�1

(1

C

N

F(div

h

(u
 u))) = lim

N!1

div

h

(u

N


 u

N

) = div

h

(u
 u) (3.23)

in the spa
e L

2

(R

+

;H

�1

(R

2

)).

Now we shall use Lemmas 1 and 2 to de�ne the (sequen
e of) approximate solutions of the

system. Let us de�ne (u

"

wp;N

)

">0

as the families given by Lemma 1 applied with v

N

= u

N

solution of (LE

�;�

); it represents the \well prepared" part pf the solution. The so{
alled \ill

prepared" part is de�ned as (u

"

ip;N

), the families given by Lemma 2 applied with v

N

equal to

the solution of the linear problem

8

>

<

>

:

�

t

v

N

� ��

h

v

N

+ Ev

N

= �rp

N

div v

N

= 0

v

N

jt=0

=

e

u

0;N

:

(3.24)

Of 
ourse, we state

u

"

app;N

def

= u

"

wp;N

+ u

"

ip;N

: (3.25)

Let us derive the equation satis�ed by u

"

app;N

. Using Lemmas 1, 2 and (3.23), we get that

L

"

u

"

app;N

= R

"

N

+rp

"

+ div

h

(u

N


 u

N

): (3.26)

Using energy estimates, we get that

ku

"

app;N

(t)k

2

L

2

+ 2�

Z

t

0

kr

h

u

"

app;N

(t

0

)k

2

L

2

dt

0

+ 2�"

Z

t

0

k�

3

u

"

app;N

(t

0

)k

2

L

2

dt

0

� ku

0

k

2

L

2

�

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)ju

"

app;N

(t

0

))

L

2
dt

0

+ �

"

N

where, as in all that follows, �

"

N

denotes generi
ally a s
alar quantity su
h that

8� ; 9N

0

; 8N > N

0

; 9"

0

= 8" < "

0

; �

"

N

< �:

In fa
t, �

"

N

will be the sum of a series whi
h tends to 0 uniformly in " when N goes to 1 and

of terms bounded by C

N

"

�

for some positive �.

Thanks to Inequality (2.13) of Lemma 2 we have

ku

"

app;N

�L

�

t

"

�

v

N

k

L

2

(R

+

;H

1;0

)

� C

N

"

1

2

ku

0

k

L

2
:

So, as div

h

(u

N


 u

N

) belongs to L

2

(R

+

�
), we have

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)ju

"

app;N

(t

0

))

L

2
dt

0

=

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)ju

N

(t

0

))

L

2
dt

0

+

Z

t

0

�

div

h

(u

N


 u

N

)(t

0

)jL

�

t

0

"

�

v

N

(t

0

)

�

L

2

dt

0

+ �

"

N

16



But u

N

(and thus div

h

(u

N


u

N

)) is a horizontal ve
tor �eld, and sin
e div

h

u

N

= 0, we have

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)ju

N

(t

0

))

L

2
dt

0

= 0:

Moreover, by de�nition of v

N

and L(�), we have

(div

h

(u

N


 u

N

)(t)jL

�

t

"

�

v

N

(t

0

))

L

2

N

X

k=1

Z




div

h

(u

N


 u

N

)(t) � F

�1

A(�

h

)L

k

�

t

"

�

A

�1

(�

h

)

b

v

k;h

(�

h

)(t

0

) 
os(k�x

3

)dx

h

dx

3

:

But as

Z

1

0


os(k�x

3

)dx

3

= 0, if k 6= 0, we have

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)jL

�

t

0

"

�

v

N

(t

0

))

L

2
dt

0

= 0;

so �nally

Z

t

0

(div

h

(u

N


 u

N

)(t

0

)ju

"

app;N

(t

0

))

L

2dt

0

= �

"

N

:

As an immediate 
onsequen
e, it turns out that

ku

"

app;N

(t)k

2

L

2

+2�

Z

t

0

kr

h

u

"

app;N

(t

0

)k

2

L

2

dt

0

+2�"

Z

t

0

k�

3

u

"

app;N

(t

0

)k

2

L

2

dt

0

� ku

0

k

2

L

2

+�

"

N

: (3.27)

Equation (3.26) 
an be rewritten as

L

"

u

"

app;N

+ u

"

app;N

� ru

"

app;N

= R

"

N

+rp

"

+ F

"

N

(3.28)

with

F

"

N

def

= u

"

app;N

� ru

"

app;N

� u

N

� ru

N

:

Now, we use the 
lassi
al method to prove weak strong type estimates. We are exa
tly in

this situation be
ause we 
onsider a weak solution u

"

without any additionnal regularity and

a regular (approximate) solution u

"

app;N

. Let us denote by Æ

"

the di�eren
e u

"

� u

"

app;N

, we

write that

E

"

(t)

def

= kÆ

"

(t)k

2

L

2

+ 2�

Z

t

0

kr

h

Æ

"

(t

0

)k

2

L

2

dt

0

+ 2�"

Z

t

0

k�

3

Æ

"

(t

0

)k

2

L

2

dt

0

= ku

"

(t)k

2

L

2

+ 2�

Z

t

0

kr

h

u

"

(t

0

)k

2

L

2

dt

0

+ 2�"

Z

t

0

k�

3

u

"

(t

0

)k

2

L

2

dt

0

+ ku

"

app;N

(t)k

2

L

2

+ 2�

Z

t

0

kr

h

u

"

app;N

(t

0

)k

2

L

2

dt

0

+ 2�"

Z

t

0

k�

3

u

"

app;N

(t

0

)k

2

L

2

dt

0

� 2(u

"

(t)ju

"

app;N

(t))

L

2
� 4�

Z

t

0

(r

h

u

"

(t

0

)jr

h

u

"

app;N

(t

0

))

L

2
dt

0

� 4�"

Z

t

0

(�

3

u

"

(t

0

)j�

3

u

"

app;N

(t

0

))

L

2
dt

0

:
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As u

"

is a Leray solution of (RF

"

), it satis�es the energy inequality. So thanks to Inequal-

ity (3.27) we get

E

"

(t) � 2ku

0

k

2

L

2

� 2(u

"

ju

"

app;N

)

L

2
� 4�

Z

t

0

(r

h

u

"

(t

0

)jr

h

u

"

app;N

(t

0

))

L

2
dt

0

� 4�"

Z

t

0

(�

3

u

"

(t

0

)j�

3

u

"

app;N

(t

0

))

L

2dt

0

+ �

"

N

:

As u

"

app;N

is a smooth fun
tion su
h that u

"

app;N

j�


= �

t

u

"

app;N

j�


= 0, the fun
tion

t 7! (u

"

(t)ju

"

app;N

(t))

L

2

is C

1

, so we 
an write, using (3.28) and the fa
t that a� e

3

� b+ b� e

3

� a = 0,

d

dt

(u

"

ju

"

app;N

)

L

2
=

�

��

h

u

"

+ �"�

2

3

u

"

� u

"

� ru

"

�rp

"

�

�

�

u

"

app;N

�

L

2

+

�

��

h

u

"

app;N

+ �"�

2

3

u

"

app;N

� u

"

app;N

� ru

"

app;N

�rp

"

app

+ F

"

N

�

�

�

u

"

�

L

2

:

By an integration by parts allowed by the fa
t that u

"

and u

"

app;N

vanish at the boundary, we

have

d

dt

(u

"

ju

"

app;N

)

L

2
= �2�(r

h

u

"

jr

h

u

"

app;N

)

L

2
� 2�"(�

3

u

"

j�

3

u

"

app;N

)

L

2

� (u

"

� ru

"

ju

"

app;N

)

L

2
� (u

"

app;N

� ru

"

app;N

ju

"

)

L

2
+ (F

"

N

ju

"

)

L

2
:

The fa
t that u

"

app;N

is a smooth fun
tion and that u

"

and u

"

app;N

are divergen
e free ve
tor

�elds that vanish on the boundary imply that

(u

"

� ru

"

ju

"

app;N

)

L

2
+ (u

"

app;N

� ru

"

app;N

ju

"

)

L

2
= (Æ

"

� rÆ

"

ju

"

app;N

)

L

2
:

Using again the fa
t that u

"

app;N

is a smooth fun
tion and that u

"

and u

"

app;N

are divergen
e

free ve
tor �elds that vanish on the boundary, we infer that

d

dt

(u

"

ju

"

app;N

)

L

2 = �2�(r

h

u

"

jr

h

u

"

app;N

)

L

2 � 2�"(�

3

u

"

j�

3

u

"

app;N

)

L

2 � (Æ

"

� rÆ

"

ju

"

app;N

)

L

2

+(F

"

N

ju

"

)

L

2
:

By integration and using Lemmas 1 and 2 we get that

(u

"

ju

"

app;N

)

L

2
(t) = ku

0

k

2

L

2

+ �

"

N

� 2�

Z

t

0

(r

h

u

"

(t

0

)jr

h

u

"

app;N

(t

0

))

L

2
dt

0

� 2�"

Z

t

0

(�

3

u

"

(t

0

)j�

3

u

"

app;N

(t

0

))

L

2
dt

0

�

Z

t

0

(Æ

"

(t

0

) � rÆ

"

(t

0

)ju

"

app;N

(t

0

))

L

2dt

0

+

Z

t

0

(F

"

N

(t

0

)ju

"

(t

0

))

L

2dt

0

:

So we infer that

E

"

(t) � 2

Z

t

0

(Æ

"

(t

0

) � rÆ

"

(t

0

)ju

"

app;N

(t

0

))

L

2
dt

0

+ 2

Z

t

0

(F

"

N

(t

0

)ju

"

(t

0

))

L

2
dt

0

+ �

"

N

: (3.29)

Now let us state the lemmas whi
h will enable us to 
on
lude the proof of Theorem 2.
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Lemma 4 Let u (resp. v) be any ve
tor �eld (resp. divergen
e free ve
tor �eld) in H

2

(
)

(resp. H

1

0

(
)). If we de�ne

N(u)

2

def

= sup

x

3

2[0;1℄

kr

h

u(�; x

3

)k

2

L

2

(R

2

)

+

Z

1

0

d(x

3

)k�

3

u(�; x

3

)k

2

L

4

(R

2

)

dx

3

;

then we have

(v � rvju)

L

2
�

�

4

kr

h

vk

2

L

2

+

C

�

N(u)

2

kvk

2

L

2

:

In the following lemma, and subsequently, we note O

N

("

1

2

) a quantity of the order of magni-

tude "

1

2

, depending on N .

Lemma 5 We have

Z

t

0

(F

"

N

(t

0

)ju

"

(t

0

))

L

2
dt

0

= O

N

("

1

2

):

The proof of this lemma uses in a 
ru
ial way dispersive estimates whi
h are summarized in

the following lemma.

Lemma 6 Let p 2 [1;+1℄ be given, and let us denote by

u

"

0;int;N

def

= L

�

t

"

�

u

N

(3.30)

where u

N

is the solution of

�

t

u

N

� ��

h

u

N

+ Eu

N

= 0

with the initial data u

0;N

. Then we have

ku

"

0;int;N

� u

N

k

L

p

(R

+

;L

1

(
))

� C

N

"

1

2

�

1

4p

ku

0

k

L

2 :

The following 
orollary is the result of an easy interpolation.

Corollary 7 For any p 2 [1;+1℄, any � > 0 and any q 2℄2;+1℄, we have

k�

�

(u

"

0;int;N

� u

N

)k

L

p

(R

+

;L

q

(
))

= �

"

N

:

Let us postpone the proof of those lemmas to the next paragraph and to Se
tion 4. They

imply that

E

"

(t) �

�

2

Z

t

0

kr

h

Æ

"

(t

0

)k

2

L

2

dt

0

+

C

�

Z

t

0

N(u

"

app;N

(t

0

))

2

kÆ

"

(t

0

)k

2

L

2

dt

0

+ �

"

N

:

But Lemmas 1 and 2 imply in parti
ular that there is a 
onstant C

N

su
h that for any ",

Z

1

0

N(u

"

app;N

(t))

2

dt � C

N

ku

0

k

2

L

2

:

So a Gronwall lemma implies that

sup

t�0

ku

"

(t)� u

"

app;N

(t)k

2

L

2

+ 2�

Z

1

0

kr

h

(u

"

(t

0

)� u

"

app;N

(t

0

))k

2

L

2

dt

0

= �

"

N

: (3.31)
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Now we 
an 
on
lude the proof of Theorem 2. From (2.13) we infer that

sup

t�0

ku

"

(t)� u

"

0;int;N

(t)k

2

L

2

+ 2�

Z

1

0

kr

h

(u

"

� u

"

0;int;N

)(t

0

)kdt

0

= �

"

N

:

Thanks to the above 
orollary, we infer that for any 
ompa
t subset K of 
, we have

sup

t�0

ku

"

(t)� u

N

(t)k

2

L

2

+ 2�

Z

1

0

kr

h

(u

"

� u

N

)(t

0

)kdt

0

= �

"

N

:

The result follows from the fa
t that u

N


onverges towards u in the energy spa
e, as N goes

to in�nity.

Now let us prove the lemmas we have admitted above, starting with Lemma 4. We have

to estimate

I

j;k

def

=

Z




v

j

(x)v

k

(x)�

k

u

j

(x)dx:

The 
ase when k 6= 3 is easier. Let us write that

jI

j;k

j �

Z

1

0

kv(�; x

3

)k

2

L

4

(R

2

)

kr

h

u(�; x

3

)k

L

2

(R

2

)

dx

3

:

Using the fa
t that kak

2

L

4

(R

2

)

� kak

L

2

(R

2

)

kr

h

ak

L

2

(R

2

)

, we have by de�nition of N(u),

jI

j;k

j �

Z

1

0

kv(�; x

3

)k

L

2

(R

2

)

kr

h

v(�; x

3

)k

L

2

(R

2

)

kr

h

u(�; x

3

)k

L

2

(R

2

)

dx

3

� N(u)

Z

1

0

kv(�; x

3

)k

L

2

(R

2

)

kr

h

v(�; x

3

)k

L

2

(R

2

)

dx

3

� N(u)kvk

L

2
kr

h

vk

L

2
:

So Lemma 4 is proved for I

j;k

whi
h k 6= 3. When k = 3, we shall use the following lemma.

Lemma 8 Let v be a divergen
e free ve
tor �eld in H

1

0

(
). Then we have for almost ev-

ery x

h

2 R

2

sup

x

3

2℄0;1[

jv

3

(x

h

; x

3

)j

d(x

3

)

1

2

� kdiv

h

v

h

(x

h

; �)k

L

2

(℄0;1[)

:

Let us prove Lemma 8. As v is a smooth divergen
e free ve
tor �eld whose value on the

boundary is 0, we have

v

3

(x

h

; x

3

) =

Z

x

3

0

�

3

v

3

(x

h

; y

3

)dy

3

= �

Z

x

3

0

div

h

v

h

(x

h

; y

3

)dy

3

:

Using Cau
hy-S
hwarz inequality, we have

jv

3

(x

h

; x

3

)j

2

� x

3

Z

1

0

jdiv

h

v

h

(x

h

; y

3

)j

2

dy

3

:

As the same is true for the upper boundary, Lemma 8 is proved.
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Lemma 8 implies that

8x

3

2℄0; 1[ ; kv(�; x

3

)k

L

2

(R

2

)

� d(x

3

)

1

2

kdiv

h

v

h

k

L

2 :

Now let us write that

jI

j;3

j �

Z

1

0

kv(�; x

3

)k

L

4

(R

2

)

kv

3

(�; x

3

)k

L

2

(R

2

)

k�

3

u(�; x

3

)k

L

4

(R

2

)

dx

3

� kdiv

h

v

h

k

L

2

Z

1

0

kv(�; x

3

)k

L

4

(R

2

)

d(x

3

)

1

2

k�

3

u(�; x

3

)k

L

4

(R

2

)

dx

3

:

Using Cau
hy-S
hwarz and Sobolev inequalities, that inequality implies that

jI

j;3

j � kdiv

h

v

h

k

L

2

�

Z

1

0

kv(�; x

3

)k

2

L

4

(R

2

)

dx

3

�

1

2

�

Z

1

0

d(x

3

)k�

3

u(�; x

3

)k

2

L

4

(R

2

)

dx

3

�

1

2

� kr

h

vk

3

2

L

2

kvk

1

2

L

2

N(u):

Using a log-
on
avity inequality, Lemma 4 is proved.

Now let us prove Lemma 5. To begin with let us de
ompose F

"

N

as

F

"

N

= F

"

N;1

+ F

"

N;2

with

F

"

N;1

def

= u

"

app;N

� ru

"

app;N

� u

"

0;int;N

� ru

"

0;int;N

and

F

"

N;2

def

= u

"

0;int;N

� ru

"

0;int;N

� u

N

� ru

N

:

These two terms will be estimated in two di�erent ways. The estimate on F

"

N;1

does not

use any dispersion estimates but the one on F

"

N;2

does indeed.

To estimate F

"

N;1

, let us write

F

"

N;1

= F

";h

N;11

+ F

";h

N;12

+ F

";3

N;11

+ F

";3

N;12

with

F

";h

N;11

def

= (u

";h

app;N

� u

";h

0;int;N

) � r

h

u

"

app;N

F

";h

N;12

def

= u

";h

0;int;N

� r

h

(u

"

app;N

� u

"

0;int;N

)

F

";3

N;11

def

= (u

";3

app;N

� u

";3

0;int;N

)�

3

u

"

app;N

and

F

";3

N;12

def

= u

";3

0;int;N

�

3

(u

"

app;N

� u

"

0;int;N

):

As usual, terms whi
h do not 
ontain verti
al derivatives are easier to deal with. Using

Cau
hy-S
hwarz and Sobolev inequalities, we get

�

�

�

(F

";h

N;11

ju

"

)

L

2

�

�

�

� sup

x

3

2℄0;1[

kr

h

u

"

app;N

k

L

2

(R

2

)

�

Z

1

0

k(u

"

app;N

� u

"

0;int;N

)(�; x

3

)k

L

4

(R

2

)

ku

"

(�; x

3

)k

L

4

(R

2

)

dx

3

� N(u

"

app;N

)

Z

1

0

kr

h

(u

"

app;N

� u

"

0;int;N

)(�; x

3

)k

1

2

L

2

(R

2

)

ku

"

app;N

� u

"

0;int;N

(�; x

3

)k

1

2

L

2

(R

2

)

� kr

h

u

"

(�; x

3

)k

1

2

L

2

(R

2

)

ku

"

(�; x

3

)k

1

2

L

2

(R

2

)

dx

3

:
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Using estimates (2.13) and (2.14) of Lemma 2, we have that

Z

1

0

j(F

";h

N;11

(t)ju

"

(t))

L

2
jdt � C

N

"

1

2

ku

0

k

2

L

2

:

Note that E(T ) is bounded uniformly in time. The estimate about F

";h

N;12

will be proved

following the same lines. We have

j(F

";h

N;12

ju

"

)

L

2
j � sup

x

3

2℄0;1[

ku

"

0;int;N

(�; x

3

)k

L

4

(R

2

)

�

Z

1

0

kr

h

(u

"

app;N

� u

"

0;int;N

)(�; x

3

)k

L

2

(R

2

)

ku

"

k

L

4

(R

2

)

dx

3

� C

N

ku

0

k

L

2N(u

"

0;int;N

)

1

2

kr

h

(u

"

app;N

� u

"

0;int;N

)k

L

2kr

h

u

"

k

1

2

L

2

:

So it turns out that

Z

1

0

j(F

";h

N;12

(t)ju

"

(t))

L

2 jdt � C

N

"

1

2

ku

0

k

2

L

2

:

As it is now usual, terms whi
h 
ontain verti
al derivatives are estimated in another way.

Using Lemma 8, we have

k(u

";3

app;N

� u

";3

0;int;N

)(�; x

3

)k

L

2

(R

2

)

� d(x

3

)

1

2

kr

h

(u

"

app;N

� u

"

0;int;N

)k

L

2 :

So we have

j(F

";3

N;11

ju

"

)

L

2
j � kr

h

(u

"

app;N

� u

"

0;int;N

)k

L

2

�

Z

1

0

d(x

3

)

1

2

k�

3

u

"

app;N

(�; x

3

)k

L

1

(R

2

)

ku

"

(�; x

3

)k

L

2

(R

2

)

dx

3

:

By Cau
hy-S
hwarz inequality, we have that

j(F

";3

N;11

ju

"

)

L

2 j � kr

h

(u

"

app;N

� u

"

0;int;N

)k

L

2

�

�

Z

1

0

d(x

3
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"

app;N

(�; x

3

)k

L

1

(R

2

)

dx

3

�

1

2

ku

"

k

L

2 :

So applying Inequalities (2.13) and (2.15) of Lemma 2 we get that

Z

1

0

j(F

";3

N;11

(t)ju

"

(t))

L

2
jdt � C

N
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1

2
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L
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:

To estimate the term F

";3

N;12

, let us observe that

u

";3

0;int;N

(x

h

; x

3

) = �

N

X
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1

k�
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h
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";k;h
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(x

h
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3

):

So it turns out that
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2 :
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So we �nd

j(F
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N;12

ju
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)

L
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"

0;int;N

k

L

2

�

Z
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:

So by Cau
hy-S
hwarz inequality, we get

j(F
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:

The estimate (2.16) allows to 
on
lude that
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:

So we have that
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:

Let us noti
e that no dispersion e�e
ts have been used to prove this estimate. But we shall

use them to estimate

Z

1

0

j(F

"

N;2

(t)ju
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L
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As u

3

N

= 0, let us write that
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As u

"

0;int;N

is a (�nite) sum of produ
ts of a fun
tion of the horizontal variable those Fourier

transform is in
luded in the ball of 
enter 0 and radius N by a fun
tion 
os(k�x

3

) or sin(k�x

3

)

we have, for j 2 f1; 2g,

kF

"
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2
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1

):

So using Lemma 6 and of 
ourse the 
onservation of energy for (NSE) and the fa
t that L(�)

is uniformly bounded on L

2

, we 
an write that
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Lemma 5 is now proved and thus Theorem 2 also.
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4 Proof of the Stri
hartz type inequality

In this �nal se
tion, we shall prove Lemma 6, stated in the previous se
tion. This type of

estimate in the 
ase of rotating 
uids has been investigated in [3℄ in various situations. For

the 
onvenien
e of the reader, we give here a self 
ontained proof.

Thanks to the de�nition of L (see (2.10)) we have that
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As usual in the proof of Stri
hartz type estimates, we start by proving a so 
alled dispersive

estimate whi
h here is the following.
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h that for any k � N , we have
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Let us prove Lemma 9. Using the rotation invarian
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, we may assume that x
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tor �eld a
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An integration by parts allows us to obtain
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But easy 
omputations yield
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Using (4.32), it turns out that
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whi
h proves Lemma 9.

Now let us �nish the proof of Lemma 6. As an immediate 
orollary of the result above,

we have
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Now we shall use a duality argument, otherwise known as the TT
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argument. On
e we have

observed that

kak

L

1

(R

+

;L

1

(R

2

))

= sup

'2B

Z

R

+

�R

2

a(t; x

h

)'(t; x

h

) dx

h

dt

with B

def

= f' 2 D(R

+

�R

2

); k'k

L

1

(R

+

;L

1

(R

2

))

� 1g, we 
an write

kK

k

�

t

"

,

t; �

�

� 


k

k

L

1

(R

+

;L

1

(R

2

))

= sup

'2B

Z

R

+

�R

4

K

k

�

t

"

,

t; x� y

�




k

(y)'(t; x) dxdydt

= sup

'2B

Z

R

+

�R

2




k

(y)

�

Z

R

2

K

k

�

t

"

,

t; x� y

�

'(t; x) dx

�

dydt:

A Cau
hy S
hwarz inequality then yields
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By Fourier{Plan
herel, we have
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and we 
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It follows that
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Now we use Fourier{Plan
herel again to get
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Using the dispersion estimate (4.33), we get
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Lemma 6 is proved.
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