THE CAUCHY PROBLEM FOR QUASI-LINEAR PARABOLIC
SYSTEMS REVISITED - ERRATUM

ISABELLE GALLAGHER AND AYMAN MOUSSA

ABsTRACT. In [1, p. 1666], the proof of [1, Theorem 6] had a misprint, which
turned into a wrong argument that we correct here.

Let us first recall a few useful notations. We use here the Besov spaces B, ;| defined
in [1, Appendix B]. For any given T > 0 and p € [1,00), the analogue of the solution
space E7 in the Besov setting is:

E7 = C°((0,7]; By ) "LY(0, T3 By %),
while the analogue of the exterior force space Y7 is:

Y5 :=LY0,T;B; ).

Subsection 7.4 of [1] intended to define a fixed-point procedure leveraging on [1,
Theorem 7]. We propose below a complete rewriting of this subsection.

7.4. Conclusion. To conclude the proof we shall use the linear estimate provided by
[1, Theorem 7] to implement a fixed point argument. Let us set

d
Gh :=ELNnC’Qr).
a d
Given (U°, F) € B}, NY7, we consider the following map

@:G%—)E%
U— U*,

d
where U* is the only element of E7. solving L 4 U* = F with U(0) = U°. We define
as before the reference solution Up := ©(0).

Before starting the fixed point procedure, let us check that © maps G¥%. onto itself.
We recall that U* := O(U) solves

OU* = 0k(A(U)ORU*) + F
k

d
and we know that F' belongs to Y7.. Let us prove that the same information holds
for 0, (A(U))9xU*). We write

O (A(U)ORU*) = A(U)RU* + A'(U)0, U U*
d d
and we know that smooth functions are continuous over B/, so since B}, is an
algebra, it follows that
[AGU*|| o S [|A@) 4 16U 2 S 2(|U]|
Y Y Ls®

LFE(Bg 1)

)] Lo

da ‘ dyo
P YP+
T p,1 T

1



2 ISABELLE GALLAGHER AND AYMAN MOUSSA

with ® smooth and increasing. Similarly

A" (U 0kUakU*|\ S||Aw H \|8kU|| a4 (10U 4

d
(By1) L3(Byy ) L3(By, )
We thus find that 9,U* belongs to L(0,T; Bz?, 1), which implies the expected result

d
since B, is embedded in the space of continuous functions. In the following we
a
restrict our attention to the space ., as the estimates can then be extended to the

full space G%. by the same argument on the time derivative.

d
Consider U; in the E7. closed ball of radius r centered at Ur and set V := Uy —
Up. The same argument as in [1, Corollary 2.5] allows to replace the continuity
constant [A(Ur)]o by [[Ur||gz, so that
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Since

Lawe)V =Lawy)V + Y 0x(A(Uh) — A(Ur)) iV
k

we find thanks to [1, Proposition B.2] that
VIl g Sruelee wop 1LawnVI g + AU = AUR) L @IVl a4
EP T EF Y2
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It follows that if 7 is small enough (depending only on T" and Up) then

T
||V|| 4 ST Urllgg v, ILa@n VIl /0 [[AT) — A(UR)](t M _g=lVOI 4 dt.

d
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But
Lawy)V =Y 0k(AU1) = A(0))0kUr
k

so again thanks to [1, Proposition B.2]
VI o Srvplep wop, 1AWUL) = AO) L@ IUFI_ 4y,
EZ T Y2

T
+ [T IEA@) - A0l @]y 2t
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T
+ / [[AU) = AUR)| )| 4Vl 4 dt.
0 By, BY,

In the right-hand side, the two first lines are small as soon as both T" and r are small:
for the first one we can split A(U;) — A(0) into A(Uy) — A(Ur) + A(Ur) — A(0) and
use the triangular inequality while for the second one, we use the embedding of E;l/ P
into L2([0, T7; Bd/p+1) by interpolation. Then, the last line is handled thanks to a

Gronwall estimate and we can find 7" small enough so that HV||E;/p <r.

d
Similarly, we can prove that © is Lipschitz on the ball of E7. centered at Ur and of
radius r with a Lipschitz constant smaller than one (for » and T" small enough). This
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follows the same lines as the above computations: we fix U; and Us such that |U; —
Ur|| « <r and we note that thanks to [1, Proposition B.2]
Er

T
IUT = U3 a2 Sr.juslley /0 ICA@) = AW )| g allUZ@)] ., dt

+ [ 1) - AT~ 1050 g
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where we have used that since ||U; — UF||E?/P < r then in particular for any (¢,x)
and (t,2’) in Q7 there holds
\Ui(t,z) — UL (', 2")| < 2r + |Up(t,z) — Up(t',2")]
whence
wy, <r+wyp -
The result follows choosing r and 7' small enough. O
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