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Abstra
t. Using methods introdu
ed by S. S
ho
het in [22℄, we 
ompute the �rst term of an asymptoti
 expansion

of the solutions of hyperboli
 equations perturbated by a skew{symmetri
 linear operator. That result is �rst applied

to two systems des
ribing the motion of geophysi
 
uids: the rotating Euler equations and the primitive system of the

quasigeostrophi
 equations. Finally in the last part, we study the slightly 
ompressible Euler equations by appli
ation

of that same result.

1 Introdu
tion and statement of results

We are interested in symmetri
 hyperboli
 systems of the type

(H

"

)

8

<

:

�

t

v

"

+ q(v

"

; v

"

) +

L(v

"

)

"

= 0 in T

d

v

"

jt=0

= v

0

;

where v

"

and v

0

are d

0

{dimensional ve
tor �elds, de�ned respe
tively on R � T

d

and T

d

,

where T

d

is a periodi
 box: fun
tions de�ned on T

d

are 2�b

j

{periodi
 in ea
h of the d

dire
tions of R

d

, where the b

j

's are stri
tly positive real numbers. The linear operator L is

skew{symmetri
, and is de�ned by

L(v) = F

�1

d

0

X

a=1

i!

a

(n) (Fv(n); e

a

(n)) e

a

(n); (1.1)

where ( � ; � ) denotes the hermitian s
alar produ
t in C

d

0

. We have written Fv(n) for the

dis
rete Fourier transform of v, and the !

a

(n) are real numbers and (e

a

(n))

1�a�d

0

is a set of

orthonormal ve
tors for all n. Finally q(u; v) is a bilinear form, of the type

q(u; v) = (Au � rv +Av � ru) =2; (1.2)

where A is a linear operator, su
h that Au =

�

A

j

u

�

1�j�d

, and for all j, A

j

u is a smooth,

symmetri
 matrix. It 
an also be a form of the type q(u; v) = P (Au � rv +Av � ru) =2;

where P is the L

2

{orthogonal proje
tor onto the spa
e of divergen
e free ve
tor �elds | that

form will be used in the examples of appli
ation we shall study, 
on
erning invis
id 
uids. In
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that 
ase, we are not stri
tly speaking in the setting of hyperboli
 equations; however, as we

will see, the energy estimates we shall write will be true for (1.2) as well as for that bilinear

form. So we shall note in the following

q(u; v) =

1

2

F

�1

X

k+m=n

P (n)

�

FA

j

u(k)m

j

Fv(m) + FA

j

v(k)m

j

Fv(m)

�

;

where P (n) is a homogeneous fun
tion of order 0, de�ned on Z

d

. We have used the Einstein


onvention on the summation over repeated indexes: we have omitted the sum over j in the

de�nition above, and we will keep that 
onvention throughout this paper.

Singular limits in systems su
h as (H

"

) have been studied by a number of authors (among

others, one 
an refer to [12℄, [14℄, [15℄, [16℄, [19℄ or [22℄ for instan
e). Existen
e results

follow dire
tly from the skew{symmetry of L (as the perturbation disappears in the energy

estimates). However, to �nd the limit of the solutions, one 
annot take the limit dire
tly in

the system (H

"

) (as �

t

v

"

is a priori not bounded in "). An idea (as in [1℄, [12℄, or [22℄ for

instan
e) is to \�lter" the system by the semi{group L(t) asso
iated with L, by de�ning the

operator L(t)v = F

�1

d

X

a=1

e

�i!

a

(n)t

(Fv(n); e

a

(n)) e

a

(n); with the same notations as for (1.1),

and we 
onsider u

"

= L(�

t

"

)v

"

, whi
h satis�es

(

~

H

"

)

(

�

t

u

"

+Q

"

(u

"

; u

"

) = 0 in T

d

u

"

jt=0

= v

0

;

where we have written

Q

"

(u; v) = L(�

t

"

)q

�

L(

t

"

)u;L(

t

"

)v

�

: (1.3)

We shall note Q(u; u) the limit in D

0

of Q

"

(u

"

; u

"

), whi
h, as L preserves the H

�

norms, is also

the limit of Q

"

(u; u). The operator Q satis�es the fundamental property of being independent

of time, sin
e by the non stationary phase theorem, FQ(u; v) is equal to

1

2

X

k+m=n

!

a

(k)+!

b

(m)=!




(n)

�

P (n)A

j

u

a

(k)m

j

v

b

(m)

�




(n) +

�

P (n)A

j

v

a

(k)m

j

u

b

(m)

�




(n);

where, to simplify the notations, we have written

A

j

u

a

(k) = FA

j

�

F

�1

u

a

(�)

�

(k); with u

a

(k) = (Fu(k); e

a

(k)) e

a

(k): (1.4)

The next theorem is proved in [22℄; the spa
e H

�

is the homogeneous Sobolev spa
e of order �.

Theorem 0 Consider v

0

2H

�

(T

d

), where � �

d

2

+ 3, and suppose that the solution u of

(H

0

)

(

�

t

u+Q(u; u) = 0 in T

d

u

jt=0

= v

0

is de�ned in C

0

([0; T ℄;H

�

(T

d

)): Then for " small enough, the solution v

"

of the system (H

"

)

satis�es v

"

2 C

0

([0; T ℄;H

�

(T

d

)), and

v

"

�L(

t

"

)u = o(1) in C

0

([0; T ℄;H

��1

(T

d

)):
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The aim of this paper is to analyse more pre
isely what that o(1) is made of, assuming, if need

be, more regularity on the initial data and some additional properties on the perturbation

operator L. For instan
e in the 
ase when (H

"

) is the in
ompressible rotating Euler equation,

A. Babin, A. Mahalov, and B. Ni
olaenko in [1℄ �nd a rate of 
onvergen
e of u

"

to u in O("),

and the proof of that result depends very mu
h on \small divisor estimates" satis�ed by the

operator L. So let us introdu
e the following de�nition.

De�nition 1.1 We will say that L satis�es a small divisor estimate of order r � 2 and of

degree � if there exists a 
onstant C

r;�

su
h that for all (k

1

; ::; k

r

) in Z

rd

, for all (b

1

; ::; b

r+1

)

in f1; ::; d

0

g

r+1

, we have

r

X

i=1

!

b

i

(k

i

) 6= !

b

r+1

(

r

X

i=1

k

i

) ) j

r

X

i=1

!

b

i

(k

i

)� !

b

r+1

(

r

X

i=1

k

i

)j

�1

� C

r;�

r

Y

i=1

(1 + jk

i

j)

�

:

In the following we will use the notation

!

a;b;


k;n

def

= !

a

(k) + !

b

(n� k)� !




(n); !

a;b;
;d

k

0

;k;n

def

= !

a

(k

0

) + !

b

(k � k

0

) + !




(n� k)� !

d

(n):

Remark. Let us note that it is proved in [11℄ that a large 
lass of perturbations L satis�es

su
h a small divisor estimate for almost all domains T

d

:

Theorem 1 Let us suppose the perturbation L satis�es a se
ond order small divisor estimate

of degree � � 0. Then if v

0

2 H

s+�

, where s >

d

2

+ 4, and if the solution u of (H

0

) is in the

spa
e C

0

([0; T ℄;H

s+�

(T

d

)), then the �ltered solution u

"

satis�es

u

"

� u = "h� "

~

R

"

os


(u) + o(") in C

0

([0; T ℄;H

s�3

(T

d

));

where h is the solution in C

0

([0; T ℄;H

s�2

(T

d

)) of a linearized limit equation

(H

1

)

(

�

t

h+ 2Q(u; h) = R(u) in T

d

h

jt=0

=

~

R

"

os


(u)

jt=0

;

and where F

~

R

"

os


(u) and FR(u) are respe
tively equal to

X

k+m=n

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

P (n)A

j

u

a

(k)m

j

u

b

(m)

�




(n) and

X

k+m=n

k

0

+m

0

=k

X

!

a

0

;b

0

;a

k

0

;k

6=0

!

a

0

;b

0

;b;


k

0

;k;n

=0

i

!

a

0

;b

0

;a

k

0

;k

�

P (n)A

j

u

b

(m)k

j

�

P (k)A

`

u

a

0

(k

0

)m

0

`

u

b

0

(m

0

)

�

a

(k)

�




(n)

+

X

k+m=n

k

0

+m

0

=k

X

!

a

0

;b

0

;a

k

0

;k

6=0

!

a

0

;b

0

;b;


k

0

;k;n

=0

i

!

a

0

;b

0

;a

k

0

;k

�

P (n)A

j

�

P (k)A

`

u

a

0

(k

0

)m

0

`

u

b

0

(m

0

)

�

a

(k)m

j

u

b

(m)

�




(n);

with the notations de�ned in (1:4).
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Remarks. That theorem means that the di�eren
e between u

"

and u, at the �rst order,

is measured by a fun
tion h independent of ", and an os
illating fun
tion

~

R

"

os


(u). The

fun
tion h satis�es a linear equation, where the for
ing term is 
ubi
 in u; it is due to the

fa
t that in a term su
h as Q

"

(

~

R

"

os


(u); u), whi
h appears when one 
onsiders the equation

satis�ed by "

�1

(u

"

� u) +

~

R

"

os


(u), the os
illations due to

~

R

"

os


(u) and Q

"


an interfere and


an
el out. Let us furthermore note that in [11℄, a similar result as Theorem 1 is proved in

the paraboli
 
ase.

The proof of that theorem is written in se
tion 2; it will be found using a more general lemma,

Lemma 2.1 proved in se
tion 3, 
on
erning equations where the right{hand side os
illates fast

in time. That type of fun
tion is the obje
t of the 
oming de�nition.

De�nition 1.2 Let T > 0, p � 1 and � >

d

2

be �xed. We write

~

k

q

= (k

1

; ::; k

q

); where k

i

2 Z

d

;

and will 
all j

~

k

q

j = max

1�i�q

jk

i

j. Then a fun
tion R

"

os


(t) will be said to be (p; �){os
illating

if it 
an be written as

R

"

os


(t) =

X

q2f1;::;pg

R

"

q;os


(t); where (1.5)

R

"

q;os


(t) = F

�1

X

~

k

q

2K

n

q

e

�i

t

"

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

"

1

(t; k

1

)::f

"

q

(t; k

q

);

with K

n

q

=

(

~

k

q

2 Z

dq

j

q

X

i=1

k

i

= n and �

q

(n;

~

k

q

) 6= 0

)

, and where r

0

and f

"

i

satisfy

9 (�

i

)

1�i�q

; �

i

� 0; su
h that jr

0

(n;

~

k

q

)j � C (1 + jk

1

j)

�

1

:: (1 + jk

q

j)

�

q

;

8 i 2 [1; ::; q℄; F

�1

(f

"

i

(t; �)) is uniformly bounded in C

0

([0; T ℄;H

�+�

i

)

and 9 �

i

> �� su
h that F

�1

(�

t

f

"

i

(t; �)) is uniformly bounded in C

0

([0; T ℄;H

�

i

) :

Remarks. As H

�

is an algebra sin
e � >

d

2

, then a (p; �){os
illating fun
tion is in parti
ular

bounded in C

0

([0; T ℄;H

�

). For example, we will see that

~

R

"

os


(u) is a (2; s � 1)-os
illating

fun
tion if v

0

2 H

s+�

.

In se
tion 4, we will apply that theorem to two examples: the �rst example will be the

equations governing the motion of invis
id, in
ompressible, rotating 
uids: the tridimensional,

divergen
e free unknown ve
tor �eld is the velo
ity, transported via the Euler equation. If

one 
onsiders the perturbation 
reated by the Coriolis for
e, one obtains the following system,

where B = (0; 0; 1), and where p

"

is the pressure:

(RF

"

)

8

>

<

>

:

�

t

v

"

+ v

"

� rv

"

+

v

"

�B

"

= �rp

"

in T

3

div v

"

= 0 in T

3

v

"

jt=0

= v

0

:

Su
h a system is namely the obje
t of studies by A. Babin, A. Mahalov, and B. Ni
olaenko

in [1℄ and [2℄. Let us note that the system (RF

"

) is also studied by T. Colin and P. Fabrie

in [7℄, by E. Grenier in [12℄, and also in [9℄{[11℄, in the vis
ous 
ase (i.e. in the 
ase of the

perturbed Navier{Stokes equations).
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Another typi
al example is that of the primitive system of the quasigeostrophi
 equations:

(PE

"

)

8

>

<

>

:

�

t

U

"

+ v

"

� rU

"

+ "

�1

LU

"

= "

�1

(�r�

"

; 0) in T

3

div v

"

= 0 in T

3

U

"

jt=0

= U

0

with L =

0

B

B

B

�

0 �1 0 0

1 0 0 0

0 0 0 F

�1

0 0 �F

�1

0

1

C

C

C

A

; where the unknown ve
tor �eld is U

"

= (v

"

; T

"

), v

"

representing the velo
ity, and the s
alar �eld T

"

representing the potential temperature. The

parameter F

�1

is a stri
tly positive 
onstant (see [8℄). For the derivation of su
h a model,

one 
an refer to the work of J.-L. Lions, R. Temam and S. Wang in [18℄. In se
tion 4 we will

prove, using Theorem 1, the following result.

Theorem 2 For almost all periodi
 boxes, the following result is true. Let s >

5

2

be a real

number. If v

0

(resp. U

0

) is smooth enough, then the life span T

"

�

of (RF

"

) (resp. (PE

"

))

satis�es lim

"!0

T

"

�

=1; and the solution v

"

(resp. U

"

) is su
h that

for all T > 0; u

"

= u+ "h� "

~

R

"

os


+ o("); in C

0

([0; T ℄;H

s

(T

d

));

resp:

~

U

"

=

~

U + "h� "

~

R

"

os


+ o("); in C

0

([0; T ℄;H

s

(T

d

));

with the notations of Theorem 1, in parti
ular where h is the solution of the linearized limit

system (H

1

) asso
iated with (RF

"

) (resp. (PE

"

)), and where u (resp.

~

U), solution of (H

0

),

is the limit of the �ltered solution u

"

= L(�

t

"

)v

"

(resp.

~

U

"

= L(�

t

"

)U

"

).

Remarks. In [3℄, T. Beale and A. Bourgeois study and validate the system (PE

"

), and

prove a 
onvergen
e theorem, in the 
ase when the initial data is well prepared: if the initial

data 
onverges at O(") speed to an element of the kernel of PL noted U

0;QG

, then the solution

of (PE

"

) 
onverges at O(") speed to the solution of (H

0

). Similarly in the 
ase of the whole

spa
e, D. Iftimie proves in [13℄ that the life span of (PE

"

) goes to in�nity with ", and also

proves a 
onvergen
e result in the well prepared 
ase, i.e. when the initial data 
onverges to

a �eld U

0;QG

. Finally, in the vis
ous 
ase, and also in the whole spa
e, J.-Y. Chemin proves

in [6℄ that (PE

"

) is globally well posed when U

0

is 
lose enough to a �eld U

0;QG

. Here there

is no su
h assumption on the initial data. Similarly, for those examples, 
onvergen
e and life

span results have been proved by A. Babin, A. Mahalov, and B. Ni
olaenko in [1℄ and [2℄, and

by Y. Brenier ([4℄), without however su
h an expansion as that written in Theorem 2.

Moreover, as we will see in se
tion 4, the fa
t that the result is true for almost all values

of the b

j

's is linked to two di�erent and independent aspe
ts: the �rst one is that the small

divisor estimates, needed in order to have a rate of 
onvergen
e in O("), are satis�ed for

almost all periodi
 boxes. The se
ond reason is totally independent: we shall see that for

almost all values of the b

j

's, in both the 
ase of (RF

"

) and (PE

"

), the limit system (H

0

) 
an

be diagonalized in su
h a way as to guarantee that it is globally well posed, and that naturally

leads to the result on T

"

�

. That se
ond limitation on the b

j

's de�nes \non resonant domains".

Let us �nally note that in [2℄, a pre
ise se
ond order small divisor estimate is 
omputed in

those parti
ular 
ases: they �nd a degree � = 4+ "

0

, but however that only holds when a

3

is

outside a set of (small) stri
tly positive measure: that is made pre
ise in their Theorem 3.2.
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Finally in the last se
tion, we will 
onsider the 
ase of slightly 
ompressible, isentropi
, invis
id


uids. Writing v

"

for the velo
ity and �

"

for the density of the 
uid, where " is essentially the

Ma
h number, one obtains, after some adimensionalization (see [12℄, [16℄, [21℄, [22℄),

8

>

>

<

>

>

:

�

t

v

"

+ v

"

� rv

"

+

1

"

2

�

"

rp(�

"

) = 0 in T

d

�

t

�

"

+ v

"

� r�

"

+ �

"

div v

"

= 0 in T

d

(v

"

jt=0

; �

"

jt=0

) = (v

"

0

; �

"

0

);

where p is related to �

"

by p(�

"

) = �

"




, with 
 > 1: That system does not quite have the

form (H

"

); su
h a form 
an be obtained by de�ning




"

=

2


 � 1

q

�

�

"

p(�

"

) ;

whi
h puts the previous system into a symmetri
 form, and then by writing




"

= �


0

+ " ~


"

;

where �


0

is a 
onstant. After a few 
omputations, we 
ome up with

(CE

"

)

8

>

>

<

>

>

:

�

t

v

"

+ v

"

� rv

"

+ �
~


"

r~


"

+ �
�


0

r~


"

"

= 0 in T

d

�

t

~


"

+ v

"

� r~


"

+ �
~


"

div v

"

+ �
�


0

div v

"

"

= 0 in T

d

(v

"

jt=0

; ~


"

jt=0

) = (v

0

; ~


0

);

where we have written �
 =


 � 1

2

; and 


"

jt=0

= �


0

+ " ~


0

. Let us note that the fun
tion ~


"

satis�es an a
ousti
 wave type equation. If V

"

= (v

"

; ~


"

), then V

"

satis�es an equation of the

type (H

"

), where L(v

"

; ~


"

) = (�
�


0

r~


"

; �
�


0

divv

"

) is the penalization operator. In the following,

we will systemati
ally denote by v

div

the proje
tion of any ve
tor �eld v onto the spa
e of

divergen
e free ve
tor �elds, and we will de�ne ~v = v � v

div

. Similarly, for any V = (v; 
), we

will write V

div

= (v

div

; 0) and

~

V = (~v; 
).

Theorem 3 For almost all periodi
 boxes, there exists � � 0 su
h that if V

0

= (v

0

; ~


0

) is

in H

s+�

(T

d

), with s >

d

2

+4, and if U = (u; 
) is the solution in C

0

([0; T

�

[;H

s+�

(T

d

)) of the

limit system

(CE

0

)

8

>

>

>

<

>

>

>

:

�

t

u

div

+ u

div

� ru

div

= �rp in T

d

�

t

~

U +Q(U;

~

U) = 0 in T

d

U

divjt=0

= (v

0;div

; 0)

~

U

jt=0

= (~v

0

; ~


0

);

then the solution V

"

= (v

"

; ~


"

) of (CE

"

) is su
h that its �ltered asso
iate U

"

= L(�

t

"

)V

"

satis�es, for all T < T

�

and for " small enough, with the notations of Theorem 1,

U

"

= U + "h+ "

~

R

"

os


+ o(") in C

0

([0; T ℄;H

s�3

(T

d

)):

Remarks. Let us note that, 
ontrary to the studies in [16℄ and [17℄, that result does not

require any assumption on the initial data of the\well prepared" type (i.e. we have supposed

neither div v

0

= 0 nor r~


0

= 0). That \ill prepared" 
ase is also the subje
t of studies by E.

Grenier in [12℄ and S. S
ho
het in [22℄, but without the 
omputation of the �rst order terms;

su
h a 
omputation is 
arried out in [22℄, but in the well prepared 
ase only. In the 
ase of

the whole spa
e, and not ne
essarily for well prepared data, S. Ukai proves in [23℄ that the

limit of v

"

satis�es the in
ompressible Euler equation, but the uniform 
onvergen
e breaks

near t = 0. That is due to de
ay estimates, whi
h are not true in the periodi
 
ase.
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2 Proof of Theorem 1

The proof of Theorem 1 is going to be based essentially on the following lemma, the proof of

whi
h is left to se
tion 3.

Lemma 2.1 Let T > 0 and � >

d

2

+ 2 be two real numbers, let b

"

be a family of fun
-

tions, bounded in the spa
e C

0

([0; T ℄;H

�

(T

d

)), and let a

"

0

be a fun
tion going to zero with "

in H

��1

(T

d

). Let Q

"

be as in (1:3), and �nally let R

"

os


be a (p; � � 1){os
illating fun
tion,

with p � 1, and F

"

be a fun
tion going to zero with " in C

0

([0; T ℄;H

��1

(T

d

)). Then the

fun
tion a

"

, solution of

(

�

t

a

"

+Q

"

(a

"

; b

"

) = R

"

os


+ F

"

in T

d

a

"

jt=0

= a

"

0

;

(2.1)

is an o(1) in the spa
e C

0

([0; T ℄;H

��1

(T

d

)).

Moreover we will use 
onstantly the following estimate (see for instan
e [19℄, [20℄), where we

have noted ( � j � )

H

�

the s
alar produ
t in H

�

:

for all � >

d

2

; j(Q

"

(a; b) j b)

H

�

j � Cjbj

�

krbk

L

1

jaj

�

+ Cjbj

2

�

(krak

L

1

+ jaj

�+1

) ; (2.2)

as well as the following result:

Lemma 2.2 If v

0

2 H

s+�

, with s + � >

d

2

, then for all integers j 2 [0; s + � �

d

2

[, u is an

element of C

j

([0; T ℄;H

s�j+�

), and u

"

is bounded in that same spa
e.

Proof. The fun
tion �

t

u has the smoothness of Q(u; u), so sin
e H

�

is an algebra if � >

d

2

,

�

t

u is an element of the spa
e C

0

([0; T ℄;H

s�1+�

). Then an immediate re
ursive argument

shows that as long as s�j+� >

d

2

, if for all k 2 [0; ::; j�1℄ we have �

k

t

u 2 C

0

([0; T ℄;H

s�k+�

),

then �

j

t

u has the smoothness of Q(u; �

j�1

t

u), hen
e is in the spa
e C

0

([0; T ℄;H

s�j+�

). The

proof for u

"

is identi
al. 2

Then let u

"

and u be the solutions respe
tively of the systems (H

"

) and (H

0

), and let us de�ne

the fun
tion w

"

= u

"

� u, whi
h satis�es the equation

�

t

w

"

+Q

"

(w

"

; w

"

+ 2u) = Q(u; u) �Q

"

(u; u); (2.3)

with an initial data equal to zero sin
e u

"

jt=0

= u

jt=0

= v

0

. By the non stationary phase

theorem, we have

Q

"

(u; u)�Q(u; u) = F

�1

X

k+m=n

X

!

a;b;


k;n

6=0

e

�i

t

"

!

a;b;


k;n

�

P (n)A

j

u

a

(k)m

j

u

b

(m); e




(n)

�

e




(n);

with the notations given in the introdu
tion. Here and throughout the paper, we have omitted

to write the dependen
e on t of u. By Theorem 0, we have

w

"

= o(1) in C

0

([0; T ℄;H

s�1+�

): (2.4)
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Before we go any further in the proof of the theorem, let us note that the right{hand side

of (2.3) os
illates in time. So let us 
onsider for a moment the following model equation:

�

t

'� F (') = 
os

t

"

.

If one de�nes  = '� " sin

t

"

, one 
an note that  and ' have the same H

s

norm for all s, up

to an ", and that  satis�es

�

t

 = F

�

 + " sin

t

"

�

;

whi
h is an equation where, up to an ", the os
illating part has disappeared. In a similar way

to that model problem, and following [22℄, let us de�ne  

"

= w

"

+ "

~

R

"

os


(u); where, as de�ned

in the introdu
tion,

~

R

"

os


(u)

def

= F

�1

X

k+m=n

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

P (n)A

j

u

a

(k)m

j

u

b

(m); e




(n)

�

e




(n): (2.5)

Lemma 2.3 Under the assumptions of Theorem 1,

~

R

"

os


(u) is a (2; s�1)-os
illating fun
tion.

Proof. The proof of that lemma is very simple, 
onsidering the se
ond order small divisor

estimate satis�ed by L. Then sin
e we have assumed that u 2 C

0

([0; T ℄;H

s+�

), the result

follows immediately, taking for instan
e r

0

(n; k;m) = P (n)(!

a;b;


k;n

)

�1

, f

"

1

(t; k) = A

j

u

a

(t; k),

and f

"

2

(t;m) = m

j

u

b

(t;m), with the notations of De�nition 1.2. The fa
t that F

�1

�

t

f

"

i

(t; �)

is bounded in C

0

([0; T ℄;H

�

i

), for some �

i

, is due to Lemma 2.2. 2

Then (2.4) and Lemma 2.3 imply that

 

"

= o(1) in C

0

([0; T ℄;H

s�1

): (2.6)

Now let us de�ne  

"

1

= "

�1

 

"

, whi
h satis�es the equation

�

t

 

"

1

+Q

"

( 

"

1

;  

"

+ 2u� 2"

~

R

"

os


) =

~

R

";t

os


(u) +Q

"

(

~

R

"

os


; 2u� "

~

R

"

os


); (2.7)

where we have de�ned

~

R

";t

os


by

~

R

";t

os


(u)

def

= F

�1

X

k+m=n

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

t

�

P (n)A

j

u

a

(k)m

j

u

b

(m); e




(n)

�

e




(n):

Lemma 2.4 Under the assumptions of Theorem 1,

~

R

";t

os


(u) is a (2; s�2){os
illating fun
tion.

Proof. It lies on the fa
t that L satis�es a se
ond order small divisor estimate of degree �,

as well as on Lemma 2.2, whi
h implies that �

t

u 2 C

0

([0; T ℄;H

s�1+�

). Then we 
an take,

with the notations of De�nition 1.2, r

0

(n; k;m) = P (n)(!

a;b;


k;n

)

�1

, along with

f

"

1

(t; k) = A

j

u

a

(t; k) and f

"

2

(t;m) = m

j

�

t

u

b

(t;m); or symmetri
ally

f

"

1

(t; k) = A

j

�

t

u

a

(t; k) and f

"

2

(t;m) = m

j

u

b

(t;m):

Then F

�1

f

"

i

(t; �) 2 C

0

([0; T ℄;H

s�2+�

) and F

�1

�

t

f

"

i

(t; �) 2 C

0

([0; T ℄;H

s�3+�

) by Lemma 2.2,

so

~

R

";t

os


(u) 
an be written as in (1.5), with p = 2 and � = s� 2. 2
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Proposition 2.1 Under the assumptions of Theorem 1,  

"

1

is bounded in C

0

([0; T ℄;H

s�2

).

Proof. Lemma 2.3 implies that the term Q

"

(

~

R

"

os


; 2u�

~

R

"

os


) is bounded in C

0

([0; T ℄;H

s�2

),

and so is the term

~

R

";t

os


(u), by Lemma 2.4. But  

"

+2u�2"

~

R

"

os


is bounded in C

0

([0; T ℄;H

s�1

),

using in parti
ular (2.6). Then the estimate re
alled in (2.2) leads to the proposition, from


lassi
al energy estimates on hyperboli
 equations of the type (2.7) (see [19℄ or [20℄ for in-

stan
e): as s >

d

2

+ 4, we have in parti
ular H

s�3

� L

1

, whi
h leads to

1

2

d

dt

j 

"

1

j

2

s�2

� Cj

~

R

";t

os


+Q

"

(

~

R

"

os


; 2u�

~

R

"

os


)j

s�2

j 

"

1

j

s�2

+Cj 

"

1

j

2

s�2

j 

"

+2u�2"

~

R

"

os


j

s�1

: (2.8)

Then a Gronwall estimate gives the result:

j 

"

1

(t)j

s�2

� C

�

j 

"

1jt=0

j

s�2

+

Z

t

0

j

~

R

";t

os


+Q

"

(

~

R

"

os


; 2u�

~

R

"

os


)j

s�2

(�) d�

�

� exp

Z

t

0

Cj 

"

+ 2u� 2"

~

R

"

os


j

s�1

(�) d�;

where  

"

1jt=0

=

~

R

"

os


(u)

jt=0

is in parti
ular bounded in H

s�2

. The proposition is proved. 2

Remark. As a dire
t 
onsequen
e, we have

 

"

= O(") in C

0

([0; T ℄;H

s�2

): (2.9)

Proposition 2.2 Under the assumptions of Theorem 1, the equation (2:7) 
an be written as

�

t

 

"

1

+ 2Q

"

(u;  

"

1

) = R

1;"

os


(u) + "R

2;"

(u) +R(u); (2.10)

where R

1;"

os


is a (3; s�2){os
illating term, and where R(u) is independent of " and is an element

of C

0

([0; T ℄;H

s�2

(T

d

)). Finally R

2;"

(u) is bounded in the spa
e C

0

([0; T ℄;H

s�3

(T

d

)).

Proof. Lemma 2.3 and Proposition 2.1, asso
iated with (2.9), imply that Q

"

( 

"

1

;  

"

�2"

~

R

"

os


)

is a O(") in C

0

([0; T ℄;H

s�3

), and the same goes for the term "Q

"

(

~

R

"

os


;

~

R

"

os


), so we 
an write

Q

"

( 

"

1

;  

"

� 2"

~

R

"

os


) + "Q

"

(

~

R

"

os


;

~

R

"

os


) = "R

2;"

(u);

where R

2;"

(u) is bounded in C

0

([0; T ℄;H

s�3

). So equation (2.7) be
omes

�

t

 

"

1

+ 2Q

"

(u;  

"

1

) =

~

R

";t

os


(u) + 2Q

"

(u;R

"

os


) + "R

2;"

(u):

Moreover, Lemma 2.4 implies that

~

R

";t

os



an be written in the form R

1;"

os


of Proposition 2.2,

so we are left with the study of the term Q

"

(

~

R

"

os


; u). The study is somewhat 
ompli
ated by

the fa
t that the os
illations due to

~

R

"

os



an interfere with those of Q

"

: we have

2Q

"

(

~

R

"

os


; u) = F

�1

X

k+m=n

e

�i

t

"

!

a;b;


k;n

�

P (n)A

j

(

~

R

";a

os


(k))m

j

u

b

(m); e




(n)

�

e




(n)

+ F

�1

X

k+m=n

e

�i

t

"

!

a;b;


k;n

�

P (n)A

j

(u

b

(m))k

j

~

R

";a

os


(k); e




(n)

�

e




(n);
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with the notations of the introdu
tion, and

~

R

";a

os


(k) is equal to

F

�1

X

k

0

+m

0

=k

X

!

a

0

;b

0

;a

k

0

;k

6=0

i e

�i

t

"

!

a

0

;b

0

;a

k

0

;k

!

a

0

;b

0

;a

k

0

;k

P (k)A

`

u

a

0

(k

0

)m

0

j

u

b

0

(m

0

):

So inQ

"

(

~

R

"

os


; u) the os
illation phase is !

a;b;


k;n

+!

a

0

;b

0

;a

k

0

;k

= !

b

(n�k)�!




(n)+!

a

0

(k

0

)+!

b

0

(k�k

0

):

So one 
an 
onsider separately the 
ase when that phase is not zero, whi
h we shall note

Q

"

(

~

R

"

os


; u)

os


, and the 
ase when it is zero: in the latter 
ase there is no more dependen
e

on ", and that leads to the term R(u), whereas the former 
orresponds to an os
illating term.

So we have the following expression for FR(u):

X

k+m=n

k

0

+m

0

=k

X

!

a

0

;b

0

;a

k

0

;k

6=0

!

a

0

;b

0

;b;


k

0

;k;n

=0

i

!

a

0

;b

0

;a

k

0

;k

�

P (n)A

j

u

b

(m)k

j

�

P (k)A

`

u

a

0

(k

0

)m

0

`

u

b

0

(m

0

)

�

a

(k)

�




(n)

+

X

m+k

0

+m

0

=n

!

a

0

;b

0

;a

k

0

;k

6=0

!

a

0

;b

0

;b;


k

0

;k;n

=0

i

!

a

0

;b

0

;a

k

0

;n�k

�

P (n)A

j

�

P (n�m)A

`

u

a

0

(k

0

)m

0

`

u

b

0

(m

0

)

�

a

(n�m)m

j

u

b

(m)

�




(n);

whi
h is an element of C

0

([0; T ℄;H

s�2

), sin
e u 2 C

0

([0; T ℄;H

s+�

). Furthermore, the fun
tion

Q

"

(

~

R

"

os


; u)

os



an be written as R

"

3;os


of De�nition 1.2, with � = s� 2: for example we 
an

take r

0

(n; k

0

;m

0

;m) of the type P (n)P (n�m)(!

a

0

;b

0

;a

k

0

;n�m

)

�1

(n

j

�m

j

)m

0

`

, whi
h satis�es

jr

0

(n; k

0

;m

0

;m)j � C(1 + jk

0

j)

�+1

(1 + jm

0

j)

�+2

;

and then f

"

1

(t; k

0

) = A

`

u

a

0

(k

0

), f

"

2

(t;m

0

) = u

b

0

(m

0

), f

"

3

(t;m) = A

j

u

b

(m). Then we just

have to re
all that u is an element of C

0

([0; T ℄;H

s+�

), as well as the fa
t that �

t

u is

in C

0

([0; T ℄;H

s�1+�

) by Lemma 2.2, and the result follows. So Q

"

(

~

R

"

os


; u)

os



an be written

as the term R

1;"

os


, and Proposition 2.2 is proved. 2

Now let us de�ne the fun
tions h and w

"

1

, where w

"

1

=  

"

1

� h and h is a solution of

(H

1

)

(

�

t

h+ 2Q(u; h) = R(u) in T

d

h

jt=0

=

~

R

"

os


(u)

jt=0

:

By looking at the de�nition of

~

R

"

os


(u), in (2.5), one 
an note that h

jt=0

does not depend on ".

Proposition 2.3 Under the assumptions of Theorem 1, h is in C

0

([0; T ℄;H

s�2

), and w

"

1

is

an o(1) in C

0

([0; T ℄;H

s�3

):

Remark. Let us suppose that Proposition 2.3 has been proved. Then we have

u

"

� u = "  

"

1

� "

~

R

"

os


(u)

= " h� "

~

R

"

os


(u) + " w

"

1

;
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with w

"

1

= o(1) in C

0

([0; T ℄;H

s�3

), so the �rst order expansion of Theorem 1 is found.

Proof of Proposition 2.3. A 
lassi
al estimate (of the same type as (2.8)) implies

dire
tly, as R(u) is an element of C

0

([0; T ℄;H

s�2

) a

ording to Proposition 2.2, that h is in

the spa
e C

0

([0; T ℄;H

s�2

). So the result on h is proved.

Now let us study w

"

1

=  

"

1

� h, whi
h satis�es the following equation:

�

t

w

"

1

+ 2Q

"

(u;w

"

1

) = R

1;"

os


(u) + 2Q(h; u) � 2Q

"

(h; u) + "R

2;"

(u): (2.11)

Lemma 2.5 Under the assumptions of Theorem 1, the right{hand side of (2:11) is of the

type R

"

os


+ F

"

, where R

"

os


is a (3; s� 3){os
illating term, and where F

"

goes to zero with ",

in C

0

([0; T ℄;H

s�3

).

Proof of Lemma 2.5. The term R

1;"

os


(u) is a (3; s � 2){os
illating fun
tion, a

ording to

Proposition 2.2. Furthermore, we have

2Q

"

(h; u) � 2Q(h; u) = F

�1

X

k+m=n

X

!

a;b;


k;n

6=0

e

�i

t

"

!

a;b;


k;n

�

P (n)A

j

h

a

(k)m

j

u

b

(m)

�




(n)

+ F

�1

X

k+m=n

X

!

a;b;


k;n

6=0

e

�i

t

"

!

a;b;


k;n

�

P (n)A

j

u

a

(k)m

j

h

b

(m)

�




(n):

But we have seen in the �rst part of Proposition 2.3 that h 2 C

0

([0; T ℄;H

s�2

) if u is in the

spa
e C

0

([0; T ℄;H

s+�

). Moreover �

t

h is in C

0

([0; T ℄;H

s�3

), for the same type of reason as in

Lemma 2.2, so Q(h; u) �Q

"

(h; u) is a (2; s� 3){os
illating term.

Hen
e R

1;"

os


(u)+2Q(h; u)�2Q

"

(h; u) is a (3; s�3){os
illating term, and Lemma 2.5 is proved,

taking F

"

= "R

2;"

(u). 2

End of the proof of Proposition 2.3. Now it is just a matter of using Lemma 2.1,

with � = s � 2, sin
e moreover w

"

1

is initially equal to zero. We get dire
tly w

"

1

= o(1)

in C

0

([0; T ℄;H

s�3

): So Proposition 2.3 is proved, and with it, Theorem 1. 2

Remark. There is a priori no reason why one should stop the expansion at order 1; it seems


lear that if one supposes more smoothness on the initial data, along with higher order small

divisor estimate assumptions on the perturbation, too high an in
rease in the length of the


omputations is the only obsta
le to writing an expansion of u

"

at any order.

3 Proof of Lemma 2.1

The aim of this se
tion is to prove Lemma 2.1, stated in se
tion 2. It 
on
erns equations where

there is a highly os
illating term R

"

os


, in the sense of De�nition 1.2, on the right hand side.

The diÆ
ulty is due to the fa
t that R

"

os


goes weakly to zero with ", and not strongly (that

is simply due to the non stationary phase theorem). The idea in [22℄ is to de
ompose R

"

os


into two parts, 
utting at an arbitrary frequen
y N . We shall show that the high frequen
y

terms 
onverge strongly to zero when N goes to in�nity, whereas the low frequen
y terms 
an

be eliminated, up to an ", by a 
hange of fun
tion.

11



So let us write equation (2.1) in the form

�

t

a

"

+Q

"

(b

"

; a

"

) = R

"

os
;N

+R

";N

os


+ F

"

;

where, writing 1

X

for the 
hara
teristi
 fun
tion of X, we have de�ned

R

"

os
;N

def

=

X

q2f1;::;pg

R

"

q;os
;N

=

X

q2f1;::;pg

F

�1

�

1

fj�j;j

~

k

q

j�Ng

FR

"

q;os


(�)

�

;

R

";N

os


def

= R

"

os


�R

"

os
;N

:

One 
an noti
e that there is a �nite number of low frequen
y terms (number whi
h depends

on N), whi
h are a �nite number of os
illating fun
tions in time. So in a similar way to the

model problem �

t

'� F (') = 
os

t

"

dis
ussed in se
tion 2, let us de�ne

 

"

N

= a

"

+ "

~

R

"

os
;N

; (3.1)

where

~

R

"

os
;N

is de�ned by

~

R

"

os
;N

=

X

q2f1;::;pg

~

R

"

q;os
;N

; with

F

~

R

"

q;os
;N

(n)

def

=

X

jnj;j

~

k

q

j�N

X

~

k

q

2K

n

q

i e

�i

t

"

�

q

(n;

~

k

q

)

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

"

1

(t; k

1

)::f

"

q

(t; k

q

):

Lemma 3.1 There exists a 
onstant C

N;T

su
h that k

~

R

"

os
;N

k

C

0

([0;T ℄;H

�

)

� C

N;T

:

Proof. Let us �rst of all note that ea
h of the (�

q

)

�1

is bounded from above by a 
onstant

depending on N , as ea
h �

q

takes a �nite number of non zero values. Then the lemma is simply

due to the fa
t that in ea
h of the quantities estimated here, one sums on low frequen
ies

only, so they are as smooth as needed, provided one pays with enough powers of N . 2

That lemma implies that Lemma 2.1 is proved if one shows that  

"

N

is an o(1) in the spa
e

C

0

([0; T ℄;H

��1

(T

d

)): Hen
e from now on our study will 
on
entrate on  

"

N

.

Proposition 3.1 Under the assumptions of Lemma 2:1, the fun
tion  

"

N

de�ned in (3:1)

satis�es

(

�

t

 

"

N

+Q

"

(b

"

;  

"

N

) = "R

1;"

N;os


+R

";N

os


+ F

"

 

"

N jt=0

=  

"

N;0

;

(3.2)

where  

"

N;0

goes to zero with " in H

��1

, R

1;"

N;os


is bounded uniformly in ", in C

0

([0; T ℄;H

��1

),

by a 
onstant depending on N , and R

";N

os


goes to zero in C

0

([0; T ℄;H

��1

) when N goes to

in�nity, uniformly in ".

Proof. Let us �rst note that  

"

N jt=0

= a

"

0

+ "

~

R

"

os
;N jt=0

, so the assumption on a

"

0

, as well as

Lemma 3.1, imply that  

"

N jt=0

goes to zero with " in H

��1

.
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Furthermore, the 
hange of fun
tion introdu
ed above leads to the following equation for  

"

N

:

�

t

 

"

N

+Q

"

(b

"

;  

"

N

) = F

"

+ "

~

R

";t

os
;N

+ "Q

"

(

~

R

"

os
;N

; b

"

) +R

";N

os


; (3.3)

where

~

R

";t

os
;N

is de�ned in the same way as

~

R

"

os
;N

, only where in ea
h fun
tion

~

R

"

q;os
;N

, one

of the f

"

i

's has been repla
ed by �

t

f

"

i

: we have

~

R

";t

os
;N

=

X

q2f1;::;pg

~

R

";t

q;os
;N

; with

F

~

R

";t

q;os
;N

(n)

def

=

X

j

X

~

k

q

2K

n

q

jnj;j

~

k

q

j�N

i e

�i

t

"

�

q

(n;

~

k

q

)

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)�

t

f

"

j

(t; k

j

)

Y

i 6=j

f

"

i

(t; k

i

):

� The low frequen
ies :

Lemma 3.2 The terms

~

R

";t

os
;N

and Q

"

(

~

R

"

os
;N

; b

"

) are bounded in the spa
e C

0

([0; T ℄;H

��1

),

uniformly in ", with an upper bound C

N;T

whi
h depends on N and T .

Proof. For

~

R

";t

os
;N

, the result is simply due to the fa
t that all the fun
tions 
onsidered

are in low frequen
ies, hen
e are as smooth as wanted provided C

N;T

is large enough. Let us

re
all that we have assumed that ea
h F

�1

�

t

f

"

i

is bounded in C

0

([0; T ℄;H

�

i

), for some �

i

.

For the quadrati
 term Q

"

(

~

R

"

os
;N

; b

"

), the fa
t that H

s

is an algebra if s >

d

2

gives the result,

sin
e b

"

and

~

R

"

os
;N

are bounded in C

0

([0; T ℄;H

�

), by Lemma 3.1. So Lemma 3.2 is proved,

and with it is found the term R

1;"

N;os


of (3.2). 2

� The high frequen
ies :

Lemma 3.3 For any fun
tion a 2 C

0

([0; T ℄;H

s

(T

d

)), with s 2 R, the high frequen
y fun
tion

a

N

def

= F

�1

�

1

[N;1[

Fa

�

goes to zero when N goes to in�nity, in C

0

([0; T ℄;H

s

(T

d

)).

Proof. It simply lies on the fa
t that ja

N

(t)j

2

s

=

X

jkj�N

jkj

2s

jFa(t; k)j

2

; and Dini's theorem

implies that ja

N

(t)j

2

s

goes to zero uniformly in t, as the remainder of the sequen
e of 
ontinuous

fun
tions of general term jkj

2s

jFa(t; k)j

2

: 2

Lemma 3.4 The high frequen
y term R

";N

os


goes to zero in C

0

([0; T ℄;H

��1

) when N goes to

in�nity, uniformly in ".

Proof. The terms R

";N

q;os


are su
h that at least one of the f

"

i

's in the produ
t appears

as a high frequen
y term f

";N

i

. But Lemma 3.3 implies that F

�1

f

";N

i

goes to zero in

the spa
e C

0

([0; T ℄;H

��1+�

i

). As the other F

�1

f

"

j

's are bounded in C

0

([0; T ℄;H

��1+�

j

),

and H

��1

is an algebra sin
e � � 1 >

d

2

, Lemma 3.4 is proved and R

2;";N

os


is found. 2

Hen
e Proposition 3.1 is proved. 2
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Now we 
an end the proof of the lemma. Using the estimate re
alled in (2.2), we have, sin
e

� >

d

2

+ 2,

1

2

d

dt

j 

"

N

(t)j

2

��1

� C j 

"

N

(t)j

2

��1

jb

"

(t)j

�

+ C j 

"

N

(t)j

��1

j("R

1;"

N;os


+R

";N

os


+ F

"

)(t)j

��1

:

A 
lassi
al Gronwall estimate gives

j 

"

N

(t)j

��1

�

�

j 

"

N;0

j

��1

+ C

Z

t

0

j("R

1;"

N;os


+R

";N

os


+ F

"

)(�)j

��1

d�

�

expCB(t);

where B(t) is an upper bound, uniform in ", of kb

"

k

L

1

([0;t℄;H

�

)

. But if one 
hoses N large

enough, and then " small enough, then j"R

1;"

N;os


+R

";N

os


+F

"

j

��1

and j 

"

N;0

j

��1

are arbitrarily

small, so that means that  

"

N

, and hen
e a

"

, is de�ned on [0; T ℄ for " small enough and we

have a

"

= o(1) in C

0

([0; T ℄;H

��1

(T

d

)): So Lemma 2.1 is proved. 2

4 Appli
ation to geophysi
 
uid equations

4.1 Introdu
tion

The aim of this se
tion is to prove that the life span of the rotating Euler equations and

of the primitive equations, de�ned in the introdu
tion, goes to in�nity when " goes to zero,

and to �nd a �rst order expansion of the asso
iate �ltered solutions. To do so, we shall use

Theorem 1, so we have to 
ompute the limit equation (H

0

) in both the 
ase of (RF

"

) and

of (PE

"

). If we prove that those limit equations are globally well posed, we will have proved

the result on the life span of the solutions of (RF

"

) and (PE

"

). The �rst order expansion

will then be a dire
t 
onsequen
e of Theorem 1, on
e we have 
he
ked that the perturbations

satisfy a se
ond order small divisor estimate.

4.2 The rotating 
uid equations

The following proposition is proved by A. Babin, A. Mahalov and B. Ni
olaenko in [1℄, [2℄.

Proposition 4.1 For almost all values of b

3

, the limit system (H

0

) 
orresponding to (RF

"

)


an be de
omposed into two systems: one is the bidimensional Euler equation

(E2D)

8

>

<

>

:

�

t

�u+ �u � r

2

�u = (�r

2

�p; 0)

div

2

�u = 0

�u

jt=0

= �v

0

where �

3

�u = 0, and the other is linear in the remainder u

os


= u� �u:

(L

os


)

8

>

<

>

:

�

t

u

os


+ 2Q(�u; u

os


) = 0

div u

os


= 0

u

os
jt=0

= v

0;os


:

We have noted �v

0

for the verti
al average of v

0

: �v

0

=

Z

x

3

v

0

dx

3

, and v

0;os


= v

0

� �v

0

.
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Remark. The admissible values of b

3

are those that guarantee the absen
e of three{wave

intera
tions that would prevent su
h a de
oupling in the limit system (see [1℄, [10℄). Those

values de�ne the notion of \non resonant domains" for the rotating 
uid equations.

That proposition leads immediately to the fa
t that the limit system is globally well posed:

the �rst equation in the proposition is a bidimensional Euler equation, well{known to be

globally well posed (see [5℄ for example): if v

0

2 H

s

and s >

5

2

, then �u 2 C

0

(R

+

;H

s

(T

2

)):

One now just has to look at the se
ond equation: the absen
e of quadrati
 terms in u

os


enables

us to �nd the result, by a straightforward energy estimate in H

s

; however, one 
an note that

in [2℄ (Theorem 5.3), it is proved that for all s, (Q(�u; u

os


) j (P�)

s

u

os


) = 0: So one has, for

all s,

d

dt

ju

os


j

2

s

= 0; and so we �nd, for all t � 0 and for all s >

5

2

, that ju

os


(t)j

s

= jv

0;os


j

s

:

Hen
e the limit system is globally well posed in C

0

(R

+

;H

s

), and one 
an use Theorem 1 to

get the expe
ted result: for any T > 0, there exists "

T

small enough so that v

"

is de�ned

on [0; T ℄ for all " < "

T

.

In order to 
ompute the �rst order expansion given in Theorem 2, we just have to use the

result proved in [11℄, whi
h is a 
lassi
al result in number theory, stating that for almost all

values of (b

1

; b

2

; b

3

), the operator L satis�es a se
ond order small divisor estimate at a 
ertain

degree. So with that additional restri
tion on the domain, Theorem 2 is proved by a dire
t

appli
ation of Theorem 1. 2

4.3 The primitive equations

Here again, as in the 
ase of the rotating 
uids, we shall not write the 
omputations leading

to the limit system, as they are all written in [2℄, as well as in [11℄. We will just give the

following de�nition, ne
essary to the statement of Proposition 4.2.

De�nition 4.1 The potential vorti
ity of U = (v; T ) is de�ned by 


def

= �

1

v

2

��

2

v

1

�F

�1

�

3

T:

Then the quasigeostrophi
 part of U is U

QG

def

= (��

2

�

�1


; �

1

�

�1


; 0;�F�

3

�

�1


), and the

os
illating part is U

os


= U � U

QG

.

Proposition 4.2 For almost all values of (b

1

; b

2

; b

3

), the limit system (H

0

) 
orresponding

to (PE

"

) 
an be diagonalized in the following way:

8

>

>

>

<

>

>

>

:

�

t


+ v

QG

� r
 = 0

~

U

QGjt=0

= U

0;QG

�

t

~

U

os


+

~

Q(U

QG

;

~

U

os


) = 0

~

U

os
jt=0

= U

0;os


:

Then it is easy to see that the limit system is globally well posed: the �rst equation is well

known to be globally well posed in C

0

(R

+

;H

s�1

) if the initial data U

0;QG

is inH

s

, with s >

5

2

,

and the se
ond equation is then also globally well posed in C

0

(R

+

;H

s

), sin
e it is linear,

exa
tly as in the 
ase of the rotating 
uids. So we get the expe
ted result on the life span

of (PE

"

). To 
on
lude, we just have to noti
e, as for (RF

"

) and using a result proved in [11℄,
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that for almost all periodi
 boxes T

3

, the perturbation L asso
iated with (PE

"

) satis�es a

se
ond order small divisor estimate at some degree. Then a dire
t appli
ation of Theorem 1

gives the expe
ted �rst order expansion, and Theorem 2 is proved. 2

Remark. It 
an be noti
ed that two di�erent and independent restri
tions on the domain

have taken pla
e: one is linked to the small divisor estimates satis�ed by L, and the other is

linked to the possibilities of resonan
es.

5 The slightly 
ompressible 
uid equations

The aim of this �nal se
tion is to prove Theorem 3, stated in the introdu
tion. In order

to do so, we are simply going to apply Theorem 1; so as in the previous 
ase, 
on
erning

the geophysi
al 
uid equations, we have to 
he
k that the perturbation operator L satis�es

a se
ond order small divisor estimate at some degree, and we have to 
ompute the limit

system (H

0

) 
orresponding to the 
ompressible equations (CE

"

), noted (CE

0

) in the statement

of Theorem 3.

As we have seen in the introdu
tion, the perturbation operator is of the form

L(v; 
) = (�
�


0

r
; �
�


0

div v):

So after a simple 
omputation, we �nd that the eigenvalues of the Fourier transform FL(n)

are 0 (of multipli
ity d�1), and �i�
�


0

jnj

T

, where we have de�ned jnj

2

T

=

X

j

n

2

j

b

2

j

: Let us note

that terms of the type V

div

, with the notation de�ned in the introdu
tion, are elements of the

kernel of L. Moreover, a 
lassi
al result in number theory indi
ates that L satis�es a se
ond

order small divisor estimate at some degree, for almost all periodi
 boxes (see [11℄, [22℄).

So it follows that Theorem 3 will be proved on
e we have 
omputed the limit system (CE

0

).

The form taken by that limit system follows dire
tly from the general study of (H

"

), ex
ept

for the equation on u

div

. However sin
e ~


"

r~


"

=

1

2

r~


"

2

, then v

"

div

satis�es

�

t

v

"

div

+ P (v

"

� rv

"

) = 0;

where P is the L

2

-orthogonal proje
tion onto divergen
e free ve
tor �elds. But as V

"

div

is

an element of the kernel of L, we have U

"

div

= V

"

div

, so to �nd the equation satis�ed by the

limit u

div

of u

"

div

, we just have to �nd the limit of the equation satis�ed by v

"

div

. So we just

need to 
ompute the limit of P (v

"

� rv

"

), and it is easy to see (see [12℄) that there exists a

fun
tion p su
h that

lim

"!0

P (v

"

� rv

"

) = u

div

� ru

div

+rp:

So the equation on u

div

is found. The equation on

~

U follows dire
tly from the de�nition of the

limit system (H

0

) given in Theorem 0. Then one 
an apply Theorem 1: the smoothness of U

follows from 
lassi
al results on hyperboli
 equations, re
alled in se
tion 2. So Theorem 3 is

proved. 2
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