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1 Introdu
tion

The aim of this arti
le is to study the asymptoti
 behaviour of smooth solutions of the periodi
,

weakly 
ompressible Navier{Stokes equations. A large amount of literature exists on the

subje
t (see [13℄ for an extensive bibliography), and 
onsiderable progress has been made

re
ently, 
on
erning the existen
e and 
onvergen
e of weak solutions with various boundary


onditions ([3℄,[4℄,[14℄) as well as 
on
erning the existen
e of smooth solutions with 
riti
al

regularity in the whole spa
e and in the periodi
 
ase ([2℄). Here, we are interested in the


onvergen
e of smooth solutions, as well as in long time existen
e results, in the limit when

the Ma
h number goes to zero, and the density goes to a 
onstant.

So let us 
onsider a 
ompressible, vis
ous 
uid, evolving in a periodi
 box T

d

, where d � 2

stands for the spa
e dimension. The vis
osity of the 
uid is � > 0, its Ma
h number is

noted " > 0, and the state of the 
uid at a time t � 0 and at a point x 2 T

d

is given by

its velo
ity �eld, noted v

"

= (v

";1

; ::; v

";d

)(t; x) and its density �

"

= �

"

(t; x). The equations

satis�ed by v

"

and �

"

are the following (see for instan
e [13℄):
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>
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:

�

t

(�

"

v

"

) + div (�

"

v

"


 v

"

)� ��v

"

+

1

"

2

rp(�

"

) = �

"

f in R

+

�T

d

�

t

�

"

+ div (�

"

v

"

) = 0 in R

+

�T

d

(v

"

jt=0

; �

"

jt=0

) = (v

"

0

; �

"

0

);

where f = (f

1

; f

2

; f

3

) represents exterior for
es, �xed and independent of " to avoid unne
-

essary 
ompli
ations. The 
uid is supposed to be isentropi
, whi
h means that p(�

"

) = �

"




;

where 
 is 
hosen su
h that 
 > 1: It is well known that this system 
an be put in a symmetri


form, by de�ning the sound speed




"

def

=

2


 � 1

q

�

�

"

p(�

"

) ;

1



and writing the system in terms of v

"

and 


"

. In this arti
le, the 
uid will be also supposed

to be weakly 
ompressible, whi
h means that the density is 
lose to a 
onstant, put to 1 here

to simplify: �

"

= 1+ "~�

"

: That 
an also be written as 


"

= 


0

+ " ~


"

; where 


0

=

2


1=2


 � 1

.

After

a few 
omputations, we 
ome up with the following system:

(NS

"

)

8

>

>

<

>

>

:

�

t

v

"

+ v

"

� rv

"

+ �
~


"

r~


"

� ��v

"

+ �



0

r~


"

"

= ��

�

1� 


1=�


";0

�

�v

"

+ f

�

t

~


"

+ v

"

� r~


"

+ �
~


"

div v

"

+ �



0

div v

"

"

= 0

(v

"

jt=0

; ~


"

jt=0

) = (v

0

; ~


0

);

where we have written �
 =


 � 1

2

,

and 


";0

=




0




"

.

To simplify, we have supposed that the

initial data (v

0

; ~


0

) does not depend on ".

We are interested here in the asymptoti
 behaviour of the solutions of (NS

"

). Let us noti
e

that (NS

"

) is a system of evolution equations, penalized by a skew{symmetri
 operator L,

de�ned as

L(v; 
)

def

= �
(r
;div v):

Problems around skew{symmetri
 penalizations have been studied by a number of authors,

(among whi
h J.-L. Joly, G. M�etivier, and J. Rau
h in [9℄, S. S
ho
het in [17℄, E. Grenier

in [7℄). However, unlike the 
ases studied by those authors (and also unlike [5℄,[6℄), the system


onsidered here is neither fully hyperboli
, nor fully paraboli
. We shall see in the 
ourse of

the study that this fa
t leads to additional diÆ
ulties 
ompared to the 
ases referred to

here. Let us re
all that in the 
ase of fully hyperboli
 or fully paraboli
 systems, long time

existen
e results 
an be proved by the means of a semi{group method (see [17℄,[5℄,[6℄): we

introdu
e the semi{group generated by L, L(t) = e

�tL

; and the \�ltered" solution asso
iated

with V

"

def

= (v

"

; ~


"

), de�ned by U

"

def

= L(�

t

"

)V

"

: In the fully hyperboli
 or paraboli
 
ase, that

new fun
tion 
onverges to a fun
tion U (see [7℄), and it is proved in [17℄ for the hyperboli



ase, in [6℄ for the paraboli
 
ase, that the 
onvergen
e holds, for " > 0 small enough, on a

lifetime [0; T ℄ for all T < T

�

0

, where T

�

0

is the life span of the \limit system" satis�ed by U . In

other words, not only does the penalization not destroy the life span of V

"


ompared to the

non penalized equation (that is due to the skew{symmetry of L), but it expands it up to the

life span of U , for " > 0 small enough. It is this kind of result we are seeking here. We shall

prove the following theorem, where we have noted, as in the whole of this text, H

s

for the usual

homogeneous Sobolev spa
e of order s on T

d

: it is de�ned by the norm kuk

H

s

= kjkj

s

b

u(k)k

`

2
,

where

b

u(k) is the (dis
rete) Fourier transform of u, and k 2 Z

d

are the Fourier variables.

Theorem 1 There exists a 
onstant 
 > 0 su
h that the following holds. Let (v

0

; ~


0

) be an

element of H

s

(T

d

), with s >

d

2

+3, and suppose that the exterior for
e f is an element of the

spa
e C

0

(R

+

;H

s�2

(T

d

)) \ L

2

(R

+

;H

s�1

(T

d

)). Suppose also that

kv

0

k

H

d

2

�1

� 
� and kPfk

L

2

(R

+

;H

d

2

�2

)

� 
�;

where P denotes the Leray proje
tor onto divergen
e free ve
tor �elds. Then for all T > 0

and for " small enough, we have

V

"

= (�u; 0) + L(

t

"

)U

os


+ o(1) in C

0

([0; T ℄;H

s�2

); (1.1)
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where �u satis�es the in
ompressible Navier{Stokes equation, and U

os


= (u

os


; �

os


) satis�es

a paraboli
 system:

(NS

0

)

8

>

>

<

>

>

:

�

t

�u+ �u � r�u� ���u = �rp+ Pf

�

t

U

os


+Q(�u+ U

os


; U

os


)�

�

2

(rdiv u

os


;��

os


) = 0

�u

jt=0

= Pv

0

; U

os
jt=0

= ((1� P )v

0

; ~


0

):

The operator Q is a quadrati
 form, of the following type (see (2:12) for a pre
ise de�nition):

Q(a; b) =

1

2

(Aa � rb + Ab � ra); where Aa = (A

j

a)

1�j�d+1

is a set of smooth symmetri


matri
es for all a.

In the 
ase d = 2, the result holds under the only assumption that k(1 � P )v

0

k

L

2
� 
�:

Remarks. Let us note that the \limit system" (NS

0

) is fully paraboli
: some of the

vis
osity, at the limit, is transferred from the 
ompressible part of the velo
ity, u

os


, to the

sound speed, �

os


. This form is spe
i�
 to the periodi
 
ase: in the 
ase of the whole spa
e,

the solutions of (NS

"

) 
onverge to the in
ompressible Navier{Stokes system (see [3℄), and

that is due to the fa
t that the fast waves 
an disappear to in�nity in the 
ase of the whole

spa
e, due to Stri
hartz{like estimates. The same phenomenon o

urs in the 
ase of the Euler

equation: S. Ukai proved in [18℄ that the solutions of the weakly 
ompressible Euler equations


onverge to the in
ompressible Euler equations, whereas in the periodi
 
ase, it is proved in [5℄

that there is an additional, 
oupled equation in the limit system.

Moreover, that theorem shows that the life span of (NS

"

) is arbitrarily large, for " small

enough, under a smallness 
ondition on the velo
ity at time t = 0. In the bidimensional 
ase,

no smallness 
ondition is required for the in
ompressible part of the initial data, Pv

0

. In [8℄,

T. Hagstrom and J. Lorenz prove a very similar result, in the bidimensional 
ase; their result is

a
tually more pre
ise in the sense that the life span is exa
tly +1 for " small enough. However

the method followed is 
ompletely di�erent to the one used here, sin
e in [8℄, everything is

based on the exponential de
ay to zero of smooth solutions of the bidimensional, periodi
,

in
ompressible Navier{Stokes equations | and of all their derivatives | when t!1. Hen
e,

as noted in [8℄, if one adds an exterior for
e, or if one 
onsiders higher dimensions as it done

in our theorem, it is not 
lear that the proof in [8℄ still holds.

2 Proof of the theorem

2.1 Notation and preliminary 
omputations

In this se
tion, we are going to transform somewhat the equation (NS

"

), in order to apply

more easily the methods of [5℄ and [6℄. It is known that for smooth enough initial data, one


an solve (NS

"

) lo
ally in time (see [11℄ for instan
e). In the following se
tions, s > d=2 + 3

will be a �xed real number, and we shall pla
e ourselves on a time interval [0; T ℄ su
h that

kV

"

k

L

1

([0;T ℄;H

s�2

)

� 


1

; (2.1)
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where 


1

� kV

0

k

H

s�2 is a �xed 
onstant. Let us noti
e that under assumption (2.1), we have,

for " < 


0




�1

1

,

k1� 


1=�


";0

k

H

s�2
� C


1

";

where C is a \universal" 
onstant, depending only on 
. In the following, we shall note by

the same letter C all su
h universal 
onstants depending only on the dimension, on 
 or on

other su
h parameters (and in parti
ular independent of ").

So �nally we have, sin
e s� 2 >

d

2

,

k

�

1� 


1=�


";0

�

�v

"

k

H

s�2 � C


1

"kv

"

k

H

s

: (2.2)

This immediately implies that if " is small enough so that C


1

" �

1

2

; then the operator

de�ned by

a

"

2

(D)

def

= ���+ �

�

1� 


1=�


";0

�

� (2.3)

satis�es for all v

"

(a

"

2

(D)v

"

j v

"

)

H

s�2

� C

�

2

kv

"

k

2

H

s�1

; (2.4)

where we have noted ( � j � )

H

s�2

for the s
alar produ
t in H

s�2

. We 
an re{write equa-

tion (NS

"

) as

�

t

V

"

+ q(V

"

; V

"

) + (a

"

2

(D)v

"

; 0) +

LV

"

"

= (f; 0); (2.5)

where q(V

"

; V

"

) represents all the bilinear terms in (NS

"

). Let us note that q 
an be written

generi
ally as q(a; b) = 1=2

�

Aa � rb+Ab � ra

�

; where A is a linear operator, su
h that Au =

�

A

j

u

�

1�j�d+1

, and for all j, A

j

u is a smooth, symmetri
 matrix.

Notation. Throughout the text, for any ve
tor V = (v; ~
) where v has d 
omponents and ~


is a s
alar, we will note, re
alling that P is the L

2

-orthogonal proje
tor onto divergen
e free

ve
tor �elds,

�v = Pv; V

os


= V � (�v; 0);

8i 2 f1; ::; dg; V

i

= v

i

and V

d+1

= ~
:

2.2 The �ltered equation

Let us re
all that we have de�ned L(t) = e

�tL

and U

"

= L(�

t

"

)V

"

: It is straightforward to see

that U

"

= (�v

"

; 0) + L(�

t

"

)V

"

os


: Then a

ording to (2.5), U

"

satis�es the following equation:

8

<

:

�

t

U

"

+Q

"

(U

"

; U

"

) +A

"

2

(D)U

"

= L(�

t

"

)f

U

"

jt=0

= V

0

;

where

Q

"

(U

"

; U

"

) = L(�

t

"

)q(L(

t

"

)U

"

;L(

t

"

)U

"

); (2.6)

4



and where

A

"

2

(D)U

"

= ��(��u

"

; 0)� �L(�

t

"

)

�

�

�

L(

t

"

)U

"

os


�

1

; ::;�

�

L(

t

"

)U

"

os


�

d

; 0

�

+ �L(�

t

"

)

�

(1� C

1=�


";0

)

�

�L(

t

"

)U

"

�

1

; ::; (1 � C

1=�


";0

)

�

�L(

t

"

)U

"

�

d

; 0

�

;

where we have de�ned

C

";0

def

=




0




0

+ "

�

L(

t

"

)U

"

os


�

d+1

: (2.7)

Notation. We shall 
all A

";1

2

(D) the following operator:

A

";1

2

(D)V

def

= ��(��v; 0) � �L(�

t

"

)

�

�

�

L(

t

"

)V

os


�

1

; ::;�

�

L(

t

"

)V

os


�

d

; 0

�

; (2.8)

and the operator A

";2

2

(D)(U

"

; V ) shall be

A

";2

2

(D)(U

"

; V )

def

= �L(�

t

"

)

�

(1� C

1=�


";0

)

�

�L(

t

"

)V

�

1

; ::; (1 � C

1=�


";0

)

�

�L(

t

"

)V

�

d

; 0

�

: (2.9)

In other words, we have written A

"

2

(D)U

"

= A

";1

2

(D)U

"

+A

";2

2

(D)(U

"

; U

"

): Let us note that

the inequality (2.4) implies the following proposition.

Proposition 2.1 Under assumption (2:1), the operator A

";1

2

(D)(�)+A

";2

2

(D)(U

"

; �) is positive

(but not de�nite): we have for instan
e

�

A

";1

2

(D)V +A

";2

2

(D)(U

"

; V ) j V

�

H

s�2

� C sup

1�i�d

k

�

L(

t

"

)V

�

i

k

2

H

s�1

: (2.10)

Now let us prove that U

"


onverges to U in C

0

([0; T ℄;H

s�2

); when " is small enough, where U

satis�es the following equation:

(

�

t

U +Q(U;U) +A

2

(D)U = (Pf; 0)

U

jt=0

= V

0

;

(2.11)

where Q(U;U) and A

2

(D)U are the limits in D

0

respe
tively of Q

"

(U

"

; U

"

) and A

"

2

(D)U

"

,

and where A

2

(D)U is se
ond order ellipti
.

The 
oming se
tion 
onsists in the 
omputation of the limit system, and in parti
ular in the

proof that A

2

(D)U is se
ond order ellipti
. In the last se
tion below (Se
tion 2.4), we 
ombine

those results to prove that the limiting system is globally well posed for suitable initial data,

and that enables us to prove the theorem stated in the introdu
tion, using methods of [5℄.

2.3 Computation of the limit system (NS

0

)

Proposition 2.2 The limit of Q

"

(U

"

; U

"

) in D

0

is Q(U;U), where there exists p su
h that

PQ(U;U) = �u � r�u+rp; and (1� P )Q(U;U) = Q(�u+ U

os


; U

os


):

Moreover, the limit of (L(�

t

"

)f; 0) in D

0

is (Pf; 0).

5



Proof of the proposition. The limit of the quadrati
 term was obtained in [7℄, and the

limit of the �ltered for
ing term was obtained, by the same method, in [6℄. We shall not

re
all the arguments leading to those results here, as the te
hniques used are stri
tly identi
al

to the ones we shall be using in the proof of the following proposition, to obtain the ellipti


term A

2

(D): Let us simply re
all that

Q(U;U) = F

�1

X

!

a;b;


k;n

=0

�

(AU)

a

(n� k) � k U

b

(k); e




(n)

�

e




(n): (2.12)

We have noted (!

a

(k))

1�a�d+1

for the eigenvalues of FL(k), where F is the (dis
rete) Fourier

transform, and the asso
iate eigenve
tors are (e

a

(k))

1�a�d+1

. Finally we have written !

a;b;


k;n

=

!

a

(k) + !

b

(n� k)� !




(n); and U

a

(k) = FU(k) � e

a

(k) e

a

(k): 2

Proposition 2.3 Under assumption (2:1), the limit in D

0

of A

"

2

(D)U

"

de�ned in (2:8); (2:9)

is A

2

(D)U , where A

2

(D) is ellipti
. More pre
isely, we have

A

2

(D)(�u; 0) = ���(�u; 0) and A

2

(D)(u

os


; �

os


) = �

�

2

(rdiv u

os


;��

os


):

Proof of the proposition. By the same 
omputation as in (2:2), we have for all s

0

< s,

by the rules of produ
t in Sobolev spa
es,













L(�

t

"

)

�

(1�C

1=�


";0

)

�

�L(

t

"

)U

"

�

1

; ::; (1 � C

1=�


";0

)

�

�L(

t

"

)U

"

�

d

; 0

�













H

s

0

�4

� C"kU

"

k

2

H

s�2

;

hen
e we have, under assumption (2:1),

lim

"!0

A

";2

2

(D)(U

"

; U

"

) = 0: (2.13)

To �nd the limit of A

";1

2

(D)U

"

, in the same way as in [5℄, [6℄ and [7℄, we are going to use the

non stationary phase theorem. As L(t) is unitary, one need only �nd the limit of A

";1

2

(D)U .

Moreover, we are only interested here in the \
ompressible part" U

os


, of U , sin
e the \in-


ompressible part" of U only appears in the form ����u, whi
h does not depend on ". So

we are looking for the limit in D

0

of A

";1

2

(D)U

os


. Let us 
ompute the eigenvalues and the

eigenve
tors of FL(n); in order to simplify the 
omputations, we are going to work in the


ase d = 3, the general 
ase is treated exa
tly in the same way. We have

FL(n) = �


0

B

B

B

�

0 0 0 ik

1

0 0 0 ik

2

0 0 0 ik

3

ik

1

ik

2

ik

3

0

1

C

C

C

A

;

whi
h yields the eigenvalues 0 (of order 2) and �ijkj�
. The eigenve
tors asso
iated with the

eigenvalue 0 are of 
ourse in
ompressible. Sin
e we are only interested in \
ompressible{

type" ve
tors here, we shall only 
ompute the last two eigenve
tors, respe
tively asso
iated

with ijkj�
 and �ijkj�
 and 
alled respe
tively e

+

(k) and e

�

(k). We get

e

+

(k) =

1

jkj

p

2

0

B

B

B

�

k

1

k

2

k

3

jkj

1

C

C

C

A

and e

�

(k) =

1

jkj

p

2

0

B

B

B

�

k

1

k

2

k

3

�jkj

1

C

C

C

A

:
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Now for any \
ompressible{type" ve
tor B, let us write FB(k) = (b

1

; b

2

; b

3

; b

4

), and

FL(t)B(k) =

1

jkj

p

2

e

�itjkj�


(k

1

b

1

+ k

2

b

2

+ k

3

b

3

+ jkjb

4

)e

+

(k)

+

1

jkj

p

2

e

itjkj�


(k

1

b

1

+ k

2

b

2

+ k

3

b

3

� jkjb

4

)e

�

(k):

It follows that

F

�

�

�L(t)B

�

1

; ::;

�

�L(t)B

�

3

; 0

�

(k) =

�

2

e

�itjkj�


(k

1

b

1

+ k

2

b

2

+ k

3

b

3

+ jkjb

4

)(k

1

; k

2

; k

3

; 0)

+

�

2

e

itjkj�


(k

1

b

1

+ k

2

b

2

+ k

3

b

3

� jkjb

4

)(k

1

; k

2

; k

3

; 0)

Finally we �nd the following expression, where U

os


= (u

os


; �

os


): for all j in f1; 2; 3g,

FA

";1

2

(D)U

j

os


(k) =

�

2

��

1 + 
os

2tjkj�


"

�

k �

b

u

os


(k) + sin

2tjkj�


"

jkj

b

�

os


(k)

�

k

j

;

and FA

";1

2

(D)U

4

os


(k) =

�

2

��

1� 
os

2tjkj�


"

�

jkj

2

b

�

os


(k)� sin

2tjkj�


"

jkj k �

b

u

os


(k)

�

:

So the non stationary phase theorem yields

lim

"!0

A

"

2

(D)(�u; 0) = ����u and lim

"!0

A

"

2

(D)(u

os


; �

os


) = �

�

2

(rdiv u

os


;��

os


): (2.14)

Finally (2.13) and (2.14) give Proposition 2.3. 2

2.4 Proof of the theorem

In the previous se
tion, we have 
omputed the limit system (NS

0

). We shall now 
he
k that

it is globally well posed, under the assumptions of Theorem 1, and we shall prove (1.1).

2.4.1 Global wellposedness of (NS

0

)

Proposition 2.4 Let s >

d

2

+ 3 be a �xed real number. Then there exists a 
onstant 
 > 0

su
h that if V

0

2 H

s

(T

d

) and Pf 2 C

0

(R

+

;H

s�2

(T

d

)) \ L

2

(R

+

;H

s�1

(T

d

)), with

kv

0

k

H

d

2

�1

(T

d

)

+ k~


0

k

H

d

2

�1

(T

d

)

� 
�; and kPfk

L

2

(R

+

;H

d

2

�2

(T

d

))

� 
�; (2.15)

then there exists a unique solution U to (NS

0

), and

U 2 C

0

(R

+

;H

s

(T

d

)) \ L

2

(R

+

;H

s+1

(T

d

)):

In the 
ase when d = 2, then it is enough to suppose that kv

0;os


k

L

2

(T

2

)

+ k~


0

k

L

2

(T

2

)

� 
�:
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Proof of the proposition. The proof of this proposition follows from 
lassi
al results 
on-


erning paraboli
 equations (see for instan
e [1℄ for the 
ase of the in
ompressible Navier{

Stokes equations): it is well known that if the initial data is in H

s

(T

d

), and if Pf 2

C

0

(R

+

;H

s�2

(T

d

)) \ L

2

(R

+

;H

s�1

(T

d

)), then one 
an solve (NS

0

) lo
ally in time, and we

have a unique solution

U 2 C

0

([0; T

0

℄;H

s

(T

d

)) \ L

2

([0; T

0

℄;H

s+1

(T

d

)); for some T

0

> 0: (2.16)

Moreover, assumption (2.15) implies that (NS

0

) has a unique solution U su
h that

U 2 C

0

(R

+

;H

d

2

�1

(T

d

)) \ L

2

(R

+

;H

d

2

(T

d

));

hen
e (NS

0

) has a unique solution

U 2 C

0

([0; T

0

℄;H

s

(T

d

)) \ L

2

(R

+

;H

d

2

(T

d

)); for some T

0

> 0;

and Lemma 3.1.1 of [1℄ implies that

U 2 C

0

(R

+

;H

�

(T

d

)) \ L

2

(R

+

;H

�+1

(T

d

)); for all � �

d

2

.

(2.17)

One 
an note that no for
ing term is 
onsidered in [1℄, but with the assumptions made on Pf ,

it 
an be added to the proofs in [1℄ with no diÆ
ulty. It is then easy to infer, by similar

arguments, that

U 2 C

0

(R

+

;H

s

(T

d

)) \ L

2

(R

+

;H

s+1

(T

d

)): (2.18)

The arguments leading to (2.18) are standard; we re-formulate them here for the 
onvenien
e

of the reader.

We start by 
hoosing

d

2

< �

0

�

d

2

+ 1, for whi
h we have, by an energy estimate in H

�

0

(T

d

),

1

2

d

dt

kU(t)k

2

H

�

0

(T

d

)

+


�

2

kU(t)k

2

H

�

0

+1

(T

d

)

�

C

�

kU(t)k

4

H

�

0

(T

d

)

;

whi
h yields that for all �

0

� d=2 + 1 and for all t � 0,

kU(t)k

2

H

�

0

(T

d

)

+


�

2

Z

kU(�)k

2

H

�

0

+1

(T

d

)

d� � kU

0

k

2

H

�

0

(T

d

)

+

C

�

kUk

4

L

4

(R

+

;H

�

0

(T

d

))

: (2.19)

But (2.17) implies that U 2 L

4

(R

+

;H

�

0

(T

d

)) for all �

0

� d=2+1=2, hen
e (2.19) implies that

U 2 C

0

b

(R

+

;H

�

(T

d

)) \ L

2

(R

+

;H

�+1

(T

d

)); for all � �

d+ 1

2

.

Then U 2 L

4

(R

+

;H

�

0

(T

d

)) for all �

0

� d=2 + 1, so again by (2.19), we have

U 2 C

0

b

(R

+

;H

�

(T

d

)) \ L

2

(R

+

;H

�+1

(T

d

)); for all � �

d

2

+ 1:

Finally, for all �

0

>

d

2

+ 1, an energy estimate yields

1

2

d

dt

kU(t)k

2

H

�

0

(T

d

)

+


�

2

kU(t)k

2

H

�

0

+1

(T

d

)

�

C

�

kU(t)k

2

H

�

0

(T

d

)

kU(t)k

2

H

�

0

�1

(T

d

)

;

8



hen
e for all �

0

> d=2 + 1 and all t � 0,

kU(t)k

2

H

�

0

(T

d

)

+


�

2

Z

kU(�)k

2

H

�

0

+1

(T

d

)

d� � kU

0

k

2

H

�

0

(T

d

)

+

C

�

kUk

2

L

1

(R

+

;H

�

0

�1

(T

d

))

kUk

2

L

2

(R

+

;H

�

(T

d

))

;

and one 
on
ludes by re
urren
e.

So we have the result for d > 2. In the bidimensional 
ase, one uses moreover the fa
t that

the bidimensional in
ompressible Navier{Stokes equations are globally well posed, with no

smallness assumption on the initial data, nor on the for
ing term, as soon as the initial data

is in L

2

(T

2

) (see [1℄). So there is no smallness 
ondition on the in
ompressible part of the

initial data �v

0

, nor on Pf , in that 
ase.

The proposition is proved. 2

2.4.2 End of the proof

The fun
tion W

"

def

= U

"

� U satis�es the equation

�

t

W

"

+Q

"

(W

"

;W

"

+ 2U) +A

";1

2

(D)W

"

+A

";2

2

(D)(U

"

;W

"

) = (A

2

(D)�A

";1

2

(D))U

+(Q�Q

"

)(U;U) +

�

L(�

t

"

)f � Pf; 0

�

�A

";2

2

(D)(U

"

; U); (2.20)

with the initial data W

"

jt=0

= 0:

Remark. It is not totally 
lear at this stage why the ellipti
 operator A

2

(D) alone does not

appear on the left{hand side of this equation, as it would imply that W

"

satis�es a parabolii


equation, with additional for
ing terms on the right. In the last remark, at the very end of the

paper, we explain why the 
hoi
e above is made, by showing that the additional for
ing terms

that would appear 
annot be 
ontrolled properly, 
ontrary to the ones that appear in (2.20).

In the right{hand side of equation (2.20), we �nd two di�erent types of terms: on the one

hand we have the fun
tion A

";2

2

(D)(U

"

; U), de�ned in (2.9), whi
h 
an be estimated by

kA

";2

2

(D)(U

"

; U)k

H

s�2
� C�"kU

"

os


k

H

s�2
kU

os


k

H

s

; (2.21)

in the same way as for (2.2). On the other hand, we have three terms,

(A

2

(D)�A

";1

2

(D))U; (Q�Q

"

)(U;U) and

�

L(�

t

"

)f � Pf; 0

�

:

Those terms are going to be treated using a method followed in [5℄ and [6℄. Let us re
all that

we have de�ned, in [5℄, the following notion.
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De�nition 2.1 (Os
illating fun
tions) Let T > 0, p � 1 and � >

d

2

be �xed. We write

~

k

q

= (k

1

; ::; k

q

); where k

i

2 Z

d

; and will 
all j

~

k

q

j = max

1�i�q

jk

i

j. Then a fun
tion R

"

os


(t) will

be said to be (p; �){os
illating if it 
an be written as R

"

os


(t) =

P

q2f1;::;pg

R

"

q;os


(t); where

R

"

q;os


(t) = F

�1

X

~

k

q

2K

n

q

e

�i

t

"

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

1

(t; k

1

)::f

q

(t; k

q

);

with K

n

q

=

(

~

k

q

2 Z

dq

j

q

X

i=1

k

i

= n and �

q

(n;

~

k

q

) 6= 0

)

, and where r

0

and f

i

satisfy

9 (�

i

)

1�i�q

; �

i

� 0; su
h that jr

0

(n;

~

k

q

)j � C (1 + jk

1

j)

�

1

:: (1 + jk

q

j)

�

q

;

8 i 2 [1; ::; q℄; F

�1

(f

i

(t; �)) is an element of C

0

([0; T ℄;H

�+�

i

)

and 9 �

i

> �� su
h that F

�1

(�

t

f

i

(t; �)) is an element of C

0

([0; T ℄;H

�

i

) :

In view of that de�nition, we have the following proposition, whi
h has an obvious proof,

using also Proposition 2:4.

Proposition 2.5 Under the assumptions of Theorem 1, the fun
tion (A

2

(D)�A

";1

2

(D))U is

a (1; s�2){os
illating fun
tion, (Q�Q

"

)(U;U) is a (2; s�1){os
illating fun
tion, and �nally

the fun
tion

�

L(�

t

"

)f � Pf; 0

�

is a (1; s � 2){os
illating fun
tion.

It follows that the fun
tion W

"

satis�es the following equation:

�

t

W

"

+Q

"

(W

"

;W

"

+ 2U) +A

";1

2

(D)W

"

+A

";2

2

(D)(U

"

;W

"

) = R

"

os


(f; U) + F

"

(U);

where R

"

os


(f; U), is a (2; s� 2){os
illating fun
tion a

ording to Proposition 2.5, with

R

1;"

os


(f; U) = (Q�Q

"

)(U;U) +

�

L(�

t

"

)f � Pf; 0

�

+ (A

2

(D)�A

";1

2

(D))U;

and where F

"

(U) is estimated as follows, a

ording to (2.21):

kF

"

(U)k

H

s�2
� C"


1

kU

os


k

H

s

:

The following lemma, similar to Lemma 2.1 of [5℄, will enable us to 
on
lude.

Lemma 2.1 Let T > 0 and � >

d

2

+ 1 be two real numbers, let b

"

be a family of fun
tions,

uniformly bounded in the spa
e C

0

([0; T ℄;H

�+1

(T

d

)), and let a

"

0

be a fun
tion going to zero

with " in H

�

(T

d

). Let Q

"

be as in (2:6), and let A

"

2

(D) be a se
ond order, positive operator

in the sense of (2:10). Finally let R

"

os


be a (p; �){os
illating fun
tion, with p � 1, and F

"

be

a fun
tion going to zero with " in C

0

([0; T ℄;H

�

(T

d

)). Then the fun
tion a

"

, solution of

(

�

t

a

"

+Q

"

(a

"

; b

"

) +A

"

2

(D)a

"

= R

"

os


+ F

"

in T

d

a

"

jt=0

= a

"

0

;

(2.22)

is an o(1) in the spa
e C

0

([0; T ℄;H

�

(T

d

)).
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We shall postpone the proof of that lemma for a while, and �nish the proof of the theorem.

Under assumption (2.2), Lemma 2.1 with � = s� 2, implies immediately that

8T > 0; lim

"!0

W

"

= 0 in C

0

([0; T ℄;H

s�2

(T

d

)):

That implies in parti
ular that for all T > 0, and for " small enough,

8t 2 [0; T ℄; kV

"

(t)k

H

s�2
� 2:kUk

C

0

(R

+

;H

s�2

)

(2.23)

So 
hoosing the 
onstant 


1

larger than 4kUk

C

0

(R

+

;H

s�2

)

, that implies that

kV

"

(t)k

C

0

([0;T ℄;H

s�2

)

� 


1

) kV

"

(t)k

C

0

([0;T ℄;H

s�2

)

�




1

2

for " small enough ;

whi
h means �nally that W

"

is de�ned for all times T , for " small enough.

Hen
e the theorem is proved. 2

Proof of Lemma 2.1. We shall only give a sket
h of the proof, as it is very similar to

the proof of Lemma 2.1 in [5℄. The only di�eren
e is the presen
e of a bilinear form and

of a se
ond order, positive operator on the left{hand side of equation (2.22). We start by

re{writing equation (2.22) in the following way:

�

t

a

"

+Q

"

(a

"

; b

"

) +A

"

2

(D)a

"

= R

"

os
;N

+R

";N

os


+ F

"

;

where, writing 1

X

for the 
hara
teristi
 fun
tion of X, and with the notation of De�nition 2.1,

we have de�ned

R

"

os
;N

def

=

X

q2f1;::;pg

R

"

q;os
;N

=

X

q2f1;::;pg

F

�1

�

1

fj�j;j

~

k

q

j�Ng

FR

"

q;os


(�)

�

;

and R

";N

os


def

= R

"

os


�R

"

os
;N

:

Then, still as in [5℄, we 
an de�ne the fun
tion

 

"

N

= a

"

+ "

e

R

"

os
;N

;

where

e

R

"

os
;N

is de�ned by

e

R

"

os
;N

=

X

q2f1;::;pg

e

R

"

q;os
;N

; and

F

e

R

"

q;os
;N

(n)

def

=

X

jnj;j

~

k

q

j�N

X

~

k

q

2K

n

q

i e

�i

t

"

�

q

(n;

~

k

q

)

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

"

1

(t; k

1

)::f

"

q

(t; k

q

):

It is obvious that if we prove that for N large enough, uniformly in ", and for " small

enough,  

"

N

is arbitrarily small in C

0

([0; T ℄;H

��1

(T

d

)), then the lemma will be proved.

But the fun
tion  

"

N

satis�es the following equation:

�

t

 

"

N

+Q

"

( 

"

N

;  

"

N

+ b

"

+ 2"

e

R

"

os
;N

) +A

"

2

(D) 

"

N

= R

";N

os


+ F

"

+ "Q

"

(

e

R

"

os
;N

; 2b

"

+ "

e

R

"

os
;N

) + "A

"

2

(D)

e

R

"

os
;N

:

The following proposition will enable us to 
on
lude, by energy estimates on  

"

N

.
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Proposition 2.6 Under the assumptions of Lemma 2:1, the fun
tion  

"

N

satis�es

(

�

t

 

"

N

+Q

"

( 

"

N

+ b

"

+ 2"R

"

N;os


;  

"

N

) +A

"

2

(D) 

"

N

= "R

1;"

N;os


+R

";N

os


+ F

"

 

"

N jt=0

=  

"

N;0

;

where  

"

N;0

goes to zero with " in H

�

, R

1;"

N;os


is bounded uniformly in ", in C

0

([0; T ℄;H

�

), by

a 
onstant depending on N , and R

";N

os


goes to zero in C

0

([0; T ℄;H

�

) when N goes to in�nity,

uniformly in ".

Proof. We shall not give all the details of the proof here, as it is identi
al to Proposition 3.1

of [5℄: it is based on the fa
t that the fun
tion

e

R

"

os
;N

is a low frequen
y term, hen
e as smooth

as one needs (if one pays by enough powers of N), and that on the 
ontrary R

";N

os


is a high

frequen
y term, hen
e small if N is large enough, uniformly in ". So we 
an write

"kA

"

2

(D)

e

R

"

os
;N

k

L

1

([0;T ℄;H

�

)

+ "kQ

"

(

e

R

"

os
;N

; 2b

"

+ "

e

R

"

os
;N

)k

L

1

([0;T ℄;H

�

)

� "


�

(";N);

as well as

kR

";N

os


k

L

1

([0;T ℄;H

�

)

� 


�

(N);

where

lim

N!1




�

(N) = 0 and 


�

(";N) is uniformly bounded in N and in ":

The proposition follows. 2

Then a 
lassi
al energy estimate in H

�

yields, sin
e � >

d

2

+ 1, and sin
e A

"

2

(D) is positive,

1

2

d

dt

k 

"

N

(t)k

2

H

�

� C k 

"

N

(t)k

2

H

�

kb

"

(t)k

H

�+1
+ C k 

"

N

(t)k

3

H

�

+ C k 

"

N

(t)k

H

�

k("R

1;"

N;os


+R

";N

os


+ F

"

)(t)k

H

�

:

We have used the fa
t (see [15℄ or [16℄) that for all ve
tor �elds a and b, we have the following

estimate:

8� >

d

2

; (Q

"

(a; b) j b)

H

�

� Ckbk

H

�

(R

d

)

kak

H

�

(R

d

)

krbk

L

1

(R

d

)

+ Ckbk

2

H

�

(R

d

)

�

krak

L

1

(R

d

)

+ kak

H

�+1

(R

d

)

�

;

and 8� >

d

2

; (Q

"

(b; b) j b)

H

�

� Ckbk

2

H

�

(R

d

)

krbk

L

1

(R

d

)

:

Now sin
e the initial data 
an be 
hosen arbitrarily small, provided N is large enough and "

is small enough, we 
an suppose to start with, that it is su
h that there exists a time T

�

satisfying

0 < T

�

� sup ft 2 [0; T ℄ j k 

"

N

(t)k

H

�

� 1 +B(T )g ;

where B(T ) is an upper bound (uniform in ") for kb

"

k

L

1

([0;T ℄;H

�+1

)

. Then by a variant of

Gronwall's lemma we get, for all t � T

�

:

k 

"

N

(t)k

H

�

� C

�

k 

"

N;0

k

H

�

+

Z

t

0










("R

1;"

N;os


+R

";N

os


+ F

"

)(�)










H

�

d�

�

exp (T (1 +B(T ))) :

(2.24)
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We then just have to 
hoose N large enough and " small enough so that

k 

"

N;0

k

H

�

+

Z

t

0










("R

1;"

N;os


+R

";N

os


+ F

"

)(�)










H

�

d� �

(1 +B(T ))

2C

exp (�T (1 +B(T ))) ;

to obtain

8t � T

�

; k 

"

N

(t)k

H

�

�

(1 +B(T ))

2

:

That means that T

�


an be 
hosen equal to T , and (2.24) implies that

a

"

! 0 in C

0

([0; T ℄;H

�

):

The lemma follows. 2

Remarks. The fa
t that in the statement of the theorem, nothing is said about the smallness

of ~


0

is simply due to the fa
t that one just has to take " small enough to have k~


0

k

H

s

� 
�,

sin
e ~


0

is de�ned by 


"

jt=0

= 


0

+ " ~


0

:

Furthermore, as remarked after equation (2.20) one 
an wonder at the 
hoi
e made, to put

the positive operator A

"

2

(D) on the left{hand side of (2.20), instead of the ellipti
 part A

2

(D)

alone. But it is easy to see that in the latter 
ase, on the right{hand side of the equation

satis�ed by W

"

would appear the term (A

";1

2

(D) � A

2

(D))U

"

. That term is not os
illating

in the sense of De�nition 2.1, unless in that de�nition, the fun
tions f

i

are repla
ed by "{

dependent fun
tions f

"

i

, where 8 i 2 [1; ::; q℄; F

�1

(f

"

i

(t; �)) is 
ompa
t in C

0

([0; T ℄;H

�+�

i

):

But to ensure that 
ompa
tness, we must allow for the loss of � > 0 derivatives when passing

from U

"

to W

"

. However in the previous proof, it is 
ru
ial that no loss of derivatives o

urs

between the assumption (2:1) and the result (2:23). In other words, su
h a method withA

2

(D)

on the left{hand side of (2.20) does not enable us to 
on
lude.
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