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Abstra
t. | We 
onsider sequen
es of solutions of the Navier-Stokes equa-

tions in R

3

, asso
iated with sequen
es of initial data bounded in

_

H

1=2

. We

prove, in the spirit of the work of H. Bahouri and P. G�erard (in the 
ase of

the wave equation), that they 
an be de
omposed into a sum of orthogonal

pro�les, bounded in

_

H

1=2

, up to a remainder term small in L

3

; the method

is based on the proof of a similar result for the heat equation, followed by a

perturbation{type argument. If A is an \admissible" spa
e (in parti
ular L

3

,

_

B

�1+3=p

p;1

for p < +1 or rBMO), and if B

A

NS

is the largest ball in A 
entered

at zero su
h that the elements of

_

H

1=2

\B

A

NS

generate global solutions, then we

obtain as a 
orollary an a priori estimate for those solutions. We also prove that

the mapping from data in

_

H

1=2

\ B

A

NS

to the asso
iate solution is Lips
hitz.
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R

�

esum

�

e (D�e
omposition en pro�ls pour les solutions des �equations de Navier-

Stokes)

On 
onsid�ere des suites de solutions des �equations de Navier{Stokes dans R

3

,

asso
i�ees �a des suites de donn�ees initiales born�ees dans

_

H

1=2

. On montre, dans

l'esprit du travail de H. Bahouri et P. G�erard (dans le 
as de l'�equation des

ondes), qu'elles peuvent être d�e
ompos�ees en une somme de pro�ls orthogonaux,

born�es dans

_

H

1=2

, �a un terme de reste pr�es, petit dans L

3

; la m�ethode s'appuie

sur la d�emonstration d'un r�esultat analogue pour l'�equation de la 
haleur, suivi

d'un argument de perturbation. Si A est un espa
e \admissible" (en parti-


ulier L

3

,

_

B

�1+3=p

p;1

pour p < +1 ou rBMO), et si B

A

NS

est la plus grande

boule de de A 
entr�ee en z�ero, telle que les �el�ements de

_

H

1=2

\ B

A

NS

g�en�erent

des solutions globales, alors on obtient en 
orollaire une estimation a priori

pour 
es solutions. On montre aussi que l'appli
ation asso
iant une donn�ee

dans

_

H

1=2

\ B

A

NS

�a sa solution est lips
hitzienne.

1. Introdu
tion

We are interested in the in
ompressible Navier-Stokes equations in

three spa
e dimensions

(NS)

8

<

:

�

t

v + v � rv � ��v = �rp in R

+

t

� R

3

x

div v = 0 in R

+

t

� R

3

x

v

jt=0

= v

0

;

where v

0

is a divergen
e free ve
tor �eld, v(t; x) and p(t; x) are respe
-

tively the velo
ity and the pressure �elds of the 
uid, and � > 0 is the

vis
osity. The velo
ity is a three-
omponent ve
tor �eld, and the pres-

sure is a s
alar �eld. The divergen
e free 
ondition on v represents the

in
ompressibility of the 
uid. Here t and x are respe
tively the time and

the spa
e variables, with t 2 R

+

and x 2 R

3

. All the results stated here

hold in the more general 
ase of x 2 R

d

; d � 3, with obvious adaptations,

namely in the orders of the fun
tional spa
es 
onsidered.

In order to motivate our study, let us re
all a few well{known fa
ts


on
erning the system (NS). The most important results about the

Cau
hy problem were obtained by J. Leray in [21℄, who proved that

for divergen
e free data v

0

2 L

2

(R

3

), there is a global, weak solution v

of (NS) with

v 2 L

1

(R

+

; L

2

(R

3

)) \ L

2

(R

+

;

_

H

1

(R

3

));
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where L

p

(R

3

) denotes the usual Lebesgue spa
e of order p, and where we

have noted

_

H

s

(R

3

) the homogeneous Sobolev spa
e of order s, de�ned

by

8s <

3

2

;

_

H

s

(R

3

)

def

=

n

u 2 S

0

(R

3

) j kuk

_

H

s

(R

3

)

< +1

o

;

where kuk

_

H

s

(R

3

)

def

=

�

Z

R

3

j�j

2s

jbu(�)j

2

d�

�

1=2

;

and bu is the Fourier transform of u. We will note (� j �)

_

H

s

(R

3

)

the s
alar

produ
t in

_

H

s

(R

3

). The restri
tion s <

3

2

is for kuk

_

H

s

(R

3

)

to be a

norm and not a semi{norm. Note that the inhomogeneous Sobolev

spa
e H

s

(R

3

) is of 
ourse de�ned in the same way, where j�j

2s

is re-

pla
ed by (1 + j�j

2

)

s

. In the following, we will 
all

_

H

3=2

(R

3

) the spa
e

of ve
tor �elds whose 
omponents have �rst derivatives in

_

H

1=2

(R

3

).

The solutions 
onstru
ted by J. Leray satisfy moreover the energy

inequality

(1.1) 8t � 0; kv(t)k

2

L

2

(R

3

)

+ 2�

Z

t

0

krv(s)k

2

L

2

(R

3

)

ds � kv

0

k

2

L

2

(R

3

)

:

Those solutions are not known to be unique (ex
ept in two spa
e dimen-

sions); many studies exist on that problem of uniqueness, and the start-

ing point of our study will be the result of H. Fujita and T. Kato [8℄.

It 
an be stated in the following way (see [4℄ for instan
e): if v

0

is

in

_

H

1=2

(R

3

), then there exists a unique maximal time T

�

> 0 and a

unique solution v asso
iated with v

0

su
h that

v 2 C

0

([0; T ℄;

_

H

1=2

(R

3

)) \ L

2

([0; T ℄;

_

H

3=2

(R

3

)) for all T < T

�

:

Moreover, if T

�

< +1, then we have

(1.2) lim

T!T

�

kvk

L

2

([0;T ℄;

_

H

3=2

(R

3

))

= +1:

Furthermore, there exists a universal 
onstant 
 su
h that

(1.3) kv

0

k

_

H

1=2

(R

3

)

� 
� ) T

�

= +1;

and we have in that 
ase, for any t � 0,

(1.4) kv(t)k

2

_

H

1=2

(R

3

)

+ �

Z

t

0

kv(s)k

2

_

H

3=2

(R

3

)

ds � kv

0

k

2

_

H

1=2

(R

3

)

:
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Finally it is well known (see for instan
e [21℄ or [7℄, Remark 10.3.a) that

we have the following weak{strong uniqueness result:

(1.5) 8 v

0

2 L

2

\

_

H

1=2

(R

3

); NS(v

0

) satis�es (1:1);

where, as in the whole of this text, we have noted NS(v

0

) the unique

solution of (NS) asso
iated with the initial data v

0

2

_

H

1=2

(R

3

).

One important aspe
t to keep in mind in the study of (NS) is the

s
aling of the equation. It is easy to 
he
k the following property: for

any real number �,

(1.6) v = NS(v

0

) , v

�

= NS(v

0;�

);

with v

�

(t; x)

def

= �v(�

2

t; �x) and v

0;�

(x)

def

= �v

0

(�x):

Note that the

_

H

1=2

(R

3

) norm is 
learly 
onserved under the transfor-

mation v

0

7! v

0;�

� Many existen
e and uniqueness results have been

obtained for data in su
h fun
tion spa
es, invariant under that transfor-

mation; it is impossible to present here all the fun
tion spa
es in whi
h

su
h results have been obtained, so let us simply re
all the 
hain of

spa
es

_

H

1=2

(R

3

) � L

3

(R

3

) �

_

B

�1+3=p

p;1

(R

3

)

jp<+1

� rBMO(R

3

) �

_

C

�1

(R

3

):

In that 
hain of spa
es,

_

B

�1+3=p

p;1

(R

3

) stands for a homogeneous Besov

spa
e. We shall not be using those spa
es expli
itely in this paper, so

we will merely re
all the following de�nition, using Littlewood Paley

theory, and we refer for instan
e to [5℄ for a detailled presentation of the

theory, and to [22℄ or [25℄ for the analysis of Besov spa
es: elements

of

_

B

s

p;1

(R

3

) satisfy kuk

_

B

s

p;1

(R

3

)

def

= sup

j2Z

2

js

k�

j

uk

L

p

(R

3

)

< +1; where �

j

is a Littlewood{Paley operator, de�ned by

d

�

j

u(�)

def

= '(2

�j

j�j)bu(�)

and ' 2 C

1




([

1

2

; 2℄) satis�es

X

j2Z

'(2

�j

t) = 1, for all t > 0.

Furthermore, rBMO(R

3

) stands for the spa
e of fun
tions whi
h are

�rst derivatives of fun
tions in BMO(R

3

). We re
all below the de�nition

of the norm kuk

BMO(R

3

)

, and refer to [24℄ for a detailled presentation of
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that spa
e:

kuk

BMO(R

3

)

def

=

1

jB(x

0

; R)j

sup

x

0

;R

Z

B(x

0

;R)

ju� u

B(x

0

;R)

j dx;

where u

B(x

0

;R)

def

=

1

jB(x

0

; R)j

Z

B(x

0

;R)

u(x) dx.

In all those spa
es ex
ept for the last, analogous existen
e and unique-

ness theorems to the 
ase

_

H

1=2

(R

3

) have been proved. We refer re-

spe
tively to T. Kato [18℄ and G. Furioli, P.-G. Lemari�e and E. Terra-

neo [10℄ for the proof of the L

3

(R

3

) 
ase, to the book of M. Cannone [3℄

and the work of F. Plan
hon [23℄ for

_

B

�1+3=p

p;1

(R

3

); p < +1, and �-

nally to H. Ko
h and D. Tataru [20℄ for the spa
e rBMO. In the

spa
e

_

C

�1

(R

3

)

def

=

_

B

�1

1;1

(R

3

), uniqueness was proved by J.-Y. Chemin

in [6℄, supposing the data is also in the energy spa
e L

2

(R

3

).

In relation with the result of H. Fujita and T. Kato mentionned above,

let us give the following de�nitions: we de�ne the fun
tion spa
es

(1.7) E

T

def

= C

0

([0; T ℄;

_

H

1=2

(R

3

)) \ L

2

([0; T ℄;

_

H

3=2

(R

3

))

and E

1

def

= C

0

b

(R

+

;

_

H

1=2

(R

3

)) \ L

2

(R

+

;

_

H

3=2

(R

3

));

where C

0

b

denotes the set of bounded, 
ontinuous fun
tions; we also

de�ne the sets of initial data yielding solutions of (NS) in E

T

and E

1

respe
tively,

D

T

def

=

n

v

0

2

_

H

1=2

(R

3

) jNS(v

0

) 2 E

T

o

and D

1

def

=

n

v

0

2

_

H

1=2

(R

3

) jNS(v

0

) 2 E

1

o

:

Finally we de�ne, for any ve
tor �eld v,

(1.8) kvk

E

�

T

def

= sup

t�T

�

kv(t)k

2

_

H

1=2

(R

3

)

+ 2� kvk

2

L

2

([0;t℄;

_

H

3=2

(R

3

))

�

1=2

;

and kvk

E

�

1

def

=

�

kvk

2

L

1

(R

+

;

_

H

1=2

(R

3

))

+ 2� kvk

2

L

2

(R

+

;

_

H

3=2

(R

3

))

�

1=2

:

Remark. | Note that nothing prevents a priori the life span T

�

asso-


iated with some data v

0

to satisfy T

�

= +1 with v

0

=2 D

1

: in that


ase, lim

T!+1

kNS(v

0

)k

L

2

([0;T ℄;

_

H

3=2

(R

3

))

= +1.
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Definition 1. | Let A � S

0

(R

3

) be a Bana
h spa
e su
h that the

embedding

_

H

1=2

(R

3

) � A is 
ontinuous. Then A is admissible if and

only if the following properties hold:

(i) The norm k k

A

is invariant under the transformations

' 7! �'(��) 8� 2 R and ' 7! '(� � x

0

) 8x

0

2 R

3

:

(ii) There exists a 
onstant 


A

�

depending only on � and A su
h

that if ' is an element of

_

H

1=2

(R

3

) and k'k

A

is smaller than 


A

�

, then '

is in D

1

.

Example 1. | An obvious example is of 
ourse

_

H

1=2

(R

3

); point (i) is


lear, and point (ii) is due to H. Fujita and T. Kato's theorem re
alled

above.

Example 2. | Similarly L

3

(R

3

) satis�es point (i), and a proof of (ii)


an be found in Proposition A.1 in the Appendix.

Example 3. | The Besov spa
e

_

B

�1+3=p

p;1

(R

3

) satis�es point (i), and

point (ii) is proved for instan
e in Theorem 3.4.2 of [3℄ for p < +1.

Example 4. | The spa
e rBMO(R

3

) is a Bana
h spa
e satisfying

points (i) and (ii), as proved in [9℄.

In the following, for any admissible spa
e A in the sense of De�ni-

tion 1, we shall de�ne the 
onstant C

A

NS

2 R

+

[ f+1g by

(1.9) C

A

NS

def

= sup f� > 0 j B

A

�

\

_

H

1=2

(R

3

) � D

1

g;

where B

A

�

def

= f' 2 A j k'k

A

< �g and we will note

(1.10) B

A

NS

def

= B

A

C

NS

:

In other words, the set B

A

NS

is the largest ball in A whose interse
tion

with

_

H

1=2

(R

3

) is a subset of D

1

. Note that we obviously have C

A

NS

� 


A

�

,

where 


A

�

was de�ned in Property (ii) of De�nition 1. The following

result will be proved in the Appendix.
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Proposition 1.1. | Let v

0

2 H

1=2

(R

3

) be a divergen
e free ve
tor

�eld, and let T

�

be the life span of NS(v

0

). If v

0

=2 D

1

, then

T

�

�

1

(C

_

H

1=2

NS

)

4

�

kv

0

k

4

L

2

(R

3

)

:

Now let us 
ome to the point of this study: it is well known that

the embedding of

_

H

1=2

(R

3

) into L

3

(R

3

) is 
ontinuous, but not 
om-

pa
t. Let us suppose for a moment that the embedding were in fa
t


ompa
t. If ('

n

) is a bounded sequen
e of fun
tions in

_

H

1=2

(R

3

), 
on-

verging weakly to zero in

_

H

1=2

(R

3

), then it would 
onverge strongly to

zero in L

3

(R

3

); as a 
onsequen
e, for n large enough, the fun
tion '

n

would be small enough for us to obtain a global, unique solution of (NS)

in E

1

a

ording to point (ii) of De�nition 1, sin
e L

3

(R

3

) is an admis-

sible spa
e a

ording to Example 2. In other words, if the embedding

of

_

H

1=2

(R

3

) into L

3

(R

3

) was 
ompa
t, then one 
ould asso
iate with any

bounded sequen
e of divergen
e free ve
tor �elds in

_

H

1=2

(R

3

), 
onverg-

ing weakly to zero in

_

H

1=2

(R

3

), a unique sequen
e of global solutions

of (NS) in E

1

. That remark leads us naturally to the problem of the

defe
t of 
ompa
tness of the embedding of

_

H

1=2

(R

3

) into L

3

(R

3

), whi
h

was very pre
isely studied by P. G�erard in [16℄. Let us re
all the result

of [16℄.

Theorem 1 (P. G�erard, [16℄). | Let ('

n

) be a bounded sequen
e of

fun
tions in

_

H

1=2

(R

3

). Then up to the extra
tion of a subsequen
e, it


an be de
omposed in the following way:

(1.11) 8` 2 N n f0g; '

n

(x) = '

0

(x) +

`

X

j=1

1

h

j

n

'

j

 

x� x

j

n

h

j

n

!

+  

`

n

(x);

where the fun
tions '

j

are in

_

H

1=2

(R

3

) for all j 2 N, where ( 

`

n

) is a

bounded sequen
e in

_

H

1=2

(R

3

) uniformly in ` 2 N n f0g, and satis�es

(1.12) lim

`!1

�

lim sup

n!1

k 

`

n

k

L

3

(R

3

)

�

= 0;

and where for any j 2 Nnf0g, (h

j

n

; x

j

n

) is a sequen
e in

�

R

+

n f0g � R

3

�

N

with the following orthogonality property: for every integers (j; k) su
h
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that j 6= k, we have

(1.13) either lim

n!1

 

h

j

n

h

k

n

+

h

k

n

h

j

n

!

= +1

or h

j

n

= h

k

n

and lim

n!1

jx

j

n

� x

k

n

j

h

j

n

= +1:

Finally we have for every ` 2 N n f0g,

(1.14) k'

n

k

2

_

H

1=2

(R

3

)

=

`

X

j=0

k'

j

k

2

_

H

1=2

(R

3

)

+ k 

`

n

k

2

_

H

1=2

(R

3

)

+ o(1);

as n goes to in�nity.

Remark. | a) As we shall see in Se
tion 3, if '

n

is divergen
e free

for all integers n, then the same goes for ', '

j

and  

`

n

, for all integers j; `

and n.

b) The sequen
es h

j

n

are 
alled the s
ales of '

n

, the points x

j

n

are

the 
ores of 
on
entration, and the fun
tions

(1.15) '

j

n

(x)

def

=

1

h

j

n

'

j

 

x� x

j

n

h

j

n

!

are the asso
iate pro�les.


) Note that, up to res
aling the fun
tions '

j

, one 
an suppose that

for every j 2 N n f0g, either h

j

n

= 1 and lim

n!1

jx

j

n

j = +1, or lim

n!1

h

j

n

is

in f0;1g.

d) To simplify the notation, we shall note in the following

(1.16) h

0

n

def

= 1; x

0

n

def

= 0; and '

0

n

(x)

def

= '

0

(x):

e) Finally we remark that the fun
tion '

j

, for every j 2 N, is a

weak limit point of the sequen
e h

j

n

'

n

(x

j

n

+ h

j

n

�) (see for instan
e [16℄,

formula (4.3)).

Our aim in this study is to see how de
omposition (1.11) is propagated

by the Navier{Stokes equation. By analogy with the work [1℄-[2℄ on

the 
riti
al semilinear wave equation, we shall also 
onsider the linear
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equation asso
iated with (NS), that is to say the heat equation

(H)

�

�

t

u� ��u = 0 in R

+

t

� R

3

x

u

jt=0

= u

0

:

Notation. | In the following, we shall denote H(u

0

) the solution of

the heat equation (H) asso
iated with the data u

0

.

Note that if u

0

2

_

H

1=2

(R

3

), then H(u

0

) 2 E

1

, and the norm E

�

1

is 
onserved by the appli
ation H. Note that (H) has also the s
ale{

invarian
e (1.6).

The following theorem gives a de
omposition of the family of solu-

tions of the system (NS) in the 
ase of data bounded in

_

H

1=2

(R

3

). The

last statement of that theorem (result (iii)) 
on
erns the 
ase of data

bounded in B

A

NS

, where A is any admissible spa
e in the sense of De�ni-

tion 1, and we will start with that 
ase in the proof of the result: as we

shall see, that 
ase enables one to avoid life span problems. The general


ase will then be treated using the result (iii).

Theorem 2. | Let ('

n

) be a family of divergen
e free ve
tor �elds,

bounded in

_

H

1=2

(R

3

), and let '

0

2

_

H

1=2

(R

3

) be any weak limit point

of ('

n

). Then up to the extra
tion of a subsequen
e and with the no-

tation of Theorem 1 and (1.16), the following results hold, where we

de�ne v

n

def

= NS('

n

) and V

j

def

= NS('

j

) for every integer j 2 N.

(i) There exists a family (T

j

)

j2N

of elements of R

+

[ f+1g and a

�nite subset J � N su
h that

(1.17) 8j 2 N; V

j

2 E

T

j
and 8j 2 N n J; T

j

= +1:

Moreover, if �

n

def

= min

j2J

(h

j

n

)

2

T

j

, then kv

n

k

E

�

�

n

is bounded and we have

for every integer n 2 N, for all times t � �

n

, for every ` 2 N and

every x 2 R

3

,

(1.18) v

n

(t; x) =

`

X

j=0

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

+ w

`

n

(t; x) + r

`

n

(t; x);

where w

`

n

def

= H( 

`

n

) and where

(1.19) lim

`!1

�

lim sup

n!1

kw

`

n

k

L

1

(R

+

;L

3

(R

3

))

�

= 0
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and

lim

`!1

�

lim sup

n!1

kr

`

n

k

E

�

�

n

�

= 0:

(ii) If there exists a time T 2 R

+

[f+1g su
h that (v

n

) is bounded

in L

2

([0; T ℄;

_

H

3=2

(R

3

)), then we have

(1.20) 8n 2 N; T � min

j2J

(h

j

n

)

2

T

j

:

In parti
ular, the results above are valid with �

n

= T and the small

s
ales of 
on
entration generate global solutions of (NS): if lim

n!1

h

j

n

= 0,

then T

j

= +1.

(iii) Let A be an admissible spa
e in the sense of De�nition 1.

Let � be any real number in ℄0; C

A

NS

[. If k'

n

k

A

� �, then T

j

= +1 for

every j 2 N and the results above hold with �

n

= +1.

Remark. | Case (i) shows that the life span of v

n

is bounded from

below by the smallest of the life spans of ea
h pro�le in the de
ompo-

sition (1.18). In parti
ular, there is no phenomenon su
h as two initial

pro�les '

j

n

intera
ting and generating a solution for a smaller time than

that generated by ea
h pro�le separately. Case (ii) is a 
onverse state-

ment: if v

n

has a uniform life span, then ea
h pro�le generates a solution

at least on that life span. Finally, note that 
ase (iii) is by no means

a 
onsequen
e of 
ase (ii) be
ause we do not suppose in 
ase (iii) that

the sequen
e of solutions (NS('

n

)) is bounded in E

1

: ea
h term of the

sequen
e is an element of E

1

sin
e the initial data is bounded in B

A

NS

,

but no assumption is made on the boundedness of (NS('

n

)). Su
h a

bound 
an in fa
t be dedu
ed from Corollary 1 below.

Theorem 2 will enable us to infer the following 
orollaries. The

method of proof of those results follows 
losely the arguments of [2℄

and [14℄, as we shall see in Se
tion 4.

The following result shows that there is an a priori estimate for the E

�

1

norm of all solutions of (NS) asso
iated with data in B

A

NS

, with nota-

tion (1.9)-(1.10); that result is obvious in the 
ase of small initial data

in

_

H

1=2

(R

3

), as 
an be seen in estimate (1.4). A similar result was proved

in [2℄ in the 
ase of the 
riti
al semilinear wave equation for Stri
hartz

norms.
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Corollary 1. | Let A be any admissible spa
e, in the sense of Def-

inition 1. Then there exists a nonde
reasing fun
tion A from [0; C

A

NS

[

to R

+

su
h that for any divergen
e free ve
tor �eld ' in B

A

NS

, we have

kNS(')k

E

�

1

� A

�

k'k

_

H

1=2

(R

3

)

�

:

Remark. | Global existen
e theorems are often proved by exhibiting

some a priori estimate. Corollary 1 shows that whatever the method

used to prove global existen
e in a ball B

A

NS

, there is an a priori estimate

for the solutions.

The next 
orollary is a 
onsequen
e of Corollary 1. Note that as

above, that result is not diÆ
ult to prove in the 
ase of small initial

data in, say,

_

H

1=2

(R

3

); its interest is that it extends to any ball B

A

NS

. It

is proved using methods similar to [14℄ in the 
ase of the wave equation.

Corollary 2. | For any admissible spa
e A in the sense of De�ni-

tion 1, the appli
ation NS mapping elements of B

A

NS

\

_

H

1=2

(R

3

) to

the asso
iate solution of (NS) is Lips
hitz on bounded subsets of the

spa
e B

A

NS

\

_

H

1=2

(R

3

).

In the next theorem, we 
onsider the 
ase when the data is addition-

nally bounded in L

2

(R

3

): a

ording to (1.1) and (1.5), it is natural to


onsider data whi
h is also bounded in energy.

Theorem 3 (Bounded energy solutions). | Under the assumptions of

Theorem 2, if additionnally the sequen
e ('

n

) is bounded in L

2

(R

3

),

then the result of Theorem 2 (i) holds, where the large s
ales have

disappeared: for every j 2 N n f0g,

(1.21) either h

j

n

= 1 and lim

n!1

jx

j

n

j = +1; or lim

n!1

h

j

n

= 0:

Moreover, if the sequen
e (v

n

) is bounded in L

2

([0; T ℄;

_

H

3=2

(R

3

)) for

some T 2 R

+

[ f+1g, then there exists a �nite subset J � N satisfy-

ing (1.17), su
h that

(1.22)

8j 2 J; h

j

n

= 1 and either lim inf

n!1

T

�

(v

n

) � min

j2J

(T

j

�

)

or T

j

= +1 8j 2 N and (v

n

) is bounded in E

1

;

where we have noted T

�

(v

n

) and T

j

�

the life spans respe
tively of v

n

and V

j

.
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Remark. | One 
an wonder what remains of those results when the

setting is periodi
 instead of the whole spa
e R

3

. Some remarks on that


ase are given at the end of Se
tion 3.

Final remark. | The idea of de
omposing solutions of non linear

equations in su
h a way stems from the work of H. Bahouri and P.

G�erard in [1℄-[2℄ 
on
erning the 
riti
al semilinear wave equation in R

3

(see [14℄ for the 
ase of an exterior domain). There are two main di�er-

en
es between those studies and this one. First, the smoothing e�e
t of

the heat equation implies that for the Navier{Stokes equations (as well

as for the heat equation, see Se
tion 3.2), there are no 
on
entrations at

times other than t = 0, 
ontrary to hyperboli
 equations like the wave

equation; so the extra
tion of 
ores and times of 
on
entration is mu
h

easier here (it 
omes dire
tly from the de
omposition of the data). Se
-

ond, we do not have at our disposal a global solution asso
iated with

arbitrary data, so the 
ontrol of life spans is a problem here; that is not

the 
ase for the wave equation. Note that a similar result to Theorem 2

(in the 
ase (iii)) was proved by S. Keraani in [19℄ in the 
ontext of the

S
hr�odinger equations.

The stru
ture of the paper is as follows.

In Se
tion 2, we prove a few orthogonality results 
on
erning the

Navier{Stokes equations with pro�les as initial data, whi
h will be used

in the proof of Theorem 2.

Se
tion 3 is devoted to the proofs of Theorems 2 and 3, whereas

Corollaries 1 and 2 are proved in Se
tion 4.

In the Appendix are proved a few 
lassi
al results on the Navier-Stokes

equations used in the 
ourse of the study. We also prove Proposition 1.1

stated above.

Some of the results proved in this paper were presented in [13℄.

A
knowledgments. | The author is grateful to P. G�erard for many

helpful dis
ussions.
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2. The Navier{Stokes equations with pro�les as initial data

In this se
tion, we are going to prove some orthogonality results for

solutions of (NS) with initial data of the form

'

n

def

=

1

h

n

'

�

x� x

n

h

n

�

;

with (h

n

; x

n

) 2

�

R

+

n f0g � R

3

�

N

. Those results will be used in the proof

of Theorem 2.

Note that those orthogonality results are 
losely linked to the notion

of h

n

{os
illatory sequen
es (see [2℄,[15℄-[17℄ for details, as well as Se
-

tion 3.3); similar results 
ould be proved in the more general setting

of h

n

{os
illation, but we shall not go into those 
onsiderations here.

Proposition 2.1. | Let T 2 R

+

[ f+1g be given, and let '

1

and '

2

be two divergen
e free ve
tor �elds, elements of D

T

. Let us 
onsider

two orthogonal sequen
es of

�

R

+

n f0g � R

3

�

N

in the sense of (1.13),


alled (h

1

n

; x

1

n

) and (h

2

n

; x

2

n

). Suppose for instan
e that h

1

n

� h

2

n

. Then

with notation (1.15), we have the following orthogonality results:

(2.1) lim

n!1

sup

t2[0;(h

1

n

)

2

T ℄

�

NS('

1

n

)(t; �) jNS('

2

n

)(t; �)

�

_

H

1=2

(R

3

)

= 0;

as well as

(2.2) lim

n!1

�

NS('

1

n

) jNS('

2

n

)

�

L

2

([0;(h

1

n

)

2

T ℄;

_

H

3=2

(R

3

))

= 0;

and

(2.3) lim

n!1

kNS('

1

n

)NS('

2

n

)k

L

4

([0;(h

1

n

)

2

T ℄;L

2

(R

3

))

= 0:

Proof of Proposition 2.1. | We know, by the s
ale{invarian
e

of (NS) re
alled in (1.6), that the solution of (NS) asso
iated with the

data '

j

n

is given by

8j 2 f1; 2g; v

j

n

(t; x)

def

= NS('

j

n

)(t; x) =

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

;

where V

j

def

= NS('

j

).

Note that V

j

2 E

T

, so v

j

n

2 E

(h

j

n

)

2

T

, with notation (1.7).
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The results have nothing to do with the fa
t that V

j

are solutions

of (NS), all we shall need is V

j

2 E

T

; so we 
an suppose that the

fun
tions V

j

are, say, smooth and 
ompa
tly supported, and we have

�

NS('

1

n

)(t; �) jNS('

2

n

)(t; �)

�

_

H

1=2

(R

3

)

=

Z

R

3

(h

1

n

)

�3=2

(h

2

n

)

�3=2

(�

1=2

V

1

)

�

t

(h

1

n

)

2

;

x� x

1

n

h

1

n

�

� (�

1=2

V

2

)

�

t

(h

2

n

)

2

;

x� x

2

n

h

2

n

�

dx;

where �

def

=

p

��. Let us start by supposing that lim

n!1

h

1

n

h

2

n

= 0: Then

the 
hange of variables

(2.4) x = x

1

n

+ h

1

n

y; t = (h

1

n

)

2

s

yields after an easy 
omputation

8t 2 [0; (h

1

n

)

2

T ℄;

�

�

�

�

NS('

1

n

)(t; �) jNS('

2

n

)(t; �)

�

_

H

1=2

(R

3

)

�

�

�

= O

�

h

1

n

h

2

n

�

3=2

;

whi
h gives the result. The sequen
es (h

1

n

; x

1

n

) and (h

2

n

; x

2

n

) are orthog-

onal, in the sense of (1.13), and we have supposed that h

1

n

� h

2

n

. So

if lim

n!1

h

1

n

h

2

n

6= 0, then h

1

n

= h

2

n

. In that 
ase, the 
hange of variables (2.4)

gives, for any t � 0, the following estimate:

�

NS('

1

n

)(t; �) jNS('

2

n

)(t; �)

�

_

H

1=2

(R

3

)

=

Z

R

3

(�

1=2

V

1

)(s; y)(�

1=2

V

2

)

�

s; y +

x

1

n

� x

2

n

h

1

n

�

dx:

The result (2.1) is then proved by the orthogonality property (1.13),

sin
e we have supposed that V

2

is 
ompa
tly supported. The arguments

are identi
al for (2.2) and left to the reader. Now let us prove (2.3). We

start by supposing that lim

n!1

h

1

n

h

2

n

= 0. Then for any t 2 [0; (h

1

n

)

2

T ℄, we

have

kNS('

1

n

)NS('

2

n

)k

4

L

4

([0;t℄;L

2

(R

3

))

= (h

1

n

h

2

n

)

�2

�

Z

t

0

 

Z

R

3

�

�

�

�

V

1

�

t

(h

1

n

)

2

;

x� x

1

n

h

1

n

�

�

�

�

�

2

�

�

�

�

V

2

�

t

(h

2

n

)

2

;

x� x

2

n

h

2

n

�

�

�

�

�

2

dx

!

2

dt:
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Then the 
hange of variables (2.4) yields

kv

1

n

v

2

n

k

L

4

([0;t℄;L

2

(R

3

))

= O

�

h

1

n

h

2

n

�

;

whi
h gives the result.

In the 
ase when h

1

n

= h

2

n

, the 
hange of variables (2.4) implies that

kv

1

n

v

2

n

k

4

L

4

([0;(h

1

n

)

2

T ℄;L

2

(R

3

))

=

Z

T

0

 

Z

R

3

jV

1

(s; y)j

2

�

�

�

�

V

2

�

s; y +

x

1

n

� x

2

n

h

2

n

�

�

�

�

�

2

dy

!

2

ds;

and as V

2

is 
ompa
tly supported, the result follows.

That proves Proposition 2.1.

3. Pro�le de
ompositions: proof of Theorems 2 and 3

This se
tion is devoted to the proof of Theorems 2 and 3. We start by

writing, in Se
tion 3.1, the de
omposition of the family of initial data;

the following se
tion is devoted to the proof of Theorem 2. In the �rst

paragraph of that se
tion, we deal with the heat equation (H), and prove

a similar de
omposition to Theorem 2 for that equation; the arguments

are straighforward, due to the fa
t that the equation is linear and to the

presen
e of the di�usion operator. Theorem 2 is proved in the following

paragraphs. Finally Theorem 3 is proved in Se
tion 3.3, and Se
tion 3.4


onsists in a remark on the periodi
 
ase.

In order to make the dis
ussion simpler, we shall negle
t in the fol-

lowing to extra
t subsequen
es; all the arguments below are valid up to

the extra
tion of a subsequen
e.

3.1. Introdu
tion: de
omposition of the data. | Let us 
onsider

a bounded family of divergen
e free ve
tor �elds ('

n

) in

_

H

1=2

(R

3

), and

let '

0

be any weak limit point of ('

n

) in

_

H

1=2

(R

3

). Then we 
an apply

Theorem 1 to ('

n

� '

0

), and we have, with notation (1.16),

(3.1) 8` 2 N; '

n

(x) =

`

X

j=0

1

h

j

n

'

j

 

x� x

j

n

h

j

n

!

+  

`

n

(x);
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where '

j

is in

_

H

1=2

(R

3

) for j 2 N, where ( 

`

n

) is a bounded sequen
e

in

_

H

1=2

(R

3

) uniformly in ` 2 N, and satis�es the limit (1.12). The se-

quen
es (h

j

n

; x

j

n

) are orthogonal in the sense of (1.13), and �nally for ev-

ery ` 2 N, we have orthogonality of the

_

H

1=2

(R

3

) norms written in (1.14).

Note that the remark e) after the statement of Theorem 1, in the

introdu
tion, implies in parti
ular that the fun
tions '

j

n

de�ned in (1.15)

are divergen
e free.

Lemma 3.1. | The fun
tions '

j

of de
omposition (3.1) satisfy

lim

j!1

k'

j

k

_

H

1=2

(R

3

)

= 0:

Proof of Lemma 3.1. | Equation (1.14) implies that the series of

general term k'

j

k

2

_

H

1=2

(R

3

)

is 
onvergent, whi
h proves the result.

3.2. Proof of Theorem 2. | The goal of this se
tion is to prove

Theorem 2: we 
onsider a sequen
e ('

n

), bounded in

_

H

1=2

(R

3

), 
on-

verging weakly towards '

0

2

_

H

1=2

(R

3

). We start by proving a similar

result to Theorem 2 in the 
ase of the heat equation: the proof of that re-

sult is quite straightforward. Then, in the next paragraph, we deal with

the Navier{Stokes equations. We �rst 
onsider the 
ase when the norm

of '

n

in some admissible spa
e A, in the sense of De�nition 1, is smaller

than the 
onstant C

A

NS

, with notation (1.9); that enables us to avoid

life span problems, and to prove Theorem 2 (iii). The general

_

H

1=2

(R

3

)


ase is treated in the following paragraph, using the result (iii).

3.2.1. A pro�le de
omposition for the heat equation. | Let us prove

the following result.

Proposition 3.2. | Let ('

n

) be a family of divergen
e free ve
tor

�elds, bounded in

_

H

1=2

(R

3

), and let '

0

2

_

H

1=2

(R

3

) be any weak limit

point of ('

n

). Then up to the extra
tion of a subsequen
e, the following

result holds, where with the notation of Theorem 1 and (1.16) we de-

�ne u

n

def

= H('

n

) 2 E

1

and U

j

def

= H('

j

) 2 E

1

for every integer j 2 N.

For every ` 2 N, for every t � 0 and every x 2 R

3

, we 
an write

u

n

(t; x) =

`

X

j=0

1

h

j

n

U

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

+ w

`

n

(t; x);
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where w

`

n

def

= H( 

`

n

) is bounded in E

1

uniformly in ` 2 N, with

(3.2) lim

`!1

�

lim sup

n!1

kw

`

n

k

L

1

(R

+

;L

3

(R

3

))

�

= 0:

Moreover, the sequen
es (h

j

n

; x

j

n

) are orthogonal in the sense of (1.13)

and �nally we have for every ` 2 N,

(3.3) ku

n

k

2

E

�

1

=

`

X

j=0

kU

j

k

2

E

�

1

+ kw

`

n

k

2

E

�

1

+ o(1); when n!1:

Proof of Proposition 3.2. | We 
onsider de
omposition (3.1),

and we de�ne

8j 2 N; U

j

def

= H('

j

) and 8(`; n) 2 N

2

; w

`

n

def

= H( 

`

n

) :

By the s
ale{invarian
e (1.6) of (H), we have

(3.4) u

j

n

(t; x)

def

=

1

h

j

n

U

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

= H('

j

n

);

so we 
an write for every (`; n) 2 N

2

,

u

n

=

`

X

j=0

u

j

n

+ w

`

n

; where u

n

def

= H('

n

):

So all we need to 
he
k are properties (3.2) and (3.3).

The limit (3.2) is an immediate 
onsequen
e of (1.12), sin
e it is a

well{known fa
t (see for instan
e [3℄, Lemma 3.2.2 and formula (3.15))

that for any u

0

2 L

3

(R

3

),

(3.5) kH(u

0

)k

L

1

(R

+

;L

3

(R

3

))

� ku

0

k

L

3

(R

3

)

:

Finally the orthogonality result (3.3) is simply due to the fa
t that for

any ve
tor �eld u

0

in

_

H

1=2

(R

3

), we have

kH(u

0

)k

E

�

1

= ku

0

k

_

H

1=2

(R

3

)

:

Then (1.14), asso
iated with the s
ale{invarian
e

8(j; n) 2 N

2

; ku

j

n

k

E

�

1

= kU

j

k

E

�

1

;

yields (3.3). That proves Proposition 3.2.
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Remark. | As noted in the introdu
tion, the presen
e of the di�u-

sion operator �� prevents 
on
entrations from o

uring at another time

than t = 0; that 
an be seen in estimate (3.5). In the 
ase of the wave

equation [1℄-[2℄, 
on
entrations 
an o

ur at any time.

Now let us deal with the Navier{Stokes equations. Note that 
on-

trary to the 
ase of the 
riti
al semilinear wave equation [1℄-[2℄ where

the solutions are global in time, we are going to have to pay a 
areful

attention to life spans. In the next paragraph, result (iii) of Theorem 2

is proved, in whi
h there are no life span problems. That result will then

help us prove the theorem.

3.2.2. Proof of Theorem 2 (iii). | Let A be an admissible spa
e, in the

sense of De�nition 1, and let � 2℄0; C

A

NS

[ be given, with notation (1.9),

su
h that

(3.6) 8n 2 N; k'

n

k

A

� �:

Re
all that for every j 2 N, with the notation of Theorem 1, the

fun
tion '

j

is a weak limit point in

_

H

1=2

(R

3

) of the sequen
e �

j

n

def

=

h

j

n

'

n

(x

j

n

+ h

j

n

�). By property (i) of De�nition 1, we have

(3.7) 8(j; n) 2 N

2

; k'

n

k

A

= k�

j

n

k

A

:

Moreover, sin
e

_

H

1=2

(R

3

) is embedded inA, we have '

j

2 A, and sin
eA

is a Bana
h spa
e, the results (3.6) and (3.7) imply that

8j 2 N; k'

j

k

A

� �:

So in parti
ular, by de�nition of �, we have '

j

2 D

1

for all integers j,

and as a 
onsequen
e one 
an asso
iate with '

j

a global solution of the

Navier{Stokes equations, namely

(3.8) 8j 2 N; V

j

def

= NS('

j

) 2 E

1

;

where re
all that E

1

= C

0

b

(R

+

;

_

H

1=2

(R

3

)) \ L

2

(R

+

;

_

H

3=2

(R

3

)). By the

s
ale invarian
e of the Navier{Stokes equations explained in the intro-

du
tion (see (1.6)), we know that

v

j

n

(t; x)

def

=

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!
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is the unique, global solution of (NS) asso
iated with the data '

j

n

. Now

for every integer ` 2 N, let us de�ne

(3.9) r

`

n

def

= v

n

�

X

j�`

v

j

n

�w

`

n

;

where w

`

n

= H( 

`

n

) as in Proposition 3.2, and v

n

def

= NS('

n

). To prove

the result, it is enough to prove that

(3.10) lim

`!1

�

lim sup

n!1

r

`

n

�

= 0 in E

1

:

The fun
tion r

`

n

satis�es the following system:

(3.11)

(

�

t

r

`

n

+ P (r

`

n

� rr

`

n

)� ��r

`

n

+Q(r

`

n

; f

`

n

) = g

`

n

in R

+

� R

3

r

`

njt=0

= 0;

where

(3.12) f

`

n

def

=

X

j�`

v

j

n

+ w

`

n

;

and

(3.13) g

`

n

def

= �

1

2

X

j 6=k

(j;k)2f0;::;`g

2

Q(v

j

n

; v

k

n

)�

X

j�`

Q(v

j

n

; w

`

n

)� P (w

`

n

� rw

`

n

);

where

(3.14) Q(a; b)

def

= P (a � rb+ b � ra);

and �nally where P is the orthogonal proje
tor onto divergen
e{free

ve
tor �elds.

Proposition 3.3. | With notation (3.12) and (3.13), we have the fol-

lowing results: the sequen
e (f

`

n

) is bounded in the spa
e E

1

, uniformly

in `, and

lim

`!1

lim sup

n!1

kg

`

n

k

L

2

(R

+

;

_

H

�1=2

(R

3

))

= 0:

Let us postpone the proof of Proposition 3.3 and �nish the proof of

Theorem 2 (iii). By interpolation between the spa
es L

1

(R

+

;

_

H

1=2

(R

3

))

and L

2

(R

+

;

_

H

3=2

(R

3

)), we know from Proposition 3.3 that (f

`

n

) is boun-

ded in the spa
e L

4

(R

+

;

_

H

1

(R

3

)), uniformly in `. Proposition A.2 proved
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in the Appendix, applied to the sequen
e r

`

n

, implies that for ` large

enough, uniformly in n, we have a

ording to Proposition 3.3

sup

n2N

kg

`

n

k

L

2

(R

+

;

_

H

�1=2

(R

3

))

� C exp

 

�2C sup

(`;n)2N

2

kf

`

n

k

4

L

4

(R

+

;

_

H

1

(R

3

))

!

;

hen
e we get

kr

`

n

k

E

�

1

� Ckg

`

n

k

L

2

(R

+

;

_

H

�1=2

(R

3

))

�

1 + exp

�

Ckf

`

n

k

4

L

4

(R

+

;

_

H

1

(R

3

)

��

:

So (3.10) is proved, and with it, Theorem 2 (iii).

Proof of Proposition 3.3. | Let us start by noti
ing that the

sequen
e (v

j

n

) is bounded in E

1

for every j 2 N sin
e

kv

j

n

k

E

�

1

= kV

j

k

E

�

1

:

Note however that we do not have at our disposal an a priori estimate

for kv

j

n

k

E

�

1

(su
h an a priori estimate is available for small initial data

in

_

H

1=2

(R

3

) for instan
e (see (1.4)), but in the more general B

A

NS


ase,

it is a 
onsequen
e of Corollary 1 proved later in this paper).

The following proposition will be proved later. Note that it is written

in a general setting, and not only for sequen
es ('

n

) in B

A

NS

, be
ause it

will also be used in the proof of the general 
ase of Theorem 2, in the

next se
tion.

Proposition 3.4. | Let ('

n

) be a bounded sequen
e of divergen
e

free ve
tor �elds in

_

H

1=2

(R

3

), and let '

0

be a weak limit point of ('

n

).

There exists an integer j

0

su
h that the following holds. Let ('

j

)

j2N

be

the pro�les of the de
omposition of '

n

, with the notation of Theorem 1,

and let V

j

def

= NS('

j

). Then we have

8j � j

0

; V

j

2 E

1

and

X

j�j

0

kV

j

k

2

E

�

1

< +1:

From that result we 
an dedu
e the bound on f

`

n

. We have indeed,

from (2.1) and (2.2) proved in Proposition 2.1,

8` 2 N; k

X

j�`

v

j

n

k

2

E

�

1

=

X

j�`

kv

j

n

k

2

E

�

1

+ o(1); when n!1:
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By a 
hange of s
ale, we get

k

X

j�`

v

j

n

k

2

E

�

1

=

X

j�`

kV

j

k

2

E

�

1

+ o(1); when n!1;

hen
e Proposition 3.4, asso
iated with the fa
t that V

j

2 E

1

for every

integer j a

ording to (3.8), implies that

(3.15)

X

j�`

v

j

n

is bounded inE

1

; uniformly in `:

So the result on f

`

n

is proved.

Now let us prove the limit on g

`

n

: it is enough to prove the three

following results:

(3.16) 8j 6= k; lim

n!1

Q(v

j

n

; v

k

n

) = 0 in L

4

(R

+

;

_

H

�1

(R

3

));

(3.17) lim

`!1

lim sup

n!1

Q

0

�

X

j�`

v

j

n

; w

`

n

1

A

= 0 in L

4

(R

+

;

_

H

�1

(R

3

));

and

(3.18) lim

`!1

�

lim sup

n!1

Q(w

`

n

; w

`

n

)

�

= 0 in L

4

(R

+

;

_

H

�1

(R

3

)):

Indeed, one 
an noti
e that the sequen
es (v

j

n

) and (w

`

n

) are bounded

in L

8=3

(R

+

;

_

H

5=4

(R

3

)) uniformly in j and `, by interpolation between

the spa
e L

1

(R

+

;

_

H

1=2

(R

3

)) and L

2

(R

+

;

_

H

3=2

(R

3

)). Now let us re
all

the produ
t rules in Sobolev spa
es: if a and b are two tempered distri-

butions, then

(3.19)

8s; t <

3

2

,

s+ t > 0; kabk

_

H

s+t�

3

2

(R

3

)

� C

s;t

kak

_

H

s

(R

3

)

kbk

_

H

t

(R

3

)

:

Those rules enable us to infer that g

`

n

is bounded in L

4=3

(R

+

; L

2

(R

3

)).

Then by interpolation with the results (3.16) to (3.18), the proposition

is proved.

So let us prove those three limits: the produ
t rules imply that

the sequen
es Q(v

j

n

; v

k

n

), Q(v

j

n

; w

`

n

) and Q(w

`

n

; w

`

n

) are bounded in the

spa
e L

4

(R

+

;

_

H

�1

(R

3

)) for every (j; k; `) 2 N

3

, sin
e by interpolation

between the spa
es L

1

(R

+

;

_

H

1=2

(R

3

)) and L

2

(R

+

;

_

H

3=2

(R

3

)), the fun
-

tions v

j

n

and w

`

n

are also bounded in L

4

(R

+

;

_

H

1

(R

3

)).
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Now let us prove that for j 6= k, the fun
tion Q(v

j

n

; v

k

n

) goes to zero

in L

4

(R

+

;

_

H

�1

(R

3

)) as n goes to in�nity. The divergen
e free 
ondition

on v

j

n

implies that

P (v

j

n

� rv

k

n

) = Pdiv(v

j

n


 v

k

n

);

so sin
e P is a Fourier multiplier of order 0, it is enough to prove that

(3.20) 8j 6= k; lim

n!1

kv

j

n

v

k

n

k

L

4

(R

+

;L

2

(R

3

))

= 0:

That result is simply due to (2.3) proved in Proposition 2.1 of the pre-

vious se
tion, so we have obtained (3.16).

To obtain (3.17) and (3.18), the method is di�erent sin
e w

`

n

is not

os
illatory, so we 
annot use Proposition 2.1; that is 
ompensated by

the fa
t that, a

ording to Proposition 3.2,

(3.21) lim

`!1

�

lim sup

n!1

kw

`

n

k

L

1

(R

+

;L

3

(R

3

))

�

= 0:

As in (3.20), it is enough to prove that

lim

`!1

lim sup

n!1

k(

X

j�`

v

j

n

+ w

`

n

)w

`

n

k

L

4

(R

+

;L

2

(R

3

))

= 0:

But H�older's inequality yields

(3.22) k(

X

j�`

v

j

n

+ w

`

n

)w

`

n

k

L

4

(R

+

;L

2

(R

3

))

� k

X

j�`

v

j

n

+ w

`

n

k

L

4

(R

+

;L

6

(R

3

))

kw

`

n

k

L

1

(R

+

;L

3

(R

3

))

:

Sin
e

_

H

1

(R

3

) is embedded into L

6

(R

3

), we have for all n 2 N,

k

X

j�`

v

j

n

+ w

`

n

k

L

4

(R

+

;L

6

(R

3

))

� Ck

X

j�`

v

j

n

+ w

`

n

k

L

4

(R

+

;

_

H

1

(R

3

))

� Ck

X

j�`

v

j

n

k

E

�

1

+Ckw

`

n

k

E

�

1

;(3.23)

by interpolation between L

1

(R

+

;

_

H

1=2

(R

3

)) and L

2

(R

+

;

_

H

3=2

(R

3

)). Pro-

position 3.4 and Proposition 3.2 enable us to infer that (

X

j�`

v

j

n

+ w

`

n

)

is bounded in L

4

(R

+

; L

6

(R

3

)), uniformly in `, so (3.21) and (3.22) yield

the limits (3.17) and (3.18), and Proposition 3.3 is proved.
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Proof of Proposition 3.4. | Lemma 3.1 implies that for j

large enough, the norm of '

j

in

_

H

1=2

(R

3

) is smaller than 
�, with nota-

tion (1.3). Then (1.4) enables us to infer that for j large enough,

V

j

2 E

1

and kV

j

k

2

E

�

1

� 2k'

j

k

2

_

H

1=2

(R

3

)

:

But (1.14) implies that the series of general term k'

j

k

2

_

H

1=2

(R

3

)

is 
onver-

gent, therefore Proposition 3.4 follows.

3.2.3. Proof of Theorem 2 (i)-(ii): the general 
ase. | Let us 
onsider

a sequen
e ('

n

) of divergen
e free ve
tor �elds, bounded in

_

H

1=2

(R

3

),

and let us de�ne, with the notation of Theorem 1,

v

n

def

= NS('

n

) and V

j

def

= NS('

j

):

We start by de�ning a sequen
e (t

n

) 2 (R

+

[ f+1g)

N

su
h that

(3.24) kNS('

n

)k

E

�

t

n

is bounded:

The existen
e of (t

n

) is due to the fa
t that the appli
ation

t 7! kNS('

n

)(t; �)k

2

_

H

1=2

(R

3

)

+ 2�kNS('

n

)k

2

L

2

([0;t℄;

_

H

3=2

(R

3

))

is 
ontinuous on the time interval [0; T

�

(v

n

)[, where T

�

(v

n

) 2 R

+

[f+1g

is the life span of v

n

, and uniformly bounded at t = 0 by sup

n2N

k'

n

k

_

H

1=2

(R

3

)

.

So for any real number A > sup

n2N

k'

n

k

_

H

1=2

(R

3

)

and any n 2 N, one 
an

�nd a time t

n

(A) < T

�

(v

n

) su
h that

kNS('

n

)k

E

�

t

n

(A)

� A:

Note that nothing prevents t

n

(A) from going to zero as n goes to in�nity.

Now let us prove that de
omposition (1.18) holds, as well as proper-

ties (1.17) and (1.19).

We start by writing the de
omposition (1.11) of Theorem 1, whi
h

reads

(3.25) 8` 2 N; 8n 2 N; '

n

(x) =

`

X

j=0

'

j

n

(x) +  

`

n

(x);

with notation (1.15) and (1.16), and with properties (1.12), (1.13),

and (1.14).
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Then the limit (1.12) enables us to de�ne an integer `

0

in su
h a way

that

(3.26) lim sup

n!1

k 

`

0

n

k

L

3

(R

3

)

�

1

2

Æ�;

where Æ is the 
onstant of Proposition A.1. Then in parti
ular

(3.27) (NS( 

`

0

n

)) is bounded in E

1

;

by estimate (A.1) of Proposition A.1, sin
e k 

`

0

n

k

_

H

1=2

(R

3

)

is bounded

a

ording to (1.14).

Now re
all that L

3

(R

3

) is an admissible spa
e in the sense of De�ni-

tion 1, a

ording to Example 2 given in the introdu
tion; but Proposi-

tion A.1 implies that any fun
tion in

_

H

1=2

(R

3

) whose L

3

norm is smaller

than Æ� is in fa
t 
ontained in D

1

, so it follows that

1

2

Æ� < C

L

3

NS

;

with notation (1.9). So we 
an apply the result of Theorem 2 (iii) whi
h

yields

(3.28)

NS( 

`

0

n

)(t; x) =

`

X

j=`

0

+1

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

+ w

`

n

(t; x) + er

`

n

(t; x);

with the orthogonality property (1.13), the limit (3.2) for w

`

n

, and where

we have noted V

j

def

= NS('

j

) for j � `

0

+ 1. Furthermore, V

j

is an

element of E

1

and

(3.29) lim

`!1

lim sup

n!1

er

`

n

= 0 in E

1

:

Note that in parti
ular (1.17) is proved, 
hoosing J

def

= f0; ::; `

0

g.

So de�ning V

j

def

= NS('

j

) for j � `

0

, we 
an write for any n 2 N and

any t � min(�

n

; t

n

), where re
all that �

n

def

= min

j2J

(h

j

n

)

2

T

j

,

(3.30) NS('

n

)(t; x)

=

`

X

j=0

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

+ w

`

n

(t; x) + er

`

n

(t; x) + r

`

0

n

(t; x):
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The restri
tion t � min(�

n

; t

n

) is of 
ourse for the terms NS('

n

) and

v

j

n

def

=

1

h

j

n

V

j

 

t

(h

j

n

)

2

;

x� x

j

n

h

j

n

!

in (3.30) to be de�ned. Then all we have to prove is that in (3.24), one


an take

(3.31) t

n

= �

n

;

as well as the fa
t that (1:13) holds with the additional 
ouples (h

j

n

; x

j

n

)

for j � `

0

, and that

(3.32) lim sup

n!1

kr

`

0

n

k

E

�

�

n

= 0:

Then the theorem will be proved with r

`

n

def

= er

`

n

+ r

`

0

n

.

The orthogonality of the 
ouples (h

j

n

; x

j

n

) for all integers j is an obvi-

ous 
onsequen
e of the orthogonality of the de
omposition of the initial

data due to Theorem 1, so let us 
he
k the two other points, (3.31)

and (3.32). In fa
t the result (3.31) is a 
onsequen
e of (3.32) due

to (3.30): if (3.32) is proved, then in parti
ular all the terms in the

right{hand side have a bounded E

�

�

n

norm, whi
h implies that the same

goes for (v

n

).

For 
onvenien
e, let us re{order the fun
tions v

j

n

, for j � `

0

, in su
h

a way that, for n large enough,

(3.33) 8j � k � `

0

; (h

j

n

)

2

T

j

�

� (h

k

n

)

2

T

k

�

:

We de
ide that if T

j

�

= +1, then (h

j

n

)

2

T

j

�

= +1 for every integer n.

Re
all that T

j

�

= +1 does not imply '

j

2 D

1

, so if T

j

�

= +1 for

all j, and if there exists j

0

su
h that '

j

0

=2 D

1

, then we 
hoose the �rst

index 0 in su
h a way that '

0

is not in D

1

. Note that (h

j

n

)

2

T

j

�

is the

life span of v

j

n

.

Now let us de�ne the following s
aling operator: for any ve
tor �eld f ,

we de�ne

(3.34) 8j 2 N; S

j

f(s; y)

def

= h

j

n

f((h

j

n

)

2

s; x

j

n

+ h

j

n

y):

Note that

8(j; n) 2 N

2

; S

j

v

j

n

= V

j

:
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We then de�ne, for every integer `,

8j � `; V

j;0

n

def

= S

0

v

j

n

; R

`

0

;0

n

def

= S

0

r

`

0

n

;

W

`;0

n

def

= S

0

w

`

n

;

e

R

`;0

n

def

= S

0

er

`

n

; and V

0

n

def

= S

0

v

n

:

Then the fun
tion R

`

0

;0

n

satis�es the following system, similarly to (3.11):

(3.35)

(

�

s

R

`

0

;0

n

+ P (R

`

0

;0

n

� rR

`

0

;0

n

)� ��R

`

0

;0

n

+Q(R

`

0

;0

n

; F

`;0

n

) = G

`;0

n

R

`

0

;0

njs=0

= 0;

where

(3.36) F

`;0

n

def

=

X

j�`

V

j;0

n

+W

`;0

n

+

e

R

`;0

n

;

and

G

`;0

n

def

= �

1

2

X

j 6=k

(j;k)2f0;::;`g

2

Q(V

j;0

n

; V

k;0

n

)�

X

j�`

Q(V

j;0

n

;W

`;0

n

+

e

R

`;0

n

)

�

1

2

Q(W

`;0

n

; 2

e

R

`;0

n

+W

`;0

n

):(3.37)

Now let T

0

be any real number smaller than T

0

�

. Then V

j;0

n

= V

0

is

bounded in E

T

0 , and a

ording to (3.33) we have

(3.38) 8j 2 N; kv

j

n

k

E

(h

0

n

)

2

T

0

is bounded;

sin
e (h

0

n

)

2

T

0

< (h

j

n

)

2

T

j

�

for j 2 f0; ::; `

0

g, and v

j

n

is bounded in E

1

for j � `

0

+ 1. Moreover (3.38) 
an also be written

(3.39) 8j 2 N; (V

j;0

n

) is bounded in E

T

0
:

We have the following proposition.

Proposition 3.5. | With notation (3.36) and (3.37), we have the fol-

lowing results: the sequen
e (F

`;0

n

) is bounded in the spa
e E

T

0
uni-

formly in `, and

lim

`!1

lim sup

n!1

kG

`;0

n

k

L

2

([0;T

0

℄;

_

H

�1=2

(R

3

))

= 0:
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Let us postpone the proof of Proposition 3.5 and �nish the proof of

the theorem. As in the previous se
tion, Propositions 3.5 and A.2 imply

that

(3.40) lim sup

n!1

kR

`

0

;0

n

k

E

�

T

0

= 0;

and that proves (3.32) after a res
aling. Then as noti
ed above, the

result (3.31) is simply due to the fa
t that all the terms in the de
om-

position of v

n

written in (3.30) are bounded in E

(h

0

n

)

2

T

0
. That proves

Theorem 2 (i).

Finally let us prove Theorem 2 (ii): suppose that there exists a

time T 2 R

+

[ f+1g su
h that (v

n

) is bounded in L

2

([0; T ℄;

_

H

3=2

(R

3

)).

If for every integer j, the fun
tion '

j

is in D

1

, then the result is proved.

If not, then in parti
ular we have '

0

=2 D

1

, with the re{ordering (3.33).

In the 
omputations above, we were free of our 
hoi
e of the time T

0

provided T

0

< T

0

�

, so let us 
hoose T

0

in the following way. We have,

a

ording to (3.30),

`

0

X

j=0

v

j

n

+ r

`

0

n

= v

n

�NS( 

`

0

n

);

and sin
e the sequen
e (NS( 

`

0

n

)) is bounded in E

1

by (3.27) and (v

n

)

is bounded in the spa
e L

2

([0; T ℄;

_

H

3=2

(R

3

)), it follows that

`

0

X

j=0

v

j

n

+ r

`

0

n

is bounded in L

2

([0; T ℄;

_

H

3=2

(R

3

)):

Then (1.2), and the remark after (1.8) if T

0

�

= +1, enable us to


hoose T

0

< T

0

�

su
h that

kV

0

k

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

� 2 sup

n2N

k

`

0

X

j=0

v

j

n

+ r

`

0

n

k

L

2

([0;T ℄;

_

H

3=2

(R

3

))

;

whi
h in turn yields

(3.41)

`

0

X

j=0

kV

j;0

n

k

2

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

� 4 sup

n2N

k

`

0

X

j=0

v

j

n

+ r

`

0

n

k

2

L

2

([0;T ℄;

_

H

3=2

(R

3

))

:
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But Proposition 2.1 implies, after a res
aling, that

k

`

0

X

j=0

V

j;0

n

k

2

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

=

`

0

X

j=0

kV

j;0

n

k

2

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

+ o(1);

when n goes to in�nity. So (3.40) implies that for any " > 0 and for n

large enough we have

`

0

X

j=0

kV

j;0

n

k

2

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

� "+ 2 sup

n2N

kR

`

0

;0

n

+

`

0

X

j=0

V

j;0

n

k

2

L

2

([0;T

0

℄;

_

H

3=2

(R

3

))

� "+ 2 sup

n2N

kr

`

0

n

+

`

0

X

j=0

v

j

n

k

2

L

2

([0;(h

0

n

)

2

T

0

℄;

_

H

3=2

(R

3

))

:

The only way not to 
ontradi
t (3.41) is to have T � (h

0

n

)

2

T

0

, whi
h

proves Theorem 2 (ii).

Proof of Proposition 3.5. | The proof is very similar to the

proof of Proposition 3.3 in the previous se
tion, so we shall not go into

too mu
h detail. Let us start by noti
ing that the term

e

R

`;0

n

satis�es

the same estimates as W

`;0

n

, and in parti
ular the limit (3:2), by Sobolev

embeddings; so we shall forget it in the following.

Let us start by 
onsidering the term F

`;0

n

: Proposition 3.4, along with

the orthogonality properties (2.1) and (2.2), implies in parti
ular that

the sequen
e k

`

X

`

0

+1

v

j

n

k

2

E

�

1

is bounded independently of `; moreover we

know from (3.38) that (v

j

n

) is bounded in E

(h

0

n

)

2

T

0
for j � `

0

, so we get

�nally

(3.42) 8` 2 N; k

X

j�`

v

j

n

k

E

�

(h

0

n

)

2

T

0

is bounded uniformly in `;

and the result is proved for F

`;0

n

sin
e kw

`

n

k

E

�

1

is bounded uniformly in `

a

ording to Proposition 3.2.
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For the limit of G

`;0

n

, it is enough to prove the following results, after

res
aling: for all (j; k) 2 f0; ::; `g

2

, with j 6= k,

(3.43) lim

n!1

Q(v

j

n

; v

k

n

) = 0 in L

4

([0; (h

0

n

)

2

T

0

℄;

_

H

�1

(R

3

))

and

(3.44) lim

`!1

lim sup

n!1

Q(

X

j�`

v

j

n

; w

`

n

) = 0 in L

4

([0; (h

0

n

)

2

T

0

℄;

_

H

�1

(R

3

)):

Indeed, the limit of Q(w

`

n

; w

`

n

) was proved in Proposition 3.3, and sim-

ilar arguments to the 
ase of g

`

n

above imply that G

`;0

n

is bounded

in L

4=3

([0; T

0

℄; L

2

(R

3

)). Then the result follows by interpolation.

The limit (3.43) follows from Proposition 2.1 exa
tly as (3.16), us-

ing (3.38). To prove (3.44), we follow the proof of (3.17): we have

kQ(

X

j�`

v

j

n

; w

`

n

)k

L

4

([0;(h

0

n

)

2

T

0

℄;

_

H

�1

(R

3

))

� Ck

X

j�`

v

j

n

k

L

4

([0;(h

0

n

)

2

T

0

℄;L

6

(R

3

))

kw

`

n

k

L

1

(R

+

;L

3

(R

3

))

;

and

8n 2 N; k

X

j�`

v

j

n

k

L

4

([0;(h

0

n

)

2

T

0

℄;L

6

(R

3

))

� Ck

X

j�`

v

j

n

k

E

�

(h

0

n

)

2

T

0

:

Then (3.42) yields the result, and the proposition is proved.

3.3. Proof of Theorem 3. | We will keep the notation introdu
ed in

the 
ourse of the proof of Theorem 2, and we shall suppose in this se
tion

that additionnally to the assumptions of Theorem 2, the sequen
e ('

n

)

is bounded in L

2

(R

3

).

The proof of the result (1.21) in Theorem 3 requires a more pre-


ise understanding of de
omposition (1.11) given in Theorem 1. Let us

therefore brie
y re
all how the s
ales h

j

n

are determined in [16℄: a pre-

liminary result in [16℄ states that any bounded sequen
e in

_

H

1=2

(R

3

)


an be written, up to a subsequen
e, as

(3.45) 8x 2 R

3

; 8` 2 N; '

n

(x) =

`

X

j=0

e'

j

n

(x) +

e

 

`

n

(x);

where lim

`!1

lim sup

n!1

k

e

 

`

n

k

L

3

(R

3

)

= 0;
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and where ea
h e'

j

n

is bounded in

_

H

1=2

(R

3

) and stri
tly h

j

n

{os
illatory,

in the following sense.

Definition 2. | Let (h

n

) be a sequen
e in (R

+

n f0g)

N

, and let (�

n

)

be a bounded sequen
e in

_

H

1=2

(R

3

). Then (�

n

) is h

n

{os
illatory if

(3.46) lim

R!1

lim sup

n!1

Z

h

n

j�j�R

j�j j
'

n

(�)j

2

d� = 0:

The sequen
e (�

n

) is stri
tly h

n

{os
illatory if it also satis�es

(3.47) lim

"!0

lim sup

n!1

Z

h

n

j�j�"

j�j j
'

n

(�)j

2

d� = 0:

Note that the sequen
es (e'

j

n

) are of 
ourse also supposed not to 
on-

verge strongly to zero in

_

H

1=2

(R

3

) as n goes to in�nity, and the se-

quen
es (h

j

n

) are orthogonal in the sense of (1.13); the 
ores of 
on-


entration x

j

n

in de
omposition (1.11) are then extra
ted from ea
h e'

j

n

su

essively, and the pro�les are determined at the same time. More

pre
isely, one 
an write (see [16℄) for every (j; n) 2 N

2

and every x 2 R

3

,

up to the extra
tion of a subsequen
e,

e'

j

n

(x) =

`

X

k=0

1

h

j

n

'

j;k

n

 

x� x

j;k

n

h

j

n

!

+  

j;`

n

;

with lim

`!1

lim sup

n!1

k 

j;`

n

k

L

3

(R

3

)

= 0:

Finally it is proved in [16℄ that if ('

n

) is bounded in

_

H

1=2

(R

3

)\L

2

(R

3

),

then for every integer j, (e'

j

n

) is also bounded in

_

H

1=2

(R

3

)\L

2

(R

3

) (see

for instan
e Remark 2.10, formula (2.20), of [16℄). So the result (1.21) on

the limit of the sequen
e (h

j

n

) will be obtained if we prove the following

lemma.

Lemma 3.6. | Let (h

n

) be a sequen
e in (R

+

n f0g)

N

, 
onverging to-

wards in�nity with n, and let (�

n

) be a h

n

{os
illatory sequen
e of

fun
tions, in the sense of De�nition 2, bounded in

_

H

1=2

(R

3

). Suppose

that (�

n

) is bounded in L

2

(R

3

). Then �

n


onverges strongly to zero

in

_

H

1=2

(R

3

).

Proof of Lemma 3.6. | Let us suppose that �

n

does not 
onverge

strongly to zero in

_

H

1=2

(R

3

), and let us prove that (�

n

) is not bounded
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in L

2

(R

3

). In that 
ase, up to a subsequen
e, there exists C

0

> 0 su
h

that k�

n

k

_

H

1=2

(R

3

)

> C

0

for any n large enough. Then (3.46) enables us

to 
hoose a real number R

0

su
h that

(3.48) lim sup

n!1

Z

h

n

j�j�R

0

j�j j




�

n

(�)j

2

d� �

C

0

2

�

But we have

k�

n

k

2

L

2

(R

3

)

�

h

n

R

0

Z

h

n

j�j�R

0

j�j j




�

n

(�)j

2

d�

�

h

n

R

0

 

k�

n

k

2

_

H

1=2

(R

3

)

�

Z

h

n

j�j�R

0

j�j j




�

n

(�)j

2

d�

!

;

so (3.48) implies that

k�

n

k

L

2

(R

3

)

� h

n

C

0

2R

0

,

whi
h yields the result, sin
e (h

n

) is supposed to 
onverge towards in-

�nity with n.

That lemma implies that under the assumptions of Theorem 3, there

are no large s
ales in the de
omposition (3.45), and (1.21) is proved.

Finally let us prove (1.22): we suppose that (v

n

) is bounded in the

spa
e L

2

([0; T ℄;

_

H

3=2

(R

3

)), and we de�ne

J

def

=

�

j � `

0

j h

j

n

= 1

	

;

where `

0

was de�ned in (3.26). If j is in N n J , then either j � `

0

+ 1

and then '

j

2 D

1

, or lim

n!1

h

j

n

= 0 in whi
h 
ase '

j

2 D

1

a

ording

to Theorem 2 (ii). So J satis�es (1.17). To prove (1.22), we re
all that

de
omposition (3.30) implies that

(3.49)

8T

0

< T

0

�

; kv

n

k

E

�

(h

0

n

)

2

T

0

is bounded; and

if '

0

2 D

1

; then kv

n

k

E

�

1

is bounded

with notation (3.33). Then two 
ases 
an o

ur: in the �rst 
ase, we

have lim

n!1

h

0

n

= 0 and '

0

2 D

1

a

ording to Theorem 2 (ii). Then (3.49)

implies that (v

n

) is bounded in E

1

, and sin
e '

j

2 D

1

, for all j, the re-

sult is proved. In the se
ond 
ase, we have h

0

n

= 1 so in parti
ular (v

n

) is

bounded in L

2

([0; T

0

℄;

_

H

3=2

(R

3

)), whi
h proves (1.22) a

ording to (1.2).

So Theorem 3 is proved.
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3.4. A remark in the 
ase of periodi
 data. | If we suppose

that the initial data is a sequen
e of periodi
, mean free, divergen
e free

ve
tor �elds ('

n

), bounded in the spa
e

_

H

1=2

(T

3

), where T

3

def

= (R

=Z

)

3

,

then it is also bounded in L

2

(T

3

), sin
e the

_

H

s

(T

3

) norm is de�ned by

kfk

2

_

H

s

(T

3

)

def

=

X

n2Z

jnj

2s

j

b

f(n)j

2

;

where

b

f(n) is the (dis
rete) Fourier transform of f . So the results of

Theorem 3 apply. In parti
ular, there are no large s
ales, and the s
ales

equal to 1 are redu
ed to the weak limit only, sin
e the 
ores x

j

n

are

bounded when h

j

n

= 1. However, one must note that the pro�le de-


omposition of Theorem 1 must be slightly modi�ed, for instan
e by

multiplying the pro�les '

j

n

by trun
ations �(x � x

j

n

) where � is sup-

ported in [0; 1℄

3

. Similarly, one 
an de
ompose the solution (v

n

) also

by multiplying the pro�les in the de
omposition of Theorem 2 by su
h

trun
ations; the remainder indu
ed by those trun
ations 
an be proved

to be small in E

�

T

, but that smallness is not uniform in T even in the


ase of global solutions.

4. Proof of the 
orollaries

This se
tion is devoted to the proof of the 
orollaries given in the

introdu
tion. We shall keep the notation of the previous se
tions.

4.1. Proof of Corollary 1. | As in [2℄ for the wave equation, Corol-

lary 1 is proved by 
ontradi
tion: let A be an admissible spa
e, and

suppose there exists a sequen
e of global solutions of (NS) in E

1

, asso-


iated with a family of initial data ('

n

), bounded in a 
losed ball of B

A

NS

as de�ned in (1.10), su
h that

(4.1) lim

n!1

kNS('

n

)k

E

�

1

= +1:

We 
an apply Theorem 2 (iii) to ('

n

). That implies in parti
ular

that (NS('

n

)) is bounded in L

1

(R

+

;

_

H

1=2

(R

3

)) \ L

2

(R

+

;

_

H

3=2

(R

3

)),

sin
e that holds for ea
h term of the de
omposition. The 
ontradi
tion

is obvious, and Corollary 1 is proved.
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4.2. Proof of Corollary 2. | Let us prove that the mapping from

data in D

1

to the asso
iate solution is Lips
hitz on bounded subsets

of B

A

NS

, where A is an admissible spa
e and B

A

NS

was de�ned in (1.10).

We start by proving the following result.

Lemma 4.1. | Let u

0

and v

0

be two divergen
e free elements of D

1

,

and de�ne u

def

= NS(u

0

). Then we have

d

d"

(NS(u

0

+ "v

0

))

j"=0

= v;

where v is the unique solution in E

1

of the following system:

�

�

t

v + P (v � ru+ u � rv)� ��v = 0

v

jt=0

= v

0

;

where P is the Leray proje
tor onto divergen
e free ve
tor �elds. More-

over we have, for any t � 0,

(4.2) kvk

E

�

t

� Ckv

0

k

_

H

1=2

(R

3

)

 

1 +

�

Z

t

0

ku(s)k

2

_

H

3=2

(R

3

)

ds

�

1=2

!

� exp

�

C

Z

t

0

ku(s)k

2

_

H

3=2

(R

3

)

ds

�

:

Proof of Lemma 4.1. | The fa
t that there is a unique solu-

tion to the linearized equation, whi
h satis�es (4.2), is simply due to

Proposition A.3 stated in the Appendix.

Now let u

"

be de�ned by u

"

def

= NS(u

0

+ "v

0

); and let us de�ne

"r

"

def

= u

"

� u� "v:

We are going to prove that lim

"!0

r

"

= 0 in E

1

; whi
h 
learly will imply

the lemma. The fun
tion r

"

satis�es the following equation:

(

�

t

r

"

+Q(r

"

; u)� ��r

"

= f

"

r

"

jt=0

= 0;

with

f

"

def

= �"P (v � rv + v � rr

"

+ r

"

� rv + r

"

� rr

"

):

As a 
onsequen
e, we 
an write, using Proposition A.3,

8t � 0; kr

"

k

E

�

t

� Ckf

"

k

L

2

t

(

_

H

�1=2

)

�

1 + kuk

L

2

t

(

_

H

3=2

)

expCkuk

2

L

2

t

(

_

H

3=2

)

�

:
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But the produ
t rules in Sobolev spa
es re
alled in (3.19) imply that

kf

"

k

L

2

t

(

_

H

�1=2

)

� C"

�

kvk

2

E

�

t

+ kvk

E

�

t

kr

"

k

E

�

t

+ kr

"

k

2

E

�

t

�

;

so writing X

"

(t)

def

= kr

"

k

E

�

t

, we have

X

"

(t) � C"

�

kvk

2

E

�

t

+ kvk

E

�

t

X

"

(t) + (X

"

(t))

2

�

�

�

1 + kuk

L

2

t

(

_

H

3=2

)

expCkuk

2

L

2

t

(

_

H

3=2

)

�

:

Now let us re
all that u 2 E

1

by assumption; then if C(u) denotes any


onstant depending on kuk

E

�

1

, estimate (4.2) enables us to write

8t � 0; C(u)"(X

"

(t))

2

�X

"

(t)(1 � C(u)") + C(u)" � 0:

But X

e

(t) is a 
ontinuous fun
tion and is equal to zero at time t = 0;

sin
e C(u)" is the smallest root of the polynomial above, we 
on
lude

that

8t � 0; X

"

(t) � C(u)":

So the lemma is proved.

Finally Corollary 1 implies that in estimate (4.2), kuk

L

2

([0;T ℄;

_

H

3=2

(R

3

))


an be repla
ed by a fun
tion of ku

0

k

_

H

1=2

(R

3

)

, so Corollary 2 is proved.

Appendix A

Some results on the Navier{Stokes equations

In this �nal se
tion, we shall present some results on the Navier{

Stokes equations whi
h have been used in the proofs. Those results are

quite 
lassi
al. We are also going to prove Proposition 1.1 stated in the

introdu
tion.

The �rst result is of the propagation of regularity type. It 
an be

seen as a 
orollary of Theorem 3.4.2 of [3℄, but we present here a self{


ontained proof.

Proposition A.1. | There exists a 
onstant Æ su
h that the follow-

ing is true. Let v

0

2

_

H

1=2

(R

3

) be a divergen
e free ve
tor �eld, su
h
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that kv

0

k

L

3

(R

3

)

is smaller than Æ�. Then v

0

2 D

1

, and if v

def

= NS(v

0

),

then for any t � 0 we have

(A.1) kv(t)k

2

_

H

1=2

(R

3

)

+ �

Z

t

0

krv(s)k

2

_

H

1=2

(R

3

)

ds � kv

0

k

2

_

H

1=2

(R

3

)

:

Proof of Proposition A.1. | It is known (see [10℄,[18℄) that

there exists a 
onstant 
 > 0 su
h that if kv

0

k

L

3

(R

3

)

� 
�, then NS(v

0

)

is in C

0

(R

+

; L

3

(R

3

)), and we have

(A.2) 8t � 0; kNS(v

0

)(t; �)k

L

3

(R

3

)

� Ckv

0

k

L

3

(R

3

)

;

where C is a universal 
onstant. Moreover, re
all that L

3

(R

3

) is an

admissible spa
e in the sense of De�nition 1, a

ording to Example 2 of

the introdu
tion. So property (ii) of De�nition 1 enables us to 
hoose

a 
onstant Æ � 
 su
h that if kv

0

k

L

3

(R

3

)

� Æ�, then v

0

2 D

1

. Now

let us prove the estimate (A.1): an energy estimate in

_

H

1=2

(R

3

) for the

fun
tion v(t; �) reads

1

2

d

dt

kv(t)k

2

_

H

1=2

(R

3

)

+ �krv(t)k

2

_

H

1=2

(R

3

)

=

�

�

�

(v � rv(t) j v(t))

_

H

1=2

(R

3

)

�

�

�

:

But writing �

def

=

p

��, we have

(v � rv(t) j v(t))

_

H

1=2

(R

3

)

= (v � rv(t) j �v(t))

L

2

(R

3

)

;

and H�older's inequality yields

�

�

�

(v � rv(t) j �v(t))

L

2

(R

3

)

�

�

�

� kv(t)k

L

3

(R

3

)

krv(t)k

2

L

3

(R

3

)

:

The 
ontinuous embedding of

_

H

1=2

(R

3

) into L

3

(R

3

) enables us to infer

that

1

2

d

dt

kv(t)k

2

_

H

1=2

(R

3

)

+ �krv(t)k

2

_

H

1=2

(R

3

)

� Ckv(t)k

L

3

(R

3

)

krv(t)k

2

_

H

1=2

(R

3

)

;

so �nally 
hoosing Æ small enough, we have a

ording to (A.2),

d

dt

kv(t)k

2

_

H

1=2

(R

3

)

+ �krv(t)k

2

_

H

1=2

(R

3

)

� 0:

The proposition is proved.

Proposition A.2. | Let T 2 R

+

[ f+1g and � > 0 be �xed. There

exists a 
onstant C, depending on � but not on T , su
h that the following
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is true. Let (f

n

) and (g

n

) be two families of ve
tor �elds, bounded in E

T

and in L

2

([0; T ℄;

_

H

�1=2

(R

3

)) respe
tively. If

(A.3) sup

n2N

kg

n

k

L

2

([0;T ℄;

_

H

�1=2

(R

3

))

� C exp

�

�2C sup

n2N

kf

n

k

4

E

�

T

�

;

then there exists a unique solution in E

T

to the following system:

�

�

t

r

n

+ P (r

n

� rr

n

)� ��r

n

+Q(r

n

; f

n

) = g

n

r

njt=0

= 0;

where P is the Leray proje
tor onto divergen
e free ve
tor �elds, and

where

Q(a; b)

def

= P (a � rb+ b � ra):

Moreover, we have, with notation (1.8), and writing L

2

T

(

_

H

�1=2

(R

3

))

def

=

L

2

([0; T ℄;

_

H

�1=2

(R

3

),

kr

n

k

E

�

T

� Ckg

n

k

L

2

T

(

_

H

�1=2

(R

3

))

�

1 + exp

�

Ckf

n

k

4

E

�

T

��

:

Proof of Proposition A.2. | Let us start by noti
ing that

any fun
tion in E

T

is an element of L

4

([0; T ℄;

_

H

1

(R

3

)), by interpola-

tion between L

1

([0; T ℄;

_

H

1=2

(R

3

)) and L

2

([0; T ℄;

_

H

3=2

(R

3

)). Then the

proposition is a dire
t 
onsequen
e of Lemma B.1 of [12℄: formula (B.3)

of [12℄ indeed states that

kr

n

k

L

4

T

(

_

H

1

(R

3

))

� C

�

kg

n

k

L

2

T

(

_

H

�1=2

(R

3

))

+ kr

n

k

2

L

4

T

(

_

H

1

(R

3

))

�

� exp

�

Ckf

n

k

4

L

4

T

(

_

H

1

(R

3

))

�

:

Then assumption (A.3) enables us to write, by superlinear bootstrap

(see for instan
e [2℄, Lemma 2.2), that

kr

n

k

L

4

T

(

_

H

1

(R

3

))

� Ckg

n

k

L

2

T

(

_

H

�1=2

(R

3

))

exp

�

Ckf

n

k

4

L

4

T

(

_

H

1

(R

3

))

�

:

But Lemma B.1 of [12℄ also implies that

kr

n

k

L

1

T

(

_

H

1=2

(R

3

))

+ kr

n

k

L

2

T

(

_

H

3=2

(R

3

))

� Ckg

n

k

L

2

T

(

_

H

�1=2

(R

3

))

+ Ckr

n

k

L

4

T

(

_

H

1

(R

3

))

�

kr

n

k

L

4

T

(

_

H

1

(R

3

))

+ kf

n

k

L

4

T

(

_

H

1

(R

3

))

�

;

so the result follows.

The following proposition is similar to the previous one, and is a dire
t


onsequen
e of Lemma B.1 of [12℄.



PROFILES FOR THE NAVIER{STOKES EQUATIONS 37

Proposition A.3. | Let T 2 R

+

[ f+1g be �xed, and let f

n

and g

n

be two ve
tor �elds, bounded respe
tively in L

2

([0; T ℄;

_

H

3=2

(R

3

)), and

in L

2

([0; T ℄;

_

H

�1=2

(R

3

)): Finally let r

n;0

be a family of divergen
e free

ve
tor �elds, bounded in

_

H

1=2

(R

3

). Then there exists a unique solution

in E

T

to the following system:

�

�

t

r

n

� ��r

n

+Q(r

n

; f

n

) = g

n

r

njt=0

= r

n;0

;

where Q(a; b)

def

= P (a � rb+ b � ra): Moreover, we have

kr

n

k

E

�

T

� C

�

kr

n;0

k

_

H

1=2

+ kg

n

k

L

2

T

(

_

H

�1=2

)

�

�

�

1 + kf

n

k

L

2

T

(

_

H

3=2

)

exp

�

Ckf

n

k

2

L

2

T

(

_

H

3=2

)

��

;

where C is a 
onstant whi
h depends on � but not on T .

Finally let us prove Proposition 1.1 stated in the introdu
tion. We

re
all the statement below.

Proposition A.4. | Let v

0

2 H

1=2

(R

3

) be a divergen
e free ve
tor

�eld, and let T

�

be the life span of NS(v

0

). If v

0

=2 D

1

, then

T

�

�

1

(C

_

H

1=2

NS

)

4

�

kv

0

k

4

L

2

(R

3

)

:

Proof of Proposition A.4. | The proof is also quite 
lassi
al

(see for instan
e [11℄ in a di�erent 
ontext); as it is quite short, we re
all

it here for the 
onvenien
e of the reader. So let us 
onsider a divergen
e

free ve
tor �eld v

0

2 H

1=2

(R

3

), and let us suppose that v

0

=2 D

1

. Let T

�

be the life span of v

def

= NS(v

0

). Then for all T < T

�

, writing �(X) for

the Lebesgue measure of X, we have

�

n

t 2 [0; T [ jC

_

H

1=2

NS

� kv(t; �)k

_

H

1=2

(R

3

)

o

�

1

(C

_

H

1=2

NS

)

4

Z

T

0

kv(t; �)k

4

_

H

1=2

(R

3

)

dt
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by the Bienaym�e{T
hebyt
hev inequality. That yields

T

�

�

1

(C

_

H

1=2

NS

)

4

kvk

2

L

1

(R

+

;L

2

(R

3

))

kvk

2

L

2

(R

+

;

_

H

1

(R

3

))

�

1

(C

_

H

1=2

NS

)

4

�

kv

0

k

4

L

2

(R

3

)

:

So the result is proved.
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