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Abstra
t

We prove that the 3D 
ubi
 defo
using semi-linear wave equation is globally well-posed for

data in the Sobolev spa
e

_

H

s

where s >

3

4

� This result was obtained in [11℄ following Bour-

gain's method ([3℄). We present here a di�erent and somewhat simpler argument, inspired by

previous work on the Navier-Stokes equations ([4, 7℄).

1 Introdu
tion and main theorem

We 
onsider the equation

�

�

2

t

���� + �

3

= 0 in R � R

3

(�; �

t

�)

jt=0

= (�

0

;�

1

);

(1.1)

where � is real valued. This equation is sub-
riti
al with respe
t to the H

1

norm,

and, sin
e the nonlinearity is defo
using, lo
al well-posedness in H

1

extends to global

well-posedness using the 
onservation of the Hamiltonian kr�k

2

L

2

+

1

2

k�k

4

L

4

. While

this approa
h goes ba
k to the 80's (it requires Stri
hartz estimates, see [8℄), it is worth

noting that global well-posedness had been known sin
e the sixties (e.g. [10℄), through
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regularization and 
ompa
tness methods. The problem of lo
al well-posedness for low

regularity data was answered later, and de�nitive results were obtained in [14℄ in a more

general framework. Equation (1.1) turns out to be lo
ally well-posed for initial data

in

_

H

1

2

�

_

H

�

1

2

and ill-posed below s =

1

2

(whi
h makes sense from a s
aling point of

view, as both the equation and the

_

H

1

2

norm are invariant under the same res
aling). A

natural question is then whether these lo
al solutions 
an be extended globally in time,

at least for some range

1

2

� s < 1. In [3℄ Bourgain introdu
ed a general framework

for obtaining results of this type, and applied it to the 2D 
ubi
 S
hr�odinger equation.

For equation (1.1), Bourgain's method yields global well-posedness in

_

H

s

for s >

3

4

, as

proved in [11℄. We intend to give a di�erent proof of this result, following a strategy

introdu
ed in the 
ontext of the Navier-Stokes equations in [4℄ (see also [7℄ for a more

re
ent approa
h). When 
ompared, the two methods appear to be somewhat dual of

ea
h other.

Let us start with a simple proof whi
h will yield global well-posedness for s >

3

4

+

1

12

=

5

6

�

Sin
e the equation is globally well-posed for large data in

_

H

1

and small data in

_

H

1

2

,

one may be tempted to follow a general prin
iple of nonlinear interpolation and 
laim

the equation to be globally well-posed in between. To make sense of this heuristi
, we

pro
eed in several steps. What follows is an informal proof. Note that from now on, we

will never mention the regularity of the time derivative of the solution at time t = 0; it

is always one derivative less regular than the solution itself.

1. We split the data �

0

2

_

H

s

: �

0

= u

0

+ v

0

where u

0

2

_

H

1

with a large norm and

v

0

2

_

H

1

2

with a small norm. One may a
hieve this by splitting in frequen
y at

j�j � 2

J

with large J .

2. We solve the equation (1.1) with small data v

0

, getting a global solution v

in C

t

(

_

H

1

2

)\L

4

t

(L

4

x

), and all norms of v are small and have size less than 2kv

0

k

_

H

1

2

whi
h is of order 2

(

1

2

�s)J

. Remark that the usual smallness assumption on the data

for
es 2

(

1

2

�s)J

. "

0

. For a later step, we remark that any additional regularity is

preserved, so that in parti
ular we have (as v

0

2

_

H

1

2

+

1

6

)

kvk

C

t

(

_

H

1

2

+

1

6

)\L

3

t

(L

6

x

)

� 2

(

1

2

+

1

6

�s)J

: (1.2)

This will be of use at a later step, as it enables one to estimate v in L

3

t

(L

6

x

) (note

that

1

2

+

1

6

=

2

3

is smaller than the smoothness we ask for in the theorem, whi
h

is

3

4

, while

2

3

is the smallest smoothness whi
h permits an L

6

x

estimate through

Stri
hartz inequalities).

3. To re
over a solution of our problem, we solve a perturbed equation,

�

�

2

t

u��u+ u

3

+ 3u

2

v + 3v

2

u = 0

(u; u

t

)

jt=0

= (u

0

; u

1

):

(1.3)
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This equation turns out to be lo
ally well-posed in

_

H

1

, on a time interval depend-

ing only on ku

0

k

_

H

1

. This is easily seen through a 
ontra
tion argument in C

t

(

_

H

1

).

It will be enough to prove the nonlinear terms to be L

1

t

(L

2

x

). Using Sobolev em-

bedding, u

3

2 C

t

(L

2

x

) and hen
e is lo
ally L

1

t

. On the other hand, v 2 L

3

t

(L

6

x

)

for v

0

in

_

H

1

2

+

1

6

(re
all Step 2), whi
h yields v

2

u 2 L

1

t

(L

2

x

) using H�older. The

remaining term u

2

v is 
ontrolled by the other two, and denoting by jk � kj the

norm in the 
ontra
tion spa
e, we obtain

jkukj

T

. ku

0

k

_

H

1

+ ku

1

k

L

2

+ 2

2j(

1

2

+

1

6

�s)

T

1

3

jkukj

T

+ T jkukj

3

T

: (1.4)

Thus, the linear term on the right 
an be absorbed on the left, as soon as T .

2

�6j(

1

2

+

1

6

�s)

and we obtain the desired result, with

T . inf

 

2

�6j(

1

2

+

1

6

�s)

;

1

ku

0

k

2

_

H

1

!

: (1.5)

4. To extend lo
al solutions to global ones, we then need to obtain an a priori bound

on the energy of a solution u. This will be a

omplished through the energy

inequality, provided one 
an 
ontrol the perturbative terms by the energy of u.

Indeed, we have the energy estimate

kuk

2

_

H

1

+ k�

t

uk

2

L

2

+

1

2

kuk

4

L

4

� ku

0

k

2

_

H

1

+ k�

t

uk

2

L

2

+

1

2

ku

0

k

4

L

4

(1.6)

+ 6

Z

t

0

ju

2

v�

t

ujds+ 6

Z

t

0

jv

2

u�

t

ujds:

Taking the supremum over t < T , with H

T

def

= sup

t<T

(kuk

2

_

H

1

+ k�

t

uk

2

L

2

+ kuk

4

L

4

)

gives

H

T

. H

0

+H

T

Z

T

0

kvk

2

L

6

x

ds+H

3

2

T

Z

T

0

kvk

L

6

x

ds;

using H�older and Sobolev embeddings for the integrals on the left. Re
alling (1.2),

we obtain

H

T

. 2

2J(1�s)

+H

T

T

1

3

2

2J(

2

3

�s)

+H

3

2

T

T

2

3

2

J(

2

3

�s)

; (1.7)

whi
h gives 
ontrol over H

T

for arbitrarily large T as long s >

5

6

by 
hoosing J

a

ordingly, as one needs

T

4

3

2

2J(1�s+

2

3

�s)

. 1: (1.8)

Note that we have estimated ku

0

k

4

L

4

by 2

2J(1�s)

: this is always possible by a

res
aling in spa
e, as explained below in (2.1).

This last part is really the only non trivial part of the argument, at least if one wants

the optimal result s >

3

4

: we will have to re�ne the estimates on the spa
e time integrals
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arising from the energy inequality, to lower the

2

3

� s fa
tor in (1.7) to

1

2

� s. In fa
t,

ignoring all irrelevant epsilons, (1.8) will be
ome

Tku

0

k

2

_

H

1

kv

0

k

2

_

H

1

2

. 1: (1.9)

To pi
k T as large as we want, we have to play with the respe
tive size of u

0

and v

0

and this gives immediately the s >

3

4

restri
tion: take kv

0

k

_

H

1

2

� M

�1

k�k

_

H

s

where M

is large. Then ku

0

k

_

H

1

� M

1��

�

k�k

_

H

s

, where s = � +

1

2

(1� �). This for
es 1� 2� < 0.

This barrier at � =

1

2

between the 
onservation law (here,

_

H

1

) and the s
aling (here,

_

H

1

2

) appears to be rooted in both Bourgain's method and ours. Indeed, in all the

re
ent progress for other (te
hni
ally more 
ompli
ated) equations like KdV ([6℄) or

NLS ([5℄)the same kind of restri
tions appear, through for KdV it solves 
ompletely the

well-posedness question as the equation is ill-posed below half-way to the s
aling ([12℄).

Let us now state the main theorem.

Theorem 1

Let (�

0

;�

1

) 2 (

_

H

s

\ L

4

;

_

H

s�1

) with s >

3

4

. Then there exists a unique global in time

solution to (1.1). Moreover, we have

k�k

_

H

s

(t) � C(ku

0

k

_

H

s

\L

4

)t

(1�s)(6s�3)

4s�3

: (1.10)

Before pro
eeding with the proof, several remarks are in order. The restri
tion to L

4

data 
an be disposed of at the expense of working with lo
al Sobolev spa
es and use of

the �nite speed of propagation, as already mentioned in [11℄. Alternatively, one 
ould

simply repla
e the homogeneous Sobolev spa
es by their inhomogeneous 
ounterpart,

as in [14℄. One may also state the theorem for other nonlinearities (or Klein-Gordon),

and we will 
omment on that aspe
t later, as well as on applying the method to other

equations like the nonlinear S
hr�odinger equation.

2 Proof of the theorem

We start with the de�nition of u

0

and v

0

. Sin
e we are working with L

2

based spa
es,

one may simply 
ut the data �

0

into its low frequen
y part u

0

and its high frequen
y

part v

0

, as we did in the informal proof in the introdu
tion. This gives us an expli
it

de
omposition, with a parameter 2

J

whi
h is the frequen
y at whi
h we 
ut. We

however point out that one needs only an abstra
t de
omposition, as given e.g. by real

interpolation. Here we will have

ku

0

k

_

H

1

� 2

J(1�s)

k�

0

k

_

H

s

and kv

0

k

_

H




� 2

J(
�s)

k�

0

k

_

H

s

; for all
 � s:
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Let us make a remark 
on
erning the L

4

norms. For any � > 0, we have

k�

0

(��)k

L

4

= �

�

3

4

k�

0

k

L

4

and k�

0

(��)k

_

H

s

= �

s�

3

2

k�

0

k

_

H

s

: (2.1)

It follows that as soon as s >

3

4

,

the L

4

norm of �

0


an be made arbitrarily small


ompared to the

_

H

s

norm by res
aling the data. In parti
ular sin
e ku

0

k

L

4

. k�

0

k

L

4

we 
on
lude that the quantity ku

0

k

4

L

4


an be 
ontrolled by ku

0

k

2

_

H

1

, and we assume this

to be the 
ase for the rest of the proof; that will be useful to estimate the Hamiltonian

of u in Se
tion 2.3.

Finally, we re
all some de�nitions and properties of the wave equation whi
h will be of

use later. First we de�ne the Littlewood{Paley operators S

j

and �

j

.

Definition 1

Let � 2 S(R

3

) be su
h that

b

�(�) = 1 for j�j � 1 and

b

�(�) = 0 for j�j > 2. De�ne,

for j 2 Z, the fun
tion �

j

(x)

def

= 2

3j

�(2

j

x); then the Littlewood{Paley operators are

S

j

def

= �

j

� � and �

j

def

= S

j+1

� S

j

:

Then we re
all the de�nition of Besov spa
es (the Sobolev spa
e

_

H

s

being simply the

spa
e

_

B

s

2;2

).

Definition 2

If s <

3

p

,

then f belongs to the homogeneous Besov spa
e

_

B

s

p;q

(R

3

) if and only if

the partial sum

P

m

�m

�

j

f 
onverges towards f as a tempered distribution, and the

sequen
e �

j

def

= 2

js

k�

j

fk

L

p

belongs to `

q

(Z).

Finally, we have the Stri
hartz estimates, whi
h we only state in 3D.

Theorem 2 ([9, 14℄)

Let (p; q) and (~p; ~q) be admissible pairs, i.e. su
h that

1

p

+

1

q

=

1

2

, p > 2, and similarly

for (~p; ~q). Let f(x), F (t; x) be two fun
tions lo
alized at frequen
y j�j � 2

j

, and

denote ! =

p

��. Then

ke

�i!t

f(x)k

L

p

t

(L

q

x

)

. 2

2

p

j

kf(x)k

L

2

; (2.2)

and, if u(x; t) = �

�1

F (x; t) is the solution to the inhomogeneous equation with zero

Cau
hy data, then

ku(x; t)k

L

1

t

(L

2

x

)

. 2

j(

2

~p

�1)

kF (x; t)k

L

~p

0

t

(L

~q

0

x

)

(2.3)

ku(x; t)k

L

p

t

(L

q

x

)

. 2

j(

2

p

+

2

~p

�1)

kF (x; t)k

L

~p

0

t

(L

~q

0

x

)

(2.4)

where p

0

denotes the dual exponent of p.
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2.1 Global existen
e for the high frequen
y part

Let us 
onsider the following equation:

�

�

2

t

v ��v + v

3

= 0 in R � R

3

(v; �

t

v)

jt=0

= (v

0

; v

1

);

(2.5)

where (v

0

; v

1

) 2

_

H

1

2

\

_

H




�

_

H

�

1

2

\

_

H


�1

, with 
 � s to be set later. We have the

following result.

Proposition 1

Suppose the initial data satis�es (v

0

; v

1

) 2

_

H

1

2

\

_

H




�

_

H

�

1

2

\

_

H


�1

, for any

1

2

� 
 � s.

There exists a 
onstant "

0

su
h that if

2

J(

1

2

�s)

. "

0

; (2.6)

then there is a unique, global solution v to (2.5), su
h that

v 2 C

0

(R;

_

H

1

2

\

_

H




); �

t

v 2 C

0

(R;

_

H

�

1

2

\

_

H


�1

);

and if

2

p

+

2

q

= 1, with p > 2 and q < +1, v 2 L

p

(R;

_

B


�

2

p

q;2

), with

kvk

L

p

(R;

_

B


�

2

p

q;2

)

. 2

J(
�s)

: (2.7)

Proof. The proof of that result is straightforward, as using the de�nition of v

0

we just

gave, we have kv

0

k

_

H

1

2

� 2

J(

1

2

�s)

: The proposition then follows by the global existen
e

theory for small data ([14℄). Note that one may even lower assumptions on 
 to 
 > 0,

as any positive smoothness 
an be propagated (see [16℄, [15℄).

Let us also noti
e that one may further re�ne the estimate given in the proposition, by

splitting the solution v = v

L

+w into the linear part v

L

and the nonlinear part w. Then

the nonlinear part w satis�es

kwk

L

p

(R;

_

B


�

2

p

q;2

)

. kvk

2

L

4

t;x

kvk

L

4

(R;

_

B




4;2

)

� 2

J(1�2s+
�s)

; (2.8)

whi
h is an easy 
onsequen
e of the �xed point pro
edure.

2.2 Lo
al existen
e for the low frequen
y part

In this part we shall study the following equation:

�

�

2

t

u��u+ u

3

+ 3uv

2

+ 3u

2

v = 0 in R � R

3

(u; �

t

u)

jt=0

= (u

0

; u

1

);

(2.9)

6



where v was 
onstru
ted in the previous part, and with (u

0

; u

1

) 2

_

H

1

�L

2

. Re
all that

E

1

2

(u

0

; u

1

)

def

= ku

0

k

_

H

1

+ ku

1

k

L

2

� 2

J(1�s)

:

Proposition 2

Suppose the initial data satis�es (u

0

; u

1

) 2

_

H

1

\ L

4

� L

2

. As long as T .

1

E(u

0

; u

1

)

,

there is a solution u satisfying

u 2 C

0

([0; T ℄;

_

H

1

); �

t

u 2 C

0

([0; T ℄; L

2

) and u 2 L

p

([0; T ℄;

_

B

1�

2

p

q;2

);

with

2

p

+

2

q

= 1, p > 2:Moreover, the norm of u in that spa
e, noted jkukj

T

, is 
ontrolled

in the following way:

jkukj

T

. E(u

0

; u

1

):

Remark. Let us make a brief 
omment: sin
e v 2

_

H

s

, one may simply use the

pro
edure des
ribed in the introdu
tion. However we give a slightly more 
ompli
ated

proof, whi
h only uses v

0

2

_

H

1

2

. This emphasizes the fa
t that (2.9) is well-posed

whenever the perturbation v has at least

_

H

1

2

regularity.

Proof. Let " > 0 be a given arbitrarily small real number, and de�ne the norm

jkukj

T

def

= sup

t2[0;T ℄

(ku(t)k

_

H

1

+ k�

t

u(t)k

L

2

) + kuk

L

p

([0;T ℄;

_

B

1�

2

p

q;2

)

;

with

1

p

=

1

2

� " and q =

1

"

�

We will pro
eed through the usual �xed point argument for the above norm, using the

integral formulation of the equation (all Stri
hartz norms L

ep

([0; T ℄;

_

B

1�

2

ep

eq;2

) with eq < q

will be obtained by interpolation with the L

p

([0; T ℄;

_

B

1�

2

p

q;2

) and the energy norms). To


ontrol jkukj

T

it is enough to 
ontrol the quantities u

3

, uv

2

and u

2

v in L

1

([0; T ℄; L

2

).

Obviously the two �rst 
ontrol the last, so we shall 
on
entrate on u

3

and uv

2

. The

�rst one is the easiest, as

ku

3

k

L

1

([0;T ℄;L

2

)

� kuk

3

L

3

([0;T ℄;L

6

)

. Tkuk

3

L

1

([0;T ℄;

_

H

1

)

:

For the se
ond term, remark that kuk

L

p

T

(L

3

"

)

� jkukj

T

by Sobolev embedding, where we

have noted L

p

T

(L

q

)

def

= L

p

([0; T ℄; L

q

). Then noti
e that if

1

�

=

1

2

+

"

3

and

1

�

=

1

2

�

"

3

,

then

kv

2

k

L

�

([0;T ℄;L

�

)

� kvk

2

L

2�

([0;T ℄;L

2�

)

. kv

0

k

2

_

H

1

2

� 2

2J(

1

2

�s)

7



by Stri
hartz' estimates as re
alled above. Sin
e k � k

L

2

1+2"

([0;T ℄)

� T

2"

3

k � k

L

2

1+2"=3

([0;T ℄)

,

we get

kuv

2

k

L

1

([0;T ℄;L

2

)

. T

2"

3

2

2J(

1

2

�s)

kuk

L

p

([0;T ℄;

_

B

1�

2

p

q;2

)

:

Putting those results together we have proved that

jkukj

T

� ku

0

k

_

H

1

+ ku

1

k

L

2

+ CT

2"

3

2

2J(

1

2

�s)

jkujk

T

+ Tkjujk

3

T

:

Under the 
ondition

C2

2J(

1

2

�s)

�

1

2

,

(2.10)

a superlinear bootstrap argument (see for instan
e [1℄, Lemma 2.2) yields a lo
al solu-

tion: indeed as long as T .

1

E(u

0

; u

1

)

,

one �nds a solution u satisfying

jkukj

T

. ku

0

k

_

H

1

+ ku

1

k

L

2

:

In the next se
tion we will push this lo
al solution to an arbitrarily long time by getting

an a priori estimate on the energy of u.

2.3 Energy estimate for the low frequen
y part

In this se
tion we shall prove an estimate for the Hamiltonian of u de�ned by

H(u)(t)

def

=

�

1

2

ku(t)k

2

_

H

1

+

1

2

k�

t

u(t)k

2

L

2

+

1

4

ku(t)k

4

L

4

�

:

We shall denote in the followingH

T

(u)

def

= sup

t�T

H(u)(t). Similarly we shall 
allE(u)(t)

the energy of u, and E

T

(u)

def

= sup

t�T

E(u)(t), with

E(u)(t)

def

=

�

1

2

ku(t)k

2

_

H

1

+

1

2

k�

t

u(t)k

2

L

2

�

:

Proposition 3

Suppose the initial data satis�es (u

0

; u

1

) 2

_

H

1

\ L

4

� L

2

. Then we have the following

estimate: for any r < +1,

E

T

(u) � H

T

(u) . E(u

0

) + T

1

3

kv

0

k

2

_

H

1

2

+

1

6

E

T

(u) + T

1

2

+

1

r

kv

0

k

_

H

1

2

+

1

r

E

T

(u)

3

2

+ T

2

3

kv

0

k

_

H

1

2

+

1

6

kv

0

k

2

_

H

1

2

E

T

(u)

3

2

: (2.11)
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Proof. Multiplying (1.1) by �

t

u, integrating over x and t, we get

1

2

�

ku(t)k

2

_

H

1

+ k�

t

u(t)k

2

L

2

�

+

1

4

ku(t)k

4

L

4

�

1

2

(ku

0

k

2

_

H

1

+ ku

1

k

2

L

2

) +

1

4

ku

0

k

4

L

4

+ 3

�

�

�

�

Z

t

0

Z

R

3

u(s; x)v

2

(s; x)�

s

u dxds

�

�

�

�

+ 3

�

�

�

�

Z

t

0

Z

R

3

u

2

(s; x)v(s; x)�

s

u dxds

�

�

�

�

:

As remarked at the beginning of Se
tion 2 the quantity ku

0

k

4

L

4

is negligible 
ompared

to the energy of the initial data, so taking the supremum over t < T we get �nally

H

T

(u) . E(u

0

; u

1

) (2.12)

+ 3

Z

T

0

�

�

�

�

Z

R

3

u(t; x)v

2

(t; x)�

t

u dxdt

�

�

�

�

+ 3

�

�

�

�

Z

T

0

Z

R

3

u

2

(t; x)v(t; x)�

t

u dxdt

�

�

�

�

:

Let us 
all I and II the two spa
e{time integrals appearing on the right{hand side of

the inequality, and let us start by estimating I, whi
h is the easiest. We have

I �

Z

T

0

kv(t)k

2

L

6

ku(t)k

L

6

k�

t

u(t)k

L

2

dt

� E

T

(u)

Z

T

0

kv(t)k

2

L

6

dt;

and by Stri
hartz' estimates, we 
an write

kvk

2

L

2

T

L

6

. T

1

3

kvk

2

L

3

T

L

6

. T

1

3

kv

0

k

2

_

H

1

2

+

1

6

:

Finally we get

I . T

1

3

kv

0

k

2

_

H

1

2

+

1

6

E

T

(u): (2.13)

Now let us estimate the term II. As noti
ed in the introdu
tion, one 
ould use the

same type of estimate as above for the term I, but that would require s >

3

4

+

1

12

,

whi
h is not the index given by the theorem. To improve the lower bound on s, one

needs to improve the estimate on II. We �rst split II into two di�erent pie
es, as one

may write v = v

L

+w where v

L

is its linear part and w the nonlinear part 
oming from

the v

3

. The easiest is the se
ond one, as

kwk

L

3

t

(L

6

x

)

. kv

0

k

_

H

1=2+1=6

kv

0

k

2

_

H

1=2

as re
alled in Se
tion 2.1 (namely (2.8)). Hen
e

kwu

2

�

t

uk

L

1

T

L

1

. T

2=3

kv

0

k

_

H

1=2+1=6

kv

0

k

2

_

H

1=2

E

T

(u)

3

2

: (2.14)
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We are left with the remaining part, II

L

=

Z

T

0

v

L

u

2

�

t

udt. Sin
e one 
an only say

�

t

u 2 L

1

t

(L

2

x

), we shall prove some sharper estimates on the term kv

L

u

2

k

L

1

T

L

2

x

. The

result is the following.

Lemma 1

Let v

L

be a solution of the free wave equation with data in

_

H

1

2

+

1

r

with r < 1, and

let u be su
h that E

T

(u) <1. Then u

2

v

L

2 L

1

T

L

2

x

and

ku

2

v

L

k

L

1

T

L

2

x

. T

1

2

+

1

r

kv

0

k

_

H

1

2

+

1

r

E

T

(u): (2.15)

As this result is really the only non trivial part of the proof of Theorem 1, we shall

postpone its proof to the end of the arti
le, and �rst explain how the theorem follows.

2.4 Con
lusion

Putting together (2.13), (2.14) and Lemma 1, we �nd that (2.12) be
omes

E

T

(u) . E(u

0

; u

1

)

+ T

1

3

kv

0

k

2

_

H

1

2

+

1

6

E

T

(u) + E

T

(u)

3

2

kv

0

k

_

H

1

2

+

1

r

(T

1

2

+

1

r

+ T

2

3

kv

0

k

2

_

H

1

2

):

Now repla
ing the Sobolev norms of v

0

and the energy of the initial data in terms of

the frequen
y 
ut 2

J

, we get

E

T

(u) . 2

2J(1�s)

+ 2

2J(

1

2

+

1

6

�s)

T

1

3

E

T

(u) + 2

J(

1

2

+

1

r

�s)

E

T

(u)

3

2

�

T

1

2

+

1

r

+ T

2

3

2

2J(

1

2

�s)

�

:

Now the 
on
lusion is rather straightforward: we start by noti
ing that sin
e s >

1

2

+

1

6

,

we 
an 
hoose J su
h that, say,

2

2J(

1

2

+

1

6

�s)

T

1

3

�

1

2

� (2.16)

Then similarly one 
an also 
hoose J so that

T

2

3

2

2J(

1

2

�s)

� T

1

2

+

1

r

: (2.17)

So we are left with

E

T

(u) . 2

2J(1�s)

+ 2

J(

1

2

+

1

r

�s)

E

T

(u)

3

2

T

1

2

+

1

r

;

and the same superlinear bootstrap argument as that given in the introdu
tion yields

the 
ondition:

1� s+

1

2

+

1

r

� s < 0;
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whi
h implies the desired result: for any given T (whi
h may be thought of as very

large), as long as s >

3

4

,

one may 
hoose J a

ordingly in order to 
ontrol E

T

and hen
e

have a solution on the time interval [0; T ℄. If one sets T = 2

K

, then K = (4s� 3)J and

E

T

� 2

2(1�s)J

� T

2

1�s

4s�3

.

We are left with the

_

H

s

bound for � = u + v (uniqueness then follows from lo
al

existen
e). The high frequen
y part v is obviously bounded in C([0;1);

_

H

s

) in terms

of kv

0

k

_

H

s

, sin
e the initial data is in

_

H

s

. As to the low frequen
y part, the linear

part u

L

(solution of the free wave equation with data u

0

) is of 
ourse uniformly bounded

in C

0

([0;1);

_

H

s

) so we are left with its non linear part u

NL

. All we need to get is a bound

L

1

([0; T ℄; L

2

), and the result will then follow by interpolation with C

0

([0; T ℄;

_

H

1

). For

any F , we 
an write

k

Z

t

0

F

�1

�

sin sj�j

j�j

^

F (x; s)

�

dsk

L

2

.

Z

t

0

skF (x; s)k

L

2

ds;

so that means that

ku

NL

k

L

2

(T ) .

Z

T

0

s

�

ku(�; s)

3

k

L

2

+ ku

2

v(�; s)k

L

2

+ kuv

2

(�; s)k

L

2

�

ds:

To estimate the two last terms, we use the fa
t that the initial data v

0

is in

_

H

1

2

+

1

6

,

hen
e as in the introdu
tion, one has v 2 L

3

([0; T ℄; L

6

). It is then easy to see that the

�rst term ku(�; s)

3

k

L

2

is of the highest order, and we have

ku

NL

k

L

2

(T ) . T

2

E

3

2

T

� T

3

1�s

4s�3

+2

:

Then interpolation between L

2

and

_

H

1

gives

ku

NL

k

_

H

s

(T ) . T

(3

1�s

4s�3

+2)(1�s)

T

1�s

4s�3

s

� T

3(1�s)(2s�1)

2(4s�3)

:

Remark 1 In light of the �nal part of the argument, one may think that for the

quadrati
 nonlinearity j�j�, the situation would be better, as the equivalent of (2.12)

would be linear w.r.t. E

T

(u). However, in dealing with the spa
e-time integral repla
-

ing I, one has to take into a

ount the low regularity of the high frequen
y part, and

even using improved Stri
hartz estimates, one is not able to do better than s > 1=4,

whi
h was already obtained in [11℄.

Remark 2 The approa
h we developed above extends of 
ourse to other equations, but

it does not seem to always perform as well as Bourgain's method. For example, one may

try the 
ubi
 2D S
hr�odinger equation, whi
h was the equation 
onsidered by Bourgain

in [3℄, where he obtained global well-posedness for s > 3=5. With our method, one is

led to estimating quantities like

R

t;x

u

2

rurvdtdx, where u is the low frequen
y (H

1

)

part, and v the high frequen
y part. To go down to s > 1=2 whi
h is halfway between

11



H

1

and s
aling, one would need to bound the integral in term of kv

0

k

L

2

and kuk

3

L

1

t

(H

1

)

,

whi
h doesn't seem possible. In fa
t, one 
an possibly obtain something with kv

0

k

H

1

2

using lo
al smoothing (gaining half a derivative). This would lead to well-posedness for

s > 3=4 whi
h is not as good as Bourgain's result.

3 Proof of Lemma 1

Re
all that we want to prove

kvu

2

(t)k

L

1

T

L

2

x

. T

1

2

+

1

r

kv

0

k

_

H

1

2

+

1

r

E

T

(u);

where v is a solution of the free wave equation. Let us de
ompose vu

2

a

ording to

J.-M. Bony's paraprodu
t algorithm [2℄. We get

vu

2

=

X

j2Z

S

j�2

v�

j

(u

2

) +

X

j2Z

�

j

 

X

k>j

�

k

v�

k

(u

2

)

!

+

X

j2Z

S

j�2

(u

2

)�

j

v (3.18)

= (1) + (2) + (3):

We have

k(1)k

L

2

� sup

j2Z

2

�j=2

kS

j�2

vk

L

1
















X

j2Z

2

j

2

j�

j

(u

2

)j
















L

2

. sup

j2Z

2

�j=2

kS

j�2

vk

L

1

kuk

2

_

H

1

;

as u

2

2

_

B

1

2

2;1

by produ
t rules in Besov spa
es and using Minkowski (l

1

(L

2

) � L

2

(l

1

)).

It follows that

k(1)k

L

1

T

L

2
. E

T

(u)

Z

T

0

sup

j

2

�j=2+3j=r

kS

j

v(t)k

L

r

dt; (3.19)

using Bernstein as kS

j�2

vk

L

1

. 2

3j=r

kS

j�2

vk

L

r

for all r < +1. But Stri
hartz

estimates imply that

k�

j

vk

L

p

T

L

r . 2

2j=p

k�

j

v

0

k

L

2

; with

2

p

+

2

r

= 1:

Choosing s = 1=2+ 1=r and noti
ing that s� 2=p = �1=2+ 3=r < 0 we may pass from

2

2j(s�2=p)

k�

j

vk

L

p

T

L

r
. 2

js

k�

j

v

0

k

L

2

= kv

0

k

_

H

s

�

j

;
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with �

j

2 l

2

, to (summing over low frequen
ies)

2

2j(s�2=p)

kS

j

vk

L

p

T

L

r
. kv

0

k

_

H

s

~�

j

;

where ~�

j

2 l

2

. We then get from (3.19)

k(1)k

L

1

T

L

2

x

. E

T

(u)T

p�1

p

�

Z

T

0

sup

j

2

jp(�1=2+3=r)

kS

j

v(t)k

p

L

r

dt

�

1=p

. E

T

(u)T

p�1

p

 

X

j2Z

2

2j(�1=2+3=r)

kS

j

vk

2

L

p

T

L

r

!

1=2

;

sin
e p > 2. But

p� 1

p

=

1

2

+

1

r

,

so it follows that

k(1)k

L

1

T

L

2

x

. E

T

(u)T

1

2

+

1

r

kv

0

k

_

H

1

2

+

1

r

: (3.20)

Now let us estimate the se
ond term of the de
omposition (3.18). Let r be �xed so

that

1

r

=

1

2

+

1

r

� Then

k(2)k

L

r
�

X

k>j

k�

k

vk

L

r

k�

k

(u

2

)k

L

2

. sup

k2Z

2

k(3=r�1=2)

k�

k

vk

L

r

X

k>j

2

�k(3=r�1=2)

k�

k

(u

2

)k

L

2

. sup

k2Z

2

k(3=r�1=2)

k�

k

vk

L

r

2

�3j=r




j

kuk

2

_

H

1

;

where (


j

) 2 L

1

([0; T ℄; `

2

(Z)). It follows that

k(2)k

_

B

3=r

r;2

. sup

k2Z

2

k(3=r�1=2)

k�

k

vk

L

r

kuk

2

_

H

1

:

By Sobolev embeddings, we are redu
ed to estimate (3.19) (with �

j

instead of S

j

, whi
h

is even easier), and the 
omputations following that estimate yield in an identi
al way

k(2)k

L

1

T

L

2

x

. E

T

(u)T

1

2

+

1

r

kv

0

k

_

H

1

2

+

1

r

: (3.21)

We are left with (3), whi
h turns out to be the bad guy, and sharper Stri
hartz estimates

are needed:

Let us re
all what these are (with the 3D numerology):

Theorem 3 ([13℄)

Let

^

f 2 L

2

be supported in a ball of size 2

k

, with 
enter at distan
e j�j � 2

j

, and k < j.

Then the solution u of the wave equation with data f is su
h that

kuk

L

p

t

(L

q

x

)

. 2

k�j

p

+

2j

p

kfk

2

: (3.22)
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We point out that this estimate is an improvement over what the usual Stri
hartz

estimate would provide, sin
e we gain an additional small fa
tor through the power of

k � j.

Let us pro
eed by duality. Let � 2 L

2

t;x

. Then we seek 
ontrol of

I =

Z

(3)(u; v

L

)�dxdt �

X

j

Z

S

j�2

(u

2

)�

j

v

L

�

j

�dxdt;

�

X

k

Z

�

k

(u

2

)

X

k.j

�

j

v

L

�

j

�dxdt:

Sin
e we know that u

2

2 L

1

T

(

_

B

1=2

2;1

), we 
an see the last sum as the duality between

L

1

T

(

_

B

1=2

2;1

) and L

1

T

(

_

B

�1=2

2;1

), whi
h means we need to prove

Z

T

0

sup

k

2

�k=2

k�

k

X

k.j

�

j

v

L

�

j

�k

L

2

x

dt . k�k

L

2

t;x

:

We will a
tually prove a slightly better bound: 
all f

k

= �

k

P

k.j

�

j

v

L

�

j

�, we will

estimate

P

k

f

k

in L

1

T

(

_

B

�k=2+3k=r

2r

r+2

;1

) ,! L

1

T

(

_

B

�k=2

2;1

): Sin
e we are only interested in low

frequen
ies, one may partition the j�j � 2

j

region into balls of size 2

k

. Then we only

need to 
onsider in our sum over k < j balls whi
h are (almost) opposite. Denoting by

Q and �Q two su
h opposite balls, we are left with

k�

k
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using Cau
hy-S
hwarz on the Q sum and L

2

orthogonality with respe
t to the Q. Now,

at �xed k we have
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One 
an then estimate the Q sum using the pre
ise Stri
hartz estimates: we get
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h means nothing but
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and sin
e we were after the L

1

T

L

2

norm, one gets an extra T

1=2

to obtain
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