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Abstract

We prove that the 3D cubic defocusing semi-linear wave equation is globally well-posed for
. 3
data in the Sobolev space H® where s > 1 This result was obtained in [11] following Bour-

gain’s method ([3]). We present here a different and somewhat simpler argument, inspired by
previous work on the Navier-Stokes equations ([4, 7]).

1 Introduction and main theorem

We consider the equation

{afq>-m+¢3 = 0 in RxR (1.1)
(‘I),atq))\tzo = (®o, P), .

where @ is real valued. This equation is sub-critical with respect to the H' norm,
and, since the nonlinearity is defocusing, local well-posedness in H' extends to global
well-posedness using the conservation of the Hamiltonian ||[V®[|7. + 3[|®[/7.. While
this approach goes back to the 80’s (it requires Strichartz estimates, see [8]), it is worth
noting that global well-posedness had been known since the sixties (e.g. [10]), through



regularization and compactness methods. The problem of local well-posedness for low

regularity data was answered later, and definitive results were obtained in [14] in a more

general framework. Equation (1.1) turns out to be locally well-posed for initial data
1

in H? x H™% and ill-posed below s = 5 (which makes sense from a scaling point of

view, as both the equation and the H > norm are invariant under the same rescaling). A
natural question is then whether these local solutions can be extended globally in time,
at least for some range % < s < 1. In [3] Bourgain introduced a general framework
for obtaining results of this type, and applied it to the 2D cubic Schrodinger equation.
For equation (1.1), Bourgain’s method yields global well-posedness in H* for s > %, as
proved in [11]. We intend to give a different proof of this result, following a strategy
introduced in the context of the Navier-Stokes equations in [4] (see also [7] for a more
recent approach). When compared, the two methods appear to be somewhat dual of

each other.

Let us start with a simple proof which will yield global well-posedness for s > %—l—% =

= Ut

Since the equation is globally well-posed for large data in H' and small data in Hz,
one may be tempted to follow a general principle of nonlinear interpolation and claim
the equation to be globally well-posed in between. To make sense of this heuristic, we
proceed in several steps. What follows is an informal proof. Note that from now on, we
will never mention the regularity of the time derivative of the solution at time ¢ = 0; it
is always one derivative less regular than the solution itself.

1. We split the data &, € Hs: Dy = ug + vg where uy € H' with a large norm and
1
vg € H2 with a small norm. One may achieve this by splitting in frequency at
€| ~ 27 with large J.

2. We solve the equation (1.1) with small data v, getting a global solution v
in Cy(H2)N Li(LY), and all norms of v are small and have size less than 2[|vol 4

which is of order 2(2 7. Remark that the usual smallness assumption on the data
1 .. . .
forces 2(z279)7 < gy. For a later step, we remark that any additional regularity is

preserved, so that in particular we have (as v € H%Jf%)

~ (l+778)‘]
||v||Ct(H%+%)ﬁL§‘(Lg) A2 227 . (12)

This will be of use at a later step, as it enables one to estimate v in L3(LS) (note

that % + % = % is smaller than the smoothness we ask for in the theorem, which

is %, while % is the smallest smoothness which permits an LS estimate through

Strichartz inequalities).
3. To recover a solution of our problem, we solve a perturbed equation,

{Bfu—Au+u3+3uzv+3v2u = (1.3)

(w,ut) =0 = (uo,u1).



This equation turns out to be locally well-posed in H*, on a time interval depend-
ing only on ||u|| ;1. This is easily seen through a contraction argument in Cy(H").
It will be enough to prove the nonlinear terms to be L} (L2). Using Sobolev em-
bedding, u* € Cy(L2) and hence is locally L}. On the other hand, v € L3(L¢)
for vy in H2%s (recall Step 2), which yields v*u € L(L2) using Holder. The
remaining term u?v is controlled by the other two, and denoting by ||| - ||| the
norm in the contraction space, we obtain

ulllr S [uollg + uallze + 22 G875 ||| + T|||ul][3- (1.4)

Thus, the linear term on the right can be absorbed on the left, as soon as T' <
e 1 . . .
2-6i(3+59) and we obtain the desired result, with

T < inf (2—6ﬂ'<%+%—5> #) . (1.5)

ol

4. To extend local solutions to global ones, we then need to obtain an a priori bound
on the energy of a solution w. This will be accomplished through the energy
inequality, provided one can control the perturbative terms by the energy of w.
Indeed, we have the energy estimate

1 1
s + 10rullza + Sllulle < lluollf + 10ulzz + 5 lluollzs (1.6)
t t
+6/ |u2118tu|d8+6/ [v*udsulds.
0 0

Taking the supremum over ¢ < T, with Hr def sup, 7 ([[ull%, + 10ulF, + [lull7)

gives
T s T
Hr < Hy+ HT/ ||v||%gds + H:,%/ |v]| e ds,
0 0
using Holder and Sobolev embeddings for the integrals on the left. Recalling (1.2),

we obtain ,
Hyp < 227079 4 gra92/(G=9) o ga7inl(G-9), (1.7)

which gives control over Hr for arbitrarily large T as long s > g by choosing J

accordingly, as one needs
T3227(1=s+3-5) < . (1.8)

Note that we have estimated ||ug||%, by 227(1=#): this is always possible by a
rescaling in space, as explained below in (2.1).

This last part is really the only non trivial part of the argument, at least if one wants
the optimal result s > %: we will have to refine the estimates on the space time integrals

3



arising from the energy inequality, to lower the 2 — s factor in (1.7) to £ — s. In fact,

ignoring all irrelevant epsilons, (1.8) will become
T||U0||§;1||Uo||2% S L (1.9)

To pick T as large as we want, we have to play with the respective size of uy and vy
and this gives immediately the s > § restriction: take [[vo|| .3 ~ M~!||®|| 4. where M

is large. Then ||ugl| 71 ~ M134||(I>| f+» where s = 6 + (1 — 6). This forces 1 — 26 < 0.
This barrier at # = 1 between the conservation law (here, H') and the scaling (here,

H%) appears to be rooted in both Bourgain’s method and ours. Indeed, in all the
recent progress for other (technically more complicated) equations like KdV ([6]) or
NLS ([5])the same kind of restrictions appear, through for KdV it solves completely the
well-posedness question as the equation is ill-posed below half-way to the scaling ([12]).

Let us now state the main theorem.

THEOREM 1 _ ‘
Let (®g,®1) € (H* N L* H*™') with s > 3. Then there exists a unique global in time
solution to (1.1). Moreover, we have

(1—38)(6s—3)

191 7+ () < Clluoll groppa)t™ 5= (1.10)

Before proceeding with the proof, several remarks are in order. The restriction to L*
data can be disposed of at the expense of working with local Sobolev spaces and use of
the finite speed of propagation, as already mentioned in [11]. Alternatively, one could
simply replace the homogeneous Sobolev spaces by their inhomogeneous counterpart,
as in [14]. One may also state the theorem for other nonlinearities (or Klein-Gordon),
and we will comment on that aspect later, as well as on applying the method to other
equations like the nonlinear Schrodinger equation.

2 Proof of the theorem

We start with the definition of ug and vy. Since we are working with L? based spaces,
one may simply cut the data ®, into its low frequency part uy and its high frequency
part vy, as we did in the informal proof in the introduction. This gives us an explicit
decomposition, with a parameter 27 which is the frequency at which we cut. We
however point out that one needs only an abstract decomposition, as given e.g. by real
interpolation. Here we will have

luoll g 2= 270 @0l and  Juoll gy 2 2707 |0l s, for all y < .



Let us make a remark concerning the L* norms. For any A > 0, we have

s (2.1)

the L* norm of ®, can be made arbitrarily small

|@o(A )|t = AT (|@ol[p4 and [ Bo(A) || o = A2 (||

3
. 4
compared to the H® norm by rescaling the data. In particular since |Jug||rs < [|Pol|r4
we conclude that the quantity [|lug||7. can be controlled by [Jugl|%,, and we assume this
to be the case for the rest of the proof; that will be useful to estimate the Hamiltonian

of w in Section 2.3.

It follows that as soon as s >

Finally, we recall some definitions and properties of the wave equation which will be of
use later. First we define the Littlewood-Paley operators S; and A;.

DEFINITION 1 R R
Let ® € S(R®) be such that ®(¢) =1 for |¢] < 1 and ®(¢) = 0 for |£| > 2. Define,

for j € 7, the function ®;(x) def 231®(272); then the Littlewood—Paley operators are

def def

Sj = q)j*' and Aj = Oj+1 —Sj.

Then we recall the definition of Besov spaces (the Sobolev space H? being simply the
space B3 ).

DEFINITJON 2 _
If s < —, then f belongs to the homogeneous Besov space B;’q(IR{:”) if and only if

the partial sum »." A;f converges towards f as a tempered distribution, and the

sequence €; def 27%||A; f|L» belongs to (1(Z).

Finally, we have the Strichartz estimates, which we only state in 3D.

THEOREM 2 ([9, 14]) 1 1 1
Let (p,q) and (p,G) be admissible pairs, i.e. such that — + — = P> 2, and similarly
p q

for (p,q). Let f(x), F(t,z) be two functions localized at frequency |£| ~ 27, and
denote w = +/—A. Then

e f (@) ez ea) < 207 1f (@)l e, (2:2)

and, if u(z,t) = O 'F(x,t) is the solution to the inhomogeneous equation with zero
Cauchy data, then

2

hute, Olzews S 2FVNF@ ]y g, (2.3
2.2

hute. D)lzzany S 2 VNE@ ) g, (2.4)

where p' denotes the dual exponent of p.



2.1 Global existence for the high frequency part

Let us consider the following equation:

{8?@—Av+v3 = 0 in RxR3

(v,00) =0 = (vo,v1), (2.5)

where (vg,v1) € H2 N HY x H 2N H7 !, with v < s to be set later. We have the
following result.

PROPOSITION 1

e e, . . 1 * e 1 .
Suppose the initial data satisfies (vg,v1) € H2 N HY x H 2 N H"™', for any % <y <s.
There exists a constant €, such that if

27(37%) < g (2.6)

~J

then there is a unique, global solution v to (2.5), such that
veC'RH:NHY), OweC'(RH 2NH,

2 2 iy 2
and if —+ - =1, withp > 2 and ¢ < +o0, v € Lp(]Ri,BZz”), with
P q '

||v||L , <2709, (2.7)

L y—<
P(R,B, ")

PROOF. The proof of that result is straightforward, as using the definition of vy we just
gave, we have ||vg||H% ~ 27G=9) The proposition then follows by the global existence
theory for small data ([14]). Note that one may even lower assumptions on 7 to y > 0,
as any positive smoothness can be propagated (see [16], [15]).

Let us also notice that one may further refine the estimate given in the proposition, by
splitting the solution v = v +w into the linear part vz and the nonlinear part w. Then
the nonlinear part w satisfies

loll g, S Il Iolange gy 2707277, (2.8)
BPg2

which is an easy consequence of the fixed point procedure.

2.2 Local existence for the low frequency part

In this part we shall study the following equation:

{8?u—Au+u3+3uvz+3u2v = 0 in RxR

(uaatu)hf:[] = (Uo,’ul), (29)

6



where v was constructed in the previous part, and with (ug,u;) € H' x L?. Recall that

1 def _
B3 (ug,u1) = [|ugl| g + ||| 2~ 2709,

PROPOSITION 2

. 1
Suppose the initial data satisfies (ug,u;) € H* N L* x L?. As long as T <

E(uﬂa ul)

)

there is a solution u satisfying
12
we C[0,T), HY), dyu € C°([0,T), I?) and u € I7([0,T), B,,"),

2 2
with —+— =1, p > 2. Moreover, the norm of u in that space, noted |||ul||r, is controlled

p
in the following way:
lulllr < E(uo, ua).

REMARK. Let us make a brief comment: since v € H ¥ one may simply use the
procedure described in the introduction. However we give a slightly more complicated
proof, which only uses vy € H3. This emphasizes the fact that (2.9) is well-posed
whenever the perturbation v has at least H 2 regularity.

PrOOF. Let € > 0 be a given arbitrarily small real number, and define the norm

def
Nulllr =" sup ([lu(@)]lz + [10u@)]c2) + ||ul a2
tE[O,T] Lp([ovT}qu,Q )

with — = - —¢cand ¢ = —
p 2 €

We will proceed through the usual fixed point argument for the above norm using the

integral formulation of the equation (all Strichartz norms LP([0, T, B~ ) with ¢ < ¢
will be obtained by interpolation with the L?([0,T], Bq,2 ) and the energy norms). To
control |||u]||r it is enough to control the quantities u®, uv? and w?v in L*([0,T], L?).

Obviously the two first control the last, so we shall concentrate on u® and uv?. The
first one is the easiest, as

||U||?i3 ([0,T7,L6)

6| o2y <
< TP

([0.T),H)"

For the second term, remark that [lul| , h S |[|«|||z by Sobolev embedding, where we
T €

1 1 1 1
have noted L% (L9) def LP([0,T], L9). Then notice that if — = = + Sand - = - - <,
n 2 3 o 2 3
then
10 lznqoryery < N0llZe0(0.77.250)
1
< fuolly 22750



by Strichartz’ estimates as recalled above. Since || - || _2 <T= 2 :
L1+2¢/3 ([0,T1)
we get

lue?|lpsgor,ezy S TF2C Nl s
Putting those results together we have proved that
2 o7l g
lulllr < llwoll s + luzllze + CT % 227 [lul ||z + Tl ul |3

Under the condition )
C2¥7G9) < > (2.10)

a superlinear bootstrap argument (see for instance [1], Lemma 2.2) yields a local solu-

tion: indeed as long as T < ————
g ~ E(“Ov ul)

» one finds a solution u satisfying
lulllr < luoll o + [Juallza-

In the next section we will push this local solution to an arbitrarily long time by getting
an a priori estimate on the energy of w.

2.3 Energy estimate for the low frequency part

In this section we shall prove an estimate for the Hamiltonian of u defined by

H0 (1O, + 101 + {1 ).

We shall denote in the following Hr(u) def sup,<r H(u)(t). Similarly we shall call F(u)(t)
the energy of u, and Er(u) def sup,<r E(u)(t), with

B & (S0l + 3100z ).

PROPOSITION 3 _
Suppose the initial data satisfies (ug,u1) € H* N L* x L?. Then we have the following
estimate: for any r < 400,

Er(u) < Hr(u) 5 E(uo)+T5||vol? 1,1 Br(u) + T2 % |logl| 3.1 Br(u)?

+ T4 [voll 4 100l 3 Pr(u)?. (2.11)

1,1
H2T%



PROOF. Multiplying (1.1) by d;u, integrating over x and ¢, we get

1 1
5 Ulwollgr + [l [72) + 7 ol

t t
/ / u(s, v)v*(s, 1)0su dvds / / u?(s, z)v(s, 7)0su dvds
0 R3 0 Rr3

As remarked at the beginning of Section 2 the quantity ||uo||34 is negligible compared
to the energy of the initial data, so taking the supremum over ¢ < T we get finally

(Ol + 18u(t)32) + 7)1 <

NN

+3 +3

Hr(u) S E(uo, u1) (2.12)

T T
+ 3/ / / w?(t, z)v(t, v)Opu dxdt‘ :
0 0 R3

Let us call I and 71 the two space—time integrals appearing on the right—hand side of
the inequality, and let us start by estimating I, which is the easiest. We have

/ u(t, v)v?(t, 7)Om dxdt‘ +3
RrR3

T
I < /0 [o(t) 76l ()l o | Oera(t) | 2t

T
< Brlu) [ Joto)l at
0
and by Strichartz’ estimates, we can write

1
[0llZ2z0 S TE[0ll7s 00

1
< T2y,

1
6

Finally we get

1 2
IS T3||UO||H%+%ET(U)- (2.13)
Now let us estimate the term I7. As noticed in the introduction, one could use the

. . 3 1
same type of estimate as above for the term I, but that would require s > 1 + 2’
which is not the index given by the theorem. To improve the lower bound on s, one
needs to improve the estimate on 7. We first split /1 into two different pieces, as one
may write v = vy +w where vy, is its linear part and w the nonlinear part coming from

the v3. The easiest is the second one, as

lwllzaesy < vollir2evellvollFyaz

as recalled in Section 2.1 (namely (2.8)). Hence

< T3 |vo | /210 Vo) 2o Brr (w) 2.

~J

||wu28tu||L1TL1 (2.14)

9



T
We are left with the remaining part, Il = / vpu?Ouudt. Since one can only say
0

Oyu € L°(L7), we shall prove some sharper estimates on the term ||vzu?|[f1 2. The
result is the following.

LEMMA 1

. . . . 1,1 .
Let vy, be a solution of the free wave equation with data in H2%+ with r < oo, and
let w be such that Er(u) < co. Then u?vy € L+L? and

1,1
lu*vrllzsre S T2 lvoll g ea Br(u). (2.15)

1,1
H2t7

As this result is really the only non trivial part of the proof of Theorem 1, we shall
postpone its proof to the end of the article, and first explain how the theorem follows.

2.4 Conclusion

Putting together (2.13), (2.14) and Lemma 1, we find that (2.12) becomes

Er(u) S E(ug, u1)
1 3 1,1 2
+T3||UO||Z%+%ET(U) + Br(u)2[Jvoll y142 (T2 +T3||UO||Z%)-

Now replacing the Sobolev norms of vy and the energy of the initial data in terms of
the frequency cut 27, we get

Er(u) < 227079 1 92 GH=IT5 Br(u) + 27 G+ =9 Bp(u) 2 (T%+% + T%22J<%—8>) .

1
Now the conclusion is rather straightforward: we start by noticing that since s > 3 + 5
we can choose .J such that, say,
92 (4 +E-9pk < % (2.16)
Then similarly one can also choose J so that
T52%(37%) < T3tr, (2.17)

So we are left with
Er(u) < 927(1-5) | 2J(%+%75)ET(U)%T%+%7

and the same superlinear bootstrap argument as that given in the introduction yields
the condition:

1 1
l—s+-+-—5<0,
2 r

10



which implies the desired result: for any given T' (which may be thought of as very
large), as long as s > 32 1+ one may choose J accordingly in order to control £ and hence
have a solution on the time interval [0, T]. If one sets T = 2%, then K = (4s — 3).J and

1—s
Er ~ 220=9)7 oy 723573

We are left with the H® bound for ® = u + v (uniqueness then follows from local
existence). The high frequency part v is obviously bounded in C([0, c0), H*) in terms
of ||vg||zs, since the initial data is in H®. As to the low frequency part, the linear
part uz, (solution of the free wave equation with data wg) is of course uniformly bounded
in C°([0, 00), H?) so we are left with its non linear part uy,. All we need to get is a bound
L>(]0,T], L?), and the result will then follow by interpolation with C°([0, 7], H'). For
any F', we can write

t sin s|¢| - '
| [ 7 (B ) a5 [ sipe ol

so that means that

T
[uxclle2(T) S /0 s (Ilu( ) llze + [lu®v (-, )llz2 + [Juv®(-, )] z2) ds.

To estimate the two last terms, we use the fact that the initial data vy is in H3+s

hence as in the introduction, one has v € L*([0, T], L?). Tt is then easy to see that the
first term ||u(-, s)3||z2 is of the highest order, and we have

lusllia(T) S T2Ef ~ T34,
Then interpolation between L2 and H* gives

3(1—s)(2s—1)

usclgs(T) S T(3415 —5+2)(1=s) 3 5 A T~ 2(ds—3)

REMARK 1 In light of the final part of the argument, one may think that for the
quadratic nonlinearity |®|®, the situation would be better, as the equivalent of (2.12)
would be linear w.r.t. Fr(u). However, in dealing with the space-time integral replac-
ing I, one has to take into account the low regularity of the high frequency part, and
even using improved Strichartz estimates, one is not able to do better than s > 1/4,
which was already obtained in [11].

REMARK 2 The approach we developed above extends of course to other equations, but
it does not seem to always perform as well as Bourgain’s method. For example, one may
try the cubic 2D Schrodinger equation, which was the equation considered by Bourgain
in [3], where he obtained global well-posedness for s > 3/5. With our method, one is
led to estimating quantities like j;x u?VuVuvdtdr, where u is the low frequency (H?)
part, and v the high frequency part. To go down to s > 1/2 which is halfway between

11



H' and scaling, one would need to bound the integral in term of [|vo[|z2 and [Jul|7. 41),
which doesn’t seem possible. In fact, one can possibly obtain something with ||’U[]||H%
using local smoothing (gaining half a derivative). This would lead to well-posedness for
s > 3/4 which is not as good as Bourgain’s result.

3 Proof of Lemma 1

Recall that we want to prove

) Sl
ol ™ Br(u),

1
||UU2(t)||L1TLg S Tt

where v is a solution of the free wave equation. Let us decompose vu?

J.-M. Bony’s paraproduct algorithm [2]. We get

’UU2 = ZSJ',Q’UA]'(’U?) + ZA] (Z Ak’l)Ak(Uz)> —|—ZS]',2(’U,2)AJ"U (318)

JEZ JEZ k>j JEZ

= M+©2)+0B).

according to

We have

I(D)llz2 < sup 277218 a0l || Y 2714, (u?)]
JEL jez
S sup 279218 | oo [l
jez

L2

as u? € B3, by product rules in Besov spaces and using Minkowski (I'(L2) C L*(I')).
It follows that

T
() llzges S Erta) [ sup273/24507 ) 0(t)
0 J

L dt, (3.19)

using Bernstein as ||Sj o0~ < 239/7||S;_v||z- for all r < +oo. But Strichartz

estimates imply that

2

18012z S 2977 Ajug |2, with o=l

Choosing s = 1/2+ 1/r and noticing that s —2/p = —1/2+ 3/r < 0 we may pass from

220622 | Al o < 22| Aol 2 = [l

s Hj,

12



with p; € [?, to (summing over low frequencies)

22j(s—2/P)||Sjv||LgﬂLr < lvoll s 25

where fi; € [?. We then get from (3.19)

- T 1/p
Wllges S Bt ([ szt =500, i)
0 J
1/2
p-1 ( ,
< Ep(u)T» (Z 92j(~1/2+3/ )||Sjv||iz%y> ,
jez
-1 1 1
since p > 2. But p = — + —, so it follows that
P 2 7
141
1Ollzsez S Br() T3 ool .- (3.20)

Now let us estimate the second term of the decomposition (3.18). Let 7 be fixed so

1 1 1
that — = — + —- Then
T 2 r
1) < D Al |Ak(w?) | 2
k>j
S sup 2O Aol 30 2 A )
kez

k>j

L2737y |ul?

5 sup 2k(3/r—1/2)||Ak,U| .

kez

where (¢;) € L=([0,T], ¢*(z)). Tt follows that

||(2)||B§/2T < i‘éé’ Qk(S/r71/2)“Akv“Lr||u||§.ll_

By Sobolev embeddings, we are reduced to estimate (3.19) (with A; instead of S;, which
is even easier), and the computations following that estimate yield in an identical way

12 lzrz S Br()T2 " |lvoll ;4 (3.21)
H

We are left with (3), which turns out to be the bad guy, and sharper Strichartz estimates
are needed:

Let us recall what these are (with the 3D numerology):

THEOREM 3 ([13])
Let f € L? be supported in a ball of size 2, with center at distance |¢| ~ 27, and k < j.
Then the solution u of the wave equation with data f is such that

9

k=5 25
lullpey S 277 5 (1 £ ]2 (3.22)

13



We point out that this estimate is an improvement over what the usual Strichartz
estimate would provide, since we gain an additional small factor through the power of
k—j.

Let us proceed by duality. Let ¢ € L2 . Then we seek control of

I= / (3)(u, vp)pdadt =~ Z / S o(u?)AjurAjpdrd,

Z / Ap(w?)Y " AjopAjpdadt.

E<j

Since we know that u? € Li’?(B;{f), we can see the last sum as the duality between

L%O(le,/lz) and LL(B; 1/2) which means we need to prove

T
/ Sup2 AR Y Ao Asdlladt S I8z -
0

kE<j
We will actually prove a slightly better bound: call f; = Ay Ek<j AjuLAjp, we will
estimate Y, fi in LlT(B}T],Zin/T) — LL(B; k/g) Since we are only interested in low

frequencies, one may partition the |£] ~ 2/ region into balls of size 2*. Then we only
need to consider in our sum over k < j balls which are (almost) opposite. Denoting by
@ and —(Q two such opposite balls, we are left with

1AKD AjurA; ¢>|| S DD 1A vl AT
k<) E<j @Q
Z<Z||AQUL|LT> ¢llz2,
E<j

using Cauchy-Schwarz on the @ sum and L? orthogonality with respect to the Q. Now,
at fixed k£ we have

Wil 0,5 2 (Sl ) Dol
T\l

kE<j

One can then estimate the ) sum using the precise Strichartz estimates: we get

1 1

2 11
<Z||A?UL||%2TU) s T p<z“AJQ “>
5 Q
T3 5ok G—1)+i; (Z ||AJQUO||%2)

L L

2

1

AN

AN
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Since 27| Ajvo| 2| Al 2.2 = 1y € I, we have

< T Z okG—1)=IG+T)

kE<j

15

27
Li(Ls*?)
< T%_%Qk(%_%)ﬂk,

which means nothing but
1
13w, v0)llzzzr S Tl gy ool 41

and since we were after the LL-L? norm, one gets an extra 7'/ to obtain

141
13)(w vz)lzspe S T2 (ol g 42 Br(u).
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