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Abstra
t. We study the nonlinear wave equation

(1) u+ juj

4

u = 0 in R

t

� 
,

with Diri
hlet boundary 
onditions, where
 is the exterior of a stri
tly 
onvex domain

of R

3

. We �rst prove a stru
ture theorem for bounded energy sequen
es of solutions

to the linear wave equation in 
, following a method introdu
ed by H. Bahouri and

the se
ond author in [BG1℄. The proof requires a non-
on
entration theorem for su
h

sequen
es, the proof of whi
h involves semi-
lassi
al measures. We then infer, using

Stri
hartz estimates proved by H. Smith and C. Sogge in [SmSo1℄, the des
ription

of bounded energy sequen
es of solutions of (1), up to remainder terms, small both

in energy and in Stri
hartz norms. As 
orollaries, we obtain an a priori bound for

the Stri
hartz norms in terms of the energy, as well as a Lips
hitz estimate for the

nonlinear evolution group.

Key words. Nonlinear wave equations, Stri
hartz inequalities, semi
lassi
al

measures.

AMS Subje
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I. Introdu
tion and statement of results

The aim of this arti
le is to study the following problem :

(1)

(

u

n

+ ju

n

j

4

u

n

= 0 in R

t

� 
; u

n

j

R

t

��


= 0

(u

n

; �

t

u

n

)j

t=0

= ('

n

;  

n

) ;

where 
 is the exterior of a 
ompa
t, stri
tly 
onvex, smooth domain of R

3

, and where

('

n

;  

n

) is a sequen
e of fun
tions, bounded in the energy spa
e E(
)

def

=

_

H

1

0

(
)�L

2

(
).

We have written

_

H

1

0

(
) for the 
losure of C

1

0

(
) for the norm jjr � jj

L

2

(R

3

)

, in

_

H

1

(R

3

).

The spa
e E(
) is endowed with the Hilbert norm

jj(';  )jj

E

=

�

jjr'jj

2

L

2

(
)

+ jj jj

2

L

2

(
)

�

1=2

:
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Unless spe
i�ed otherwise, we shall identify elements of E(
) with their extensions by 0

in

_

H

1

(R

3

)� L

2

(R

3

).

Before stating the main results of the paper, let us start by re
alling a few known fa
ts


on
erning (1), starting with the 
ase 
 = R

3

. In that 
ase, global existen
e of solutions

for smooth data is known sin
eW. Strauss [Str℄ for small data, J. Rau
h [R℄ for small

energy data, M. Struwe [S℄ for radially symmetri
 data, and �nally M. Grillakis

([Gr1℄, [Gr2℄) for the general 
ase. When the data is in the energy spa
e

_

H

1

� L

2

(R

3

),

J. Shatah and M. Struwe proved in [ShSt℄ existen
e and uniqueness of solutions in

the 
lass

(2) u 2 C

0

(R

t

;

_

H

1

(R

3

)) \ L

5

lo


(R

t

; L

10

(R

3

)); �

t

u 2 C

0

(R

t

; L

2

(R

3

)) :

Note that the spa
e L

5

([0; T ℄; L

10

(R

3

)) 
orresponds to a so-
alled \Stri
hartz norm",

de�ned more generally as L

q

([0; T ℄; L

r

(R

3

)), with

1

q

+

3

r

=

1

2

: in [GV℄, it is proved that

for any fun
tion f su
h that (f; �

t

f) 2 C

0

([0; T ℄;

_

H

1

� L

2

(R

3

)),

(3) jjf jj

L

q

([0;T ℄;L

r

(R

3

))

� C

r

�

jjrf j

t=0

jj

L

2

(R

3

)

+ jj f jj

L

1

([0;T ℄;L

2

(R

3

))

�

;

with

1

q

+

3

r

=

1

2

, and q > 2. A simple s
aling argument shows that C

r

does not depend

on T .

Using in a 
ru
ial way that Stri
hartz estimate, still in the 
ase where 
 = R

3

,

H. Bahouri and the se
ond author proved in [BG1℄ a stru
ture theorem for the solution

of (1), up to small remainder terms, both in energy and in Stri
hartz norms. Our aim is to

prove a similar result in the 
ase of a domain 
 � R

3

. In the 
ase where 
 is the exterior

of a stri
tly 
onvex domain of R

3

, whi
h is our 
ase, H. Smith and C. Sogge proved

in [SmSo1℄ existen
e and uniqueness of smooth solutions to (1) for smooth initial data.

The non-
on
entration result proved in [SmSo1℄ (lemma 3.3), along with the method

followed by [ShSt℄ when 
 = R

3

, implies in fa
t in an easy way existen
e and uniqueness

of solutions when the data are in the energy spa
e : we shall not write the details here.

In [SmSo1℄ is proved the following fundamental Stri
hartz estimate, whi
h is at the basis

of our study : for any f 2 C

0

([0; T ℄;

_

H

1

0

(
)) \

_

C

1

([0; T ℄; L

2

(
)),

(4) jjf jj

L

q

([0;T ℄;L

r

(
))

� C

T;r

�

jjr

t;x

f j

t=0

jj

L

2

(
)

+ jj f jj

L

1

([0;T ℄;L

2

(
))

�

;

with

1

q

+

3

r

=

1

2

and q > 2. Note that a re
ent paper by H. Smith and C. Sogge

([SmSo2℄) proves that C

T;r

does not depend on T . That fa
t will not be used in the

sequel.

In order to study the solution of (1),we shall be led, following [BG1℄, to studying the

linear equation with the same Cau
hy data, and we shall start by proving a stru
ture

theorem for the following equation :

(5)

(

v

n

= 0 in R

t

� 
; v

n

j

R

t

��


= 0

(v

n

; �

t

v

n

)j

t=0

= ('

n

;  

n

) :

De�nition I.1. Let (';  ) 2

_

H

1

(R

3

) � L

2

(R

3

), and let (h

n

; x

n

; t

n

) 2 (R

+

� R

3

� R)

N

be su
h that for some (x

1

; t

1

) 2 R

3

� R,

lim

n!1

(h

n

; x

n

; t

n

) = (0; x

1

; t

1

) :
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Then the linear 
on
entrating wave asso
iated with (';  ; h

n

; x

n

; t

n

) is the solution of

the following linear wave equation :

8

>

<

>

:

p

n

= 0 in R

t

� 
; p

n

j

R

t

��


= 0

(p

n

; �

t

p

n

)j

t=t

n

=

�

1

h

1=2

n

P




�

'

�

� � x

n

h

n

��

;

1

h

3=2

n

1




(�) 

�

� � x

n

h

n

�

�

;

where P




is the orthogonal proje
tion

_

H

1

(R

3

) onto

_

H

1

0

(
).

Remarks I.2.

1) Unless spe
i�ed otherwise, in this paper a linear 
on
entrating wave will always

solve the linear wave equation in the domain 
.

2) Up to a subsequen
e and to a translation in time, one 
an assume that the

sequen
es (h

n

) and (t

n

) of de�nition I.1 satisfy

(6)

t

n

h

n

����!

n!1

+1;�1 or 0 :

In the following, we shall 
all 
on
entrating data quantities su
h as (';  ; h

n

; x

n

; t

n

)

appearing in de�nition I.1. We shall say that (h

n

; x

n

; t

n

) and (

~

h

n

; ~x

n

;

~

t

n

) are orthogonal,

as in [BG1℄, if

either

�

�

�

log

�

~

h

n

h

n

�

�

�

�

����!

n!1

+1 ; or

~

h

n

= h

n

and

j(x

n

; t

n

)� (~x

n

;

~

t

n

)j

h

n

����!

n!1

+1 :

We re
all that the energy of any fun
tion u is de�ned by

(7) E

0

(u; t)

def

=

Z




(jru(t; x)j

2

+ j�

t

u(t; x)j

2

)dx;

and is independent of t when u satis�es the linear wave equation.

In the whole of this paper, we shall assume that the initial data is 
ompa
t at in�nity,

in the sense that

(8) lim

n!1

Z

jxj�R

�

jr'

n

(x)j

2

+ j 

n

(x)j

2

�

dx ����!

R!1

0 :

We are now ready to state our �rst result, 
on
erning (5).

Theorem 1. Let v

n

be the solution of (5), where ('

n

;  

n

) is bounded in E(
) and

satis�es (8). Then there exist a �nite energy solution to the linear wave equation, v,

orthogonal 
on
entrating data ('

(j)

;  

(j)

; h

(j)

n

; x

(j)

n

; t

(j)

n

), for j 2 N

�

, su
h that v

n


an be

de
omposed as follows, up to the extra
tion of a subsequen
e : for any ` 2 N

�

,

(9) v

n

(t; x) = v(t; x) +

`

X

j=1

p

(j)

n

(t; x) + w

(`)

n

(t; x) ;

where p

(j)

n

is the linear 
on
entrating wave asso
iated with ('

(j)

;  

(j)

; h

(j)

n

; x

(j)

n

; t

(j)

n

),

where the remainder w

(`)

n

satis�es, for every T > 0,

(10) lim

n!1

jjw

(`)

n

jj

L

1

([�T;T ℄;L

6

(
))

����!

`!1

0 ;
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and �nally where the energies are orthogonal, in the sense that, for any `,

(11) E

0

(v

n

) = E

0

(v) +

`

X

j=1

E

0

(p

(j)

n

) +E

0

(w

(`)

n

) + o(1) ; n! +1 :

Now let us 
onsider the nonlinear equation (1). We shall start by proving a theorem


omparing a linear 
on
entrating wave and the solution of the nonlinear wave equation

with the same Cau
hy data.

De�nition I.3. Let (';  ; h

n

; x

n

; t

n

) be 
on
entrating data, and p

n

the asso
iate linear


on
entrating wave. Then the nonlinear 
on
entrating wave asso
iated with p

n

is the

solution of the following equation :

(

q

n

+ jq

n

j

4

q

n

= 0 in R

t

� 
 ; q

n

j

R

t

��


= 0

(q

n

; �

t

q

n

)j

t=0

= (p

n

; �

t

p

n

)j

t=0

:

Before stating the theorem, let us de�ne the res
aled domain

(12) 


n

def

=


� x

n

h

n

:

We shall see in se
tion II.1, that one 
an de�ne a limit domain to 


n

, as n goes to in�nity.

De�nition I.4. Let M

n

and M be two open subsets of R

3

. We shall say that M

n


onverges towards M as n goes to in�nity if the two following properties hold :

(i) 8K 
ompa
t subset of M , 9N 2 N, 8n � N , K �M

n

,

(ii) 8K

0


ompa
t subset of




�

M , 9N

0

2 N, 8n � N

0

, K

0

�




�

M

n

.

Noti
e that a sequen
e of open subsets may 
onverge towards di�erent limits { for

instan
e the sequen
e of balls of radius n 
entered at 0 
onverges towards any dense open

subset of R

3

. However, the 
losure of these limits will be the same.

We shall prove the following result in se
tion II.1.

Proposition I.5. Let (h

n

; x

n

) be de�ned as in de�nition I.1, and let 


n

be as de�ned in

(12). Then as n goes to in�nity, up to a subsequen
e, 


n

takes one of the three following

limits : ;, R

3

or a half-spa
e H , depending on the position of x

n

with respe
t to �
.

Finally we de�ne the following s
attering operator : let us re
all that in [BG1℄-[BG2℄

is studied a s
attering operator S, as well as wave operatorsW

�

. Using that notation, and

analogously to [BG1℄, formula (1.17), we shall de�ne the following linear 
on
entrating

waves asso
iated with a linear 
on
entrating wave (p

n

).

De�nition I.6. Let p

n

be a linear 
on
entrating wave, asso
iated with 
on
entrating

data (';  ; h

n

; x

n

; t

n

). Let 


1

be the limit of 


n

, as de�ned in de�nition I.4. If




1

is a half-spa
e, we denote by R




1

the skew-symmetri
 re
e
tion with respe
t
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to �


1

, and by P




1

the operator de�ned by P




1

(f; g)

def

=

�

P




1

f;1




1

g

�

for any

(f; g) 2

_

H

1

(R

3

)� L

2

(R

3

).

Then we asso
iate with (p

n

) two linear 
on
entrating waves, denoted p

�

n

, asso
iated

with 
on
entrating data ('

�

;  

�

; h

n

; x

n

; t

n

) in the following way :

('

�

;  

�

)

def

=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

(';  ) if

t

n

h

n

����!

n!1

+1

P




1

W

�

R




1

(';  ) if

t

n

h

n

����!

n!1

0

P




1

S

�1

R




1

(';  ) if

t

n

h

n

����!

n!1

�1 ;

('

+

;  

+

)

def

=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

P




1

SR




1

(';  ) if

t

n

h

n

����!

n!1

+1

P




1

W

+

R




1

(';  ) if

t

n

h

n

����!

n!1

0

(';  ) if

t

n

h

n

����!

n!1

�1 :

Theorem 2. Let p

n

be the linear 
on
entrating wave asso
iated with 
on
entrating data

('

n

;  ; h

n

; x

n

; t

n

), and let q

n

be the asso
iate nonlinear 
on
entrating wave, in the sense

of de�nition I.3. Then (q

n

) is bounded in L

5

lo


(R;L

10

(
)), and satis�es the following

properties, with the notation of de�nition I.6 : for any T > 0, we have

lim

n!1

�

sup

�T�t�t

n

��h

n

E

0

(p

�

n

� q

n

; t)

1=2

+ jjp

�

n

� q

n

jj

L

5

([�T;t

n

��h

n

℄;L

10

(
))

�

����!

�!1

0;

lim

n!1

�

sup

t

n

+�h

n

�t�T

E

0

(p

+

n

� q

n

; t)

1=2

+ jjp

+

n

� q

n

jj

L

5

([t

n

+�h

n

;T ℄;L

10

(
))

�

����!

�!1

0 :

We shall a
tually be proving a stronger result than that stated in theorem 2, with a

pre
ise analysis of the behavior of q

n

around t = t

n

, i.e. for times t 2 [t

n

��h

n

; t

n

+�h

n

℄.

That will enable us to infer, using the methods of [BG1℄, the following theorem.

Theorem 3. Let ('

n

;  

n

)

n2N

be a bounded sequen
e in E(
) satisfying (8), and let u

n

be the solution of (1) asso
iated with ('

n

;  

n

). Then with the notation of theorem 1,

and up to the extra
tion of a subsequen
e, we 
an write, for any ` 2 N

�

,

u

n

(t; x) = u(t; x) +

`

X

j=1

q

(j)

n

(t; x) + w

(`)

n

(t; x) + r

(`)

n

(t; x) ;

where u is a solution of the nonlinear wave equation, where q

(j)

n

is the nonlinear


on
entrating wave asso
iated with p

(j)

n

, and where for any T > 0,

lim

n!1

�

sup

�T�t�T

E

0

(r

(`)

n

; t)

1=2

+ jjr

(`)

n

jj

L

5

([�T;T ℄;L

10

(
))

�

����!

`!1

0 :
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Remarks I.7.

1) The results in this paper 
an be understood, in terms of geometri
al opti
s, in

the following way : outside stri
tly 
onvex obsta
les, nonlinear geometri
al opti
s have

been redu
ed to linear geometri
al opti
s, asso
iated with s
attering in the whole spa
e

R

3

or in half-spa
es. Noti
e that, 
ontrary to the 
ase of the whole spa
e (
 = R

3

, see

[BG1℄), our results are only lo
al in time. However, using the re
ent results of [SmSo2℄, it

is likely theorem 3 
an be extended to a global in time result, as in [BG1℄, up to enlarging

our 
olle
tion of s
attering operators.

2) The proofs of theorems 2 and 3 are based on the Stri
hartz estimate (4), whi
h

is the reason why we are restri
ted to the 
ase where 
 is the exterior of a stri
tly


onvex domain : that is the only situation for whi
h, to our knowledge, su
h an estimate

is available. However, supposing (4) held in more general 
ases, problems would still

remain. For instan
e, the time-orthogonality of the linear 
on
entrating waves is proved

using the following non-
on
entration result, for whi
h the form of 
 has an important

role to play. Its proof involves semi-
lassi
al measures (see [GL℄, [GMMP℄, [LP℄), and is

given in se
tion II.3.

Proposition I.8. Let (p

n

) be the linear 
on
entrating wave asso
iated with 
on
en-

trating data (';  ; h

n

; x

n

; t

n

= 0). Then for any bounded interval I � R, for any sequen
e

("

n

) su
h that lim

n!1

"

n

h

n

= +1, we have

lim

n!1

jjp

n

jj

L

1

(In[�"

n

;"

n

℄;L

6

(
))

= 0 :

3) As a 
orollary to theorem 3, we shall prove the following a priori estimate.

Corollary 1. Let T > 0 be �xed. There exists a non-de
reasing fun
tion, A : [0;1[!

[0;1[, su
h that if u satis�es (1), then

jjujj

L

5

([0;T ℄;L

10

(
))

� A(E

0

(u)) :

In the global 
ase 
 = R

3

, that a priori estimate was proved in [BG1℄, and, by

di�erent methods, by K. Nakanishi in [N℄. However it is not 
lear whether the methods

of [N℄ 
an be easily adapted to the 
ase of a domain, as they are 
losely linked to Besov

spa
es and dyadi
 de
ompositions.

4) Using 
orollary 1 and theorem 3, a Lips
hitz estimate 
an be proved.

Corollary 2. Let F map initial data (';  ) 2 E(
) to the solution u of (1). Then F is

Lips
hitz on bounded subsets of E(
).

Su
h a result does not hold in the super
riti
al 
ase (see [Le2℄).

The stru
ture of the paper is as follows. In se
tion II, we prove some preliminary

results whi
h will be used in the following se
tions : se
tion II.1 is devoted to some

analysis on linear 
on
entrating waves and on the res
aled domain 


n

de�ned in (12),

se
tion II.2 to the notion and propagation of stri
tly (h

n

)�os
illatory fun
tions, and

�nally se
tion II.3 to the proof of proposition I.8 stated above. In se
tion III, we prove



7

theorem 1, whereas theorems 2 and 3 are proved respe
tively in se
tions IV.1 and IV.2.

Finally 
orollaries 1 and 2 are proved in the appendix.

II. Preliminary analysis

In this preliminary se
tion, we are going to present some notation we shall be using

throughout this study, as well as preliminary results. We will start by de�ning more

pre
isely the stru
ture of linear 
on
entrating waves in a domain 
 of R

3

; then we will

address the question of (h

n

)�os
illatory sequen
es and their propagation ; �nally, we

will prove a 
ru
ial non-
on
entration property for linear 
on
entrating waves outside a


onvex domain, stated in proposition I.8.

II.1. Linear 
on
entrating waves and res
aled domains

We gave in de�nition I.1 the de�nition of a linear 
on
entrating wave ; let us note

that if p

n

is su
h a wave, asso
iated with 
on
entrating data (';  ; h

n

; x

n

; t

n

), then the

res
aled fun
tion

(1:1) P

n

(s; y)

def

= h

1=2

n

p

n

(t

n

+ h

n

s; x

n

+ h

n

y) ; (s; y) 2 R � R

3

;

satis�es the following system :

(

P

n

= 0 in R

s

� 


n

; P

n

j

R

s

��


n

= 0

(P

n

; �

s

P

n

)j

s=0

= (P




n

';1




n

 )

where 


n

is de�ned by

(1:2) 


n

def

=


� x

n

h

n

:

It will be useful in the following to have some information on the behavior of 


n

as n

goes to in�nity : let us re
all that we have de�ned in de�nition I.4 the notion of a limit

domain to 


n

. We are going to prove proposition I.5 in this se
tion.

Let us �rst introdu
e some notation : we have de�ned x

1

2 R

3

as the limit of the

sequen
e (x

n

). In the 
ase where x

1

2 �
, let us denote by � a de�ning fun
tion of 


near x

1

:

(1:3) 
 = fx 2 R

3

j�(x) > 0g ; r� 6= 0 on �
 :

From now on, when x

1

2 �
, we shall write

(1:4) !

def

= r�(x

1

) and �

def

= lim

n!1

�(x

n

)

h

n

;

limit whi
h exists in R up to extra
ting a subsequen
e.

Then we de�ne the sets

(1:5) H

�;!

def

= fy 2 R

3

jy � ! > ��g if � 2 R ; H

+1;!

= R

3

and H

�1;!

= ; :

Finally two 
on
entrating data (';  ; h

n

; x

n

; t

n

) and ( ~';

~

 ;

~

h

n

; ~x

n

;

~

t

n

) will be said to

be equivalent if the di�eren
e of the asso
iate linear 
on
entrating waves goes to zero in

energy as n goes to in�nity.
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Proposition II.1.1. Let (h

n

; x

n

) and 


n

be de�ned as in de�nition I.1 and (1.2). Then

as n goes to in�nity, 


n

takes, up to a subsequen
e, one of the following limits 


1

:

(i) If x

1

2 
, then 


1

= R

3

and for any (';  ) 2

_

H

1

�L

2

(R

3

), for any sequen
e (t

n

),

the linear 
on
entrating wave p

n

asso
iated with (';  ; h

n

; x

n

; t

n

) satis�es

(1:6) E

0

(p

n

) ����!

n!1

jjr'jj

2

L

2

(R

3

)

+ jj jj

2

L

2

(R

3

)

:

(ii) If x

1

2





, then 


1

= ; and all 
on
entrating data are equivalent to zero.

(iii) If x

1

2 �
, then 


1

= H

�;!

, and for any sequen
e (t

n

), all 
on
entrating data

(';  ; h

n

; x

n

; t

n

) are equivalent to (P

H

�;!

';1

H

�;!

 ; h

n

; x

n

; t

n

).

Note that the proposition above holds for any open, C

1

domain, bounded in R

3

or

the exterior of any su
h domain.

Proof of the proposition.We restri
t our attention to 
ase (iii). The arguments

for (i) and (ii) are easier and left to the reader.

Let us start by re
alling that by de�nition,

(1:7) y 2 


n

() �(x

n

+ h

n

y) > 0 :

Let us suppose � = +1, and let K be a 
ompa
t subset of R

3

. Sin
e x

n

! x

1

, we have

(1:8) 8y 2 K;

�(x

n

+ h

n

y)

h

n

=

�(x

n

)

h

n

+r�(x

1

) � y + o(1) ; n!1

by Taylor's formula, uniformly in y 2 K. So sin
e � = +1, we have for n large enough,

�(x

n

+h

n

y) > 0, hen
e 


1

= R

3

. Conversely if � = �1, the same formula implies that




1

= ;. Now if � 2 R, let K be a 
ompa
t subset of H

�;!

. Then

(1:9) 8y 2 K; r�(x

1

) � y = ��+m(y) with m(y) > 0 ;

hen
e for n large enough, uniformly in y 2 K, we have �(x

n

+ h

n

y) > 0. Conversely, if

K is a 
ompa
t subset of




H

�;!

, then for any y 2 K, for n large enough uniformly in y,

we have �(x

n

+ h

n

y) < 0. So the result follows : 


1

= H

�;!

.

To 
on
lude the proof of the proposition, let (';  ; h

n

; x

n

; t

n

) be 
on
entrating data,

with asso
iate linear 
on
entrating wave p

n

, and let p

�;!

n

be the linear 
on
entrating wave

asso
iated with ('

�;!

;  

�;!

; h

n

; x

n

; t

n

), where

(1:10) ('

�;!

;  

�;!

)

def

= (P

H

�;!

';1

H

�;!

 ) :

Conservation of energy yields

E

0

(p

n

� p

�;!

n

) = h

�3

n

Z

R

3

�

�

�

�

r

�

P




�

'

�;!

�

x� x

n

h

n

��

�P




�

'

�

x� x

n

h

n

��

�

�

�

�

�

2

dx

+h

�3

n

Z

R

3

�

�

�

�

1




(x) 

�;!

�

x� x

n

h

n

�

� 1




(x) 

�

x� x

n

h

n

�

�

�

�

�

2

dx

=

Z

R

3

�

�

�

rP




n

'

�;!

(y)�rP




n

'(y)

�

�

�

2

+

Z

R

3

�

�

�

1




n

(y) 

�;!

(y)� 1




n

(y) (y)

�

�

�

2

dy :
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Then all we need to prove is the strong 
onvergen
e of P




n

f towards P




1

f in

_

H

1

(R

3

),

as well as that of 1




n

g towards 1




1

g in L

2

(R

3

), for any f 2

_

H

1

(R

3

) and any g 2 L

2

(R

3

).

Lemma II.1.2. Let 


n


onverge towards 


1

, in the sense of de�nition I.4, where 


1

is a half-spa
e, ; or R

3

. Then the following properties hold :

(i)

_

H

1

0

(


1

) =

�

u 2

_

H

1

(R

3

)j suppu � 


1

	

;

(ii) 8f 2

_

H

1

(R

3

), P




n

f ����!

n!+1

P




1

f in

_

H

1

(R

3

) ;

(iii) 8g 2 L

2

(R

3

), 1




n

g ����!

n!+1

1




1

g in L

2

(R

3

).

Proof of the lemma. The 
ases 


1

= ; or R

3

are obvious, so let us suppose

that 


1

is a half-spa
e, de�ned for instan
e by

(1:11) 


1

def

= fx 2 R

3

jx

3

> 0g :

(i) Let us 
onsider u 2

_

H

1

(R

3

), supported in 


1

, and let us prove that u 2

_

H

1

0

(


1

).

We 
an suppose that u has 
ompa
t support ; now let � 2 C

1

0

(R

3

) be su
h that

supp � � fx 2 R

3

jx

3

> 0g. If �

"

is the smoothing kernel �

"

(x)

def

=

1

"

3

�

�

x

"

�

, then the

fun
tion

(1:12) u

"

def

= u � �

"

satis�es u

"

2 C

1

0

(


1

), and 
onverges towards u in

_

H

1

(R

3

). That proves (i).

(ii) Let us noti
e that for any domainM � R

3

, the fun
tion v

def

= P

M

f is the solution

of the following equation :

�v = �f in M ; v 2

_

H

1

0

(M) :

We have indeed, for any ' 2

_

H

1

0

(M),

Z

R

3

r(v � f) � r'dx =

Z

R

3

(��f '�rf � r')dx = 0 :

Now let v

n

def

= P




n

f , whi
h is bounded in

_

H

1

(R

3

), hen
e has weak limit points in

_

H

1

(R

3

).

Let v be su
h a limit point. We 
laim that v = P




1

f : if ' 2 C

1

0

(


1

), then for n large

enough, we have ' 2 C

1

0

(


n

), hen
e

(1:13)

Z

R

3

�v

n

'dx =

Z

R

3

�f 'dx;

whi
h implies that �v = �f in 


1

. Moreover, if ' 2 C

1

0

(







1

), then for n large enough,

' 2 C

1

0

(







n

), hen
e

(1:14)

Z

R

3

v

n

'dx = 0 ;

so we have vj




�




1

= 0, namely v 2

_

H

1

0

(


1

) in view of (i).



10

The strong 
onvergen
e of v

n

towards v is due to the following identity :

Z

R

3

jrv

n

j

2

dx =

Z

R

3

rv

n

� r

�

f dx ���!

n!1

Z

R

3

rv � r

�

f dx =

Z

R

3

jrvj

2

dx:

(iii) Let g

n

def

= 1




n

g, whi
h 
onverges weakly in L

2

(R

3

) towards a fun
tion ~g. Let us

prove that ~g = 1




1

g : if ' 2 C

1

0

(


1

), then we have

Z

R

3

(g � ~g)'dx =

Z

R

3

g'dx� lim

n1

Z

R

3

1




n

g'dx:

But for n large enough, we have ' 2 C

1

0

(


n

), hen
e

lim

n!1

Z

R

3

1




n

g'dx =

Z

R

3

g'dx;

hen
e ~g = g on 


1

. If ' 2 C

1

0

(




�




1

) similar arguments imply that ~g = 0 in




�




1

. So

~g = 1




1

g.

Finally the strong 
onvergen
e is simply due to the fa
t that

Z

R

3

jg

n

j

2

dx =

Z

R

3

1




n

ggdx;

hen
e

R

R

3

jg

n

j

2

dx 
onverges towards

R

R

3

~ggdx =

R

R

3

j1




1

gj

2

dx.

So the lemma is proved, and the proof of proposition II.1.1 is 
omplete. �

Finally, the next proposition will be used many times in the rest of the paper.

Proposition II.1.3. Let 


n

be an open domain in R

3

, 
onverging towards 


1

as n goes

to in�nity, where 


1

is a half spa
e, ; or R

3

. Consider (f

0

n

; f

1

n

), a bounded sequen
e in

_

H

1

� L

2

(R

3

), supported in 


n

, and 
onverging weakly (resp. strongly) towards (f

0

; f

1

)

in

_

H

1

� L

2

(R

3

).

Then the solution of

(1:15)

(

f

n

= 0 in R

t

� 


n

; f

n

j

R

t

��


n

= 0

(f

n

; �

t

f

n

)j

t=0

= (f

0

n

; f

1

n

)


onverges weakly (resp. strongly) towards f in L

1

lo


(R

t

;

_

H

1

(R

3

)), and �

t

f

n


onverges

weakly (resp. strongly) towards �

t

f in L

1

lo


(R

t

;L

2

(R

3

)), where

(

f = 0 in R

t

� 


1

; f j

R

t

��


1

= 0

(f; �

t

f)j

t=0

= (f

0

; f

1

) :

Proof of the proposition. Let ';  2 C

1

0

(


1

). In view of equation

(1.15) and de�nition I.4, the sequen
es of fun
tions t 7! (f

n

(t; �); ')

_

H

1

(R

3

)

and t 7!

(�

t

f

n

(t; �);  )

L

2

(R

3

)

are lo
ally equi
ontinuous. Using lemma II.1.2, these properties 
an

be extended by density to arbitrary fun
tions ' 2

_

H

1

(R

3

),  2 L

2

(R

3

). The rest of the

proof is very similar to that of lemma II.1.2, and we omit it. �
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II.2. Propagation of h�os
illatory sequen
es

First we introdu
e an abstra
t de�nition.

De�nition II.2.1. Let H be a Hilbert spa
e, A be a selfadjoint (unbounded) operator

on H, and (h

n

) a sequen
e of positive numbers 
onverging to 0. A bounded sequen
e

(u

n

) in H is said (h

n

)�os
illatory with respe
t to A if

(2:1) lim

n!1

�

�

�

�

1

jAj�

R

h

n

u

n

�

�

�

�

����!

R!1

0 :

Sequen
e (u

n

) is said stri
tly (h

n

)�os
illatory with respe
t to A if it satis�es (2.1) and

moreover

(2:2) lim

n!1

�

�

�

�

1

jAj�

"

h

n

u

n

�

�

�

�

����!

"!0

0 :

Remarks II.2.2.

a) In the 
ase H = L

2

(R

d

), A = jD

x

j, the above notions were 
onsidered in

[GL℄, [GMMP℄, [G1,2℄, [BG1,2℄. In that 
ase, we shall speak simply of (h

n

)�os
illatory

sequen
es.

b) It is easy to 
he
k that a sequen
e (u

n

) is (h

n

)�os
illatory with respe
t to A if

and only if, for every Æ > 0, there exists a sequen
e (u

Æ

n

) in D(A) su
h that

(2:3) sup

n

h

n

jjAu

Æ

n

jj < +1 and lim

n!1

jju

n

� u

Æ

n

jj � Æ :


) Given a bounded sequen
e (u

n

) in H, the spe
tral theorem for A implies that,

for every n, the fun
tional

(2:4) �

n

: f 2 C

0

(R) 7�! (f(h

n

A)u

n

; u

n

)

is a nonnegative Radon measure with total mass jju

n

jj

2

. Hen
e, by Helly's lemma,

a subsequen
e (�

n

k

) is 
onvergent to some measure � for the weak -� topology of

measures. Then (u

n

) is (h

n

)�os
illatory with respe
t to A if and only if (�

n

) is tight, or,

equivalently, if jju

n

jj

2

! �(R) for any su
h �. Moreover, under those 
onditions, (u

n

) is

stri
tly (h

n

)�os
illatory if and only if �(f0g) = 0 for any su
h �. As a 
onsequen
e, a

(h

n

)�os
illatory sequen
e (u

n

) is stri
tly (h

n

)�os
illatory if and only if

(2:5) lim

n!1

jj(i+Rh

n

A)

�1

u

n

jj

2

����!

R!+1

0 :

The purpose of this se
tion is to investigate how those notions 
hange when the

operator A 
hanges. Let us start with a general result.

Proposition II.2.3. Let � : H

1

! H

2

be a 
ontinuous linear map between Hilbert

spa
es H

1

, H

2

. Let A

1

be a selfadjoint operator on H

1

, A

2

be a selfadjoint operator on

H

2

. Assume there exists C > 0 su
h that �(D(A

1

)) � D(A

2

), �

�

(D(A

2

)) � D(A

1

) and,

for any u 2 D(A

1

), v 2 D(A

2

),

(2:6) jjA

2

�ujj � C

�

jjA

1

ujj+ jjujj

�
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(2:6)

0

jjA

1

�

�

vjj � C

�

jjA

2

vjj+ jjvjj

�

:

If a bounded sequen
e (u

n

) in H

1

is (stri
tly) (h

n

)�os
illatory with respe
t to A

1

, then

(�u

n

) is (stri
tly) (h

n

)�os
illatory with respe
t to A

2

.

Proof. Assume (u

n

) is (h

n

)�os
illatory with respe
t to A

1

. By remark II.2.2. b),

for every Æ > 0, let (u

Æ

n

) be a sequen
e in D(A

1

) su
h that lim

n!1

jju

n

� u

Æ

n

jj � Æ and

h

n

jjA

1

u

Æ

n

jj � C(Æ). Then lim

n!1

jj�u

n

� �u

Æ

n

jj � KÆ, sin
e � is 
ontinuous, and, by

estimate (2.6),

h

n

jjA

2

�u

Æ

n

jj �

�

C(Æ) + h

n

jju

Æ

n

jj

�

�

~

C(Æ)

sin
e (u

n

) is bounded. Therefore (�u

Æ

n

) is (h

n

)�os
illatory with respe
t to A

2

. Assume

moreover that (u

n

) is stri
tly (h

n

)�os
illatory with respe
t to A

1

. From the obvious

inequality

jjh

n

A

2

1

h

n

jA

2

j�"

(�u

n

)jj � "

and estimate (2:6)

0

, we obtain, setting w

n

= �

�

1

h

n

jA

2

j�"

�u

n

,

jjh

n

A

1

w

n

jj = O("+ h

n

) ;

hen
e

(2:7)

�

�

�

�

1

h

n

jA

1

j�

p

"

w

n

� w

n

�

�

�

�

=

�

�

�

�

1

h

n

jA

1

j>

p

"

w

n

�

�

�

�

= O

�

p

"+

h

n

p

"

�

:

On the other hand,

(2:8)

�

�

�

�

1

h

n

jA

2

j�"

(�u

n

)

�

�

�

�

2

= (w

n

; u

n

) =

�

w

n

�1

h

n

jA

1

j�

p

"

w

n

; u

n

�

+

�

w

n

;1

h

n

jA

1

j�

p

"

u

n

�

:

Putting together (2.7) and (2.8) through the S
hwarz inequality, we 
on
lude

�

�

�

�

1

h

n

jA

2

j�"

(�u

n

)

�

�

�

�

2

= O

�

p

"+

h

n

p

"

+

�

�

�

�

1

h

n

jA

1

j�

p

"

u

n

�

�

�

�

�

;

therefore (�u

n

) is stri
tly (h

n

)�os
illatory with respe
t to A

2

. �

Now we 
ome to the main result of this se
tion. Let 
 � R

d

be a smooth open subset

with 
ompa
t boundary. On the Hilbert spa
e H =

_

H

1

0

(
) � L

2

(
), de�ne a selfadjoint

operator A by

8

>

>

<

>

>

:

D(A) =

�

U =

�

u

_u

�

2

_

H

1

0

(
)�H

1

0

(
) ; �u 2 L

2

(
)

�

A

�

u

_u

�

= i

�

_u

�u

�

:

It is well known that A is the in�nitesimal generator of the wave group with Diri
hlet

boundary 
onditions.

Proposition II.2.4. A bounded sequen
e (U

n

) =

�

u

n

_u

n

�

in

_

H

1

0

(
)�L

2

(
) is (stri
tly)

(h

n

)�os
illatory with respe
t to A if and only if the sequen
es (ru

n

), ( _u

n

) are (stri
tly)

(h

n

)�os
illatory with respe
t to jDj on L

2

(R

d

).

Proof. It requires several steps.
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Step 1. Lo
alization.

Let � be a smooth fun
tion on R

d

su
h that � is 
onstant outside a 
ompa
t

subset. Observe that the map � : U 7! �U de�ned by �

�

u

_u

�

=

�

�u

� _u

�

is bounded

on H =

_

H

1

0

(
) � L

2

(
). Moreover, one 
he
ks easily that � satis�es assumptions of

proposition II.2.3 with A

1

= A

2

= A.

Therefore, we 
on
lude that (h

n

)�os
illation and stri
t (h

n

)�os
illation are pre-

served by �.

Let �

j

, 1 � j � N be C

1

0

fun
tions on R

d

su
h that ea
h �

j

is supported into a


oordinate pat
h for �
 and

N

P

j=1

�

j

= 1 near �
. Set �

int

=

�

1�

N

P

j=1

�

j

�

1




; observe that

�

int

is C

1

, 
onstant outside a 
ompa
t subset of R

d

, and dist

�

supp(�

int

);





) > 0. Sin
e

U = �

int

U +

N

P

j=1

�

j

U for every U 2 H, the stability result we have just proved implies

that the (stri
t) (h

n

)�os
illation of a sequen
e (U

n

) in H is equivalent to the (stri
t)

(h

n

)�os
illation of the sequen
es (�

int

U

n

), (�

j

U

n

), j = 1; : : : ; N . Let B be the selfadjoint

operator i

�

0 1

� 0

�

on

_

H

1

(R

d

) � L

2

(R

d

). We 
laim that the (stri
t) (h

n

)�os
illations

of (�

int

U

n

) with respe
t to A and with respe
t to B o

ur simultaneously. Indeed, let

�

0

int

2 C

1

(R

d

) be su
h that �

0

int

�

int

= �

int

and

dist

�

supp(�

0

int

);





�

> 0 :

Then, for every U 2 H, �

0

int

U 2 D(A) if and only if �

0

int

U 2 D(B) and, in this 
ase,

A(�

0

int

U) = B(�

0

int

U). Sin
e the estimate jj�

int

U

n

�V

Æ

n

jj � Æ implies jj�

int

U

n

��

0

int

V

Æ

n

jj �

C Æ, this proves the 
laim 
on
erning (h

n

)�os
illation. Moreover, the elementary esti-

mates

�

�

�

�

�

�

(i+ "A)

�1

�

int

� �

0

int

(i+ "B)

�1

�

int

�

�

�

�

�

�

= O(")

�

�

�

�

�

�

(1� �

0

int

)(i+ "B)

�1

�

int

�

�

�

�

�

�

_

H

1

(R

d

)�L

2

(R

d

)

= O(")

prove the 
laim 
on
erning stri
t (h

n

)�os
illation. Finally, by use of Fourier transform,

one 
he
ks easily that jBj =

�

jDj 0

0 jDj

�

, hen
e a sequen
e (V

n

) =

�

v

n

_v

n

�

in

_

H

1

(R

d

)�

L

2

(R

d

) is (stri
tly) (h

n

)�os
illatory with respe
t to B if and only if the sequen
es (rv

n

),

( _v

n

) are (stri
tly) (h

n

)�os
illatory with respe
t to jDj in L

2

(R

d

).

As a 
on
lusion to this �rst step, we are redu
ed to proving proposition II.2.4 for

U

n

supported in a 
oordinate pat
h for �
.

Step 2. Changing variables.

Let � : ~! ! ! be a di�eomorphism between a neighbourhood of 0 in R

d

and a

neighbourhood in R

d

of some point x

0

2 �
, su
h that �(fy

1

> 0g \ ~!) = 
 \ !.

Observe that if u is a fun
tion on !, (�u) Æ � = L(u Æ �), where L = div(ar) + b � r

is an ellipti
 di�erential operator on ~!, with smooth 
oeÆ
ients a valued in positive

de�nite matri
es and b valued in ve
tors. Let K be a 
ompa
t subset of ! and

~

K = �

�1

(K). Let ~a be a smooth positive de�nite matrix-valued fun
tion on R

d

su
h
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that ~a is 
onstant outside a 
ompa
t subset and ~a = a in a neighbourhood of

~

K. We set

e

H =

_

H

1

0

(fy

1

> 0g) \ L

2

(fy

1

> 0g) endowed with the Hilbert norm

jjV jj

e

=

h

(~arv;rv)

L

2

+ jj _vjj

2

L

2

i

1=2

; V =

�

v

_v

�

;

and we de�ne

8

>

>

<

>

>

:

~

A

�

v

_v

�

= i

�

_v

div(arv)

�

D(

~

A) =

��

v

_v

�

2

e

H ; _v 2 H

1

0

(fy

1

> 0g); div(arv) 2 L

2

�

:

Then it is easy to 
he
k the following estimates, for every U 2 H supported in K,

1

C

jjU jj � jjU Æ �jj

e

� C jjU jj

1

C

�

jj

~

A(U Æ �jj

e

� jjU jj

�

� jjAU Æ �jj

e

� C

�

jj

~

A(U Æ �)jj

e

+ jjU jj

�

�

�

�

�

�

�

�

�

(i+ "A)

�1

(U) Æ �

�

� (i+ "

~

A)

�1

(U Æ �)

�

�

�

�

�

�

e

� C" jU jj

where � 2 C

1

0

(~!) equals 1 near

~

K.

Using these inequalities and remarks II.2.2. b) and II.2.2. 
), we infer that a sequen
e

(U

n

) of H supported in a �xed 
ompa
t subset of ! is (stri
tly) (h

n

)�os
illatory with

respe
t to A if and only if the sequen
e (U

n

Æ�) is (stri
tly) (h

n

)�os
illatory with respe
t

to

~

A in

e

H.

Finally, one 
an get rid of matrix ~a as follows. LetH

0

=

_

H

1

0

(fy

1

> 0g)�L

2

(fy

1

> 0g)

endowed with the usual norm

jjV jj

0

=

�

jjrvjj

2

L

2

+ jj _vjj

2

L

2

�

1=2

; V =

�

v

_v

�

;

and let

8

>

>

<

>

>

:

A

0

�

v

_v

�

= i

�

_v

�v

�

D(A

0

) =

��

v

_v

�

2 H

0

; _v 2 H

1

0

(fy

1

> 0g); �v 2 L

2

�

:

Then usual ellipti
 regularity estimates for the Diri
hlet problem in a half-spa
e (see for

instan
e [GT℄) imply that the identity map � :

e

H ! H

0

and operators

~

A;A

0

satisfy the

assumptions of proposition II.2.3, as well as �

�1

, A

0

,

~

A. As a 
onsequen
e, the (stri
t)

(h

n

)�os
illation of (U

n

) with respe
t to A is equivalent to the (stri
t) (h

n

)�os
illation

of (U

n

Æ �) with respe
t to A

0

.

Step 3. Getting rid of the boundary.

We are redu
ed to proving the analog of proposition II.2.4 when 
 is the half-

spa
e fy

1

> 0g in R

d

. Again we 
onsider the selfadjoint operator B = i

�

0 1

� 0

�

on

_

H

1

(R

d

)� L

2

(R

d

), and we de�ne

� :

_

H

1

0

(fy

1

> 0g)� L

2

(fy

1

> 0g) �!

_

H

1

(R

d

)� L

2

(R

d

)

�

u

_u

�

�!

�

v

_v

�

;
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by the formula v(y

1

; y

0

) = �u(�y

1

; y

0

), _v(y

1

; y

0

) = � _u(�y; y

0

).

Noti
e that 2

�1=2

� is an isometry onto the B�invariant subspa
e H

odd

of odd

fun
tions with respe
t to y

1

in

_

H

1

(R

d

)� L

2

(R

d

), and that

8U 2 D(A

0

) ; �(U) 2 D(B) and B�(U) = �A

0

(U) :

In view of proposition II.2.3, we infer that (U

n

) is (stri
tly) (h

n

)�os
illatory with respe
t

to A

0

if and only if (�(U

n

)) is (stri
tly) (h

n

)�os
illatory with respe
t to B. Re
all from

the last part of step 1 that a sequen
e

�

v

n

_v

n

�

satis�es the latter property if and only if

the sequen
es (rv

n

), ( _v

n

) are (stri
tly) (h

n

)�os
illatory with respe
t to jDj in L

2

(R

d

).

Our argument is 
ompleted by the following lemma.

Lemma II.2.5. For every f 2 L

2

(R

d

), de�ne

~

f(y

1

; y

0

) = sgn(y

1

)f(y

1

; y

0

) :

Then the (stri
t) (h

n

)�os
illations with respe
t to jDj of (f

n

) and (

~

f

n

) are equivalent.

Proof. In view of de�nition (2.1), it is enough to prove

(2:9)

�

�

�

�

�

�

1

jDj�b

sgn(y

1

)1

jDj�a

�

�

�

�

�

�

L

2

!L

2

�! 0

as

a

b

! 0. Indeed, (2.9) implies that (h

n

)�os
illation is 
onserved by the a
tion of sgn(y

1

),

while the 
onservation of stri
t (h

n

)�os
illation is a 
onsequen
e of the adjoint estimate.

We prove (2.9) by means of Fourier transform. If g = 1

jDj�b

sgn(y

1

)1

jDj�a

f and 3a < b,

we have

ĝ(�) = 
1

j�j�b

Z

j(�

1

;�

0

)j�a

^

f(�

1

; �

0

)

�

1

� �

1

d�

1

:

Noti
e that j�

1

j � b � j�

0

j � b � a and j�

1

j � a, hen
e j�

1

j � 2 j�

1

j and j�

1

� �

1

j �

j�

1

j

2

.

Therefore, by the Plan
herel formula,

jjgjj

L

2

� 2 j
j

�

Z

j�

1

j�a; j�

1

j�b�a

d�

1

d�

1

�

2

1

�

1=2

jjf jj

L

2

� 4 j
j

�

a

b� a

�

1=2

jjf j

L

2
;

when
e (2.9). �

In order to 
omplete the proof of the analog of proposition II.2.4 for 
 = fy

1

> 0g,

we just need to observe that 1

y

1

>0

f =

1

2

(f +

~

f), hen
e, if (f

n

) is a sequen
e of even or

odd fun
tions with respe
t to y

1

, the (stri
t) (h

n

)�os
illations of (f

n

) and of (1

y

1

>0

f

n

�

are equivalent.

Con
lusion. We 
on
lude the proof of proposition II.2.4 by 
oming ba
k to x�
oor-

dinates : if (v

n

; _v

n

) is bounded in

_

H

1

(R

d

) � L

2

(R

d

) and supported in a �xed 
ompa
t

subset of ! | with the notation of step 2 | then the (stri
t) (h

n

)�os
illations of

(rv

n

; _v

n

) and of (r(v

n

Æ �); _v

n

Æ �) are equivalent. This 
an be done either by mimi
king
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the argument of step 2 | this time in the whole spa
e | or by using the invarian
e of

semi
lassi
al measures by 
hange of 
oordinates (see [GL℄). �

Sin
e (stri
tly) h

n

�os
illatory sequen
es with respe
t to an operatorA are 
onserved

by bounded fun
tions of A, we infer from proposition II.2.4 the following result.

Proposition II.2.6. Let ('

n

;  

n

) be a bounded sequen
e of

_

H

1

0

(
)�L

2

(
), su
h that

(r'

n

;  

n

) is (stri
tly) (h

n

)�os
illatory in L

2

(R

3

). Let v

n

be the solution of

(

v

n

= 0 in R

t

� 
 ; v

n

j

R

t

��


= 0

(v

n

; �

t

v

n

)j

t=0

= ('

n

;  

n

) :

Then (rv

n

(t); �

t

v

n

(t)) is (stri
tly) (h

n

)�os
illatory in L

2

(R

3

) for every t 2 R, uniformly

in t.

In [BG1, lemma 3.2 (iii)℄ it is proved that every bounded sequen
e (f

n

) in L

2

(R

d

)

has a subsequen
e (f

n(j)

) whi
h 
an be written as

(2:10) f

n(j)

= g

j

+ s

j

;

where g

j

is stri
tly (h

n(j)

)�os
illatory, and s

j

is (h

n(j)

)�singular, namely

(2:11)

�

�

�

�

�

�

1

a�h

n(j)

jDj�b

s

j

�

�

�

�

�

�

L

2

����!

j!1

0 ; 8b > a > 0 :

Given the subsequen
e (f

n(j)

), su
h a sequen
e (g

j

) is unique up to a sequen
e going

strongly to 0, and is 
alled the stri
tly h

n(j)

�os
illatory 
omponent of the subsequen
e

(f

n(j)

). Noti
e that, in view of de
omposition (2.10), a bounded sequen
e (f

n

) in L

2

(R

d

)

is (h

n

)�singular if and only if, for every stri
tly (h

n

)�os
illatory sequen
e (g

n

), the s
alar

produ
t (f

n

; g

n

)

L

2

goes to 0.

Coming ba
k to proposition II.2.6, we obtain, in view of the 
onservation of the

energy s
alar produ
t, the following result.

Corollary II.2.7. Let (v

n

), (~v

n

) be sequen
es of solutions of v = 0, vj

R��


= 0,

su
h that (rv

n

(0); �

t

v

n

(0)) is bounded in L

2

(
), and (r~v

n

(0); �

t

~v

n

(0)) is its stri
tly

(h

n

)�os
illatory 
omponent. Then, for every sequen
e (t

n

) of real numbers,

(r~v

n

(t

n

); �

t

~v

n

(t

n

)) is the stri
tly (h

n

)�os
illatory 
omponent of (rv

n

(t

n

); �

t

v

n

(t

n

)).

II.3. A non-
on
entration property

The goal of this se
tion is to prove the following result. Here 
 is the 
omplement

of a smooth stri
tly 
onvex obsta
le, and (';  ) 2

_

H(R

3

)� L

2

(R

3

).

Proposition II.3.1. Let p

n

be the linear 
on
entrating wave asso
iated with a 
on
en-

trating data (';  ; h

n

; x

n

; t

n

= 0), namely

(3:1)

8

>

<

>

:

p

n

= 0 in R

t

� 
 ; p

n

j

R

t

��


= 0

(p

n

; �

t

p

n

)j

t=0

=

�

1

h

1=2

n

P




�

'

�

� � x

n

h

n

��

;

1

h

3=2

n

1




 

�

� � x

n

h

n

�

�

:
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Then, for every bounded interval I , for every sequen
e ("

n

) su
h that

"

n

h

n

����!

n!1

1, we

have

(3:2) jjp

n

jj

L

1

(In[�"

n

;"

n

℄;L

6

(
))

����!

n!1

0 :

Proof. We may assume that x

1

2 
. We shall distinguish between the 
ases x

1

2 


and x

1

2 �
. In both 
ases, we shall prove the following two fa
ts separately,

a) for every sequen
e �

n

su
h that �

n

! t 6= 0, jjp

n

(�

n

)jj

L

6

(
)

! 0 as n!1,

b) for every sequen
e "

n

su
h that "

n

! 0,

"

n

h

n

!1, jjp

n

("

n

)jj

L

6

(
)

! 0 as n!1.

We shall see that b) is a degenerate version of a), whi
h 
an be obtained in a similar {

in fa
t simpler { way after res
aling the 
oordinates. Let us brie
y explain our strategy

to prove part a), already used in [G1℄. Introdu
e the time-dependent energy density on


,

(3:3) e

n

(t) = (j�

t

p

n

(t; x)j

2

+ jr

x

p

n

(t; x)j

2

)dx;

whi
h satis�es in R � 


(3:4) �

t

e

n

= div

x

(�

t

p

n

r

x

p

n

) :

Noti
e that, sin
e �

t

p

n

j

R��


= 0, equation (3.4) still holds in R�R

3

if we extend e

n

and

p

n

by 0 outside 
. As a 
onsequen
e, e

n

is equi
ontinuous as a measure-valued fun
tion

of t and the limit points e

1

of e

n

are 
ontinuous measure-valued fun
tions of t. Therefore

property a) above will be a 
onsequen
e of

(3:5) e

1

(t)(fx

0

g) = 0 ; 8x

0

2 
 ; 8t 6= 0 ;

through the 
on
entration-
ompa
tness prin
iple (see for instan
e [L2, lemma I.1℄). In

order to prove (3.5), we shall 
al
ulate e

1

(t) using semi
lassi
al Wigner measures. Re
all

(see for instan
e [GL℄, [LP℄, [GMMP℄) that the 
orrelation fun
tions

(3:6) 


n

(t; x; k; `) =

4

X

a=0

�

a

p

n

�

t� h

n

k

2

; x� h

n

`

2

�

�

a

p

n

�

t+ h

n

k

2

; x+ h

n

`

2

�

where �

0

= �

t

, �

j

= �

x

j

for 1 � j � 3, satisfy, up to the extra
tion of a subsequen
e,

(3:7) 8f 2 C

1

0

(R

t

� 


x

� R

k

� R

3

`

) ;

Z

f 


n

����!

n!1

Z

^

f(t; x; �; �)d�(t; x; �; �) ;

where

^

f denotes the Fourier transform of f with respe
t to variables (k; `), and � is a

positive Radon measure. The following properties are 
lassi
al :

(3:8)

Z

R

�

�R

3

�

�(t; x; d�; d�) � e

1

(t)dt

(�

2

� j�j

2

)� = 0 (
hara
teristi
 equation) ;(3:9)

(� �

t

� � � r

x

)� = 0 (transport equation) :(3:10)
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Suppose we are able to exhibit some measure �

�

su
h that

(3:11) � � �

�

;

(3:12)

Z

�

�

(t; x; d�; d�) = e

�

(t)dt

where e

�

is 
ontinuous for t 6= 0, valued in measures on 
 and satisfying, for every t 6= 0,

(3:13) e

�

(t)(
) = jjrP




1

'jj

2

L

2

+ jj1




1

 jj

2

L

2

:

We observe that the right hand side of (3.13) is the total mass of e

1

(0). Moreover,

by 
onservation of energy and �nite propagation speed, the total mass of e

1

(t) is

independent of t. On the other hand, by (3.8), (3.11) and 
ontinuity with respe
t to

t 6= 0, we have

(3:14) e

�

(t) � e

1

(t) ; t 6= 0 :

Sin
e (3.13) implies that the total masses of these measures are equal, (3.14) is in fa
t an

equality. If �

�

is expli
it, it will therefore be possible to 
he
k property (3.5). Our main

task in the sequel will be to �nd expli
it measures �

�

satisfying (3.11), (3.12), (3.13).

3.1. The 
ase x

1

2 


Let us denote by u

n

the extension of p

n

by 0 outside 
, and introdu
e the

semi
lassi
al measure � of r

t;x

u

n

, de�ned similarly to (3.7) by

�

r

t;x

u

n

�

t� h

n

k

2

; x� h

n

`

2

�

; r

t;x

u

n

�

t+ h

n

k

2

; x+ h

n

`

2

�

�

(3:15)

����!

n!1

Z

R�R

3

e

�i(k�+`��)

�(t; x; d�; d�) :

Despite the singularity indu
ed by the extension by 0, it is still possible to prove that �

is supported by the 
hara
teristi
 set f�

2

= j�j

2

g (see for instan
e [GL℄ for the stationary


ase, where the proof is similar, or [Bu℄). Moreover, we have trivially � = 0 if x 2 





.

The problem is to understand the behavior of � as x approa
hes �
. For x 2 �
, denote

by N(x) the unitary normal ve
tor to �
 at point x, pointing outward with respe
t to


. Then, in view of equation (3.10), measure � has a tra
e �

�

as (t; x; �; �) approa
hes

the set fx 2 �
; � � N(x) 6= 0g from fx 2 
g (see for instan
e [H, theorem 4.4.8

0

℄).

The distribution �

�

inherits the positivity of �, hen
e is a positive measure. Therefore,

outside the set fx 2 �
; � �N(x) = 0g, (3.10) 
an be 
ontinuated as

(3:16) � �

t

�� � � r

x

� = (� �N)�

�


 Æ

�


:

Observe that, near the set fx 2 �
; � �N(x) 6= 0; �

2

= j�j

2

g, the wave operator �

2

t

��

x

is

stri
tly hyperboli
 with respe
t to the normal 
oordinate to �
. Moreover u

n

j

R��


= 0

by the Diri
hlet 
ondition. Consequently (see for instan
e [GL℄, [Bu℄, [M℄), we have

Lemma II.3.2. For x 2 �
, denote by j

x

the symmetry with respe
t to the tangent

plane T

x

(�
), given by

j

x

(�) = � � 2(� �N(x))N(x)
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and de�ne J on R � �
� R � R

3

by

J(t; x; �; �) = (t; x; �; j

x

(�)) :

Then

(3:17) J(�

�

) = �

�

:

We now 
olle
t the above informations on � to obtain an integral representation of

� using the billiards 
ow above 
.

Given x 2 
, � 6= 0, � 2 R

3

, the set

S(x; �; �) =

n

t 2 R; x� t

�

�

=2 


o

is an open bounded interval, sin
e 





is an open bounded 
onvex set in R

3

. Denote by

I(x; �; �) the 
omponent of S(x; �; �)




whi
h 
ontains 0, and by t

0

(x; �; �), if it exists, the

�nite endpoint of I(x; �; �). Time t

0

(x; �; �) is therefore the nearest time to 0 su
h that

x� t

�

�

2 �
. We set, for every real number t,

(3:18)

8

>

>

>

>

<

>

>

>

>

:

G

t

(x; �; �) =

�

x� t

�

�

; �; �

�

if t 2 I(x; �; �)

G

t

(x; �; �) =

�

x� t

0

�

�

� (t� t

0

�

�

0

�

; �;

�

0

�

�

; where �

0

= j

x�t

0

�

�

(�) ;

if t =2 I(x; �; �) :

Observe that (G

t

)

t2R

is a (time-dis
ontinuous) 
ow on f� 2 
g � f� 6= 0g � f� 2 R

3

g.

Among the points (x; �; �) su
h that S(x; �; �) = ;, a spe
ial role is played by those su
h

that the ray

�

x � t

�

�

; t 2 R

	

hits the boundary �
 tangentially. We denote by D the

set of su
h \di�ra
tive" points, near whi
h the analysis is a little more intri
ate (see for

instan
e [BuG℄) { but we shall not need this analysis here.

Lemma II.3.3. Let f 2 C

1

0

�

(


x

� R

�

n f0g � R

3

�

) n D

�

. Then, for every t 2 R,

(3:19)

Z

f(G

�t

(x; �; �))�(t; dx; d�; d�) =

Z

f(x; �; �)d�

0

(x; �; �) ;

where

(3:20) d�

0

(x; �; �) =

1

2

Æ(x � x

1

)

X

�

Æ(� � j�j)j

^

 (�) � ij�j'̂(�)j

2

d�

(2�)

3

:

Proof. Let us 
al
ulate the distributional derivative of the left hand side of (3.19).

Observe that f(y; �; �) = 0 if y lies near �
, hen
e f(G

�t

(x; �; �)) = 0 if t lies near

�t

0

(x; �; �). As a 
onsequen
e, in view of (3.18), t 7! f(G

�t

(x; �; �)), is smooth and

�

�t

f(G

�t

(x; �; �)) =

�

�

� r

x

f

�

x+ t

�

�

; �; �

�

1

�t2I(x;�;�)

(3:21)

+

�

0

�

� r

x

f

�

x� t

0

�

�

+ (t+ t

0

)

�

0

�

; �;

�

0

�

�

1

�t=2I(x;�;�)

:
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On the other hand, sin
e f is supported outside D, so is f Æ G

�t

. The point is that, by

the impli
it fun
tion theorem, t

0

is a C

1

fun
tion outside D, and

(3:22) r

x

t

0

(x; �; �) =

�N(x � t

0

�

�

)

� �N(x� t

0

�

�

)

;

in parti
ular

�

�

� r

x

t

0

= 1. Consequently,

�

�

� r

x

h

N

�

x� t

0

�

�

�i

= 0 and

�

�

� r

x

(�

0

) = 0 :

We 
on
lude, in view of (3.18),

�

�

� r

x

f(G

�t

(x; �; �)) =

�

�

� r

x

f

�

x+ t

�

�

; �; �

�

1

�t2I

(3:23)

+

�

0

�

� r

x

f

�

x� t

0

�

�

+ (t+ t

0

)

�

0

�

; �;

�

0

�

�

1

�t=2I

;

whi
h is the same as the right hand side of (3.21). Using (3.16), we 
on
lude

�

�t

Z

f(G

�t

((x; �; �))�(t; dxd� d�) =

Z

� �N

�

f(G

�t

(x; �; �))�

�


 Æ

�


(t; dxd� d�)

=

Z

ft

�

�

�N(x)>0g

� �N

�

f

�

x+ t

j

x

(�)

�

; �; j

x

(�)

�

�

�


 Æ

�


(t; dxd� d�)

+

Z

ft

�

�

�N(x)<0g

� �N

�

f

�

x+ t

�

�

; �; �

�

�

�


 Æ

�


(t; dxd� d�) ;

whi
h is 0 by using � �N(x) = �j

x

(�) �N(x) and lemma II.3.2.

It remains to prove (3.19) for jtj small enough. Let f

n

be the solution to the free

wave equation,

(3:24)

8

>

>

>

>

>

<

>

>

>

>

>

:

f

n

= 0 ; (t; x) 2 R � R

3

;

f

n

(0; x) =

1

p

h

n

'

�

x� x

n

h

n

�

�

t

f

n

(0; x) =

1

h

3=2

n

 

�

x� x

n

h

n

�

:

By �nite propagation speed, it is easy to prove that, for jtj < d(x

1

; �
),

(3:25) jjr

t;x

(p

n

� f

n

)(t)jj

L

2

(
)

����!

n!1

0 :

Therefore � 
oin
ides for jtj < d(x

1

; �
) with the semi
lassi
al measure of r

t;x

f

n

, whi
h

is well known (see for instan
e [G1℄) and satis�es (3.19), (3.20). This 
ompletes the proof

of lemma II.3.3. �

It is now easy to 
arry out the program sket
hed in (3.11), (3.12), (3.13) with

�

�

(t; x; �; �) = 1

O

(x; �; �)G

t

(�

0

)(x; �; �)dt;

O =

n

(t; G

t

(x; �; �)) ; (x; �; �) 2 (
� R n f0g � R

3

) n D

o

:
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Indeed, (3.13) holds be
ause 


1

= R

3

and the set of dire
tions � su
h that the line

fx

1

+ s�; s 2 Rg is tangent to �
 is a null set for the Lebesgue measure by Sard's

theorem { or by a dire
t 
omputation, sin
e 





is a 
onvex set here. We 
on
lude

(3:26) e

1

(t)(fx

0

g) = �

0

�

�

(x; �; �) 2 
� (R n f0g)� R

3

; p

x

G

t

(x; �; �) = x

0

	

�

;

where p

x

denotes the proje
tion onto the x spa
e. Using (3.20), (3.26) be
omes

(3:27) e

1

(t)(fx

0

g) =

X

�

Z

E

�

(t)

�

�

(�)d� ;

when �

�

2 L

1

(R

3

) and

(3:28) E

�

(t) =

n

� 2 R

3

Æ

p

x

G

t

(x

1

;�j�j; �) = x

0

o

:

Observe that p

x

G

t

(x

1

;�j�j; �) = F

t

�

�

�

j�j

�

where F

t

(!) = x

1

+t! if [x

1

; x

1

+t!℄ � 
,

and F

t

(!) = x

1

+ t

0

(!)! + (t� t

0

(!))!

0

if [x

1

; x

1

+ t

0

(!)!℄ is the 
omponent of x

1

in [x

1

; x

1

+ t!℄ \ 
, !

0

= j

x

1

+t

0

(!)!

(!).

We 
laim that, for every t 6= 0, the map F

t

: S

2

! 
 is one-to-one. This implies that

E

�

(t) is either empty, or is a half-line in R

3

; in any 
ase E

�

(t) is a null set and (3.27)

implies (3.5).

y1 y2

N1 N2

x∞

ω1

ω2

Ω

ω'2
ω'1

The fa
t that F

t

is one-to-one for all t 6= 0 is an elementary geometri
al fa
t. Let us

prove it for the 
onvenien
e of the reader. Assume

(3:29) F

t

(!

1

) = F

t

(!

2

) :

We have to dis
uss whether the segments [x

1

; x

1

+ t!

j

℄ meet 





or not. If both

are 
ontained in 
, F

t

(!

j

) = x

1

+ t!

j

, and !

1

= !

2

. If one of the segments meets 





,

the triangle inequality shows that the other one must meet 





too.

Set t

0

(!

j

) = t

j

, y

j

= x

1

+ t

j

!

j

2 �
, and N

j

= N(y

j

). Up to 
hanging !

j

into

�!

j

, we may assume t > 0, hen
e t

j

> 0. Set

F

t

(!

j

) = y

j

+ �

j

!

0

j

; �

j

> 0 :
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Then, by (3.29),

(y

1

� y

2

) � (!

0

1

� !

0

2

) = (��

1

!

0

1

+ �

2

!

0

2

) � (!

0

1

� !

0

2

)(3:30)

= �(�

1

+ �

2

)(1� !

0

1

� !

0

2

) � 0 :

On the other hand,

(y

1

� y

2

) � (!

0

1

� !

0

2

) = (t

1

!

1

� t

2

!

2

) � (!

1

� !

2

)(3:31)

� 2(y

1

� y

2

) �N

1

(!

1

�N

1

)

+ 2(y

1

� y

2

) �N

2

(!

2

�N

2

) :

The last two terms of the right hand side of (3.31) are nonnegative be
ause of the


onvexity of 





. Therefore (3.31) implies

(y

1

� y

2

) � (!

0

1

� !

0

2

) � (t

1

+ t

2

)(1� !

1

� !

2

) > 0

unless !

1

= !

2

. This 
ompletes the proof of property a) if x

1

2 
. �

Remark II.3.4. Noti
e that, in the last part of the proof above, the geometry of 


played a 
ru
ial role { indeed, proposition II.3.1 is 
learly wrong in the 
ase of other

geometries.

Let us 
lose this subse
tion by proving part b) when x

1

2 
. Coming ba
k to the

solution f

n

to the free problem (3.24), we observe that 
onvergen
e (3.25) is uniform for

jtj �

1

2

d(x

1

; �
), say, hen
e (3.25) holds with t = "

n

.

Hen
e we are led to proving

(3:32) jjf

n

("

n

)jj

L

6

(R

3

)

����!

n!1

0 ;

whi
h for instan
e 
an be done similarly to the 
ase jtj small enough above, by 
omputing

the semi-
lassi
al measure of r

s;y

g

n

, where

(3:33) g

n

(s; y) = "

1=2

n

f

n

("

n

s; "

n

y) ;

asso
iated with the s
ale Æ

n

=

h

n

"

n

! 0.

3.2. The 
ase x

1

2 �


We begin with proving part a), namely (3.5). Of 
ourse we may assume, say, t > 0.

The strategy sket
hed before subse
tion 3.1 will be 
ompletely 
arried out if we prove

the following result.

Lemma II.3.5. The semi
lassi
al measure � of r

t;x

p

n

above fx 2 
; � 6= 0g satis�es,

for all t > 0,

(3:34) �(t; x; �; �) � Æ

�

x� x

1

+ t

�

�

�

�

0

(�; �) ;

where �

0

is a measure, absolutely 
ontinuous with respe
t to the Lebesgue measure on

the 
one f�

2

= j�j

2

;

�

�

�N(x

1

) > 0g, with total mass given by

(3:35) TM(�

0

) = jjrP




1

'jj

2

L

2

+ jj1




1

 jj

2

L

2

:
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Observe that lemma II.3.5 makes sense sin
e the right hand side of (3.34) is a measure

above fx 2 
g, in view of the spe
i�
 geometry of 
.

x∞

N(x∞)

Proof of lemma II.3.5. Sin
e we already know that � satis�es � �

t

��� �r

x

� = 0

above fx 2 
g, (3.34) is true for every t > 0 if and only if it is true for some t > 0. Hen
e

we are led to proving (3.34) for small t > 0. As a 
onsequen
e we only need to study �

above a 
onvenient neighbourhood of t = 0, x = x

1

interse
ted by ℄0;+1[�
.

In order to a

omplish this program, we introdu
e the following normal 
oordinates

near x

1

. By rotational invarian
e, we may assume

N(x

1

) = (0; 0; 1) :

Then there exists a lo
al parametrization of �
, m : fjzj < 1g � R

2

! �
 � R

3

, su
h

that

(3:36) m(0) = x

1

;

�m

�z

1

(0) = (1; 0; 0) ;

�m

�z

2

(0) = (0; 1; 0) :

Set N(z) = N(m(z)) for simpli
ity. For r

0

> 0 small enough, the mapping

(3:37) fjzj < 1g � fjrj < r

0

g � R

2

� R �! m(z)� rN(z) 2 R

3

indu
es lo
al 
oordinates near x

1

in R

3

, so that 
 = fr > 0g. We denote by v

n

the lo
al

extension of p

n

in a neighbourhood of x = x

1

by the re
exion formula

(3:38) v

n

(t; x

0

) = �v

n

(t; x) if z(x

0

) = z(x); r(x

0

) = �r(x) :

Then v

n

satis�es a wave equation with variable 
oeÆ
ients,

(3:39) ��

2

t

v

n

� div(Arv

n

) = 0

in a neighbourhood of t = 0, x = x

1

, where �, A are 
ontinuous pie
ewise smooth

fun
tions with interfa
e on �
. Of 
ourse, if x 2 
, �(x) = 1 and A(x) is the identity

matrix. Next we introdu
e the Wigner 
orrelation fun
tions,

(3:40) C

ab

n

(t; x; k; `) = U

a

n

�

t� h

n

k

2

; x� h

n

`

2

�

U

b

n

�

t+ h

n

k

2

; x+ h

n

`

2

�

;

where U

n

= (

p

��

t

v

n

;

p

Ar

x

v

n

), and index a = 0 
orresponds to 
oordinate t. Noti
e

that the above expression of U

n

is motivated by the energy asso
iated to (3.39), namely

jj

p

��

t

v

n

(t)jj

2

L

2

+ jj

p

Ar

x

v

n

jj

2

L

2

. Using [GMMP℄, we have, up to a subsequen
e,

(3:41) C

ab

�

(t; x; k; `)*

Z

R�R

3

e

�i(�k+��`)

V

ab

(t; x; d�; d�)
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in the distributional sense, where (V

ab

)

0�a;b�3

is a positive matrix-valued measure.

Observe that the lo
al feature of the Wigner transform implies that the restri
tion of

� = tr(V) to fx 2 
g is exa
tly �. Next we prove that, outside f� = � = 0g, V is

determined by �. For simpli
ity, introdu
e the following notation,

(3:42) �

(t;x)

:= � ; �

(k;`)

:=

_

� ;

(3:43) f

�

n

(t; x; k; `) := f

n

�

t� h

n

k

2

; x� h

n

`

2

�

;

for every sequen
e f

n

= f

n

(t; x).

Set V

n

= (�

t

v

n

;r

x

v

n

), D

ab

n

= (V

a

n

)

�

(V

b

n

)

+

, and

(3:44) P =

�

p

� 0

0

p

A

�

:

Then

(3:45) C

n

= P

�

D

n

P

+

and, by the S
hwarz identity,

(3:46)

�

1

2

h

n

�




�

_

�




�

D

ab

n

=

�

1

2

h

n

�

a

�

_

�

a

�

D


b

n

:

Passing to the limit in (3.45), (3.46), we 
on
lude

(3:47) V(t; x; �; �) =

(

p

��;

p

A�)
 (

p

��;

p

A�)

��

2

+A� � �

�(t; x; �; �)

outside f� = � = 0g.

Therefore we 
an derive the lo
alization law for � : from (3.39) we have

(3:48)

�

1

2

h

n

�

t

� �

k

�

(�

�

�

t

v

�

n

�

t

v

+

n

)�

�

1

2

h

n

div

x

� div

`

�

(A

�

rv

�

n

�

t

v

+

n

) = 0 :

Passing to the limit in (3.48), we obtain, outside f� = 0g, in view of (3.47),

(3:49) (��

2

�A� � �)� = 0 :

Finally we have to derive a transport equation analogous to (3.10).

Observe that 


n

= tr(C

n

) satis�es




n

= �

�

�

t

v

�

�

t

v

+

+A

�

rv

�

� rv

+

+E

n

;

where E

n

goes to 0 weakly in k; x; `, uniformly in t. Therefore a straightforward


al
ulation leads to the identity { where we dropped subs
ripts n for simpli
ity |

�


n

�t

�

�E

n

�t

= div

x

h

A

�

rv

�

�

t

v

+

+

�

�

�

+

�

t

v

�

A

+

rv

+

i

� �

t

v

�

r

�

�

�

�

+

�

� rv

+

(3:50)

�

�

1

2

h

n

�

t

� �

k

�h

` �

f

r�

�

+

rv

�

� A

+

rv

+

� ` �

g

rArv

�

� rv

+

i
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with the notation

~g(x; `) =

Z

1=2

�1=2

g(x+ h

n

�`)d� :

From (3.50) we dedu
e several pie
es of information. First, sin
e A; � are Lips
hitz

fun
tions, we observe that, for some sequen
e

~

E

n

going to 0 weakly in x; k; ` and uniformly

in t, the quantity

�

�t

(


n

�

~

E

n

) is bounded in t, valued in D

0

x;k;`

.

We 
on
lude that the sequen
e 


n

is equi
ontinuous in t, in parti
ular � is 
ontinuous

in t, and its value �

0

at t = 0 is the inverse Fourier transform of the limit of 


n

(t = 0).

Next we multiply (3.50) by "g

�

r(x)

"

�

, where g 2 C

1

0

(R) satis�es g

0

(0) = 1. Passing

to the limit as n!1, then as "! 0, and taking the inverse Fourier transform in (k; `),

we obtain, for � 6= 0,

(3:51) 1

r=0

rr(x) �A(x)� � = 0 ;

whi
h, sin
e fr = 0g = fx 2 �
g and A(x) = I on �
, means exa
tly

(3:52) �

��

x 2 �
; � �N(x) 6= 0; � 6= 0

	�

= 0 :

In view of (3.52), it is now possible to pass to the limit in (3.50), using the following

lemma.

Lemma II.3.6. Let f

n

, g

n

be bounded sequen
es in L

2

lo


(D), whereD is an open domain

in R

d

. Let a be a Lips
hitz fun
tion on D, C

1

outside a 
losed subset F of D and let

b 2 L

1

(D), 
ontinuous outside F . Assume the Wigner measure V of (f

n

; g

n

) satis�es

(3:53) tr(V)((F � R

d

) \G) = 0 ;

where G is some open subset of T

�

R

d

. Then

(3:54)

a(y + h

n

z

2

)� a(y � h

n

z

2

)

h

n

f

n

�

y � h

n

z

2

�

g

n

�

y + h

n

z

2

�

*

Z

R

d

e

�iz��

�(y; d�)

where the distribution � satis�es

�j

G

= �i div

�

[r

y

aV

12

℄j

G

:

Similarly, we have

(3:54)

0

b

�

y + h

n

z

2

�

f

n

�

y � h

n

z

2

�

g

n

�

y + h

n

z

2

�

*

Z

R

d

e

�iz��

b(y)V

12

(y; d�) :

We postpone the proof of lemma II.3.6 and show how to get lemma II.3.5. By (3.52),

we may apply lemma II.3.6 to 
omponents of U

n

, with F = �
 and G is the 
omplement

of f� = 0g [ fx 2 �
; � �N(x) = 0g. Therefore (3.50) leads to the following equation in

G,

(3:55) �

��

�t

= div

x

h

A�

�

�

i

+

1

2

div

�

�

�

r�

�

2

A� � � �

1

�

(rA)� � �

�

�

�

;
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whi
h is the transport equation along the hamiltonian ve
tor �eld asso
iated with the

wave symbol

1

2

�

�

2

�

1

�

A� ��

�

. The problem is that 
oeÆ
ients r�, rA are dis
ontinuous.

One 
an resolve this diÆ
ulty by means of the following elementary lemma.

Lemma II.3.7. Let b be a pie
ewise smooth ve
tor �eld on a domain D � R

N

with

interfa
e lo
alized on a hypersurfa
e S � D. We assume that the normal 
omponent of b

to S is 
ontinuous through S and does not vanish. Then, for every X

0

2 R

N

, there exists

a unique maximal solution to the di�erential equation

(3:56)

_

X(t) = b(X(t)) ; X(0) = X

0

;

interpreted in the distributional sense in the t variable. The maps G

t

: X

0

7! X(t)


onstitute a Lips
hitz lo
al 
ow on D, and, for every positive measure � on [0; T ℄� D

satisfying

(3:57)

8

>

>

>

<

>

>

>

:

��

�t

+ div(b�) = 0 on ℄0; T [�D;

�([0; T ℄� S) = 0

�j

t=0

� �

�

su
h that, 8X

0

2 supp(�

�

), G

t

(X

0

) exists for t 2 [0; T [, we have, for every t 2 [0; T [,

(3:58) �(t) � G

t

(�

�

) :

The proof of lemma II.3.7 is based on the observation that, if X

0

2 S, X(t) 
annot

stay in S sin
e b(X) is transverse to S. The whole proof is an easy adaptation of the

usual arguments for Lips
hitz ve
tor �elds and is left to the reader.

In order to apply lemma II.3.7 to our 
ontext, we need some information about

�j

t=0

, whi
h, as already observed, is the inverse Fourier transform of the weak limit of

the 
orrelation fun
tion 


n

at t = 0.

Denote by v

n;�

the solution to

(3:59)

8

>

>

>

>

>

<

>

>

>

>

>

:

��

2

t

�

n;+

� div(Arv

n;+

) = 0

v

n;+

(0; x) = P




�

1

p

h

n

'

�

x� x

n

h

n

�

�

�

t

v

n;+

(0; x) = 1




(x)

1

h

3=2

n

 

�

x� x

n

h

n

�

;

and set

(3:60) v

n;�

(t; x) = v

n;+

(t; x

0

) :

Then we have v

n

= v

n;+

� v

n;�

. Arguing as in proposition II.1.3, one proves easily that

the fun
tion �

n;+

de�ned by

(3:61) �

n;+

(k; `) = h

1=2

n

v

n;+

(h

n

k; x

n

+ h

n

`)


onverges strongly for the energy norm to the solution �

+

of

(3:62) �

+

= 0 ; �

+

j

k=0

= P




1

'; �

k

�

+

j

k=0

= 1




1

 ;
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lo
ally uniformly with respe
t to k. We have a similar result for v

n;�

and the 
or-

responding solution �

�

of �

�

= 0, so that

(3:63) v

n

(h

n

k; x) =

1

p

h

n

�

�

+

�

k;

x� x

n

h

n

�

� �

�

�

k;

x� x

0

n

h

n

�

�

+ o(1)

in the energy norm. Plugging (3.63) into (3.40) with t = 0, and passing to the limit as

n!1, we obtain, after a straightforward 
al
ulation,

(3:64) �

0

(x; �; �) = Æ(x� x

1

)

X

�

Æ(� � j�j)H

�

(�)d� ;

where

(3:64)

0

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

H

�

(�) =

1

2

�

�

�

�

^

 (�) � ij�j'̂(�)

�

�

�

2

+

�

�

�

^

 (j(�)) � ij�j'̂(j(�))

�

�

�

2

�

if 


1

= R

3

;

H

�

(�) =

1

2

�

�

�

�

\

1




1

 (�)�

\

1




1

 (j(�))e

2i���N

� i j�j

�

\

P




1

'(�)�

\

P




1

'(j(�)

�

e

2i���N

�

�

�

�

�

2

if 


1

= f� �N > �g :

In both 
ases, j = j

x

1

, N = N(x

1

).

We set �

0

(�; �) = 1 �

�

�N>0

P

�

Æ(� � j�j)H

�

(�)d�. Then an elementary 
al
ulation

yields (3.35).

Finally, we observe that, if

�

�

�N > 0, then G

t

(x

1

; �; �) =

�

x

1

�t

�

�

; �; �

�

stays above


 for t > 0, hen
e we 
an apply lemma 3.7 with

�

"

�

= 1 �

�

�N>"

�

0

for all ", and get �nally inequality (3.34). This 
ompletes the proof of lemma II.3.5. �

Now we 
ome ba
k to the proof of lemma II.3.6. We prove only formula (3.54), the

arguments for (3:54)

0

being similar. Up to 
utting o� fun
tions f

n

; g

n

, we may assume

that f

n

; g

n

are bounded in L

2

(R

d

). Let �

"

2 C

1

(R

d

) su
h that �

"

(x) = 1 for (x; F ) � ",

and �

"

(x) = 0 for d(x; F ) � 2". We denote by �

n

(y; z) the left hand side of (3.54). For

�xed ", we have, in S

0

(R

d

y

� R

d

z

),

(3:65) (1� �

2

"

(y))�

n

(y; z) *

n!1

z � (1� �

2

"

)kr

y

a

^

V

12

(y; z)

sin
e (1� �

2

"

)r

y

a is 
ontinuous.

On the other hand, for every k 2 S(R

d

� R

d

),

(3:66)

Z

k(y; z)�

2

"

(y)�

n

(y; z)dydz =

Z

k(y; z)

a

+

� a

�

h

n

(�

"

f

n

)

�

(�

"

g

n

)

+

dydz + o(1)

as n goes to in�nity. Let Q

n

be the operator of kernel

1

h

d

n

k

�

y+y

0

2

;

y�y

0

h

n

�

. Then (3.66)

reads as

(3:67)

Z

k�

2

"

�

n

dydz =

�

1

h

n

[a;Q

n

℄�

"

f

n

; �

"

g

n

�

L

2

:
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Choose q =

^

k 2 C

1

0

(G) and ~q 2 C

1

0

(G) su
h that ~q = 1 near supp(q). If

~

Q

n

denotes the

operator 
orresponding to ~q, the pseudodi�erential 
al
ulus implies

(3:68) Q

n

�Q

n

~

Q

n

= O(h

1

n

) in B(L

2

) :

On the other hand

Z

k�

2

"

�

n

dydz =

�

1

h

n

[a;Q

n

℄

~

Q

n

(�

"

f

n

); �

"

g

n

�

L

2

(3:69)

+

�

1

h

n

[a;Q

n

�Q

n

~

Q

n

℄�

"

f

n

; �

"

g

n

�

L

2

+

1

h

n

�

Q

n

[a;

~

Q

n

℄(�

"

f

n

); �

"

g

n

�

L

2

:

In the right hand side of (3.69), the �rst term is bounded by C jj

~

Q

n

(�

"

f

n

)jj

L

2
jj�

"

g

n

jj

L

2
,

the se
ond term goes to 0 in view of (3.68), while the third term is bounded by

jj�

"

f

n

jj

L

2

jjQ

�

n

(�

"

g

n

)jj

L

2

. Passing to the limit as n!1, we obtain

(3:70) lim

n!1

�

�

�

�

Z

k�

2

"

�

n

dydz

�

�

�

�

�

~

C sup(jqj+ j~qj)

�

Z

G

j�

"

j

2

d tr(V)

�

1=2

whi
h goes to 0 as " ! 0 in view of assumption (3.53). Combining (3.70) and (3.65)


ompletes the proof of lemma II.3.6. �

We 
lose this se
tion by indi
ating brie
y how to modify the above proof in order

to prove part b) in the 
ase x

1

2 �
. Denote by ~v

n

(t; z; r) the expression of v

n

in the

normal 
oordinates (3.37) near x

1

, and set

(3:71) w

n

(s; y) = "

1=2

n

~v

n

("

n

s; z

n

+ "

n

y

0

; "

n

y

3

) ;

where (z

n

; r

n

) are the normal 
oordinates of x

n

. Our goal will be attained if we prove

(3:72) jjw

n

(1)jj

L

6

y

����!

n!1

0 ;

whi
h we prove on
e again using Wigner measures 
orresponding to the s
ale Æ

n

=

h

n

"

n

.

Indeed, w

n

is solution to a wave equation

(3:73) �

n

�

2

t

w

n

� div(A

n

rw

n

) = 0 ;

where �

n

, A

n

are sequen
es of 
ontinuous pie
ewise smooth fun
tions of y with interfa
e

on fy

3

= 0g, and whi
h satisfy moreover

(3:74) j�

n

� 1j+ jA

n

� I j �! 0 ; jr�

n

j+ jrA

n

j �! 0

uniformly on 
ompa
t subsets.

Then one 
an 
opy formulae (3:40) ! (3:50) in this 
ontext, the limiting pro
ess

being mu
h simpli�ed by (3.74). One �nds that the Wigner measure _� asso
iated with

(r

s;y

w

n

) satis�es

(3:75) (�

2

� j�j

2

) _� = 0 ; (��

s

� � � �

y

) _� = 0 :
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Moreover the 
omputation of _�j

s=0


an be done similarly to formulae (3.59) ! (3.63).

This allows one to 
on
lude as before, using 
onservation of energy and the 
on
entration-


ompa
tness prin
iple. We leave the easy details to the reader. �

Remark II.3.8. An alternative strategy in order to deal with measures of solutions to

the Diri
hlet problem for the wave equation 
ould be to use measures on the Melrose


ompressed 
otangent bundle as introdu
ed by Lebeau in [Le1℄ (see also the re
ent paper

by Burq-Lebeau [BuL℄).

III. The linear equation

The aim of this se
tion is to prove theorem 1 stated in the introdu
tion. For the


onvenien
e of the reader, let us re
all the statement. We 
onsider a sequen
e (v

n

) of

�nite energy solutions to the following problem :

(

v

n

= 0 in R

t

� 
 ; v

n

j

R

t

��


= 0

(v

n

; �

t

v

n

)j

t=0

= ('

n

;  

n

) ;

where ('

n

;  

n

) is bounded in E(
), and 
ompa
t at in�nity (see the introdu
tion,

equation (8)). We shall prove that up to an extra
tion, v

n


an be de
omposed as follows :

(1) v

n

(t; x) = v(t; x) +

`

X

j=1

p

(j)

n

(t; x) + w

(`)

n

(t; x) ;

where v is the weak limit of v

n

, and where the p

(j)

n

's and w

(`)

n

satisfy the following

properties :

� p

(j)

n

is the linear 
on
entrating wave asso
iated with 
on
entrating data

�

'

(j)

;  

(j)

; h

(j)

n

; x

(j)

n

; t

(j)

n

�

, where if j 6= k,

�

�

�

�

log

�

h

(j)

n

h

(k)

n

�

�

�

�

�

����!

n!1

1 or h

(j)

n

= h

(k)

n

and

�

�

(x

(j)

n

; t

(j)

n

)� (x

(k)

n

; t

(k)

n

)

�

�

h

(j)

n

����!

n!1

1 :

� The remainder w

(`)

n

satis�es, for every T > 0

(2) lim

n!1

jjw

(`)

n

jj

L

1

([�T;T ℄;L

6

(
))

����!

`!1

0;

� The energies are orthogonal, in the following sense :

(3) E

0

(v

n

) = E

0

(v) +

`

X

j=1

E

0

(p

(j)

n

) +E

0

(w

(`)

n

) + o(1) ; n!1 :

Without loss of generality we 
an suppose that the initial data satis�es

(4) ('

n

;  

n

) *

n!1

(0; 0) in E(
) ;

hen
e that v � 0.

The stru
ture of the proof is as follows : in the �rst part, we extra
t the s
ales h

(j)

n

of


on
entration, using results proved in [G2℄. In the se
ond part, we 
onsider a �xed s
ale
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h, and de
ompose a stri
tly h�os
illatory fun
tion into a sum of 
on
entrating waves,

with data at time t

(j)

h


on
entrated at a point x

(j)

h

, and satisfying the properties required

in the theorem. The 
ombination of both steps yields the result.

III.1. Extra
tion of s
ales

Let us prove the following proposition.

Proposition III.1. Under the assumptions of theorem 1, the fun
tion v

n


an, up to an

extra
tion, be de
omposed in the following way : for any ` 2 N

�

,

(1:1) v

n

(t; x) =

`

X

j=1

v

(j)

n

(t; x) + �

(`)

n

(t; x) ;

where ea
h v

(j)

n

is a stri
tly (h

(j)

n

)�os
illatory solution of the linear wave equation in 
,

where h

(j)

n

����!

n!1

0, and where

(1:2)

�

�

�

log

h

(j)

n

h

(k)

n

�

�

�

����!

n!1

+1 if j 6= k :

Moreover, we have, for every T > 0,

(1:3) lim

n!1

jj�

(`)

n

jj

L

1

([�T;T ℄;L

6

(
))

����!

`!1

0

as well as

(1:4) E

0

(v

n

) =

`

X

j=1

E

0

(v

(j)

n

) +E

0

(�

(`)

n

) + o(1) ; n!1

and

(1:5) 8j 6= k ; jjv

(j)

n

v

(k)

n

jj

L

1

(R

t

;L

3

(
))

����!

n!1

0 :

Proof of the proposition. The proof is an adaptation of [G2℄, using the

propagation of h�os
illation proved in proposition II.2.6. Indeed, the fun
tions r'

n

and  

n

are bounded in L

2

(R

3

), hen
e 
an be (see [G2℄) de
omposed in the following way,

up to the extra
tion of a subsequen
e :

8` 2 N

�

; ('

n

;  

n

) =

`

X

j=1

('

(j)

n

;  

(j)

n

) + (�

(`)

n

;	

(`)

n

) ;

where the '

(j)

n

's and the  

(j)

n

's are stri
tly (h

(j)

n

)�os
illatory, h

(j)

n

����!

n!1

0, and where

(1:6) lim

n!1

�

jjr�

(`)

n

jj

_

B

0

2;1

+ jj	

(`)

n

jj

B

0

2;1

�

����!

`!1

0 :

Let us re
all that for any fun
tion f ,

(1:7) jjf jj

_

B

0

2;1

def

= sup

k2Z

�

Z

2

k

�j�j�2

k+1

j

^

f(�)j

2

d�

�

1=2

;
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where

^

f is the Fourier transform of f .

Moreover we have the orthogonality property :

8` 2 N

�

; jj('

n

;  

n

)jj

2

E

=

`

X

j=1

jj('

(j)

n

;  

(j)

n

)jj

2

E

+ jj(�

(`)

n

;	

(`)

n

)jj

2

E

+ o(1) ; n!1

and h

(j)

n

is orthogonal to h

(k)

n

for all j 6= k, in the sense that

(1:8)

�

�

�

log

h

(j)

n

h

(k)

n

�

�

�

����!

n!1

1 if j 6= k :

Now we know from proposition II.2.6, that stri
t (h

n

)�os
illation is propagated by

the wave equation in 
. That implies that, up to the extra
tion of a subsequen
e, we 
an

write

(1:9) v

n

(t; x) =

`

X

j=1

v

(j)

n

(t; x) + �

(`)

n

(t; x) ;

where ea
h v

(j)

n

is stri
tly (h

(j)

n

)�os
illatory, satis�es the equation

(1:10)

(

v

(j)

n

= 0 in R

t

� 
 ; v

(j)

n

j

R

t

��


= 0

(v

(j)

n

; �

t

v

(j)

n

)j

t=0

= ('

(j)

n

;  

(j)

n

) ;

and 
onservation of energy yields

(1:11) E

0

(v

n

) =

`

X

j=1

E

0

(v

(j)

n

) +E

0

(�

(`)

n

) + o(1) ; n!1 :

Now let us prove that for any T > 0,

(1:12) lim

n!1

jj�

(`)

n

jj

L

1

([�T;T ℄;L

6

(
))

����!

`!1

0 :

Let " > 0 be �xed. A

ording to (1.6), we have for ` large enough,

(1:13) lim

n!1

�

jjr�

(`)

n

jj

_

B

0

2;1

+ jj	

(`)

n

jj

_

B

0

2;1

�

� ":

Now let (h

n

) be a sequen
e of s
ales, and let (r

~

�

(`)

n

;

~

	

(`)

n

) be the stri
tly (h

n

)�os
illatory


omponent of (r�

(`)

n

;	

(`)

n

). A

ording to [BG1℄, equality (3.14), we get from (1.13) that

(1:14) lim

n!1

�

jjr

~

�

(`)

n

jj

L

2

(R

3

)

+ jj

~

	

(`)

n

jj

L

2

(R

3

)

�

� C ";

where C is a universal 
onstant.

Now we use 
orollary II.2.7 : we infer that for ` large enough, for any sequen
e

(h

n

) of s
ales and (t

n

) of real numbers, the stri
tly (h

n

)�os
illatory 
omponent of

(r�

(`)

n

(t

n

); �

t

�

(`)

n

(t

n

)), noted (

~

f

(`)

n

; ~g

(`)

n

), satis�es by 
onservation of energy

(1:15) lim

n!1

�

jj

~

f

(`)

n

jj

L

2

(R

3

)

+ jj~g

(`)

n

jj

L

2

(R

3

)

�

� C ":
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Using again [BG1℄, equality (3.14), we infer that

(1:16) lim

n!1

jjr�

(`)

n

jj

L

1

(R;

_

B

0

2;1

)

����!

`!1

0 ::

Now it is just a matter of using the re�ned Sobolev inequality proved in [GMO℄ (see also

[BG1℄), whi
h states that

(1:17) 8f ; jjf jj

L

6

(R

3

)

� C jjrf jj

1=3

L

2

(R

3

)

jjrf jj

2=3

_

B

0

2;1

;

whi
h proves (1.12).

We are �nally left with the proof of the orthogonality property (1.5). It is due to

the following lemma.

Lemma III.2. Let h

n

and

~

h

n

be two orthogonal s
ales, and let (f

n

) and (

~

f

n

), be two

sequen
es su
h that rf

n

(resp. r

~

f

n

) is stri
tly (h

n

) (resp.

~

h

n

)�os
illatory. Then we have

(1:18) lim

n!1

jjf

n

~

f

n

jj

L

3

(R

3

)

= 0 ::

Proof of the lemma. We suppose for instan
e that

~

h

n

h

n

����!

n!1

0. Let us start by

assuming that the Fourier transforms of f

n

and

~

f

n

are both lo
alized in a ring of R

3

, of

the type

(1:19) C

n

= f� 2 R

3

j a � h

n

j�j � bg ; b > a > 0 :

Then we have, by Hausdor�-Young's inequality,

jjf

n

~

f

n

jj

L

3

(R

3

)

� C jj

^

f

n

�

b

~

f

n

jj

L

3=2

(R

3

)

� C jj

^

f

n

jj

L

1

(R

3

)

jj

b

~

f

n

jj

L

3=2

(R

3

)

;

whi
h implies that

jjf

n

~

f

n

jj

L

3

(R

3

)

� C

�

1

h

n

�

3=2

jjf

n

jj

L

2

(R

3

)

�

1

~

h

n

�

1=2

jj

~

f

n

jj

L

2

(R

3

)

� C

~

h

1=2

n

h

1=2

n

;

sin
e jjf

n

jj

L

2

(R

3

)

� a

�1

h

n

jjrf

n

jj

L

2

(R

3

)

by the spe
tral lo
alization assumption on f

n

,

and similarly for

~

f

n

. So the result is proved in that 
ase.

If f

n

(resp.

~

f

n

) is not spe
trally lo
alized, then the stri
t (h

n

)�os
illatory assumption

enables one to approximate f

n

by f

Æ

n

with

(1:20) lim

n!1

jjr(f

n

� f

Æ

n

)jj

L

2

(R

3

)

� Æ ;

and supp

^

f

Æ

n

� C

n

. Then it is just a matter of using H�older's and Sobolev's inequalities,

whi
h yield

jj(f

n

� f

Æ

n

)

~

f

n

jj

L

2

(R

3

)

� jjf

n

� f

Æ

n

jj

L

6

(R

3

)

jj

~

f

n

jj

L

6

(R

3

)

� C Æ jjr

~

f

n

jj

L

2

(R

3

) ;
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and the lemma is proved, and with it, proposition III.1. �

III.2. Extra
tion of times and 
ores of 
on
entration

Ea
h fun
tion v

(j)

n

obtained in the previous se
tion is going to be de
omposed into

a sum of orthogonal 
on
entrating waves. To simplify the notation, we shall 
onsider a

stri
tly h�os
illatory family of fun
tions, noted v

h

(t; x).

Proposition III.3. Let v

h

be a stri
tly h�os
illatory family of fun
tions. Then up to

an extra
tion, there exist linear 
on
entrating waves p

(k)

h

, asso
iated with 
on
entrating

data ('

(k)

;  

(k)

; h; x

(k)

h

; t

(k)

h

), su
h that for any ` 2 N

�

, and up to a subsequen
e,

(2:1) v

h

(t; x) =

`

X

k=1

p

(k)

h

(t; x) + w

(`)

h

(t; x);

(2:2) 8j 6= k ;

j(x

(j)

h

; t

(j)

h

)� (x

(k)

h

; t

(k)

h

)j

h

����!

h!0

+1 ;

(2:3) E

0

(v

h

) =

`

X

k=1

E

0

(p

(k)

h

) +E

0

(w

(`)

h

) + o(1) ; h! 0;

(2:4) 8T > 0 ; lim

h!0

jjw

(`)

h

jj

L

1

([�T;T ℄;L

6

(
))

����!

`!1

0 :

Remark III.4. It is 
lear that proposition III.3, 
ombined with proposition III.1, proves

theorem 1.

Proof of the proposition. The proof is inspired by the method introdu
ed in

[MS℄. Let us start by de�ning some notation. For any sequen
e (x

(k)

h

; t

(k)

h

), we de�ne the

operator D

(k)

h

, whi
h a
ts on any f de�ned on R

t

� R

3

in the following way :

(2:5) D

(k)

h

f(y)

def

=

�

h

1=2

f(t

(k)

h

; x

(k)

h

+ hy); h

3=2

�

t

f(t

(k)

h

; x

(k)

h

+ hy)

�

:

If f satis�es the linear wave equation in 
, then we de�ne the fun
tion

(2:6) W

(k)

h

f(s; y)

def

= h

1=2

f(t

(k)

h

+ hs; x

(k)

h

+ hy) ;

whi
h satis�es the linear wave equation in

(2:7) 


(k)

1=h

def

=


� x

(k)

h

h

;

and we have (W

(k)

h

f; �

s

W

(k)

h

f)j

s=0

= D

(k)

h

f . Finally, we de�ne the exhaustion fun
tion

Æ by

8u

def

= (u

h

)

h>0

; Æ(u)

def

= sup

x;t

n

jjr'jj

2

L

2

(R

3

)

+ jj jj

2

L

2

(R

3

)

;(2:8)

D

h

u

h

* (';  ); up to a subsequen
e

o

:
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Let us prove the following result.

Lemma III.5. For any bounded energy sequen
e (u

h

)

h>0

of fun
tions, we have

(2:9) 8T > 0 ; lim

h!0

jju

h

jj

L

1

([�T;T ℄;L

6

(R

3

))

� CÆ(u)

1=3

lim

h!0

E

0

(u

h

)

1=6

:

Proof of the lemma. It is based on the result proved in [G2℄ ; let t

h

be an

arbitrary sequen
e of real numbers, and let us write, up to an extra
tion and a

ording

to [G2℄, proposition 4.1,

(2:10) u

h

(t

h

; x) =

`

X

j=1

1

h

1=2

'

(j)

�

x� x

(j)

h

h

�

+W

(`)

h

(x) ; 8` 2 N

�

;

with, 8` 2 N

�

,

(2:11) E

0

(u

h

) =

`

X

j=1

E

0

('

(j)

) +E

0

(W

(`)

h

) + o(1) ; h! 0 ;

and

(2:12) lim

h!1

jjW

(`)

h

jj

L

6

(R

3

)

����!

`!1

0 :

It is easy to see that up to an extra
tion (see [G2℄, remark 1.2 b),

(2:13) lim

h!0

jju

h

(t

h

; �)jj

6

L

6

(R

3

)

=

1

X

j=1

jj'

(j)

jj

6

L

6

(R

3

)

;

and also

(2:14) lim

h!0

jjru

h

(t

h

; �)jj

2

L

2

(R

3

)

�

1

X

j=1

jjr'

(j)

jj

2

L

2

(R

3

)

:

By the embedding of

_

H

1

(R

3

) into L

6

(R

3

), we get

lim

h!0

jju

h

(t

h

; �)jj

6

L

6

(R

3

)

� C lim

h!0

jjru

h

(t

h

; �)jj

2

L

2

(R

3

)

sup

j

jjr'

(j)

jj

4

L

2

(R

3

)

� C lim

h!0

E

0

(u

h

)Æ(u

h

)

2

:

The lemma is proved. �

Let us now pro
eed to the extra
tion of the x

(k)

h

's and t

(k)

h

's : we 
an suppose that

Æ(v) > 0, otherwise lemma III.5 shows that there is nothing to be proved. Now let us


hoose ('

(1)

;  

(1)

) 2

_

H

1

� L

2

(R

3

) and (x

(1)

h

; t

(1)

h

)

h>0

su
h that

(2:15) jjr'

(1)

jj

2

L

2

(R

3

)

+ jj 

(1)

jj

2

L

2

(R

3

)

�

1

2

Æ(v) ;

and

(2:16) D

(1)

h

v

h

*

h!0

('

(1)

;  

(1)

) :
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Then p

(1)

h

is the linear 
on
entrating pro�le asso
iated with ('

(1)

;  

(1)

; h; x

(1)

h

; t

(1)

h

).

Lemma III.6. Let W

(1)

h

def

= v

h

� p

(1)

h

. Then

E

0

(v

h

) = E

0

(p

(1)

h

) +E

0

(w

(1)

h

) + o(1) ; h! 0 :

Proof of the lemma. It is an easy 
omputation. Let B be the bilinear form

asso
iated with the energy :

(2:17) B(a; b)

def

=

Z




�

�

t

a � �

t

b(x) +ra � rb(x)

�

dx:

All we need to prove is that

(2:18) B(v

h

; p

(1)

h

) = E

0

(p

(1)

h

) + o(1) ; h! 0 ;

whi
h is a straightforward 
onsequen
e of 
onservation of energy 
ombined with propo-

sition II.1.1 and lemma II.1.2. �

Now the expansion of v

h

given in proposition III.3 follows by indu
tion : let us

suppose that

(2:19) v

h

(t; x) =

K

X

k=1

p

(k)

h

(t; x) + w

(K)

h

(t; x) ;

where

(2:20) E

0

(v

h

) =

K

X

k=1

E

0

(p

(k)

h

) +E

0

(w

(k)

h

) + o(1) ; h! 0 ;

and where p

(k)

h

is a linear 
on
entrating wave, asso
iated with data ('

(k)

;  

(k)

; h; x

(k)

h

; t

(k)

h

)

where the (x

(k)

h

; t

(k)

h

)

k�K

are orthogonal :

(2:21) 8j 6= k ; (j; k) 2 f1; : : : ;Kg

2

;

j(x

(k)

h

; t

(k)

h

)� (x

(j)

h

; t

(j)

h

)j

h

����!

h!0

1 :

Exa
tly as previously, we 
an suppose that Æ(w

(k)

) > 0, and we 
an de�ne

('

(K+1)

;  

(K+1)

; x

(K+1)

h

; t

(K+1)

h

) su
h that

(2:22) jjr'

(k+1)

jj

2

L

2

+ jj 

(k+1)

jj

2

L

2

�

1

2

Æ(w

(K)

) ;

(2:23) D

(K+1)

h

W

(K)

h

*

h!0

('

(K+1)

;  

(K+1)

) ;

and p

(K+1)

h

is the linear 
on
entrating wave asso
iated with the data

('

(K+1)

;  

(K+1)

; h; x

(K+1)

h

; t

(K+1)

h

).

Then lemma III.6 applied to w

(K)

h

and p

(K+1)

h

implies that

(2:24) E

0

(w

(K)

h

) = E

0

(p

(K+1)

h

) +E

0

(w

(K+1)

h

) + o(1) ; h! 0 ;
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where w

(K+1)

h

= w

(K)

h

� p

(K+1)

h

; hen
e to 
on
lude the proof of the proposition, all we

need is to prove the orthogonality of (x

(K+1)

h

; t

(K+1)

h

) and (x

(j)

h

; t

(j)

h

) for j � K, as well

as the fa
t that for any T > 0,

(2:25) lim

h!0

jjw

(K)

h

jj

L

1

([�T;T ℄;L

6

(
))

����!

K!1

0 :

The latter fa
t is due to lemma III.6 whi
h yields, with 
onservation of energy,

(2:26) E

0

(v

h

) =

K

X

k=1

�

jjr'

(k)

jj

2

L

2

+ jj 

(k)

jj

2

L

2

�

+E

0

(w

(K)

h

) + o(1) ; h! 0 :

In turn that implies that

(2:27) E

0

(v

h

) =

1

X

k=1

�

jjr'

(k)

jj

2

L

2

+ jj 

(k)

jj

2

L

2

�

+E

0

(w

h

) + o(1) ; h! 0 ;

where we repla
ed K by a sequen
e K

h

����!

h!1

1.

So in parti
ular, the series of general term jjr'

(k)

jj

2

L

2

+ jj 

(k)

jj

2

L

2


onverges. But by

de�nition of ('

(k)

;  

(k)

) in (2.22), we have

(2:28) Æ(w

(k)

) � 2

�

jjr'

(k+1)

jj

2

L

2

+ jj 

(k+1)

jj

2

L

2

�

:

That implies that

(2:29) lim

K!1

Æ(w

(K)

) = 0 ;

and lemma III.5 yields the result : we have

(2:30) lim

h!0

jjw

(K)

h

jj

L

1

([�T;T ℄;L

6

(
))

����!

K!1

0 :

Finally we are left with the proof of the orthogonality of the 
on
entration 
ores x

(k)

h

and

times t

(k)

h

. In the following, 
onsidering two families (z

(j)

h

)

h>0

and (z

(k)

h

)

h>0

of elements

of R

d

, d � 1, we shall write z

(j)

h

?

h

z

(k)

h

if

jz

(j)

h

�z

(k)

h

j

h

����!

h!0

1, and symmetri
ally, we

will write z

(j)

h

6?

h

z

(k)

h

if

jz

(j)

h

�z

(k)

h

j

h

����!

h!0

� 2 R

+

.

Let us prove the following result

Lemma III.7. Let fj; j

0

g 2 f1; : : : ;Kg

2

be su
h that

(x

(j)

h

; t

(j)

h

) 6?

h

(x

(K+1)

h

; t

(K+1)

h

) and (x

(j)

h

; t

(j)

h

) ?

h

(x

(j

0

)

h

; t

(j

0

)

h

) :

Then W

(j)

h

w

(K+1)

h

and W

(j)

h

p

(j

0

)

h

go weakly to zero in the energy spa
e, as h goes to zero

(see (2.6) for the de�nition of W

(j)

h

).

Proof of the lemma. Let us start by 
onsidering the 
ase of W

(j)

h

w

(K+1)

h

. By

assumption, there exist �

h

2 R and �

h

2 R

3

su
h that

(2:31) t

(j)

h

= t

(K+1)

h

+ �

h

h; x

(j)

h

= x

(K+1)

h

+ �

h

h;
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and �

h

����!

h!0

� 2 R, �

h

����!

h!0

� 2 R

3

. By de�nition of W

(j)

h

w

(K+1)

h

given in (2.6), we

have

(2:32) W

(j)

h

w

(K+1)

h

(s; y) = h

1=2

w

(K+1)

h

(t

(j)

h

+ hs; x

(j)

h

+ hy) ;

so W

(j)

h

w

(K+1)

h

satis�es the following equation :

(2:33)

8

<

:

W

(j)

h

w

(K+1)

h

= 0 in R

s

� 


(j)

1=h

; W

(j)

h

w

(K+1)

h

j

R

s

��


(j)

1=h

= 0

�

W

(j)

h

w

(K+1)

h

; �

s

W

(j)

h

w

(K+1)

h

�

j

s=0

= D

(j)

h

w

(K+1)

h

:

Now let us de�ne

(2:34) ~w

(j;K+1)

h

(s; y)

def

= W

(j)

h

w

(K+1)

h

(s� �; y � �

h

) :

Then (2.33) be
omes

(2:35)

8

<

:

~w

(j;K+1)

h

= 0 in R

s

� 


(K+1)

1=h

; ~w

(j;K+1)

h

j

R

s

��


(K+1)

1=h

= 0

�

~w

(j;K+1)

h

; �

s

~w

(j;K+1)

h

�

j

s=���

h

= D

(K+1)

h

w

(K+1)

h

:

Now it is just a matter of using proposition II.1.3 : we know, by de�nition, that

(2:36) D

(K+1)

h

w

(K+1)

h

*

h!0

(0; 0) in E(
) ;

whi
h implies that

(2:37) W

(j)

h

w

(K+1)

h

(� � �; � � �

h

)* 0

in the energy spa
e, so the result is proved for W

(j)

h

w

(K+1)

h

.

Now let us study the 
ase of W

(j)

h

p

(j

0

)

h

: we have by de�nition,

(2:38) W

(j)

h

p

(j

0

)

h

(s; y) = h

1=2

p

(j

0

)

h

(t

(j)

h

+ hs; x

(j)

h

+ hy) :

But by de�nition of p

(j

0

)

h

, proposition II.3.1 implies that

(2:39) lim

h!0

jjp

(j)

h

(t

(j)

h

+ hs; �)jj

L

6

(R

3

)

= 0 ; 8s 2 R ;

whi
h after res
aling yields

(2:40) lim

h!0

jjW

(j)

h

p

(j

0

)

h

(s; �)jj

L

6

(R

3

)

= 0 ; 8s 2 R ;

whi
h the expe
ted result W

(j)

h

p

(j

0

)

h

, in the 
ase of time-orthogonality.

Now let us 
onsider the 
ase where t

(j)

h

6?

h

t

(j

0

)

h

. It is enough to prove that

(2:41) D

(j)

h

p

(j

0

)

h

* (0; 0) :
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So let (g

1

; g

2

) 2 (C

1

0

(R

3

))

2

. By time-equi
ontinuity, we 
an suppose to simplify that

t

(j)

h

= t

(j

0

)

h

. Then we have

Z

R

3

D

(j)

h

p

(j

0

)

h

(y) � (g

1

; g

2

)(y)dy =

Z

R

3

P




(j)

1=h

'

(j

0

)

�

y +

x

(j)

h

� x

(j

0

)

h

h

�

g

1

(y)dy

+

Z

R

3

1




(j)

1=h

 

(j

0

)

�

y +

x

(j)

h

� x

(j

0

)

h

h

�

g

2

(y)dy

=

Z

R

3

P




(j

0

)

1=h

'

(j

0

)

(z)g

1

�

z �

x

(j)

h

� x

(j

0

)

h

h

�

dz

+

Z

R

3

1




(j

0

)

1=h

(z) 

(j

0

)

(z)g

2

�

z �

x

(j)

h

� x

(j

0

)

h

h

�

dz ;

and (2.41) follows from the fa
t that g

1

and g

2

are 
ompa
tly supported. �

Now we are ready to prove the orthogonality result : let us de�ne

(2:42) j

K

= max

n

j 2 f1; : : : ;Kg j (t

(j)

h

; x

(j)

h

) 6?

h

(t

(K+1)

h

; x

(K+1)

h

)

o

;

supposing su
h an index exists.

Lemma III.7 implies that

(2:43) W

(j

K

)

h

w

(K+1)

h

* 0 :

We may suppose that t

(j

K

)

h

= t

(K+1)

h

and x

(j

K

)

h

= x

(K+1)

h

. Then

(2:44) W

(j

K

)

h

p

(K+1)

h

(y) =W

(K+1)

h

p

(K+1)

h

(y) :

Whi
h implies that W

(j

K

)

h

p

(K+1)

h

has a weak limit whi
h is not zero. But by de�nition

of w

(j

K

)

h

, we have

(2:45) w

(j

K

)

h

=

K+1

X

k=j

K

+1

p

(k)

h

+ w

(K+1)

h

;

so we infer from (2.36) and (2.43) that

(2:46) W

(j

K

)

h

�

K+1

X

k=j

K

+1

p

(k)

h

�

*

h!0

0 :

If j

K

= K, the 
ontradi
tion is obvious. If not, the de�nition of j

K

and lemma III.7

imply that W

(j

K

)

h

�

K

P

k=j

K

+1

p

(k)

h

�

goes weakly to 0, whi
h 
ontradi
ts (2.46) and (2.44).

So proposition III.3 is proved, along with theorem 1. �

IV. The nonlinear equation

IV.1. Proof of theorem 2
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To simplify the notation, we shall 
onsider 
on
entrating data (';  ; h; x

h

; t

h

), h > 0,

and we shall only deal with the 
ase

t

h

h

����!

h!0

+1 ; the other 
ases are similar and left

to the reader. Re
all that the fun
tion p

h

solves

(1:1)

8

>

<

>

:

p

h

= 0 in R

t

� 
 ; p

h

j

R

t

��


= 0

(p

h

; �

t

p

h

)j

t=t

h

(x) =

�

1

h

1=2

P




�

'

�

x� x

h

h

��

;

1

h

3=2

1




(x) 

�

x� x

h

h

�

�

:

Introdu
e the following nonlinear wave :

(1:2)

(

q

h

+ jq

h

j

4

q

h

= 0 in R

t

� 
 ; q

h

j

R

t

��


= 0

(q

h

; �

t

q

h

)j

t=0

= (p

h

; �

t

p

h

)j

t=0

;

and 
all P

h

the fun
tion (noted W

h

p

h

in se
tion III)

(1:3) P

h

(s; y)

def

= h

1=2

p

h

(t

h

+ hs; x

h

+ hy) ;

whi
h satis�es the linear wave equation in 


1=h

def

=


�x

h

h

. As seen in se
tion II.1, the

domain 


1=h


onverges, as h goes to zero, towards a limit domain 


1

, and we will denote

P the solution of the linear wave equation in 


1

:

(1:4)

(

P = 0 in R

s

� 


1

; P j

R

s

��


1

= 0

(P; �

s

P )j

s=0

= (P




1

';1




1

 ) :

Then we 
an asso
iate with P the following nonlinear equation :

(1:5)

(

Q

�

+ jQ

�

j

4

Q

�

= 0 in R

s

� 


1

; Q

�

j

R

s

��


1

= 0

(Q

�

; �

s

Q

�

)j

s=��

= (P; �

s

P )j

s=��

;

where � is a positive real number. We 
all q

�

h

the asso
iate res
aled fun
tion

(1:6) q

�

h

(t; x)

def

=

1

h

1=2

Q

�

�

t� t

h

h

;

x� x

h

h

�

:

Finally, let us de�ne S




1

def

= P




1

SR




1

, with the notation of de�nition I.6. De�ne the

solution

~

P

h

of the following equation :

(1:7)

(

~

P

h

= 0 in R

s

� 


1=h

;

~

P

h

j

R

s

��


1=h

= 0

(

~

P

h

�

s

~

P

h

)j

s=0

= S




1

(P




1

';1




1

 ) ;

and set

(1:8) ~p

h

(t; x)

def

=

1

h

1=2

~

P

h

�

t� t

h

h

;

x� x

h

h

�

:

This se
tion is devoted to the proof of the following results :

(1:9) lim

h!0

�

sup

�T�t�t

h

��h

E

0

(p

h

� q

h

; t)

1=2

+ jjp

h

� q

h

jj

L

5

([�T;t

h

��h℄;L

10

(
))

�

����!

�!1

0;

(1:10) lim

h!0

jjjq

h

� q

�

h

jjj

I

�

h

����!

�!1

0;
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(1:11) lim

h!0

�

sup

t

h

+�h�t�T

E

0

(~p

h

� q

h

; t)

1=2

+ jj~p

h

� q

h

jj

L

5

([t

h

+�h;T ℄;L

10

(
))

�

����!

�!1

0 ;

where T > 0 is arbitrary, and where we have de�ned

(1:12) jjjf jjj

I

�

h

def

= sup

t

h

��h�t�t

h

+�h

E

0

(f; t)

1=2

+ jjf jj

L

5

([t

h

��h;t

h

+�h℄;L

10

(R

3

))

:

The proof of (1.9){(1.11) obviously yields theorem 2.

Proof of (1.9). The result is due to a straightforward adaptation of the linearization

theorem of [G1℄ to the 
ase of an open domain, sin
e proposition II.3.1 implies that

(1:13) lim

h!0

jjp

h

jj

L

1

([�T;t

h

��h℄;L

6

(
))

����!

�!1

0 :

We omit the details, as they are 
ontained in [G1℄, se
tion 3.

Proof of (1.10).We shall separate the proof into two parts : let us start by de�ning

Q

�

h

, the solution of

(1:14)

(

Q

�

h

+ jQ

�

h

j

4

Q

�

h

= 0 in R

s

� 


1=h

; Q

�

h

j

R

s

��


1=h

= 0

(Q

�

h

; �

s

Q

�

h

)j

s=��

= (P

h

; �

s

P

h

)j

s=��

;

where P

h

was de�ned in (1.3). We shall start by proving that

(1:15) lim

h!0

jjjQ

�

h

�Q

�

jjj

�

= 0 ; 8� 2 R ;

where similarly to (1.12), we have de�ned

(1:16) jjjf jjj

�

def

= sup

s2[��;�℄

E

0

(f; s)

1=2

+ jjf jj

L

5

([��;�℄;L

10

(R

3

))

:

Let us start by noti
ing that Q

�

h


onverges weakly towards Q

�

, as h goes to zero,

by similar arguments to those leading to proposition II.1.3. Then 
onservation of energy

yields the strong 
onvergen
e in the energy spa
e, so we are left, to obtain (1.15), with

the proof of

(1:17) lim

h!0

jjQ

�

h

�Q

�

jj

L

5

([��;�℄;L

10

(R

3

))

= 0 ; 8�:

H�older's inequality enables us to write that

jjQ

�

h

�Q

�

jj

5

L

5

([��;�℄;L

10

(R

3

))

(1:18)

� jjQ

�

h

�Q

�

jj

L

1

([��;�℄;L

6

(R

3

))

jjQ

�

h

�Q

�

jj

4

L

4

([��;�℄;L

12

(R

3

))

:

ButQ

�

andQ

�

h

both satisfy Stri
hartz' estimate, so (1.18) be
omes, using the 
onvergen
e

to zero in the energy spa
e,

jjQ

�

h

�Q

�

jj

5

L

5

([��;�℄;L

10

(R

3

))

� C "

�

(h)

�

jj(';  )jj

2

E

+ jjQ

�

jj

20

L

5

([��;�℄;L

10

(R

3

))

(1:19)

+jjQ

�

h

jj

20

L

5

([��;�℄;L

10

(R

3

))

�

:
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where "

�

(h) satis�es

(1:20) "

�

(h) ����!

h!0

0 ; 8� 2 R :

It is easy to see, by res
aling in time, that the 
onstant C appearing in (1.19) does not

depend on �, nor on h, provided h� is bounded.

So �nally we obtain

jjQ

�

h

�Q

�

jj

5

L

5

([��;�℄;L

10

(R

3

))

� C "

�

(h)

�

jj(';  )jj

2

E

+ jjQ

�

jj

20

L

5

([��;�℄;L

10

(R

3

))

(1:21)

+jjQ

�

h

�Q

�

jj

20

L

5

([��;�℄;L

10

(R

3

))

�

;

and we 
on
lude by superlinear bootstrap (see for instan
e [BG1℄, lemma 2.2) : (1.17) is

proved. Now we are left with the proof of the following limit :

(1:22) lim

h!0

jjjQ

h

�Q

�

h

jjj

�

����!

�!1

0 ;

where

(1:23) Q

h

(s; y)

def

= h

1=2

q

h

(t

h

+ hs; x

h

+ hy) :

Let us de�ne R

�

h

def

= Q

h

�Q

�

h

, whi
h satis�es the following equation :

(1:24)

8

>

<

>

:

R

�

h

+ jR

�

h

+Q

�

h

j

4

(R

�

h

+Q

�

h

)� jQ

�

h

j

4

Q

�

h

= 0 in R

s

� 


1=h

R

�

h

j

R

s

��


1=h

= 0

(R

�

h

; �

s

R

�

h

)j

s=��

= (Q

h

; �

s

Q

h

)j

s=��

� (P

h

; �

s

P

h

)j

s=��

:

The method of proof of (1.22) follows 
losely [BG2℄. Equation (1.9) implies that

(1:25) lim

h!0

E

0

(R

�

h

;��) ����!

�!+1

0 ;

so by Stri
hartz' estimate, we have for any T

0

> ��,

jjR

�

h

jj

L

5

([��;T

0

℄;L

10

(R

3

))

(1:26)

� C

�

"(�; h) +

5

X

j=1

jj(R

�

h

)

j

(Q

�

h

)

5�j

jj

L

1

([��;T

0

℄;L

2

(R

3

))

�

� C

�

"(�; h) +

5

X

j=1

jjR

�

h

jj

j

L

5

([��;T

0

℄;L

10

(R

3

))

jjQ

�

h

jj

5�j

L

5

([��;T

0

℄;L

10

(R

3

))

�

;

where lim

h!0

"(�; h) ����!

�!+1

0.

Now a

ording to (1.17), we 
an repla
e Q

�

h

by Q

�

in (1.26). Moreover, it is easy to

see that Q

�


onverges, as � goes to in�nity, both in energy and in Stri
hartz norms, to

Q

�

solution of

(1:27)

8

<

:

Q

�

+ jQ

�

j

4

Q

�

= 0 in R

s

� 


1

; Q

�

j

R

s

��


1

= 0

E

0

(Q

�

� P; s) ����!

s!�1

0 :
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Sin
e 


1

is either ;, R

3

or a half-spa
e, we know from [BS℄ that Q

�

is an element of

L

5

(R; L

10

(


1

)). So we 
an 
hoose � and jT

0

j large enough so that jjQ

�

jj

L

5

([��;T

0

℄;L

10

(R

3

))

is small enough, and we infer by superlinear bootstrap that

(1:28) lim

h!0

jjR

�

h

jj

L

5

([��;T

0

℄;L

10

(R

3

))

����!

�!1

0 :

The rest of the proof is a simple deformation argument and left to the reader (see for

instan
e [BG2℄).

Proof of (1.11). It is identi
al to (1.9), using the s
attering results of [BG1℄{[BG2℄,

whi
h extend by re
e
tion to the 
ase when 


1

is a half-spa
e.

Theorem 2 is proved. �

Remark IV.1.

By proposition II.2.6, p

h

and ~p

h

are stri
tly (h)�os
illatory fun
tions. Moreover, q

�

h

is 
learly an h�os
illatory fun
tion, so (1.9){(1.11) imply that

(1:33) q

h

is an h� os
illatory fun
tion :

IV.2. Proof of theorem 3

To prove theorem 3, we shall follow 
losely the strategy used in [BG1℄ : we know from

theorem 1 that any �nite energy solution to the linear wave equation 
an be de
omposed

into 
on
entrating waves, and theorem 2 provides the analysis of the nonlinear equation,


ompared to the linear equation with 
on
entrating data. The 
ombination of both

theorems yields theorem 3. As most arguments are identi
al to the 
ase of the whole

spa
e studied in [BG1℄, we shall merely re
all most results here, and give proofs only

when di�eren
es appear.

Let us re
all the statement of theorem 3 : with the notation of theorem 1, we shall

prove that the solution of

(2:1)

(

u

n

+ ju

n

j

4

u

n

= 0 in R

t

� 
 ; u

n

j

R

t

��


= 0

(u

n

; �

t

u

n

)j

t=0

= (v

n

; �

t

v

n

)j

t=0

* (0; 0) in E(
)


an be de
omposed in the following way :

(2:2) u

n

(t; x) =

`

X

j=1

q

(j)

n

(t; x) + w

(`)

n

(t; x) + r

(`)

n

(t; x) ;

where q

(j)

n

is the nonlinear 
on
entrating wave asso
iated with p

(j)

n

, and where

(2:3) lim

n!1

�

sup

�T�t�T

E

0

(r

(`)

n

; t)

1=2

+ jjr

(`)

n

jj

L

5

([�T;T ℄;L

10

)

�

����!

`!1

0 ; 8T > 0 :

Let us de�ne the fun
tion � in the following way :

(2:4) 8! 2 C ; �(!)

def

= j!j

4

!:
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Lemma IV.2. Let (q

(j)

n

)

n2N

, for 1 � j � `, be nonlinear 
on
entrating waves asso
iated

with (p

(j)

n

)

n2N

. Then we have, for any T > 0,

(2:5) lim

n!1

�

�

�

�

�

�

�

�

�

�

`

X

j=1

q

(j)

n

�

�

`

X

j=1

�(q

(j)

n

)

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

2

)

= 0 :

Proof of the lemma. As in [BG1℄, let us write, for any T > 0,

(2:6)

�

�

�

�

�

�

�

�

�

�

`

X

j=1

q

(j)

n

�

�

`

X

j=1

�(q

(j)

n

)

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

2

)

=

X

1�j

1

;:::;j

5

�`

�

�

�

�

�

�

�

�

5

Y

k=1

q

(j

k

)

n

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

2

)

;

where at least two q

(j

k

)

n

's are di�erent. Let us suppose for instan
e that

(2:7) lim

n!1

�

�

�

log

h

(j

1

)

n

h

(j

2

)

n

�

�

�

= +1 :

Then we write, by H�older's inequality,

(2:8)

�

�

�

�

�

�

�

�

5

Y

k=1

q

(j

k

)

n

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

2

)

� jjq

(j

1

)

n

q

(j

2

)

n

jj

L

1

([�T;T ℄;L

3

)

�

�

�

�

�

�

�

�

5

Y

k=3

q

(j

k

)

n

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

6

)

:

On the one hand, we have

(2:9)

�

�

�

�

�

�

�

�

5

Y

k=2

q

(j

k

)

n

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

6

)

�

5

Y

k=3

jjq

(j

k

)

n

jj

L

3

([�T;T ℄;L

18

)

;

whi
h is bounded, by Stri
hartz' estimate. As to the term q

(j

1

)

n

q

(j

2

)

n

, (1.33) states that

q

(j

1

)

n

(resp. q

(j

2

)

n

) is stri
tly (h

(j

1

)

n

), (resp. (h

(j

2

)

n

))�os
illatory. Hen
e by lemma III.2, we

have

(2:10) lim

n!1

jjq

(j

1

)

n

q

(j

2

)

n

jj

L

1

([�T;T ℄;L

3

(R

3

))

= 0 ;

so the result follows in the 
ase where two s
ales are orthogonal.

Otherwise, let us suppose that h

(j

1

)

n

= : : : = h

(j

5

)

n

= h

n

, and let us write generi
ally,

by H�older's inequality,

(2:11)

X

1�j

1

;:::;j

5

�`

�

�

�

�

�

�

�

�

5

Y

k=1

q

(j

k

)

n

�

�

�

�

�

�

�

�

L

1

([�T;T ℄;L

2

)

� C jjq

1

n

q

2

n

jj

L

5=2

([�T;T ℄;L

5

)

:

Writing, for any i 2 f1; 2g,

(2:12) q

i

n

(t; x) =

1

h

1=2

n

Q

i

n

�

t� t

i

n

h

n

;

x� x

i

n

h

n

�

;

and de�ning s =

t�t

2

n

h

n

and y =

x�x

2

n

h

n

, we have

jjq

1

n

q

2

n

jj

5=2

L

5=2

([�T;T ℄;L

5

)

(2:13)

=

Z

s2I

n

�

Z

R

3

jQ

1

n

j

5

�

t

2

n

� t

1

n

h

n

+ s;

x

2

n

� x

1

n

h

n

+ y

�

jQ

2

n

j

5

(s; y)dy

�

1=2

ds;
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where I

n

=

�

�t

2

n

�T

h

n

;

�t

2

n

+T

h

n

�

. Supposing, without loss of generality, that

t

2

n

h

n

����!

n!1

+1

or 0, let us write I

n

=

3

[

j=1

I

j;�

n

, where

(2:14) I

1;�

n

=

h

�t

2

n

� T

h

n

;��

i

and I

2;�

n

= [��; �℄ :

Theorem 2 yields

(2:15) lim

n!1

�

sup

s2I

1;�

n

E

0

(Q

2

n

� P

2

n

; s) + jjQ

2

n

� P

2

n

jj

L

5

(I

1;�

n

;L

10

)

�

����!

�!1

0 ;

and it is easy to see that (2.15) implies

(2:16) lim

n!1

�

sup

s2I

1;�

n

E

0

(Q

2

n

� P

2

; s) + jjQ

2

n

� P

2

jj

L

5

(I

1;�

n

;L

10

)

�

����!

�!1

0;

similarly we have

(2:17) lim

n!1

�

sup

s2I

3;�

n

E

0

(Q

2

n

�

~

P

2

; s) + jjQ

2

n

�

~

P

2

jj

L

5

(I

3;�

n

;L

10

)

�

����!

�!1

0 ;

where

~

P

2

satis�es the linear wave equation in 


1

, with initial data (S




1

(P




1

';1




1

 )).

So

jjQ

1

n

Q

2

n

jj

L

5=2

(I

1;�

n

[I

3;�

n

;L

5

)

� jjQ

1

n

jj

1=2

L

5

(I

n

;L

10

)

�

jjQ

2

n

� P

2

jj

L

5

(I

1;�

n

;L

10

)

+ jjP

2

jj

L

5

(I

1;�

n

;L

10

)

+jjQ

2

n

�

~

P

2

jj

L

5

(I

2;�

n

;L

10

)

+ jj

~

P

2

jj

L

5

(I

3;�

n

;L

10

)

�

:

Now P

2

and

~

P

2

satisfy global Stri
hartz estimates, so 
hoosing � large enough, we 
an

have jjP

2

jj

L

5

([�1;��℄;L

10

)

+ jj

~

P

2

jj

L

5

([�;+1[;L

10

)

arbitrarily small. Then (2.16) and (2.17),

along with Stri
hartz' estimate on Q

1

n

, yield the result for I

1;�

n

and I

3;�

n

.

Finally, we 
an write

jjQ

1

n

Q

2

n

jj

5=2

L

5=2

(I

2;�

n

;L

5

)

(2:18)

�

Z

�

��

�

Z

R

3

jQ

1

n

�Q

1;�

j

5

�

t

2

n

� t

1

n

h

n

+ s;

x

2

n

� x

1

n

h

n

+ y

�

jQ

2

n

j

5

(s; y)dy

�

1=2

ds

+

Z

�

��

�

Z

R

3

jQ

1;�

j

5

�

t

2

n

� t

1

n

h

n

+ s ;

x

2

n

� x

1

n

h

n

+ y

�

jQ

2

n

j

5

(s; y)dy

�

1=2

ds:

One 
an approximate Q

1;�

by 
ompa
tly supported fun
tions, and then (1.10) along with

the orthogonality of (x

1

n

; t

1

n

) and (x

2

n

; t

2

n

), yield the result.

So lemma IV.2 is proved. �

The next lemma 
an be found in [BG℄ in the 
ase R

3

. Its proof remains un
hanged

in the 
ase of a domain

Lemma IV.3. Let T > 0 be �xed. There exists Æ

1

> 0 su
h that if

(2:19) lim

n!1

jjv

n

jj

L

5

([�T;T ℄;L

10

)

� Æ

1

;
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then theorem 3 is proved.

So we are left with the 
ase where the L

5

t

L

10

x

norms are not small. Let us prove the

following result.

Lemma IV.4. Let Æ > 0 be �xed, and let ~q

n

be a sequen
e in L

5

([0; T ℄; L

10

), su
h that

(2:20) lim

n!1

jj~q

n

jj

L

5

([0;T ℄;L

10

)

� Æ :

Then for any Æ

0

> Æ, there exists a �nite de
omposition of [0; T ℄,

[0; T ℄ =

L

[

i=1

I

(i)

n

;

where the I

(i)

n

's are 
losed intervals, su
h that the sequen
e

�

n

def

=

`

X

j=1

q

(j)

n

+ ~q

n

satis�es

lim

n!1

jj�

n

jj

L

5

(I

(i)

n

;L

10

)

� Æ

0

:

Proof of the lemma. We start with the 
ase ` = 1, and separate the study

a

ording to the various limit of

t

(1)

n

h

(1)

n

, as in [BG1℄. If lim

n!1

t

(1)

n

h

(1)

n

= +1, then let us write

(2:21) [0; T ℄ =

�

0; t

(1)

n

� �h

(1)

n

�

[

�

t

(1)

n

� �h

(1)

n

; t

(1)

n

+ �h

(1)

n

�

[

�

t

(1)

n

+ �h

(1)

n

; T

�

;

with � > 0 to be determined. Writing I

(1)

n

=

�

0; t

(1)

n

��h

(1)

n

�

, we know from se
tion IV.1,

equation (1.9), that

(2:22) jjq

(1)

n

jj

L

5

(I

(1)

n

;L

10

(
))

� "(n; �) + jjp

(1)

n

jj

L

5

(I

(1)

n

;L

10

(
))

;

where lim

n!1

"(n; �) ����!

�!1

0, whi
h also reads, for n large enough,

(2:23) jjq

(1)

n

jj

L

5

(I

(1)

n

;L

10

(
))

� "(n; �) + 2 jjP

(1)

jj

L

5

(℄�1;��℄;L

10

(R

3

))

with P

(1)

de�ned as in se
tion IV.1, equation (1.14). So for � large enough,

(2:24) lim

n!1

jjq

(1)

n

jj

L

5

(I

(1)

n

;L

10

(
))

� Æ

0

� Æ :

The 
ase of I

(3)

n

is identi
al, repla
ing everywhere p

(1)

n

by ~p

(1)

n

. Finally in the 
ase of I

(2)

n

,

we write, a

ording to se
tion IV.1,

(2:25) jjq

(1)

n

jj

L

5

(I

(2)

n

;L

10

(
))

� "(n; �) + 2 jjQ

(1);�

jj

L

5

([��;�℄;L

10

(R

3

))

;

where Q

(1);�

is de�ned as in se
tion IV.1, equation (1.27). Then we just need to

de
ompose [��; �

0

℄ into a �nite number of intervals I

(i)

�

on whi
h the L

5

(I

(i)

�

; L

10

(R

3

))

norm of Q

(1);�

is small enough, whi
h yields the result.
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The 
ases

t

(1)

n

h

(1)

n

����!

n!1

�1 or 0 are similar and left to the reader. So the 
ase ` = 1

is proved. The indu
tion is straightforward : if �

n

satis�es

(2:26) lim

n!1

jj�

n

jj

L

5

(I

(i)

n

;L

10

(R

3

))

�

Æ

0

+ Æ

2

;

then as above one 
an �nd two intervals on whi
h the L

5

t

L

10

x

norm of q

(`+1)

n

is smaller

than

Æ

0

�Æ

2

, and de
omposing [0; T ℄ using the interse
tion of all those intervals yields the

result. �

The end of the proof of theorem 3 is similar to the 
ase of the whole spa
e : we refer

to [BG1℄ for details (lemma IV.4 is slightly di�erent to lemma 4.4 of [BG1℄ but yields the

result in the same way : see the work of S. Keraani in [K℄, in the 
ontext of S
hr�odinger

equations, for instan
e). �
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Appendix

Stri
hartz estimates and Lips
hitz bounds for

the nonlinear evolution group

In this appendix, we prove 
orollary 1 and 
orollary 2.

Proof of 
orollary 1.

Let T > 0, M > 0. We intend to prove that, for every solution of

(A:1) u+ juj

4

u = 0 in R � 
 ; uj

R��


= 0

su
h that E(u) �M , the following Stri
hartz estimate holds

(A:2) jjujj

L

5

([0;T ℄;L

10

(
))

� A(M) :

In a �rst step, let us assume moreover that (u(0); �

t

u(0)) is supported in the 
losed

ball B

R

of radius R 
entered at 0, and let us prove (A.2) with a right hand side

A(M;R). By 
ontradi
tion, there would exist a sequen
e (u

n

) su
h that E(u

n

) � M ,

supp(u

n

(0); �

t

u

n

(0)) � B

R

, and

jju

n

jj

L

5

([0;T ℄;L

10

(
))

����!

n!1

+1 :

By theorem 3 we 
an de
ompose a subsequen
e of (u

n

) as a sum of a �xed solution u,

almost orthogonal 
on
entrating waves q

(j)

n

, and of a remainder term r

n

su
h that, say,

lim

n!1

jjr

n

jj

L

5

([0;T ℄;L

10

)

� 1 :

Cal
ulating the L

5

T

L

10

norm of this subsequen
e as in lemma IV.2, we get a 
ontradi
tion.

Now let us prove (A.2) in its general 
ontext. Let R > 0 su
h that

(A:3) 





� B

R

0

with R

0

< R� 2T :

Let �

0

2 C

1

0

(R

3

) su
h that �

0

= 1 near B

R

0

, and supp(�

0

) �

Æ

B

R�2T

. Moreover, let

� 2 C

1

0

(R

3

) su
h that � = 1 near B

R

.

For every solution u of (A.1) su
h that E(u) � M , denote by u

in

the solution of

(A.1) de�ned by

(A:4) (u

in

; �

t

u

in

)j

t=0

= �(u; �

t

u)j

t=0

and by u

0

the solution of

(A:5) u

0

+ ju

0

j

4

u

0

= 0 in R

t

� R

3

de�ned by

(A:6) (u

0

; �

t

u

0

)j

t=0

= �(1� �

0

)(u; �

t

u)j

t=0

:

By the �rst step of the proof, we have

(A:7) E(u

in

) � A

1

(M) :
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Moreover, by 
orollary 2 of [BG1℄,

(A:8) E

f

(u

0

) � A

2

(M) ;

where E

f

is the energy for the free nonlinear problem (A.5). By the prin
iple of �nite

propagation speed, we have u

in

= u

0

for t 2 [0; T ℄, x outside B

R�T

. Now let r be the

solution of

(A:9) r + ju

0

+ rj

4

(u

0

+ r) � ju

0

j

4

u

0

= 0 in R

t

� R

3

;

de�ned by

(A:10) (r; �

t

r)j

t=0

= (1� �)(u; �

t

u)j

t=0

:

By �nite propagation speed, if t 2 [0; T ℄, r(t) is supported outside B

R�T

, thus r is also

solution of (A.9) with u

0

repla
ed by u

in

, and with the boundary 
ondition rj

R��


= 0.

As a 
onsequen
e of the uniqueness for the Cau
hy problem for (A.1), we 
on
lude, in

view of (A.4), (A.10),

u = u

in

+ r = u

in

+ u

0

+ r � u

0

;

and (A.2) follows from (A.7), (A.8) and

(A:11) E

f

(u

0

+ r) � A

3

(M)

by the same argument as for (A.8). �

Proof of 
orollary 2.

Let us state again 
orollary 2 in a more pre
ise way.

Proposition A.1. For every T > 0, 
onsider the nonlinear map

F : E(
) �! C([0; T ℄; E(
))

(';  ) 7�! (u; �

t

u)

where u is the solution of (A.1) su
h that

(u; �

t

u)j

t=0

= (';  ) :

Then F is a Lips
hitz map on bounded subsets of E(
).

Proof. The strategy is to 
ompute the (real) tangent map of F at every point of E(
),

and to show, using 
orollary 1, that this map is bounded on bounded subsets of E(
).

This 
an be done through the following lemma

Lemma A.2. Let q

1

; q

2

2 L

1

([0; T ℄; L

3

(
)) = L

1

T

L

3

. Then, for every ( _';

_

 ) 2 E(
),

the equation

(A:12)

(

v + q

1

v + q

2

v = 0 in R

t

� 
 ; vj

R

t

�


= 0

(v; �

t

v)j

t=0

= ( _';

_

 )
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has a unique solution v su
h that (v; �

t

v) 2 C([0; T ℄; E(
)). Moreover we have the

estimate

(A:13) sup

0�t�T

jj(v; �

t

v)(t)jj

E

� e

C[jjq

1

jj

L

1

T

L

3

+jjq

2

jj

L

1

T

L

3

℄

� jj( _';

_

 )jj

E

:

Proof. Given w = w(t; x) su
h that (w; �

t

w) 2 C([0; T ℄; E(
)), the Sobolev embedding

implies q

1

w + q

2

w 2 L

1

([0; T ℄; L

2

(
)). Therefore on 
an de�ne the solution ~w to

(A:14) ~w + q

1

w + q

2

w = 0 in R

t

� 
 ; ( ~w; �

t

~w)j

t=0

= ( _';

_

 )

with ( ~w; �

t

~w) 2 C([0; T ℄; E(
)).

Let k > 0, to be �xed further on ; we set

N(t; ~w) = jj( ~w; �

t

~w)(t)jj

2

E(
)

e

�k

R

t

0

(jjq

1

(s)jj

L

3

+jjq

2

(s)jj

L

3

)ds

:

Using (A.14), we have

d

dt

N(t; ~w) = �k

�

jjq

1

(t)jj

L

3

+ jjq

2

(t)jj

L

3

�

N(t; ~w)(A:15)

�2Re

�

q

1

(t)w(t) + q

2

(t)w(t); �

t

~w(t)

�

e

�k

R

t

0

(jjq

1

jj

L

3

+jjq

2

jj

L

3

)ds

�

�

jjq

1

(t)jj

L

3
+ jjq

2

(t)jj

L

3

��

� kN(t; ~w) + CN(t; w)

1=2

N(t; ~w)

1=2

�

by means of the Sobolev inequality. Using Cab � ka

2

+

C

2

4k

b

2

, we 
on
lude

(A:16) sup

0�t�T

N(t; ~w) � jj( _';

_

 )jj

E(
)

+

C

2

4k

�

jjq

1

jj

L

1

T

L

3
+ jjq

2

jj

L

1

T

L

3

�

sup

0�t�T

N(t; w) :

Choosing k =

C

2

2

jjqjj

L

1

([0;T ℄;L

3

)

we infer from (A.16) with _' =

_

 = 0, that, for every

( _';

_

 ), the aÆne map w 7! ~w is a 
ontra
tion for the norm jjwjj = sup

0�t�T

N(t; w)

1=2

.

Therefore, for every ( _';

_

 ), a unique �xed point v exists. Coming ba
k to (A.15) whi
h

k = C, we obtain (A.13). �

Given (';  ) 2 E, ( _';

_

 ) 2 E, we denote by u the solution to (A.1) and by v the

solution to (A.12) with q

1

= 3juj

4

, q

2

= 2 juj

2

�u

2

. Observe that

d

d"

ju+ "vj

4

(u+ "v)j

"=0

= q

1

v + q

2

v ;

and that q

1

; q

2

2 L

1

([0; T ℄; L

3

(
)) sin
e u 2 L

4

([0; T ℄; L

12

(
)). We 
laim

Lemma A.3.

d

d"

F ((';  ) + "( _';

_

 ))j

"=0

= (v; �

t

v).

Proof. Let u

"

be the solution to (A.1) with data ('

"

;  

"

) = (';  ) + "( _';

_

 ). Set

u

"

= u+ "v + "r

"

::

We get, in view of (A.1),

r

"

+ q

1

r

"

+ q

2

r

"

= f

"

; (r

"

; �

t

r

"

)j

t=0

= 0 ;
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jf

"

j � C

�

juj

3

j"j jv + r

"

j

2

+ "

4

jv + r

"

j

5

�

:

For every � � T , we set

M

"

(�) = jjr

"

jj

L

5

([0;T ℄;L

10

)

+ sup

0�t��

jj(r

"

; �

t

r

"

)(t)jj

E

:

Then, by the Stri
hartz estimate (A.2) and the energy inequality

M

"

(�) �

~

C

h

�

jjq

1

jj

L

1

([0;T ℄;L

3

)

+ jjq

2

jj

L

2

([0;T ℄;L

3

)

�

M

"

(�)(A:17)

+j"j(M

"

(�)

2

+M

"

(�)

5

)

i

:

By a standard bootstrap argument, we 
on
lude from (A.17) M

"

(�) = O(") for j� j small

enough. Applying the same inequalities su

essively on small time intervals, we �nally


on
lude that M

"

(T ) = O("), hen
e goes to 0.

This yields lemma A.3. �

Combining lemma A.2 and lemma A.3, we �nally observe that

�

�

�

�

�

�

d

d"

F ((';  ) + "( _';

_

 ))j

"=0

�

�

�

�

�

�

E

� e

Cjjujj

4

L

4

([0;T ℄;L

12

)

jj( _';

_

 )jj

E

:

On the other hand, if (';  ) varies in a bounded subset of E(
), inequality (A.2)

implies that jjujj

L

4

([0;T ℄;L

12

)

remains bounded. We thus 
omplete the proof by a 
lassi
al

argument from di�erential 
al
ulus on bounded 
onvex subsets of E(
). �
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