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Abstract. We study the nonlinear wave equation
(1) ou+ |ul*u=0in R x Q,

with Dirichlet boundary conditions, where {2 is the exterior of a strictly convex domain
of R®. We first prove a structure theorem for bounded energy sequences of solutions
to the linear wave equation in €2, following a method introduced by H. Bahouri and
the second author in [BG1]. The proof requires a non-concentration theorem for such
sequences, the proof of which involves semi-classical measures. We then infer, using
Strichartz estimates proved by H. Smith and C. Sogge in [SmSol], the description
of bounded energy sequences of solutions of (1), up to remainder terms, small both
in energy and in Strichartz norms. As corollaries, we obtain an a priori bound for
the Strichartz norms in terms of the energy, as well as a Lipschitz estimate for the

nonlinear evolution group.
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I. Introduction and statement of results

(¢n,¥r) is a sequence of functions, bounded in the energy space E(2) =
We have written H3(Q) for the closure of C§°(Q2) for the norm ||V - ||12(ps), in H'(R?).

The aim of this article is to study the following problem :

Dy, + [t [* U = 0 in Ry X Q, tp|p,xa0 =0
(unvatun)|t:0 = (@nvwn)v

where  is the exterior of a compact, strictly convex, smooth domain of R?, and where
HY ()X L2 ().

def

The space E(Q) is endowed with the Hilbert norm
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Unless specified otherwise, we shall identify elements of E(2) with their extensions by 0
in H*(R3) x L2(R3).

Before stating the main results of the paper, let us start by recalling a few known facts
concerning (1), starting with the case Q = R?. In that case, global existence of solutions
for smooth data is known since W. STRAUSS [Str] for small data, J. RAUCH [R] for small
energy data, M. STRUWE [S] for radially symmetric data, and finally M. GRILLAKIS
([Gr1], [Gr2]) for the general case. When the data is in the energy space H' x L?(R?),
J. SHATAH and M. STRUWE proved in [ShSt] existence and uniqueness of solutions in
the class

(2) u e CORy, HY(R®)) N LY (R, LY (R®)), dyu € C°(R,, L2(R?)).

Note that the space L3([0,T], L'°(R3)) corresponds to a so-called “Strichartz norm”,
defined more generally as L([0,T], L"(R?)), with ¢ + 2 = 5 : in [GV], it is proved that
for any function f such that (f,d.f) € C°([0,T], H' x L*(R?)),

(3) 1 l1ze(0,m12@3) < Cr(1IV fleollzaes) + IS | o, 1,269y )

with % + % = %, and ¢ > 2. A simple scaling argument shows that C). does not depend
onT.

Using in a crucial way that Strichartz estimate, still in the case where Q = R?,
H. BAHOURTI and the second author proved in [BG1] a structure theorem for the solution
of (1), up to small remainder terms, both in energy and in Strichartz norms. Our aim is to
prove a similar result in the case of a domain 2 C R3. In the case where 2 is the exterior
of a strictly convex domain of R?, which is our case, H. SMITH and C. SOGGE proved
in [SmSol] existence and uniqueness of smooth solutions to (1) for smooth initial data.
The non-concentration result proved in [SmSol] (lemma 3.3), along with the method
followed by [ShSt] when Q = R3, implies in fact in an easy way existence and uniqueness
of solutions when the data are in the energy space : we shall not write the details here.
In [SmSol] is proved the following fundamental Strichartz estimate, which is at the basis
of our study : for any f € C°([0,T], H(Q)) N C*([0,T], L2()),

(4) 1 1lzeqo,m,em(@) < Crr (Ve Flezol 2oy + 185 i o,71, 2200 )

with % + 2 = 1 and ¢ > 2. Note that a recent paper by H. SMITH and C. SOGGE
([SmSo2]) proves that Cr, does not depend on T. That fact will not be used in the

sequel.

In order to study the solution of (1),we shall be led, following [BG1], to studying the
linear equation with the same Cauchy data, and we shall start by proving a structure
theorem for the following equation :

{Dvn =0in R xQ, vp|r,x00 =0

5
( ) (Unaatvn)|t:0 = (‘}Qnawn)

Definition I.1. Let (¢,1)) € H'(R3) x L*>(R3), and let (hp,xp,t,) € (RT x R? x R)N
be such that for some (4 ,ts) € R® x R,

lim (hnaxnatn) = (Oamooatoo)‘

n—oo
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Then the linear concentrating wave associated with (@, ¢, hy,®y,t,) is the solution of
the following linear wave equation :

Op, =0 in Ry X Q,  pulr,xo0 =0
sl = (o (2 (52

where Pgq is the orthogonal projection H'(R?) onto H} ().

Remarks I.2.

1) Unless specified otherwise, in this paper a linear concentrating wave will always
solve the linear wave equation in the domain 2.

2) Up to a subsequence and to a translation in time, one can assume that the
sequences (h,) and (t,) of definition I.1 satisfy

123
(6) — —— 400,— or 0.

h, n—o

In the following, we shall call concentrating data quantities such as (@, ¢, hy, Zp, ty)
appearing in definition I.1. We shall say that (A, 2, tn) and (hy,, &, %,) are orthogonal,
as in [BG1], if

log (Z—:)

We recall that the energy of any function w is defined by

7 9 t —(z ) t
—— +00, or h, =h, and [@ns tn) = (Tn, tn)]
n—o0 hp, n—00

either

def

(7) Eo(u,1) % /Q (Vult, ) + |Bu(t,) ) d,

and is independent of ¢ when u satisfies the linear wave equation.

In the whole of this paper, we shall assume that the initial data is compact at infinity,
in the sense that

(8) [ (IV (@) 2 + lion (1)) dz —— 0.

We are now ready to state our first result, concerning (5).

Theorem 1. Let v, be the solution of (5), where (¢n,¥n) is bounded in E(Q) and
satisfies (8). Then there exist a finite energy solution to the linear wave equation, v,
orthogonal concentrating data (7)), hgzj),x%j),tg)), for j € N*, such that v, can be
decomposed as follows, up to the extraction of a subsequence : for any { € N*,

4
(9) vnlte) = o(t,e) + 3 p (1) + ) (¢, ),

j=1
where p,(zj) is the linear concentrating wave associated with (go(j),w(j),h,(zj),xg),tg)),

where the remainder w,(f) satisfies, for every T > 0,

(10) im |0l peo (—7,7,10(2)) —— 0,

n—oo £—o0



and finally where the energies are orthogonal, in the sense that, for any ¢,

l
(11) Eo(va) = Eo(v) + > Eo() + Eo(wP) + o(1), n — +cc.

Jj=1

Now let us consider the nonlinear equation (1). We shall start by proving a theorem
comparing a linear concentrating wave and the solution of the nonlinear wave equation
with the same Cauchy data.

Definition 1.3. Let (, v, hy, Zp,tn) be concentrating data, and p, the associate linear
concentrating wave. Then the nonlinear concentrating wave associated with p,, is the
solution of the following equation :

Ogn + |Qn|4Qn =0 in R x Q, Qn|Rt><69 =0
(anath)|t:O = (pn,atpn)h:o-

Before stating the theorem, let us define the rescaled domain

def Q—mp

12 Q,
(12) .

We shall see in section I1.1, that one can define a limit domain to ,,, as n goes to infinity.

Definition I.4. Let M, and M be two open subsets of R?. We shall say that M,
converges towards M as n goes to infinity if the two following properties hold :

(i) VK compact subset of M, AN € N, Vn > N, K C M,,
(ii) VK' compact subset of M, AN’ € N, Vn > N', K' C °M,,.

Notice that a sequence of open subsets may converge towards different limits — for
instance the sequence of balls of radius n centered at 0 converges towards any dense open
subset of R?. However, the closure of these limits will be the same.

We shall prove the following result in section II.1.

Proposition 1.5. Let (hy,xy,) be defined as in definition 1.1, and let Q,, be as defined in
(12). Then as n goes to infinity, up to a subsequence, Q,, takes one of the three following
limits : ), R® or a half-space H, depending on the position of z,, with respect to 9.

Finally we define the following scattering operator : let us recall that in [BG1]-[BG2]
is studied a scattering operator S, as well as wave operators W*. Using that notation, and
analogously to [BG1], formula (1.17), we shall define the following linear concentrating
waves associated with a linear concentrating wave (py,).

Definition 1.6. Let p, be a linear concentrating wave, associated with concentrating
data (p,v, hp,Tn,ty). Let Qo be the limit of Q,, as defined in definition 4. If
Qoo is a half-space, we denote by Rq_ the skew-symmetric reflection with respect
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to O, and by P the operator defined by Po_(f,g) ¥ (Pa.f 1a.g) for any
(f.9) € H'(R®) x L*(R®).

Then we associate with (p,) two linear concentrating waves, denoted p, associated
with concentrating data (¢*,¢*, hy,,x,t,) in the following way :

(¢,7) if

(p™7) = Po W™ Rq_ (p,1) if

Tls Tl Tl
jes)

PQwS_lRQoo (%Tﬁ) if

;

Po_SRa. (¢, ¢) if

f .
() L Py Wt Ra_ () if

S B R B
jes)

(¢,7) if

Theorem 2. Let p, be the linear concentrating wave associated with concentrating data
(©n, ¥, hn, Ty, tn), and let ¢, be the associate nonlinear concentrating wave, in the sense
of definition 1.3. Then (q,) is bounded in L} (R;L'°()), and satisfies the following
properties, with the notation of definition 1.6 : for any T > 0, we have

lim < sup Eo(pn — an, )" + ||pp — qn||L5([T,tn)\hn],Llo(Q))) — 0;
N0 \ _T<t<t,—Ahn A—+00

lim < sup Eo(p) = qns )2 +|Ip) — Qn||L5([tn+)\hn,T]7L10(Q))) — 0.
n— oo tn+Ahn§t§T A—00

We shall actually be proving a stronger result than that stated in theorem 2, with a
precise analysis of the behavior of g, around ¢t = t,, i.e. for times t € [t, — Ay, t,, + Ahy].
That will enable us to infer, using the methods of [BG1], the following theorem.

Theorem 3. Let (¢n,¥n)nen be a bounded sequence in E(QY) satisfying (8), and let wy,
be the solution of (1) associated with (@yn,,). Then with the notation of theorem 1,
and up to the extraction of a subsequence, we can write, for any { € N*,

¢
un(t, ) = ut,x) + Y g (t,2) + w(t,2) + ) (t,2),
=1
where u is a solution of the nonlinear wave equation, where q,(zj) is the nonlinear

concentrating wave associated with pSZ ), and where for any T > 0,

fim (0 4)1/2 4 (|p(0)
Jim <7§EP<T Eo(ry” )7/ + Iy IILs([_nT],Lw(Q))) -0



Remarks I.7.

1) The results in this paper can be understood, in terms of geometrical optics, in
the following way : outside strictly convex obstacles, nonlinear geometrical optics have
been reduced to linear geometrical optics, associated with scattering in the whole space
R? or in half-spaces. Notice that, contrary to the case of the whole space (2 = R?, see
[BG1]), our results are only local in time. However, using the recent results of [SmSo2], it
is likely theorem 3 can be extended to a global in time result, as in [BG1], up to enlarging
our collection of scattering operators.

2) The proofs of theorems 2 and 3 are based on the Strichartz estimate (4), which
is the reason why we are restricted to the case where () is the exterior of a strictly
convex domain : that is the only situation for which, to our knowledge, such an estimate
is available. However, supposing (4) held in more general cases, problems would still
remain. For instance, the time-orthogonality of the linear concentrating waves is proved
using the following non-concentration result, for which the form of Q has an important
role to play. Its proof involves semi-classical measures (see [GL], [GMMP], [LP]), and is
given in section II.3.

Proposition 1.8. Let (p,) be the linear concentrating wave associated with concen-
trating data (@, ¥, hy, &y, tn, = 0). Then for any bounded interval I C R, for any sequence
(en) such that lim = = 400, we have

n—oo 'tn

Jim {[pn|| e (\[-en ) Lo(2)) = 0-

3) As a corollary to theorem 3, we shall prove the following a priori estimate.

Corollary 1. Let T > 0 be fixed. There exists a non-decreasing function, A : [0, co[—
[0, 0o, such that if u satisfies (1), then

llullLs(o,11,210(2)) < A(Eo(u)).

In the global case Q = R?, that a priori estimate was proved in [BG1], and, by
different methods, by K. NAKANISHI in [N]. However it is not clear whether the methods
of [N] can be easily adapted to the case of a domain, as they are closely linked to Besov
spaces and dyadic decompositions.

4) Using corollary 1 and theorem 3, a Lipschitz estimate can be proved.

Corollary 2. Let F' map initial data (¢,¢) € E(Q) to the solution u of (1). Then F is
Lipschitz on bounded subsets of E().

Such a result does not hold in the supercritical case (see [Le2]).

The structure of the paper is as follows. In section II, we prove some preliminary
results which will be used in the following sections : section II.1 is devoted to some
analysis on linear concentrating waves and on the rescaled domain 2, defined in (12),
section I1.2 to the notion and propagation of strictly (h,)—oscillatory functions, and
finally section II.3 to the proof of proposition 1.8 stated above. In section III, we prove



theorem 1, whereas theorems 2 and 3 are proved respectively in sections IV.1 and IV.2.
Finally corollaries 1 and 2 are proved in the appendix.

I1. Preliminary analysis

In this preliminary section, we are going to present some notation we shall be using
throughout this study, as well as preliminary results. We will start by defining more
precisely the structure of linear concentrating waves in a domain Q of R? ; then we will
address the question of (h,)—oscillatory sequences and their propagation; finally, we
will prove a crucial non-concentration property for linear concentrating waves outside a
convex domain, stated in proposition I.8.

II.1. Linear concentrating waves and rescaled domains

We gave in definition 1.1 the definition of a linear concentrating wave; let us note
that if p, is such a wave, associated with concentrating data (p, ), hn, Tn, ty), then the
rescaled function

(1.1) P,(s,y) def B2 pa(tn + hns,@n + hny),  (s,y) € R x R?,

satisfies the following system :

0P, =0 in Ry x €, Pylr,xo0, =0
(Pn,ﬁsPn)|s:o = (,PQnﬂpa 1an)
where 2, is defined by

def Q -z,

1.2 Q,
(12) .

It will be useful in the following to have some information on the behavior of 2, as n
goes to infinity : let us recall that we have defined in definition 1.4 the notion of a limit
domain to ,. We are going to prove proposition 1.5 in this section.

Let us first introduce some notation : we have defined o, € R® as the limit of the
sequence (z,). In the case where zo, € 0Q, let us denote by ¢ a defining function of Q

near T :

(1.3) Q= {zreR|¢p(x) >0}, Vo#0 on 0Q.

From now on, when z,, € 99, we shall write

(1.4) w & Vo(rs) and a® him ¢(&n)

n—o0o hn,

i

limit which exists in R up to extracting a subsequence.

Then we define the sets

15  Ho ¥ i e®ly.w>—a}ifaeR, HT®® =R and H™% =0,

Finally two concentrating data (o, ¥, hn, Zn,tn) and (@, 9, hn, Fn, i) will be said to
be equivalent if the difference of the associate linear concentrating waves goes to zero in
energy as n goes to infinity.
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Proposition I1.1.1. Let (h,,z,) and §,, be defined as in definition I.1 and (1.2). Then
as n goes to infinity, (), takes, up to a subsequence, one of the following limits Q. :

(i) If 2o € Q, then Q. = R® and for any (p,10) € H' x L*(R?), for any sequence (t,),
the linear concentrating wave p,, associated with (o, 1, hy, x,, t,) satisfies

(1.6) Eo(pn) —— IVl 72ms) + [[9][72Rs) -

(ii) If 2o €° Q, then Qo = 0 and all concentrating data are equivalent to zero.
(iii) If voo € 0N, then Qs = H*Y, and for any sequence (t,), all concentrating data
(‘pa 1/1, hna Tn, tn) are eQUivalent to (PH""" 1) 1H"""¢7 hna T,y tn)'

Note that the proposition above holds for any open, C'' domain, bounded in R3 or
the exterior of any such domain.

PROOF OF THE PROPOSITION. We restrict our attention to case (iii). The arguments
for (i) and (ii) are easier and left to the reader.

Let us start by recalling that by definition,
(1.7) y € Qp <= o(x, + hpy) > 0.

Let us suppose o = +00, and let K be a compact subset of R3. Since z,, — Z,, we have

(1.8) Yy e K, ¢<x"; finy) = ¢(}ch) +Vo(re) -y +o0(1), n—o00

by Taylor’s formula, uniformly in y € K. So since @ = 400, we have for n large enough,
&(xn + hpy) > 0, hence Qo = R3. Conversely if a = —oo, the same formula implies that
Qs = 0. Now if a € R, let K be a compact subset of H%“. Then

(1.9) Yye K, Vé(rs) y=—a+m(y) with m(y) >0,

hence for n large enough, uniformly in y € K, we have ¢(z,, + h,y) > 0. Conversely, if
K is a compact subset of “H"", then for any y € K, for n large enough uniformly in y,
we have ¢(zy, + hay) < 0. So the result follows : Qn = H*.

To conclude the proof of the proposition, let (¢, %, by, Tn, t,) be concentrating data,
with associate linear concentrating wave p,,, and let p** be the linear concentrating wave
associated with (¢®“ Y** h,,x,,t,), where

oW o,W df
(1.10) (¢, 9p*%) = (Phow o, 1gawt)).

Conservation of energy yields
Bt i) <157 [ (o (£522)) - 522) ) [
+h3 /
R3

= /Rg ‘VPQn90a7w(y) - VPQnsﬂ(y)r + /Rg ‘1Qn (1) V> (y) — 1q, (y) U (y)

ta(rye (£522) < tatoyo (22 o

2
‘ dy.
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Then all we need to prove is the strong convergence of Pq, f towards Pq_ f in H*(R?),
as well as that of 1g_g towards 1g_ g in L2(R3), for any f € H'(R?) and any g € L2(R3).

Lemma I1.1.2. Let 2, converge towards (1o, in the sense of definition 1.4, where 4,
is a half-space, ) or R®. Then the following properties hold :

(i) Hy(Qoo) = {u € H' (R®)|suppu C Qoo } ;
(ii) Vf € H'(R®), Po, f —— Pa.f in H'(R®);
(iii) Vg € LQ(]R{3), 1o,9 —+> 1o g in LQ(]R{3).
n——+oo

PROOF OF THE LEMMA. The cases Qs = 0 or R® are obvious, so let us suppose
that Q. is a half-space, defined for instance by

(1.11) Qoo ¥ {2 € B |25 > 0}

(i) Let us consider u € H'(R?), supported in Quo, and let us prove that v € Hp (Qoo).

We can suppose that u has compact support; now let p € C$(R?) be such that

suppp C {x € R¥|zz > 0}. If p° is the smoothing kernel p°(x) def L p(Z), then the

function
(1.12) wf ¥k pf

satisfies u° € C°(Qwo), and converges towards u in H'(R?). That proves (i).

(ii) Let us notice that for any domain M C R?, the function v def P f is the solution
of the following equation :

Av=Afin M, veH}M).

We have indeed, for any o € H} (M),

V(v - f) -vadag:/ (~Af@—Vf- -VE)de = 0.

R3 R3

Now let v, & Pa,, f, which is bounded in H'(R?), hence has weak limit points in H*(R?).
Let v be such a limit point. We claim that v = Pq_ f : if ¢ € C§°(Q), then for n large
enough, we have p € C§°(Qy), hence

(1.13) Av, pdr = Afpder,
R3 R3

which implies that Av = Af in Q.. Moreover, if ¢ € C§°(“Qx0), then for n large enough,
¢ € C°(°Qy), hence

(1.14) / v, pdr =0,
RrR3

so we have v|cq_ = 0, namely v € H (o) in view of (i).
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The strong convergence of v,, towards v is due to the following identity :

/|an|2dx=/ Vo, - Vfde — Vv-Vfdasz/ |Vo|? d.
R3 R3 R3

n—oo R3

(iii) Let g, def 1q, g, which converges weakly in L?(R?) towards a function §. Let us
prove that § = 1q_ g : if ¢ € C§° (), then we have

/ (9 — §)pdx :/ g@dx—lim/ 1o, 9@dr.
R3 R3 neo JRrs

But for n large enough, we have ¢ € C§°(Qy,), hence

lim 1o, gpdz =/ g@dx,
R3 RS

n—oo

hence § = g on Q. If ¢ € C3°(°Qy) similar arguments imply that § = 0 in Q. So
9=1la.9

Finally the strong convergence is simply due to the fact that

/ (g2 = / 1o, ggde,
R3 R3

hence [,5|gn|?dz converges towards [5 ggde = [4|1a_ g|* de.

So the lemma is proved, and the proof of proposition II.1.1 is complete. |
Finally, the next proposition will be used many times in the rest of the paper.

Proposition I1.1.3. Let ), be an open domain in R?, converging towards Q. as n goes
to infinity, where Qo is a half space, ) or R?. Consider (f2, fl), a bounded sequence in
H' % L?(R?), supported in €,,, and converging weakly (resp. strongly) towards (f°, f!)
in H* x L2(R?).

Then the solution of

{Dfn =0in R xQ,, fulr,xoe, =0

1.15
(+15) (Fu 00 Fllico = (20, £

converges weakly (resp. strongly) towards f in L2 (]R{t;H L(R?)), and O f, converges

loc

weakly (resp. strongly) towards Oy f in L2 (Ry; L?(R3)), where

loc

{Df =0 in Ry X Qse,  flr,x00., =0
(fagtf)|t=0 = (foafl)‘

PROOF OF THE PROPOSITION. Let 9,90 € C§(Qs). In view of equation
(1.15) and definition 1.4, the sequences of functions ¢t — (fn(t,"),¥) 1 (ps) and t —
(0t fu(t,+),¥) 123y are locally equicontinuous. Using lemma II.1.2, these properties can
be extended by density to arbitrary functions ¢ € H'(R3), ¢ € L?(R?). The rest of the
proof is very similar to that of lemma II.1.2, and we omit it. ]
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I1.2. Propagation of h—oscillatory sequences

First we introduce an abstract definition.

Definition I1.2.1. Let H be a Hilbert space, A be a selfadjoint (unbounded) operator
on H, and (h,) a sequence of positive numbers converging to 0. A bounded sequence
(up) in H is said (hy)—oscillatory with respect to A if

(21) 0 (g ]| 752 0

Sequence (uy,) is said strictly (hy)—oscillatory with respect to A if it satisfies (2.1) and
moreover

(2.2) Jim |11z ]| — 0.

Remarks 11.2.2.

a) In the case H = L?*(R%), A = |D,|, the above notions were considered in
[GL], [GMMP], [G1,2], [BGL1,2]. In that case, we shall speak simply of (h,)—oscillatory
sequences.

b) It is easy to check that a sequence (u,) is (h,)—oscillatory with respect to A if
and only if, for every § > 0, there exists a sequence (u%) in D(A) such that

(2.3) sup hp||Aul || < 400 and  Tim ||u, —ul|] < 4.
n n—oo

¢) Given a bounded sequence (u,) in H, the spectral theorem for A implies that,
for every n, the functional

(2.4) pn : f € Co(R) — (f(hnA)un, uy)

is a nonnegative Radon measure with total mass [|u,||?>. Hence, by Helly’s lemma,
a subsequence (up,) is convergent to some measure u for the weak -# topology of
measures. Then (uy) is (hy)—oscillatory with respect to A if and only if (u,,) is tight, or,
equivalently, if ||u,||> — p(R) for any such pu. Moreover, under those conditions, (u,) is
strictly (h,)—oscillatory if and only if u({0}) = 0 for any such p. As a consequence, a
(hy)—oscillatory sequence (uy) is strictly (h,)—oscillatory if and only if

(2.5) I |(i + Rhn A) ] ? Pl

The purpose of this section is to investigate how those notions change when the
operator A changes. Let us start with a general result.

Proposition 11.2.3. Let A : H; — Hs be a continuous linear map between Hilbert
spaces H1, Ho. Let Ay be a selfadjoint operator on Hi, As be a selfadjoint operator on
Ho. Assume there exists C' > 0 such that A(D(A1)) C D(As), A*(D(Az2)) C D(A;) and,
for any u € D(A;), v € D(A2),

(2.6) 14> Aul| < C(|[Avul| + [|ull)



12
(2.6)’ 141 A%o[| < C([|Azv]] + [Jo]l) -

If a bounded sequence (uy) in H, is (strictly) (h,)—oscillatory with respect to Ay, then
(Auy,) is (strictly) (h,)—oscillatory with respect to As.

PROOF. Assume (u,) is (hy)—oscillatory with respect to A;. By remark I1.2.2. b),
for every 6 > 0, let (u%) be a sequence in D(A;) such that lim ||ju, —ud|| < § and
n—oo

hullA1ud|] < C(8). Then lim |[Au, — Aud|| < K6, since A is continuous, and, by
n—oo

estimate (2.6),
hnl| A2 Aup || < (C(0) + hn [ |I)

< C(5)

since (u,,) is bounded. Therefore (Aud) is (h,)—oscillatory with respect to Ay. Assume
moreover that (u,) is strictly (h,)—oscillatory with respect to A;. From the obvious
inequality

||hnA2 lhn|A2|§s(Aun)|| <e

and estimate (2.6)’, we obtain, setting w, = A* 1} | 4)<ec Attn,
[|hn Arwy|| = O(e + hy),

hence
hy

(2.7) [T as1 vzt = wal| = L, 14,15 vz wal| = O(VE + 72).
NG

On the other hand,

2
(2'8) ||1hn\A2\§s (Aun)H = (wnvun) = (wn_lhn|A1|§\/Ewnaun) + (wna 1hn|A1|§\/EUn) .

Putting together (2.7) and (2.8) through the Schwarz inequality, we conclude

hn
110, 1s1<= () [[* = O(VE + 7t [h, 412wz tnll)

therefore (Auy,) is strictly (hy)—oscillatory with respect to As. [ ]

Now we come to the main result of this section. Let Q C R? be a smooth open subset
with compact boundary. On the Hilbert space H = HA(Q) x L2(2), define a selfadjoint
operator A by

D(A) = {U = (Z) € HI(Q) x HI(Q), Au € L2(Q)}

i) =ila)

It is well known that A is the infinitesimal generator of the wave group with Dirichlet
boundary conditions.

Proposition I1.2.4. A bounded sequence (U,) = <Z”> in HY(Q) x L(Q) is (strictly)

(hn)—oscillatory with respect to A if and only if the sequences (Vu,,), (,) are (strictly)
(hn)—oscillatory with respect to |D| on L*(R?).

PROOF. It requires several steps.
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Step 1. Localization.

Let y be a smooth function on R? such that y is constant outside a compact

subset. Observe that the map A : U — xU defined by x <Z> = <§Z> is bounded

on H = HL(Q) x L2(). Moreover, one checks easily that A satisfies assumptions of
proposition I1.2.3 with 41 = A = A.

Therefore, we conclude that (h,)—oscillation and strict (h,)—oscillation are pre-
served by .

Let x;, 1 < j < N be Cg° functions on R? such that each X; is supported into a

N N
coordinate patch for 90 and 3" x; = 1 near 9. Set xine = (1— Y x;) Lo ; observe that
Jj=1 j=1
Xint i8 C°°, constant outside a compact subset of R?, and dist ( supp(xint), ©2¢) > 0. Since

N

U = xintU + 3 x;U for every U € H, the stability result we have just proved implies
i=1

that the (strict) (h,)—oscillation of a sequence (U,) in H is equivalent to the (strict)

(hn)—oscillation of the sequences (YintUn), (xjUn), 7 = 1,..., N. Let B be the selfadjoint

operator i on H'(R?) x L%(R%). We claim that the (strict) (hy)—oscillations

0 1
A0
of (XintUn) with respect to A and with respect to B occur simultaneously. Indeed, let
Xine € C(R?) be such that \!, Xint = Xint and

dist (supp(xine), 2°) > 0.

Then, for every U € H, xi,, U € D(A) if and only if x{,,U € D(B) and, in this case,
A(xiU) = B(XU). Since the estimate ||\intUn — V,2|| < & implies ||XintUn — Xine V0 || <
C'§, this proves the claim concerning (h,)—oscillation. Moreover, the elementary esti-
mates

[+ 4)™ Xint = Xt 6+ 2B) ™ xime || = OC2)

= 0(e)

1-— ! ) B -1 in
H( Xint) (0 4+ €B) Nint H'(RY) x L2(R9)

prove the claim concerning strict (hy)—oscillation. Finally, by use of Fourier transform,

one checks easily that |B| = (|€| |g| ), hence a sequence (V,,) = (Z") in H*(R?) x

L%(R?) is (strictly) (hy)—oscillatory with respect to B if and only if the sequences (Vvy,),
(0,) are (strictly) (h,)—oscillatory with respect to |D| in L?(R?).

As a conclusion to this first step, we are reduced to proving proposition 11.2.4 for
U, supported in a coordinate patch for 99.

Step 2. Changing variables.

Let # : & — w be a diffeomorphism between a neighbourhood of 0 in R? and a
neighbourhood in R? of some point zy € 99, such that 6({y; > 0} N®) = QN w.
Observe that if v is a function on w, (Au) o 6§ = L(u o), where L = div(aV) + b -V
is an elliptic differential operator on @, with smooth coefficients a valued in positive
definite matrices and b valued in vectors. Let K be a compact subset of w and
K = #~'(K). Let a be a smooth positive definite matrix-valued function on R? such
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that @ is constant outside a compact subset and @ = a in a neighbourhood of K. We set
H = H}({y: > 0}) N L2({y1 > 0}) endowed with the Hilbert norm

~ 1/2
I = [@Fe, Vo + oiia] s v = (1)

A (2) =1 <div(ZVv))

D(A) = { (z) eH,ve H ({y1 >0}), div(aVo) € LZ}.

and we define

Then it is easy to check the following estimates, for every U € H supported in K,
1 ~
gl <livedl <l

LA o0l —|[UN) < 1AV 08| < C(IAW o8]+ 1U]])

Ql

HX[(i +eA) T (U)o 8] — (i +eA) (U o 0)H~§ ce|U]]

where x € C§°(&) equals 1 near K.

Using these inequalities and remarks I1.2.2. b) and II.2.2. ¢), we infer that a sequence
(Up) of H supported in a fixed compact subset of w is (strictly) (h,)—oscillatory with
respect to A if and only if the sequence (U, 00) is (strictly) (hy)—oscillatory with respect
to A in .

Finally, one can get rid of matrix & as follows. Let #' = H} ({y1 > 0})x L>({y1 > 0})
endowed with the usual norm

. 1/2 v
IVIF = (0l + 115) 7, v = (7).

()43
D(A') = { (Z) €M, veH ({y1 >0}),Ave LQ}.

Then usual elliptic regularity estimates for the Dirichlet problem in a half-space (see for
instance [GT]) imply that the identity map A : H — H' and operators A, A’ satisfy the
assumptions of proposition I1.2.3, as well as A~!, A’, A. As a consequence, the (strict)

and let

(hn)—oscillation of (U,) with respect to A is equivalent to the (strict) (hy)—oscillation
of (U, o 60) with respect to A'.

Step 3. Getting rid of the boundary.

We are reduced to proving the analog of proposition I1.2.4 when ) is the half-
space {y; > 0} in R?. Again we consider the selfadjoint operator B = i (g é) on
H'(R?) x L2(R%), and we define

At HY({yn > 0)) x L2({yr > 0}) — H'(RY) x L*(RY)

(1) =)
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by the formula v(y1,y') = —u(-y1,9"), 0(y1,¥") = —u(-y,y").
Notice that 271/2A is an isometry onto the B—invariant subspace Hoaq of odd
functions with respect to y; in H'(R%) x L2(R?), and that

YU € D(4"), A(U) € D(B) and BA(U) = AA'(U).

In view of proposition I1.2.3, we infer that (U,,) is (strictly) (h,)—oscillatory with respect
to A’ if and only if (A(U,,)) is (strictly) (h,)—oscillatory with respect to B. Recall from
Un

the last part of step 1 that a sequence ( satisfies the latter property if and only if

n

the sequences (Vuy,), (9,,) are (strictly) (h,)—oscillatory with respect to |D| in L2(R?).
Our argument is completed by the following lemma.

Lemma I1.2.5. For every f € L?(R?), define

flyr,y") = sen(yr) f (y1,y').
Then the (strict) (hy,)—oscillations with respect to |D| of (f,) and (f,) are equivalent.
PROOF. In view of definition (2.1), it is enough to prove

— 0
L2— L2

(2.9) H1|D|2b sgn(y1)1|pj<a

as § — 0. Indeed, (2.9) implies that (h,)—oscillation is conserved by the action of sgn(y1 ),
while the conservation of strict (h,)—oscillation is a consequence of the adjoint estimate.
We prove (2.9) by means of Fourier transform. If g = 1p|>4 sgn(y1) 1|pj<f and 3a < b,

we have

A~

5(6) = fOn,¢)
i _Clgzb/unhe)@ G-m M

Notice that |&| > b — |€'| > b— a and |n1| < a, hence |&| > 2|n1| and |§ — n1| > %

Therefore, by the Plancherel formula,

dnl d£1 1/2
ol <20l [ )l
ml<a,l&1]>b-a &1

<kl (522) 7 st

whence (2.9). [

In order to complete the proof of the analog of proposition I1.2.4 for Q = {y; > 0},
we just need to observe that 1,,50f = 3(f + f), hence, if (f,) is a sequence of even or
odd functions with respect to y, the (strict) (h,)—oscillations of (f,) and of (1,50 fn)
are equivalent.

Conclusion. We conclude the proof of proposition I1.2.4 by coming back to z—coor-
dinates : if (vy,0y) is bounded in H'(R?) x L?(R?) and supported in a fixed compact
subset of w — with the notation of step 2 — then the (strict) (h,)—oscillations of
(Vun, Un) and of (V(vy, 08), 0y 0 0) are equivalent. This can be done either by mimicking
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the argument of step 2 — this time in the whole space — or by using the invariance of
semiclassical measures by change of coordinates (see [GL]). [ |

Since (strictly) h,—oscillatory sequences with respect to an operator A are conserved
by bounded functions of A, we infer from proposition 11.2.4 the following result.

Proposition I1.2.6. Let (p,,¥n) be a bounded sequence of H} (Q) x L*>(Q), such that
(Von,bn) is (strictly) (hn)—oscillatory in L?(R?). Let v,, be the solution of

v, =0 in Ry X Q, v,|p,x00 =0
(Unaatvn)|t:0 = (@nvwn)'

Then (Vvy(t), Oy (t)) is (strictly) (h,)—oscillatory in L*>(R?®) for every t € R, uniformly

in t.

In [BG1, lemma 3.2 (iii)] it is proved that every bounded sequence (f,) in L?(R?)
has a subsequence (fy(;)) which can be written as

(2.10) fn) = 95 + 55,
where g; is strictly (hy(;))—oscillatory, and s; is (hy(j))—singular, namely

(2.11) ‘

Lo pl<ssi]| , =0, Vb>a>0.

L2 j—oo

Given the subsequence (f,(;)), such a sequence (g;) is unique up to a sequence going
strongly to 0, and is called the strictly h,,(;—oscillatory component of the subsequence
(fa(j))- Notice that, in view of decomposition (2.10), a bounded sequence (f,) in L?(R?)
is (hy)—singular if and only if, for every strictly (h,)—oscillatory sequence (g, ), the scalar
product (fp,gn)z2 goes to 0.

Coming back to proposition I1.2.6, we obtain, in view of the conservation of the
energy scalar product, the following result.

Corollary I11.2.7. Let (v,), (0,) be sequences of solutions of v = 0, vlgxaa = 0,
such that (Vv,(0),0:v,(0)) is bounded in L?(Q2), and (V1,(0),0;9,(0)) is its strictly
(hpn)—oscillatory component. Then, for every sequence (t,) of real numbers,
(Vi (tn), Ot0n(ty)) is the strictly (hy)—oscillatory component of (Vup(ty), Otvn(tn)).

I1.3. A non-concentration property

The goal of this section is to prove the following result. Here €2 is the complement
of a smooth strictly convex obstacle, and (p,1) € H(R®) x L*(R3).

Proposition I1.3.1. Let p,, be the linear concentrating wave associated with a concen-
trating data (@,v, by, Tn,t, = 0), namely

Opn = 0 in ]Rt X Qa pn|Rt><89 =0

Lo (e 2. o2
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Then, for every bounded interval I, for every sequence (e,) such that ;= —) 00, we
have

(3.2) Pnllz=(n\[~en.cn),L0(2) —— 0.

n—oo

PROOF. We may assume that 2, € Q. We shall distinguish between the cases x, €
and z,, € 91. In both cases, we shall prove the following two facts separately,

a) for every sequence 6,, such that 6, =t # 0, ||pn(605)||Ls(@) — 0 as n — oo,
b) for every sequence ¢, such that ¢, — 0, ;> — oo, ||pn(sn)||Le y = 0asn — oo.

We shall see that b) is a degenerate version of a), which can be obtalned in a similar —
in fact simpler — way after rescaling the coordinates. Let us briefly explain our strategy

to prove part a), already used in [G1]. Introduce the time-dependent energy density on
Q,

(33) en(t) = (|6tpn(t7x)|2 + |vzpn(t7x)|2)dxa
which satisfies in R x 2
(3.4) Oren = divy (04 pn Vapn).

Notice that, since 0 p, |rxa0 = 0, equation (3.4) still holds in R x R? if we extend e,, and
pn by 0 outside 2. As a consequence, e, is equicontinuous as a measure-valued function
of t and the limit points e, of e, are continuous measure-valued functions of ¢. Therefore
property a) above will be a consequence of

(3.5) eoo(t)({z0}) =0, Vo€ Q, Vt#0,

through the concentration-compactness principle (see for instance [L2, lemma I.1]). In
order to prove (3.5), we shall calculate e (t) using semiclassical Wigner measures. Recall
(see for instance [GL], [LP], [GMMP]) that the correlation functions

(3.6) oty ke, 0) Z@apn( - n—, —hng)aaﬁn<t+hn§,x+hn§)

where dy = 0, 0; = 0., for 1 < j < 3, satisfy, up to the extraction of a subsequence,

BT Ve CFEm x % xR xB), [ fo,— [ o ndutta o),

where f denotes the Fourier transform of f with respect to variables (k, (), and p is a
positive Radon measure. The following properties are classical :

(3.8) / w(t,z,dr, df) < es(t)dt
R, xR3

(3.9 (72 — €] ) =0 (characteristic equation),
(3.10) (10 —&-V)u=0 (transport equation).
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Suppose we are able to exhibit some measure p, such that

(3.11) 0w

(3.12) /u*(t,x,dr, df) = e.(t)dt
where e, is continuous for ¢ # 0, valued in measures on {2 and satisfying, for every t # 0,
(3.13) ex(t)(Q) = [[VPaL¢l72 + 1oL ¥l|7--

We observe that the right hand side of (3.13) is the total mass of e (0). Moreover,
by conservation of energy and finite propagation speed, the total mass of e (t) is
independent of ¢. On the other hand, by (3.8), (3.11) and continuity with respect to
t # 0, we have

(3.14) ex(t) <esl(t), t#0.

Since (3.13) implies that the total masses of these measures are equal, (3.14) is in fact an
equality. If u. is explicit, it will therefore be possible to check property (3.5). Our main
task in the sequel will be to find explicit measures p. satisfying (3.11), (3.12), (3.13).

3.1. The case z, € )

Let us denote by u, the extension of p, by 0 outside 2, and introduce the
semiclassical measure i of V , uy,, defined similarly to (3.7) by

k ¢ k ¢
(3.15) <vt,zun(t— hngow— hng), Vt’zun<t+hn§ ,x+hn§)>
— e kT +L:£) n(t,x,dr,d€).

n— o0 R xR3

Despite the singularity induced by the extension by 0, it is still possible to prove that 7
is supported by the characteristic set {72 = ||} (see for instance [GL] for the stationary
case, where the proof is similar, or [Bu]). Moreover, we have trivially 7 = 0 if 2 € Q"
The problem is to understand the behavior of 1z as x approaches 9. For x € 912, denote
by N(z) the unitary normal vector to 9 at point z, pointing outward with respect to
Q. Then, in view of equation (3.10), measure 7 has a trace fiy as (t,x,7,&) approaches
the set {x € 90, § - N(z) # 0} from {2 € Q} (see for instance [H, theorem 4.4.8']).
The distribution iy inherits the positivity of i, hence is a positive measure. Therefore,
outside the set {x € 09, £ - N(z) = 0}, (3.10) can be continuated as

(3.16) TR =& Vo= (£ N)lig @ doa-

Observe that, near the set {z € 9Q,&-N(z) # 0,72 = ||}, the wave operator 97 — A, is
strictly hyperbolic with respect to the normal coordinate to 9Q. Moreover u,|px a0 = 0
by the Dirichlet condition. Consequently (see for instance [GL], [Bu], [M]), we have

Lemma I1.3.2. For x € 9010, denote by j, the symmetry with respect to the tangent
plane T, (09), given by
J2(§) =& —2(¢- N(x)) N(z)
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and define J on R x 09 x R x R? by

J(t7 x? T? g) = (t7 x? T? ]I (f)) *

Then

(3.17) T(7io) = -

We now collect the above informations on 1z to obtain an integral representation of
7 using the billiards flow above ().

Given z € Q, 7 # 0, £ € R?, the set
S(x,1,8) = {te]R a:—t—3 ¢Q}
b b )

is an open bounded interval, since Q2 is an open bounded convex set in R3. Denote by
I(x,7,&) the component of S(z,7,£)¢ which contains 0, and by to(z, 7, £), if it exists, the
finite endpoint of I(z,7,&). Time to(z, 7,£) is therefore the nearest time to 0 such that
r— t% € 00). We set, for every real number ¢,

Gt(xaTag) = (m_téaTaf) if te I(f,‘l',f)
Gt(x,T,f) = ($—t0§ - (t_to) %77-7 f?)7 where €I :jx—t0€(€)7
if t¢I(x,7,6).

(3.18)

Observe that (Gy)ier is a (time-discontinuous) flow on {¢ € O} x {7 # 0} x {¢ € R*}.
Among the points (x, 7, ) such that S(z,7,€&) = 0, a special role is played by those such
that the ray {ac — t% ,t € ]R} hits the boundary 9 tangentially. We denote by D the
set of such “diffractive” points, near which the analysis is a little more intricate (see for
instance [BuG]) — but we shall not need this analysis here.

Lemma I1.3.3. Let f € C°(( x R, \ {0} x ]Rg) \ D). Then, for every t € R,

(3.19) / F(G(r, 7€) Tt de. dr, d€) = / F(.7, ) dpo(.7,€).
where
1 - o 5 dg
(3.20) dpo(z,7,8) = 5 6(x — 200) Y 6(T F €N £ l¢]A(9)] -
2 T (2m)

PROOF. Let us calculate the distributional derivative of the left hand side of (3.19).
Observe that f(y,7,n) = 0 if y lies near 99, hence f(G_i(z,7,£)) = 0 if ¢ lies near
—to(x,7,€). As a consequence, in view of (3.18), t — f(G_¢(x,7,£)), is smooth and

<. S
+;I -fo(x—toé

(3.21) 9 (G-i(z,7,8) =

5 fo<x+t

)T, f) 1 icr(e,re)
¢ ¢

t t _77_)17 z,7,§) "
H(t+to) =7 = ) 1tgrere)



20

On the other hand, since f is supported outside D, so is f o G_;. The point is that, by
the implicit function theorem, tg is a C'°*° function outside D, and

TN (x — toé)

(322) Vzto(x,r,f) = m,

in particular % - Ve to = 1. Consequently,

S N(r-te2)] =0 and £ vie) =0,

We conclude, in view of (3.18),

13 ¢
-

;-me(x+t§,r,§)l_tel

' §
+—-fo(as—t0—+(t+to)—,
T T T

(3.23) Vo f(G-t(2,7,8)) =

¢ ¢
T, ?) 17t¢17

which is the same as the right hand side of (3.21). Using (3.16), we conclude

g /f (x,7,8)) u(t,dedr df) = / —t(x,7,8)) po @ daq(t, dxdr df)

_/ g.Nf< +t]z(€)vijz(f))Ma®539(t,dxd7-d§)
{t&N@)>0p T
N 3
+/{t5 N@)<0} T f(x"’t;ﬂ'af) pa @ daq(t, dxdrdf),

which is 0 by using € - N(z) = —j(§) - N(z) and lemma II.3.2.

It remains to prove (3.19) for |¢| small enough. Let f,, be the solution to the free
wave equation,

af, =0, (t,z) ER xR,

(3.24) £a(0,2) = J%T,ﬁ”(x ;nxn)
O (0, 2) = h31/2 o ann)

By finite propagation speed, it is easy to prove that, for |t| < d(z, 00),

(3.25) IVee(Pn = fa)OllL2(@) —— 0.

n—oo

Therefore i coincides for |t| < d(rs,0) with the semiclassical measure of V¢, fy,, which
is well known (see for instance [G1]) and satisfies (3.19), (3.20). This completes the proof
of lemma II.3.3. [ |

It is now easy to carry out the program sketched in (3.11), (3.12), (3.13) with
Hex (ta T, T, g) = 1(9(1‘7 T, g) Gy (MO)(xv T, f) dt

0 ={(t,Gi(@,7,), (#.7,6) € (@ x R\ {0} x B) \ D}
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Indeed, (3.13) holds because o, = R* and the set of directions & such that the line
{0 + s&,s € R} is tangent to 90 is a null set for the Lebesgue measure by Sard’s
theorem — or by a direct computation, since Q€ is a convex set here. We conclude

(3:26)  esx(®)({ro}) = po({(2,7,6) € @ x R\ {0}) x B, p, Gu(a, 7€) =m0} ).,
where p, denotes the projection onto the x space. Using (3.20), (3.26) becomes
(3.27) e} =3 [ Tal@)de.
+ JEx(?)
when Ty € L'(R%) and
(3.28) EL(t) = {g € R /py Gt (200, £1€],€) = xo}.
Observe that p, Gt (Teo, £|€], &) = Ft(q:%) where F}(w) = Zoo +tw if [Too, Too +1w] C Q,

\
and Fi(w) = oo + to(w)w + (t — to(w))w" if [Too, Zoo + to(w)w] is the component of
in [Too, Too + W] NQ, W' = T oo +to (w)w (W)

We claim that, for every t # 0, the map F} : S2 — (0 is one-to-one. This implies that
E4(t) is either empty, or is a half-line in R? ; in any case E4(t) is a null set and (3.27)
implies (3.5).

The fact that F; is one-to-one for all £ # 0 is an elementary geometrical fact. Let us
prove it for the convenience of the reader. Assume

(329) Ft(wl) = Ft(wg).

We have to discuss whether the segments [z, 2o + tw;] meet 0 or not. If both
are contained in Q, Fi(wj) = Too + twj, and w1 = wo. If one of the segments meets ﬁc,
the triangle inequality shows that the other one must meet Q° too.

Set to(w;) = tj, Yj = Too + tjw; € 0N, and N; = N(y;). Up to changing w; into
—wj, we may assume ¢ > 0, hence ¢; > 0. Set

Ft(wj)zyj—i—)\jw;, Aj > 0.
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Then, by (3.29),

(3.30) (11 = 2) - (Wi —wy) = (=Mw) + Xowp) - (w) — wh)
= =M +X2)(1 —w - wy) 0.

On the other hand,

(3.31) (Y1 —y2) - (W) —wy) = (frwr — brws) - (w1 — wy)

—2(y1 —y2) - Ni(w1 - V)
+2(y1 — y2) - Na(wz - Na).

The last two terms of the right hand side of (3.31) are nonnegative because of the
convexity of Q°. Therefore (3.31) implies

(Y1 —y2) - (W) —wy) > (b1 +t2)(1 —wi - w2) >0
unless w1 = ws. This completes the proof of property a) if zo, € (2. |

Remark I1.3.4. Notice that, in the last part of the proof above, the geometry of ()
played a crucial role — indeed, proposition I1.3.1 is clearly wrong in the case of other
geometries.

Let us close this subsection by proving part b) when z, € Q. Coming back to the
solution f, to the free problem (3.24), we observe that convergence (3.25) is uniform for
|t] < $d(z00,0Q), say, hence (3.25) holds with t = &,,.

Hence we are led to proving
(3.32) ||fn(€n)||L6(R3) e 0,
n—oo

which for instance can be done similarly to the case |¢| small enough above, by computing
the semi-classical measure of V; , gy, where

(3.33) 9n(3,y) = e)/? fulens,eny)

associated with the scale §,, = 'E’—" — 0.

3.2. The case z, € 00N

We begin with proving part a), namely (3.5). Of course we may assume, say, ¢ > 0.
The strategy sketched before subsection 3.1 will be completely carried out if we prove
the following result.

Lemma I1.3.5. The semiclassical measure p of Vi zp, above {x € Q,7 # 0} satisfies,
for all t > 0,

(334 plty,7,€) > 87 = oo +12 ) Xo(r,),

where \g is a measure, absolutely continuous with respect to the Lebesgue measure on
the cone {72 = |¢[?, £ - N(200) > 0}, with total mass given by

(3.35) TM (o) = ||V Pa¢ll72 + 1o VllZ--
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Observe that lemma IT.3.5 makes sense since the right hand side of (3.34) is a measure
above {x € Q}, in view of the specific geometry of Q.

PROOF OF LEMMA I1.3.5. Since we already know that p satisfies 70— &V =0
above {x € (1}, (3.34) is true for every ¢ > 0 if and only if it is true for some ¢ > 0. Hence
we are led to proving (3.34) for small ¢ > 0. As a consequence we only need to study u
above a convenient neighbourhood of ¢ = 0, x = z4 intersected by ]0, +00[x 2.

In order to accomplish this program, we introduce the following normal coordinates
near x,. By rotational invariance, we may assume

N(zoo) = (0,0,1).

Then there exists a local parametrization of 9Q, m : {|z] < 1} C R? — 9Q C R?, such
that

om om

(3.36) m(0) =, 5-(0) = (1,0,0), 5=(0)=(0,1,0).

Set N(z) = N(m(z)) for simplicity. For ro > 0 small enough, the mapping
(3.37) {lz] < 1} x {|Jr| < ro} CR® x R — m(z) —rN(z) € R3

induces local coordinates near r, in R?, so that Q = {r > 0}. We denote by v,, the local
extension of p, in a neighbourhood of & = x, by the reflexion formula

(3.38) v (t,2') = —vp(t,2) if 2(2") = z(x), r(z') = —r(x).
Then v,, satisfies a wave equation with variable coefficients,
(3.39) pO?v, —div(AVv,) =0

in a neighbourhood of t = 0, x = x4, where p, A are continuous piecewise smooth
functions with interface on 99Q. Of course, if © € Q, p(x) = 1 and A(x) is the identity
matrix. Next we introduce the Wigner correlation functions,
k 0N — k 14
(3.40) Cob(t,z, k, () = U;;(t—hn—,x—hn—)UZ(t+hn—,x+hn—),
2 2 2 2
where Up, = (\/p0; vn, VAV, v,), and index a = 0 corresponds to coordinate ¢. Notice

that the above expression of U,, is motivated by the energy associated to (3.39), namely
1\V/POrvn ()22 + ||VAV,0,][2,. Using [GMMP], we have, up to a subsequence,

3.41 Co(t,z,k, ) — e HTRTEOYab(p o dr, de
n
R xR3
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in the distributional sense, where (Vab)()ga’bgg is a positive matrix-valued measure.
Observe that the local feature of the Wigner transform implies that the restriction of
v = tr(V) to {& € Q} is exactly p. Next we prove that, outside {r = & = 0}, V is
determined by v. For simplicity, introduce the following notation,

(3.42) Otz =0, Oy =0,

k 14
+ — _ _
(3.43) fr(t,x, k) = fn<tﬂ:hn2,xﬂ:hn2),

for every sequence f, = fn(t, ).

Set Vi, = (94 vn, Vapvn), D2 = (Va)~ (Vo)*, and

/20

44 P = .

(3.44) (7

Then

(3.45) C,=P D,P"

and, by the Schwarz identity,

(3.46) (lhﬁ—é)D‘“’:(lha—é)DC”
. 2 n Ve c n 2 n Ya a n

Passing to the limit in (3.45), (3.46), we conclude

(VPT,VAE @ (VpT,VAE)

(347) V(t7$77-7 6) = pT2 + Af . g

v(t,z,1,€)
outside {T = ¢ = 0}.

Therefore we can derive the localization law for v : from (3.39) we have
(3.48) (% B Oy — ak) (p~ Bpvy Byt — (% hy, div, — div ) (A~ Voo dot) = 0.
Passing to the limit in (3.48), we obtain, outside {7 = 0}, in view of (3.47),

(3.49) (pm® — AE- v =0.

Finally we have to derive a transport equation analogous to (3.10).

Observe that ¢, = tr(C),) satisfies
ch=p Ov vt +A Vv -Vot +E,,
where E, goes to 0 weakly in k,z,{, uniformly in ¢. Therefore a straightforward

calculation leads to the identity — where we dropped subscripts n for simplicity —

Oc, OE,
(3.50) 2t " o

= div, [A~ Vo~ a7t + Z—; D™ AT VY] - 00 v(ﬁ—;) Rvains

—(%hnat — o) [g'p—?p Vo ATV - 0 VAV Vo]
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with the notation 1o
gz, l) = / g(x + h,00)db.
—-1/2

From (3.50) we deduce several pieces of information. First, since A,p are Lipschitz
functions, we observe that, for some sequence E,, going to 0 weakly in z, k, ¢ and uniformly
in ¢, the quantity 2 (c, — E,) is bounded in ¢, valued in D, k-

We conclude that the sequence ¢, is equicontinuous in ¢, in particular v is continuous
in ¢, and its value vy at t = 0 is the inverse Fourier transform of the limit of ¢, (¢ = 0).

Next we multiply (3.50) by eg("“2), where g € Cg°(R) satisfies g'(0) = 1. Passing

g

to the limit as n — oo, then as ¢ — 0, and taking the inverse Fourier transform in (k, ¢),
we obtain, for 7 # 0,

(3.51) 1,— Vr(z)- A(z)¢ v=0,
which, since {r = 0} = {# € 90} and A(z) = I on 0f), means exactly
(3.52) v({z €dQ, & - N(z) #0,7 #£0}) =0.

In view of (3.52), it is now possible to pass to the limit in (3.50), using the following
lemma.

Lemma I1.3.6. Let f,, g, be bounded sequences in LIQOC(D), where D is an open domain

in R?. Let a be a Lipschitz function on D, C' outside a closed subset F of D and let
b € L*°(D), continuous outside F'. Assume the Wigner measure V of (fy, gn) satisfies

(3.53) tr(WV)((F xRH)NG) =0,
where G is some open subset of T*R?. Then

a(y+hn%) _a(y_hn%) 2\ = k2 N —iz-n
(354) hn fn(y_hn §)gn(y+hn 5) /Rde /\(yadn)

where the distribution \ satisfies

Mg = —i div,[V,a V']

G -

Similarly, we have

(3.54)" b(y ¥ ha %) n (y — hy, %) 7. (y ¥ ha %) - /R e~ h(y) V12 (y, dn).

We postpone the proof of lemma I1.3.6 and show how to get lemma I1.3.5. By (3.52),
we may apply lemma I1.3.6 to components of U,,, with F' = 92 and G is the complement,
of {T=0}U{x € 9Q,¢- N(x) = 0}. Therefore (3.50) leads to the following equation in
G,
ov [Af

. 1. [V 1
(3.55) r = div, 71/] + 5 dive [(p—ng.g— ;(VA)g-g) u],
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which is the transport equation along the hamiltonian vector field associated with the
wave symbol % (7'2 — % Aff). The problem is that coefficients Vp, VA are discontinuous.
One can resolve this difficulty by means of the following elementary lemma.

Lemma I1.3.7. Let b be a piecewise smooth vector field on a domain D C RN with
interface localized on a hypersurface S C D. We assume that the normal component of b
to S is continuous through S and does not vanish. Then, for every Xo € RV, there exists
a unique maximal solution to the differential equation

(3.56) X(t) =b(X(t), X(0)=Xo,

interpreted in the distributional sense in the t variable. The maps G; : Xo — X(t)
constitute a Lipschitz local flow on D, and, for every positive measure v on [0,T] x D

satisfying

% +div(bv) =0 on ]0,T[xD,
(3.57) v([0,T] x 8) =0

V|t=0 > Vs

such that, VXq € supp(vs), G¢(Xo) exists for t € [0, T[, we have, for every t € [0, T,

(3.58) v(t) > Gi(vy).

The proof of lemma I1.3.7 is based on the observation that, if X € S, X (t) cannot
stay in S since b(X) is transverse to S. The whole proof is an easy adaptation of the
usual arguments for Lipschitz vector fields and is left to the reader.

In order to apply lemma I1.3.7 to our context, we need some information about
V]t—o, which, as already observed, is the inverse Fourier transform of the weak limit of
the correlation function ¢, at t = 0.

Denote by v, + the solution to
pO; U+ — div(AVo, ) =0
1 Tr—x,
(3.59) on.+(0,) =Pa (~/_hn 90( Ion ))

1 Tr—x,
O4vn,1(0,2) = 1g() WMT) ,

and set
(3.60) On,—(t, @) = vy 4 (t,2").

Then we have v, = v, 4 — vp,—. Arguing as in proposition II.1.3, one proves easily that
the function ¢, 1 defined by

(3.61) Oni(k,0) = B v, 4 (hk, 2y + hpl)
converges strongly for the energy norm to the solution ¢, of

(3.62) 0oy =0, d4|k=0 = Pa.¥, Ok dtlk=0 = la_ 1,
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locally uniformly with respect to k. We have a similar result for v, _ and the cor-
responding solution ¢_ of O¢p_ = 0, so that

!

(3.63) vk, ) = J% [¢+ (k %) — 6 (k a ;:“"" )] +o(1)

in the energy norm. Plugging (3.63) into (3.40) with ¢ = 0, and passing to the limit as

n — 00, we obtain, after a straightforward calculation,

(3.64) vo(,7,6) = 0z — 200) Y 0(r F |€]) H (&) dé,
+

where

H.(©) = 5 ([0 £ iele©| + [atien ildeGen] ) if 0. =8,

To. 0(6) — Ta. 9(j (€)X osN

(3.64)’ Hy(§) = %

2
if Qg ={¢-N>a}.

+il¢] (@(5) P ((9)) eZiaﬁ-N)

In both cases, j = jz.., N = N(2s0)-

We set \o(§,7) = 1%'N>0§6(T F I€)HL(§)dE. Then an elementary calculation
yields (3.35).

Finally, we observe that, if £-N > 0, then G¢(2os, 7,€) = (7o —t £, 7,£) stays above
Q for t > 0, hence we can apply lemma 3.7 with

vi=1e N V0

for all £, and get finally inequality (3.34). This completes the proof of lemma I11.3.5. H

Now we come back to the proof of lemma I1.3.6. We prove only formula (3.54), the
arguments for (3.54)" being similar. Up to cutting off functions f,, g,, we may assume
that f,, gn are bounded in L?(R?). Let y. € C*°(R?) such that y.(z) = 1 for (2, F) < ¢,
and xe(z) = 0 for d(z, F) > 2¢. We denote by A, (y, z) the left hand side of (3.54). For
fixed e, we have, in S'(RY x R?),

(3.65) (L= 22 Anly,2) = = (L= xDkV,aV™(y,2)

n

. 2 . .
since (1 — xZ)Vya is continuous.

On the other hand, for every k € S(R? x R?),

(3.66) /k(y,Z)x?(y)An(yvz)dydzz/’“(yvz)cuhi

n

(Xe fn)™ (m)—i_ dydz + o(1)

as n goes to infinity. Let Q, be the operator of kernel %k(%‘”r, y;—f’) Then (3.66)
reads as

(3.6) [ ¢ Andydz = ([0, Qul e Fos X n)

n L2’
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Choose ¢ = k € C$°(G) and ¢ € C§°(G) such that ¢ = 1 near supp(q). If Q,, denotes the
operator corresponding to ¢, the pseudodifferential calculus implies

On the other hand

(3.69) [ ¢ Andyds = (5 (0.0 Qa0 fo) xe5),

2

( [a,Qn — QnQ n]Xsfansgn)

2

+ h_ (Qn[a, Qn] (xe f”)’ng”)U

In the right hand side of (3.69), the first term is bounded by C'[|Qn(x= fn)|lz2 ||Xe gnll 12,
the second term goes to 0 in view of (3.68), while the third term is bounded by
[IXe fallz2 1|Q (Xe gn) |12 - Passing to the limit as n — oo, we obtain

< ¢ sup(ll +1ab (| IXEIZdtr(V)>1/2

which goes to 0 as ¢ — 0 in view of assumption (3.53). Combining (3.70) and (3.65)
completes the proof of lemma I1.3.6. [ |

n—oo

(3.70) lim ‘/k)fA dydz| <

We close this section by indicating briefly how to modify the above proof in order
to prove part b) in the case x,, € 9. Denote by 0, (t, z,7) the expression of v, in the
normal coordinates (3.37) near x4, and set

(3.71) Wi (3,y) = e/ 2 Bn(ens, 2n + Eny' s nya).
where (z,,r,) are the normal coordinates of z,,. Our goal will be attained if we prove
(3.72) [|wn(1)||ps —— 0,

¥ n—oo

which we prove once again using Wigner measures corresponding to the scale d,, = g—"

Indeed, w, is solution to a wave equation
(3.73) pnOF wy — div(A4, Vw,) =0,

where p,, A, are sequences of continuous piecewise smooth functions of y with interface
on {y; = 0}, and which satisfy moreover

(3‘74) |pn_1|+|An_I|—>07 |vpn|+|VAn|—>0

uniformly on compact subsets.

Then one can copy formulae (3.40) — (3.50) in this context, the limiting process
being much simplified by (3.74). One finds that the Wigner measure # associated with
(Vs,ywy) satisfies

(3.75) (0> =) =0, (60, —n-0,)v =0,
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Moreover the computation of #|s—¢ can be done similarly to formulae (3.59) — (3.63).
This allows one to conclude as before, using conservation of energy and the concentration-
compactness principle. We leave the easy details to the reader. |

Remark I1.3.8. An alternative strategy in order to deal with measures of solutions to
the Dirichlet problem for the wave equation could be to use measures on the Melrose
compressed cotangent bundle as introduced by LEBEAU in [Lel] (see also the recent paper
by BURQ-LEBEAU [Bull)).

III. The linear equation

The aim of this section is to prove theorem 1 stated in the introduction. For the
convenience of the reader, let us recall the statement. We consider a sequence (v,) of
finite energy solutions to the following problem :

v, =0 in Ry X Q, wvylr,x00 =0
(Unvatvn)|t:0 = (@nﬂﬁn%

where (¢n,%,) is bounded in E(Q), and compact at infinity (see the introduction,
equation (8)). We shall prove that up to an extraction, v, can be decomposed as follows :

L
(1) vnlt,e) = o(t,e) + 3 p (1) + ) (¢, ),

j=1

where v is the weak limit of v,, and where the pg) s and wg) satisfy the following
properties :

. p,@ is the linear concentrating wave associated with concentrating data
(0@, @ B 29 19)), where if j # k,

() () Gy _ (k) (k)
log (hL) — vo0 or hY =hn® and |(1‘n oti ) — (@n s tn )| 00.
hszk) n—oo n n h%j) n—oo

e The remainder w,(f) satisfies, for every T' > 0

(2) Jim w1 poo (7,115 () —— 0

e The energies are orthogonal, in the following sense :

¢
(3) Eo(vn) = Eo(v) + ZEo(p%j)) + Eo(w)) +0(1), n— oo.

Jj=1

Without loss of generality we can suppose that the initial data satisfies

(4) (bnythn) — (0,0) in E(Q),

n—oo
hence that v = 0.

The structure of the proof is as follows : in the first part, we extract the scales hszj ) of
concentration, using results proved in [G2]. In the second part, we consider a fixed scale
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h, and decompose a strictly h—oscillatory function into a sum of concentrating waves,

(4)

with data at time tg] ) concentrated at a point x,”’, and satisfying the properties required

in the theorem. The combination of both steps ylelds the result.

II1.1. Extraction of scales

Let us prove the following proposition.

Proposition ITI.1. Under the assumptions of theorem 1, the function v, can, up to an
extraction, be decomposed in the following way : for any ( € N*,

oD (t,x) + plO (¢, z),

MN

(1.1) n(t, ) =
j=1

where each U(]) is a strictly (hg))—oscillatory solution of the linear wave equation in {2,
where hgf) — 0, and where
n— oo

()
(1.2) ‘1oghi‘—>+oo if j£k.
y(a] e

Moreover, we have, for every T > 0,

(1.3) T {1087 (=, 20(0)) ——— 0
as well as
L
(1.4) Z W) + Eo(pl)) +o(1), n— o9
and
(1.5) viZk, o ol |l @, Loi@) —— 0.

PROOF OF THE PROPOSITION. The proof is an adaptation of [G2], using the
propagation of h—oscillation proved in proposition I1.2.6. Indeed, the functions V¢,
and 1), are bounded in L?(R3), hence can be (see [G2]) decomposed in the following way,
up to the extraction of a subsequence :

q;(l) \I/(l))

MN

VKEN*, ¢n7¢n =

]:1

where the go(])’s and the ¥y g are strictly (hszj))—oscillatory, h,@ T) 0, and where
n oo

16) T (1900l + 1900 ) >0,

Let us recall that for any function f,

def P 2 1/2
(17) il sup ([ fopac)
’ ke? \ Jar<jg|<arht
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where f is the Fourier transform of f.

Moreover we have the orthogonality property :

Vee N, |[(¢n,¥n) ||E_Z|| D eE + 1@ TG +o(1), 1 — oo

and hS{ ) is orthogonal to hgf) for all j # k, in the sense that

3%

Now we know from proposition II.2.6, that strict (h,)—oscillation is propagated by
the wave equation in 2. That implies that, up to the extraction of a subsequence, we can
write

4

(1.9) va(t,z) =Y o (t,2) + pl0) (£, 2),
j=1

() - (]))

where each vy’ is strictly (hs;”’)—oscillatory, satisfies the equation

v =0 in Rt X Q, v + =0
(1.1 ) { ( n n |1R X0

o, 0 v)e=0 = (W7, 0F)),
and conservation of energy yields

4
(1.11) Eo(vn) =Y Eo(w)) + Eo(pl)) + (1), n — 0.

Now let us prove that for any 7" > 0,
(112) hm ||p ||Loo([ T,T),L(Q)) —)0

Let ¢ > 0 be fixed. According to (1.6), we have for ¢ large enough,
(113 T (100l + 19005 _) <.

Now let (hy,) be a sequence of scales, and let (Vi%(f), ‘ilgf)) be the strictly (hy)—oscillatory
component of (V(Iﬂ) ‘Il(é)) According to [BG1], equality (3.14), we get from (1.13) that

(114) T (198 22 + 1902 ) < Ce

where C is a universal constant.

Now we use corollary I1.2.7 : we infer that for ¢ large enough, for any sequence
(hy) of scales and (t,) of real numbers, the strictly (h,)—oscillatory component of
(Vp(({)( n),ﬁtpgf) (tn)), noted (fn ,gg)) satisfies by conservation of energy

(115) T (10l + 10 oes ) < Cc.
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Using again [BG1], equality (3.14), we infer that

(1.16) n@o IV N e iy ) ——— O-

172,00/ 00

Now it is just a matter of using the refined Sobolev inequality proved in [GMO] (see also
[BG1]), which states that

(1.17) Vi, 1 llses < ClVAlLs IVFR,

which proves (1.12).

We are finally left with the proof of the orthogonality property (1.5). It is due to
the following lemma.

Lemma IIL.2. Let h, and h, be two orthogonal scales, and let (f,) and (f,), be two
sequences such that V f,, (resp. an) is strictly (hy,) (resp. Bn)—oscillatory. Then we have

(1.18) T {1 Fallisqes) =0

PROOF OF THE LEMMA. We suppose for instance that z—" —— 0. Let us start by
n n—oo

assuming that the Fourier transforms of f, and f, are both localized in a ring of R?, of
the type

(1.19) Con={6€R | a< hylé| <D}, b>a>0.
Then we have, by Hausdorff-Young’s inequality,
||fnfn||L3(R3) < C||fn * an||L3/2(R3)

< Cllfaller @)1 Full o)

which implies that

; 1\3/2 1\1/2 <
W Falliscey < € () Whallzzeo () Wallzaqes
71/2
<C %

since || follr2msy < a7 ||V fnllL2ms) by the spectral localization assumption on f,,
and similarly for f,,. So the result is proved in that case.

If f,, (resp. fn) is not spectrally localized, then the strict, (h,,)—oscillatory assumption
enables one to approximate f, by fJ with

(1.20) n@o IV (fr = F)llL2(s) <6,

and supp f,‘i C Cp. Then it is just a matter of using Holder’s and Sobolev’s inequalities,
which yield ~ .
(£ = 1) Fullzzms) < [1fn = Follro@s) || fallno@e
< OOV fallL2s),
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and the lemma is proved, and with it, proposition III.1. ]

II1.2. Extraction of times and cores of concentration
Each function vgj ) obtained in the previous section is going to be decomposed into
a sum of orthogonal concentrating waves. To simplify the notation, we shall consider a

strictly h—oscillatory family of functions, noted vy (t, ).

Proposition II1.3. Let v, be a strictly h—oscillatory family of functions. Then up to

an extraction, there exist linear concentrating waves pgl ), associated with concentrating

data (o®) (k)] h,xék),tgf)), such that for any ¢ € N*, and up to a subsequence,

0
(2.1) on(t,e) = 3 pi (t,2) + @ (¢, 2)
k=1

(@i, ) = @ 67

(2.2) Vi # k, - — +oo;
l
(23) E()(Uh) = Z Eo(pgk)) + Eo(mgf)) + 0(1), h — 0,
k=1
T (=
(2:4) vI>0, lim 1@\ || oo (117,05 (02)) —0.

Remark ITI.4. It is clear that proposition II1.3, combined with proposition III.1, proves
theorem 1.

PROOF OF THE PROPOSITION. The proof is inspired by the method introduced in
[MS]. Let us start by defining some notation. For any sequence (xgk),tgk)), we define the

operator D,(Lk), which acts on any f defined on R; x R? in the following way :
def
(2:5) DY f(y) & (W72 (# fP + hy) 020, (1 2l + hy)).

If f satisfies the linear wave equation in (), then we define the function
(26) W £(s,0) B2 F(HY + hs, i + hy),

which satisfies the linear wave equation in

(k)
(k) def -z
2.7) Q= —
and we have (Wfbk)f, Os W,(Lk)f)|s:0 = D,(Lk)f. Finally, we define the exhaustion function
0 by

def def
@8 v o, 5w sup {16l + 101 e,

Dpup — (p,1), up to a subsequence}.
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Let us prove the following result.
Lemma II1.5. For any bounded energy sequence (up)p>o of functions, we have

T 613 1/3 Ty 1/6
(29) VT > 0, }El{)% ||uh||L°°([—T7T],L (R3)) S Cé(g) }llli)l}) Eo(uh) .

PROOF OF THE LEMMA. It is based on the result proved in [G2]; let ¢, be an
arbitrary sequence of real numbers, and let us write, up to an extraction and according
to [G2], proposition 4.1,

‘ ()
1 —
(2.10) w(th, o Z —75 P (%) + W), WeN,
with, V¢ € N*,
4
(2.11) =" Eo@Y) + Bo(W ") +0(1), h—0,
j=1
and
. 14
(2.12) Tm WO L6 (ms) —0.

It is easy to see that up to an extraction (see [G2], remark 1.2 b),

o0
(2.13) Lim {fun(tn, MEe@sy = D B9 156 ms) »
=1
and also
_ e .
(2.14) lim IVun(tn, 72 @s = D IVED |2 ms) -
j=1

By the embedding of H'(R3) into L8(R3), we get
T, [Jun(th, ) |2o(es) < C m [[Vun(tn, )72 sup IV 72 @)
< C Tim Eo(up)d(un)?®.
h—0
The lemma is proved. |

Let us now proceed to the extraction of the xgzk)’s and tgzk)’s : we can suppose that
0(v) > 0, otherwise lemma IIL.5 shows that there is nothing to be proved. Now let us
choose (¢, (M) € AH' x L2(R3) and (xg),tg))bo such that

o(v),

DN | =

(2.15) IV 72 msy + 107 2R3 >
and

Dy o (oM D
(2.16) Dy o = (9 90).
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Then p}(LLl) is the linear concentrating profile associated with (4,9(1),1/1(1), h, acg), tg)).
Lemma ITI.6. Let W,Sl) def vp — pg). Then
Eo(vn) = Bo(p))) + Fo(wy) +0(1), h—0.

PROOF OF THE LEMMA. It is an easy computation. Let B be the bilinear form
associated with the energy :

def

(2.17) B(a,b) = /Q (Oa - O¢b(x) + Va - Vb(z)) d.

All we need to prove is that
(2.18) B(wn,p\") = BEo(@}") +0(1), h—0,

which is a straightforward consequence of conservation of energy combined with propo-
sition II.1.1 and lemma I1.1.2. |

Now the expansion of v, given in proposition II1.3 follows by induction : let us
suppose that

K
(2.19) vp(t,z) = Zpglk) (t,x) + wELK) (t,z),
k=1
where
*
(2.20) Eo(vn) = 3 Eo(p) + Eo(w?) +0(1), h—o0,
k=1

(k) (1) (k)

and where p; ™’ is a linear concentrating wave, associated with data (ap(k) L), x),

where the (acgk),t}gk))kg;( are orthogonal :

(@ 1) = i )]

. . 12
(2.21) Vi#k, (k) €{l... K}, - -

> 00,

Exactly as previously, we can suppose that d(w®) > 0, and we can define
(A qpE+D) (KD KLy g that

1 .
(2.22) VD72 + |l 17 > 55@”‘)),
29 D(K+1) (K) N (K+1) (K+1)
( 3) h Wh h—0 (90 7¢ ) )
and pELKH) is the linear concentrating wave associated with the data

(A p(+D) py g (KFD) (KAL)

+1)

Then lemma I11.6 applied to w,(ZK) and pSZK implies that

(2.24) Eo(w™) = BEo(F ™)) + By (w5 ™)) +0(1), h—0,
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w}(LLK) _ p}(LLK‘H) ; hence to conclude the proof of the proposition, all we
W) and (@, 6) for j < K as well

K+1
where w}(LL +) —

need is to prove the orthogonality of (z
as the fact that for any T' > 0,

T 1) ;
(2:25) lim [Jw," ||z -7.1),2800)) 72 0-

The latter fact is due to lemma II1.6 which yields, with conservation of energy,

.
(2.26) Eo(vn) = > (V@[22 +[[0®2) + En(wi)) + o(1), h—0.
k=1

In turn that implies that

o0
(2:27) Eo(vn) = > (IVe™ 72 + 1™ ][72) + Eo(wn) +o(1), h—0,

k=1
where we replaced K by a sequence K, — oo.

h—00
So in particular, the series of general term ||V®)|[2, +||1)(®)||2, converges. But by

definition of (o®*) (¥ in (2.22), we have
(2:28) o(w™) < 2(|[Ve* VIZa + [ FZ2)

That implies that

(2.29) lim §(w) =0,

K—o0o

and lemma III.5 yields the result : we have

(2.30) Tim fJwy™ ||z .11, 0(2) 7= 0-

Finally we are left with the proof of the orthogonality of the concentration cores xglk) and

times tglk). In the following, considering two families (z,(LJ ))h>0 and (z,(zk))h>0 of elements

. L))
of R%, d > 1, we shall write zgj) 1y z,(Lk) if l”hih”h‘ % and symmetrically, we
—
. () (k)
will write z;j) Ln zgk) if ‘Zhihzhl —— A eRT.

h—0
Let us prove the following result

Lemma IIL.7. Let {j,j'} € {1,...,K}* be such that
9 19) L G ) and (6049 L o ).

Then W,(Lj )wELKH) and W,(zj ) pgzj ) go weakly to zero in the energy space, as h goes to zero

(see (2.6) for the definition of W,(lj)).

PROOF OF THE LEMMA. Let us start by considering the case of Wéj) w,(LKH). By
assumption, there exist 7, € R and &, € R® such that

(2.31) t9) =5 Lo, 2 =2 4 g,
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and 7, —> TEeR & —) ¢ € R%. By definition of W R+ ) given in (2.6), we
have
(232) W w0l (5,9) = 02wV D 4 hs, 2l + hy),
SO W K+1) satisfies the following equation :
(9) (1\+1) (9) (7), (K+1) _
2.33) oW,/ =0 in R, x 0, W, w, 2, o0t =0

(W}(LJ) w}(LK+1) , 9, W}(L]) w}(LK+1 )|s:0 — DEL]) wELK-H) )
Now let us define

(2.34) D (5 4) LW (KD (s 7y ).

Then (2.33) becomes

plh A (K+1) ~(j,K+1) _
Ow =0in Ry, x . ~0
(2.35) h' ) - 1/h h |R;s><3951/(:1)
(B0 0, )|, = DU .

Now it is just a matter of using proposition II.1.3 : we know, by definition, that

(K+1) (K+1) .
(2.36) D, w, i (0,0) in E(),

which implies that
(2.37) W EH (7 gy =0
in the energy space, so the result is proved for W,(Lj ) w,(ZKH).

Now let us study the case of W(] ) ( ). we have by definition,

(2.38) W b (s,y) = W20 (1) + hs, 2 + hy).

(4"

But by definition of p;; ’, proposition II.3.1 implies that

(2.39) lim 1P (19 + hs, )||s@s) =0, Vs €R,
which after rescaling yields

(2.40) lim WD p (s, )| Lsms) =0, Vs €R,

which the expected result W,(Lj ) pgj ’), in the case of time-orthogonality.

Now let us consider the case where tgzj ) Ln tgzj D Tt s enough to prove that

(2.41) DY p)  (0,0).
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So let (g%, ¢%) € (C§°(R3))2. By time-equicontinuity, we can suppose to simplify that
tgf) = tgj ). Then we have

(), (") Lo o =N
/ DYy () (¢ )W) dy = [ Pow ¢ )(y+ - )g (y)dy
R3 R3 1/h
() (4"
Tp — T 2
i d
-l-/R3 Qg/)hw ( W )g(y) Yy
() (4"
(") _% T Ny
R3P 51/2@ ( ) (Z h ) :
() (4"
1 (N2 (=T —"n Ny
+ [ g (o) (g7 (s - g )
and (2.41) follows from the fact that g' and g2 are compactly supported. [ |

Now we are ready to prove the orthogonality result : let us define
(242) jI\’ — max {] € {17 [‘} | ( 5 7xé‘])) lh (tEZK+1)7x§1K+1))},

supposing such an index exists.

Lemma II1.7 implies that
(2.43) W) g (KF) g

(ix) _ tELK_H) and )

We may suppose that ¢, (r) xELKH). Then

(2.44) W) D () = WD pll ()

Which implies that W,(le)pglKH) has a weak limit which is not zero. But by definition
(Ux)

of w,’*’, we have
K+1
(2.45) wi = N P M,
k=jr+1

so we infer from (2.36) and (2.43) that

o N~ m)

JK k

(2.46) W ( S )}Hoo.
k=jx+1

If jk = K, the contradlctlon is obvious. If not, the definition of jx and lemma III.7

imply that Wfbﬂ( (k Z+1p(k)) goes weakly to 0, which contradicts (2.46) and (2.44).
=JK

So proposition II1.3 is proved, along with theorem 1. ]

IV. The nonlinear equation

IV.1. Proof of theorem 2
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To simplify the notation, we shall consider concentrating data (¢, ¥, h, zp, tn), h > 0,

and we shall only deal with the case % ﬁ 400 ; the other cases are similar and left
—

to the reader. Recall that the function p; solves

Opr =0 in R x Q,  pplr,xa0 =0
(L.1) 1 xr—xh 1 r—p
(Ph, Oron)li=t, () = (WPQ (@(T)) ) Wla(f)lb( A )) .

Introduce the following nonlinear wave :

(1.2) {DQh+|qh|4Qh =0in R x Q,  gulp,x00 =0

(qh, Ot aqn)lt=0 = (Ph, Oepn)t=0,

and call P, the function (noted W, py, in section III)

def
(1.3) Pu(s,y) S W' pu(tn + hs,zn + hy),
which satisfies the linear wave equation in €2y def Q_—h“ As seen in section II.1, the

domain ) /;, converges, as h goes to zero, towards a limit domain (2, and we will denote
P the solution of the linear wave equation in Q. :

OP =0 in Ry X Qse, Plp.xo0. =0
(1.4)

(Pv aSP)|S=0 = (/PQooﬂpv 1Qm¢)

Then we can associate with P the following nonlinear equation :

R.x90. =0

oQ* + [QM*Q =0 in R, x O, Q*
(1.5) \ \
(Q 765Q )|s:7/\ = (Pa 6SP)|s:7)\a

where A is a positive real number. We call 62 the associate rescaled function

X def 1y
(1.6) qy(t,x) = 111/2Q (

t_hth,x_hxh).

Finally, let us define Sq__ def Pq_ S Rq_,, with the notation of definition I.6. Define the
solution P, of the following equation :

W {DPh =0in Ry x Qi/n, Pulr.xog,,, =0
(]shas]sh”szo = SQOQ (73900997 19w¢)7
and set
N def 1 =~ t—ty x—xp
(1.8) Pn(t,z) L hl/?Ph( — )

This section is devoted to the proof of the following results :

(1.9) lim < sup  Eo(pn — an.t)* + ||pn — qh||L5([T,th/\h],L1°(Q))> —0;
h—=0 \ _T<t<tp—\h A—00

— Y .
(1.10) Lim {llgn = @nllly ——= 0;
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(111)  lim ( sup  Eo(pn — qn,t)'/* + || — Qh||L5([th+)\h;T]7L10(Q))) — 0,
h—0 th +AR<t<T A—00

where T' > 0 is arbitrary, and where we have defined

def
(1.12) A1z = sup Eo(£,6)"% + |11 55([tn—Ahstn+ ], L1 (R5)) -
th—AR<t<tn-+Ah

The proof of (1.9)—(1.11) obviously yields theorem 2.

PROOF OF (1.9). The result is due to a straightforward adaptation of the linearization
theorem of [G1] to the case of an open domain, since proposition I1.3.1 implies that

(1.13) Lim {[pnl = (17,0, m,L80)) 5= 0-
We omit the details, as they are contained in [G1], section 3.

PROOF OF (1.10). We shall separate the proof into two parts : let us start by defining
2, the solution of

Rox09,, =0

(1.1 {m@%l@il‘*@i =0in Ry x Qy/n, Qh
(Q7, s QM) |s=—x = (Pn, 05 Pp)|s=—x ,

where Pj, was defined in (1.3). We shall start by proving that
h—0
where similarly to (1.12), we have defined

def
(1.16) NIFIN = sup Eo(£,9)"? + [If1lLs=an,z10R3)

SE[—AA]

Let us start by noticing that Qﬁ converges weakly towards Q*, as h goes to zero,
by similar arguments to those leading to proposition I1.1.3. Then conservation of energy
yields the strong convergence in the energy space, so we are left, to obtain (1.15), with
the proof of

T 10X A _
(1.17) lim [1Qh — QM|zs((—anp,z0me)) =0, VA
Holder’s inequality enables us to write that

(118) 1@ = QMIZs(—ap,L10(R3))
N A by A4
< ||Qh _ Q ||L0°([—)\7)\]7L6(R3)) ||Qh - Q ||L4([_>\7A]7L12(R3)) .

But Q* and Q7 both satisfy Strichartz’ estimate, so (1.18) becomes, using the convergence
to zero in the energy space,

(1.19) ||Q2 - Q/\||E[),5([7/\,)\],L10(]R3)) < OfA(m(”(%WH% + ||Q)‘||2L%([7A,A],L10(R3))

FIQMES (o 10(es) ) -
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where £, (h) satisfies

(1.20) ex(h) —— 0, VA€eR.
h—0

It is easy to see, by rescaling in time, that the constant C' appearing in (1.19) does not
depend on A, nor on h, provided hA is bounded.

So finally we obtain
(1.21) ||Q2 - Q/\||E[),5([7/\,)\],L10(]R3)) < OfA(m(”(%WH% + ||Q)‘||2L%([7A,A],L10(R3))
+lQp - Q/\||%05([—)\7)\]7L10(R3))) )

and we conclude by superlinear bootstrap (see for instance [BG1], lemma 2.2) : (1.17) is
proved. Now we are left with the proof of the following limit :

(1.22) i 101 - @}llln —— 0.
—0 A—00

where

(1.23) Qn(s,y) e p1/2 qn(th + hs, Ty + hy).

Let us define R) def Qr — @7, which satisfies the following equation :

DR, + Ry + Qal* (By + Q) — QAT QR =0 in Ry x
(124) RI>7,\ Rsx0Q1/n — 0
(R2785R2)|s:—)\ = (Qhaath”s:—)\ - (thasph)|s:—)\~

The method of proof of (1.22) follows closely [BG2]. Equation (1.9) implies that

(1.25) lim Fo(Ry, —\) —— 0,
h—0

A—400

so by Strichartz’ estimate, we have for any Ty > — A\,
(1.26)  [[Rp1L5(—, o), £10(R3))

5
<c (e(A, ey ||<R2>J’<Qz>5J’||L1<[_A7T017L2<Ra>>)

=1

5
| -
<c <5(A, W)+ SRy o) ||Q2||L5{[_A7TO],L10(R3))) ,
=1

where lim £(\,h) —— 0.
h—0 A—+00

Now according to (1.17), we can replace Q) by @* in (1.26). Moreover, it is easy to
see that @ converges, as A goes to infinity, both in energy and in Strichartz norms, to
()~ solution of

0Q™ +]Q7*Q™ =0 in Ry x O, Q°
Eo(Q_—P,S)T)O.

R,x00., =0
(1.27)
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Since Q. is either (), R® or a half-space, we know from [BS] that Q~ is an element of
L3(R, L' (Qss)). So we can choose A and |Tp| large enough so that ||Q || 75— x, 1,110 (R3))
is small enough, and we infer by superlinear bootstrap that

Ti A
(1.28) Lim [|Rp |25 (-x, 7o), 210 (R3)) S 0-

A—00

The rest of the proof is a simple deformation argument and left to the reader (see for
instance [BG2]).

PROOF OF (1.11). It is identical to (1.9), using the scattering results of [BG1]-[BG2],
which extend by reflection to the case when ., is a half-space.

Theorem 2 is proved. ]

Remark IV.1.

By proposition 11.2.6, p;, and f, are strictly (h)—oscillatory functions. Moreover, g
is clearly an h—oscillatory function, so (1.9)—(1.11) imply that

(1.33) gn is an h — oscillatory function.

IV.2. Proof of theorem 3

To prove theorem 3, we shall follow closely the strategy used in [BG1] : we know from
theorem 1 that any finite energy solution to the linear wave equation can be decomposed
into concentrating waves, and theorem 2 provides the analysis of the nonlinear equation,
compared to the linear equation with concentrating data. The combination of both
theorems yields theorem 3. As most arguments are identical to the case of the whole
space studied in [BG1], we shall merely recall most results here, and give proofs only
when differences appear.

Let us recall the statement of theorem 3 : with the notation of theorem 1, we shall
prove that the solution of

(21) {Elun + |un|4un =0 in Ry x Q, un|RtX39 =0

(Un, O tin)|t=0 = (Vn, Ot vn)lt=0 — (0,0) in E()
can be decomposed in the following way :

¢
(2.2) un(t,z) = Zq,(f) (t,2) + wO (t,z) + rO(t, z),

Jj=1

where qéj ) is the nonlinear concentrating wave associated with p%j ), and where

(2.3) lim ( sup E‘()(Tgf),t)l/2 + ||T£L£)||L5([T,T],L1°)> — 0, VI'>0.
n—oo —T<t<T {—o0

Let us define the function 3 in the following way :

(2.4) YVweC, Bw) def |w|*w
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Lemma IV.2. Let (qgj))neN, for 1 < j < {, be nonlinear concentrating waves associated
with (pgf))neN. Then we have, for any T > 0,

L L
(2.5) Tim HB(ZQ,&”) - B9
j=1 j=1

=0.
LY([-T,T],L?)

PROOF OF THE LEMMA. As in [BG1], let us write, for any T' > 0,

26) Hﬁ(iqy)) - izf(q,@) - ¥

LY([=-TTLLL?)  1<jy,...,j5<¢

5

H qgjk)

k=1

)

LY([-T,T],L?)

where at least two q,(zj’“)’s are different. Let us suppose for instance that

(J1)

. hay
(2.7) nlglgo ‘log W = +00.

Then we write, by Holder’s inequality,

5

H q;jk)

k=1

5

H q;jk)

k=3

(2.8)

<19 a9 || (=777, 12)
LA (=T, T],12)

LY([-T,T],L5) ‘
On the one hand, we have

5

H qgjk)

k=2

5
< [T Na s em9) 5
LU(-T,TLLS) s

(2.9)

which is bounded, by Strichartz’ estimate. As to the term giv 2| (1.33) states that

gV (resp. qéjZ)) is strictly (h%jl)), (resp. (th)))—oscillatory. Hence by lemma II1.2, we

have
(2.10) Tim g ¢ ||z (-7, 23y = 0,

so the result follows in the case where two scales are orthogonal.

Otherwise, let us suppose that h7(1j1) =...= hszjs) = hy,, and let us write generically,
by Holder’s inequality,

(2.11) >

1<g1,005 <8

ﬁ qéjk)

k=1

< Cllay @llzsrz(—r.1),15) -
LY([-T.,T],L?)

Writing, for any i € {1,2},

i 1, t—t x—af
(212) qn(t’x)—hgz/szn( I I ).

. tft?1 zfzi
and defining s = . and y = o, we have

5/2
(2.13) llay, qzz||L/5/2([—T7T],L5)

1/2

t2 —t} 22—zl
:/ I ( R3 |Q}l|5< nh Lt nh = +y) |Q%|5(3,y)dy) ds,
sel, n n
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—t2-T —ti+T]
hn

where I,, = | —,

Supposing, without loss of generality, that —> +00

3
or 0, let us write I,, = 'U1 I’ where
]:

A _[“th=T 2,1
(2.14) I = [7 —A| and 122 = [-A, 0.
hn
Theorem 2 yields
215) T (s Bo(@h - PR+ 108 = il s ) 5200
and it is easy to see that (2.15) implies
e sup, Fo(Qn = P9) H1Q2 = Pllsps ) 5 O
similarly we have
@10 T sp B = PR+ 105 - Pl e ) 00O
sel,,

where P? satisfies the linear wave equation in Q,, with initial data (Sa_ (Pa. @, 1o, 1))
So

1/2
||Q Q2||L5/2 IAU13X :L5) S ||Q ||L/5 I,;L10) <||Qi _P2||L5(I,11‘A;L10) + ||P2||L5(I,11’X;L10)
HIQE = Pz g + 1P sz i )

Now P2 and P? satisfy global Strichartz estimates, so choosing A large enough, we can
have ||P2||L5([7oo,f)\],L10) + ||]52||L5([)\;+oo[,L10) arbitrarily small. Then (216) and (217),
along with Strichartz’ estimate on Q1 yield the result for I}-* and I2:}.

Finally, we can write

2115/2
(218) [1Qn@ull 52,15
1 . o 2 1/2
< [ ([Liau-@p (it o Bt )@ )
tl 2 gl 1/2
+/ ( QAP ( +ai T 4y ) QL (5,9) dy) o
Y han "

One can approximate Q'* by compactly supported functions, and then (1.10) along with
the orthogonality of (z.,tL) and (z2,¢2), yield the result.

nvn

So lemma IV.2 is proved. |

The next lemma can be found in [BG] in the case R3. Its proof remains unchanged
in the case of a domain

Lemma IV.3. Let T > 0 be fixed. There exists §; > 0 such that if

(2.19) n@o ||Un||L5([—T,T]7L10) < éy,
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then theorem 3 is proved.

So we are left with the case where the LY L% norms are not small. Let us prove the
following result.

Lemma IV.4. Let § > 0 be fixed, and let §, be a sequence in L3([0,T], L'°), such that
(2.20) n@o |G|l 15 (0,77, 10) < 6.

Then for any &' > 0, there exists a finite decomposition of [0, T],

[0,T] = UI

where the Ir(f) ’s are closed intervals, such that the sequence

l
def i .
Lo S ) 0 +dn
=

satisfies

i !
A Talls e proy <9

PROOF OF THE LEMMA. We start with the case ¢ = 1, and separate the study

according to the various limit of %, as in [BG1]. If lim ((11)) = 400, then let us write
n n—oo
(2.21) 0,7] = [0,£0 = ADT U [t — ARD ¢ 4 AP U [t + AriD, 77,

with A > 0 to be determined. Writing L(ll) = [0, t%l) — /\hg)], we know from section IV.1,
equation (1.9), that

(2'22) ||qn ||L5(I(1) L10(Q)) = < 5(” A+ ||p7(11)||L5(I,(11),L10(Q))’

where 11_>m g(n, A) —) 0, which also reads, for n large enough,
n—odo

(2.23) ||q,<11>||L5(L(11)’L10(Q)) e, ) + 2[|PY | 500, -1, 10(R2))
with P(1) defined as in section TV.1, equation (1.14). So for X large enough,

(224) nh_>m ||Qn ||L5 (1 | L10(Q)) <6 -4,

The case of I,(z ) is identical, replacing everywhere p( ) by p(l) Finally in the case of L(f),
we write, according to section IV.1,

(225) ||q7(ll) ||L5(I.,(12),L10(Q)) S E(TL, )‘) + 2||Q(1)’7||L5([7/\,)\],L10(R3)) )

where Q()~ is defined as in section IV.1, equation (1.27). Then we just need to
decompose [\, \'] into a finite number of intervals I)(f) on which the L5(I§’),L10(IR3))
norm of Q(1)>~ is small enough, which yields the result.
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1)
The cases Z}q) —— —oo or 0 are similar and left to the reader. So the case { = 1
—

n n—oo
is proved. The induction is straightforward : if T';, satisfies

— 3 +9
(2.26) A Tl 0 progesy < 57

then as above one can find two intervals on which the L? L'° norm of ¢{ ™) is smaller
than %, and decomposing [0, T'] using the intersection of all those intervals yields the
result. |

The end of the proof of theorem 3 is similar to the case of the whole space : we refer
to [BG1] for details (lemma IV .4 is slightly different to lemma 4.4 of [BG1] but yields the
result in the same way : see the work of S. KERAANT in [K], in the context of Schrédinger
equations, for instance). |
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Appendix

Strichartz estimates and Lipschitz bounds for
the nonlinear evolution group

In this appendix, we prove corollary 1 and corollary 2.

Proof of corollary 1.

Let T > 0, M > 0. We intend to prove that, for every solution of
(A1) w4+ [ul*u=0in RxQ, ulpxag=0
such that E(u) < M, the following Strichartz estimate holds

(A.2) llullzs(t0,17,21000)) < A(M).

In a first step, let us assume moreover that (u(0),d:u(0)) is supported in the closed
ball Br of radius R centered at 0, and let us prove (A.2) with a right hand side
A(M, R). By contradiction, there would exist a sequence (u,) such that E(u,) < M,
supp(u,(0), 9 u,(0)) C Br, and

[unllzs o, 1, L10(0)) ——— +00.

By theorem 3 we can decompose a subsequence of (u,) as a sum of a fixed solution wu,

(4)

almost orthogonal concentrating waves ¢,;’, and of a remainder term 7, such that, say,

n@o lTnllzs(0,77,000) < 1.

Calculating the L3 L'° norm of this subsequence as in lemma IV.2, we get a contradiction.

Now let us prove (A.2) in its general context. Let R > 0 such that

(AS) Q° C BRO with Ry < R —2T'.

Let xo € C§°(R?) such that xo = 1 near Bg,, and supp(xo) CBgr—2r. Moreover, let
X € C§°(R3) such that y = 1 near Bg.

For every solution u of (A.1) such that E(u) < M, denote by w;, the solution of
(A.1) defined by

(A.4) (Win, Op in ) [t=0 = X (u, Oput)|e=0

and by wug the solution of

(A.5) Cug + |uo|* 1o =0 in Ry x R
defined by
(A.6) (0, Oruo)|t=0 = X (1 — xo0)(u, Oru)|t=0 -

By the first step of the proof, we have

(A7) E(uin) < 41(M).
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Moreover, by corollary 2 of [BG1],
(A.8) Ey(ug) < Ax (M),

where E; is the energy for the free nonlinear problem (A.5). By the principle of finite
propagation speed, we have u;, = ug for t € [0,T], # outside Br_7. Now let r be the
solution of

(A.9) or + Jug + 7|* (uo +7) — Jug|*up = 0 in R x R3,
defined by
(A.10) (r, 9er)le=0 = (1 — x)(u, Opu)[¢=o0 -

By finite propagation speed, if ¢t € [0,T], r(t) is supported outside Bgr_7, thus r is also
solution of (A.9) with wug replaced by u;,, and with the boundary condition r|g xaq = 0.
As a consequence of the uniqueness for the Cauchy problem for (A.1), we conclude, in
view of (A.4), (A.10),

U= Ujp + T =Ujp, +Ug +7T — g,
and (A.2) follows from (A.7), (A.8) and
(A.11) Ejp(uo +r) < As(M)
by the same argument as for (A.8). [ |

Proof of corollary 2.

Let us state again corollary 2 in a more precise way.

Proposition A.1. For every T > 0, consider the nonlinear map

F: EQ) — C(0,T], E(9))
(997¢) — (uvatu)

where v is the solution of (A.1) such that

(u, 8tu)|t:0 = (p, 7).

Then F is a Lipschitz map on bounded subsets of E({).

PROOF. The strategy is to compute the (real) tangent map of F at every point of E((2),
and to show, using corollary 1, that this map is bounded on bounded subsets of E((2).
This can be done through the following lemma

Lemma A.2. Let qi,q € L'([0,T), L3()) = LLL3. Then, for every (¢,v)) € E(S),
the equation

(A12) {DU+Q1U+(]25:O in ]Rt X Q, U|Rt><Q =0

(Uv 8tv)|t:0 = (907 w)
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has a unique solution v such that (v,0v) € C([0,T],E(R)). Moreover we have the
estimate

Clllarllpz pa+lle2llpy ps] -
(A.13) sup (10, 00) (Bl < e T ()] g

PROOF. Given w = w(t, z) such that (w, d,w) € C([0,T], E(2)), the Sobolev embedding
implies 1w + g2w € L'([0,T], L?>(Q2)). Therefore on can define the solution @ to
(A.14) 00 + qw + o =0 in R, xQ,  (@,0,0)]i—0 = (¢, 1)
with (i, 0y) € C(0,T], E(Q)).
Let k£ > 0, to be fixed further on ; we set
Nt ) = [, ) D[y ¢ Jo onMss im@lis

Using (A.14), we have

(A15) SN = k(o Olls +las(0)]10) N @)

—2Re (g1 (t)w(t) + g2 () w(t), Dibd(t)) =k S Ularl| o+ lazlla)ds
< (la®)lzs + llg2(t)]|r2) [ = kN (t, ) + CN(t,w) /2 N(t,w)"/?]

by means of the Sobolev inequality. Using C'ab < ka® + f—; b2, we conclude

2

(A.16)  sup N(t,@) < [|(,9)l|m(o)

+ — 1 s+ 1 sup N(t,w).
octoT 4l (||q1||LTL3 ||q2||LTL3)O§t£T (t, w)

Chopsing k= %2 llg||z1([0,17,5) We infer from (A.16) with ¢ = ¢ = 0, that, for every
(¢,9), the affine map w ~ 1 is a contraction for the norm |jw|| = sup N(t,w)'/2.
t<T

Therefore, for every (¢,¢), a unique fixed point v exists. Coming back Tcoi(A.15) which
k = C, we obtain (A.13). [ |

Given (¢,1) € E, ($,¢) € E, we denote by u the solution to (A.1) and by v the
solution to (A.12) with q; = 3Jul*, g2 = 2|u|?@>. Observe that

d ) _
P lu+ev|* (u+ev)|-=0 = v + g7,
and that ¢1,q2 € L' ([0, T], L?(Q)) since u € L*([0,T], L'?(Q)). We claim
Lemma A.3. L F((p,¢) +e(¢,9))|-=0 = (v, 0v).
PROOF. Let u. be the solution to (A.1) with data (¢.,¥.) = (p,¥) + &(p, ¥). Set
Us = U+ EV+ET:..
We get, in view of (A.1),

Ore +Q1T5+Q2Fa=fs, (Tavatrs)|t:0:0a
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[fel < C(lulP[ello +r=* + o + ).

For every 7 < T', we set
Me(7) = ||rellzs (o, 1,210y + sup ||(re, 0ere)(t)| -
0<t<r

Then, by the Strichartz estimate (A.2) and the energy inequality

(A1) M. () < € [(larl e om0y +11as 20,7, £)) M(7)

Hel (M- (7)? + M (7))

By a standard bootstrap argument, we conclude from (A.17) M.(1) = O(e) for || small
enough. Applying the same inequalities successively on small time intervals, we finally
conclude that M. (T) = O(e), hence goes to 0.

This yields lemma A.3. |
Combining lemma A.2 and lemma A.3, we finally observe that

Cllull

Hd%F ((6,) + £, )lemo| < M irt0m 22 )1, ) 15

On the other hand, if (p,1) varies in a bounded subset of E(), inequality (A.2)
implies that ||u|[z4(j0,7],212) remains bounded. We thus complete the proof by a classical
argument from differential calculus on bounded convex subsets of E({). [ |
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