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Abstract. Methods used by S. Schochet in [34] enable one to find a lower bound for the life span of solutions
of hyperbolic PDEs with a small parameter. We prove a similar theorem for such equations where a diffusion term has
been added, with the minimal assumption on the Sobolev regularity of the initial data (H%_1 in the d—dimensional
torus). When the data is smooth, and under a “small divisor” assumption on the perturbation, the first term of an
asymptotic expansion of the solution is computed. Those results are then applied to prove global existence theorems,
for arbitrary initial data, in the case of the primitive system of the quasigeostrophic equations, followed by the rotating
fluid equations. We finally prove a more precise existence theorem for the latter, using anisotropic Sobolev and Besov

spaces.

Résumé. Des méthodes utilisées par S. Schochet dans [34] permettent d’obtenir une borne inférieure pour le
temps d’existence des solutions d’équations aux dérivées partielles hyperboliques avec petit paramétre. On démontre
un théoréme similaire pour de telles équations, ot un terme de diffusion a été ajouté, avec I’hypothése minimale de
régularité Sobolev sur la donnée initiale (H%71 dans le tore de dimension d). Quand la donnée est réguliére, et sous
une hypothése de type “petit diviseurs” sur la perturbation, le premier terme d’un développement asymptotique de
la solution est calculé. Ces résultats sont ensuite utilisés pour démontrer des théorémes d’existence globale, pour des
données quelconques, dans le cas du systeme primitif des équations quasigéostrophiques, puis pour les équations des
fluides tournants. On démontre enfin un théoréme d’existence plus précis pour ce dernier systéme, en utilisant des

espaces de Sobolev et de Besov anisotropes.



1 Introduction and statement of the results

This study is centered around the following system:

(8°) 8tv5+q(v5,v5)+a2(D)v5+L(g) = f in T
Vg = 0

where ¢ is a small, strictly positive parameter. Throughout this article, 7% will be a periodic
box in R?, where d > 2 is the dimension. Each side of 7%, in the direction z;, 1 < i < d,
has a size equal to 2ma;, where the a; are strictly positive real numbers. The vector field v*®
has d' components, and is defined on Rt x 7% The operator L, which shall be studied in
some detail in the next section, is a skew—symmetric operator, which can be written as

dl
L(v) :]:_IZiwa(n) (Fo(n),e(n))e*(n), (1.1)
a=1

where Fuv(n) represents the discrete Fourier transform of v, w®(n) are real numbers, and
where (€*(n)); .,z is a set of orthonormal vectors for all n. To simplify, we will suppose in
the following that L is of order 0, i.e. , that there exists a constant C' such that

Ya, Vn, w®(n)#0= |w*(n)| ! <C. (1.2)

We will indicate how to modify the theorems and their proofs when there is no such as-
sumption. The operator as(D) is second order elliptic: for all u, (az(D)u); = ai;(D)u,
where a;;(D) is a Fourier multiplicator of order 2, and where u/ is the j—th component of u,
with j € [1,..,d']. We have used the Einstein convention on the summation over repeated
indexes: here and throughout the paper, we have omitted the sum on j. The notation (u,v)
represents the usual scalar product, which we shall also sometimes write u - v. Furthermore,

the bilinear form ¢ is defined by
q(U, 1)) = ALJ(D)(’U,Z’U])j (13)

where A; ;(D) is a symmetric Fourier multiplicator of order 1. Finally f is an exterior forcing
term, on which we shall make some regularity assumptions as we go along.

We shall see in section 2 that (S¢) has a limit system, in a sense which will be made clear
later, when ¢ goes to 0. This system can be written in the form

(o) {8tu+Q(u,u)+A2(D)u = f

’U,‘t:O =

where Q, f, and As(D) are defined by Q(u,v) = liir[l]ﬁ(—é)q(ﬁ(é)u,ﬁ(é)v), f= liir[l] E(—g)f,

t t
and A3 (D) = liH(l] E(—g)ag(D)E(g) where £ is the semi-group generated by L: we will come
E—>

back to that in section 2.2.

Remark. We will see in section 2.2 that necessarily A (D) is elliptic.



Systems of that type, with or without the as(D) term, have been studied by a number of
authors (among others, we can refer to [20], [23], [24], [25], or [32] for instance). It is in
particular well known that the system (S¢) has solutions locally in time, as stated by the
following theorem.

Theorem 0 If vy € H*(TY), with s > 4 — 1, if f is in CO(RY, H*=2) N L2A(R*+, H*Y), then
there exists a time T > 0, independent of €, and a unique strong solution v* of (S%) in the

space CO([0,T], H*(T%)) n L2([0, T], H*TY(TY)).

We are interested here in finding a lower bound for the life span of v*, using the life span of
the solutions of the limit system (Sp). We will prove the following theorem.

Theorem 1 If vy € H¥(TY), with s > 4 — 1, if f is in CO(R*, H*~2) 0 L*(R*, H* 1), with
o f € L2(R*, H*73), and if u, solution of the system (Sy), satisfies

we C°0,T], H (T%) n L2([0,T), H*Y(T?),

then for e small enough, the associate solution v° of (S%) is also defined on [0,T], and

v — L(S)u=0(1) in C°0,T], H*(T?) N L2([0,T], H**Y(T?).

To prove that theorem, we shall use the method introduced by S. Schochet in the case of
symmetric hyperbolic systems, with no as(D) term. The result he obtains (Theorem 2.3
in [34]) is similar to the theorem above, except for the fact that v is only approximated

t
by £(=)u in C°([0,T), H* 1) for an initial data in H* with s > £ + 3. Thus a(D) will enable
£

us to gain some regularity, since in our case v® remains in C°([0,T], H*); we also obtain here
the minimal assumption on the Sobolev regularity of the initial data.

However it must be noted that Theorem 1 gives no information on the rate of convergence
of v® — E(g)u to zero. Such a rate of convergence, in O(e), is obtained by A. Babin, A.
Mahalov and B. Nicolaenko in [2], in special cases we will mention more precisely later in this
introduction. In [2], that is strongly linked to the presence of “small divisor” estimates on L,
which are defined below.

Definition 1.1 (Small divisor estimates) We will say that L satisfies a small divisor es-
timate of order p > 2 and of degree « if there exists a constant C) o such that for all (ky, .., kp)
in ZP, for all (by,..,bpy1) in {1,..,d'}PT, we have

p p p

p D
Sowbik) AW (D k) = 1D wli(k) — WP O k)T < Cpa [T (1 R
-1

=1 i=1 i=1 i=1

where as previously the w (k;) are the eigenvalues of FL(k;). Moreover, L satisfies a small
divisor estimate of order 1 and of degree ay if there exists a constant Cy such that for all k

-1
and all (by,by) satisfying w* (k) # w?(k), we have ‘wbl(k) - wa(k)‘ < Cy (14 |B)™.
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Remark. Such an estimate at order p can be understood as a measure of the (p + 1)-
wave interactions created by the perturbation. If one has some precise control over those
interactions, then one can also control the speed of convergence of v* — E(i)u to zero, if one

€
also assumes enough regularity on the initial data.

Theorem 2 Suppose L satisfies first and second order small divisor estimates of degree aq
and awe respectively, with c; > 0, and let s > % We define ;2 = max(l+ay, as). Suppose that

Vije{0,1}, &lfeC(0,T), H*~2~+ez) n [2([0, T), Hs~ 1% +e),
and that 02 f € L2([0,T], H* 5+t212). Then if vg € H**2 and if u, solution of (Sy), satisfies
u € CO(0,T), H¥*2(T) N L2([0,T), H* 12 (T)),

then for € small enough, the solution v° of (S%) is such that u® = E(—é)v‘€ satisfies

W =+ eh— el (u) +o(e) in CO([0,T], HETH(TY) N L2([0,T), HE(T7),

4
2

where h is the solution in C°(]0,T], H‘fl) N L2([0,T], H?) of the linearized limit system

S Oth +2Q(u, h) + A2(D)h = R(u)
(51) h|t:0 = Risc(u)\t:O'

Both functions RS, (u) and R(u) can be computed explicitly, as explained below.

Remarks. If [ax(D), L] = 0, then we will see that u € C°([0, T], H¥**2)NL3([0, T], H*+t1+a2)
is a sufficient condition to have the result. Moreover, we will see that the assumption that L is
of order zero, written as (1.2), is not strictly necessary: one can suppose that L is of order r,
i.e., that w®(n) ~ (1 + |n|)", if one also supposes more regularity on f.

Finally, we will compute explicitly the functions R(u) and RZ,.(u). We will show that

osc

_ i el () lelewn o
Ro(u) = —F71 3 T(n)f -F 1y (azub(n)) (n)
wa(n)#£0 w0
a,b,c
1 7 e_liwk,n 0 bj c
+ FY g (A R (= ) (), (1.4)

a,b,c kn

wk,n #0 )

Wil = W (K) + WPk — k') + w'(n — k) — w(n).

Moreover, we have noted
u(k) = (Fu(k),e" (k) e (k).



The function R(u) is more complicated to write (its expression is given page 26). It consists
in a sum of linear, quadratic and cubic terms in u, depending also on f; that function R(u)
is due to the fact that in a term such as Q°(RZ,,(u),u), which appears when one considers
the equation satisfied by the function e~ (u® — u) + Risc(u), the oscillation phases brought
by R:,.(u) and Q° can interfere and cancel out. That leads to the formation of additional
“slow waves”, at the first order of the expansion of u*, and that accounts for the function h,
solution of the system (Si) given in the theorem. The other part of the first order term in the

expansion of u° is made of a “fast” term, which is the oscillating function R, (u).

Let us note that in [18], a similar result as Theorem 2 is proved in the hyperbolic case, i.e.,
when there is no elliptic ax(D) term.

In [26], H.-O. Kreiss, J. Lorenz, and M.J. Naughton compute an asymptotic expansion of the
type of that given in Theorem 2, only under an assumption on the initial data of the “bounded
derivative principle” type: in the case of the compressible Navier—Stokes equations, if the
solution has two time derivatives bounded independently of ¢ at ¢ = 0, then the solution »*
satisfies v° = V +£2(Vi +v1) + O(e?), where V is the solution of a limiting equation, V; is the
solution of the linearized incompressible equation, and vy is highly oscillatory in time. The
proof does not require any filtering of the equation, due to the strong assumptions made on
the initial data.

In [7], G. Browning and H.-O. Kreiss also show how to prepare the initial data so that the
solutions and their derivatives can be bounded independently of €.

Finally, let us note that it is proved in Appendix C that a large class of perturbations L
satisfy, for almost all periodic boxes, a second order small divisor estimate at a certain degree.
In particular, that will hold in the two examples we will study in detail in this article, namely
the rotating fluids and the primitive equations, both presented below in this section. Let us
also remark that in those cases, precise small divisor estimates are computed in [3], and we
will also see in section 5 that in some special cases the small divisor estimates are trivial.

The proofs of Theorems 1 and 2 are the objects of sections 3 and 4 respectively. They
both use a general result about equations where the right hand side oscillates fast with time,
Lemma 3.1 proved in Appendix A. Those highly oscillating functions are the object of the
coming definition.

Definition 1.2 ((p,0)-oscillating functions) Let T > 0, p > 1 and 0 € R be fizred. We
write kg = (K1, .., kq), where k; € Z%, and we will call |ky| = maxi<i<q |k;|. Then RS (t) will
be said to be (p,o)-oscillating if there exist real-valued functions 1,.., By, ro and (f;)i>o0 such

that R;. can be written in the following way, where 1x is the characteristic function of X:

ot
Risc(t) = Z Rz,osc(t)v where fRiosc(tv n) = l{n \ ﬁl(n);féo}e_tzﬂl(n)fo(tv n)v
q€{17"7p}

and g >2, FR,.(tn)= S et Ba0mkapg(n k) fi(t k) fy(t Ky), (1.5)
kg€KD



q
with K = {kq c 7% | Zk, =n and By(n,ky) # 0}, and where ro and (f;)i>o0 satisfy
i=1

- d
[ro(n, kq)] < C (14 |n])? (1 + [k1])™ .. (1 + |kg|)?,  with p; >0 and po+o + 3> 0;

F7 fo(t,:) is an element of CO([O,T]’HU) N Lz([O’TLHO"Fl) :
F Lo fo(t,-) is an element of L*([0,T),H°1);
Vi>1, f_lfi(t, -) is an element of CO([O,T],H”"""”) a LZ([O,T],HW‘H‘FM),

where the (03)1<i<q are such that the product [[;»1 F (1 + |- )7 fi(t,-) is an element of the
space CO([0,T), H*TP) N L2([0,T], HOT1+70); and finally we suppose that there exists (7;)i>1
such that 5; + 3°;4;05 >0, and FLoufi(t,) is an element of L*([0,T], Hi*ri).

Remarks. Tt is obvious that a (p,o)-oscillating function is in particular bounded in the
space C°([0,T], H°)NL2([0,T], H°*1). It can be noted that if RS, is a (p, o)-oscillating func-

osc
tion, then its first derivative in time, 0;R;,,, is not bounded in £, whereas € ;R is. Finally

let us note that we will see that under the assumptions of Theorem 2, the function R;,.(u)

defined in (1.4) is a (2, % — 1)-oscillating function (see Lemma 4.1).

Those theorems will then be applied to the study of two particular systems which can be
written in the form (S¢), in three dimensions of space: first, in section 5, we shall consider
the case of the primitive equations of the quasigeostrophic system. The unknown is a four
component vector field V¢ = (v®, T¢), where v° represents the velocity, and is divergence free,
and the scalar field T° is known as the potential temperature. According to the study of J.-Y.
Chemin in [10], one can write

HVE+0°-VVE—DVE + 7' LVE = ¢ 1(-V®,0) in T°

- ve = (UE’TE)
(PE) dive® = 0 in T3
-0 = Vo,
0 -1 0 0
: 1 0 0 0 : ,
with L = 0 0 0 1| The operator D is defined by DV® = (vAv®, V' AT?),
0 0 —-F1 0

where v and v/ are two strictly positive real numbers, representing the viscosities along v®
and T¢. Finally the parameter F~! is a strictly positive constant representing the ratio of the
Rossby and Froude numbers (see [14]).

The physical origin of such a system is discussed in [19] and [33] for instance. For the derivation
of such a model, one can refer to the work of J.-L. Lions, R. Temam and S. Wang in [29]-[31];
in [6], T. Beale and A. Bourgeois study and validate such a system, when there are no viscous
terms (v = v/ = 0). The limit of that inviscid case is also studied by D. Iftimie in [21], in
the whole space. The primitive equations are finally also studied by A. Babin, A. Mahalov,
B. Nicolaenko, and Y. Zhou in [2], [3], [4] and [5]; one aspect of their study is the respective



influence of the rotation and the “stratification” in the equations, depending essentially on
the size of the parameter F'. This will not be considered here, as F' will be supposed to be a
constant throughout our study.

Let us note that this system can be diagonalized, as in [3], [10] or [14] for instance, by
setting V= = Vi + Vi, where V{3 is defined by

Ve = (—AT'Q%, 01 ATI05,0, —Fos AT QF), (1.6)
and Q°F = 01052 — Opv®! — F7195T".

We will see in section 5 that the limit system (Sp) corresponding to the system (PE.) is

8,59 + VQG - VO + an;(D)Q = fpot
(QG) athosc + 2Q(VQG7 Uosc) + aosc(D)Uosc =0
Vizo = W

where agg(D) and a,s.(D) are second order elliptic operators, and where fy,+ is an exterior
force, and is obtained from f in the same way as the potential vorticity 2 is obtained from V¢
above. We have written U for the limit of the filtered function U* = £(—L1)V*. In [14], and
in the inviscid case, P. Embid and A. Majda show that the quasigeostrophic equations (QGQG)
on {2 are a valid limiting equation in the weak topology, for arbitrary initial data, of the
primitive equations; they in particular study the resonances due to the penalization, and we
will come back to those computations in section 5. Using that special diagonal form (QG) of
the limit system, as well as both Theorems 1 and 2, we will prove the following result.

Theorem 3 For almost all (ay,az,a3), the following result is true. Let Vo be in H*(T?),
with s > 1, and suppose that f € L®°(R*, H*=2) N L2(R*, H*™Y), with 0;f € L>(R*, H*73).
Then for € small enough, (PE®) is globally well posed in C°(R*, H*) N L2(R*, H**1). Fur-
thermore, if U is the solution of (QG), then V¢ satisfies
Ve — E(E)U =o(1) in C°(RY,H®)NL*RT,H).
€

Finally, for almost all T3, there exists o > % such that if Uy € HO(T?), and if f is smooth
enough, then the first order expansion of Theorem 2 holds.

Let us note that in [10], and in the case of the entire space R3, J.-Y. Chemin proves a global
existence theorem, if the oscillating part of the initial data satisfies

&% < ||V0||H1||V0||L2>
xp [ ———— ).

% a1 <
“ 07050||H I > “VO“?;Il Cv?

The proof in [10] lies in a diagonalization along the quasigeostrophic and oscillating parts of
the velocity and the temperature fields, without using S. Schochet’s theorem. The use of the
latter theorem enables us not to require any kind of smallness condition on the data.

In the second example we shall consider, the vector fields are tridimensional and divergence
free, the bilinear term corresponds to the Navier—Stokes equations, ¢(u,v) = P(u-Vv) where P



is the L?-orthogonal projector onto the space of non divergent vector fields, and as(D) rep-
resents the diffusion operator —vA, where the viscosity v is a strictly positive real number.
Then one chooses the operator L to be the Coriolis force v x B, where B is a vertical vector
of norm 1 in 73: B = ¥(0,0,1). That leads to the rotating fluid equations:

O + P(v® - Vof) —vAv® + PQﬁ%B = f in T3
(RF”) dive®* = 0 in T3
vft:o = .

That system will be studied in section 6. We will show that the limit system (Sp) corresponding
to (RF*) is composed of two systems: one is a bidimensional Navier—Stokes equation

0yt — VAU + 1 -Vou = (_VZﬁa 0) + f

osu = 0

(NS2D) v T
v

Ujt=0 0

where % is the bidimensional part of the limit u, that is to say its vertical average, and where we
have noted Ay = 97 + 92 and V3 = (1, d2). The other equation concerns the remainder s,
defined by w5 = u — 1, and is a linear equation:

Otthose — VAU pge + 2Q(I_L, Uosc) =0
(Lose) divug,e = 0
Uosclt=0 — V0,0sc -

As in the case of the primitive equations presented above, we will prove, using Theorems 1
and 2, the following result.

Theorem 4 When a1 and ay are fized, then for almost all as, the following result is true:
if vo € H*(T?), with s > %, and if the force f is in L®(R*, H* %) N L2 (R, H* 1), with
of € LA(R*,H*3), then for ¢ > 0 small enough, the system (RF®) associated with the
initial data vo is globally well posed in CO(R*, H*(T3)) N L32(R*, H* 1 (T3)).

Moreover, if v° is the solution of (RF*) and u is the solution of the limit system (NS2D, Lys.),

then v® — E(%)u =o(1) in CO(RT,H*(T3)) N LA(RT, H*T1(T?)) .

Finally, for almost all T3, there exists a > % such that if vg € HY(T?), and if f is smooth
enough, then the first order expansion of Theorem 2 holds.

Remark. The fact that Theorems 3 and 4 hold for almost all periodic boxes is due to two
different and independent reasons. The first one is that the limit system diagonalizes into (QG)
and (NS2D, Lys.) respectively, for almost all values of (a1,a9,a3). That diagonalization is
crucial to get the global existence result, and the associate values of the a; define non resonant
domains. The second reason is that the perturbation satisfies a small divisor estimate at some
degree for almost all values of the a;; that is proved in Appendix C.

Let us note that some stability results concerning (RF*®) are proved in [16] and [17], and that
in [12], T. Colin and P. Fabrie prove a global existence result for v§ ,,, small in H' (that is to



say for well prepared initial data, which is also the setting in [16] and [17]). Moreover, in [2]
and [3], A. Babin, A. Mahalov and B. Nicolaenko prove a similar theorem of global existence
in a non resonant domain (Theorem 8.2), with an additional non resonance condition on as,
which does not appear here. Our proof will use part of their computations, namely for the
study of the resonant set of the operator L. However, once the diagonalized limit system
is obtained, the use of the methods of S. Schochet will enable us, via Theorems 1 and 2,
to find directly the result with no more computations, and in particular with no additional
assumption on the a; other than the one on as. Let us note that that fact is used in [3], in
Theorem 6.3: it enables the authors to avoid the restriction on as, but only for smooth initial
data, and the higher order terms are not computed.

The proof of Theorem 4 shows that the vertical variable plays an important part in the
problem; therefore we shall try to see, in section 7, if that fact cannot be used in the study of
those equations, the aim of that study being to decrease the smoothness assumptions made
on the initial data, as in [21] and [22] in the case of the Navier—-Stokes equations. That will
be made possible by the use of anisotropic Sobolev and Besov spaces, studied by D. Iftimie
in [21] and [22].

Without going into any precise definition at this stage (that will be done in section 7), let
us just say that in the statement of the two following theorems, the space H 5,8’ (resp. the
space H BS’S,) is to be understood as the space of functions that are H® in the horizontal
variables, and H* (resp. Besov ngl ) in the vertical variables.

Theorem 5 If a1 and as are fized, then for almost alll as, the following result is true. Let vg
have a vertical average vy in LQ(TQ), with vo psc € H&E"S, where § is a real number in the in-
terval |0, 1[, and let the vertical average of the exterior force, f be an element of L*(R*, H 1),

with fose € L*(RY, HP™5570)and 9 fose € L2(RY, HP3570), where fose = f — [
Then for ¢ sufficiently small, (RF¢) is globally well posed, and the solution v¢ satisfies

t
0 — = L(D)ugse = 0(1) in  LO(RF, HW =) A LYRF, H2+5273),
5
where u is the solution in L®°(R*, L?) N L2(R*, H) of (NS2D), and u,s. is the solution in
L®(RF, HY3 =) 0 LARY, H33373) of (Lose).

The interesting aspect of that result is that @y is taken in the energy space L?(7?) instead

of H 3 as previously. Actually, one can even suppose the “horizontal smoothness” of vg o4, as
well, to be only in L2, as stated in the following theorem.

Theorem 6 If a1 and as are fized, then for almost all a3,1the following result is true. Let vo
have a vertical average vg in L*(T?), with vgese € HB%2, and let f € L2(R*, H™Y), with

71

fose € L*(RT, HBfl’%), and O fose € L>(RY, HB™2°2). Then for ¢ sufficiently small, (RF*®)
15 globally well posed, and

t
0 — @~ L(D)uese = 0(1) in  L®(R*, HB"3) N LYR*, HB™3).
9
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2 Notations and preliminary results

2.1 Elements of Littlewood—Paley theory

Throughout this article, we shall consider vector fields with a mean equal to zero over the
periodic box 7%, and that are divergence free. In all the definitions and properties we shall
state in this section, we have defined

2
In|*> = E —, and similarly n-z = E .
a?’ 2
7 7

i G

We will work in homogeneous Sobolev spaces, defined by the following norm.

Definition 2.1 Let s be a real number and let a be a distribution defined on T®. Then a is
an element of the homogeneous Sobolev space H® if the following norm is finite:

def
Jals = Il K| Fak)] ll2za)

11



where Fa represents the discrete Fourier transform of a.

In the following we will no longer specify that the spaces are homogeneous. The rules of
product in those spaces are the following.

Lemma 2.1 Let a and b be two distributions, and s and t be two real numbers such that
s,t< S ands+t>0. [fac H (T and b€ HY(TY), then abe H**5(T4), and

abl, 14 < Codlals bl

where Cs; 1s a constant depending only on s and t.

Moreover, for all s > %, H? is an algebra.

In the rest of this study, we shall use the generic notation C for all “universal” constants.

To end this section, let us present a few elements of the Littlewood—Paley theory on the torus,
refering for instance to the study of D. Iftimie in [21]: we consider a radial, positive function ¢
in C*°, supported in the ring centered at the origin, of small radius 3/4 and large radius 8/3.
That function is at the basis of a dyadic partition of unity corresponding to a decomposition
of the frequency space into dyadic blocks.

Definition 2.2 Let a be a distribution defined on T%. The operators A, of frequency trun-
cation are defined by

VgeN, A=Y a,e"p ('—”q') ,
neZzZd 2

where the a, are the Fourier coefficients of a: a(x) = Z ane™®.
neZd

Let us notice that there exists an integer Ny such that
Ip —ql = No = supp p(277) N supp p(277:) = 0.

That quasi—orthogonality property will come in useful in the computations that follow. In
particular it implies that for all a, |p — ¢| > No = ApAga = 0.

The main interest of that decomposition will essentially lie for us in the following lemmas (the
proofs of which, as well as a general presentation of the Littlewood—Paley theory for periodic
functions, can be found in [21]).

Lemma 2.2 For any function a, the following equivalence is true:

lal ~ > 2°%°|Agalf,
qEN

which can also be written 2%°|Ajalo = c4lals, with c¢q € (2(N), of norm equal to 1.

12



The local aspect of the A, will also be used through the following lemma.

Lemma 2.3 For any function a, one has the equivalence |VAgaly ~ 29]Aalo, with constants
of equivalence independent of q and of a.

In [11], one can find the proof of the following result.

Lemma 2.4 For all couples of functions (a,b) such that a is divergence free, if s and t are
two real numbers such that s,t < % +1 and s+t >0, then

d
(Agla- TOIAD)] < Ce27 5D A blolal bl
where cq 15 a sequence of (?(N), of norm equal to 1.

From now on, the notation (a|b) represents the scalar product in L.

Finally in the course of the proofs we shall use the following very simple lemma, the proof of
which can be found in [21]:

Lemma 2.5 For all functions a, and all couples of real numbers (p,q) such that 1 < p < q,
the following inequality is true:

Hlan @ller [l < Nl llan (@)llzg llev-

2.2 The system (5°)

In this section we are going to study the system (S¢) presented in the introduction:

(Ss) 8tv5+q(vg,v5)+a2(D)v5+L(g) = f in Td
vft:[] = .

We shall work here on the general bilinear form defined in (1.3), and will mention at the end
of the proof of Theorem 1 how to adapt the study to the case of the Navier—Stokes equations,
where the vector fields are divergence free. Let us note that in that case, ¢(u,v) = P(u - Vv),
where P is the L?—orthogonal projector on the divergence free vector fields.

Before proving Theorems 1 and 2, let us concentrate a while on the system (S¢), and in
particular on the penalization operator L. It is a skew—symmetric linear operator, called an
oscillating perturbation (concerning this aspect of the study one can refer to the work of E.
Grenier in [20]), meaning that for all s € R and all vy € H®, the problem

{atv—l—L(v) =0 in T4

Yt=0 = %o
has a unique global solution v(t) = L(t)vg, with
VteR, |L(t)vols = |"L(t)vols = |vols-

13



According to (1.1), £ is defined by
d’ )
Ltyp=F 1Y e W Mt (Fu(n), e(n)) e®(n).
a=1

As shown in [20], the fact that L is skew—symmetric leads to the following property, which is
essential to get existence results for (S¢), and in particular Theorem 0 stated in the introduc-
tion, as it implies that the perturbation term does not appear in the energy estimates:

Yo, L(v)-v=0.
Td

So the classical proofs of existence of solutions to the unperturbated equations hold in our
case (see for instance [9], [15], [27], [28], [36]), and that accounts for Theorem 0.

In the case when the vector fields considered are divergence free, which will be in particular
the case for the rotating fluids and for the quasigeostrophic system, £ is the semi—group
associated with PL, where P is the L?-orthogonal projection on the divergence free vector
fields.

Let us finally note that the system (S°) can be made more general, for example by adding
space variables other than those concerned by the penalization — that is useful in geometric
optics for example; such a system is studied in [34]. One can also rather consider f¢ or vg,
converging to f and vy. We will study here the simpler system (S¢), and the results obtained
remain true in those other cases.

As stated in Theorem 0, for an initial data in H %_1, the system (S%) has a strong solution v*,

uniformly bounded in C°([0, 7], H %_1), and its life span T} is bounded from below indepen-
dently of e. However the fact that dww® is a priori not bounded in € prevents one from taking
directly the limit of the equation. A method — see [3], [20], [34] — is to use the semi-group

t
associated with the perturbation : the filtered vector field defined by u® = L£L(——)v" satisfies
€

the equation
(5 {at“”@(uauthsw)uf = £(-Hf T
Ui=o =

where we have written

OF (uF, uf) = E(—g)q (ﬁ(é)ﬁ,ﬁ(é)wf) Cand  A(D)uf = E(—E)ag(D)E(g)ua. (2.1)

€
Then 9;v° is bounded in some H? (see [20]), and by application of Ascoli’s theorem one finds

the following convergence result.

Proposition 2.1 For an initial data vy € H%fl(Td), the solution u® of (S°) converges
strongly in C°([0,T], H*) for all s' < g — 1, to a function w, which satisfies the limit sys-
tem (Sp).

14



The system (Sp) was presented above; let us recall that

(S0) {atu+Q(u,u)+A2(D)u = f

u|t:0 = o,

where f, Q(u,u) and A>(D)u are the limits in D’ respectively of £(—1)f, Q°(u®, ), and
of A5(D)uf.

Remark. As the operator £ preserves the H? norms, Q(u,u) and As(D) are in fact also
the limits of Q°(u,u) and of A5(D)u.

The operators Q and As(D) satisfy the following fundamental property:
Lemma 2.6 The operators Q and Ax(D), defined by
Qo) = lim £(-2)q (£ £ . Ap(Du = lim £(-D)aa(D)LC)u in D
u,v) = lim £(—— —u, L(=)v uw=lim L(—=)a —u in
) 50 c q P A ) 2 50 c 2 c )

do not depend on the time variable.

Proof. The proof of this lemma is written in [20] in the special case of two dimensions, and
can easily be adapted to our general case. Let us first study the quadratic term. We have

t t t
lim £(—=)q | L(=)u, L(-
tim £(-50 (£C)u o)
. - _ st abec ai . . .
= 6113[1].7-" ! ; e '=¥kn (Aj,jl(n)u Tk (n — k), e (n)) e‘(n),
a,b,c

with the notations presented in the introduction. But then it is just a matter of using the
non stationary phase theorem (see [1] for instance), and one finds

. e _ 1 . a,j bg' (0 c c
lim @ v) =F 30 (Agy (I (B (0 = k). ")) (),
=0

which proves Lemma 2.6 for the bilinear term.

For As(D) the same type of argument holds: we have
. € T —1 iﬁw%‘b b a a
5113(1) A5(D)u = ;13(1).7-" Zb e (ag(n)u (n),e (n)) e*(n),
a

b = w(n) — w’(n), which leads directly to

Az (D)u = F~1 Z (ag(n)ub(n), ea(n)) e“(n), (2.2)

wib=0

where w?

and the lemma is proved. O

Finally, as mentionned in the introduction, one can prove the following result.
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t t
Lemma 2.7 For all t, for all e, the operator A5(D) = E(—g)ag(D)E(g) is elliptic, with the

same constant of ellipticity as as(D). The same holds for As(D).

Proof. It is trivial, if we notice that as £ is unitary, we have for all vector fields u,

ADyulw) = (£-Daa(D)LCu] )

so the ellipticity of az(D) implies that of A5(D) for all £, with the same constant as az(D),
and therefore also the ellipticity of Ay(D). O

This last remark puts an end to the general study of system (S¢). We are now going to prove
the various theorems stated in the introduction, using results proved in Appendix A; it is
there that the methods of S. Schochet in [34] will be used.

3 Proof of Theorem 1

3.1 Introduction

The object of this section is to prove Theorem 1, stated in the introduction. So let us first
recall the various equations on which we are going to work here: we start with the equation

(Ss) 8tv5+q(vg,v5)+a2(D)v5+L(g) = f in Td
Vg = 0

and the limit system

|
i

(o) { du + Ou,u) + As(D)u

’U,‘t:O =

where Q, A>(D), and f are defined by

Q(u,0) = lim £(~2)a(£(2)u, £(E)0) in D,
Ag(D)Uzi%E(—g)ag(D)ﬁ(é)u and f:;g%c(_g)f, in D

We suppose that u € C°([0,T], H*) N L*([0,T], H**'), with s > ¢ — 1 and we want to show
that
v® — L()u=o0(1) in C°0,T], H*) N L*([0,T], H*).
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Since the operator L preserves the H? norms, one can just as well work on the filtered

solution u® rather than on v*. That filtered solution u°, defined by u® = E(—é)vg, satisfies

(%)

1> —
U= = Y0

. {atu6+Qa(ua,u€)+Ag(D)u€ = L(-Hf in T

WhEere )Qg(ug,ug) = L(-YHYg (L(L)us, L(L)u®), A5(D) = L(—L)ax(D)L(L), and g was defined
in (1.3).

Let us therefore define w® = u® —u. From (S°) and (Sp), we get the following equation for w® :

dw® + O (w®, w* + 2u) + A5(D)w® = ¢° — Q% (u,u) + Q(u,u) + Az(D)u — A5(D)u, (3.1)

with an initial data equal to zero since “Tt:o = ujp—g = vo. We have defined ¢g° = E(—é) f—f.

We want to show that w® is defined on [0, 7], and satisfies

w® =o(1) in C°[0,T), H®) N L([0,T], H*™).

The right-hand side of equation (3.1) satisfied by w® is an oscillating term; we are going to
prove Theorem 1 using the following general lemma, the proof of which is left to Appendix A.

Lemma 3.1 Let T > 0 and o > % — 1 be two real numbers, let b* be a family of functions,
bounded in the space C°([0,T], H?) N L3([0,T], H°*1), and let af be a function going to zero
with € in H?. Let Q° and A5 be respectively a quadratic form and a second order elliptic
operator of the type (2.1), and finally let RS,. be a (p,o — 2)-oscillating function, with p > 1,
and let F¢ be a function going to zero with € in the space L*([0,T], H°1).

Then the function a®, solution of

(&

osc

) oraf + Q°(a%,a° + b°) + A5(D)a® = Ri,.+F° in T¢
g = ag

is an o(1) in the space C°([0, T, H”) N L2(]0, T, H°1).
() p ) ) ) )

3.2 Proof of Theorem 1

All that has to be done in order to use Lemma 3.1 is to check that (3.1) can be written in the
form (&;,.). The initial data is zero, and u has the smoothness required for b° in Lemma 3.1, so

we just have to check that the right-hand side is a (p, s —2)-oscillating function, for some p > 1.

Proposition 3.1 Under the assumptions of Theorem 1, the right-hand side of equation (3.1)
is a (2,8 — 2)-oscillating function.
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Proof. First of all, the forcing term ¢° is defined by

g =F Y S (F (). (n) ¢ (n), (32)
wa(n)#£0

where let us recall that w®(n) are the eigenvalues of L, and e®(n) are the associate eigenvectors.

But f € C°([0,T], H*2) N L2([0,T], H* '), and 9;f € L?([0,T], H*3), so the function ¢°
is a (1,s — 2)-oscillating term, where we have taken fo(t,n) = f(¢,n) with the notation of
Definition 1.2.

We then have a linear term, noted D°u, which is defined by
Du = Ay(D)u— Ay (D)u
— ff]- Z eiﬁwgab (a2(n)ub(n>’ea(n)) ea(n)’ (33)

w%‘b;é()

where w = w%(n) — w(n), u’(n) = (fu(n)|eb(n)) e’(n), and where let us recall that as(D)
is a second order elliptic operator. Hence we can take

fo(t,n) = ag(n)ub(n),

so F~1fo(t,-) is an element of the space C°([0, T], H*=2) N L2([0,T), H*~1), and F~10;fo(t,-)
is an element of L2([0, 7], H*3), since dyu has the smoothness of az(D)u. So Du is a (1,5—2)-
oscillating term.

Finally we have the quadratic term

Fa(uav) = Qg(uav> - Q(U,U)

S F Y R (At (R0 (0= ), () ), (3.4)
a,b,c
wk:n, ¢0

where let us recall that wzzc = w(k) + wb(n — k) — w¢(n).

Then we choose
ro(n,k,m) = A;j i (n),

filt, k) =u™(t, k), fo(t,m) = ub7 (t,m).

We have, with the notation of Definition 1.2, pp = 1 and p; = p2 = 0. Then let us sup-

pose that s > %; then H* is an algebra, so [[; F !fi(t,+) is in particular an element of the

space C([0,T], H* 1). If s < %, we have the same result, using the rules of product recalled
in Lemma 2.1 associated with the fact that 2s — % > s— 1. Finally if s = %, then let n be a

real number in ]0, 2[. We have u € CO([O,T],H%*”) and 2(4 —n) — £ > ¢ — 1, so finally we
have proved that, under the assumptions of Theorem 1,

Hf_lfi(t, - is an element of C°([0,T], H*™!).
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Similarly, we find
H}"_lfi(t, ) is an element of L%([0,T], H?).

So since moreover F~19, f;(t,-) is an element of L?([0,T], H*~1), we conclude that F*®(u,u) is
a (2, s — 2)-oscillating term.

Proposition 3.1 is proved. O

Conclusion. We have just seen that (3.1) is an equation of the the type (£5,.), so all we
have to do now is to use Lemma 3.1, which gives directly

w® =o(1) in C°([0,T], H*) N L*([0,T], H* ™),

and Theorem 1 is proved. O

3.3 The case of the Navier—Stokes equations

In the case when the bilinear term is q(u,v) = P(u - Vv) with divergence free vector fields
on 79, the previous result is identical : it is just a matter of replacing in the preceding proof
the operator L by PL, where P is the L?-orthogonal projection operator onto the space of
divergence free vector fields.

Then the constraint on the divergence implies that PL is written along d' — 1 vectors:

d' -1
PLy=F"! Z iw(n) (Fv(n),e*(n)) e*(n).

a=1

The remarkable property of those operators is that they commute with the derivation oper-
ators. Thus nothing is to be modified in the previous proof to get the expected result : the
solutions are defined in C°([0, T], H*)N L%([0, T], H**1), and u® —u = o(1) in that same space.

3.4 The case when 7T is infinite

In the two applications we will study, we wish to use Theorem 1 to obtain the global existence
of systems (RF*®) and (PE*), for ¢ > 0 small enough. However we must beware that in the
proof of Theorem 1, we have explicitly used the fact that the life time T of the limit system
was finite (that appears in the proof of Lemma 3.1 in Appendix A, in the study of the high
frequencies: the cut—off frequency N depends on T', and therefore so does e, and nothing
enables one to say for certain that N can be chosen independently of T'). Hence even if we
prove that (Sp) is defined for all time T' > 0, Theorem 1 only leads to the existence of ep > 0
such that (S¢) is defined on [0, 7] for all € < ep. But there again ep is a priori not uniform
with respect to T'.

However in the particular case of the rotating fluid equations, as well as for the primitive sys-
tem, such a result will be sufficient to obtain the global existence for systems (RF'*) and (PE*),
for € > 0 small enough. Indeed, for both these equations, it is classical that if the solution
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exists for a sufficiently long time Tp, depending on the initial data, then it exists in fact glob-
ally. Hence in both cases, one just has to find £y small enough so that equation (RF*®) (resp.
(PE*®)) is defined on [0,Tp], using Theorem 1. Then for all € < gy, (RF*®) (resp. (PE?)) is
globally well-posed. In other words in both those cases, Theorem 1 can be extended to the
case when T' = co. The same holds for Theorem 2, which is proved in the coming section.

4 Proof of Theorem 2

4.1 Introduction

This section is devoted to the proof of Theorem 2: under a certain number of small divisor
assumptions on the operator L, we shall prove that

d
2

W —u=0() in C°0,T],H: 1) N L2([0,T], H?),

and analyse precisely what that O(e) term is made of.

4.2 A first order expansion

From Theorem 1, we know that

W —u=o(l) in C°(0,T),Hz )N L2([0,T),H?). (4.1)

To prove that we have in fact, under some conditions, u* — u = O(¢), we are going to study
as in section 3.2, the equation satisfied by w® = u® — u:

ow® + A5(D)w® + Q° (w*,w® + 2u) = ¢° — D°u — F*(u,u), (4.2)

where ¢°, D*u, and F*(u,u) are defined in (3.2), (3.3), and (3.4) respectively.

Proposition 4.1 Let jo be the integer part of %(s+ a2 — %) Suppose that vg € H*T12(T4),
and that for all 0 < j < jo, 9] f € C°([0,T], H*~2I=2+2) 0 [2([0, T), H* =2 ~1%212) then for
all 0 < 7 < jg, we have

Hu e CO0,T), H* 2 +2) A L2([0, T), H 2+ o),

Proof. A simple recursive argument gives the result: it is of course true when j = 0, and
let us suppose that for all 0 < k£ < 57 — 1, we have

agcu € CO([O7T],Hsf2k+a12) N Lz([O,T], Hs—2k+1+a12>.
Then differentiating 7 — 1 times the system (Sy) yields

FHu+ 0l 1 Q(u,u) + As(D)D tu=0]"f.
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Since, as recalled in Lemma 2.1, H” is an algebra if 7 > 2, the recurrence assumption implies
that o~ Q(u ) is in CO([0, T, H*~2i+1+eyn[2([0, T, H*~2/+2+12) Furthermore, we have
As(D )6J u € CO([0,T], H¥~2+12) 0 L2([0, T], H¥~2/T1+12); the proposition follows. O

In order to prove that w® is an O(e) in CO([O,T],H5_1) N L2([O,T],H%), we shall use
Lemma 3.1, as in the proof of Theorem 1. But first let us note that we have seen in sec-
tion 3.2, Proposition 3.1, that the right-hand side of (4.2) is oscillating in time. The method
we shall follow is that used by S. Schochet in [34]: it is inspired by the following simple
ordinary differential equation, which modelizes (4.2). Consider

t
Orp — F(p) = cos o

and define the function ;
= —esin—.
Y= -

Then 9 and ¢ are of the same size, up to an ¢, and 1) satisfies the equation

8tzp=F<¢+€sin§>,

which is an equation where, up to an ¢, the oscillating part has disappeared. By analogy with
that model problem, let us define

YT =w + 8Rfmc(u)v (43)

where R:,.(u) is defined in (1.4): we have

R (u) Y 5+ D+ Fo(uu), (4.4)
with Lt ()
FOLFT Y T (F (), e () et (n), (4.5)
we(n)#0 w (n)
D' S T ), ) (), (1.6)
whb=£Q n
Feuu) @ 7t % ”_:k (Aj (n)u® (l)u™ (n = k), e°(n)) €(n) (4.7)
Wi t#0 Tk

The notation is the same as in the introduction, and as in section 2.2.
Lemma 4.1 Under the hypotheses of Theorem 2, RS,.(u) is a (2, 4 —1)-oscillating function.

Proof. The forcing term ¢°(¢) is defined in (4.5). The assumptions of Theorem 2 imply in

particular that
d
3

fec(o,1), Hs 1) n L3 ([0, T], H?)
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as well as 9y f € L?([0,T], H%72); since moreover L is an operator of order zero, (1.2) implies
the result for the first term in RZ,.(u). Let us note that, as remarked in the introduction of
this article, if instead of assuming (1.2), we suppose that L is of order r, then supposing that
f € C°0,T], Hs2rewtry 0 L2([0,T), H* " 1T®24") and a,f € L2([0,T], H* 3+212+47) gives

the same result.

For the linear term D¢y defined in (4.6), we can take
fo(t,n) = (W)~ tas(n)u’(n),

which is an element of the space C°([0, 7], Hgfl) N L2([0,T], H%”) since we have assumed
that u is an element of C([0,T], Hs*1+1) 0 L2([0,T), H**?+1), with s > £. Then as Ju
is inNCO([O,T],Hs*”O‘l) N L2([0,T], H¥* 1) according to Proposition 4.1, the result follows
for Dfu.

Finally for F*©(u,u), we can choose
roln ko) = (W) VA (n), fi(t k) = w (), and fotym) = b (m),

with pg=1 and p; = p2 = qo.

The result follows immediately, since u is in C°([0, T], H***2)NL%([0, T], H**1+2) with s > £,
and Oyu is an element of C°([0, T], H*~2+2) N L2([0, T], H*~1*22) by Proposition 4.1.

So Lemma, 4.1 is proved. O

Remark. Up to now, we have written that u® — u = 1° — eRZ,. So one of the terms of

the expansion given in Theorem 2 is found: the “fast part” eR.,.. Now we are going to prove
that there exists a function h, independent of ¢, such that ¢° = eh + o(e). That will prove
the theorem.

So let us define the function ) = e~1¢°. It is easy to see, according to the definition of ¢°
given in (4.3), that ¢ satisfies the following equation:

O + A5 (D)5 + Q°F (¥5,¥° +2u—2eR5,,) = RiL + AS(D) RS, + Q° (RS, 2u—cR5,,), (4.8)

where we have defined RS}

by RS = §°' + D' + F! and, with the notation of the

introduction,
t, a
et def —j etz ()
S S A ),
we(n)#0
def i eiren”
~ e _ —_— €
Doty = FL Z — (ag(n)atub(t,n),ea(n)) e“(n),
a,b wn’
wy #0
e

O (Ajyr (m)u™ (1, k)ul (t,0 — k), e (n) ) °(n).

a,b,c
,z,c;éo wk,n

Lemma 4.2 Under the assumptions of Theorem 2, Ret isa (2, % — 3)-oscillating function.

osc
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Proof. The proof is very similar to that leading to Lemma 4.1. The fact that d;f is
in CU([O,T],H%_?’) N LQ([O,T],H%_Q) and 92 f € L*([0, 77, H%_‘l) gives the result for g°'. As
in the case of Lemma 4.1, if one does not suppose the condition (1.2), the result still holds
if 9;f and 9? f are smooth enough.

Then Proposition 4.1 implies that d;u € C°([0,T], H*~1+1) 0 L2([0, T, H***1), which, with
the first order small divisor estimate satisfied by L, as well as the smoothness of 0?u, leads to
the result for D*tu.

Finally for F=(u,u), we can take
ro(n, k,m) = (wiph) L Aj i (n),

as well as ' .
filt k) = 0™ (k) and  fo(t,m) = uP (m).

Then, with the notation of Definition 1.2, we have o1 = s — 2 and 03 = s, with s > %, as well
as 0; = s—4+ae, po = 1, and p1 = p2 = ag, which gives the result: without loss of generality,
we can suppose that s < % + 2; then one considers n such that s — g > %, and s —n < %.
Then the rules of product of Lemma 2.1 and the fact that s —n+s—2— % > % — 2 gives the
result. O

Proposition 4.2 Under the assumptions of Theorem 2, we have

d
2

W =0() in C°[0,T),H:"Y)nL*([0,T], H?).

Proof. Let us prove that ¥, solution of (4.8), is a O(1) in C°([0, T], H% 1) N L2([0, T], H?).

That result is simply due to the fact that the right-hand side of equation (4.8), which we can
call G¢, is bounded in L2([0, T}, H%Q): for the terms A3 (ND)RE and RS that is an obvious

osc osc?
consequence of Lemmas 4.1 and 4.2, and for the term Q°(R:,,, 2u—cR:,.), the rules of product

osc

of Lemma 2.1 give the result. Moreover, w® is an o(1) in CO([O,T],HN%_l) N L2([O,T],H%),
according to (4.1), so ° defined in (4.3) also, and finally ¢° + 2u — 2R}, is bounded in the
space CO([O,T],H%_I) N L2([0,T], H%) Calling that last term ¢®, it follows that ¢] satisfies
an equation of the type

O + A3 (D)¢py +2Q° (41, ¢°) = G7,
where ¢ is bounded in CO([O,T],H%A) N LQ([O,T],H%), and where G° is bounded in the
space L2([0,T), H %_2). Then a classical estimate (see [9] or [21] for instance, or Appendix B)

implies that 5 is bounded in C°([0, 77, H%_l) N L2([0,T], H%) The proposition follows. O

Proposition 4.3 Under the assumptions of Theorem 2, 15 defined in (4.8) satisfies an equa-
tion that can be written as

Ol + A (D) +2Q° (¥, u) = Roii(u) + eR**(u) + R(u), (4.9)

where RYE. is a (3, %—3)—oscillating term, where R>* is bounded in the space L*([0,T], H%ﬁ),

osc

and where R(u) is a function independent of €, in CO([O,T],H%_?’) N L2([0,T], H%_z).
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Proof. Let us analyse the right-hand side of the equation (4.8), satisfied by j. The first
term, Rg;c, can be written as RLZ (u) of the proposition, according to Lemma 4.2.
Moreover, the rules of product recalled in Lemma 2.1, associated with Lemma 4.1 and Propo-
sition 4.2 imply that

Qe(zpi’ ng - 2E\‘RZSC) + EQE (RESC7 Risc) = ERz’E(u)’
where R2*(u) is bounded in L2([0,T], H? 2).
Now we are left with two terms, A5(D)R:,. and Q° (R, u).

For A5(D)R:,.(u), the study is somewhat complicated by the fact that the oscillations due
to A5(D) can interfere with those of RZ,.(u): we have

A5(D lze“w%” (az(m)g™" (), " (n) ) e (),

1 —ielee ) b b

. e

with 7 =F 1 Y =G (Ff(tn),eb () (),
wb(n)#£0
so the oscillation phase in A5(D)§° is w®(n) — w’(n) 4+ w’(n) = w?(n). So the terms, in the
sum defining A5(D)g¢° above, such that w*(n) = 0, do not depend on ¢ and can be written
as R(u), whereas if w®(n) # 0, then we have a purely oscillating term which goes into RLZ (u):

it is clearly a (1, 4 — 3)-oscillating term, as

d
2

fe CO([O T, H__l) ﬂLZ([O,T],H ) and O.f € LQ([O,T],H%_Z)‘

Similarly, the restriction of A5(D)g° to w®(n) = 0 is in C°([0, TY, H%_?’) N L3([0,T7, H%_z).
For the term A5(D)Du we find the phase w®(n) — w’(n) + w?(n) — W (n) = w®', since

Du=F1 3 ——— (az<n>ub<n>,ea(n>) e"(n),

b b’ 750

and the phase of A5(D)F*(u,u) is w*(n) — w’(n) + w’(n) — w® (k) — ' (n — k) = —wsz’ .
since F*©(u,u) is equal to

i st a' b , ;o
D S (Acr () (yu (0 — ), €' (n) ) " ().

a' b, Yk
wk,n 70

So in both those cases, one can also separate the function into R(u), independent of ¢ and

an element of C°([0, 71, H‘f?’) N L2([0, TY, H%72), and RLE (u): in a similar way to the pre-

vious cases we have encountered, it is easy to see that the oscillating part of those func-
tions, (.A%(D)DE’U,) and (AE(D)FE(U,U)) , are respectively (1,% — 3) and (2,% — 3)-
osc osc

oscillating. One can indeed take, in the case of A5(D)D%u,
folt,n) = aj(n)(wh") M’ (n),
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and in the case of A5(D)F*®(u,u),
ro(n. k.m) = az(n) Are (n) (i) )7

fult, k) =u® (k) and  fo(t,m) = u (m),

with pop = 3 and p; = ps = as. Then u € C°([0,T], H*T1Tr) N L2([0,T], H*T2+1) as
well as v € CO([0,T], H**2) N L2([0,T], H**t1T%2) give the expected result in both cases,
respectively.

Finally we are left with one last term, Q° (R, u).

The study for that term is similar to that of the term A5(D)R:,.(u), as the function Q°

introduces oscillations that can cancel out those of R:,.. We have indeed

i Ldbie ~z,a,] i’ c c
Q°(g°,u) = Fi Z e'=“kn (Aj,j/(n)g ’ ’](k)ub’J (n—Fk),e (n)) e‘(n),
k,a,b,c
ith ¢ -1 —i eiﬁwa(k) kY. e®(k)) e®(k
with §°=F"1 ) W(ff(ta ),e?(k)) e’ (k)

w?(k)#0
so the function Q°(§°,u) can be split in two, depending if w?(n — k) = w®(n) or not.

The oscillating part, Q°(§°, u)ose, is clearly (2, % — 3)-oscillating, considering the assumptions
made on f. Similarly, in the case when we have w®(n—k) = w®(n), the corresponding function

is in CO([0,T], H? %) N L2([0,T], H% 2), so it can be written as R(u).

In the same way, Qg(ﬁg, u) can be cut into two parts, since we have

~ . a,b,c ~ . .y
Q°(Du,u) = F Z ¢'skin (Aj,j/ (n)D>u(k) u® (n — k), ec(n)) e‘(n),
k,a,b,c
.t b
. <. def . —ie'=%k o 0
with D= 71 30 25 (as(k)ul (), e (k) ) e (k).
wZ’b;éO W

For the same reasons as previously, the function QO (Dfu, u)ese is (2, g — 3)-oscillating: we can
take
ro(n, k,m) = Aj y(n)az(k)(wp®) ™,
filt, k) = ub(k) and  fo(t,m) = u (m),
which gives directly the result, since u € C°([0,T], H**1+e1) 0 L2([0, T], H¥*1+%1) and using

moreover Proposition 4.1.

Similarly, the restriction of QF(Du,u) to the case when w” (k) + w’(n — k) = w'(n) is an
element of C’O([O,T],H%%) N Lz([O,T],H%fz), hence can be written as R(u).
Finally the same goes for Q°(F*¢, u): we have
~ . a,b,c ~ . .y
(P u) = F 1 YD e (A (n) P () (n — R), € (n)) € ()
k,a,b,c
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where F&®J(u,u)(k) is equal to

t a’ b,

e EWE (A (yu (K (k — K'Y, e (k) ) € (k).

12
o b’

w
al b a Kk
wk, ©=£0

F-1

So in Q°(F*, u) the phase is wk . —i—wg, bhe — = wl(n—k)—w(n)+w” (') +w" (k—k'). The func-

tion restricted to the case when the phase vanishes, is in C°([0, 77, H5_3) N L3([o, 7], H"Q)
so can be written as R(u). When the phase is not zero, which corresponds to Q°(F*, ), it
is easy to see that we have a (3, % — 3)-oscillating function, taking

ro(k',m',m) = Ajyj/(n)Agyg/(k)(w,i::g’a)_l,
as well as
ALK =wE,  fo(t,m') = C(m), and  fa(t,m) = uP (m),
with pg = 1 and p; = ps = 1 4+ . Hence Proposition 4.3 is proved. O

Remarks. In all the results proved here, it is easy to see that if [L,as(D)] = 0, then it is
enough to suppose that u € C°([0,T], H¥*22) N L2([0, T], H**'*22) to have the same results.
Let us note that the computations above imply that

FRum) = ﬁ <a2 (Acou™ (kyu " (n — k)

1l
a’ b ,b¢0 kn

b

) o)

- X W - 0) @)

w%’blfo " wb(n)#£0
Wi #0 w (n)=0
i J ¢
- Z ab <AJ,J (agub(k)) (k) u" (n = k)] (n)
w® b#o k
wzl,nb =0

¢ a0 N NS b,j’ ¢
Y (A (A 0 =) 090 (0= ) ),
a’ by Wit &
k! k
ab’bc
k! k,n

w

with the usual notation, and where wz,bkcnd = w(k") + Wk — k') + w'(n — k) —wi(n).
Now let us define the function h, solution of the following equation:

(1) Oih + As(D)h +2Q(u,h) = R(u) in T
' h\t:O = Rgsc(u)hﬁ:ﬂv
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and let us introduce the function wj = 5 — h.

The definition of RZ,.(u) in (4.4)-(4.7) shows that hj¢—o does not depend on .

Proposition 4.4 Under the assumptions of Theorem 2, we have
he (0, T), H: 1) N L2([0,T], H?), and

w =o(1) in C°([0,T), H5 Yy n L2([0,T], H?).

Moreover, if [L,az(D)] = 0, then u € C°([0,T], H*T%2) N L?([0,T], H**1*2) is enough to
obtain the same result.

Remark. Let us suppose that Proposition 4.4 has been proved. Then we have

ut—u = ¢PF—e¢ R(E)Nsc(u)
= 1 — e Rgy.(u)
= eh—¢eR,,.(u)+cwi,

with w = o(1) in C°(]0, T, H%_l) NL2([0,T], H%), so the first order expansion of u° is found,
and Theorem 2 is proved.

Proof of Proposition 4.4. We have just proved, with Proposition 4.3, that R(u) is an
element of CO([O,T],H%_?’) N Lz([O,T],H%_z). So classical results on parabolic equations
imply that h is in C°([0, T7, Hgfl) NL3([0, T, H%) (those results are recalled in Appendix B).

So now let us study the function wj = ] — h, which satisfies the following equation:

Orw; + A5(D)w§ + Q (w,u) = R (u) + eR> — DF(h) +2Q(h,u) — 207 (hyu).  (4.10)

Lemma 4.3 Under the assumptions of Theorem 2, the right-hand side of (4.10) is of the
type RS, + F*, where R, is a (3, % — 3)-oscillating function, and F*® goes to zero with € in
L2([0,T], H?2). Moreover, if[az(D), L] = 0, then u € C°([0,T], H*+°2)nL2([0, T], H*+1+02)
is a sufficient condition.

Proof of Lemma 4.3. Let us start by proving that RL: (u) — D (h) +2Q(h, u) — 2Q° (h, u)
is a (3,4 — 3)-oscillating function.

We have already proved the result for the function RLE (u), with Proposition 4.3. Hence we

are left with 20(h, u) — 20°(h, u) — D?(h). We have

D(h)=-F1 S 0D (g5 (n)hl (), e () € ().
we(n)—wb(n)#0

But since h is an element of the space C°([0, T], H%fl) N L%([0,T], H%), according to Propo-
sition 4.4, then az(D)h is in C°([0, T), H2 )N L2([0,T], H % 2). Besides, d;h has the smooth-
ness of as(D)h, so Gaz(D)h has the smoothness of a3(D)h, hence dias(D)h is an element
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of L2([0,T], H%74). So D4(h) is a (1, 4 _ 3)-oscillating function, and hence has the right form
for Lemma 4.3.
Moreover, Q°(h,u) — Q(h,u) is equal to
. a,b,c . -7
FUOYD e T (A (m)ht (k)b (n = k). () ) (),
Wi A0
which is clearly a (2, ¢ — 3)-oscillating function.
So we have proved that RLE +20Q(h, u) —2Q° (h,u) — D (h) is a (3, 4 —3)-oscillating function.
Moreover, if [L, as] = 0, then those results hold with 0 = s + as. So Lemma 4.3 is proved. O

End of the proof of Proposition 4.4. To conclude, we just have to remember that
the initial data satisfies wj, , = 0. So Lemma 3.1 implies directly that w] is an o(1) in

CU([O,T],H%_I) N L2([0,T], H%), and Proposition 4.4 is proved. O

So as remarked after the statement of Proposition 4.4, we have computed the first order
expansion of u®:

W —u=ch—cR, (u)+o(e) in C°0,T], HEY)NL*[0,T],H%).
So Theorem 2 is proved. O

Remark. Were it not for the fear of over—-complicated computations, it would be easy to
extend the previous proofs to a higher order expansion: after the study we have undertaken,
it seems clear that under more regularity assumptions on the initial data, as well as with more
small divisor estimates on the perturbation, u* has an asymptotic expansion at any order.

5 Application to the primitive equations

5.1 Presentation of the equations

Let us consider in this section the primitive equations of the quasigeostrophic system:

OVE+v7 - VVE =DV e lLVE = ¢ 1(=V&,0)+f in T°

(PE?) dive* = 0 in T3
i = W
0 -1 0 0 vA 0 0 0
. 1 0 0 0 0 vA 0 0
with =14 o o p1 | @ P=1 5 o ,a o |’
0 0 —F1' 0 0 0 0 VA

where let us recall that V¢ = (v°,T7).

We will sometimes find it more convenient to write v = (V!,V2,V3) and T = V4.
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The goal of this section is to prove Theorem 3, stating the global existence of the solutions
of (PE®) when ¢ is small enough. Since we want to use Theorems 1 and 2 proved in the
previous sections, we are going to compute the limit of the system (ﬁEE), found by filter-
ing (PE®) with the operator £ (—é) Here, since the velocity field v® is non divergent, L is
the semi-group associated with the operator PL, where PV*® projects v® onto the divergence
free vector fields without changing the temperature T¢; we will come back to its explicit form

in the next section.

Let us define U® = E(—é)VE. The vector field U® satisfies the following equation

t t ~
. QU" + (U U7) = L(=)PL(U" = f° in T
(PE") dive® = 0 in T3
Uﬁe:o =W

where  Q°(U°,U%) = £(-=5) (- ver), F=o-Dyr.

€

5.2 The limit system

Finding the limit of (]?EE) comes down to finding the limit of the quadratic term Q°(U*, U?)

t t ~
_E)DE(E)UE: calling those limits respectively Q(U,U) and DU,
and writing f for the limit of f¢, the limit equation is U — DU + Q(U,U) = f.

as well as the linear term £(

Those limits are obtained by studying the eigenvalues of PL in the Fourier space. So we first
are going to compute those eigenvalues, which will enable us not only to find Q(U,U) and DU
but also will give us a means to diagonalize the limit system, following also the method of
J.-Y. Chemin in [10], in a way which will make it very easy to check that it is well posed.

5.2.1 The operator PL
Let us consider the following equation:
0V + PLV =0,

where as stated above, P is the orthogonal projection of v onto the divergence free vector
fields, without changing T'. In Fourier coordinates, P has the following form:

n?/a? ning/ajas ninsg/aiag 0

P14 — 2 nani/azay n3/a3 nang/asas 0
" [n|2 | nsni/asar nsnafasas  n3/ai O |’

0 0 0 0

where [n|?2 =3 nf / a?, and Id is the identity matrix.
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One then computes the eigenvalues of P, L : in [14], P. Embid and A. Majda find the eigen-
(n3/a3 + F~*n'[?)?
| . _ Inl. .
are 0, ¢ and —i, and the associate eigenvectors, where one only considers those whose first
three components are “divergence free” are, in that particular case,

values 0 (double) and +i . Hence when F' = a3 ! the eigenvalues of P, L

—nN9 ng ns
1 n ; 1 —in ; 1 m
0 1 i 3 —1 3
e\n)=— ] en)=— . 5 e n)= —— .
(n) In| 0 ' (n) ln|v2 | —n1t+ing |’ (n) In|v2 | —n1—ing
—ns —7:17,1 — Ny 7:17,1 — Ny

In the following, we shall call e*(n) the eigenvector of P, L associated with the eigenvalue a.
Let us note that in the case F' = as L the eigenvalues of P,L do not depend on n. So in that
very special situation, the small divisor estimates of Definition 1.1 are trivial.

Before using those results to find the limit of (]3EE), let us introduce, in the same way as J.-Y.

Chemin in [10], the following diagonalization: we start by defining the “potential vorticity”
by
QF =0 U?% — U — F 195U

The diagonalization is then obtained by writing U® = Upq + Ug,,, with
Upe = (VA 1050, —0s FA 1),

where Vo = (—do,0;). The field Uge is known as the quasigeostrophic part of U¢, whereas
the field UZ,, is the oscillating part. One can then immediately notice that e’ defined above

is non oscillating, that is to say that e = e%G, and the eigenvectors associated with 4+ have

a quasigeostrophic component equal to zero, since et? = eoislc.

Let us also note that the equation satisfied by Q will simply be the projection of the equation
on U, onto |n|e’(n), in the Fourier space, whereas for Uy, it corresponds to the projection
onto e*(n).

Finally, as U, is defined along the vectors in the kernel of P, L, then U, is in fact equal
to V5, and the same holds for Uge and Vg, which are equal.

By analogy with the notation above, we shall note in the following
foot = O1f% — doft — F1osf4,
and f = foa + fose, where
foc = (VA foor, 0,0 FA ™ fro). (5.1)

Let us note that for all ¢, we have L(t) foe = foa-
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5.2.2 The limit

To make things simpler, we will write the computations here in the case when F' = a3 1 The
case F' # agl is easily obtained from that particular case, at the price of longer computations,
written for the most part in [14]; we will refer to them as we go along.

Proposition 5.1 The limit of (IS\EE) can be separated into two equations : the first one is

0« + vQG - vQ+ an(D)Q = fpot

5
(Dog) { Uggit=0 = Vo.qc,

where aga(D) is a second order elliptic operator, and in the case when F = agl, that equation
can be written 082 + vgg - VO — v A} — 1/'832,(2 = fpot, where Ag = 0% + 03.

The second equation is linear in Uyse, for almost all (a1,as2,as):

—— OUpse + 2Q(VQG7 Uosc) + aosc(D)Uosc =0
(Dose) U = W
osclt=0 — 0,0s¢ »
where ays.(D) is a second order elliptic operator, and in the case when F = agl, that equation

v+
5 AoUpse — v03Uyge = 0.

can be written OUyse +2Q(Voa, Uose) —

Proof. Let us start by noticing that the weak limit of E(—é) fose 18 zero. Then the proof
of Proposition 5.1 is made of two parts: in the first part, we shall investigate the limit of
the quadratic term (Lemmas 5.1 and 5.3), and then we will study the limit of the linear
term £(—1)DL(L)U".

e The quadratic term:
Lemma 5.1 The limit of (FQ°(U®,U¢),|n|e’(n)) is equal to vge - V.

Proof. Let us prove the result in the case when F' = ag L. the case F # as L is treated
exactly in the same way, but the computations are somewhat more complicated. Let us note
that in [14], P. Embid and A. Majda state that in the general case, the limit of that quadratic
term is vgg - V2, as given in the lemma.

The method to find the limit of such a term is standard, and shall be used continuously in the
following. As in the proof of Lemma 2.6, it all comes down to studying, by application of the
non stationary phase theorem, the resonances of the operator PL, defined by the equation

w(k) + w(m) = w'(n), with k+m =n,

where each of the terms in the equation is an eigenvalue of PL in the Fourier space, which
we have computed above. Hence in the case when F' = ag ! the computations are going to
be remarkably easy, due to the fact that the eigenvalues of P, L do not depend on the Fourier
variable n.
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Lemma 5.2 When F = agl, the triplets (+i,F1,0) do not contribute to the resonances.

Let us suppose for a moment that this lemma has been proved. To find the limit of the
quadratic term, one considers the possibilities of resonances, which correspond here to the
case where the eigenvalues (w(k),w’(m),w’(n)) are elements of {(0,0,0), (+i,F4,0)}: this
is due to the fact that Q° does not oscillate, so is defined along the vectors e’(n). But
Lemma 5.2 indicates that (4, Fi,0) does not contribute to the resonances, so it follows that
one is left with (0,0,0) only, which corresponds exactly to the quadratic term in (ﬁ;g), and
to Lemma 5.1. O

Proof of Lemma 5.2. Let us compute the following expression, where we have written the
sum of the limits of Q° restricted respectively to (i, —i,0) and (—i,,0):

S (Uk), € (0) (Um), e (m)) e (kym; (7 (m), e (m)) ()

k+m=n

+ Y (U(k),e*i(k)) (U(m>,ei(m>)e*ivﬂ'(k>mj (ei(m),eo(m)eo(n). (5.2)

k+m=n

A simple computation, shows that, at a fixed value of n, and with & +m = n,
S et (kymy (€7 (m), e (n)) = —iR (K, m),
J
where R(k,m) is real and symmetric in & and m:
2|k||m||n| R(k,m) = (m1k3 - k1M3)2 + (TTLng — kQTTL3)2.

But the term (U (k), e’ (k)) (U(m),e #(m)) can be written as C(k,m) +iD(k, m), with C(k,m)
and D(k,m) real, and furthermore

C(m,k) +iD(m, k) = C(k,m) —iD(k, m).

Using the symmetry of the domain of summation, still with n fixed, one can therefore write

Z iR(k,m)(C(k,m) +iD(k,m)) = Z iR(k,m)(C(k,m) —iD(k, m))
k+m=n k+m=n
= > iR(k,m)C(k,m),
k+m=n

which means that this sum is in fact a purely imaginary number. And since the second sum
in (5.2) is its complex conjugate, the lemma follows. O

Lemma 5.3 For almost all (a1, a2,a3), the limit of Q°(U®,U?)ysc is 2Q(Voa, Uose)-

Proof. Like above, we shall first consider the case when F' = a3 1 Let us write the bilinear
term Q°(U¢,U¥?) in the form

ot Uty =F Y S e s @HmIyEd () U (m, ), (5.3)
k+m=n (a,b,c)e{—i,0,i}3
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with the following notations:
U (k) = (FU(k), e*(k)) e*(k) and U"(m,n) = (Ub(m),ec(n)) e“(n). (5.4)

Since by definition U:,, oscillates, then necessarily e oscillates, which means that ¢ € {—i;i}.
But then after taking the limit in €, the couple (a,b) can only be equal to (+i,0) or (0, =),
which implies that between e® and e”, one is equal to €°, and in particular does not oscillate,
whereas the other is equal to e*?, and oscillates. It follows that the limit of Q°(U?, U?),s. can
be written as 2Q(Voa, Uspsc), and Lemma 5.3 is proved in this particular case, when F' = a;l,

in 73.

In the case when F' # agl, the resonances are obviously not so easy to find. However a simple
argument leads to Lemma 5.3: the equation w®(k) + w®(m) = w®(k + m), for w*(k), w(m)
and w®(k + m) non zero, can be considered as the equation in (a1, as,as3) of a surface of R3,
with coefficients depending on a countable number of variables (that equation is non trivial,
since when ag = F~!, there is no solution). Therefore the set of solutions is of measure zero
in R3. So out of a set of measure 0, that identity never occurs, for any value of k£ and m.
Hence the only possible quadratic terms in the limit of the equation on U, have Vg in the
product, which proves the lemma. O

e The linear term:

To find the limit system, we now are left with one last term: £(—£)DL(L)U?. As we have
seen in Lemma 2.7, the limit of the operator £(—)DL(L) is elliptic. Let us compute that
limit against the vectors e®(n). We have, considering (2.2),

;13%,7-"5(——)7)5( DFle(n) = (az(n)e“(n),ea(n))ea(n)
= Zaz (n)]%e" (n),

where we have written D = diag(a;)1<i<4. So in particular we have

) t t . t
lig (FL(-DIDLEIV e’ (n) ) = age( D)2, Ty FL(= DDLU = tune( D)o
where agg(D) and ags(D) are elliptic. So using the results found above for the quadratic
terms, the case where F' is arbitrary in Proposition 5.1, is proved.

In the case when F' = a3 L very simple computations enable us to find precisely the expression
of aga(D) and a,s.(D), since we have computed the value of the eigenvectors e®(n) in that
simpler case. It is thus trivial to see that

Za e ()P = —v (nf +n3) — v/ n3,
d :I:z,] 2 _ 2 V.o o9 2_1’ 2 2
an Za (n)|* = —vn3 2(”1+”2) 2(”1+”2)
v+
= —vni— (n? +n3).
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That ends the proof of the Proposition 5.1. O

So finally one has found the following result: for the quasigeostrophic part of U¢, after taking
the limit in €, one is only left with bilinear terms in Vg, and the limit equation is the
following;:

0:§) + VQG - vQ + an(D)Q = fpot

5
(Doe) { Vogii=o = Voga

and for the oscillating part of U¢, for almost all (a1, az,ag), the limit system in U, is linear
in Ugyse, and of the form

~ 8thosc + 2Q(VQG7 Uosc) + aosc(D)Uosc =0
(DOSC) U _ V
osclt=0 — 0,0sc *

Remark. The values of (a1, a2, a3) leading to (13:,;,3) define the non-resonant domains for
the primitive equations.

5.3 Global existence for the limit system

We shall in this part prove that the limit system obtained above is globally well-posed in the
space CO(R*, H*) N L2(R*, H**!) for an initial data in H*, with s > 1. Let us recall that
in (5.1), we have defined foq by

fQG = (V%Ailfpotaov _83FA71fpot)-

Proposition 5.2 If Vo € H*(T?), with s > 1, and if foc € L*(RT, H*7Y), then

Vo € C°(RT, H*) N L*(RT, H¥).
Proof. The proof of that proposition is based on energy estimates in H®. For technical
reasons, we are going to consider different possible values of s. Everything lies on the result

when s = 1, and that result is due to the particular form of the equation, as since vgg is
divergence free, a direct energy estimate in L? on the equation satisfied by Q leads to

19020 s 22 + el ey < Vol + Cll ot Zagrer 1) (5.5)
where ¢ and C are two “universal” constants.
Then writing Vga,y = AyVoag, we have, using Lemma 2.4,

1d _ 3¢
S—Voaa(DIF + 2 Vo (Wl < Ceg(t)27 = Voa(t) 31 Vas.q(t)lo

2dt
+ Ocg(0)27 7V faa(t)]s-11Vac.a (D)o,

where ¢, (t) is a sequence of ¢*(N), of norm 1.
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Then by Gronwall’s lemma, that implies that

t 3
Voc.a(®)lo < [Vaa.goloe " + C/O cg(1)27 % Ve (1) e~ " dr

t
-I—C'/ Cq(T)Q*q(s—l)|fQG(7.)|87167c22‘7(t—7)d7-_
0

Then multiplying by 2u(s+1) taking the L? norm followed by the #? norm in ¢ and using
Young’s inequality yields, if 1 < s < %,

IVocllzaqoyme+y < [Voc.ols + CliVoalZaqory.az + Cllfocllzaqoryms-1)-

Similarly, multiplying by 2%, taking the L> norm followed by the #? norm in ¢, and using
Lemma 2.5 gives, if 1 < s < %,

IVacllze(o.m,ms) < Vacols + CliVaalzz ory.az) + Cllfecllzaqory,me1)-

So using (5.5), the result is proved when 1 < s < %, and we have
3
Vse[l, 5], if Voe H', then Voo e ([0, T, H*) n L*([0,T], H*™Y).  (5.6)

Then let us suppose that % <s< g; we can again use Lemma 2.4, which yields

1d (255
§£|VQG,q(t)I3+c22q|VQG,q(t)|3 < Ceg(H)271 =D Vo ()2 [Vae,o(t)lo
+ Cey()277 | foc(t)|s=1[Voe,e()]o. (5.7

Then similar computations to the ones written above imply finally that

IVocllzz oy < [Vacols + ClVoelTaqory,ms) + CllfocL2om.ms-1)s

IVaclicogory.m < Vacols + CliVaclgaor,me) + Cllfecll 2oz mo1)-
So using (5.6), we have

Vs €[1,2], if Vo€ H®, then Vpg € C([0,T], H®) N L*([0,T], H*™). (5.8)
Finally let us suppose that s > 2. Then we have

1d

5 7 Vea @ + Vo (t)li < ClVoe (i IVac (s + Clfoa®)ls-1|Voa(®)]st1,

hence by a Gronwall estimate we get

c [t t
Voo(t)3+5 [ Voo(r) dr < (Voaal2+Cllfoc (o m—y)exp (C [ Woa(nl dr).

So we can conclude by recurrence: if Vg € L?(R*, H®), then the estimate above implies
that Vg € C°([0,T], H*) N L*(R*, H**1). So Proposition 5.2 is proved. O

Now we can turn to the oscillating part U,g,.
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Proposition 5.3 If Vo € H*(T3), with s > 1, then the solution Uy. of the system (13:,;,3)
satisfies
Upse € CO(RT, H*) N LA(RT, H*TL).

Proof. This proposition lies on the fact that the equation satisfied by U, is linear.

We can use Lemma B.1, proved in Appendix B: taking A = U,s., B = Vga, ¢ = 0 as well
as W =0, we get, for all s > 1,

||UOSC||L2(R+,HS+1) < C|Usse,0ls exp C||VQG||%2(R+,H5+1)a

||UOSC||L°°(R+,HS) < |Uosr:,0|s + C'“Uosc||L2(R+,HS+1)||VQG’||L2(R+,HS+1)-

The proposition is proved. O

5.4 Proof of Theorem 3

The first part of the theorem concerns the case when Vy € H*(T3), with s > 1. One can
apply Theorem 1 to our system: we have found the limit system, for almost all (a1, a2, as),
and proved in Propositions 5.2 and 5.3 that it is well posed in CO(R*, H®) N L2(R*, H*T1).
Then using section 3.4 and Theorem 1, we get directly the first part of Theorem 3:

VE—E(S)Uzo(l) in CORT,H*)NL*(R*, H*M).

In order to obtain the second part of the theorem, i.e. the first order expansion of the
solution, the application of Theorem 2 requires a second order small divisor estimate on the
perturbation. In the case when F' = agl, we have seen that the small divisor estimates are
trivial, since the eigenvalues of P,L do not depend on n. So the theorem is proved in that
particular case. In the general case, we use the result proved in Appendix C (Proposition C.1),
stating that such an estimate can be achieved for almost all values of the a;’s, at a certain
degree. Then provided the initial data and the exterior force are smooth enough, we have the
theorem. O

Let us note that two independent restrictions on the a;’s have occurred: the first one in
order to get a “diagonalized” limit system, and the second one in order to have small divisor
estimates for the perturbation.

6 Application to the rotating fluid equations

6.1 Introduction

In this part, we propose to use Theorems 1 and 2 in order to prove Theorem 4 concerning the
rotating fluid equations. The system of equations governing the motion of rotating fluids is
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the following, as presented in the introduction, and where p® is the pressure:

0pv° + vf - Vof — vAve + v x B ? B _ —Vp*+f in T3
(RF*) dive* = 0 in 73
Vieg = g

Then Theorem 4 can be proved using Theorem 1: one only has to prove that the limit system
of the equations above is globally well-posed. This system will turn out being particularly
simple if, prior to taking the limit in £, one diagonalizes the vector field u®, obtained as above,
as the filtered solution £(—L)v°: this diagonalization consists, as in [2] or [20], in a separation
of u® into a bidimensional field and a remainder, called the oscillating part, in the following
way (following the notations of [10]):

u® =u" +uy,, with o = / u®dxs.
x3
So @° is the vertical mean of u°; once the system has been diagonalized (which is the purpose
of section 6.3), one can take the limit in &, by the means of a study of the resonances of the
operator PL, and following the computations of A. Babin, A. Mahalov and B. Nicolaenko

in [3]. Finally in the last section we will show that those limit equations are globally well-
posed.

6.2 The operator PL

The expression of L is found by solving the equation

Orv + PLv =0,
0 1 0
where the matrix L is defined by L = | —1 0 0 |, and in Fourier variables, the opera-
0 0 0
tor P is
n?/a? ning/ajas nins/aiag
Py =1d - — nany /asaq n3 /a3 nong/azas |,
| nsni/asar nsna/agas n3/a3

where [n]> = 3 n?/a3, and 1d is the identity matrix.

A simple computation shows that the eigenvalues of P,L are 0, ing/as|n|, and —ing/ag|n|,
and the two last eigenvalues have associate eigenvectors which are “divergence free”.

One can then show (see [3]) that £ can be written as

OFL(t) = s PF 4 ¢ 'minl P (6.1)
i 0 —ng/ag nz/ag
where we have written P = Td + il ns/as 0 —n1/ay
n
—7’L2/a2 nl/al 0
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The kernel of PL is therefore made of the vector fields that do not depend on the third
variable. That suggests considering more precisely that type of vector, and that is why we
shall diagonalize the system (RF), as announced in the introduction, by integrating u® along
the vertical variable.

6.3 Diagonalization

According to section 2.2, if one defines u° = E(—é)va, then u® satisfies the following system:

- Owuf + Q° (uf,uf) —vAu* = f°
(RF") divu® = 0

£ —
U= = Y0

where Q°(u, ) = £(=1) (L1 - VE(E)u) and £ = £(=4)7°,

£ £

Let us now define, as suggested in the introduction, u® = @* + u,.. The integration of (EF’E)
along the vertical variable leads to

oruf — vAsu® + Qg (Ua, ’U,E) = fTE

(FF) B =0
Vao-u® = 0
. -
u‘t:() = o,
and the remainder u} . satisfies
€ € € £ ,E _ e
8tuosc - UAuosc + Qosc(u y U ) - osc
c s E _
(RFosc) le uosc - 0
€ _
uosc,\t:O = Vo,0sc

where for any 7function h, h represents its vertical average, and h,s. the remainder, defined
by hose = h — h. We have written Ay = 02 4+ 92, and Vo = (91, 0»).

Let us note that in Fourier variables, those two equations are simply the projections of (R\F' g)
onto {n | ns = 0} for (RF"), and onto {n | n3 # 0} for (RF:

OSC)'

6.4 The limit
6.4.1 The quadratic terms

We shall consider the limit ¢ — 0 of the equations (RF ) and (RFZ,,) obtained above. Tt is
therefore a matter of taking the limit in ¢ of the quadratic terms, which, according to the non
stationary phase theorem, amounts to studying the resonances of the operator £: the limit of
the quadratic form Q° can be written

: 3 — —it(we wl(m)—we(n a,j c
Eh_r)rfl)Q (u,u) =F 1(k Z)EK;B < (W (k) 4w’ (m)—w?(n)),, I (kymub® (m, n),
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with the same notations as in (5.4). In particular the w®(n) are the eigenvalues of P, L, defined
by w*(n) = ii; we have noted K the set of resonances of PL,

az|n|

k
K = {(omm) | o T

=0 and k+m= n} (6.2)
ag|lk| — as|m| — as|n|
In the following, we shall call & the set of triplets (k, m,n) actually present in the summation
after the limit has been taken, that is to say whose contribution to the limit is non zero; one
has of course X C K. The computations that follow, concerning the quadratic terms, can be
found in [3]. We recall them here for the convenience of the reader.

Adopting the notations of [3], the set K can be written as K = Ky U Ko U K3 U K4, with

Ki = {(kmn)|m+|m—3|+%=o and k—i—mzn}
Ky, = {(k,m,n) ﬁ—%-I-——O and k-l—m—n}
k[ |m|  |n]

k

K3 = {(k,m,n)|—3—%—n——0 and k—i—m—n}
K[ m]  |n]

Ky = {(k,m,n)|ﬁ+%———0 and k-l—m—n}
[kl Im| In]

Before starting the study of these sets in both the cases we are concerned with, which corre-
spond to the two equations (RF") and (RF:,.), let us study them more closely, following [3].

osc

Lemma 6.1 The following identity is true:
Kﬂ{(k,m,n) | ksmsns :0} = K yUKsyUKsgUKsp, (63)

where Kop = {ks = mg =n3 =0}, and K;; = K; N K; — Kop.

Proof. As in [3], elementary computations lead to this result: let us first notice that the
sets K;; can be written as

k
Ky = {(k,m,n)|ﬁ+|mﬁ3|:0, k+m=mn, and n3:0}—K2D
Koy = {(k,m,n)|%—%=0, E+m=mn, and k3=0}—K2D
k
K3y = {(kmn)|| | |?3|:0, E+m=mn, and m3:0}—K2D

KQD = {(k,m,n)|k3—m3:n3:0}.

So let (k,m,n) € K N{(k,m,n) | ksmsng = 0, and k + m = n}. Then there exist two real
numbers ¢1,¢5 such that |e;| =1 and

k ns

+ 81 +e9— = 0.
E] Im |

]
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If one of the three integers ks, mg or ng is equal to 0, then
— either both the remaining integers are non zero, and we are in the case of Kjj ;

— or one of the remaining integers is equal to zero, and the fact that ks + mg = ng implies
that the last integer is also zero, which corresponds to the space Kop.

So Lemma 6.1 is proved. O
One also has, as in [3], the following lemma, which will come in very useful in the study of

the resonances.

Lemma 6.2 The set K14 does not contribute to the resonances:

lim F YT YT e T IR )y (i (my ) = 0.
(kymn)€ K4 ab,c

Proof. Tt consists in a straightforward computation. Indeed, according to (6.1), one has the
following expression for £, where the exponentials have been written as sums of cos and sin:

t 1
]—"E(—g)u(k) = c(k)uyp — ms(k)k X U,
where ur = Fu(k), and we have defined
k ks t
k) = d k) =
c(k) COS(a3|k|g) s(k) Sm(a3|k|8
o]

It can be noticed, as in [2], that (v - V)v = —v X curl v + VY. Since the projection P of a

gradient is equal to zero, only v X curl v will have a part to play here.

We are interested in the study of the bilinear term Q°, whose definition is
1 & 3 t t 3 t 3
Q°(u,u’) = L(—=) | L(—)u -Vﬁ(g)u .

€ 9

If we restrict the summation to K14, hence in particular to the case ng = 0, we come up with
the following terms:

—c(k)e(m)ug X (m X wy,) —|mlc(k)s(m)ug X up,
%s(k)s(m)(k X Up) X U, ms(k)c(m)(k X ug) X (M X )
once we have noticed that m x (m X wy,) = —|m/[?up,.

The left hand side column is made of the even terms in ¢, and the right hand side of the
odd terms. Let us consider for example the case of the even terms: one has the relation
% + % = 0, which leads to |k| = |m/|, since k3 + mg = 0, and thus in particular ¢(k) = ¢(m)

and s(k) = —s(m).
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So if n is set to a fixed value, the even terms lead to two contributions:
—c(m)uy, X (m X up,) and  — s2(m)(k X ug) X U,

and after summation over k and m, these two indexes can be interchanged by symmetry,
which gives finally
—c(2m)ug X (M X upy),

which leads to a non—zero contribution. So one finds finally an element of the type cos(aé),
with « # 0, thus the triplets of K14 are not present in the limit of QF, and the lemma is
proved. O

6.4.2 The limit of (RF")

The goal of this section is to prove the following proposition.

Proposition 6.1 The limit of (RF") is a bidimensional Navier-Stokes equation

Ol — v+ - Vou = (=Vap,0) + f
o3t = 0
(NS2D) Vain — 0
’a‘t:O - 170 .

Proof. For the forcing term, we just have to notice that £ (—%) f = f. So now the proof
of this proposition consists in the study of the limit of Q°(u®, u®). Here we are in the case
when ng = 0, so the resonant set satisfies

K c Kn{(km,n)|ng=0 and k+m=n}.

According to Lemma 6.1, one therefore has K C K14 U Koq U K34 U Kop, and since K14 does
not contribute to the resonances (that was proved in Lemma 6.2), one has actually

K C KyyUKsUKsp.

Let us suppose that (k,m,n) € K N Ksq: then by definition of Ks4, one has %3' — ﬁ =
and k3 = 0, which implies, since ng = 0, that ng = k3 = mg = 0, which is not possible,
since Koy N Kop = (. The computation is identical in the case of K34, once & and m have

been swapped.

Therefore we have proved that  C Kyp, which means that the only terms of O (u®,u°) that
do not lead to a limit equal to zero are bilinear in %, that is to say more precisely that

. ~NE[. € e\ _ 1: Ve (=€ HE

But for any vector field v that does not depend on the third variable, one clearly has Lo = v.
Therefore the limit of Q°(@®, @) in D' is simply P(@ - Vi), which is the result we wanted. O
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6.4.3 The limit of (RF,

OSC)

Let us define uys. = u — 4, where 4 is the solution of the bidimensional equation (N.S2D),
and w is the limit of u°. Let us prove the following proposition, due to [3].

Proposition 6.2 For almost all values of ag, the limit equation of (RFS,.) is a linear equation
ON Ugse:

atuosc - VAUosc + QQ(’Q, Uosc) =0
(Lose) divuese = 0
uosc,|t:0 = 0,0sc -

Remark. Proposition 6.2 is the crucial step which will enable us to find an infinite existence
time for the limit system. The admissible values of ag are said to be non resonant, and
Lemma 6.3 below highlights the role played by the vertical variable a3 in the following
definition of a non resonant domain.

Definition 6.1 A set of triplets (a1, a2, as) is said to be non resonant if the following condi-
tion is satisfied:

(NR) K < {(k,m,n) € Z°|kymanz =0 and k+m =n},

where K is the resonant set defined in (6.2).

Lemma 6.3 For any couple of real numbers (a1, a2), there exists a set of measure zero of R
outside of which for every value of as, the condition (NR) is satisfied.

Remark. Let us note that a non resonant domain depends therefore on a; and as, but that
its complementary in R is of measure zero for every (a1, a2).

Let us suppose temporarily that we have proved that lemma.

Proof of Proposition 6.2. It follows immediately from Lemma 6.3: we have seen previously
that (RFZ,.) is obtained by projection, in Fourier variables, onto the set {n € Z*|n3 # 0}.
Therefore we have ng non zero in (RF:,.). Consequently, for a3 non resonant with a; and as
set to fixed values, the only possible resonances — and thus the only terms of non zero limit
in the quadratic form Qf,. — correspond to kgms = 0, which means that in Q5,.(u®,u®), one
of the two terms in the product does not depend on the third variable. Let us note, by the
way, that one and only one of the two terms does not depend on the third variable, for if
mg = ks = 0, then ng = 0, which contradicts the assumption made. Hence Proposition 6.2 is

proved, once we have noticed that £ (—%) f:,, has for limit zero in D'. O

Proof of Lemma 6.3. As in [2], let us define, for a parameter ¢ € {1,..,4}, the function
)\é(a, b,c) = a+ b+ c. We are going to prove that, if a; and a; are set arbitrarily, then for
almost all ag, the product

4

¢, k3 m3  ng
IT 2 o : )
o aslkl as|m|” asin|
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is never zero, for any value of k,m,n, where one still has n = k + m and |n|> = Y n?/a?.

Let us define the quantity X = ag L. Following [2], one can notice that the product above can
be written as a polynomial in X, since if one defines

a = kg|mln|,  b=ms|n||k|, = ns|k[|m],

4
then aj|k|* |m|* |n|* 11 A(a,b,c) = (a* + % — ) — 4a®b?, and

(=1
o = E5(Im/|* + X*m3)(|n']* + Xn3)
0¥ = mi(|n']® + X*n3) (|K'* + X?k3)
¢ = n3(IW' + X2K3)(Im']* + X*m3),

where |n/|? = n?/a? 4+ n3/a3.

Here and in the following, it is supposed that k3msng # 0. Then if we set k, m, and n
to fixed arbitrary values, we are in fact considering a polynomial in X of order 4 and of
dominant coefficient k3mgng which is not zero, so which has at most 4 solutions. Then as k,
m, and n vary in a countable set, there is a countable number of X, hence of a3 ! such that

4
k
H A2 s , e ) = 0. This means that for all (a1, asz), the set of ag such that for all
i aslkl as|m| as|n|

(k,m,n), the product above is zero, is of measure zero in R. That is exactly Lemma 6.3. O

6.5 Global existence for the limit system

In the previous section, we have found the limit system of the diagonalized form of the rotating
fluid equations: it is

Oi — vAsti + - Vot = (=Vap,0)+ f
osu = 0
(NS2D) oz
Ujg=o = o
for the bidimensional part, and
OpUose — VAUgge + 2Q(I_L, Uosc) =0
(Lose) divuy,e = 0
Uosc,0 = V0,0sc

for the remainder, for almost all ag.

To end the proof of Theorem 4 , all we have to do is check that those equations are globally
well posed. That is given through the following proposition.

Proposition 6.3 Ifvg € H®, with s > %, then the solution of the limit system (NS2D, Lys.)
is defined in CO(RT, H*(T3)) N L2(R*, H**H(T3)).
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Proof. The first equation is a bidimensional Navier—Stokes equation, well-known to be
globally well posed (see [9], [13], [27]); the fact that the vector fields we are working with here
have three components rather than two does not change anything to the classical proofs for
the traditional bidimensional case. So the result is proved for (N.S2D).

One now just has to look at the second equation: the absence of quadratic terms in g
enables us to find the result, by a straightforward energy estimate in H®. However, one can
note that in [3] (Theorem 5.3), it is proved that for all real numbers s,

(Q(, uose) | (PA) tgse) = 0.
So one has the following simpler estimate:

Ld

2dt
and therefore we find, for all ¢ > 0,

|Uosr:|§ + V|Uosr:|§+1 =0,

“UOSCH%OO([O,t],HS) + 2V||U080||%2([0,t],H5+1) = |U0,OSC|§- (6.4)
Hence Proposition 6.3 is proved. O
Now one can use Theorem 1, along with section 3.4, to get the global existence for (RF*).

Let us note finally, as at the end of the proof of Theorem 3, that the first order expansion is
found for a smooth enough initial data, for almost all 73: it is proved in Appendix C that
a second order small divisor estimate for the perturbation is obtained for almost all 72, at a
certain degree. So using Theorem 2, Theorem 4 is proved. O

6.6 A remark on the well prepared case

Let us make a few comments on the case when the initial data is well prepared, ie. , in
the case when vg = ¥y and f = f. In that case, estimate (6.4) implies that for all ¢, we
have u(t) = u(t), which means that the limit system reduces to the bidimensional Navier—
Stokes equation (N.S2D).

Moreover, it is easy to see that in those conditions, Re,.(u) = Re, (@) = 0, with the notations
of Theorem 2; so in particular R;.(u);—o = 0. And since similarly R(u) = 0, we have h =0,

still with the notations of Theorem 2.

So we get u° = u + o(e): we have recovered part of a result proved in [17] which states that if
the initial data of the tridimensional Navier—Stokes equation (resp. of (RF*)) is bidimensional,
then the solution is also bidimensional, and is the solution of (N .S2D).

44



7 An anisotropic study of the rotating fluid equations

7.1 Introduction

Some of the results obtained in section 6, in the proof of Theorem 4 stating the global existence
of the rotating fluid equations, show clearly that the vertical variable plays an important role:
for instance it turned out to be easy to prove that the limit system of (RF*®) was globally well
posed, once we computed the vertical average of the equation.

However one could wish to see this special dependence appear more explicitly in the proof,
and it can be expected that a more precise study of the role of the different variables, in
the particular case of the rotating fluids, may lead to better results. With that in view, we
are going to use, in this section, regularity spaces of the Sobolev and Besov type, where one
considers different regularities along the horizontal and the vertical variables.

In the first part, we will define the Sobolev-type spaces H**', as well as the Besov-type HB®*';
all of the definitions and the properties we will state here come from the study of D. Iftimie
in [21] and [22], which we will constantly be referring to.

We will then check that the limit system of (RF?) is globally well posed in spaces of that
type, and the last part will consist in writing again part of the proof of Theorem 1 in those
new spaces.

That study will lead to the proof of Theorems 5 and 6 stated in the introduction.
7.2 Anisotropic Sobolev and Besov spaces
7.2.1 An anisotropic Littlewood—Paley decomposition

Before defining the spaces we want to work with, let us give the definition of the following
anisotropic Littlewood—Paley decomposition, as it is presented by D. Iftimie in [21].

Definition 7.1 Let x € C*°(R) be a positive function, compactly supported in [—1,1], and
equal to 1 near [0, %] For all positive integers q and ¢', we define the following horizontal and
vertical truncation operators:

!
Squ="" upe™*x (M> AL =Sy —Si AF =535

ne€Zs 21
u—zu Ins| AY =S5 — Sy _q; 6=153
! n€ 27 ; q q' q -1 0 0-
neZz3
Definition 7.2 We define LP? = S u| ||uHqu = HHU ||L o < oo}, and in a similar
!

way for sequences, we define the spaces £P4.
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7.2.2 Anisotropic Sobolev and Besov spaces

We are going to write here results stated and proved by D. Iftimie in [21], regarding the
following anisotropic spaces:

Definition 7.3 The space H*® is defined by the following norm, for all u € D'(T3):
Juls,or = 11+ [n'7)° (1 + [l 7)™ Junl | 2,

where we have written for all n, n' = (nq,na).

As we are working with 27a;—periodic functions, the norms are defined by

and similarly n-z = Z 122.
as

7 2

n;
il =|—
a;

Remark. The space H*® can be understood as the space of H* functions in the horizontal
variables, and H s' in the vertical variable.

We shall now define in a similar way the anisotropic Besov spaces. First let us recall that the
spaces BI“’;,q(Td), for ¢ < 0o, are defined as the completion of S for the following norm:

1
q

def
lull g, = (Z 2kqs|lAkUIl%p) ,

keEN

and where Ay is the standard Littlewood—Paley decomposition defined in section 2.1.

We can then define an anisotropic version of those spaces, still following [21]:

Definition 7.4 The space HB> is defined by the following norm, for all u € D'(T?):

|U|HBs,s/ = ||2q52q’5’|AZ/AZ/U|0||42,1.

Remark. We shall more particularly work with the space H BO’%, which can be understood
as the space of L? functions in the horizontal variables, and Bé, 1 in the vertical variable, the
advantage of the latter space being that it is an algebra, contrary to H 3 (T). Tt is easy to see
that HB*? C C(Ts, H*(T?)). Let us also note that HB** is strictly imbedded in H**'.

To finish this introductory section, let us state the various properties satisfied by those spaces,
which shall be used in the course of our study. The proofs are all written in [21]; in the following
lemma, X5 ig indifferently H% or HB%* .
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Lemma 7.1 If u € H*, then |u|sy ~ ||2qs+q,s’|AZA2/U|0H£2,2. If uw € D' has mean zero
on T2, then

|VU|X‘S’SI ~ |U|X5+1x5, + |U|XS,S’+1 ~ sup |U|Xs+a,s’+1—a-
a€l0,1

Let s,8',t,t" be four real numbers, let a € [0,1], and consider a function u in X' 0 xtt
Then we have u € Xst(1-atas'+1=-a)t’ =4 g

] s+ (1—artast +1-arer < ClulSeyr|ulls5

Ifue X andve Xt withs<1,t<1,s+t>0, 3’<%,t’<%, and s' +t >0, then
1

we have uv € X* 153 qnd
|uv|Xs+t71,s’+t’f% < Clu| yso |v] e
Ifue H (T?) and v € X', with s <1,t <1, and s+t > 0, then uv € X5~ and

|U’U|Xs+t—1,t’ < C|U|s|’U|Xt,t’-

7.3 The study of the limit system

The limit system corresponding to (RF*®) was computed in section 6. Before we prove that the
filtered solution u° converges to the solution w of the limit system in the anisotropic spaces,
let us check that the limit system is globally well posed. Defining u = @ + 1., Wwe have, in a
non-resonant domain, the following limit system:

ou —vAsu+u-Veu = (=V2p,0)+ f
ot = 0
(NSQD) Vo = 0
Ui=0 = o
Otthose — VAUgge + 2Q(I_L, Uosc) =0
(Losc) Vi tpee = 0
Uose,|t=0 — V0,0sc -

The hypotheses of Theorems 5 and 6 assume that 7y € L2(7'2), and that f and fos. are
elements of L2(R+, H~1(T2)) and L2(R*, H2~13-2) or L2(R*, HB~2) respectively. Then
classical results concerning the bidimensional Navier-Stokes equations (see [9], [13], [27], [36])
lead to the existence and uniqueness of a solution u of (NS2D), and

e CORT, LX(T?) N LART, H(T?)).

We are now going to study the system (L), first in the case of the H%' spaces, and then
for the HB**' spaces. From now on, d shall be a real number in the interval |0, 1[.
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Proposition 7.1 If vy .5 satisfies vgse € H&%*‘s, then the system (Lysc) is globally well
posed in the space CI?(R“',H‘S’%*&) N L4(R+,H%+%’%7%).

Proposition 7.2 If vy s satisfies vgosc € HBO’%, then the system (Lose) is globally well
posed in the space CE(RJF,HBO’%) NLAR*, HB2>?).

Proof of Proposition 7.1. We are going to study the equation

Ortbose — VAUgge + QQ(’Q, Uosc) =0, (71)

with u € CO(R*, L2(T?))N L3R, H'(T?)). Let us start by noticing, as in section 6, that the
term Q(, ups.) does not appear in the energy estimates. That is due to Theorem 5.3 of [3],
which states in particular that

Z]—"Q(a, Upse) (n)|n'|° Fupse(n) =0, for all s € R, (7.2)

as well as
(Q(@, tose) | Dtiose) =0, for all £ (7.3)

It is moreover easy to see, from the proof of Theorem 5.3 in [3], that one also has

5 700 ) 0 (1) x (221) Pt =0, 7.9

2q
n,q,q"

i.e. that |n'|* in (7.2) can be replaced by any function of |n/|, and similarly for |n3|’ in the
case of (7.3). Those remarkable properties are due to the fact that very few frequencies are
left in the convolution product, when Q(@, uesc) is written in Fourier variables. Namely, using
the notation presented page 39, we have

KnA{(k,mmn)|ks=0 and ng#0} = Koy.

So if k is the Fourier variable associated with w, and m is the Fourier variable associated
with use, with & +m = n, then one can exchange m and n in the convolution, which gives
the result exactly in the same way as in [3] for the case of (7.2) and (7.3); so we will not go
into the details of the computation here.

That property will make the study considerably easier than in the general case (see [21] for
instance).

Let us follow computations in [21]. If we apply the operators AZA;’, to equation (7.1), we get,

writing ¢, . for a sequence of norm 1 in %2
q,q Y

1d

5 gl A Al toseld + VIAGAY Vutguclf < 2 (AgAg,Q(a, Uose) | AgAg,uosc) .

Then after multiplication by 9200+2¢'(5-9) anq summation, we immediately get, using (7.4),

d
E|Uosc|§,%_5 + V|Vuosc|§,%_5 <0,
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using Lemma, 7.1 which implies in particular that |uesc|; 1 < C|Vuggels 1 5. This leads to
72 ’2

t
()2 4 s + 1//0 [Vtone(P)2 sy @7 < ltoneol2 4 -
Then by an interpolation using Lemma 7.1, we get the expected result. O
Proof of Proposition 7.2. As in [21], let us first of all note that
(220 4+ 22T) | AL Al e [§ < |ALAL Vg3

By Lemma 7.1, and if we call ¢, the sequences of norm 1 in %1 we get

2dt|AhA”,uosc|0+cu(22q + 22 )|AhA“,uosc|0 < 025*?cqq /a1 |VUOSC|H 0. 1|A Aftoselo
!
+ 025 Ty glaliluosel 1 3 |G Al toselo-

A variant of Gronwall’s Lemma leads to the following estimate, after multiplication by 2%
and summation on ¢':

22 |A Aftiosclo + 01/222 22q+22q)|AhA MUose|o
7

< 280 [al1 [Vuosel o4 + C22bgll1[twose]

2dt

11,
HB?2°2

where b, is a sequence of norm 1 in 2.

Let us multiply this estimate by Z 2% |AZAZIUOSC|O, and take the sum on ¢q. We find
q/

1d
§d_z 222 |A A /Uosc| )
q q

ql

i ' <
+ cuz (22 2 (22q + 2% )|AZAZ/Uosc|0) (22 2 |AZAZonsc|0)
q q
~ — q i h
< C(|u|%|vuosc|HBo,% + |U|1|Uosc|HB%,%) ;22[)(12,2 2 |Aqu/’U,OSc|0.
q

But Cauchy—Schwartz implies that

2
C S 2% (2% 4 220) | AP AL 1|02 T |AR AL 1050 > (Z 2% (27 4 2Q’)|A5;Ag,uosc|0) ,

q.q" q

and similarly

1
2
> 25h, Y 27 |AL A tgselo < (Z Z2MIA Agthoselo) ) '
q a
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Finally, after interpolating between H B%: and H Bl’%, and using Lemma 7.1, we get

1d

2 v 2 Cl-2,C u
2 dt| tosel apod T 6|VUOSC|HB°’% =5 (|u|1 * ;|u|%> |UOSC|HBO 3

Then as above, the proposition is proved. O

Remark. It can be noticed that the initial data vg o, is of vertical mean equal to zero, that «
does not depend on the third variable, and that (L,s.) is linear, hence u,s. remains of vertical

mean zero for all time. But the space {w € HB"2 | wdry = 0} is invariant for the usual

3
scaling of the Navier—Stokes equatlons as well as for the vertical scaling x3 — Az3. Hence

the estimates, when vg s in H Bo’z have the same scale-invariance, and in particular are
invariant for the vertical scaling.

7.4 The limit of (RF")

In this section we are going to follow the same method as the one leading to Theorem 1: we
want to prove that u®, solution of (ﬁ’s), converges strongly to u, solution of (NS2D, Lys.).
In the isotropic case, that result was found by studying the equation satisfied by the vector
field w*® defined by w® = u® — w:

ow® — vAw® + Q% (w*,w®) + 29° (w°,u) = Q(u,u) — Q (u,u) + ¢°.

But the right—hand side can be written a little differently if we notice that since @ does not
depend on the third variable, then Q°(u,u) = P(u-Vu), which means that Q% (u,u) = Q(u, u).
Therefore we have

Q(U, U) - Qa(u, U) = Q(Uosa Uosc) - QE(Uosa Uosc) + QQ(Uosa E) - QQa(uOSC’ 17/)

Moreover, in a non resonant domain we have Q(uosc, tose) = 0 and QF (ugse, Uose) converges
weakly to 0. Similarly, we can notice that as f = E(—g)f, we have ¢° = E(—g)fosc, where we
have defined f,sc = f — f. Hence the equation on w® is in fact

Ow® —vAw*+ Q% (w°, w* )+ 290 (W, u) = 2Q(Upse, U) —2Q° (Ugse, U) — QF (Uose, Uose) +9° (7.5)

where Q(upse, @) — OF (Upse, U), QF (Ugse, Upse) and ¢g° converge weakly to 0 in D'.

We can now follow the method used to prove Lemma 3.1, in Appendix A: a change of
function brings the problem down to the study of a similar equation, where the right—hand
side converges strongly to 0. Let us therefore read again the proof of Theorem 1, in section 3,
and see what modifications have to be brought in order to treat the anisotropic case, first
when the initial data is in H%2 (in section 7.4.1), and then when the data is in HBU’2 (in
section 7.4.2).
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7.4.1 The case when the initial data is in H‘s’%*&

Following the method leading to Lemma 3.1, proved in Appendix A, let us carry out the
following change of function:
Py = 0 +eFy(u,u) + edy, (7.6)

where the terms F‘fv(u, u) and g5 correspond to the right-hand side of (7.5), where only the
low frequencies in u are considered, and where we have divided each term in the sum by the
quantity wa(k) + wb(n — k) — wf(n) and w®(k) respectively — where let us recall that we

have w”(k) = . We get

F’fv(u,u) =F ! Z Z
k+m=n wkn “#0
|k],|m|<N

a,b,c

e ER Ut () g (m, ),

k,n

where w), Zc = w(k) + w®(n — k) — w®(n), and similarly

Ge=F1 Y L O (FR(k), e (k) et (B).

k| < N a0 “’a(k)

The fact that only low frequencies are involved in the change of function, implies that from
now on, we can work on % rather than on w®, since g5 and F, are as smooth as needed,
provided one pays with enough powers of N. In the following, we shall note

FoN =F°—Fy and ¢o" =¢° — gy,
where as earlier in the article, for all functions a, we have written ay = f‘l(l{‘.‘SN}}"a(-)).

Before going into the heart of the study, let us notice that one need not prove the existence
of 1% globally in time, but just for a time 7', large enough so that the global existence of (RF?)
follows by classical arguments (as seen in section 3.4, it is well known that it is enough to
control the Navier—Stokes equations for a small time, depending on the size of the initial data,
to conclude to the global existence of the solutions). Hence in the following we are going to
work on a time span [0, T], where T is arbitrary, chosen large enough.

Proposition 7.3 The function 5, defined in (7.6) satisfies an equation of the type
Dby — VAP + Q (i UR) + (b +B) = Ry v + By + V- By™ + BYY,
where b and b depend on u and satisfy
be CO([0,T), H*2%),  Vbe L3([0,T], H"29),
b e C°([0,7), L*(T?)) N L*([0, T}, H' (T?)),
where R y goes to 0 with e, with N fized, in LQ([O,T],H‘S_L%_‘S), and finally where R;’N,

RS N, and R go to 0 when N goes to infinity, uniformly in e, respectively in the spaces
L2([0, 7], B=137%), L2([0,T], H*3 ), and L2([0, T], H*~13-2),
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Proof. The equation satisfied by %, can be written as
Dby — vAYY + Qs i) + 2Q° (Y, u — ehiy) = eF (Opu, u) +20Q° (M, u) + gy

—FoN (1, tgse) — FON (thgser ose) — g5 — ev ARy (u, u) — e2Q° (hy, hiy ), (7.7)

keeping in mind that F= (7, @) = 0. We have written h3, = F5 + 5. Then if
u — ehiy(u) = (ﬂ - 5}7’&5(7], uosc)) + (uosc — e F5 (Uoses Uose) — 8@%,) ,

remembering that g5 = (£(—%)fosc) y» the results obtained in section 7.3 imply that we can

write u — 5l~z‘§v(u) = b+ b, where b and b have the required smoothness. Indeed, in ﬁ'ﬁ,(u, u), u
only appears with low frequencies, hence ﬁ’ﬁ,(u,u) is as smooth as wanted, at the cost of
enough powers of N. The same holds for g5,. Thus provided ¢ is chosen small enough,
when N is fixed, one can write

1

“b“CU([O,T],H‘S’E*‘;) < 2““086“00([

1
0.T].H"2 %)’

< 2[|[Vugsel|

||Vb||L2([0,T],H6’%75) L2([0,T],H6’%75)7

1]l oo, 272201, (12)) < 2l oo, 71,02(72)nL2([o.1], HL(T2)) -
e The low frequencies in the right-hand side of (7.7):

The terms in (7.7) where ﬁ'f\, alone appears, i.e. ﬁ’ﬁ,(@tu, u), Aﬁ’ﬁ,(u, u), and Qg(ﬁ’j’v, ﬁ'f\,), are
clearly as smooth as wanted, for the reasons stated above. As to the remaining low frequency
term, Q°(F%,u), it can be cut into Q°(F5, @) and Q°(F%, tgse), and these two terms have
respectively the smoothness of V - (F5 ® @) and V - (F5 ® tpsc).

Hence using Lemma 7.1, Q°(F%, @) and Q°(F%, ts) are bounded by a constant cy in the
space LQ([O,T],H‘FL%*‘S).

Finally the same holds for the low frequency terms where g5, appears (let us recall that we
have assumed that O fosc € L2(R+,HS’5’) for some s and s'), therefore the term Ri y of
Proposition 7.3 has been found.

e The high frequencies in the right—hand side of (7.7):

We are now left with three terms, F&N (i, uosc), FN (toses Uose), and G5V | which are going
to be dealt with, using the same compactness arguments as in Lemma A.4, and based on
Lebesgue’s and Dini’s theorems: if

uY = F 1 (1\n|2N7U(n)) ,

then u” and u)\,. go to zero, when N goes to infinity, respectively in C°([0,T], L*(T?)) N
L2([0,T), H'(T?)) and in the space C°([0,T], H‘S’%_‘S) ﬂL4([O,T],H%+%’%_%), and Vu)\. goes
to zero in L2([0,T], H279).
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Then Lemma, 7.1 implies that V- (" ® ) and V- (u@ul,

N ) go to zero in L2([0, T], H‘s*l’%*‘s),
s0 F5N (i, uys.) can be written as the term RZ’N, and similarly u)\,, ® uys. goes to zero in the
space L2([0,T], H‘S’%_‘;): that accounts for the term R;’N. The same is true for the forcing
term ¢=%, in L2([0, T], Hz‘;_l’%_%), hence the terms R;’N, R;’N, and RZ’N are obtained, and

Proposition 7.3 is proved. O
e End of the proof of Theorem 5:

In the computations that follow, in order to use simpler notations, we shall define Wy = RE’N,
Wy =Ri N+ R;’N, and W3 = RZ’N. Then 15, satisfies
Oy — VAN + Q (Y, i) + (i, b+ b) = V- Wi+ Wa + W,
with ) )
be CO0,T],H*27°%), Vbe L*([0,T],H>27%),
be C([0, T, L*) n L*([0, T, H*(T?)),
as well as with ) )
Wy € L2([0,T), H>27°%), Wy € L*([0,T], H* 1279,
and Wi € L2([0,T], H2-13-2),

0

Let us also note that the initial data, zpfwt:O = Efﬁ\,(uu:o, u|t:0) goes to zero with € in Ho3- ,
when N is fixed, since it is once again a low frequency term.

We shall now write energy estimates for this equation, writing ¢%; , » = AgAg,lﬁv, and using
the rules of product stated in Lemma 7.1:

1d

—agd—d' (1 —§
S+ VIR g < €2 TG v

0|W1|5,%—5

—a(6—1)—d' (L — T
C2 100G ey i g lo(Wals 115+ Blilvilss )
C2-(20-1)~d'(3-25

)Cq»q’W?\/,q,q’ 0|W3|2571,5725

—qd—q' (-6 e
C2 PG ey VYN

€

R
—q6—q' (=5 € 12

02 (2 )quq/|V¢N,q,ql|0|w1\[|%+%7%

—a(6—Ly_¢' (1§ T
+ C2 a(0—3)—d'(3 )cq’q/|¢?v,q,q/|0|b|%|vwif|5,%7§,

+ 4+ o+ +

s
2
where we have noted ¢, , for the sequences in 0?2,
Let us then multiply by 22‘7‘5"'2‘1’(%_‘5), to find, after summation,

d 9 3v 9 9

Ehﬁﬂg,%_(s + ?|v¢]g\f|5,%_5 < C|¢]8V|5,%75|v¢]6\7|57%_5
C
v

+ = (b3, s s+ Bl + BN s VR s
2 22 2 2 2 2

+ C(|W1|5,%75 + |W2|571,%75 + |W3|2571,%725)|V¢§v|5,%75,
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and using the fact that

|¢N|2 s15 < |¢N|5——5|¢§V|1,l
2 2 2 2
< |¢N|5,%—5|V¢§v|5,%_5,
|¢]€V|2%+5,%_5 < |y 51,5|¢§v|1+5,%75
< w515l Vdnlse s

The method is then classical: we define

9:(8) = |95 (8)]5,1 s exp (=A(B*(8) +vB>(t) + BY(1))) .

where we have defined B4( t) = |b(r )| 514 134 0.1])" B2(t) = || |b(1)]1 “22([0,15])’ and where
B4(t) = || |b(T)]1 1 114 - Finally X is a real number we will define later.
Then

d o

3v _ 4 VB2 54 - -
D)+ BIvs e DT OREOBO) < ox(bd L\ +vlBf + g0

61 6
T2373

Cg.(t)e NP OHBOBO | gys 2,

_ _ c _ 4 vB B4
TR 5.1+ vIbl BRIV go-(t)e AB OB OB

3+5:3-5

CUWils 45+ Wals_y 35 + Walas_y 3 _op) Vil 4 _ge NP OFBOFBIO),

which leads to the following estimate, where we have taken A\ = 2,2
v

d o
at

Et) + VIR, 56f%<34<t>+v92<t>+é4<t>>

< Cg.(t )e*;(B“( )+v B2 (t)+ B (t |V¢NI5;_5
¢ _9 (p4 vB2 B
(WS Walf gy + WAl 1 o) S (B (1)+vB (1) +B(1))

Let  be an arbitrary real number, chosen such that

0 < vio(_c /T (|b(7)|4 +u|5(r)|2+|5(7)|4> dr
T=%c TP\ Tz, 1+4.1-4 L ! '

Then let N be chosen large enough, and then £ be small enough such that |zp§\,’0|2 < vn? and
c T 2 2 2 2 o
that [ (|W1(t)|&%5 FIWa( ,y 5+ |W3|251’%25> dt < vn®. Finally let T* be the

maximal time such that for all ¢ < T we have g.(t) < 3771/%. Let us integrate the estimate
above on [0, ], with t < T: writing

t _ _
Xz(t) :/0 |V¢§v(7’)|§7%76~67V%(B4(T)+VB2(T)+B4(T)) dr, (7.8)
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we get
c 4 R R4
g2 (t) + vX3(t) < 3CU%X2(t)nezu_2(B O+vBAO+BY) | 2%y,

which leads to X?(t) < 4n* for t < T*. Then ¢2(t) < 4vn?, and in a standard way we deduce
that T = T'. Hence, using the same argument as in section 3.4, Theorem 5 is proved. O

7.4.2 The case when the initial data is in HBO’%

Proposition 7.4 The function 5 defined in (7.6) satisfies an equation of the type
O — vy + @ (Y i) + Q (Wi b+ D) = Ri v + Ry + Ry,
where b and b depend on u and satisfy
be C°([0,T), HB"2), Vb e L3([0,T], HB"?),

and where

when N goes to infinity, uniformly in €.

Proof. We are not going to go too deep into the details of the proof here, as the compu-
tations leading to Proposition 7.4 are very similar to those of the previous section, proving
Proposition 7.3.

The smoothness required on b and b is that given by Proposition 7.2, and the study of the low
frequencies in equation (7.7) is a direct application of Lemma 7.1, using large enough powers
of N to obtain the expected smoothness for the term Rj .

For the high frequency term RZ’N7 one uses the same compactness results as above, along with
the following estimates:

1V - (tigse ® ﬂ)||L%([07TLHB_%,%) < ||Uosc||L4([0,T]7HB%,%)||174||L2([0,T],H1(7’2))
1V uosell 12 g gy prpo by 1M o 7,08 (72
IV - (tose ® UOSC)HL%([O,T},HBf%’%) < Huosc“L“([O,T],HB%’%)Hvuosc||L2([0,T],HB0’%)'

Finally the high frequency term RE’N is due to the exterior force, which as we have seen in the
previous part is of the form (E(—g)fosc)N
the space LQ([O,T],HB_I’%).

, and hence goes to zero when N goes to infinity, in

That proves the proposition. O

We can now prove Theorem 6, following computations in [21].
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By Lemma 7.1, and if we call ¢, the sequences of norm 1 in %1 we get

1d
2dt

|¢N,q,q |O + V|Vquq |0 ‘(AQAZ’(Q€(¢§V7¢§V) + Qa('@[]]a\fvb-" B)) | 'Q[J]av,q,q’)
+ 02 |W1| Bil 1Cq,q |¢qu |0 + C21” |W2|HBfl,%cq»ql|¢]€\7,q,q’|07

where Wi = Ri y + RyN and Wy = RSN, Let us define, as in [21],

(AAL O (W3 03 [ V)

Frg = |¢§quf|0 o Fg =0 if |¢§V,q,q'|0 =0,
(AhAU, Qs(¢s b) |¢s ,)
4=q N N.,q.q .
Coa = |¢§qu1|0 v Gog =0 0f [P gqelo =0,
(AhAU, Qs(¢s [;) | ¢s ,)
4=q N N.,q.q .
Hoa = |¢§qu1|0 » Hyy =0 if [Yxgqlo=0.
We find
1d 2¢q 2q' € 2 g c
2dt|¢qu |0+CV(2 +2 )|wN,q,q’|0 = |W1|HB7%,%CQ»Q'|¢N7Q7Q'|U

_‘1_
+O2 |W2|HB_1’%CQ,Q' ) o + (Fq,q’ + Gq,q’ + Hq,q’)|¢§\f,q,q’|0'

Then as in the proof of Proposition 7.2, we get

c
2 2 € 2
2dtl?ﬁz\rl o3 TVIVUNI 03 SCOWI oy Nl pay +IWRl) s

J d
+>° (Z 2% (Fy gy +Gey + Hq,q,)) (Z 27 Yy g g |0) :

q q q

But the rules of product in Lemma 7.1 imply that

!
q9 —q
127" Fygllea < ClON 1L a3 IVOR L pogs

=g
1272 Goglleen < CUYN| 510 VO o1 + 1B o1 1 IVON] L o1),

d—q - =
1255 Hygloa < O, 3.3 19810 + B3 V95 op):
Therefore we get
]_ d 2 2 e 12
57 Nl poy T IVUNIL oy S C|W1|HB*—1|¢N|HB§— +C|¢N|HBOL|V¢N|HBO,%

+ (IVbI2 e I 01+—|W2HB L)

2 2 e
bCR, g+ IR oy (V0] ot

-
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Let us as previously define
g-(t) =[5 ()] oy exp (-AB(H))

with B2(t) = /t(|Vb(T)|12HBO,% +1b(7)|3) dr.

Then g.(t) satisfies
1d _o\B?2 _9)\B2
s T lVONE e O <ol Rl e
_ . po
= (VB 4+ B+ OV e P g
c - C B2
bSOy IR+ s+ BRIV, e e 0
+ €|W2|2 16—2)\32(15)_
v HB b2
But c
~ 2 712 € —A\B2(t) 2 —2/\32(15)
bl 1y FIDIVEN], o ge g:() < 5 v L .
C -
—2(|b|2 2 IV BRIBR)G (),

so let us define 2\ =

estimate we find

(|| 2,

+ ||5||2CO(R+,L2)) ; integrating the previous

tIQ

O(R+,HB"?)

t C t
2 £ 2 —2\B2(1) ~ 2 —2\B%(7)
2O + o [ [VREOE e PP Oar < S [imaeR, e PP dr

t
€ —2X\B?(7)
el TG T Tl

t
e 12 e (2 _AB2(r)
+ |¢N,O|HB0,% +C/0 |V¢N(T)|HBO,%6 g-(7)dr.

But
e _—2\B2(1) e —AB%(r 3 e —AB%( 3
e 7O bty € WA TOUL IV e
l =
< ||gg||é0([0’t])X2(t),

with the notations used in the previous section, in (7.8).

The inequality || fg|z1 < ||f||L% llgllz+, associated with a similar method to the one used in
the case of the H* spaces leads to
2
vioasth T IV, 15))
2
+ Cvllgelleoo.m X (8) + [¥ivol, o

C
20 +exw) < S (Ml

Then the same method as the one used in the case of the H** spaces leads to the theorem. O
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A Proof of Lemma 3.1

The aim of this section is to prove Lemma 3.1. That will consist in the study of equations of
the type

(€5, {8““Qf<a%a€+bf>+A§(D)a€ = Ro+F° in T¢

& — &
Q= = 40>

where aj goes to zero with € in H?, with o > % — 1, and where b° is a family of functions,
bounded in the space C°([0,T], H) N L?([0,T], H°*'). The operators Q° and A5(D) are
defined in (2.1).

The right-hand side is made of two terms: F* goes to zero with ¢ in L?([0,T], H°~!), and R%,,
is a (p,o — 2)-oscillating term, in the sense of Definition 1.2. The method used here to deal
with that type of rapidly oscillating forcing term is founded in the ideas introduced by S.
Schochet in [34]; we will refer to that study as we go along.

The difficulty here is due to the fact that R’,. goes weakly to zero with €, and not strongly
(that is simply due to the non stationary phase theorem, as we have seen in section 2.2). The
idea in [34] is to decompose R:_. into two parts, cutting at an arbitrary frequency N. We
shall show that the high frequency terms converge strongly to zero when N goes to infinity,

whereas the low frequency terms can be eliminated, up to an ¢, by a change of function.

The proof will therefore be structured in the following way :

e The term R;. is cut into two parts, one with the low frequencies and the other with

the high frequencies, with an arbitrary cut—off parameter N;

e The low frequency part is dealt with by considering a function % of same H*® norm
as a® up to an e, which satisfies an equation similar to that satisfied by a®, but where
the low frequencies have disappeared, up to an ¢;

e We consider the forcing term of the equation on %, which can be divided into two
categories : one is made of the high frequency terms, which we show converge to 0
uniformly in ¢, when the cut—off parameter N goes to infinity, and the other consists in
the low frequency terms which appeared with the change of function, and that are O(¢)
and depend on N;

o We write the energy estimates satisfied by %, using the results found in the preceding
steps, as well as Lemma B.1 stated and proved in Appendix B.

So let us write equation (&) in the form

osc

da + Q°(a°,a° +1°) + A3(D)a® = Riye v + Roye + F7,
where as planned we have separated RS, into a high frequency part R, and a low frequency
part Rj . n. Writing, for any space X, 1x for its characteristic function, we have defined

€ _ €
osc,N — Z Rq,osc,N?
q€{1,...,p}
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where, with the notation of Definition 1.2,

iosc,N = ‘771 (1{|n\§N}Ri,osc)

_ —1
Vq > 27 Rz,osc,N = F (1{|n\,\k_;\§N}RZ»OSC)

e, N def e €
and where Rpy. = R, . — Ry n-

t
In a similar way to the model problem dyp — F/(¢) = cos — discussed in section 4, let us carry
€

out the following change of function:
y=a + ERESC,N, (A.1)

where Ris ¢,y 1s defined in the following way, with the notation of Definition 1.2:

DE _ HE
osc,N — Z Rq,osc,N?

q€{1,~~,p}
)
d ie 'z
with FRS pon(m) = S 15,20 fo(t,n),
In|<N Pr(n)

77:5611 (nvk_;])

~ de ie -
Vg =>2, FRq,osc,N(n) :f Z Z TO(nvkq)fl(tv kl)“fQ(tvktZ)'

Inl,|kq| <N kg€ KT ﬁq(m kq)

Lemma A.1 There erists a constant Cx(T) such that
IR se.n |l cog0.1). )2 (0.1, o41) < On (T).

Proof. Let us first of all note that each of the (8,)~! is bounded from above by a constant
depending on N, as each (3, takes a finite number of non zero values. Then since in each of
the quantities estimated here, one sums on low frequencies only, they are as smooth as needed
provided one pays with enough powers of N. O

That lemma implies that Lemma 3.1 is proved if one shows that

Yy =o(1) in C°[0,T], H") N L*([0,T], H™).
Lemma A.2 The function 15 satisfies an equation of the following type :

{ Dby + AS(D)ysy + Q° (W iy + b5 — R, ) = eRye y+ REN + F* a2)

¢}€v‘t:o = ¢7v,0 )

where Py o goes to 0 with € in H?, R})’;QN is bounded uniformly in e, in L*([0,T], H° 1), by
a constant depending on N, and R25N goes to 0 in L*([0,T), H°™') when N goes to infinity,

osc

uniformly in €. The function F* goes to zero in L?([0,T], H°1).
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Proof. Let us first note that wi”t:[] =ag+ 6]:2256 Nt=0> 5O the assumption on aj, as well as

Lemma A.1, imply that ¢§v‘t:0 goes to zero with € in H?, when N is fixed.

Furthermore, the change of function introduced in (A.1) implies that %, satisfies the following
equation.

8tzp§\/ + AE(D)zp?\/ + Qg(zp?\/'alp]a\f + b" —2e Risc,N) = R(a) +e R&t N te AE(D) ~f)sc,N

osc,

+ Rtg)’sjg +e Qa( ~2sc,N7b8 — ¢ Rtg)sc,N) + Fav

et . et _ HE,L .
where Ry 18 defined by Ry n = Z R s with
a€{l,...p}

~ d _ 7 .t
RtoxEF <1{n|n§N,ﬂ1(n)¢0} OK ’5ﬂ1(n)8tfo(t7n)>7

~ oy def 1 7 efiﬁﬁq(nvk;)
and Vg>2, RY ErFt Y% =—0ufj(t ky) [T flts ko).
j€{2,..¢} k;EK;‘ ﬁq(n, q) i£]

Inl,|kq| <N
e The low frequencies :

Lemma A.3 The terms R A5(D)R: and Q°(R: b* — 5Risc,N)7 are bounded,

0sc,N’? 0sc,N 7’ osc,N»

uniformly in e, in L2([0,T], H° 1), with an upper bound Cx(T) which depends on N.

Proof. For the first two terms, the result is simply due to the fact that all the functions
considered are in low frequencies, hence are as smooth as wanted provided Cn(T) is large
enough. Let us recall that we have supposed in Definition 1.2 that each of the F 19, f;(t,-)
is in L2([0, T), H%) for some ;.

For QE(RZS N b* — ERZS N ~), the rules of product given in Lemma 2.1 give the result since b°

and R:,_, n are in C°([0,T], H?) N L2([0, T], H"*").

osc,

So Lemma A.3 is proved, and the term Ri’fc,N of (A.2) is found. O
e The high frequencies :

Lemma A.4 The high frequency term R:YN goes to zero when N goes to infinity, in the

osc

space CO([0,T], H°=2) N L2([0,T), H°~Y), uniformly in .

e,N.

Proof. Let us study each of the terms composing R;j, :

— the first term, R‘i:é\gc, goes to zero in L2([0,T], H°~'), uniformly in ¢, according to Lebesgue’s
monotone convergence theorem.
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Moreover, ||Ryy..llco(o4,m72) goes to zero uniformly in ¢, since it is the remainder of a series
of continuous functions defined on a compact set [0, 7], so Dini’s theorem applies.

— the other terms: defining K&V = {(my,..,mg11) | 34, |m;i| > N}, we have
-t - —
Ryde=F"1 3 e e dng(n k) fa(t k). fy (. Ky).
kq€K]
(n,kg)ekeN

so they are dealt with exactly in the same way, using the fact that f]N goes to zero in the
space CO([0,T], H**Pi)N L2([0, T], H°*1*7i), with the notation of Definition 1.2, for the same
reason as above, and that the other f;’s are in C°([0,T], H°**). Then the result follows from

the classical rules of product in Sobolev spaces. So Lemma A.4 is proved, and the term R25Y
in (A.2) is found. O

Let us note that in this study of the high frequencies, nothing has been said about the smallness

of ¢ : for the term R5Y to be arbitrarily small, the cut—off parameter must be chosen big

enough, uniformly in £. Only in the study of the low frequencies does the smallness of € have
a fundamental role to play.

We have proved Lemma A.2. O

e Energy estimates and end of the proof :

According to Lemma A.2, the equation on 9% can be written in the following way:

Oy — A5 (DY + Q° (i iy +b° = 2eR5, ) = eRol  + RO + F7,

with [R5 vllz2os.me1y < On(®),
IR 2o o1y < en(?),
1Pl 2 o,, 571y < ce(t),

where Cy(t) and cy(t) are constants depending on N and ¢t < T, equal to zero when ¢ = 0,
and cy(t) goes to 0 when N goes to infinity, uniformly in ¢. Neither Cn(¢) nor ¢y (t) depend
on &, if one assumes € < 1 for example. The constant c.(t) goes to zero with e, and is equal
to zero when ¢ = 0. Furthermore the initial data satisfies

3 _ £ DE
Y=o = g + € (ROSC,N) it=0

and is therefore bounded in H?, by ¢ + € ¢o,n, where ¢y x is a constant depending on |bj]o
and on V.

Then it is just a a matter of using Lemma B.1, with A = ¢5,B =b° — 2532%,% and finally
with W = Ry + R25N + F=.

osc
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Let us start by supposing that o > § — 1. Then if we define X (t) = [[¢%||z2(j0,4,5-+1) and
Y (t) = [|¥¥llzo([0,4,7), We have the followmg estimates on X (¢) and Y () :

e B2 X (1) < Clepe +con) + C (eECn (1) + en(t) + c(t)) + CX3(t),

where Bs(t) is an upper bound for ||b° — QERZSC,N||L2([0¢LHU+1), and

Y(t) < C(Co,g + 800,]\/) +C (8CN(t) + CN(t) + Cg(t)) + CXz(t) + CBQ(t)X(t)

1
Let n > 0 be an arbitrarily small real number, such that n < 20 &P (—QCB%(T)) , and

let 7* > 0 be the maximal time such that for all + < T, we have X (t) < nexp (CB3(t)).
Finally let Ty be an arbitrary time. We suppose that Ty, 7 < T.

Then for all ¢ < min(7,Ty), we have
X(t) < Cexp (C’Bg(t)) (coe +econ +eCn(t) +en(t) +co(t)) + Cn? exp (308%@)) .

Then one choses N large enough so that

followed by € small enough so that

e < CON-I-CN( ))_1 and Co,g-l-Cg(T)S—.

120( 12C

That leads to X (t) < geCBg(t), therefore T > Tp, so X(t) is defined for all ¢ € [0,7] and
we have X (t) = o(1). Then we have Y () < O(n), and Lemma 3.1 is proved, in the case
when o > % - 1.

In the case when 0 = ¢ — 1, the same method as above works: one starts by estimating the

2
quantity ||¢N||L4 0.y’ , using (B.3), which leads to

[l =o(1) Vvt € [0,T],

LA([0,4] H"+2)

for N large enough and & small enough. Then for [[9%[|12(10,4,7ro+1) and [[¥5 [|oo (j0,4,57), the
estimates (B.4) and (B.5) of Lemma B.1 give the result, since we have

N 2 o,,m0+1) < C(Co,eerﬁCo,N)JrC(aON(t)+CN(75)+CE())JrCHzPNH2
+ CBy(t)|lxl

([0,8], HO+2)

L4([0,],H" 2 )’

1, and the same type of estimate

where By(t) is an upper bound for ||b° — QERESCWHU([O,Q,H”?)

goes for [|15 || Loo (0,1, H7)-

So the lemma, is proved. O
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B Some estimates on evolution equations

The aim of this section is to prove some estimates on the solutions of equations of the type
A +ax(D)A+q(A B)+q(A,A) = f
which we have used in the preceding pages, and that we had assumed to be true.

The operator ax(D) is second order elliptic, and the functions g and ¢ are of the form
where a; ;(D) and a; j(D) are symmetric Fourier multiplicators of order 1.

Remark. As L is a unitary operator, the results proved below hold when ¢ (or §) and ay(D)
are replaced respectively by Q° and A5(D), as defined in (2.1): in the following, the constants
that shall appear in the estimates only depend on the ellipticity constant of as, as well as the
continuity constants of ¢ and ¢.

Lemma B.1 Let 0 > % — 1 and T > 0 be two real numbers. Let Ay and B be two vector
fields, defined on T, such that B € L4([O,T],H"+%) N L2([0,T], H°*Y), and Ag is in H°.

Finally let W be an element of L*([0,T),H°~'), and let A be a solution of the following
equation :

{ A+ as(D)A+ q(A,B) + G(A,A) = W in T? (B.1)
A= = Ao.
Then there exists constants C' and C such that the following properties are satisfied.
Suppose that ¢ > 4 — 1. Then if Xo(t) = | Allz2(j0,q,57+1), then
Xo(t)e OB < C|Agly + CW(t) + CX3(1), (B.2)
and Xoo(t) = ||AllLoo(j0,9,m7) Satisfies
Xoo(t) < [Aoly + CW(t) + CXa(t) (CXa(t) + Ba(t)) .
We have written By = ||B||2(j0,4,50+1) and W(t) = W |p2(0,, 10 1)-
If o = % — 1, then if X4(t) = ||A||L4 0. prs! N and By(t) = “BHL4 0. prs! 1y then
X4(t)e~Bi0 < C|Agly + OW(t) + CX2(1), (B.3)
Xa(t) < Aolo + CW(t) + CX4(t)(C X4 (t) + Ba(t)), (B.4)
Xoo(t) < |Aolo + CW(t) + CXa(t) (CXa(t) + Balt)) (B.5)

Remark. In the linear case, when ¢ = 0, the results above hold with C=0.
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Proof of Lemma B.1. Let us apply the truncation operators A, to equation (B.1). If we
write A, = AjA, then we get

01 Ag + az(D)AA, + Ayq(A, A) + Agq(A, B) = A W.

d
Let us suppose that s > § — 1.

We take the scalar product of this equation with A,, and integrate the result over T?. The
results we recalled in section 2.1 give, since o > % -1,

1d i x
5 771 + 24,05 < Cey(t)277 Ay (B)]oA(B)]ot1 (IB(E) o1 + ClA®)o41)

+ g2 VW (1)|5-1]A4(#)o, (B.6)
where >, ca(t) =1.

The idea now is to conjugate the function A by the means of an exponential, enabling one to
have some control over the linear term ¢(A, B) of equation (B.1).

t
Let us thus define g,(t) = |A4(t)|o exp (—A/ 1B(s)|214 ds), where A is a strictly positive
0

real number, the precise value of which we shall define later.

Then
ds d

d _o) [* 2
2(t) = —2ABORagi(t) + e Mo PO & 2 4,0,

¥

t
and defining B3(t) = / |B(s)|2, ds, we get
0

d
95(0) + c21go(t) < —2AB(1)[3 4195 (1)
+ Cog()2 e g, (0] AW 511 (1B(B)los1 + ClA®)o11)
+ Ceg()2 1 DWW (1) ,_1e 20 g, ().
Then Gronwall’s lemma leads to
9q (t) < gq\t:OB_CQth_Z)\B%(t)
N é /t ) (T)2_qg—e—)\83(7)—022‘7(t—T)—Z)\ f: |B(S)‘(27+1 d8|A(T)|§+1 dr
0
t
+ O [ e - VB 8| A7) 1 | B o1 dr
0
N C/t cq (7)27(](071)e*)\Bg(T)chQq(t77)f2)\ f: \B(s)|g+1 ds|W(T)|U—1 dr.
0

o+1)

Let us multiply this estimate by 24( ; we can use Young’s inequality

1f % gllee < [ Fllz2llgllze
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and take the £? norm in ¢, which brings, using Lemma 2.5 and where W(t) = Wl z2(j0,,57 1)

_\B2(r = _o\R2 2(r
le 2T Alp s llre o) < CX3(t) + CXa(t)e BB B(7)] 41| 1201

+ C|Apls + CW(2). (B.7)
But one can notice that
t T
1% BT 041120,y = / |B(7)2 2o 1B ds gy

N 2/\ tdi o 1P g7
T

< LBW\B%()

= 2)\ )

therefore if X is chosen such that 2( ¢ = 1, the estimate (B.7) becomes

2))2
e 1B Xy (£) < 20| Agly + 2C X2(2) + 20W(1).

Estimate (B.2) is therefore proved. To get the fact that A is bounded in time, we can write
the same computations as above up to the point (B.6), and then Gronwall’s lemma leads to

t
Ao < €279 / ()W (1) om1e™ 2 D dr 4 | Ay ol e 2
0

t -
+ €27 [ (@AMl (CIAD) s +1B(D]ar)e 0,
One then just has to multiply this estimate by 29° and take the L norm in time, with

If* gl < N liz2llgllc>
< [ llzeellgllzr-

Taking the /2 norm in ¢ and using Lemma 2.5 leads to the expected result. Hence Lemma B.1
is proved, in the case when o > % —1.

In the case when o = % — 1, this method does not work as it stands, as the estimate (B.6) is
no longer correct. In that case, one writes rather, since o + % < ‘—21,

LA R +e22A,0F < Coy2 1AW o AD) 1 (BEO)ys + CIAD]140)
T CeyH2 1)1 |Ag (D)o (B.)

2dt

Then the computations are very similar to the ones above: we define

) = 14uOloexp (—u [ 1O,y ds)

where p is defined by




t
Then we get, writing Bj(t) = / |B(s)|i+l ds,
0 2

hq(t) < hq|t:06—022qt—2uBi(t)

.t (o 1y —HBA(r)=c22(t=r)=2u [*|B(s)|* , ds
+ O [Cemzrrne ™ A,y dr

B () —e224 (t—7)—D tBs21ds
(1) HBA() e (1) wl 1B, ATy 1|B(7)], 41 dr

t
+ [ 2 )

CuBA () — 0924 (4 ) — t 2
(o)A =2 == [ 1302 as

t
+ / cg()27 W (7)1 dr.
0

Then using Young’s inequality

1f * gllra < I fllzallglies

we finally get the following estimate:
e 2B X, (1) < 20| Agly + 2C X3 (1) + 20W(2).

Then the estimates on X, and X5 are found exactly as the estimate on X, in the previous
case, when o > % — 1, by a Gronwall lemma in equation (B.8), which gives

t
[Aq(B)]o < 027(](071)/0 Ca(T) W (T)]gmre” @ EDdr 4| Ay o e 2
—glo— t ~ _ 2 .
+ o2« 1)/0 (M)A 1 (CIA)] 41+ |B(7)] 4 1) T,

followed by Young’s inequalities recalled above. The lemma is proved. O
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C The small divisor estimates

In this section we are going to study the small divisor estimates which have been used in
Theorem 2. Let us recall that in Theorem 2, in order to get the first term of an asymptotic
expansion of the filtered solution u®, we have supposed that L satisfied a second order small
divisor estimate in 7. Tt is hence natural to wonder whether such an assumption is reasonable,
other than in very special cases such as in the primitive equations when F' = agl where the
eigenvalues of FP,, L do not depend on n.

We are going to suppose that the eigenvalues of FL (or FP,L in the case when there are
divergence free conditions), called w®(n) with a € {1,..,d'}, satisfy a relation of the type

1
3 2 -1
>i=1 5iPk2,m,i(aj )
1

Jaj, V(k,m)eZ*, -
Pk%m,O(aj_l)

W () + W' (m) — " (k + m)| = , (C.1)

where €2 = 1, (Pym,i(7))o<i<s are polynomials in z of degree py > 0, with coefficients that are
polynomials in (k,m, |k|,|m|) and depend on (aj)r=;; let us recall that the ay, are the sizes of
the sides of the periodic box 7. The coefficients also depend on (a, b, c).

In the following we will write w®(k) 4+ w’(m) — w®(k +m) = w,ﬁ:i’j_m

Remark. The computations written in sections 5 and 6, show that such a relation is for

instance satisfied in the case of the rotating fluid equations, or for the primitive system: let

us recall that in the case of the primitive equations and the rotating fluids respectively, we

have seen that

(k3 /a3 + F 2| %)?
|| ’

k
and w’(k) = 72?3,

w(k) =

so a reduction to the same denominator, in |w®(k) +w®(m) — w®(k +m)|, gives the form (C.1).

Proposition C.1 If the eigenvalues of FL satisfy a relation of the type (C.1), then the set

A={aj € R} [¥(4,0) € (R)%, 3k, mya,b,0), w70 = A(L+ k)™ (1+ [m])*}

is of Lebesgue measure zero in R .

Remark. A stated in the introduction, that proposition implies that the second order
assumption made on L in Theorem 2 is true for almost all periodic boxes T

We will only consider second order estimates here. In the case of different order estimates, the
computations below must be adapted, namely by supposing that a relation of the type (C.1)
is satisfied at the same order.

Proof of the proposition. The first steps of the proof consist in a series of transformations
enabling one to bring the problem down to the case when |wZ’Z’frm| is a polynomial in a;l,

with coefficients depending on (k, m).

67



From now on we shall define = = aj_l, and suppose that z < K, where K is an arbitrary
integer. Only at the very end will we let K go to infinity.

We will note, for any measurable function X, p(X) for its Lebesgue measure.

Then let us define

A = {2 €0, K]|V(4,0) € (RL)?, 3(k,m, a,b,0), [, > A(1+[E) (1+]m])"}.

Of course, here and in the following, we restrict ourselves to the case when
a,b,c
|wk,k+m| 7 0.

The measure of A is zero if the same goes for that of the space .[lK defined by

{xG[OaKHV(Aaa) (R})? Zs, e (7)] < AT (1+Ik|)‘°‘(1+|ml)‘°‘}-

Let us suppose for instance that e = 1 and 3 = €3 = —1. Then an immediate computation,
using a — b = (a®> — b%)(a + b)7!, leads to the fact that

3 1
|ZEiPk2,m1, |ZE1,Pkml Pkm4( )||Qk,m(x)|_1a
i=1

where Py, ,,, 4() is a polynomial in 2, and Qj, () is a strictly positive function of z, and both
are polynomial in (k,m, |k|,|m|). From now on we will call generically Py, ,,(2) the polynomial
in the numerator of the expression above, and define qq as its degree.

Then we have reduced the problem to showing that the set
U = {w €0, K] |¥(4,0) € (RE)%,3(k,m), [Pem(@)] < A1 (4R~ (1+|m])*}

is of Lebesgue measure zero in R. Now we define a sequence in R* x R}, called (A,, @, )nen,
1

such that A, and «, go to infinity with n, and Z A, < 0o, where let us recall that ¢ is
n

the degree of P, defined above. Then the measure of the set fl’K will be smaller than that
of the intersection for n € N of the sets

At = {& € 0,K]| 3(k,m), [Pom()] < A" (14 [K) ™ (14 fm]) "}

Now let us number the couples (k,m) of Z? x Z?, using an index j € N. The numbering
is such that there exists a countable sequence of embedded subsets N; whose reunion is the
lattice Z? x Z?, where each N; has a cardinal |N;| ~ (1 + |k;[)4(1 + |m;])%, and where we
have (k;,m;) € N;. In other words, we number the couples (k,m) increaslingly according to
their size.

Finally let us define, fixing a couple of integers (k;,m;) in Nj,

e = {x €10, K] | |Paymy ()] < AZH 1+ [k ) (14 [my]) "}
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The measure of AJI.(m is smaller than that of

i = {;p € [0, K] 3(k,m) € Nj, |Pem(@)] < A1 (14 [k )™ (14 Imjl)‘“”} -

K.n
But in [3] is proved the following result:
Lemma C.1 Let Py, be a polynomial of degree py, with coefficients that depend on discrete

parameters k and m. Letn >0 and 6 €]0,1[ be fired numbers. Then the measure of the set S;
defined by

Sj = {a: € R* | 3(k,m) € Ny, |Pem(z)] < 5p0|Nj|*p0(1+n)}

satisfies 1 (S;) < 2pod|N;| .

That lemma applied here leads to

p(Aica) < 0 (Aca)

1

-+ __ann
quAn |N]| a0 (1+m)

IN

IN

~% __onnd _ _annd
< 2q0A5 ° (1+ |E;]) 90+ (14 |myj|) 200+

1
Summing over (k;,m;) yields u (Axn) < Cag090A4n ©, for a, large enough in front of 7 and qo,
where Cy 4, is a constant depending only on d and gp.

_a
We have assumed that Z Ap < 00, so we get finally Z t (Agn) < 0o. Then it is just a mat-
n

n
ter of using Borel-Cantelli’s Lemma (see [35] for instance): we find that u <lim sup. A K,n> =0,
n

which means in other words that almost all z € [0, K] belong to a finite number only of
spaces Ag ,. Hence the measure of Ay is zero, so we can then consider the countable union
of the A, which leads to the fact that A is of measure zero, so the proposition is proved. O

Remark. In [3], A. Babin, A. Mahalov, and B. Nicolaenko compute, in the particular
cases we have studied in this paper, a precise second order small divisor estimate: they find
ag =4+ ¢ (see Theorem 3.2 of [3]), but that result only holds when as remains outside a set
of (small) strictly positive measure. That is made precise in Remark 3.2 of [3].
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