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Abstra
t. Methods used by S. S
ho
het in [34℄ enable one to �nd a lower bound for the life span of solutions

of hyperboli
 PDEs with a small parameter. We prove a similar theorem for su
h equations where a di�usion term has

been added, with the minimal assumption on the Sobolev regularity of the initial data (H

d

2

�1

in the d{dimensional

torus). When the data is smooth, and under a \small divisor" assumption on the perturbation, the �rst term of an

asymptoti
 expansion of the solution is 
omputed. Those results are then applied to prove global existen
e theorems,

for arbitrary initial data, in the 
ase of the primitive system of the quasigeostrophi
 equations, followed by the rotating


uid equations. We �nally prove a more pre
ise existen
e theorem for the latter, using anisotropi
 Sobolev and Besov

spa
es.

R�esum�e. Des m�ethodes utilis�ees par S. S
ho
het dans [34℄ permettent d'obtenir une borne inf�erieure pour le

temps d'existen
e des solutions d'�equations aux d�eriv�ees partielles hyperboliques ave
 petit param�etre. On d�emontre

un th�eor�eme similaire pour de telles �equations, o�u un terme de di�usion a �et�e ajout�e, ave
 l'hypoth�ese minimale de

r�egularit�e Sobolev sur la donn�ee initiale (H

d

2

�1

dans le tore de dimension d). Quand la donn�ee est r�eguli�ere, et sous

une hypoth�ese de type \petit diviseurs" sur la perturbation, le premier terme d'un d�eveloppement asymptotique de

la solution est 
al
ul�e. Ces r�esultats sont ensuite utilis�es pour d�emontrer des th�eor�emes d'existen
e globale, pour des

donn�ees quel
onques, dans le 
as du syst�eme primitif des �equations quasig�eostrophiques, puis pour les �equations des


uides tournants. On d�emontre en�n un th�eor�eme d'existen
e plus pr�e
is pour 
e dernier syst�eme, en utilisant des

espa
es de Sobolev et de Besov anisotropes.
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1 Introdu
tion and statement of the results

This study is 
entered around the following system:

(S

"

)

8

<

:

�

t

v

"

+ q(v

"

; v

"

) + a

2

(D)v

"

+

L(v

"

)

"

= f in T

d

v

"

jt=0

= v

0

where " is a small, stri
tly positive parameter. Throughout this arti
le, T

d

will be a periodi


box in R

d

, where d � 2 is the dimension. Ea
h side of T

d

, in the dire
tion x

i

, 1 � i � d,

has a size equal to 2�a

i

, where the a

i

are stri
tly positive real numbers. The ve
tor �eld v

"

has d

0


omponents, and is de�ned on R

+

� T

d

. The operator L, whi
h shall be studied in

some detail in the next se
tion, is a skew{symmetri
 operator, whi
h 
an be written as

L(v) = F

�1

d

0

X

a=1

i!

a

(n) (Fv(n); e

a

(n)) e

a

(n); (1.1)

where Fv(n) represents the dis
rete Fourier transform of v, !

a

(n) are real numbers, and

where (e

a

(n))

1�a�d

0

is a set of orthonormal ve
tors for all n. To simplify, we will suppose in

the following that L is of order 0, i.e. , that there exists a 
onstant C su
h that

8a; 8n; !

a

(n) 6= 0) j!

a

(n)j

�1

� C: (1.2)

We will indi
ate how to modify the theorems and their proofs when there is no su
h as-

sumption. The operator a

2

(D) is se
ond order ellipti
: for all u, (a

2

(D)u)

i

= a

ij

(D)u

j

,

where a

ij

(D) is a Fourier multipli
ator of order 2, and where u

j

is the j{th 
omponent of u,

with j 2 [1; ::; d

0

℄. We have used the Einstein 
onvention on the summation over repeated

indexes: here and throughout the paper, we have omitted the sum on j. The notation (u; v)

represents the usual s
alar produ
t, whi
h we shall also sometimes write u � v. Furthermore,

the bilinear form q is de�ned by

q(u; v) = A

i;j

(D)(u

i

v

j

); (1.3)

where A

i;j

(D) is a symmetri
 Fourier multipli
ator of order 1. Finally f is an exterior for
ing

term, on whi
h we shall make some regularity assumptions as we go along.

We shall see in se
tion 2 that (S

"

) has a limit system, in a sense whi
h will be made 
lear

later, when " goes to 0. This system 
an be written in the form

(S

0

)

(

�

t

u+Q(u; u) +A

2

(D)u =

�

f

u

jt=0

= v

0

whereQ,

�

f , andA

2

(D) are de�ned byQ(u; v) = lim

"!0

L(�

t

"

)q(L(

t

"

)u;L(

t

"

)v);

�

f = lim

"!0

L(�

t

"

)f;

and A

2

(D) = lim

"!0

L(�

t

"

)a

2

(D)L(

t

"

) where L is the semi{group generated by L: we will 
ome

ba
k to that in se
tion 2.2.

Remark. We will see in se
tion 2.2 that ne
essarily A

2

(D) is ellipti
.
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Systems of that type, with or without the a

2

(D) term, have been studied by a number of

authors (among others, we 
an refer to [20℄, [23℄, [24℄, [25℄, or [32℄ for instan
e). It is in

parti
ular well known that the system (S

"

) has solutions lo
ally in time, as stated by the

following theorem.

Theorem 0 If v

0

2H

s

(T

d

), with s �

d

2

� 1, if f is in C

0

(R

+

;H

s�2

) \ L

2

(R

+

;H

s�1

); then

there exists a time T > 0, independent of ", and a unique strong solution v

"

of (S

"

) in the

spa
e C

0

([0; T ℄;H

s

(T

d

)) \ L

2

([0; T ℄;H

s+1

(T

d

)).

We are interested here in �nding a lower bound for the life span of v

"

, using the life span of

the solutions of the limit system (S

0

). We will prove the following theorem.

Theorem 1 If v

0

2H

s

(T

d

), with s �

d

2

� 1, if f is in C

0

(R

+

;H

s�2

) \ L

2

(R

+

;H

s�1

); with

�

t

f 2 L

2

(R

+

;H

s�3

), and if u, solution of the system (S

0

), satis�es

u 2 C

0

([0; T ℄;H

s

(T

d

)) \ L

2

([0; T ℄;H

s+1

(T

d

));

then for " small enough, the asso
iate solution v

"

of (S

"

) is also de�ned on [0; T ℄, and

v

"

�L(

t

"

)u = o(1) in C

0

([0; T ℄;H

s

(T

d

)) \ L

2

([0; T ℄;H

s+1

(T

d

)):

To prove that theorem, we shall use the method introdu
ed by S. S
ho
het in the 
ase of

symmetri
 hyperboli
 systems, with no a

2

(D) term. The result he obtains (Theorem 2.3

in [34℄) is similar to the theorem above, ex
ept for the fa
t that v

"

is only approximated

by L(

t

"

)u in C

0

([0; T ℄;H

s�1

) for an initial data in H

s

with s �

d

2

+3. Thus a

2

(D) will enable

us to gain some regularity, sin
e in our 
ase v

"

remains in C

0

([0; T ℄;H

s

); we also obtain here

the minimal assumption on the Sobolev regularity of the initial data.

However it must be noted that Theorem 1 gives no information on the rate of 
onvergen
e

of v

"

� L(

t

"

)u to zero. Su
h a rate of 
onvergen
e, in O("), is obtained by A. Babin, A.

Mahalov and B. Ni
olaenko in [2℄, in spe
ial 
ases we will mention more pre
isely later in this

introdu
tion. In [2℄, that is strongly linked to the presen
e of \small divisor" estimates on L,

whi
h are de�ned below.

De�nition 1.1 (Small divisor estimates) We will say that L satis�es a small divisor es-

timate of order p � 2 and of degree � if there exists a 
onstant C

p;�

su
h that for all (k

1

; ::; k

p

)

in Z

pd

, for all (b

1

; ::; b

p+1

) in f1; ::; d

0

g

p+1

, we have

p

X

i=1

!

b

i

(k

i

) 6= !

b

p+1

(

p

X

i=1

k

i

) ) j

p

X

i=1

!

b

i

(k

i

)� !

b

p+1

(

p

X

i=1

k

i

)j

�1

� C

p;�

p

Y

i=1

(1 + jk

i

j)

�

;

where as previously the !

b

i

(k

i

) are the eigenvalues of FL(k

i

). Moreover, L satis�es a small

divisor estimate of order 1 and of degree �

1

if there exists a 
onstant C

1

su
h that for all k

and all (b

1

; b

2

) satisfying !

b

1

(k) 6= !

b

2

(k), we have

�

�

�

!

b

1

(k)� !

b

2

(k)

�

�

�

�1

� C

1

(1 + jkj)

�

1

:
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Remark. Su
h an estimate at order p 
an be understood as a measure of the (p + 1){

wave intera
tions 
reated by the perturbation. If one has some pre
ise 
ontrol over those

intera
tions, then one 
an also 
ontrol the speed of 
onvergen
e of v

"

�L(

t

"

)u to zero, if one

also assumes enough regularity on the initial data.

Theorem 2 Suppose L satis�es �rst and se
ond order small divisor estimates of degree �

1

and �

2

respe
tively, with �

i

� 0, and let s >

d

2

:We de�ne �

12

= max(1+�

1

; �

2

). Suppose that

8 j 2 f0; 1g; �

j

t

f 2 C

0

([0; T ℄;H

s�2�2j+�

12

) \ L

2

([0; T ℄;H

s�1�2j+�

12

);

and that �

2

t

f 2 L

2

([0; T ℄;H

s�5+�

12

): Then if v

0

2 H

s+�

12

and if u, solution of (S

0

), satis�es

u 2 C

0

([0; T ℄;H

s+�

12

(T

d

)) \ L

2

([0; T ℄;H

s+1+�

12

(T

d

));

then for " small enough, the solution v

"

of (S

"

) is su
h that u

"

= L(�

t

"

)v

"

satis�es

u

"

= u+ "h� "

~

R

"

os


(u) + o(") in C

0

([0; T ℄;H

d

2

�1

(T

d

)) \ L

2

([0; T ℄;H

d

2

(T

d

));

where h is the solution in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

) of the linearized limit system

(S

1

)

(

�

t

h+ 2Q(u; h) +A

2

(D)h = R(u)

h

jt=0

=

~

R

"

os


(u)

jt=0

:

Both fun
tions

~

R

"

os


(u) and R(u) 
an be 
omputed expli
itly, as explained below.

Remarks. If [a

2

(D); L℄ = 0, then we will see that u 2 C

0

([0; T ℄;H

s+�

2

)\L

2

([0; T ℄;H

s+1+�

2

)

is a suÆ
ient 
ondition to have the result. Moreover, we will see that the assumption that L is

of order zero, written as (1.2), is not stri
tly ne
essary: one 
an suppose that L is of order r,

i.e., that !

a

(n) � (1 + jnj)

r

, if one also supposes more regularity on f .

Finally, we will 
ompute expli
itly the fun
tions R(u) and

~

R

"

os


(u). We will show that

~

R

"

os


(u) = �F

�1

X

!

a

(n)6=0

i e

i

t

"

!

a

(n)

!

a

(n)

f

a

(n) � F

�1

X

!

a;b

n

6=0

i e

i

t

"

!

a;b

n

!

a;b

n

�

a

2

u

b

(n)

�

a

(n)

+ F

�1

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

A

j;j

0

u

a;j

(k)u

b;j

0

(n� k)

�




(n); (1.4)

where we have written

!

a;b

n

= !

a

(n)� !

b

(n); !

a;b;


k;n

= !

a

(k) + !

b

(n� k)� !




(n);

!

a;b;
;d

k

0

;k;n

= !

a

(k

0

) + !

b

(k � k

0

) + !




(n� k)� !

d

(n):

Moreover, we have noted

u

a

(k) = (Fu(k); e

a

(k)) e

a

(k):
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The fun
tion R(u) is more 
ompli
ated to write (its expression is given page 26). It 
onsists

in a sum of linear, quadrati
 and 
ubi
 terms in u, depending also on f ; that fun
tion R(u)

is due to the fa
t that in a term su
h as Q

"

(

~

R

"

os


(u); u), whi
h appears when one 
onsiders

the equation satis�ed by the fun
tion "

�1

(u

"

� u) +

~

R

"

os


(u), the os
illation phases brought

by

~

R

"

os


(u) and Q

"


an interfere and 
an
el out. That leads to the formation of additional

\slow waves", at the �rst order of the expansion of u

"

, and that a

ounts for the fun
tion h,

solution of the system (S

1

) given in the theorem. The other part of the �rst order term in the

expansion of u

"

is made of a \fast" term, whi
h is the os
illating fun
tion

~

R

"

os


(u).

Let us note that in [18℄, a similar result as Theorem 2 is proved in the hyperboli
 
ase, i.e.,

when there is no ellipti
 a

2

(D) term.

In [26℄, H.-O. Kreiss, J. Lorenz, and M.J. Naughton 
ompute an asymptoti
 expansion of the

type of that given in Theorem 2, only under an assumption on the initial data of the \bounded

derivative prin
iple" type: in the 
ase of the 
ompressible Navier{Stokes equations, if the

solution has two time derivatives bounded independently of " at t = 0, then the solution v

"

satis�es v

"

= V + "

2

(V

1

+ v

1

)+O("

4

); where V is the solution of a limiting equation, V

1

is the

solution of the linearized in
ompressible equation, and v

1

is highly os
illatory in time. The

proof does not require any �ltering of the equation, due to the strong assumptions made on

the initial data.

In [7℄, G. Browning and H.-O. Kreiss also show how to prepare the initial data so that the

solutions and their derivatives 
an be bounded independently of ".

Finally, let us note that it is proved in Appendix C that a large 
lass of perturbations L

satisfy, for almost all periodi
 boxes, a se
ond order small divisor estimate at a 
ertain degree.

In parti
ular, that will hold in the two examples we will study in detail in this arti
le, namely

the rotating 
uids and the primitive equations, both presented below in this se
tion. Let us

also remark that in those 
ases, pre
ise small divisor estimates are 
omputed in [3℄, and we

will also see in se
tion 5 that in some spe
ial 
ases the small divisor estimates are trivial.

The proofs of Theorems 1 and 2 are the obje
ts of se
tions 3 and 4 respe
tively. They

both use a general result about equations where the right hand side os
illates fast with time,

Lemma 3.1 proved in Appendix A. Those highly os
illating fun
tions are the obje
t of the


oming de�nition.

De�nition 1.2 ((p; �)-os
illating fun
tions) Let T > 0, p � 1 and � 2 R be �xed. We

write

~

k

q

= (k

1

; ::; k

q

); where k

i

2 Z

d

; and we will 
all j

~

k

q

j = max

1�i�q

jk

i

j. Then R

"

os


(t) will

be said to be (p; �){os
illating if there exist real{valued fun
tions �

1

,.., �

p

, r

0

and (f

i

)

i�0

su
h

that R

"

os



an be written in the following way, where 1

X

is the 
hara
teristi
 fun
tion of X:

R

"

os


(t) =

X

q2f1;::;pg

R

"

q;os


(t); where FR

"

1;os


(t; n) = 1

fn j �

1

(n)6=0g

e

�i

t

"

�

1

(n)

f

0

(t; n);

and 8q � 2; FR

"

q;os


(t; n) =

X

~

k

q

2K

n

q

e

�i

t

"

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

1

(t; k

1

)::f

q

(t; k

q

); (1.5)
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with K

n

q

=

(

~

k

q

2 Z

dq

j

q

X

i=1

k

i

= n and �

q

(n;

~

k

q

) 6= 0

)

, and where r

0

and (f

i

)

i�0

satisfy

jr

0

(n;

~

k

q

)j � C (1 + jnj)

�

0

(1 + jk

1

j)

�

1

:: (1 + jk

q

j)

�

q

; with �

i

� 0 and �

0

+ � +

d

2

> 0 ;

F

�1

f

0

(t; �) is an element of C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

) ;

F

�1

�

t

f

0

(t; �) is an element of L

2

([0; T ℄;H

��1

) ;

8 i � 1; F

�1

f

i

(t; �) is an element of C

0

([0; T ℄;H

�

i

+�

i

) \ L

2

([0; T ℄;H

�

i

+1+�

i

);

where the (�

i

)

1�i�q

are su
h that the produ
t

Q

i�1

F

�1

(1 + j � j)

�

i

f

i

(t; �) is an element of the

spa
e C

0

([0; T ℄;H

�+�

0

) \ L

2

([0; T ℄;H

�+1+�

0

); and �nally we suppose that there exists (��

i

)

i�1

su
h that ��

i

+

P

j 6=i

�

j

> 0, and F

�1

�

t

f

i

(t; �) is an element of L

2

([0; T ℄;H

��

i

+�

i

):

Remarks. It is obvious that a (p; �){os
illating fun
tion is in parti
ular bounded in the

spa
e C

0

([0; T ℄;H

�

)\L

2

([0; T ℄;H

�+1

). It 
an be noted that if R

"

os


is a (p; �){os
illating fun
-

tion, then its �rst derivative in time, �

t

R

"

os


, is not bounded in ", whereas " �

t

R

"

os


is. Finally

let us note that we will see that under the assumptions of Theorem 2, the fun
tion

~

R

"

os


(u)

de�ned in (1.4) is a (2;

d

2

� 1){os
illating fun
tion (see Lemma 4.1).

Those theorems will then be applied to the study of two parti
ular systems whi
h 
an be

written in the form (S

"

), in three dimensions of spa
e: �rst, in se
tion 5, we shall 
onsider

the 
ase of the primitive equations of the quasigeostrophi
 system. The unknown is a four


omponent ve
tor �eld V

"

= (v

"

; T

"

), where v

"

represents the velo
ity, and is divergen
e free,

and the s
alar �eld T

"

is known as the potential temperature. A

ording to the study of J.-Y.

Chemin in [10℄, one 
an write

(PE

"

)

8

>

>

>

<

>

>

>

:

�

t

V

"

+ v

"

� rV

"

�DV

"

+ "

�1

LV

"

= "

�1

(�r�

"

; 0) in T

3

V

"

= (v

"

; T

"

)

div v

"

= 0 in T

3

V

"

jt=0

= V

0

;

with L =

0

B

B

B

�

0 �1 0 0

1 0 0 0

0 0 0 F

�1

0 0 �F

�1

0

1

C

C

C

A

: The operator D is de�ned by DV

"

= (��v

"

; �

0

�T

"

),

where � and �

0

are two stri
tly positive real numbers, representing the vis
osities along v

"

and T

"

. Finally the parameter F

�1

is a stri
tly positive 
onstant representing the ratio of the

Rossby and Froude numbers (see [14℄).

The physi
al origin of su
h a system is dis
ussed in [19℄ and [33℄ for instan
e. For the derivation

of su
h a model, one 
an refer to the work of J.-L. Lions, R. Temam and S. Wang in [29℄{[31℄;

in [6℄, T. Beale and A. Bourgeois study and validate su
h a system, when there are no vis
ous

terms (� = �

0

= 0). The limit of that invis
id 
ase is also studied by D. Iftimie in [21℄, in

the whole spa
e. The primitive equations are �nally also studied by A. Babin, A. Mahalov,

B. Ni
olaenko, and Y. Zhou in [2℄, [3℄, [4℄ and [5℄; one aspe
t of their study is the respe
tive

6



in
uen
e of the rotation and the \strati�
ation" in the equations, depending essentially on

the size of the parameter F . This will not be 
onsidered here, as F will be supposed to be a


onstant throughout our study.

Let us note that this system 
an be diagonalized, as in [3℄, [10℄ or [14℄ for instan
e, by

setting V

"

= V

"

QG

+ V

"

os


, where V

"

QG

is de�ned by

V

"

QG

= (��

2

�

�1




"

; �

1

�

�1




"

; 0;�F�

3

�

�1




"

); (1.6)

and 


"

= �

1

v

";2

� �

2

v

";1

� F

�1

�

3

T

"

.

We will see in se
tion 5 that the limit system (S

0

) 
orresponding to the system (PE

"

) is

(QG)

8

>

<

>

:

�

t


+ v

QG

� r
+ a

QG

(D)
 = f

pot

�

t

U

os


+ 2Q(V

QG

; U

os


) + a

os


(D)U

os


= 0

V

jt=0

= V

0

where a

QG

(D) and a

os


(D) are se
ond order ellipti
 operators, and where f

pot

is an exterior

for
e, and is obtained from f in the same way as the potential vorti
ity 


"

is obtained from V

"

above. We have written U for the limit of the �ltered fun
tion U

"

= L(�

t

"

)V

"

. In [14℄, and

in the invis
id 
ase, P. Embid and A. Majda show that the quasigeostrophi
 equations (QG)

on 
 are a valid limiting equation in the weak topology, for arbitrary initial data, of the

primitive equations; they in parti
ular study the resonan
es due to the penalization, and we

will 
ome ba
k to those 
omputations in se
tion 5. Using that spe
ial diagonal form (QG) of

the limit system, as well as both Theorems 1 and 2, we will prove the following result.

Theorem 3 For almost all (a

1

; a

2

; a

3

), the following result is true. Let V

0

be in H

s

(T

3

),

with s � 1, and suppose that f 2 L

1

(R

+

;H

s�2

) \ L

2

(R

+

;H

s�1

), with �

t

f 2 L

2

(R

+

;H

s�3

).

Then for " small enough, (PE

"

) is globally well posed in C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

): Fur-

thermore, if U is the solution of (QG), then V

"

satis�es

V

"

�L(

t

"

)U = o(1) in C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

):

Finally, for almost all T

3

, there exists � �

3

2

su
h that if U

0

2 H

�

(T

3

), and if f is smooth

enough, then the �rst order expansion of Theorem 2 holds.

Let us note that in [10℄, and in the 
ase of the entire spa
e R

3

, J.-Y. Chemin proves a global

existen
e theorem, if the os
illating part of the initial data satis�es

kV

0;os


k

H

�1
�

C�

4

kV

0

k

3

H

1

exp

�

�

kV

0

k

H

1
kV

0

k

L

2

C�

2

�

:

The proof in [10℄ lies in a diagonalization along the quasigeostrophi
 and os
illating parts of

the velo
ity and the temperature �elds, without using S. S
ho
het's theorem. The use of the

latter theorem enables us not to require any kind of smallness 
ondition on the data.

In the se
ond example we shall 
onsider, the ve
tor �elds are tridimensional and divergen
e

free, the bilinear term 
orresponds to the Navier{Stokes equations, q(u; v) = P (u�rv) where P

7



is the L

2

{orthogonal proje
tor onto the spa
e of non divergent ve
tor �elds, and a

2

(D) rep-

resents the di�usion operator ���, where the vis
osity � is a stri
tly positive real number.

Then one 
hooses the operator L to be the Coriolis for
e v �B, where B is a verti
al ve
tor

of norm 1 in T

3

: B =

t

(0; 0; 1). That leads to the rotating 
uid equations:

(RF

"

)

8

>

<

>

:

�

t

v

"

+ P (v

"

� rv

"

)� ��v

"

+ P

v

"

�B

"

= f in T

3

div v

"

= 0 in T

3

v

"

jt=0

= v

0

:

That system will be studied in se
tion 6. We will show that the limit system (S

0

) 
orresponding

to (RF

"

) is 
omposed of two systems: one is a bidimensional Navier{Stokes equation

(NS2D)

8

>

>

>

<

>

>

>

:

�

t

�u� ��

2

�u+ �u � r

2

�u = (�r

2

�p; 0) +

�

f

�

3

�u = 0

r

2

� �u = 0

�u

jt=0

= �v

0

where �u is the bidimensional part of the limit u, that is to say its verti
al average, and where we

have noted �

2

= �

2

1

+ �

2

2

and r

2

= (�

1

; �

2

). The other equation 
on
erns the remainder u

os


,

de�ned by u

os


= u� �u, and is a linear equation:

(L

os


)

8

>

<

>

:

�

t

u

os


� ��u

os


+ 2Q(�u; u

os


) = 0

div u

os


= 0

u

os
jt=0

= v

0;os


:

As in the 
ase of the primitive equations presented above, we will prove, using Theorems 1

and 2, the following result.

Theorem 4 When a

1

and a

2

are �xed, then for almost all a

3

, the following result is true:

if v

0

2 H

s

(T

3

), with s �

1

2

, and if the for
e f is in L

1

(R

+

;H

s�2

) \ L

2

(R

+

;H

s�1

), with

�

t

f 2 L

2

(R

+

;H

s�3

), then for " > 0 small enough, the system (RF

"

) asso
iated with the

initial data v

0

is globally well posed in C

0

(R

+

;H

s

(T

3

)) \ L

2

(R

+

;H

s+1

(T

3

)).

Moreover, if v

"

is the solution of (RF

"

) and u is the solution of the limit system (NS2D;L

os


),

then v

"

�L(

t

"

)u = o(1) in C

0

(R

+

;H

s

(T

3

)) \ L

2

(R

+

;H

s+1

(T

3

)) .

Finally, for almost all T

3

, there exists � �

3

2

su
h that if v

0

2 H

�

(T

3

), and if f is smooth

enough, then the �rst order expansion of Theorem 2 holds.

Remark. The fa
t that Theorems 3 and 4 hold for almost all periodi
 boxes is due to two

di�erent and independent reasons. The �rst one is that the limit system diagonalizes into (QG)

and (NS2D;L

os


) respe
tively, for almost all values of (a

1

; a

2

; a

3

). That diagonalization is


ru
ial to get the global existen
e result, and the asso
iate values of the a

i

de�ne non resonant

domains. The se
ond reason is that the perturbation satis�es a small divisor estimate at some

degree for almost all values of the a

i

; that is proved in Appendix C.

Let us note that some stability results 
on
erning (RF

"

) are proved in [16℄ and [17℄, and that

in [12℄, T. Colin and P. Fabrie prove a global existen
e result for v

"

0;os


small in H

1

(that is to

8



say for well prepared initial data, whi
h is also the setting in [16℄ and [17℄). Moreover, in [2℄

and [3℄, A. Babin, A. Mahalov and B. Ni
olaenko prove a similar theorem of global existen
e

in a non resonant domain (Theorem 8.2), with an additional non resonan
e 
ondition on a

2

,

whi
h does not appear here. Our proof will use part of their 
omputations, namely for the

study of the resonant set of the operator L. However, on
e the diagonalized limit system

is obtained, the use of the methods of S. S
ho
het will enable us, via Theorems 1 and 2,

to �nd dire
tly the result with no more 
omputations, and in parti
ular with no additional

assumption on the a

i

other than the one on a

3

. Let us note that that fa
t is used in [3℄, in

Theorem 6.3: it enables the authors to avoid the restri
tion on a

2

, but only for smooth initial

data, and the higher order terms are not 
omputed.

The proof of Theorem 4 shows that the verti
al variable plays an important part in the

problem; therefore we shall try to see, in se
tion 7, if that fa
t 
annot be used in the study of

those equations, the aim of that study being to de
rease the smoothness assumptions made

on the initial data, as in [21℄ and [22℄ in the 
ase of the Navier{Stokes equations. That will

be made possible by the use of anisotropi
 Sobolev and Besov spa
es, studied by D. Iftimie

in [21℄ and [22℄.

Without going into any pre
ise de�nition at this stage (that will be done in se
tion 7), let

us just say that in the statement of the two following theorems, the spa
e H

s;s

0

(resp. the

spa
e HB

s;s

0

) is to be understood as the spa
e of fun
tions that are H

s

in the horizontal

variables, and H

s

0

(resp. Besov B

s

0

2;1

) in the verti
al variables.

Theorem 5 If a

1

and a

2

are �xed, then for almost all a

3

, the following result is true. Let v

0

have a verti
al average �v

0

in L

2

(T

2

), with v

0;os


2 H

Æ;

1

2

�Æ

, where Æ is a real number in the in-

terval ℄0; 1[, and let the verti
al average of the exterior for
e,

�

f be an element of L

2

(R

+

;H

�1

),

with f

os


2 L

2

(R

+

;H

2Æ�1;

1

2

�Æ

), and �

t

f

os


2 L

2

(R

+

;H

2Æ�

7

2

;

1

2

�Æ

), where f

os


= f �

�

f .

Then for " suÆ
iently small, (RF

"

) is globally well posed, and the solution v

"

satis�es

v

"

� �u�L(

t

"

)u

os


= o(1) in L

1

(R

+

;H

Æ;

1

2

�Æ

) \ L

4

(R

+

;H

1

2

+

Æ

2

;

1

2

�

Æ

2

);

where �u is the solution in L

1

(R

+

; L

2

) \ L

2

(R

+

;H

1

) of (NS2D), and u

os


is the solution in

L

1

(R

+

;H

Æ;

1

2

�Æ

) \ L

4

(R

+

;H

1

2

+

Æ

2

;

1

2

�

Æ

2

) of (L

os


).

The interesting aspe
t of that result is that �v

0

is taken in the energy spa
e L

2

(T

2

) instead

of H

1

2

as previously. A
tually, one 
an even suppose the \horizontal smoothness" of v

0;os


as

well, to be only in L

2

, as stated in the following theorem.

Theorem 6 If a

1

and a

2

are �xed, then for almost all a

3

, the following result is true. Let v

0

have a verti
al average �v

0

in L

2

(T

2

), with v

0;os


2 HB

0;

1

2

, and let

�

f 2 L

2

(R

+

;H

�1

), with

f

os


2 L

2

(R

+

;HB

�1;

1

2

), and �

t

f

os


2 L

2

(R

+

;HB

�

7

2

;

1

2

). Then for " suÆ
iently small, (RF

"

)

is globally well posed, and

v

"

� �u�L(

t

"

)u

os


= o(1) in L

1

(R

+

;HB

0;

1

2

) \ L

4

(R

+

;HB

1

2

;

1

2

):
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2 Notations and preliminary results

2.1 Elements of Littlewood{Paley theory

Throughout this arti
le, we shall 
onsider ve
tor �elds with a mean equal to zero over the

periodi
 box T

d

, and that are divergen
e free. In all the de�nitions and properties we shall

state in this se
tion, we have de�ned

jnj

2

=

X

i

n

2

i

a

2

i

; and similarly n � x =

X

i

n

i

x

i

a

2

i

:

We will work in homogeneous Sobolev spa
es, de�ned by the following norm.

De�nition 2.1 Let s be a real number and let a be a distribution de�ned on T

d

. Then a is

an element of the homogeneous Sobolev spa
e H

s

if the following norm is �nite:

jaj

s

def

= k jkj

s

jFa(k)j k

`

2

(Z

d

)

;
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where Fa represents the dis
rete Fourier transform of a.

In the following we will no longer spe
ify that the spa
es are homogeneous. The rules of

produ
t in those spa
es are the following.

Lemma 2.1 Let a and b be two distributions, and s and t be two real numbers su
h that

s; t <

d

2

and s+ t > 0. If a 2 H

s

(T

d

) and b 2 H

t

(T

d

), then ab 2 H

s+t�

d

2

(T

d

), and

jabj

s+t�

d

2

� C

s;t

jaj

s

jbj

t

;

where C

s;t

is a 
onstant depending only on s and t.

Moreover, for all s >

d

2

, H

s

is an algebra.

In the rest of this study, we shall use the generi
 notation C for all \universal" 
onstants.

To end this se
tion, let us present a few elements of the Littlewood{Paley theory on the torus,

refering for instan
e to the study of D. Iftimie in [21℄: we 
onsider a radial, positive fun
tion '

in C

1

, supported in the ring 
entered at the origin, of small radius 3=4 and large radius 8=3.

That fun
tion is at the basis of a dyadi
 partition of unity 
orresponding to a de
omposition

of the frequen
y spa
e into dyadi
 blo
ks.

De�nition 2.2 Let a be a distribution de�ned on T

d

. The operators �

q

of frequen
y trun-


ation are de�ned by

8q 2 N; �

q

a =

X

n2Z

d

a

n

e

in�x

'

�

jnj

2

q

�

;

where the a

n

are the Fourier 
oeÆ
ients of a: a(x) =

X

n2Z

d

a

n

e

in�x

.

Let us noti
e that there exists an integer N

0

su
h that

jp� qj � N

0

) supp '(2

�p

�) \ supp '(2

�q

�) = ;:

That quasi{orthogonality property will 
ome in useful in the 
omputations that follow. In

parti
ular it implies that for all a, jp� qj � N

0

) �

p

�

q

a = 0:

The main interest of that de
omposition will essentially lie for us in the following lemmas (the

proofs of whi
h, as well as a general presentation of the Littlewood{Paley theory for periodi


fun
tions, 
an be found in [21℄).

Lemma 2.2 For any fun
tion a, the following equivalen
e is true:

jaj

2

s

�

X

q2N

2

2qs

j�

q

aj

2

0

;

whi
h 
an also be written 2

qs

j�

q

aj

0

= 


q

jaj

s

; with 


q

2 `

2

(N); of norm equal to 1.
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The lo
al aspe
t of the �

q

will also be used through the following lemma.

Lemma 2.3 For any fun
tion a, one has the equivalen
e jr�

q

aj

0

� 2

q

j�

q

aj

0

; with 
onstants

of equivalen
e independent of q and of a.

In [11℄, one 
an �nd the proof of the following result.

Lemma 2.4 For all 
ouples of fun
tions (a; b) su
h that a is divergen
e free, if s and t are

two real numbers su
h that s; t <

d

2

+ 1 and s+ t > 0, then

j(�

q

(a � rb)j�

q

b)j � C


q

2

�q(s+t�

d

2

�1)

j�

q

bj

0

jaj

s

jbj

t

;

where 


q

is a sequen
e of `

2

(N), of norm equal to 1.

From now on, the notation (ajb) represents the s
alar produ
t in L

2

.

Finally in the 
ourse of the proofs we shall use the following very simple lemma, the proof of

whi
h 
an be found in [21℄:

Lemma 2.5 For all fun
tions a, and all 
ouples of real numbers (p; q) su
h that 1 � p � q,

the following inequality is true:

k ka

n

(t)k

`

p

k

L

q

t

� k ka

n

(t)k

L

q

t

k

`

p

:

2.2 The system (S

"

)

In this se
tion we are going to study the system (S

"

) presented in the introdu
tion:

(S

"

)

8

<

:

�

t

v

"

+ q(v

"

; v

"

) + a

2

(D)v

"

+

L(v

"

)

"

= f in T

d

v

"

jt=0

= v

0

:

We shall work here on the general bilinear form de�ned in (1.3), and will mention at the end

of the proof of Theorem 1 how to adapt the study to the 
ase of the Navier{Stokes equations,

where the ve
tor �elds are divergen
e free. Let us note that in that 
ase, q(u; v) = P (u � rv),

where P is the L

2

{orthogonal proje
tor on the divergen
e free ve
tor �elds.

Before proving Theorems 1 and 2, let us 
on
entrate a while on the system (S

"

), and in

parti
ular on the penalization operator L. It is a skew{symmetri
 linear operator, 
alled an

os
illating perturbation (
on
erning this aspe
t of the study one 
an refer to the work of E.

Grenier in [20℄), meaning that for all s 2 R and all v

0

2 H

s

, the problem

(

�

t

v + L(v) = 0 in T

d

v

jt=0

= v

0

has a unique global solution v(t) = L(t)v

0

; with

8t 2 R; jL(t)v

0

j

s

= j

t

L(t)v

0

j

s

= jv

0

j

s

:

13



A

ording to (1.1), L is de�ned by

L(t)v = F

�1

d

0

X

a=1

e

�i!

a

(n)t

(Fv(n); e

a

(n)) e

a

(n):

As shown in [20℄, the fa
t that L is skew{symmetri
 leads to the following property, whi
h is

essential to get existen
e results for (S

"

), and in parti
ular Theorem 0 stated in the introdu
-

tion, as it implies that the perturbation term does not appear in the energy estimates:

8v;

Z

T

d

L(v) � v = 0:

So the 
lassi
al proofs of existen
e of solutions to the unperturbated equations hold in our


ase (see for instan
e [9℄, [15℄, [27℄, [28℄, [36℄), and that a

ounts for Theorem 0.

In the 
ase when the ve
tor �elds 
onsidered are divergen
e free, whi
h will be in parti
ular

the 
ase for the rotating 
uids and for the quasigeostrophi
 system, L is the semi{group

asso
iated with PL, where P is the L

2

{orthogonal proje
tion on the divergen
e free ve
tor

�elds.

Let us �nally note that the system (S

"

) 
an be made more general, for example by adding

spa
e variables other than those 
on
erned by the penalization | that is useful in geometri


opti
s for example; su
h a system is studied in [34℄. One 
an also rather 
onsider f

"

or v

"

0

,


onverging to f and v

0

. We will study here the simpler system (S

"

), and the results obtained

remain true in those other 
ases.

As stated in Theorem 0, for an initial data in H

d

2

�1

, the system (S

"

) has a strong solution v

"

,

uniformly bounded in C

0

([0; T ℄;H

d

2

�1

), and its life span T

0

is bounded from below indepen-

dently of ". However the fa
t that �

t

v

"

is a priori not bounded in " prevents one from taking

dire
tly the limit of the equation. A method | see [3℄, [20℄, [34℄ | is to use the semi{group

asso
iated with the perturbation : the �ltered ve
tor �eld de�ned by u

"

= L(�

t

"

)v

"

satis�es

the equation

(

~

S

"

)

(

�

t

u

"

+Q

"

(u

"

; u

"

) +A

"

2

(D)u

"

= L(�

t

"

)f in T

d

u

"

jt=0

= v

0

where we have written

Q

"

(u

"

; u

"

) = L(�

t

"

)q

�

L(

t

"

)u

"

;L(

t

"

)u

"

�

; and A

"

2

(D)u

"

= L(�

t

"

)a

2

(D)L(

t

"

)u

"

: (2.1)

Then �

t

v

"

is bounded in some H

�

(see [20℄), and by appli
ation of As
oli's theorem one �nds

the following 
onvergen
e result.

Proposition 2.1 For an initial data v

0

2 H

d

2

�1

(T

d

), the solution u

"

of (

~

S

"

) 
onverges

strongly in C

0

([0; T ℄;H

s

0

) for all s

0

<

d

2

� 1, to a fun
tion u, whi
h satis�es the limit sys-

tem (S

0

).

14



The system (S

0

) was presented above; let us re
all that

(S

0

)

(

�

t

u+Q(u; u) +A

2

(D)u =

�

f

u

jt=0

= v

0

;

where

�

f , Q(u; u) and A

2

(D)u are the limits in D

0

respe
tively of L(�

t

"

)f , Q

"

(u

"

; u

"

), and

of A

"

2

(D)u

"

.

Remark. As the operator L preserves the H

�

norms, Q(u; u) and A

2

(D) are in fa
t also

the limits of Q

"

(u; u) and of A

"

2

(D)u.

The operators Q and A

2

(D) satisfy the following fundamental property:

Lemma 2.6 The operators Q and A

2

(D), de�ned by

Q(u; v) = lim

"!0

L(�

t

"

)q

�

L(

t

"

)u;L(

t

"

)v

�

; A

2

(D)u = lim

"!0

L(�

t

"

)a

2

(D)L(

t

"

)u in D

0

;

do not depend on the time variable.

Proof. The proof of this lemma is written in [20℄ in the spe
ial 
ase of two dimensions, and


an easily be adapted to our general 
ase. Let us �rst study the quadrati
 term. We have

lim

"!0

L(�

t

"

)q

�

L(

t

"

)u;L(

t

"

)v

�

= lim

"!0

F

�1

X

a;b;


e

�i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)u

a;j

(k)v

b;j

0

(n� k); e




(n)

�

e




(n);

with the notations presented in the introdu
tion. But then it is just a matter of using the

non stationary phase theorem (see [1℄ for instan
e), and one �nds

lim

"!0

Q

"

(u; v) = F

�1

X

!

a;b;


k;n

=0

�

A

j;j

0

(n)u

a;j

(k)v

b;j

0

(n� k); e




(n)

�

e




(n);

whi
h proves Lemma 2.6 for the bilinear term.

For A

2

(D) the same type of argument holds: we have

lim

"!0

A

"

2

(D)u = lim

"!0

F

�1

X

a;b

e

i

t

"

!

a;b

n

�

a

2

(n)u

b

(n); e

a

(n)

�

e

a

(n);

where !

a;b

n

= !

a

(n)� !

b

(n), whi
h leads dire
tly to

A

2

(D)u = F

�1

X

!

a;b

n

=0

�

a

2

(n)u

b

(n); e

a

(n)

�

e

a

(n); (2.2)

and the lemma is proved. 2

Finally, as mentionned in the introdu
tion, one 
an prove the following result.
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Lemma 2.7 For all t, for all ", the operator A

"

2

(D) = L(�

t

"

)a

2

(D)L(

t

"

) is ellipti
, with the

same 
onstant of ellipti
ity as a

2

(D). The same holds for A

2

(D).

Proof. It is trivial, if we noti
e that as L is unitary, we have for all ve
tor �elds u,

(A

"

2

(D)u j u) =

�

L(�

t

"

)a

2

(D)L(

t

"

)u j u

�

=

�

a

2

(D)L(

t

"

)u j L(

t

"

)u

�

;

so the ellipti
ity of a

2

(D) implies that of A

"

2

(D) for all ", with the same 
onstant as a

2

(D),

and therefore also the ellipti
ity of A

2

(D). 2

This last remark puts an end to the general study of system (S

"

). We are now going to prove

the various theorems stated in the introdu
tion, using results proved in Appendix A; it is

there that the methods of S. S
ho
het in [34℄ will be used.

3 Proof of Theorem 1

3.1 Introdu
tion

The obje
t of this se
tion is to prove Theorem 1, stated in the introdu
tion. So let us �rst

re
all the various equations on whi
h we are going to work here: we start with the equation

(S

"

)

8

<

:

�

t

v

"

+ q(v

"

; v

"

) + a

2

(D)v

"

+

L(v

"

)

"

= f in T

d

v

"

jt=0

= v

0

and the limit system

(S

0

)

(

�

t

u+Q(u; u) +A

2

(D)u =

�

f

u

jt=0

= v

0

where Q, A

2

(D), and

�

f are de�ned by

Q(u; v) = lim

"!0

L(�

t

"

)q(L(

t

"

)u;L(

t

"

)v) in D

0

;

A

2

(D)u = lim

"!0

L(�

t

"

)a

2

(D)L(

t

"

)u and

�

f = lim

"!0

L(�

t

"

)f; in D

0

:

We suppose that u 2 C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

); with s �

d

2

� 1 and we want to show

that

v

"

�L(

t

"

)u = o(1) in C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

):
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Sin
e the operator L preserves the H

�

norms, one 
an just as well work on the �ltered

solution u

"

rather than on v

"

. That �ltered solution u

"

, de�ned by u

"

= L(�

t

"

)v

"

, satis�es

(

~

S

"

)

(

�

t

u

"

+Q

"

(u

"

; u

"

) +A

"

2

(D)u

"

= L(�

t

"

)f in T

d

u

"

jt=0

= v

0

where Q

"

(u

"

; u

"

) = L(�

t

"

)q

�

L(

t

"

)u

"

;L(

t

"

)u

"

�

, A

"

2

(D) = L(�

t

"

)a

2

(D)L(

t

"

), and q was de�ned

in (1.3).

Let us therefore de�ne w

"

= u

"

�u. From (

~

S

"

) and (S

0

), we get the following equation for w

"

:

�

t

w

"

+Q

"

(w

"

; w

"

+ 2u) +A

"

2

(D)w

"

= g

"

�Q

"

(u; u) +Q(u; u) +A

2

(D)u�A

"

2

(D)u; (3.1)

with an initial data equal to zero sin
e u

"

jt=0

= u

jt=0

= v

0

. We have de�ned g

"

= L(�

t

"

)f �

�

f:

We want to show that w

"

is de�ned on [0; T ℄, and satis�es

w

"

= o(1) in C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

):

The right-hand side of equation (3.1) satis�ed by w

"

is an os
illating term; we are going to

prove Theorem 1 using the following general lemma, the proof of whi
h is left to Appendix A.

Lemma 3.1 Let T > 0 and � �

d

2

� 1 be two real numbers, let b

"

be a family of fun
tions,

bounded in the spa
e C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

), and let a

"

0

be a fun
tion going to zero

with " in H

�

. Let Q

"

and A

"

2

be respe
tively a quadrati
 form and a se
ond order ellipti


operator of the type (2:1), and �nally let R

"

os


be a (p; � � 2)-os
illating fun
tion, with p � 1,

and let F

"

be a fun
tion going to zero with " in the spa
e L

2

([0; T ℄;H

��1

).

Then the fun
tion a

"

, solution of

(E

"

os


)

(

�

t

a

"

+Q

"

(a

"

; a

"

+ b

"

) +A

"

2

(D)a

"

= R

"

os


+ F

"

in T

d

a

"

jt=0

= a

"

0

;

is an o(1) in the spa
e C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

).

3.2 Proof of Theorem 1

All that has to be done in order to use Lemma 3.1 is to 
he
k that (3.1) 
an be written in the

form (E

"

os


). The initial data is zero, and u has the smoothness required for b

"

in Lemma 3.1, so

we just have to 
he
k that the right-hand side is a (p; s�2)-os
illating fun
tion, for some p � 1.

Proposition 3.1 Under the assumptions of Theorem 1, the right-hand side of equation (3:1)

is a (2; s� 2)-os
illating fun
tion.
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Proof. First of all, the for
ing term g

"

is de�ned by

g

"

= F

�1

X

!

a

(n)6=0

e

i

t

"

!

a

(n)

(Ff(t; n); e

a

(n)) e

a

(n); (3.2)

where let us re
all that !

a

(n) are the eigenvalues of L, and e

a

(n) are the asso
iate eigenve
tors.

But f 2 C

0

([0; T ℄;H

s�2

) \ L

2

([0; T ℄;H

s�1

), and �

t

f 2 L

2

([0; T ℄;H

s�3

), so the fun
tion g

"

is a (1; s � 2)-os
illating term, where we have taken f

0

(t; n) = f(t; n) with the notation of

De�nition 1.2.

We then have a linear term, noted D

"

u, whi
h is de�ned by

D

"

u = A

"

2

(D)u�A

2

(D)u

= F

�1

X

!

a;b

n

6=0

e

i

t

"

!

a;b

n

�

a

2

(n)u

b

(n); e

a

(n)

�

e

a

(n); (3.3)

where !

a;b

n

= !

a

(n)� !

b

(n), u

b

(n) =

�

Fu(n)je

b

(n)

�

e

b

(n), and where let us re
all that a

2

(D)

is a se
ond order ellipti
 operator. Hen
e we 
an take

f

0

(t; n) = a

2

(n)u

b

(n);

so F

�1

f

0

(t; �) is an element of the spa
e C

0

([0; T ℄;H

s�2

)\L

2

([0; T ℄;H

s�1

), and F

�1

�

t

f

0

(t; �)

is an element of L

2

([0; T ℄;H

s�3

), sin
e �

t

u has the smoothness of a

2

(D)u: So D

"

u is a (1; s�2)-

os
illating term.

Finally we have the quadrati
 term

F

"

(u; v) = Q

"

(u; v) �Q(u; v)

= F

�1

X

!

a;b;


k;n

6=0

e

�i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)u

a;j

(k)v

b;j

0

(n� k); e




(n)

�

e




(n); (3.4)

where let us re
all that !

a;b;


k;n

= !

a

(k) + !

b

(n� k)� !




(n):

Then we 
hoose

r

0

(n; k;m) = A

j;j

0

(n);

f

1

(t; k) = u

a;j

(t; k); f

2

(t;m) = u

b;j

0

(t;m):

We have, with the notation of De�nition 1.2, �

0

= 1 and �

1

= �

2

= 0. Then let us sup-

pose that s >

d

2

; then H

s

is an algebra, so

Q

i

F

�1

f

i

(t; �) is in parti
ular an element of the

spa
e C

0

([0; T ℄;H

s�1

): If s <

d

2

, we have the same result, using the rules of produ
t re
alled

in Lemma 2.1 asso
iated with the fa
t that 2s�

d

2

� s� 1. Finally if s =

d

2

, then let � be a

real number in ℄0;

1

2

[. We have u 2 C

0

([0; T ℄;H

d

2

��

) and 2(

d

2

� �) �

d

2

�

d

2

� 1, so �nally we

have proved that, under the assumptions of Theorem 1,

Y

i

F

�1

f

i

(t; �) is an element of C

0

([0; T ℄;H

s�1

):
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Similarly, we �nd

Y

i

F

�1

f

i

(t; �) is an element of L

2

([0; T ℄;H

s

):

So sin
e moreover F

�1

�

t

f

i

(t; �) is an element of L

2

([0; T ℄;H

s�1

), we 
on
lude that F

"

(u; u) is

a (2; s� 2){os
illating term.

Proposition 3.1 is proved. 2

Con
lusion. We have just seen that (3.1) is an equation of the the type (E

"

os


), so all we

have to do now is to use Lemma 3.1, whi
h gives dire
tly

w

"

= o(1) in C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

);

and Theorem 1 is proved. 2

3.3 The 
ase of the Navier{Stokes equations

In the 
ase when the bilinear term is q(u; v) = P (u � rv) with divergen
e free ve
tor �elds

on T

d

, the previous result is identi
al : it is just a matter of repla
ing in the pre
eding proof

the operator L by PL, where P is the L

2

{orthogonal proje
tion operator onto the spa
e of

divergen
e free ve
tor �elds.

Then the 
onstraint on the divergen
e implies that PL is written along d

0

� 1 ve
tors:

PLv = F

�1

d

0

�1

X

a=1

i!

a

(n) (Fv(n); e

a

(n)) e

a

(n):

The remarkable property of those operators is that they 
ommute with the derivation oper-

ators. Thus nothing is to be modi�ed in the previous proof to get the expe
ted result : the

solutions are de�ned in C

0

([0; T ℄;H

s

)\L

2

([0; T ℄;H

s+1

), and u

"

�u = o(1) in that same spa
e.

3.4 The 
ase when T is in�nite

In the two appli
ations we will study, we wish to use Theorem 1 to obtain the global existen
e

of systems (RF

"

) and (PE

"

), for " > 0 small enough. However we must beware that in the

proof of Theorem 1, we have expli
itly used the fa
t that the life time T of the limit system

was �nite (that appears in the proof of Lemma 3.1 in Appendix A, in the study of the high

frequen
ies: the 
ut{o� frequen
y N depends on T , and therefore so does ", and nothing

enables one to say for 
ertain that N 
an be 
hosen independently of T ). Hen
e even if we

prove that (S

0

) is de�ned for all time T > 0, Theorem 1 only leads to the existen
e of "

T

> 0

su
h that (S

"

) is de�ned on [0; T ℄ for all " < "

T

. But there again "

T

is a priori not uniform

with respe
t to T .

However in the parti
ular 
ase of the rotating 
uid equations, as well as for the primitive sys-

tem, su
h a result will be suÆ
ient to obtain the global existen
e for systems (RF

"

) and (PE

"

),

for " > 0 small enough. Indeed, for both these equations, it is 
lassi
al that if the solution
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exists for a suÆ
iently long time T

0

, depending on the initial data, then it exists in fa
t glob-

ally. Hen
e in both 
ases, one just has to �nd "

0

small enough so that equation (RF

"

) (resp.

(PE

"

)) is de�ned on [0; T

0

℄, using Theorem 1. Then for all " � "

0

, (RF

"

) (resp. (PE

"

)) is

globally well{posed. In other words in both those 
ases, Theorem 1 
an be extended to the


ase when T =1. The same holds for Theorem 2, whi
h is proved in the 
oming se
tion.

4 Proof of Theorem 2

4.1 Introdu
tion

This se
tion is devoted to the proof of Theorem 2: under a 
ertain number of small divisor

assumptions on the operator L, we shall prove that

u

"

� u = O(") in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

);

and analyse pre
isely what that O(") term is made of.

4.2 A �rst order expansion

From Theorem 1, we know that

u

"

� u = o(1) in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

): (4.1)

To prove that we have in fa
t, under some 
onditions, u

"

� u = O("), we are going to study

as in se
tion 3.2, the equation satis�ed by w

"

= u

"

� u:

�

t

w

"

+A

"

2

(D)w

"

+Q

"

(w

"

; w

"

+ 2u) = g

"

�D

"

u� F

"

(u; u); (4.2)

where g

"

, D

"

u, and F

"

(u; u) are de�ned in (3.2), (3.3), and (3.4) respe
tively.

Proposition 4.1 Let j

0

be the integer part of

1

2

(s+�

12

�

d

2

). Suppose that v

0

2 H

s+�

12

(T

d

),

and that for all 0 � j � j

0

, �

j

t

f 2 C

0

([0; T ℄;H

s�2j�2+�

12

) \ L

2

([0; T ℄;H

s�2j�1+�

12

); then for

all 0 � j � j

0

, we have

�

j

t

u 2 C

0

([0; T ℄;H

s�2j+�

12

) \ L

2

([0; T ℄;H

s�2j+1+�

12

):

Proof. A simple re
ursive argument gives the result: it is of 
ourse true when j = 0, and

let us suppose that for all 0 � k � j � 1, we have

�

k

t

u 2 C

0

([0; T ℄;H

s�2k+�

12

) \ L

2

([0; T ℄;H

s�2k+1+�

12

):

Then di�erentiating j � 1 times the system (S

0

) yields

�

j

t

u+ �

j�1

t

Q(u; u) +A

2

(D)�

j�1

t

u = �

j�1

t

�

f:
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Sin
e, as re
alled in Lemma 2.1, H

�

is an algebra if � >

d

2

, the re
urren
e assumption implies

that �

j�1

t

Q(u; u) is in C

0

([0; T ℄;H

s�2j+1+�

12

)\L

2

([0; T ℄;H

s�2j+2+�

12

). Furthermore, we have

A

2

(D)�

j�1

t

u 2 C

0

([0; T ℄;H

s�2j+�

12

) \ L

2

([0; T ℄;H

s�2j+1+�

12

); the proposition follows. 2

In order to prove that w

"

is an O(") in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

), we shall use

Lemma 3.1, as in the proof of Theorem 1. But �rst let us note that we have seen in se
-

tion 3.2, Proposition 3.1, that the right-hand side of (4.2) is os
illating in time. The method

we shall follow is that used by S. S
ho
het in [34℄: it is inspired by the following simple

ordinary di�erential equation, whi
h modelizes (4.2). Consider

�

t

'� F (') = 
os

t

"

;

and de�ne the fun
tion

 = '� " sin

t

"

:

Then  and ' are of the same size, up to an ", and  satis�es the equation

�

t

 = F

�

 + " sin

t

"

�

;

whi
h is an equation where, up to an ", the os
illating part has disappeared. By analogy with

that model problem, let us de�ne

 

"

= w

"

+ "

~

R

"

os


(u); (4.3)

where

~

R

"

os


(u) is de�ned in (1.4): we have

~

R

"

os


(u)

def

= ~g

"

+

~

D

"

u+

~

F

"

(u; u); (4.4)

with

~g

"

(t)

def

= F

�1

X

!

a

(n)6=0

�i e

i

t

"

!

a

(n)

!

a

(n)

(Ff(t; n); e

a

(n)) e

a

(n); (4.5)

~

D

"

u

def

= F

�1

X

!

a;b

n

6=0

�i e

i

t

"

!

a;b

n

!

a;b

n

�

a

2

(n)u

b

(n); e

a

(n)

�

e

a

(n); (4.6)

~

F

"

(u; u)

def

= F

�1

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

A

j;j

0

(n)u

a;j

(k)u

b;j

0

(n� k); e




(n)

�

e




(n): (4.7)

The notation is the same as in the introdu
tion, and as in se
tion 2.2.

Lemma 4.1 Under the hypotheses of Theorem 2,

~

R

"

os


(u) is a (2;

d

2

� 1)-os
illating fun
tion.

Proof. The for
ing term ~g

"

(t) is de�ned in (4.5). The assumptions of Theorem 2 imply in

parti
ular that

f 2 C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

)
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as well as �

t

f 2 L

2

([0; T ℄;H

d

2

�2

); sin
e moreover L is an operator of order zero, (1.2) implies

the result for the �rst term in

~

R

"

os


(u). Let us note that, as remarked in the introdu
tion of

this arti
le, if instead of assuming (1.2), we suppose that L is of order r, then supposing that

f 2 C

0

([0; T ℄;H

s�2+�

12

+r

) \ L

2

([0; T ℄;H

s�1+�

12

+r

) and �

t

f 2 L

2

([0; T ℄;H

s�3+�

12

+r

) gives

the same result.

For the linear term

~

D

"

u de�ned in (4.6), we 
an take

f

0

(t; n) = (!

a;b

n

)

�1

a

2

(n)u

b

(n);

whi
h is an element of the spa
e C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

�2

) sin
e we have assumed

that u is an element of C

0

([0; T ℄;H

s+1+�

1

) \ L

2

([0; T ℄;H

s+2+�

1

), with s >

d

2

. Then as �

t

u

is in C

0

([0; T ℄;H

s�1+�

1

) \ L

2

([0; T ℄;H

s+�

1

) a

ording to Proposition 4.1, the result follows

for

~

D

"

u.

Finally for

~

F

"

(u; u), we 
an 
hoose

r

0

(n; k;m) = (!

a;b;


k;n

)

�1

A

j;j

0

(n); f

1

(t; k) = u

a;j

(k); and f

2

(t;m) = u

b;j

0

(m);

with �

0

= 1 and �

1

= �

2

= �

2

:

The result follows immediately, sin
e u is in C

0

([0; T ℄;H

s+�

2

)\L

2

([0; T ℄;H

s+1+�

2

) with s >

d

2

,

and �

t

u is an element of C

0

([0; T ℄;H

s�2+�

2

) \ L

2

([0; T ℄;H

s�1+�

2

) by Proposition 4.1.

So Lemma 4.1 is proved. 2

Remark. Up to now, we have written that u

"

� u =  

"

� "

~

R

"

os


: So one of the terms of

the expansion given in Theorem 2 is found: the \fast part" "

~

R

"

os


. Now we are going to prove

that there exists a fun
tion h, independent of ", su
h that  

"

= "h + o("). That will prove

the theorem.

So let us de�ne the fun
tion  

"

1

= "

�1

 

"

. It is easy to see, a

ording to the de�nition of  

"

given in (4.3), that  

"

1

satis�es the following equation:

�

t

 

"

1

+A

"

2

(D) 

"

1

+Q

"

( 

"

1

;  

"

+2u�2"

~

R

"

os


) =

~

R

";t

os


+A

"

2

(D)

~

R

"

os


+Q

"

(

~

R

"

os


; 2u�"

~

R

"

os


); (4.8)

where we have de�ned

~

R

";t

os


by

~

R

";t

os


= ~g

";t

+

~

D

";t

+

~

F

";t

; and, with the notation of the

introdu
tion,

~g

";t

def

= F

�1

X

!

a

(n)6=0

�i e

i

t

"

!

a

(n)

!

a

(n)

�

t

f

a

(t; n);

~

D

";t

u

def

= F

�1

X

!

a;b

n

6=0

�i e

i

t

"

!

a;b

n

!

a;b

n

�

a

2

(n)�

t

u

b

(t; n); e

a

(n)

�

e

a

(n);

~

F

";t

(u; u)

def

= F

�1

X

!

a;b;


k;n

6=0

i e

�i

t

"

!

a;b;


k;n

!

a;b;


k;n

�

t

�

A

j;j

0

(n)u

a;j

(t; k)u

b;j

0

(t; n� k); e




(n)

�

e




(n):

Lemma 4.2 Under the assumptions of Theorem 2,

~

R

";t

os


is a (2;

d

2

� 3)-os
illating fun
tion.
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Proof. The proof is very similar to that leading to Lemma 4.1. The fa
t that �

t

f is

in C

0

([0; T ℄;H

d

2

�3

)\L

2

([0; T ℄;H

d

2

�2

) and �

2

t

f 2 L

2

([0; T ℄;H

d

2

�4

) gives the result for ~g

";t

. As

in the 
ase of Lemma 4.1, if one does not suppose the 
ondition (1.2), the result still holds

if �

t

f and �

2

t

f are smooth enough.

Then Proposition 4.1 implies that �

t

u 2 C

0

([0; T ℄;H

s�1+�

1

) \ L

2

([0; T ℄;H

s+�

1

), whi
h, with

the �rst order small divisor estimate satis�ed by L, as well as the smoothness of �

2

t

u, leads to

the result for

~

D

";t

u.

Finally for

~

F

";t

(u; u), we 
an take

r

0

(n; k;m) = (!

a;b;


k;n

)

�1

A

j;j

0

(n);

as well as

f

1

(t; k) = �

t

u

a;j

(k) and f

2

(t;m) = u

b;j

0

(m):

Then, with the notation of De�nition 1.2, we have �

1

= s� 2 and �

2

= s, with s >

d

2

, as well

as ��

i

= s�4+�

2

, �

0

= 1, and �

1

= �

2

= �

2

, whi
h gives the result: without loss of generality,

we 
an suppose that s <

d

2

+ 2; then one 
onsiders � su
h that s �

�

2

>

d

2

, and s � � <

d

2

.

Then the rules of produ
t of Lemma 2.1 and the fa
t that s� �+ s� 2�

d

2

�

d

2

� 2 gives the

result. 2

Proposition 4.2 Under the assumptions of Theorem 2, we have

 

"

= O(") in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

):

Proof. Let us prove that  

"

1

, solution of (4.8), is a O(1) in C

0

([0; T ℄;H

d

2

�1

)\L

2

([0; T ℄;H

d

2

):

That result is simply due to the fa
t that the right-hand side of equation (4.8), whi
h we 
an


all G

"

, is bounded in L

2

([0; T ℄;H

d

2

�2

): for the terms A

"

2

(D)

~

R

"

os


and

~

R

";t

os


, that is an obvious


onsequen
e of Lemmas 4.1 and 4.2, and for the term Q

"

(

~

R

"

os


; 2u�"

~

R

"

os


), the rules of produ
t

of Lemma 2.1 give the result. Moreover, w

"

is an o(1) in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

),

a

ording to (4.1), so  

"

de�ned in (4.3) also, and �nally  

"

+ 2u� 2"

~

R

"

os


is bounded in the

spa
e C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

). Calling that last term 


"

, it follows that  

"

1

satis�es

an equation of the type

�

t

 

"

1

+A

"

2

(D) 

"

1

+ 2Q

"

( 

"

1

; 


"

) = G

"

;

where 


"

is bounded in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

), and where G

"

is bounded in the

spa
e L

2

([0; T ℄;H

d

2

�2

). Then a 
lassi
al estimate (see [9℄ or [21℄ for instan
e, or Appendix B)

implies that  

"

1

is bounded in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

). The proposition follows. 2

Proposition 4.3 Under the assumptions of Theorem 2,  

"

1

de�ned in (4:8) satis�es an equa-

tion that 
an be written as

�

t

 

"

1

+A

"

2

(D) 

"

1

+ 2Q

"

( 

"

1

; u) = R

1;"

os


(u) + "R

2;"

(u) +R(u); (4.9)

where R

1;"

os


is a (3;

d

2

�3)-os
illating term, where R

2;"

is bounded in the spa
e L

2

([0; T ℄;H

d

2

�2

),

and where R(u) is a fun
tion independent of ", in C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

).

23



Proof. Let us analyse the right-hand side of the equation (4.8), satis�ed by  

"

1

. The �rst

term,

~

R

";t

os


, 
an be written as R

1;"

os


(u) of the proposition, a

ording to Lemma 4.2.

Moreover, the rules of produ
t re
alled in Lemma 2.1, asso
iated with Lemma 4.1 and Propo-

sition 4.2 imply that

Q

"

( 

"

1

;  

"

� 2"

~

R

"

os


) + "Q

"

(

~

R

"

os


;

~

R

"

os


) = "R

2;"

(u);

where R

2;"

(u) is bounded in L

2

([0; T ℄;H

d

2

�2

).

Now we are left with two terms, A

"

2

(D)

~

R

"

os


and Q

"

(

~

R

"

os


; u).

For A

"

2

(D)

~

R

"

os


(u), the study is somewhat 
ompli
ated by the fa
t that the os
illations due

to A

"

2

(D) 
an interfere with those of

~

R

"

os


(u): we have

A

"

2

(D)~g

"

= F

�1

X

a;b

e

i

t

"

!

a;b

n

�

a

2

(n)~g

";b

(n); e

a

(n)

�

e

a

(n);

with ~g

"

= F

�1

X

!

b

(n)6=0

�i e

i

t

"

!

b

(n)

!

b

(n)

�

Ff(t; n); e

b

(n)

�

e

b

(n);

so the os
illation phase in A

"

2

(D)~g

"

is !

a

(n) � !

b

(n) + !

b

(n) = !

a

(n). So the terms, in the

sum de�ning A

"

2

(D)~g

"

above, su
h that !

a

(n) = 0, do not depend on " and 
an be written

as R(u), whereas if !

a

(n) 6= 0, then we have a purely os
illating term whi
h goes into R

1;"

os


(u):

it is 
learly a (1;

d

2

� 3)-os
illating term, as

f 2 C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

) and �

t

f 2 L

2

([0; T ℄;H

d

2

�2

):

Similarly, the restri
tion of A

"

2

(D)~g

"

to !

a

(n) = 0 is in C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

).

For the term A

"

2

(D)

~

D

"

u we �nd the phase !

a

(n)� !

b

(n) + !

b

(n)� !

b

0

(n) = !

a;b

0

n

; sin
e

~

D

"

u = F

�1

X

!

b;b

0

n

6=0

�i e

�i

t

"

!

b;b

0

n

!

b;b

0

n

�

a

2

(n)u

b

(n); e

a

(n)

�

e

a

(n);

and the phase of A

"

2

(D)

~

F

"

(u; u) is !

a

(n) � !

b

(n) + !

b

(n) � !

a

0

(k) � !

b

0

(n � k) = �!

a

0

;b

0

;a

k;n

;

sin
e

~

F

"

(u; u) is equal to

F

�1

X

!

a

0

;b

0

;b

k;n

6=0

i

!

a

0

;b

0

;b

k;n

e

�i

t

"

!

a

0

;b

0

;b

k;n

�

A

`;`

0

(n)u

a

0

;`

(k)u

b

0

;`

0

(n� k); e

b

(n)

�

e

b

(n):

So in both those 
ases, one 
an also separate the fun
tion into R(u), independent of " and

an element of C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

), and R

1;"

os


(u): in a similar way to the pre-

vious 
ases we have en
ountered, it is easy to see that the os
illating part of those fun
-

tions,

�

A

"

2

(D)

~

D

"

u

�

os


and

�

A

"

2

(D)

~

F

"

(u; u)

�

os


, are respe
tively (1;

d

2

� 3) and (2;

d

2

� 3)-

os
illating. One 
an indeed take, in the 
ase of A

"

2

(D)

~

D

"

u,

f

0

(t; n) = a

2

2

(n)(!

b;b

0

n

)

�1

u

b

(n);
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and in the 
ase of A

"

2

(D)

~

F

"

(u; u),

r

0

(n; k;m) = a

2

(n)A

`;`

0

(n)(!

a

0

;b

0

;b

k;n

)

�1

;

f

1

(t; k) = u

a

0

;`

(k) and f

2

(t;m) = u

b

0

;`

0

(m);

with �

0

= 3 and �

1

= �

2

= �

2

. Then u 2 C

0

([0; T ℄;H

s+1+�

1

) \ L

2

([0; T ℄;H

s+2+�

1

) as

well as u 2 C

0

([0; T ℄;H

s+�

2

) \ L

2

([0; T ℄;H

s+1+�

2

) give the expe
ted result in both 
ases,

respe
tively.

Finally we are left with one last term, Q

"

(

~

R

"

os


; u).

The study for that term is similar to that of the term A

"

2

(D)

~

R

"

os


(u), as the fun
tion Q

"

introdu
es os
illations that 
an 
an
el out those of

~

R

"

os


. We have indeed

Q

"

(~g

"

; u) = F

�1

X

k;a;b;


e

i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)~g

";a;j

(k)u

b;j

0

(n� k); e




(n)

�

e




(n);

with ~g

"

= F

�1

X

!

a

(k)6=0

�i e

i

t

"

!

a

(k)

!

a

(k)

(Ff(t; k); e

a

(k)) e

a

(k);

so the fun
tion Q

"

(~g

"

; u) 
an be split in two, depending if !

b

(n� k) = !




(n) or not.

The os
illating part, Q

"

(~g

"

; u)

os


, is 
learly (2;

d

2

� 3)-os
illating, 
onsidering the assumptions

made on f . Similarly, in the 
ase when we have !

b

(n�k) = !




(n), the 
orresponding fun
tion

is in C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

), so it 
an be written as R(u).

In the same way, Q

"

(

~

D

"

; u) 
an be 
ut into two parts, sin
e we have

Q

"

(

~

D

"

u; u) = F

�1

X

k;a;b;


e

i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)

~

D

";a;j

u(k) u

b;j

0

(n� k); e




(n)

�

e




(n);

with

~

D

"

u

def

= F

�1

X

!

a;b

k

6=0

�i e

i

t

"

!

a;b

k

!

a;b

k

�

a

2

(k)u

b

(k); e

a

(k)

�

e

a

(k):

For the same reasons as previously, the fun
tion Q

"

(

~

D

"

u; u)

os


is (2;

d

2

�3)-os
illating: we 
an

take

r

0

(n; k;m) = A

j;j

0

(n)a

2

(k)(!

a;b

k

)

�1

;

f

1

(t; k) = u

b

(k) and f

2

(t;m) = u

b;j

0

(m);

whi
h gives dire
tly the result, sin
e u 2 C

0

([0; T ℄;H

s+1+�

1

)\L

2

([0; T ℄;H

s+1+�

1

), and using

moreover Proposition 4.1.

Similarly, the restri
tion of Q

"

(

~

D

"

u; u) to the 
ase when !

b

0

(k) + !

b

(n � k) = !




(n) is an

element of C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

), hen
e 
an be written as R(u).

Finally the same goes for Q

"

(

~

F

"

; u): we have

Q

"

(

~

F

"

; u) = F

�1

X

k;a;b;


e

�i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)

~

F

";a;j

(k)u

b;j

0

(n� k); e




(n)

�

e




(n);
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where

~

F

";a;j

(u; u)(k) is equal to

F

�1

X

!

a

0

;b

0

;a

k

0

;k

6=0

i

!

a

0

;b

0

;a

k

0

;k

e

�i

t

"

!

a

0

;b

0

;a

k

0

;k

�

A

`;`

0

(k)u

a

0

;`

(k

0

)u

b

0

;`

0

(k � k

0

); e

a

(k)

�

e

a;j

(k):

So inQ

"

(

~

F

"

; u) the phase is !

a;b;


k;n

+!

a

0

;b

0

;a

k

0

;k

= !

b

(n�k)�!




(n)+!

a

0

(k

0

)+!

b

0

(k�k

0

): The fun
-

tion restri
ted to the 
ase when the phase vanishes, is in C

0

([0; T ℄;H

d

2

�3

)\L

2

([0; T ℄;H

d

2

�2

),

so 
an be written as R(u). When the phase is not zero, whi
h 
orresponds to Q

"

(

~

F

"

; u)

os


, it

is easy to see that we have a (3;

d

2

� 3)-os
illating fun
tion, taking

r

0

(k

0

;m

0

;m) = A

j;j

0

(n)A

`;`

0

(k)(!

a

0

;b

0

;a

k

0

;k

)

�1

;

as well as

f

1

(t; k

0

) = u

a

0

;`

(k

0

); f

2

(t;m

0

) = u

b

0

;`

0

(m

0

); and f

3

(t;m) = u

b;j

0

(m);

with �

0

= 1 and �

1

= �

2

= 1 + �

2

. Hen
e Proposition 4.3 is proved. 2

Remarks. In all the results proved here, it is easy to see that if [L; a

2

(D)℄ = 0, then it is

enough to suppose that u 2 C

0

([0; T ℄;H

s+�

2

) \ L

2

([0; T ℄;H

s+1+�

2

) to have the same results.

Let us note that the 
omputations above imply that

F R(u)(n) =

X

!

a

0

;b

0

;b

k;n

6=0

!

a

0

;b

0

;a

k;n

=0

i

!

a

0

;b

0

;b

k;n

�

a

2

�

A

`;`

0

u

a

0

;`

(k)u

b

0

;`

0

(n� k)

�

b

(n)

�

a

(n)

�

X

!

a

(k)6=0

!

b

(n�k)=!




(n)

i

!

a

(k)

�

A

j;j

0

f

a;j

(k)u

b;j

0

(n� k)

�




(n)

�

X

!

a;b

0

n

=0

!

b;b

0

n

6=0

i

!

b;b

0

n

�

a

2

�

a

2

u

b

0

(n)

�

b

(n)

�

a

(n)�

X

!

b

(n)6=0

!

a

(n)=0

i

!

b

(n)

�

a

2

f

b

(n)

�

a

(n)

�

X

!

a;b

k

6=0;

!

b

0

;b;


k;n

=0

i

!

a;b

k

�

A

j;j

0

�

a

2

u

b

(k)

�

a;j

(k) u

b;j

0

(n� k)

�




(n)

+

X

!

a

0

;b

0

;a

k

0

;k

6=0

!

a

0

;b

0

;b;


k

0

;k;n

=0

i

!

a

0

;b

0

;a

k

0

;k

�

A

j;j

0

�

A

`;`

0

u

a

0

;`

(k

0

)u

b

0

;`

0

(k � k

0

)

�

a;j

(k)u

b;j

0

(n� k)

�




(n);

with the usual notation, and where !

a;b;
;d

k

0

;k;n

= !

a

(k

0

) + !

b

(k � k

0

) + !




(n� k)� !

d

(n).

Now let us de�ne the fun
tion h, solution of the following equation:

(S

1

)

(

�

t

h+A

2

(D)h+ 2Q(u; h) = R(u) in T

d

h

jt=0

=

~

R

"

os


(u)

jt=0

;
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and let us introdu
e the fun
tion w

"

1

=  

"

1

� h.

The de�nition of

~

R

"

os


(u) in (4.4){(4.7) shows that h

jt=0

does not depend on ".

Proposition 4.4 Under the assumptions of Theorem 2, we have

h 2 C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

); and

w

"

1

= o(1) in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

):

Moreover, if [L; a

2

(D)℄ = 0, then u 2 C

0

([0; T ℄;H

s+�

2

) \ L

2

([0; T ℄;H

s+1+�

2

) is enough to

obtain the same result.

Remark. Let us suppose that Proposition 4.4 has been proved. Then we have

u

"

� u =  

"

� "

~

R

"

os


(u)

= "  

"

1

� "

~

R

"

os


(u)

= " h� "

~

R

"

os


(u) + " w

"

1

;

with w

"

1

= o(1) in C

0

([0; T ℄;H

d

2

�1

)\L

2

([0; T ℄;H

d

2

), so the �rst order expansion of u

"

is found,

and Theorem 2 is proved.

Proof of Proposition 4.4. We have just proved, with Proposition 4.3, that R(u) is an

element of C

0

([0; T ℄;H

d

2

�3

) \ L

2

([0; T ℄;H

d

2

�2

). So 
lassi
al results on paraboli
 equations

imply that h is in C

0

([0; T ℄;H

d

2

�1

)\L

2

([0; T ℄;H

d

2

) (those results are re
alled in Appendix B).

So now let us study the fun
tion w

"

1

=  

"

1

� h, whi
h satis�es the following equation:

�

t

w

"

1

+A

"

2

(D)w

"

1

+Q

"

(w

"

1

; u) = R

1;"

os


(u) + "R

2;"

�

~

D

"

(h) + 2Q(h; u) � 2Q

"

(h; u): (4.10)

Lemma 4.3 Under the assumptions of Theorem 2, the right-hand side of (4:10) is of the

type R

"

os


+ F

"

, where R

"

os


is a (3;

d

2

� 3)-os
illating fun
tion, and F

"

goes to zero with " in

L

2

([0; T ℄;H

d

2

�2

). Moreover, if [a

2

(D); L℄ = 0, then u 2 C

0

([0; T ℄;H

s+�

2

)\L

2

([0; T ℄;H

s+1+�

2

)

is a suÆ
ient 
ondition.

Proof of Lemma 4.3. Let us start by proving that R

1;"

os


(u)�

~

D

"

(h)+ 2Q(h; u)� 2Q

"

(h; u)

is a (3;

d

2

� 3)-os
illating fun
tion.

We have already proved the result for the fun
tion R

1;"

os


(u), with Proposition 4.3. Hen
e we

are left with 2Q(h; u) � 2Q

"

(h; u) �

~

D

"

(h). We have

~

D

"

(h) = �F

�1

X

!

a

(n)�!

b

(n)6=0

e

i

t

"

(!

a

(n)�!

b

(n))

�

a

2

(n)h

b

(n); e

a

(n)

�

e

a

(n):

But sin
e h is an element of the spa
e C

0

([0; T ℄;H

d

2

�1

) \L

2

([0; T ℄;H

d

2

), a

ording to Propo-

sition 4.4, then a

2

(D)h is in C

0

([0; T ℄;H

d

2

�3

)\L

2

([0; T ℄;H

d

2

�2

): Besides, �

t

h has the smooth-

ness of a

2

(D)h, so �

t

a

2

(D)h has the smoothness of a

2

2

(D)h, hen
e �

t

a

2

(D)h is an element
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of L

2

([0; T ℄;H

d

2

�4

): So

~

D

"

(h) is a (1;

d

2

� 3)-os
illating fun
tion, and hen
e has the right form

for Lemma 4.3.

Moreover, Q

"

(h; u) �Q(h; u) is equal to

F

�1

X

!

a;b;


k;n

6=0

e

�i

t

"

!

a;b;


k;n

�

A

j;j

0

(n)h

a;j

(k)u

b;j

0

(n� k); e




(n)

�

e




(n);

whi
h is 
learly a (2;

d

2

� 3)-os
illating fun
tion.

So we have proved that R

1;"

os


+2Q(h; u)�2Q

"

(h; u)�

~

D

"

(h) is a (3;

d

2

�3)-os
illating fun
tion.

Moreover, if [L; a

2

℄ = 0, then those results hold with � = s+ �

2

. So Lemma 4.3 is proved. 2

End of the proof of Proposition 4.4. To 
on
lude, we just have to remember that

the initial data satis�es w

"

1jt=0

= 0. So Lemma 3.1 implies dire
tly that w

"

1

is an o(1) in

C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

); and Proposition 4.4 is proved. 2

So as remarked after the statement of Proposition 4.4, we have 
omputed the �rst order

expansion of u

"

:

u

"

� u = "h� "

~

R

"

os


(u) + o(") in C

0

([0; T ℄;H

d

2

�1

) \ L

2

([0; T ℄;H

d

2

):

So Theorem 2 is proved. 2

Remark. Were it not for the fear of over{
ompli
ated 
omputations, it would be easy to

extend the previous proofs to a higher order expansion: after the study we have undertaken,

it seems 
lear that under more regularity assumptions on the initial data, as well as with more

small divisor estimates on the perturbation, u

"

has an asymptoti
 expansion at any order.

5 Appli
ation to the primitive equations

5.1 Presentation of the equations

Let us 
onsider in this se
tion the primitive equations of the quasigeostrophi
 system:

(PE

"

)

8

>

<

>

:

�

t

V

"

+ v

"

� rV

"

�DV

"

+ "

�1

LV

"

= "

�1

(�r�

"

; 0) + f in T

3

div v

"

= 0 in T

3

V

"

jt=0

= V

0

with L =

0

B

B

B

�

0 �1 0 0

1 0 0 0

0 0 0 F

�1

0 0 �F

�1

0

1

C

C

C

A

and D =

0

B

B

B

�

�� 0 0 0

0 �� 0 0

0 0 �� 0

0 0 0 �

0

�

1

C

C

C

A

;

where let us re
all that V

"

= (v

"

; T

"

).

We will sometimes �nd it more 
onvenient to write v = (V

1

; V

2

; V

3

) and T = V

4

.
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The goal of this se
tion is to prove Theorem 3, stating the global existen
e of the solutions

of (PE

"

) when " is small enough. Sin
e we want to use Theorems 1 and 2 proved in the

previous se
tions, we are going to 
ompute the limit of the system (

g

PE

"

), found by �lter-

ing (PE

"

) with the operator L

�

�

t

"

�

. Here, sin
e the velo
ity �eld v

"

is non divergent, L is

the semi{group asso
iated with the operator PL, where PV

"

proje
ts v

"

onto the divergen
e

free ve
tor �elds without 
hanging the temperature T

"

; we will 
ome ba
k to its expli
it form

in the next se
tion.

Let us de�ne U

"

= L(�

t

"

)V

"

. The ve
tor �eld U

"

satis�es the following equation

(

g

PE

"

)

8

>

>

<

>

>

:

�

t

U

"

+Q

"

(U

"

; U

"

)�L(�

t

"

)DL(

t

"

)U

"

=

~

f

"

in T

3

div v

"

= 0 in T

3

U

"

jt=0

= V

0

where Q

"

(U

"

; U

"

) = L(�

t

"

)

�

L(

t

"

)U

"

� rL(

t

"

)U

"

�

;

~

f

"

= L(�

t

"

)f:

5.2 The limit system

Finding the limit of (

g

PE

"

) 
omes down to �nding the limit of the quadrati
 term Q

"

(U

"

; U

"

)

as well as the linear term L(�

t

"

)DL(

t

"

)U

"

: 
alling those limits respe
tively Q(U;U) and

~

DU ,

and writing

~

f for the limit of

~

f

"

, the limit equation is �

t

U �

~

DU +Q(U;U) =

~

f:

Those limits are obtained by studying the eigenvalues of PL in the Fourier spa
e. So we �rst

are going to 
ompute those eigenvalues, whi
h will enable us not only to �nd Q(U;U) and

~

DU

but also will give us a means to diagonalize the limit system, following also the method of

J.-Y. Chemin in [10℄, in a way whi
h will make it very easy to 
he
k that it is well posed.

5.2.1 The operator PL

Let us 
onsider the following equation:

�

t

V + PLV = 0;

where as stated above, P is the orthogonal proje
tion of v onto the divergen
e free ve
tor

�elds, without 
hanging T . In Fourier 
oordinates, P has the following form:

P

n

= Id �

1

jnj

2

0

B

B

B

�

n

2

1

=a

2

1

n

1

n

2

=a

1

a

2

n

1

n

3

=a

1

a

3

0

n

2

n

1

=a

2

a

1

n

2

2

=a

2

2

n

2

n

3

=a

2

a

3

0

n

3

n

1

=a

3

a

1

n

3

n

2

=a

3

a

2

n

2

3

=a

2

3

0

0 0 0 0

1

C

C

C

A

;

where jnj

2

=

P

n

2

j

=a

2

j

, and Id is the identity matrix.
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One then 
omputes the eigenvalues of P

n

L : in [14℄, P. Embid and A. Majda �nd the eigen-

values 0 (double) and �i

(n

2

3

=a

2

3

+ F

�2

jn

0

j

2

)

1

2

jnj

. Hen
e when F = a

�1

3

, the eigenvalues of P

n

L

are 0, i and �i, and the asso
iate eigenve
tors, where one only 
onsiders those whose �rst

three 
omponents are \divergen
e free" are, in that parti
ular 
ase,

e

0

(n) =

1

jnj

0

B

B

B

�

�n

2

n

1

0

�n

3

1

C

C

C

A

; e

i

(n) =

1

jnj

p

2

0

B

B

B

�

n

3

�in

3

�n

1

+ in

2

�in

1

� n

2

1

C

C

C

A

; e

�i

(n) =

1

jnj

p

2

0

B

B

B

�

n

3

in

3

�n

1

� in

2

in

1

� n

2

1

C

C

C

A

:

In the following, we shall 
all e

a

(n) the eigenve
tor of P

n

L asso
iated with the eigenvalue a.

Let us note that in the 
ase F = a

�1

3

, the eigenvalues of P

n

L do not depend on n. So in that

very spe
ial situation, the small divisor estimates of De�nition 1.1 are trivial.

Before using those results to �nd the limit of (

g

PE

"

), let us introdu
e, in the same way as J.-Y.

Chemin in [10℄, the following diagonalization: we start by de�ning the \potential vorti
ity"

by




"

= �

1

U

";2

� �

2

U

";1

� F

�1

�

3

U

";4

:

The diagonalization is then obtained by writing U

"

= U

"

QG

+ U

"

os


, with

U

"

QG

= (r

?

2

�

�1




"

; 0;��

3

F�

�1




"

);

where r

?

2

= (��

2

; �

1

). The �eld U

"

QG

is known as the quasigeostrophi
 part of U

"

, whereas

the �eld U

"

os


is the os
illating part. One 
an then immediately noti
e that e

0

de�ned above

is non os
illating, that is to say that e

0

= e

0

QG

, and the eigenve
tors asso
iated with �i have

a quasigeostrophi
 
omponent equal to zero, sin
e e

�i

= e

�i

os


.

Let us also note that the equation satis�ed by 
 will simply be the proje
tion of the equation

on U , onto jnje

0

(n), in the Fourier spa
e, whereas for U

os


it 
orresponds to the proje
tion

onto e

�i

(n).

Finally, as U

"

QG

is de�ned along the ve
tors in the kernel of P

n

L, then U

"

QG

is in fa
t equal

to V

"

QG

, and the same holds for U

QG

and V

QG

, whi
h are equal.

By analogy with the notation above, we shall note in the following

f

pot

= �

1

f

2

� �

2

f

1

� F

�1

�

3

f

4

;

and f = f

QG

+ f

os


, where

f

QG

= (r

?

2

�

�1

f

pot

; 0;��

3

F�

�1

f

pot

): (5.1)

Let us note that for all t, we have L(t)f

QG

= f

QG

:

30



5.2.2 The limit

To make things simpler, we will write the 
omputations here in the 
ase when F = a

�1

3

. The


ase F 6= a

�1

3

is easily obtained from that parti
ular 
ase, at the pri
e of longer 
omputations,

written for the most part in [14℄; we will refer to them as we go along.

Proposition 5.1 The limit of (

g

PE

"

) 
an be separated into two equations : the �rst one is

(

g

D

QG

)

(

�

t


+ v

QG

� r
+ a

QG

(D)
 = f

pot

U

QGjt=0

= V

0;QG

;

where a

QG

(D) is a se
ond order ellipti
 operator, and in the 
ase when F = a

�1

3

, that equation


an be written �

t


+ v

QG

� r
� ��

2


� �

0

�

2

3


 = f

pot

; where �

2

= �

2

1

+ �

2

2

:

The se
ond equation is linear in U

os


, for almost all (a

1

; a

2

; a

3

):

(

g

D

os


)

(

�

t

U

os


+ 2Q(V

QG

; U

os


) + a

os


(D)U

os


= 0

U

os
jt=0

= V

0;os


;

where a

os


(D) is a se
ond order ellipti
 operator, and in the 
ase when F = a

�1

3

, that equation


an be written �

t

U

os


+ 2Q(V

QG

; U

os


)�

� + �

0

2

�

2

U

os


� ��

2

3

U

os


= 0:

Proof. Let us start by noti
ing that the weak limit of L(�

t

"

)f

os


is zero. Then the proof

of Proposition 5.1 is made of two parts: in the �rst part, we shall investigate the limit of

the quadrati
 term (Lemmas 5.1 and 5.3), and then we will study the limit of the linear

term L(�

t

"

)DL(

t

"

)U

"

.

� The quadrati
 term:

Lemma 5.1 The limit of

�

FQ

"

(U

"

; U

"

); jnje

0

(n)

�

is equal to v

QG

� r
.

Proof. Let us prove the result in the 
ase when F = a

�1

3

; the 
ase F 6= a

�1

3

is treated

exa
tly in the same way, but the 
omputations are somewhat more 
ompli
ated. Let us note

that in [14℄, P. Embid and A. Majda state that in the general 
ase, the limit of that quadrati


term is v

QG

� r
, as given in the lemma.

The method to �nd the limit of su
h a term is standard, and shall be used 
ontinuously in the

following. As in the proof of Lemma 2.6, it all 
omes down to studying, by appli
ation of the

non stationary phase theorem, the resonan
es of the operator PL, de�ned by the equation

!

a

(k) + !

b

(m) = !




(n); with k +m = n;

where ea
h of the terms in the equation is an eigenvalue of PL in the Fourier spa
e, whi
h

we have 
omputed above. Hen
e in the 
ase when F = a

�1

3

, the 
omputations are going to

be remarkably easy, due to the fa
t that the eigenvalues of P

n

L do not depend on the Fourier

variable n.
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Lemma 5.2 When F = a

�1

3

, the triplets (�i;�i; 0) do not 
ontribute to the resonan
es.

Let us suppose for a moment that this lemma has been proved. To �nd the limit of the

quadrati
 term, one 
onsiders the possibilities of resonan
es, whi
h 
orrespond here to the


ase where the eigenvalues (!

a

(k); !

b

(m); !




(n)) are elements of f(0; 0; 0); (�i;�i; 0)g: this

is due to the fa
t that 


"

does not os
illate, so is de�ned along the ve
tors e

0

(n). But

Lemma 5.2 indi
ates that (�i;�i; 0) does not 
ontribute to the resonan
es, so it follows that

one is left with (0; 0; 0) only, whi
h 
orresponds exa
tly to the quadrati
 term in (

g

D

QG

), and

to Lemma 5.1. 2

Proof of Lemma 5.2. Let us 
ompute the following expression, where we have written the

sum of the limits of Q

"

restri
ted respe
tively to (i;�i; 0) and (�i; i; 0):

X

k+m=n

�

U(k); e

i

(k)

� �

U(m); e

�i

(m)

�

e

i;j

(k)m

j

�

e

�i

(m); e

0

(n)

�

e

0

(n)

+

X

k+m=n

�

U(k); e

�i

(k)

� �

U(m); e

i

(m)

�

e

�i;j

(k)m

j

�

e

i

(m); e

0

(n)

�

e

0

(n): (5.2)

A simple 
omputation, shows that, at a �xed value of n, and with k +m = n,

X

j

e

i;j

(k)m

j

�

e

�i

(m); e

0

(n)

�

= �iR(k;m);

where R(k;m) is real and symmetri
 in k and m:

2jkjjmjjnj R(k;m) = (m

1

k

3

� k

1

m

3

)

2

+ (m

2

k

3

� k

2

m

3

)

2

:

But the term

�

U(k); e

i

(k)

� �

U(m); e

�i

(m)

�


an be written as C(k;m)+ iD(k;m), with C(k;m)

and D(k;m) real, and furthermore

C(m; k) + iD(m; k) = C(k;m) � iD(k;m):

Using the symmetry of the domain of summation, still with n �xed, one 
an therefore write

X

k+m=n

iR(k;m)(C(k;m) + iD(k;m)) =

X

k+m=n

iR(k;m)(C(k;m) � iD(k;m))

=

X

k+m=n

iR(k;m)C(k;m);

whi
h means that this sum is in fa
t a purely imaginary number. And sin
e the se
ond sum

in (5.2) is its 
omplex 
onjugate, the lemma follows. 2

Lemma 5.3 For almost all (a

1

; a

2

; a

3

), the limit of Q

"

(U

"

; U

"

)

os


is 2Q(V

QG

; U

os


).

Proof. Like above, we shall �rst 
onsider the 
ase when F = a

�1

3

. Let us write the bilinear

term Q

"

(U

"

; U

"

) in the form

Q

";`

(U

"

; U

"

) = F

�1

X

k+m=n

X

(a;b;
)2f�i;0;ig

3

e

�

t

"

(a+b�
)

U

";a;j

(k)m

j

U

";b;
;`

(m;n); (5.3)
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with the following notations:

U

a

(k) = (FU(k); e

a

(k)) e

a

(k) and U

b;


(m;n) =

�

U

b

(m); e




(n)

�

e




(n): (5.4)

Sin
e by de�nition U

"

os


os
illates, then ne
essarily e




os
illates, whi
h means that 
 2 f�i; ig.

But then after taking the limit in ", the 
ouple (a; b) 
an only be equal to (�i; 0) or (0;�i),

whi
h implies that between e

a

and e

b

, one is equal to e

0

, and in parti
ular does not os
illate,

whereas the other is equal to e

�i

, and os
illates. It follows that the limit of Q

"

(U

"

; U

"

)

os



an

be written as 2Q(V

QG

; U

os


), and Lemma 5.3 is proved in this parti
ular 
ase, when F = a

�1

3

,

in T

3

.

In the 
ase when F 6= a

�1

3

, the resonan
es are obviously not so easy to �nd. However a simple

argument leads to Lemma 5.3: the equation !

a

(k) + !

b

(m) = !




(k +m); for !

a

(k), !

b

(m)

and !




(k +m) non zero, 
an be 
onsidered as the equation in (a

1

; a

2

; a

3

) of a surfa
e of R

3

,

with 
oeÆ
ients depending on a 
ountable number of variables (that equation is non trivial,

sin
e when a

3

= F

�1

, there is no solution). Therefore the set of solutions is of measure zero

in R

3

. So out of a set of measure 0, that identity never o

urs, for any value of k and m.

Hen
e the only possible quadrati
 terms in the limit of the equation on U

"

os


have V

QG

in the

produ
t, whi
h proves the lemma. 2

� The linear term:

To �nd the limit system, we now are left with one last term: L(�

t

"

)DL(

t

"

)U

"

. As we have

seen in Lemma 2.7, the limit of the operator L(�

t

"

)DL(

t

"

) is ellipti
. Let us 
ompute that

limit against the ve
tors e

a

(n). We have, 
onsidering (2.2),

lim

"!0

FL(�

t

"

)DL(

t

"

)F

�1

e

a

(n) = (a

2

(n)e

a

(n); e

a

(n)) e

a

(n)

=

X

i

a

i

(n)je

a;i

(n)j

2

e

a

(n);

where we have written D = diag(a

i

)

1�i�4

. So in parti
ular we have

lim

"!0

�

FL(�

t

"

)DL(

t

"

)U

"

; jnje

0

(n)

�

= a

QG

(D)
; lim

"!0

FL(�

t

"

)DL(

t

"

)U

"

os


= a

os


(D)U

os


;

where a

QG

(D) and a

os


(D) are ellipti
. So using the results found above for the quadrati


terms, the 
ase where F is arbitrary in Proposition 5.1, is proved.

In the 
ase when F = a

�1

3

, very simple 
omputations enable us to �nd pre
isely the expression

of a

QG

(D) and a

os


(D), sin
e we have 
omputed the value of the eigenve
tors e

a

(n) in that

simpler 
ase. It is thus trivial to see that

X

j

a

j

(n)je

0;j

(n)j

2

= �� (n

2

1

+ n

2

2

)� �

0

n

2

3

;

and

X

j

a

j

(n)je

�i;j

(n)j

2

= �� n

2

3

�

�

2

(n

2

1

+ n

2

2

)�

�

0

2

(n

2

1

+ n

2

2

)

= �� n

2

3

�

� + �

0

2

(n

2

1

+ n

2

2

):
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That ends the proof of the Proposition 5.1. 2

So �nally one has found the following result: for the quasigeostrophi
 part of U

"

, after taking

the limit in ", one is only left with bilinear terms in V

QG

, and the limit equation is the

following:

(

g

D

QG

)

(

�

t


+ v

QG

� r
+ a

QG

(D)
 = f

pot

V

QGjt=0

= V

0;QG

and for the os
illating part of U

"

, for almost all (a

1

; a

2

; a

3

), the limit system in U

os


is linear

in U

os


, and of the form

(

g

D

os


)

(

�

t

U

os


+ 2Q(V

QG

; U

os


) + a

os


(D)U

os


= 0

U

os
jt=0

= V

0;os


:

Remark. The values of (a

1

; a

2

; a

3

) leading to (

g

D

os


) de�ne the non{resonant domains for

the primitive equations.

5.3 Global existen
e for the limit system

We shall in this part prove that the limit system obtained above is globally well{posed in the

spa
e C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

) for an initial data in H

s

, with s � 1. Let us re
all that

in (5.1), we have de�ned f

QG

by

f

QG

= (r

?

2

�

�1

f

pot

; 0;��

3

F�

�1

f

pot

):

Proposition 5.2 If V

0

2 H

s

(T

3

), with s � 1, and if f

QG

2 L

2

(R

+

;H

s�1

), then

V

QG

2 C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

):

Proof. The proof of that proposition is based on energy estimates in H

s

. For te
hni
al

reasons, we are going to 
onsider di�erent possible values of s. Everything lies on the result

when s = 1, and that result is due to the parti
ular form of the equation, as sin
e v

QG

is

divergen
e free, a dire
t energy estimate in L

2

on the equation satis�ed by 
 leads to

k
k

2

C

0

(R

+

;L

2

)

+ 
k
k

2

L

2

(R

+

;H

1

)

� jV

0

j

2

1

+ Ckf

pot

k

2

L

2

(R

+

;H

�1

)

; (5.5)

where 
 and C are two \universal" 
onstants.

Then writing V

QG;q

= �

q

V

QG

, we have, using Lemma 2.4,

1

2

d

dt

jV

QG;q

(t)j

2

0

+ 
2

2q

jV

QG;q

(t)j

2

0

� C


q

(t)2

�

3q

2

jV

QG

(t)j

2

2

jV

QG;q

(t)j

0

+ C


q

(t)2

�q(s�1)

jf

QG

(t)j

s�1

jV

QG;q

(t)j

0

;

where 


q

(t) is a sequen
e of `

2

(N), of norm 1.
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Then by Gronwall's lemma, that implies that

jV

QG;q

(t)j

0

� jV

QG;q;0

j

0

e

�
2

2q

t

+ C

Z

t

0




q

(�)2

�

3q

2

jV

QG

(�)j

2

2

e

�
2

2q

(t��)

d�

+C

Z

t

0




q

(�)2

�q(s�1)

jf

QG

(�)j

s�1

e

�
2

2q

(t��)

d�:

Then multiplying by 2

q(s+1)

, taking the L

2

norm followed by the `

2

norm in q and using

Young's inequality yields, if 1 � s �

3

2

,

kV

QG

k

L

2

([0;T ℄;H

s+1

)

� jV

QG;0

j

s

+ CkV

QG

k

2

L

2

([0;T ℄;H

2

)

+ Ckf

QG

k

L

2

([0;T ℄;H

s�1

)

:

Similarly, multiplying by 2

qs

, taking the L

1

norm followed by the `

2

norm in q, and using

Lemma 2.5 gives, if 1 � s �

3

2

,

kV

QG

k

L

1

([0;T ℄;H

s

)

� jV

QG;0

j

s

+ CkV

QG

k

2

L

2

([0;T ℄;H

2

)

+ Ckf

QG

k

L

2

([0;T ℄;H

s�1

)

:

So using (5.5), the result is proved when 1 � s �

3

2

, and we have

8s 2 [1;

3

2

℄; if V

0

2 H

s

; then V

QG

2 C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

): (5.6)

Then let us suppose that

3

2

� s <

5

2

; we 
an again use Lemma 2.4, whi
h yields

1

2

d

dt

jV

QG;q

(t)j

2

0

+ 
2

2q

jV

QG;q

(t)j

2

0

� C


q

(t)2

�q(2s�

5

2

)

jV

QG

(t)j

2

s

jV

QG;q

(t)j

0

+ C


q

(t)2

�q(s�1)

jf

QG

(t)j

s�1

jV

QG;q

(t)j

0

: (5.7)

Then similar 
omputations to the ones written above imply �nally that

kV

QG

k

L

2

([0;T ℄;H

s+1

)

� jV

QG;0

j

s

+ CkV

QG

k

2

L

4

([0;T ℄;H

s

)

+ Ckf

QG

k

L

2

([0;T ℄;H

s�1

)

;

kV

QG

k

C

0

([0;T ℄;H

s

)

� jV

QG;0

j

s

+ CkV

QG

k

2

L

4

([0;T ℄;H

s

)

+ Ckf

QG

k

L

2

([0;T ℄;H

s�1

)

:

So using (5.6), we have

8s 2 [1; 2℄; if V

0

2 H

s

; then V

QG

2 C

0

([0; T ℄;H

s

) \ L

2

([0; T ℄;H

s+1

): (5.8)

Finally let us suppose that s � 2. Then we have

1

2

d

dt

jV

QG

(t)j

2

s

+ 
jV

QG

(t)j

2

s+1

� CjV

QG

(t)j

2

s

jV

QG

(t)j

s+1

+ Cjf

QG

(t)j

s�1

jV

QG

(t)j

s+1

;

hen
e by a Gronwall estimate we get

jV

QG

(t)j

2

s

+




2

Z

t

0

jV

QG

(�)j

2

s+1

d� � (jV

QG;0

j

2

s

+Ckf

QG

k

2

L

2

([0;T ℄;H

s�1

)

) exp

�

C

Z

t

0

jV

QG

(�)j

2

s

d�

�

:

So we 
an 
on
lude by re
urren
e: if V

QG

2 L

2

(R

+

;H

s

), then the estimate above implies

that V

QG

2 C

0

([0; T ℄;H

s

) \ L

2

(R

+

;H

s+1

). So Proposition 5.2 is proved. 2

Now we 
an turn to the os
illating part U

os


.
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Proposition 5.3 If V

0

2 H

s

(T

3

), with s � 1, then the solution U

os


of the system (

g

D

os


)

satis�es

U

os


2 C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

):

Proof. This proposition lies on the fa
t that the equation satis�ed by U

os


is linear.

We 
an use Lemma B.1, proved in Appendix B: taking A = U

os


, B = V

QG

, ~q = 0 as well

as W = 0, we get, for all s � 1,

kU

os


k

L

2

(R

+

;H

s+1

)

� CjU

os
;0

j

s

expCkV

QG

k

2

L

2

(R

+

;H

s+1

)

;

kU

os


k

L

1

(R

+

;H

s

)

� jU

os
;0

j

s

+CkU

os


k

L

2

(R

+

;H

s+1

)

kV

QG

k

L

2

(R

+

;H

s+1

)

:

The proposition is proved. 2

5.4 Proof of Theorem 3

The �rst part of the theorem 
on
erns the 
ase when V

0

2 H

s

(T

3

), with s � 1. One 
an

apply Theorem 1 to our system: we have found the limit system, for almost all (a

1

; a

2

; a

3

),

and proved in Propositions 5.2 and 5.3 that it is well posed in C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

).

Then using se
tion 3.4 and Theorem 1, we get dire
tly the �rst part of Theorem 3:

V

"

�L(

t

"

)U = o(1) in C

0

(R

+

;H

s

) \ L

2

(R

+

;H

s+1

):

In order to obtain the se
ond part of the theorem, i.e. the �rst order expansion of the

solution, the appli
ation of Theorem 2 requires a se
ond order small divisor estimate on the

perturbation. In the 
ase when F = a

�1

3

, we have seen that the small divisor estimates are

trivial, sin
e the eigenvalues of P

n

L do not depend on n. So the theorem is proved in that

parti
ular 
ase. In the general 
ase, we use the result proved in Appendix C (Proposition C.1),

stating that su
h an estimate 
an be a
hieved for almost all values of the a

i

's, at a 
ertain

degree. Then provided the initial data and the exterior for
e are smooth enough, we have the

theorem. 2

Let us note that two independent restri
tions on the a

i

's have o

urred: the �rst one in

order to get a \diagonalized" limit system, and the se
ond one in order to have small divisor

estimates for the perturbation.

6 Appli
ation to the rotating 
uid equations

6.1 Introdu
tion

In this part, we propose to use Theorems 1 and 2 in order to prove Theorem 4 
on
erning the

rotating 
uid equations. The system of equations governing the motion of rotating 
uids is
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the following, as presented in the introdu
tion, and where p

"

is the pressure:

(RF

"

)

8

>

<

>

:

�

t

v

"

+ v

"

� rv

"

� ��v

"

+

v

"

�B

"

= �rp

"

+ f in T

3

div v

"

= 0 in T

3

v

"

t=0

= v

0

:

Then Theorem 4 
an be proved using Theorem 1: one only has to prove that the limit system

of the equations above is globally well{posed. This system will turn out being parti
ularly

simple if, prior to taking the limit in ", one diagonalizes the ve
tor �eld u

"

, obtained as above,

as the �ltered solution L(�

t

"

)v

"

: this diagonalization 
onsists, as in [2℄ or [20℄, in a separation

of u

"

into a bidimensional �eld and a remainder, 
alled the os
illating part, in the following

way (following the notations of [10℄):

u

"

= �u

"

+ u

"

os


; with �u

"

=

Z

x

3

u

"

dx

3

:

So �u

"

is the verti
al mean of u

"

; on
e the system has been diagonalized (whi
h is the purpose

of se
tion 6.3), one 
an take the limit in ", by the means of a study of the resonan
es of the

operator PL, and following the 
omputations of A. Babin, A. Mahalov and B. Ni
olaenko

in [3℄. Finally in the last se
tion we will show that those limit equations are globally well{

posed.

6.2 The operator PL

The expression of L is found by solving the equation

�

t

v + PLv = 0;

where the matrix L is de�ned by L =

0

B

�

0 1 0

�1 0 0

0 0 0

1

C

A

; and in Fourier variables, the opera-

tor P is

P

n

= Id�

1

jnj

2

0

B

�

n

2

1

=a

2

1

n

1

n

2

=a

1

a

2

n

1

n

3

=a

1

a

3

n

2

n

1

=a

2

a

1

n

2

2

=a

2

2

n

2

n

3

=a

2

a

3

n

3

n

1

=a

3

a

1

n

3

n

2

=a

3

a

2

n

2

3

=a

2

3

1

C

A

;

where jnj

2

=

P

n

2

j

=a

2

j

, and Id is the identity matrix.

A simple 
omputation shows that the eigenvalues of P

n

L are 0, in

3

=a

3

jnj, and �in

3

=a

3

jnj,

and the two last eigenvalues have asso
iate eigenve
tors whi
h are \divergen
e free".

One 
an then show (see [3℄) that L 
an be written as

2FL(t) = e

i

n

3

a

3

jnj

t

P

+

n

+ e

�i

n

3

a

3

jnj

t

P

�

n

; (6.1)

where we have written P

�

n

= Id�

i

jnj

0

B

�

0 �n

3

=a

3

n

2

=a

2

n

3

=a

3

0 �n

1

=a

1

�n

2

=a

2

n

1

=a

1

0

1

C

A

:
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The kernel of PL is therefore made of the ve
tor �elds that do not depend on the third

variable. That suggests 
onsidering more pre
isely that type of ve
tor, and that is why we

shall diagonalize the system (RF

"

), as announ
ed in the introdu
tion, by integrating u

"

along

the verti
al variable.

6.3 Diagonalization

A

ording to se
tion 2.2, if one de�nes u

"

= L(�

t

"

)v

"

; then u

"

satis�es the following system:

(

g

RF

"

)

8

>

<

>

:

�

t

u

"

+Q

"

(u

"

; u

"

)� ��u

"

=

~

f

"

div u

"

= 0

u

"

jt=0

= v

0

where Q

"

(u

"

; u

"

) = L(�

t

"

)

�

L(

t

"

)u

"

� rL(

t

"

)u

"

�

and

~

f

"

= L(�

t

"

)f

"

.

Let us now de�ne, as suggested in the introdu
tion, u

"

= �u

"

+ u

"

os


. The integration of (

g

RF

"

)

along the verti
al variable leads to

(RF

"

)

8

>

>

>

<

>

>

>

:

�

t

�u

"

� ��

2

�u

"

+

�

Q

"

(u

"

; u

"

) =

�

f

"

�

3

�u

"

= 0

r

2

� �u

"

= 0

�u

"

jt=0

= �v

0

;

and the remainder u

"

os


satis�es

(RF

"

os


)

8

>

<

>

:

�

t

u

"

os


� ��u

"

os


+Q

"

os


(u

"

; u

"

) =

~

f

"

os


div u

"

os


= 0

u

"

os
;jt=0

= v

0;os


;

where for any fun
tion h,

�

h represents its verti
al average, and h

os


the remainder, de�ned

by h

os


= h�

�

h. We have written �

2

= �

2

1

+ �

2

2

, and r

2

= (�

1

; �

2

).

Let us note that in Fourier variables, those two equations are simply the proje
tions of (

g

RF

"

)

onto fn j n

3

= 0g for (RF

"

), and onto fn j n

3

6= 0g for (RF

"

os


).

6.4 The limit

6.4.1 The quadrati
 terms

We shall 
onsider the limit " ! 0 of the equations (RF

"

) and (RF

"

os


) obtained above. It is

therefore a matter of taking the limit in " of the quadrati
 terms, whi
h, a

ording to the non

stationary phase theorem, amounts to studying the resonan
es of the operator L: the limit of

the quadrati
 form Q

"


an be written

lim

"!0

Q

"

(u; u) = F

�1

X

(k;m;n)2K

X

a;b;


e

�i

t

"

(!

a

(k)+!

b

(m)�!




(n))

u

a;j

(k)m

j

u

b;


(m;n);
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with the same notations as in (5.4). In parti
ular the !

a

(n) are the eigenvalues of P

n

L, de�ned

by !

a

(n) = �

n

3

a

3

jnj

; we have noted K the set of resonan
es of PL,

K =

�

(k;m; n) j

k

3

a

3

jkj

�

m

3

a

3

jmj

�

n

3

a

3

jnj

= 0 and k +m = n

�

: (6.2)

In the following, we shall 
all K the set of triplets (k;m; n) a
tually present in the summation

after the limit has been taken, that is to say whose 
ontribution to the limit is non zero; one

has of 
ourse K � K. The 
omputations that follow, 
on
erning the quadrati
 terms, 
an be

found in [3℄. We re
all them here for the 
onvenien
e of the reader.

Adopting the notations of [3℄, the set K 
an be written as K = K

1

[K

2

[K

3

[K

4

; with

K

1

=

�

(k;m; n) j

k

3

jkj

+

m

3

jmj

+

n

3

jnj

= 0 and k +m = n

�

K

2

=

�

(k;m; n) j

k

3

jkj

�

m

3

jmj

+

n

3

jnj

= 0 and k +m = n

�

K

3

=

�

(k;m; n) j

k

3

jkj

�

m

3

jmj

�

n

3

jnj

= 0 and k +m = n

�

K

4

=

�

(k;m; n) j

k

3

jkj

+

m

3

jmj

�

n

3

jnj

= 0 and k +m = n

�

:

Before starting the study of these sets in both the 
ases we are 
on
erned with, whi
h 
orre-

spond to the two equations (RF

"

) and (RF

"

os


), let us study them more 
losely, following [3℄.

Lemma 6.1 The following identity is true:

K \ f(k;m; n) j k

3

m

3

n

3

= 0g = K

14

[K

24

[K

34

[K

2D

; (6.3)

where K

2D

= fk

3

= m

3

= n

3

= 0g, and K

ij

= K

i

\K

j

�K

2D

.

Proof. As in [3℄, elementary 
omputations lead to this result: let us �rst noti
e that the

sets K

ij


an be written as

K

14

=

�

(k;m; n) j

k

3

jkj

+

m

3

jmj

= 0; k +m = n; and n

3

= 0

�

�K

2D

K

24

=

�

(k;m; n) j

m

3

jmj

�

n

3

jnj

= 0; k +m = n; and k

3

= 0

�

�K

2D

K

34

=

�

(k;m; n) j

n

3

jnj

�

k

3

jkj

= 0; k +m = n; and m

3

= 0

�

�K

2D

K

2D

= f(k;m; n) j k

3

= m

3

= n

3

= 0g :

So let (k;m; n) 2 K \ f(k;m; n) j k

3

m

3

n

3

= 0; and k +m = ng. Then there exist two real

numbers "

1

; "

2

su
h that j"

i

j = 1 and

k

3

jkj

+ "

1

m

3

jmj

+ "

2

n

3

jnj

= 0:
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If one of the three integers k

3

;m

3

or n

3

is equal to 0, then

{ either both the remaining integers are non zero, and we are in the 
ase of K

j4

;

{ or one of the remaining integers is equal to zero, and the fa
t that k

3

+m

3

= n

3

implies

that the last integer is also zero, whi
h 
orresponds to the spa
e K

2D

.

So Lemma 6.1 is proved. 2

One also has, as in [3℄, the following lemma, whi
h will 
ome in very useful in the study of

the resonan
es.

Lemma 6.2 The set K

14

does not 
ontribute to the resonan
es:

lim

"!0

F

�1

X

(k;m;n)2K

14

X

a;b;


e

�i

t

"

(!

a

(k)+!

b

(m)�!




(n))

u

a;j

(k)m

j

u

b;


(m;n) = 0:

Proof. It 
onsists in a straightforward 
omputation. Indeed, a

ording to (6.1), one has the

following expression for L, where the exponentials have been written as sums of 
os and sin:

FL(�

t

"

)u(k) = 
(k)u

k

�

1

jkj

s(k)k � u

k

;

where u

k

= Fu(k), and we have de�ned


(k) = 
os(

k

3

a

3

jkj

t

"

) and s(k) = sin(

k

3

a

3

jkj

t

"

):

It 
an be noti
ed, as in [2℄, that (v � r)v = �v � 
url v +r

jvj

2

2

: Sin
e the proje
tion P of a

gradient is equal to zero, only v � 
url v will have a part to play here.

We are interested in the study of the bilinear term Q

"

, whose de�nition is

Q

"

(u

"

; u

"

) = L(�

t

"

)

�

L(

t

"

)u

"

� rL(

t

"

)u

"

�

:

If we restri
t the summation to K

14

, hen
e in parti
ular to the 
ase n

3

= 0, we 
ome up with

the following terms:

�
(k)
(m)u

k

� (m� u

m

) �jmj
(k)s(m)u

k

� u

m

jmj

jkj

s(k)s(m)(k � u

k

)� u

m

1

jkj

s(k)
(m)(k � u

k

)� (m� u

m

)

on
e we have noti
ed that m� (m� u

m

) = �jmj

2

u

m

.

The left hand side 
olumn is made of the even terms in t, and the right hand side of the

odd terms. Let us 
onsider for example the 
ase of the even terms: one has the relation

k

3

jkj

+

m

3

jmj

= 0; whi
h leads to jkj = jmj, sin
e k

3

+m

3

= 0, and thus in parti
ular 
(k) = 
(m)

and s(k) = �s(m):
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So if n is set to a �xed value, the even terms lead to two 
ontributions:

�


2

(m)u

k

� (m� u

m

) and � s

2

(m)(k � u

k

)� u

m

;

and after summation over k and m, these two indexes 
an be inter
hanged by symmetry,

whi
h gives �nally

�
(2m)u

k

� (m� u

m

);

whi
h leads to a non{zero 
ontribution. So one �nds �nally an element of the type 
os(�

t

"

),

with � 6= 0, thus the triplets of K

14

are not present in the limit of Q

"

, and the lemma is

proved. 2

6.4.2 The limit of (RF

"

)

The goal of this se
tion is to prove the following proposition.

Proposition 6.1 The limit of (RF

"

) is a bidimensional Navier{Stokes equation

(NS2D)

8

>

>

>

<

>

>

>

:

�

t

�u� ��

2

�u+ �u � r

2

�u = (�r

2

�p; 0) +

�

f

�

3

�u = 0

r

2

� �u = 0

�u

jt=0

= �v

0

:

Proof. For the for
ing term, we just have to noti
e that L

�

�

t

"

�

�

f =

�

f . So now the proof

of this proposition 
onsists in the study of the limit of

�

Q

"

(u

"

; u

"

). Here we are in the 
ase

when n

3

= 0, so the resonant set satis�es

K � K \ f(k;m; n) j n

3

= 0 and k +m = ng:

A

ording to Lemma 6.1, one therefore has K � K

14

[K

24

[K

34

[K

2D

; and sin
e K

14

does

not 
ontribute to the resonan
es (that was proved in Lemma 6.2), one has a
tually

K � K

24

[K

34

[K

2D

:

Let us suppose that (k;m; n) 2 K \ K

24

: then by de�nition of K

24

, one has

m

3

jmj

�

n

3

jnj

= 0

and k

3

= 0; whi
h implies, sin
e n

3

= 0, that n

3

= k

3

= m

3

= 0; whi
h is not possible,

sin
e K

24

\K

2D

= ;. The 
omputation is identi
al in the 
ase of K

34

, on
e k and m have

been swapped.

Therefore we have proved that K � K

2D

; whi
h means that the only terms of

�

Q

"

(u

"

; u

"

) that

do not lead to a limit equal to zero are bilinear in �u

"

, that is to say more pre
isely that

lim

"!0

�

Q

"

(u

"

; u

"

) = lim

"!0

�

Q

"

(�u

"

; �u

"

):

But for any ve
tor �eld v that does not depend on the third variable, one 
learly has Lv = v:

Therefore the limit of

�

Q

"

(�u

"

; �u

"

) in D

0

is simply P (�u � r�u), whi
h is the result we wanted. 2
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6.4.3 The limit of (RF

"

os


)

Let us de�ne u

os


= u � �u, where �u is the solution of the bidimensional equation (NS2D),

and u is the limit of u

"

. Let us prove the following proposition, due to [3℄.

Proposition 6.2 For almost all values of a

3

, the limit equation of (RF

"

os


) is a linear equation

on u

os


:

(L

os


)

8

>

<

>

:

�

t

u

os


� ��u

os


+ 2Q(�u; u

os


) = 0

div u

os


= 0

u

os
;jt=0

= v

0;os


:

Remark. Proposition 6.2 is the 
ru
ial step whi
h will enable us to �nd an in�nite existen
e

time for the limit system. The admissible values of a

3

are said to be non resonant, and

Lemma 6.3 below highlights the role played by the verti
al variable a

3

in the following

de�nition of a non resonant domain.

De�nition 6.1 A set of triplets (a

1

; a

2

; a

3

) is said to be non resonant if the following 
ondi-

tion is satis�ed:

(NR) K � f(k;m; n) 2 Z

9

j k

3

m

3

n

3

= 0 and k +m = ng;

where K is the resonant set de�ned in (6:2).

Lemma 6.3 For any 
ouple of real numbers (a

1

; a

2

), there exists a set of measure zero of R

outside of whi
h for every value of a

3

, the 
ondition (NR) is satis�ed.

Remark. Let us note that a non resonant domain depends therefore on a

1

and a

2

, but that

its 
omplementary in R is of measure zero for every (a

1

; a

2

).

Let us suppose temporarily that we have proved that lemma.

Proof of Proposition 6.2. It follows immediately from Lemma 6.3: we have seen previously

that (RF

"

os


) is obtained by proje
tion, in Fourier variables, onto the set fn 2 Z

3

j n

3

6= 0g.

Therefore we have n

3

non zero in (RF

"

os


). Consequently, for a

3

non resonant with a

1

and a

2

set to �xed values, the only possible resonan
es | and thus the only terms of non zero limit

in the quadrati
 form Q

"

os


| 
orrespond to k

3

m

3

= 0, whi
h means that in Q

"

os


(u

"

; u

"

), one

of the two terms in the produ
t does not depend on the third variable. Let us note, by the

way, that one and only one of the two terms does not depend on the third variable, for if

m

3

= k

3

= 0, then n

3

= 0, whi
h 
ontradi
ts the assumption made. Hen
e Proposition 6.2 is

proved, on
e we have noti
ed that L

�

�

t

"

�

f

"

os


has for limit zero in D

0

. 2

Proof of Lemma 6.3. As in [2℄, let us de�ne, for a parameter ` 2 f1; ::; 4g, the fun
tion

�

`

(a; b; 
) = a � b � 
. We are going to prove that, if a

1

and a

1

are set arbitrarily, then for

almost all a

3

, the produ
t

4

Y

`=1

�

`

(

k

3

a

3

jkj

;

m

3

a

3

jmj

;

n

3

a

3

jnj

)
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is never zero, for any value of k,m,n, where one still has n = k +m and jnj

2

=

P

n

2

i

=a

2

i

.

Let us de�ne the quantity X = a

�1

3

. Following [2℄, one 
an noti
e that the produ
t above 
an

be written as a polynomial in X, sin
e if one de�nes

a = k

3

jmjjnj; b = m

3

jnjjkj; 
 = n

3

jkjjmj;

then a

4

3

jkj

4

jmj

4

jnj

4

4

Y

`=1

�

`

(a; b; 
) = (a

2

+ b

2

� 


2

)

2

� 4a

2

b

2

; and

a

2

= k

2

3

(jm

0

j

2

+X

2

m

2

3

)(jn

0

j

2

+X

2

n

2

3

)

b

2

= m

2

3

(jn

0

j

2

+X

2

n

2

3

)(jk

0

j

2

+X

2

k

2

3

)




2

= n

2

3

(jk

0

j

2

+X

2

k

2

3

)(jm

0

j

2

+X

2

m

2

3

);

where jn

0

j

2

= n

2

1

=a

2

1

+ n

2

2

=a

2

2

.

Here and in the following, it is supposed that k

3

m

3

n

3

6= 0. Then if we set k, m, and n

to �xed arbitrary values, we are in fa
t 
onsidering a polynomial in X of order 4 and of

dominant 
oeÆ
ient k

3

m

3

n

3

whi
h is not zero, so whi
h has at most 4 solutions. Then as k,

m, and n vary in a 
ountable set, there is a 
ountable number of X, hen
e of a

�1

3

, su
h that

4

Y

`=1

�

`

(

k

3

a

3

jkj

;

m

3

a

3

jmj

;

n

3

a

3

jnj

) = 0. This means that for all (a

1

; a

2

), the set of a

3

su
h that for all

(k;m; n), the produ
t above is zero, is of measure zero in R. That is exa
tly Lemma 6.3. 2

6.5 Global existen
e for the limit system

In the previous se
tion, we have found the limit system of the diagonalized form of the rotating


uid equations: it is

(NS2D)

8

>

>

>

<

>

>

>

:

�

t

�u� ��

2

�u+ �u � r

2

�u = (�r

2

�p; 0) +

�

f

�

3

�u = 0

r

2

� �u = 0

�u

jt=0

= �v

0

for the bidimensional part, and

(L

os


)

8

>

<

>

:

�

t

u

os


� ��u

os


+ 2Q(�u; u

os


) = 0

div u

os


= 0

u

os
;0

= v

0;os


for the remainder, for almost all a

3

.

To end the proof of Theorem 4 , all we have to do is 
he
k that those equations are globally

well posed. That is given through the following proposition.

Proposition 6.3 If v

0

2 H

s

, with s �

1

2

, then the solution of the limit system (NS2D;L

os


)

is de�ned in C

0

(R

+

;H

s

(T

3

)) \ L

2

(R

+

;H

s+1

(T

3

)).
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Proof. The �rst equation is a bidimensional Navier{Stokes equation, well{known to be

globally well posed (see [9℄, [13℄, [27℄); the fa
t that the ve
tor �elds we are working with here

have three 
omponents rather than two does not 
hange anything to the 
lassi
al proofs for

the traditional bidimensional 
ase. So the result is proved for (NS2D).

One now just has to look at the se
ond equation: the absen
e of quadrati
 terms in u

os


enables us to �nd the result, by a straightforward energy estimate in H

s

. However, one 
an

note that in [3℄ (Theorem 5.3), it is proved that for all real numbers s,

(Q(�u; u

os


) j (P�)

s

u

os


) = 0:

So one has the following simpler estimate:

1

2

d

dt

ju

os


j

2

s

+ �ju

os


j

2

s+1

= 0;

and therefore we �nd, for all t � 0,

ku

os


k

2

L

1

([0;t℄;H

s

)

+ 2�ku

os


k

2

L

2

([0;t℄;H

s+1

)

= jv

0;os


j

2

s

: (6.4)

Hen
e Proposition 6.3 is proved. 2

Now one 
an use Theorem 1, along with se
tion 3.4, to get the global existen
e for (RF

"

).

Let us note �nally, as at the end of the proof of Theorem 3, that the �rst order expansion is

found for a smooth enough initial data, for almost all T

3

: it is proved in Appendix C that

a se
ond order small divisor estimate for the perturbation is obtained for almost all T

3

, at a


ertain degree. So using Theorem 2, Theorem 4 is proved. 2

6.6 A remark on the well prepared 
ase

Let us make a few 
omments on the 
ase when the initial data is well prepared, i.e. , in

the 
ase when v

0

= �v

0

and f =

�

f . In that 
ase, estimate (6.4) implies that for all t, we

have u(t) = �u(t), whi
h means that the limit system redu
es to the bidimensional Navier{

Stokes equation (NS2D).

Moreover, it is easy to see that in those 
onditions,

~

R

"

os


(u) =

~

R

"

os


(�u) = 0, with the notations

of Theorem 2; so in parti
ular

~

R

"

os


(u)

jt=0

= 0. And sin
e similarly R(u) = 0, we have h = 0,

still with the notations of Theorem 2.

So we get u

"

= �u+ o("): we have re
overed part of a result proved in [17℄ whi
h states that if

the initial data of the tridimensional Navier{Stokes equation (resp. of (RF

"

)) is bidimensional,

then the solution is also bidimensional, and is the solution of (NS2D).

44



7 An anisotropi
 study of the rotating 
uid equations

7.1 Introdu
tion

Some of the results obtained in se
tion 6, in the proof of Theorem 4 stating the global existen
e

of the rotating 
uid equations, show 
learly that the verti
al variable plays an important role:

for instan
e it turned out to be easy to prove that the limit system of (RF

"

) was globally well

posed, on
e we 
omputed the verti
al average of the equation.

However one 
ould wish to see this spe
ial dependen
e appear more expli
itly in the proof,

and it 
an be expe
ted that a more pre
ise study of the role of the di�erent variables, in

the parti
ular 
ase of the rotating 
uids, may lead to better results. With that in view, we

are going to use, in this se
tion, regularity spa
es of the Sobolev and Besov type, where one


onsiders di�erent regularities along the horizontal and the verti
al variables.

In the �rst part, we will de�ne the Sobolev-type spa
es H

s;s

0

, as well as the Besov-type HB

s;s

0

;

all of the de�nitions and the properties we will state here 
ome from the study of D. Iftimie

in [21℄ and [22℄, whi
h we will 
onstantly be referring to.

We will then 
he
k that the limit system of (RF

"

) is globally well posed in spa
es of that

type, and the last part will 
onsist in writing again part of the proof of Theorem 1 in those

new spa
es.

That study will lead to the proof of Theorems 5 and 6 stated in the introdu
tion.

7.2 Anisotropi
 Sobolev and Besov spa
es

7.2.1 An anisotropi
 Littlewood{Paley de
omposition

Before de�ning the spa
es we want to work with, let us give the de�nition of the following

anisotropi
 Littlewood{Paley de
omposition, as it is presented by D. Iftimie in [21℄.

De�nition 7.1 Let � 2 C

1

(R) be a positive fun
tion, 
ompa
tly supported in [�1; 1℄, and

equal to 1 near [0;

1

2

℄. For all positive integers q and q

0

, we de�ne the following horizontal and

verti
al trun
ation operators:

S

h

q

u =

X

n2Z

3

u

n

e

in�x

�

�

jn

0

j

2

q

�

; �

h

q

= S

h

q

� S

h

q�1

; �

h

0

= S

h

0

;

S

v

q

0

u =

X

n2Z

3

u

n

e

in�x

�

�

jn

3

j

2

q

0

�

; �

v

q

0

= S

v

q

0

� S

v

q

0

�1

; �

v

0

= S

v

0

:

De�nition 7.2 We de�ne L

p;q

=

(

u j kuk

L

p;q

def

=










ku(x

0

)k

L

q

x

3










L

p

x

0

<1

)

; and in a similar

way for sequen
es, we de�ne the spa
es `

p;q

.
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7.2.2 Anisotropi
 Sobolev and Besov spa
es

We are going to write here results stated and proved by D. Iftimie in [21℄, regarding the

following anisotropi
 spa
es:

De�nition 7.3 The spa
e H

s;s

0

is de�ned by the following norm, for all u 2 D

0

(T

3

):

juj

s;s

0

= k(1 + jn

0

j

T

)

s

(1 + jn

3

j

T

)

s

0

ju

n

jk

`

2
;

where we have written for all n, n

0

= (n

1

; n

2

).

As we are working with 2�a

j

{periodi
 fun
tions, the norms are de�ned by

jn

i

j

T

=

�

�

�

�

n

i

a

i

�

�

�

�

and similarly n � x =

X

i

n

i

x

i

a

2

i

:

Remark. The spa
e H

s;s

0


an be understood as the spa
e of H

s

fun
tions in the horizontal

variables, and H

s

0

in the verti
al variable.

We shall now de�ne in a similar way the anisotropi
 Besov spa
es. First let us re
all that the

spa
es B

s

p;q

(T

d

), for q <1, are de�ned as the 
ompletion of S for the following norm:

kuk

B

s

p;q

def

=

0

�

X

k2N

2

kqs

k�

k

uk

q

L

p

1

A

1

q

;

and where �

k

is the standard Littlewood{Paley de
omposition de�ned in se
tion 2.1.

We 
an then de�ne an anisotropi
 version of those spa
es, still following [21℄:

De�nition 7.4 The spa
e HB

s;s

0

is de�ned by the following norm, for all u 2 D

0

(T

3

):

juj

HB

s;s

0

= k2

qs

2

q

0

s

0

j�

h

q

�

v

q

0

uj

0

k

`

2;1 :

Remark. We shall more parti
ularly work with the spa
e HB

0;

1

2

, whi
h 
an be understood

as the spa
e of L

2

fun
tions in the horizontal variables, and B

1

2

2;1

in the verti
al variable, the

advantage of the latter spa
e being that it is an algebra, 
ontrary to H

1

2

(T ). It is easy to see

that HB

s;

1

2

� C(T

x

3

;H

s

(T

2

)). Let us also note that HB

s;s

0

is stri
tly imbedded in H

s;s

0

.

To �nish this introdu
tory se
tion, let us state the various properties satis�ed by those spa
es,

whi
h shall be used in the 
ourse of our study. The proofs are all written in [21℄; in the following

lemma, X

s;s

0

is indi�erently H

s;s

0

or HB

s;s

0

.
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Lemma 7.1 If u 2 H

s;s

0

, then juj

s;s

0

� k2

qs+q

0

s

0

j�

h

q

�

v

q

0

uj

0

k

`

2;2 . If u 2 D

0

has mean zero

on T

3

, then

jruj

X

s;s

0

� juj

X

s+1;s

0

+ juj

X

s;s

0

+1

� sup

�2[0;1℄

juj

X

s+�;s

0

+1��

:

Let s; s

0

; t; t

0

be four real numbers, let � 2 [0; 1℄, and 
onsider a fun
tion u in X

s;s

0

\ X

t;t

0

:

Then we have u 2 X

�s+(1��)t;�s

0

+(1��)t

0

, and

juj

X

�s+(1��)t;�s

0

+(1��)t

0

� Cjuj

�

X

s;s

0

juj

1��

X

t;t

0

:

If u 2 X

s;s

0

and v 2 X

t;t

0

, with s < 1; t < 1; s + t > 0; s

0

<

1

2

; t

0

<

1

2

; and s

0

+ t

0

> 0, then

we have uv 2 X

s+t�1;s

0

+t

0

�

1

2

, and

juvj

X

s+t�1;s

0

+t

0

�

1

2

� Cjuj

X

s;s

0

jvj

X

t;t

0

:

If u 2 H

s

(T

2

) and v 2 X

t;t

0

, with s < 1; t < 1; and s+ t > 0; then uv 2 X

s+t�1;t

0

, and

juvj

X

s+t�1;t

0

� Cjuj

s

jvj

X

t;t

0

:

7.3 The study of the limit system

The limit system 
orresponding to (RF

"

) was 
omputed in se
tion 6. Before we prove that the

�ltered solution u

"


onverges to the solution u of the limit system in the anisotropi
 spa
es,

let us 
he
k that the limit system is globally well posed. De�ning u = �u+ u

os


, we have, in a

non{resonant domain, the following limit system:

(NS2D)

8

>

>

>

<

>

>

>

:

�

t

�u� ��

2

�u+ �u � r

2

�u = (�r

2

�p; 0) +

�

f

�

3

�u = 0

r

2

� �u = 0

�u

jt=0

= �v

0

(L

os


)

8

>

<

>

:

�

t

u

os


� ��u

os


+ 2Q(�u; u

os


) = 0

r � u

os


= 0

u

os
;jt=0

= v

0;os


:

The hypotheses of Theorems 5 and 6 assume that �v

0

2 L

2

(T

2

), and that

�

f and f

os


are

elements of L

2

(R

+

;H

�1

(T

2

)) and L

2

(R

+

;H

2Æ�1;

1

2

�2Æ

) or L

2

(R

+

;HB

�1;

1

2

) respe
tively. Then


lassi
al results 
on
erning the bidimensional Navier{Stokes equations (see [9℄, [13℄, [27℄, [36℄)

lead to the existen
e and uniqueness of a solution �u of (NS2D), and

�u 2 C

0

(R

+

; L

2

(T

2

)) \ L

2

(R

+

;H

1

(T

2

)):

We are now going to study the system (L

os


), �rst in the 
ase of the H

s;s

0

spa
es, and then

for the HB

s;s

0

spa
es. From now on, Æ shall be a real number in the interval ℄0; 1[:
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Proposition 7.1 If v

0;os


satis�es v

0;os


2 H

Æ;

1

2

�Æ

, then the system (L

os


) is globally well

posed in the spa
e C

0

b

(R

+

;H

Æ;

1

2

�Æ

) \ L

4

(R

+

;H

1

2

+

Æ

2

;

1

2

�

Æ

2

).

Proposition 7.2 If v

0;os


satis�es v

0;os


2 HB

0;

1

2

, then the system (L

os


) is globally well

posed in the spa
e C

0

b

(R

+

;HB

0;

1

2

) \ L

4

(R

+

;HB

1

2

;

1

2

).

Proof of Proposition 7.1. We are going to study the equation

�

t

u

os


� ��u

os


+ 2Q(�u; u

os


) = 0; (7.1)

with �u 2 C

0

(R

+

; L

2

(T

2

))\L

2

(R

+

;H

1

(T

2

)): Let us start by noti
ing, as in se
tion 6, that the

term Q(�u; u

os


) does not appear in the energy estimates. That is due to Theorem 5.3 of [3℄,

whi
h states in parti
ular that

X

n

FQ(�u; u

os


)(n)jn

0

j

s

Fu

os


(n) = 0; for all s 2 R; (7.2)

as well as

�

Q(�u; u

os


) j �

`

3

u

os


�

= 0; for all `: (7.3)

It is moreover easy to see, from the proof of Theorem 5.3 in [3℄, that one also has

X

n;q;q

0

FQ(�u; u

os


)(n)�

�

jn

0

j

2

q

�

�

�

jn

3

j

2

q

0

�

Fu

os


(n) = 0; (7.4)

i.e. that jn

0

j

s

in (7.2) 
an be repla
ed by any fun
tion of jn

0

j, and similarly for jn

3

j

`

in the


ase of (7.3). Those remarkable properties are due to the fa
t that very few frequen
ies are

left in the 
onvolution produ
t, when Q(�u; u

os


) is written in Fourier variables. Namely, using

the notation presented page 39, we have

K \ f(k;m; n) j k

3

= 0 and n

3

6= 0g = K

24

:

So if k is the Fourier variable asso
iated with �u, and m is the Fourier variable asso
iated

with u

os


, with k +m = n, then one 
an ex
hange m and n in the 
onvolution, whi
h gives

the result exa
tly in the same way as in [3℄ for the 
ase of (7.2) and (7.3); so we will not go

into the details of the 
omputation here.

That property will make the study 
onsiderably easier than in the general 
ase (see [21℄ for

instan
e).

Let us follow 
omputations in [21℄. If we apply the operators �

h

q

�

v

q

0

to equation (7.1), we get,

writing 


q;q

0

for a sequen
e of norm 1 in `

2;2

,

1

2

d

dt

j�

h

q

�

v

q

0

u

os


j

2

0

+ �j�

h

q

�

v

q

0

ru

os


j

2

0

� 2

�

�

h

q

�

v

q

0

Q(�u; u

os


) j�

h

q

�

v

q

0

u

os


�

:

Then after multipli
ation by 2

2qÆ+2q

0

(

1

2

�Æ)

and summation, we immediately get, using (7.4),

d

dt

ju

os


j

2

Æ;

1

2

�Æ

+ �jru

os


j

2

Æ;

1

2

�Æ

� 0;
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using Lemma 7.1 whi
h implies in parti
ular that ju

os


j

1;

1

2

� Cjru

os


j

Æ;

1

2

�Æ

: This leads to

ju

os


(t)j

2

Æ;

1

2

�Æ

+ �

Z

t

0

jru

os


(�)j

2

Æ;

1

2

�Æ

d� � ju

os
;0

j

2

Æ;

1

2

�Æ

:

Then by an interpolation using Lemma 7.1, we get the expe
ted result. 2

Proof of Proposition 7.2. As in [21℄, let us �rst of all note that


(2

2q

+ 2

2q

0

)j�

h

q

�

v

q

0

u

os


j

2

0

� j�

h

q

�

v

q

0

ru

os


j

2

0

:

By Lemma 7.1, and if we 
all 


q;q

0

the sequen
es of norm 1 in `

2;1

, we get

1

2

d

dt

j�

h

q

�

v

q

0

u

os


j

2

0

+ 
�(2

2q

+ 2

2q

0

)j�

h

q

�

v

q

0

u

os


j

2

0

� C2

q

2

�

q

0

2




q;q

0

j�uj
1

2

jru

os


j

HB

0;

1

2

j�

h

q

�

v

q

0

u

os


j

0

+ C2

q

2

�

q

0

2




q;q

0

j�uj

1

ju

os


j

HB

1

2

;

1

2

j�

h

q

�

v

q

0

u

os


j

0

:

A variant of Gronwall's Lemma leads to the following estimate, after multipli
ation by 2

q

0

2

and summation on q

0

:

1

2

d

dt

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

+ 
�

X

q

0

2

q

0

2

(2

2q

+ 2

2q

0

)j�

h

q

�

v

q

0

u

os


j

0

� C2

q

2

b

q

j�uj
1

2

jru

os


j

HB

0;

1

2

+ C2

q

2

b

q

j�uj

1

ju

os


j

HB

1

2

;

1

2

;

where b

q

is a sequen
e of norm 1 in `

2

.

Let us multiply this estimate by

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

, and take the sum on q. We �nd

1

2

d

dt

X

q

(

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

)

2

+ 
�

X

q

0

�

X

q

0

2

q

0

2

(2

2q

+ 2

2q

0

)j�

h

q

�

v

q

0

u

os


j

0

1

A

0

�

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

1

A

� C(j�uj
1

2

jru

os


j

HB

0;

1

2

+ j�uj

1

ju

os


j

HB

1

2

;

1

2

)

X

q

2

q

2

b

q

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

:

But Cau
hy{S
hwartz implies that

C

X

q

0

;q

00

2

q

0

2

(2

2q

+ 2

2q

0

)j�

h

q

�

v

q

0

u

os


j

0

2

q

00

2

j�

h

q

�

v

q

00

u

os


j

0

�

0

�

X

q

0

2

q

0

2

(2

q

+ 2

q

0

)j�

h

q

�

v

q

0

u

os


j

0

1

A

2

;

and similarly

X

q

2

q

2

b

q

X

q

0

2

q

0

2

j�

h

q

�

v

q

0

u

os


j

0

�

0

�

X

q

(

X

q

0

2

q+q

0

2

j�

h

q

�

v

q

0

u

os


j

0

)

2

1

A

1

2

:
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Finally, after interpolating between HB

0;

1

2

and HB

1;

1

2

, and using Lemma 7.1, we get

1

2

d

dt

ju

os


j

2

HB

0;

1

2

+

�

C

jru

os


j

2

HB

0;

1

2

�

C

�

�

j�uj

2

1

+

C

�

j�uj

4

1

2

�

ju

os


j

2

HB

0;

1

2

:

Then as above, the proposition is proved. 2

Remark. It 
an be noti
ed that the initial data v

0;os


is of verti
al mean equal to zero, that �u

does not depend on the third variable, and that (L

os


) is linear, hen
e u

os


remains of verti
al

mean zero for all time. But the spa
e

�

w 2 HB

0;

1

2

j

Z

x

3

w dx

3

= 0

�

is invariant for the usual

s
aling of the Navier{Stokes equations as well as for the verti
al s
aling x

3

7! �x

3

. Hen
e

the estimates, when v

0;os


in HB

0;

1

2

, have the same s
ale{invarian
e, and in parti
ular are

invariant for the verti
al s
aling.

7.4 The limit of (

g

RF

"

)

In this se
tion we are going to follow the same method as the one leading to Theorem 1: we

want to prove that u

"

, solution of (

g

RF

"

), 
onverges strongly to u, solution of (NS2D;L

os


).

In the isotropi
 
ase, that result was found by studying the equation satis�ed by the ve
tor

�eld w

"

de�ned by w

"

= u

"

� u:

�

t

w

"

� ��w

"

+Q

"

(w

"

; w

"

) + 2Q

"

(w

"

; u) = Q(u; u) �Q

"

(u; u) + g

"

:

But the right{hand side 
an be written a little di�erently if we noti
e that sin
e �u does not

depend on the third variable, then Q

"

(�u; �u) = P (�u�r�u), whi
h means that Q

"

(�u; �u) = Q(�u; �u).

Therefore we have

Q(u; u)�Q

"

(u; u) = Q(u

os


; u

os


)�Q

"

(u

os


; u

os


) + 2Q(u

os


; �u)� 2Q

"

(u

os


; �u):

Moreover, in a non resonant domain we have Q(u

os


; u

os


) = 0 and Q

"

(u

os


; u

os


) 
onverges

weakly to 0. Similarly, we 
an noti
e that as

�

f = L(�

t

"

)

�

f , we have g

"

= L(�

t

"

)f

os


, where we

have de�ned f

os


= f �

�

f . Hen
e the equation on w

"

is in fa
t

�

t

w

"

���w

"

+Q

"

(w

"

; w

"

)+2Q

"

(w

"

; u) = 2Q(u

os


; �u)�2Q

"

(u

os


; �u)�Q

"

(u

os


; u

os


)+g

"

(7.5)

where Q(u

os


; �u)�Q

"

(u

os


; �u), Q

"

(u

os


; u

os


) and g

"


onverge weakly to 0 in D

0

.

We 
an now follow the method used to prove Lemma 3.1, in Appendix A: a 
hange of

fun
tion brings the problem down to the study of a similar equation, where the right{hand

side 
onverges strongly to 0. Let us therefore read again the proof of Theorem 1, in se
tion 3,

and see what modi�
ations have to be brought in order to treat the anisotropi
 
ase, �rst

when the initial data is in H

Æ;

1

2

�Æ

(in se
tion 7.4.1), and then when the data is in HB

0;

1

2

(in

se
tion 7.4.2).
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7.4.1 The 
ase when the initial data is in H

Æ;

1

2

�Æ

Following the method leading to Lemma 3.1, proved in Appendix A, let us 
arry out the

following 
hange of fun
tion:

 

"

N

= w

"

+ "

~

F

"

N

(u; u) + "~g

"

N

; (7.6)

where the terms

~

F

"

N

(u; u) and ~g

"

N


orrespond to the right{hand side of (7.5), where only the

low frequen
ies in u are 
onsidered, and where we have divided ea
h term in the sum by the

quantity !

a

(k) + !

b

(n � k) � !




(n) and !

a

(k) respe
tively | where let us re
all that we

have !

a

(k) = �

k

3

jkj

. We get

~

F

"

N

(u; u) = F

�1

X

k+m=n

jkj;jmj�N

X

!

a;b;


k;n

6=0

i

!

a;b;


k;n

e

�i

t

"

!

a;b;


k;n

u

a;j

(k)m

j

u

b;


(m;n);

where !

a;b;


k;n

= !

a

(k) + !

b

(n� k)� !




(n), and similarly

~g

"

N

= F

�1

X

jkj�N;k

3

6=0

i

!

a

(k)

e

!

a

(k)

t

"

(Ff(k); e

a

(k)) e

a

(k):

The fa
t that only low frequen
ies are involved in the 
hange of fun
tion, implies that from

now on, we 
an work on  

"

N

rather than on w

"

, sin
e ~g

"

N

and

~

F

"

N

are as smooth as needed,

provided one pays with enough powers of N . In the following, we shall note

F

";N

= F

"

� F

"

N

and g

";N

= g

"

� g

"

N

;

where as earlier in the arti
le, for all fun
tions a, we have written a

N

= F

�1

(1

fj�j�Ng

Fa(�)).

Before going into the heart of the study, let us noti
e that one need not prove the existen
e

of  

"

N

globally in time, but just for a time T , large enough so that the global existen
e of (RF

"

)

follows by 
lassi
al arguments (as seen in se
tion 3.4, it is well known that it is enough to


ontrol the Navier{Stokes equations for a small time, depending on the size of the initial data,

to 
on
lude to the global existen
e of the solutions). Hen
e in the following we are going to

work on a time span [0; T ℄, where T is arbitrary, 
hosen large enough.

Proposition 7.3 The fun
tion  

"

N

de�ned in (7:6) satis�es an equation of the type

�

t

 

"

N

� �� 

"

N

+Q

"

( 

"

N

;  

"

N

) +Q

"

( 

"

N

; b+

�

b) = R

"

1;N

+

�

R

";N

2

+r �R

";N

3

+R

";N

4

;

where b and

�

b depend on u and satisfy

b 2 C

0

([0; T ℄;H

Æ;

1

2

�Æ

); rb 2 L

2

([0; T ℄;H

Æ;

1

2

�Æ

);

�

b 2 C

0

([0; T ℄; L

2

(T

2

)) \ L

2

([0; T ℄;H

1

(T

2

));

where R

"

1;N

goes to 0 with ", with N �xed, in L

2

([0; T ℄;H

Æ�1;

1

2

�Æ

), and �nally where

�

R

";N

2

,

R

";N

3

, and R

";N

4

go to 0 when N goes to in�nity, uniformly in ", respe
tively in the spa
es

L

2

([0; T ℄;H

Æ�1;

1

2

�Æ

), L

2

([0; T ℄;H

Æ;

1

2

�Æ

), and L

2

([0; T ℄;H

2Æ�1;

1

2

�2Æ

).
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Proof. The equation satis�ed by  

"

N


an be written as

�

t

 

"

N

� �� 

"

N

+Q( 

"

N

;  

"

N

) + 2Q

"

( 

"

N

; u� "

~

h

"

N

) = "

~

F

"

N

(�

t

u; u) + 2"Q

"

(

~

h

"

N

; u) + "~g

";t

N

�F

";N

(�u; u

os


)� F

";N

(u

os


; u

os


)� g

";N

� "��

~

h

"

N

(u; u) � "

2

Q

"

(

~

h

"

N

;

~

h

"

N

); (7.7)

keeping in mind that F

";N

(�u; �u) = 0. We have written

~

h

"

N

=

~

F

"

N

+ ~g

"

N

. Then if

u� "

~

h

"

N

(u) =

�

�u� "

~

F

"

N;s

(�u; u

os


)

�

+

�

u

os


� "

~

F

"

N

(u

os


; u

os


)� "~g

"

N

�

;

remembering that g

"

N

=

�

L(�

t

"

)f

os


�

N

, the results obtained in se
tion 7.3 imply that we 
an

write u� "

~

h

"

N

(u) =

�

b+ b, where b and

�

b have the required smoothness. Indeed, in

~

F

"

N

(u; u), u

only appears with low frequen
ies, hen
e

~

F

"

N

(u; u) is as smooth as wanted, at the 
ost of

enough powers of N . The same holds for ~g

"

N

. Thus provided " is 
hosen small enough,

when N is �xed, one 
an write

kbk

C

0

([0;T ℄;H

Æ;

1

2

�Æ

)

� 2ku

os


k

C

0

([0;T ℄;H

Æ;

1

2

�Æ

)

;

krbk

L

2

([0;T ℄;H

Æ;

1

2

�Æ

)

� 2kru

os


k

L

2

([0;T ℄;H

Æ;

1

2

�Æ

)

;

k

�

bk

C

0

([0;T ℄;L

2

(T

2

))\L

2

([0;T ℄;H

1

(T

2

))

� 2k�uk

C

0

([0;T ℄;L

2

(T

2

))\L

2

([0;T ℄;H

1

(T

2

))

:

� The low frequen
ies in the right{hand side of (7.7):

The terms in (7.7) where

~

F

"

N

alone appears, i.e.

~

F

"

N

(�

t

u; u), �

~

F

"

N

(u; u), and Q

"

(

~

F

"

N

;

~

F

"

N

), are


learly as smooth as wanted, for the reasons stated above. As to the remaining low frequen
y

term, Q

"

(

~

F

"

N

; u), it 
an be 
ut into Q

"

(

~

F

"

N

; �u) and Q

"

(

~

F

"

N

; u

os


), and these two terms have

respe
tively the smoothness of r � (

~

F

"

N


 �u) and r � (

~

F

"

N


 u

os


).

Hen
e using Lemma 7.1, Q

"

(

~

F

"

N

; �u) and Q

"

(

~

F

"

N

; u

os


) are bounded by a 
onstant 


N

in the

spa
e L

2

([0; T ℄;H

Æ�1;

1

2

�Æ

).

Finally the same holds for the low frequen
y terms where ~g

"

N

appears (let us re
all that we

have assumed that �

t

f

os


2 L

2

(R

+

;H

s;s

0

) for some s and s

0

), therefore the term R

"

1;N

of

Proposition 7.3 has been found.

� The high frequen
ies in the right{hand side of (7.7):

We are now left with three terms, F

";N

(�u; u

os


), F

";N

(u

os


; u

os


), and ~g

";N

, whi
h are going

to be dealt with, using the same 
ompa
tness arguments as in Lemma A.4, and based on

Lebesgue's and Dini's theorems: if

u

N

= F

�1

�

1

jnj�N

Fu(n)

�

;

then �u

N

and u

N

os


go to zero, when N goes to in�nity, respe
tively in C

0

([0; T ℄; L

2

(T

2

)) \

L

2

([0; T ℄;H

1

(T

2

)) and in the spa
e C

0

([0; T ℄;H

Æ;

1

2

�Æ

)\L

4

([0; T ℄;H

1

2

+

Æ

2

;

1

2

�

Æ

2

), and ru

N

os


goes

to zero in L

2

([0; T ℄;H

Æ;

1

2

�Æ

).

52



Then Lemma 7.1 implies that r�(�u

N


u

os


) andr�(�u
u

N

os


) go to zero in L

2

([0; T ℄;H

Æ�1;

1

2

�Æ

),

so F

";N

(�u; u

os


) 
an be written as the term

�

R

";N

2

, and similarly u

N

os



 u

os


goes to zero in the

spa
e L

2

([0; T ℄;H

Æ;

1

2

�Æ

): that a

ounts for the term R

";N

3

. The same is true for the for
ing

term g

";N

, in L

2

([0; T ℄;H

2Æ�1;

1

2

�2Æ

), hen
e the terms

�

R

";N

2

, R

";N

3

, and R

";N

4

are obtained, and

Proposition 7.3 is proved. 2

� End of the proof of Theorem 5:

In the 
omputations that follow, in order to use simpler notations, we shall de�ne W

1

= R

";N

3

;

W

2

= R

"

1;N

+

�

R

";N

2

, and W

3

= R

";N

4

: Then  

"

N

satis�es

�

t

 

"

N

� �� 

"

N

+Q

"

( 

"

N

;  

"

N

) +Q

"

( 

"

N

; b+

�

b) = r �W

1

+W

2

+W

3

;

with

b 2 C

0

([0; T ℄;H

Æ;

1

2

�Æ

); rb 2 L

2

([0; T ℄;H

Æ;

1

2

�Æ

);

�

b 2 C

0

([0; T ℄; L

2

) \ L

2

([0; T ℄;H

1

(T

2

));

as well as with

W

1

2 L

2

([0; T ℄;H

Æ;

1

2

�Æ

); W

2

2 L

2

([0; T ℄;H

Æ�1;

1

2

�Æ

);

and W

3

2 L

2

([0; T ℄;H

2Æ�1;

1

2

�2Æ

):

Let us also note that the initial data,  

"

N jt=0

= "

~

h

"

N

(u

jt=0

; u

jt=0

) goes to zero with " in H

Æ;

1

2

�Æ

,

when N is �xed, sin
e it is on
e again a low frequen
y term.

We shall now write energy estimates for this equation, writing  

"

N;q;q

0

= �

h

q

�

v

q

0

 

"

N

, and using

the rules of produ
t stated in Lemma 7.1:

1

2

d

dt

j 

"

N;q;q

0

j

2

0

+ �jr 

"

N;q;q

0

j

2

0

� C2

�qÆ�q

0

(

1

2

�Æ)




q;q

0

jr 

"

N;q;q

0

j

0

jW

1

j

Æ;

1

2

�Æ

+ C2

�q(Æ�1)�q

0

(

1

2

�Æ)




q;q

0

j 

"

N;q;q

0

j

0

(jW

2

j

Æ�1;

1

2

�Æ

+ j

�

bj

1

j 

"

N

j

Æ;

1

2

�Æ

)

+ C2

�q(2Æ�1)�q

0

(

1

2

�2Æ)




q;q

0

j 

"

N;q;q

0

j

0

jW

3

j

2Æ�1;

1

2

�2Æ

+ C2

�qÆ�q

0

(

1

2

�Æ)




q;q

0

jr 

"

N;q;q

0

j

0

j 

"

N

j

1

2

+

Æ

2

;

1

2

�

Æ

2

jbj

1

2

+

Æ

2

;

1

2

�

Æ

2

+ C2

�qÆ�q

0

(

1

2

�Æ)




q;q

0

jr 

"

N;q;q

0

j

0

j 

"

N

j

2

1

2

+

Æ

2

;

1

2

�

Æ

2

+ C2

�q(Æ�

1

2

)�q

0

(

1

2

�Æ)




q;q

0

j 

"

N;q;q

0

j

0

j

�

bj
1

2

jr 

"

N

j

Æ;

1

2

�Æ

;

where we have noted 


q;q

0

for the sequen
es in `

2;2

.

Let us then multiply by 2

2qÆ+2q

0

(

1

2

�Æ)

, to �nd, after summation,

d

dt

j 

"

N

j

2

Æ;

1

2

�Æ

+

3�

2

jr 

"

N

j

2

Æ;

1

2

�Æ

� Cj 

"

N

j

Æ;

1

2

�Æ

jr 

"

N

j

2

Æ;

1

2

�Æ

+

C

�

(jbj

2

1

2

+

Æ

2

;

1

2

�

Æ

2

+ �j

�

bj

1

+ j

�

bj

2

1

2

)j 

"

N

j

Æ;

1

2

�Æ

jr 

"

N

j

Æ;

1

2

�Æ

+ C(jW

1

j

Æ;

1

2

�Æ

+ jW

2

j

Æ�1;

1

2

�Æ

+ jW

3

j

2Æ�1;

1

2

�2Æ

)jr 

"

N

j

Æ;

1

2

�Æ

;
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and using the fa
t that

j 

"

N

j

2

1

2

+

Æ

2

;

1

2

�

Æ

2

� j 

"

N

j

Æ;

1

2

�Æ

j 

"

N

j

1;

1

2

� j 

"

N

j

Æ;

1

2

�Æ

jr 

"

N

j

Æ;

1

2

�Æ

;

j 

"

N

j

2

1

2

+Æ;

1

2

�Æ

� j 

"

N

j

Æ;

1

2

�Æ

j 

"

N

j

1+Æ;

1

2

�Æ

� j 

"

N

j

Æ;

1

2

�Æ

jr 

"

N

j

Æ;

1

2

�Æ

:

The method is then 
lassi
al: we de�ne

g

"

(t) = j 

"

N

(t)j

Æ;

1

2

�Æ

exp

�

��(B

4

(t) + �

�

B

2

(t) +

�

B

4

(t))

�

;

where we have de�ned B

4

(t) = k jb(�)j

1

2

+

Æ

2

;

1

2

�

Æ

2

k

4

L

4

([0;t℄)

,

�

B

2

(t) = k j

�

b(�)j

1

k

2

L

2

([0;t℄)

, and where

�

B

4

(t) = k j

�

b(�)j
1

2

k

4

L

4

([0;t℄)

. Finally � is a real number we will de�ne later.

Then

d

dt

g

2

"

(t) +

3�

2

jr 

"

N

j

2

Æ;

1

2

�Æ

e

�2�(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

� �2�(jbj

4

1

2

+

Æ

2

;

1

2

�

Æ

2

+ �j

�

bj

2

1

+ j

�

bj

4

1

2

)g

2

"

(t)

+ Cg

"

(t)e

��(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

jr 

"

N

j

2

Æ;

1

2

�Æ

+

C

�

(jbj

2

1

2

+

Æ

2

;

1

2

�

Æ

2

+ �j

�

bj

1

+ j

�

bj

2

1

2

)jr 

"

N

j

Æ;

1

2

�Æ

g

"

(t)e

��(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

+ C(jW

1

j

Æ;

1

2

�Æ

+ jW

2

j

Æ�1;

1

2

�Æ

+ jW

3

j

2Æ�1;

1

2

�2Æ

)jr 

"

N

j

Æ;

1

2

�Æ

e

�2�(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

;

whi
h leads to the following estimate, where we have taken � =

C

2�

2

;

d

dt

g

2

"

(t) + �jr 

"

N

j

2

Æ;

1

2

�Æ

e

�

C

�

2

(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

� Cg

"

(t)e

�

C

2�

2

(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

jr 

"

N

j

2

Æ;

1

2

�Æ

+

C

�

(jW

1

j

2

Æ;

1

2

�Æ

+ jW

2

j

2

Æ�1;

1

2

�Æ

+ jW

3

j

2

2Æ�1;

1

2

�2Æ

)e

�

C

�

2

(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

:

Let � be an arbitrary real number, 
hosen su
h that

� �

�

1

2

6C

exp

 

�

C

2�

2

Z

T

0

�

jb(�)j

4

1

2

+

Æ

2

;

1

2

�

Æ

2

+ �j

�

b(�)j

2

1

+ j

�

b(�)j

4

1

2

�

d�

!

:

Then let N be 
hosen large enough, and then " be small enough su
h that j 

"

N;0

j

2

� ��

2

and

that

C

�

Z

T

0

�

jW

1

(t)j

2

Æ;

1

2

�Æ

+ jW

2

(t)j

2

Æ�1;

1

2

�Æ

+ jW

3

j

2

2Æ�1;

1

2

�2Æ

�

dt � ��

2

. Finally let T

�

"

be the

maximal time su
h that for all t � T

�

"

we have g

"

(t) � 3��

1

2

. Let us integrate the estimate

above on [0; t℄, with t < T

�

"

: writing

X

2

(t) =

Z

t

0

jr 

"

N

(�)j

2

Æ;

1

2

�Æ

e

�

C

�

2

(B

4

(�)+�

�

B

2

(�)+

�

B

4

(�))

d�; (7.8)
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we get

g

2

"

(t) + �X

2

(t) � 3C�

1

2

X

2

(t)�e

C

2�

2

(B

4

(t)+�

�

B

2

(t)+

�

B

4

(t))

+ 2�

2

�;

whi
h leads to X

2

(t) � 4�

2

for t < T

�

"

. Then g

2

"

(t) � 4��

2

, and in a standard way we dedu
e

that T

�

"

= T . Hen
e, using the same argument as in se
tion 3.4, Theorem 5 is proved. 2

7.4.2 The 
ase when the initial data is in HB

0;

1

2

Proposition 7.4 The fun
tion  

"

N

de�ned in (7:6) satis�es an equation of the type

�

t

 

"

N

� �� 

"

N

+Q

"

( 

"

N

;  

"

N

) +Q

"

( 

"

N

; b+

�

b) = R

"

1;N

+R

";N

2

+R

";N

3

;

where b and

�

b depend on u and satisfy

b 2 C

0

([0; T ℄;HB

0;

1

2

); rb 2 L

2

([0; T ℄;HB

0;

1

2

);

and where

�

b 2 C

0

([0; T ℄; L

2

(T

2

)) \ L

2

([0; T ℄;H

1

(T

2

));

where R

"

1;N

goes to zero in the spa
e L

4

3

([0; T ℄;HB

�

1

2

;

1

2

) when N is �xed and " goes to zero,

and where R

";N

2

and R

";N

3

go to 0 in L

4

3

([0; T ℄;HB

�

1

2

;

1

2

) and L

2

([0; T ℄;HB

�1;

1

2

) respe
tively,

when N goes to in�nity, uniformly in ".

Proof. We are not going to go too deep into the details of the proof here, as the 
ompu-

tations leading to Proposition 7.4 are very similar to those of the previous se
tion, proving

Proposition 7.3.

The smoothness required on b and

�

b is that given by Proposition 7.2, and the study of the low

frequen
ies in equation (7.7) is a dire
t appli
ation of Lemma 7.1, using large enough powers

of N to obtain the expe
ted smoothness for the term R

"

1;N

.

For the high frequen
y term R

";N

2

, one uses the same 
ompa
tness results as above, along with

the following estimates:

kr � (u

os



 �u)k

L

4

3

([0;T ℄;HB

�

1

2

;

1

2

)

� ku

os


k

L

4

([0;T ℄;HB

1

2

;

1

2

)

k�uk

L

2

([0;T ℄;H

1

(T

2

))

+ kru

os


k

L

2

([0;T ℄;HB

0;

1

2

)

k�uk

L

4

([0;T ℄;H

1

2

(T

2

))

;

kr � (u

os



 u

os


)k

L

4

3

([0;T ℄;HB

�

1

2

;

1

2

)

� ku

os


k

L

4

([0;T ℄;HB

1

2

;

1

2

)

kru

os


k

L

2

([0;T ℄;HB

0;

1

2

)

:

Finally the high frequen
y term R

";N

3

is due to the exterior for
e, whi
h as we have seen in the

previous part is of the form

�

L(�

t

"

)f

os


�

N

, and hen
e goes to zero when N goes to in�nity, in

the spa
e L

2

([0; T ℄;HB

�1;

1

2

).

That proves the proposition. 2

We 
an now prove Theorem 6, following 
omputations in [21℄.
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By Lemma 7.1, and if we 
all 


q;q

0

the sequen
es of norm 1 in `

2;1

, we get

1

2

d

dt

j 

"

N;q;q

0

j

2

0

+ �jr 

"

N;q;q

0

j

2

0

�

�

�

�

�

�

h

q

�

v

q

0

(Q

"

( 

"

N

;  

"

N

) +Q

"

( 

"

N

; b+

�

b)) j  

"

N;q;q

0

�

�

�

�

+ C2

q�q

0

2

jW

1

j

HB

�

1

2

;

1

2




q;q

0

j 

"

N;q;q

0

j

0

+ C2

q�

q

0

2

jW

2

j

HB

�1;

1

2




q;q

0

j 

"

N;q;q

0

j

0

;

where W

1

= R

"

1;N

+R

";N

2

and W

2

= R

";N

3

. Let us de�ne, as in [21℄,

F

q;q

0

=

�

�

�

�

�

�

�

�

h

q

�

v

q

0

Q

"

( 

"

N

;  

"

N

) j  

"

N;q;q

0

�

j 

"

N;q;q

0

j

0

�

�

�

�

�

�

; F

q;q

0

= 0 if j 

"

N;q;q

0

j

0

= 0;

G

q;q

0

=

�

�

�

�

�

�

�

�

h

q

�

v

q

0

Q

"

( 

"

N

; b) j  

"

N;q;q

0

�

j 

"

N;q;q

0

j

0

�

�

�

�

�

�

; G

q;q

0

= 0 if j 

"

N;q;q

0

j

0

= 0;

H

q;q

0

=

�

�

�

�

�

�

�

�

h

q

�

v

q

0

Q

"

( 

"

N

;

�

b) j  

"

N;q;q

0

�

j 

"

N;q;q

0

j

0

�

�

�

�

�

�

; H

q;q

0

= 0 if j 

"

N;q;q

0

j

0

= 0:

We �nd

1

2

d

dt

j 

"

N;q;q

0

j

2

0

+ 
�(2

2q

+ 2

2q

0

)j 

"

N;q;q

0

j

2

0

� C2

q�q

0

2

jW

1

j

HB

�

1

2

;

1

2




q;q

0

j 

"

N;q;q

0

j

0

+C2

q�

q

0

2

jW

2

j

HB

�1;

1

2




q;q

0

j 

"

N;q;q

0

j

0

+ (F

q;q

0

+G

q;q

0

+H

q;q

0

)j 

"

N;q;q

0

j

0

:

Then as in the proof of Proposition 7.2, we get

1

2

d

dt

j 

"

N

j

2

HB

0;

1

2

+ 
�jr 

"

N

j

2

HB

0;

1

2

� CjW

1

j

HB

�

1

2

;

1

2

j 

"

N

j

HB

1

2

;

1

2

+

C

�

jW

2

j

2

HB

�1;

1

2

+

X

q

0

�

X

q

0

2

q

0

2

(F

q;q

0

+G

q;q

0

+H

q;q

0

)

1

A

0

�

X

q

0

2

q

0

2

j 

"

N;q;q

0

j

0

1

A

:

But the rules of produ
t in Lemma 7.1 imply that

k2

q

0

�q

2

F

q;q

0

k

`

2;1
� Cj 

"

N

j

HB

1

2

;

1

2

jr 

"

N

j

HB

0;

1

2

;

k2

q

0

�q

2

G

q;q

0

k

`

2;1
� C(j 

"

N

j

HB

1

2

;

1

2

jrbj

HB

0;

1

2

+ jbj

HB

1

2

;

1

2

jr 

"

N

j

HB

0;

1

2

);

k2

q

0

�q

2

H

q;q

0

k

`

2;1
� C(j 

"

N

j

HB

1

2

;

1

2

jr

�

bj

0

+ j

�

bj
1

2

jr 

"

N

j

HB

0;

1

2

):

Therefore we get

1

2

d

dt

j 

"

N

j

2

HB

0;

1

2

+ 
�jr 

"

N

j

2

HB

0;

1

2

� CjW

1

j

HB

�

1

2

;

1

2

j 

"

N

j

HB

1

2

;

1

2

+ Cj 

"

N

j

HB

0;

1

2

jr 

"

N

j

2

HB

0;

1

2

+

C

�

(jrbj

2

HB

0;

1

2

+ j

�

bj

2

1

)j 

"

N

j

2

HB

0;

1

2

+

C

�

jW

2

j

2

HB

�1;

1

2

+

C

�

(jbj

2

HB

1

2

;

1

2

+ j

�

bj

2

1

2

)j 

"

N

j

HB

0;

1

2

jr 

"

N

j

HB

0;

1

2

:
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Let us as previously de�ne

g

"

(t) = j 

"

N

(t)j

HB

0;

1

2

exp

�

��B

2

(t)

�

;

with B

2

(t) =

Z

t

0

(jrb(�)j

2

HB

0;

1

2

+ j

�

b(�)j

2

1

) d� .

Then g

"

(t) satis�es

1

2

d

dt

g

2

"

+ 
�jr 

"

N

j

2

HB

0;

1

2

e

�2�B

2

(t)

� CjW

1

j

HB

�

1

2

;

1

2

j 

"

N

j

HB

1

2

;

1

2

e

�2�B

2

(t)

� 2�(jrbj

2

HB

0;

1

2

+ j

�

bj

2

1

)g

2

"

+Cjr 

"

N

j

2

HB

0;

1

2

e

��B

2

(t)

g

"

+

C

�

(jrbj

2

HB

0;

1

2

+ j

�

bj

2

1

)g

2

"

+

C

�

(jbj

2

HB

1

2

;

1

2

+ j

�

bj

2

1

2

)jr 

"

N

j

HB

0;

1

2

e

��B

2

(t)

g

"

+

C

�

jW

2

j

2

HB

�1;

1

2

e

�2�B

2

(t)

:

But

C

�

(jbj

2

HB

1

2

;

1

2

+ j

�

bj

2

1

2

)jr 

"

N

j

HB

0;

1

2

e

��B

2

(t)

g

"

(t) �


�

2

jr 

"

N

j

2

HB

0;

1

2

e

�2�B

2

(t)

+

C

�

2

(jbj

2

HB

0;

1

2

jrbj

2

HB

0;

1

2

+ j

�

bj

2

1

j

�

bj

2

0

)g

2

"

(t);

so let us de�ne 2� =

C

�

+

C

�

2

(kbk

2

C

0

(R

+

;HB

0;

1

2

)

+ k

�

bk

2

C

0

(R

+

;L

2

)

) ; integrating the previous

estimate we �nd

g

2

"

(t) + 
�

Z

t

0

jr 

"

N

(�)j

2

HB

0;

1

2

e

�2�B

2

(�)

d� �

C

�

Z

t

0

jW

2

(�)j

2

HB

�1;

1

2

e

�2�B

2

(�)

d�

+ C

Z

t

0

jW

1

(�)j

HB

�

1

2

;

1

2

j 

"

N

(�)j

HB

1

2

;

1

2

e

�2�B

2

(�)

d�

+ j 

"

N;0

j

2

HB

0;

1

2

+ C

Z

t

0

jr 

"

N

(�)j

2

HB

0;

1

2

e

��B

2

(�)

g

"

(�)d�:

But

k 

"

N

e

�2�B

2

(�)

k

L

4

([0;t℄;HB

1

2

;

1

2

)

� k 

"

N

e

��B

2

(�)

k

1

2

C

0

([0;t℄;HB

0;

1

2

)

kr 

"

N

e

��B

2

(�)

k

1

2

L

2

([0;t℄;HB

0;

1

2

)

� kg

"

k

1

2

C

0

([0;t℄)

X

1

2

(t);

with the notations used in the previous se
tion, in (7.8).

The inequality kfgk

L

1 � kfk

L

4

3

kgk

L

4 , asso
iated with a similar method to the one used in

the 
ase of the H

s;s

0

spa
es leads to

g

2

"

(t) + 
�X

2

(t) �

C

�

�

kW

1

k

2

L

4

3

([0;T ℄;HB

�

1

2

;

1

2

)

+ kW

2

k

2

L

2

([0;T ℄;HB

�1;

1

2

)

�

+ C�kg

"

k

C

0

([0;t℄)

X(t) + j 

"

N;0

j

2

HB

0;

1

2

:

Then the same method as the one used in the 
ase of the H

s;s

0

spa
es leads to the theorem. 2
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A Proof of Lemma 3.1

The aim of this se
tion is to prove Lemma 3.1. That will 
onsist in the study of equations of

the type

(E

"

os


)

(

�

t

a

"

+Q

"

(a

"

; a

"

+ b

"

) +A

"

2

(D)a

"

= R

"

os


+ F

"

in T

d

a

"

jt=0

= a

"

0

;

where a

"

0

goes to zero with " in H

�

, with � �

d

2

� 1, and where b

"

is a family of fun
tions,

bounded in the spa
e C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

). The operators Q

"

and A

"

2

(D) are

de�ned in (2.1).

The right-hand side is made of two terms: F

"

goes to zero with " in L

2

([0; T ℄;H

��1

), and R

"

os


is a (p; � � 2)-os
illating term, in the sense of De�nition 1.2. The method used here to deal

with that type of rapidly os
illating for
ing term is founded in the ideas introdu
ed by S.

S
ho
het in [34℄; we will refer to that study as we go along.

The diÆ
ulty here is due to the fa
t that R

"

os


goes weakly to zero with ", and not strongly

(that is simply due to the non stationary phase theorem, as we have seen in se
tion 2.2). The

idea in [34℄ is to de
ompose R

"

os


into two parts, 
utting at an arbitrary frequen
y N . We

shall show that the high frequen
y terms 
onverge strongly to zero when N goes to in�nity,

whereas the low frequen
y terms 
an be eliminated, up to an ", by a 
hange of fun
tion.

The proof will therefore be stru
tured in the following way :

� The term R

"

os


is 
ut into two parts, one with the low frequen
ies and the other with

the high frequen
ies, with an arbitrary 
ut{o� parameter N ;

� The low frequen
y part is dealt with by 
onsidering a fun
tion  

"

N

of same H

s

norm

as a

"

up to an ", whi
h satis�es an equation similar to that satis�ed by a

"

, but where

the low frequen
ies have disappeared, up to an ";

� We 
onsider the for
ing term of the equation on  

"

N

, whi
h 
an be divided into two


ategories : one is made of the high frequen
y terms, whi
h we show 
onverge to 0

uniformly in ", when the 
ut{o� parameter N goes to in�nity, and the other 
onsists in

the low frequen
y terms whi
h appeared with the 
hange of fun
tion, and that are O(")

and depend on N ;

� We write the energy estimates satis�ed by  

"

N

, using the results found in the pre
eding

steps, as well as Lemma B.1 stated and proved in Appendix B.

So let us write equation (E

"

os


) in the form

�

t

a

"

+Q

"

(a

"

; a

"

+ b

"

) +A

"

2

(D)a

"

= R

"

os
;N

+R

";N

os


+ F

"

;

where as planned we have separated R

"

os


into a high frequen
y part R

";N

os


, and a low frequen
y

part R

"

os
;N

. Writing, for any spa
e X, 1

X

for its 
hara
teristi
 fun
tion, we have de�ned

R

"

os
;N

=

X

q2f1;::;pg

R

"

q;os
;N

;
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where, with the notation of De�nition 1.2,

R

"

1;os
;N

= F

�1

�

1

fjnj�Ng

R

"

1;os


�

8q � 2; R

"

q;os
;N

= F

�1

�

1

fjnj;j

~

k

q

j�Ng

R

"

q;os


�

and where R

";N

os


def

= R

"

os


�R

"

os
;N

:

In a similar way to the model problem �

t

'�F (') = 
os

t

"

dis
ussed in se
tion 4, let us 
arry

out the following 
hange of fun
tion:

 

"

N

= a

"

+ "

~

R

"

os
;N

; (A.1)

where

~

R

"

os
;N

is de�ned in the following way, with the notation of De�nition 1.2:

~

R

"

os
;N

=

X

q2f1;::;pg

~

R

"

q;os
;N

;

with F

~

R

"

1;os
;N

(n)

def

=

X

jnj�N

1

�

1

(n)6=0

i e

�i

t

"

�

1

(n)

�

1

(n)

f

0

(t; n);

8 q � 2; F

~

R

"

q;os
;N

(n)

def

=

X

jnj;j

~

k

q

j�N

X

~

k

q

2K

n

q

i e

�i

t

"

�

q

(n;

~

k

q

)

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

1

(t; k

1

)::f

q

(t; k

q

):

Lemma A.1 There exists a 
onstant C

N

(T ) su
h that

k

~

R

"

os
;N

k

C

0

([0;T ℄;H

�

)\L

2

([0;T ℄;H

�+1

)

� C

N

(T ):

Proof. Let us �rst of all note that ea
h of the (�

p

)

�1

is bounded from above by a 
onstant

depending on N , as ea
h �

p

takes a �nite number of non zero values. Then sin
e in ea
h of

the quantities estimated here, one sums on low frequen
ies only, they are as smooth as needed

provided one pays with enough powers of N . 2

That lemma implies that Lemma 3.1 is proved if one shows that

 

"

N

= o(1) in C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

):

Lemma A.2 The fun
tion  

"

N

satis�es an equation of the following type :

(

�

t

 

"

N

+A

"

2

(D) 

"

N

+Q

"

( 

"

N

;  

"

N

+ b

"

� "

~

R

"

os
;N

) = "R

1;"

os
;N

+R

2;";N

os


+ F

"

 

"

N jt=0

=  

"

N;0

;

(A.2)

where  

"

N;0

goes to 0 with " in H

�

, R

1;"

os
;N

is bounded uniformly in ", in L

2

([0; T ℄;H

��1

), by

a 
onstant depending on N , and R

2;";N

os


goes to 0 in L

2

([0; T ℄;H

��1

) when N goes to in�nity,

uniformly in ". The fun
tion F

"

goes to zero in L

2

([0; T ℄;H

��1

).
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Proof. Let us �rst note that  

"

N jt=0

= a

"

0

+ "

~

R

"

os
;N jt=0

, so the assumption on a

"

0

, as well as

Lemma A.1, imply that  

"

N jt=0

goes to zero with " in H

�

, when N is �xed.

Furthermore, the 
hange of fun
tion introdu
ed in (A.1) implies that  

"

N

satis�es the following

equation.

�

t

 

"

N

+A

"

2

(D) 

"

N

+Q

"

( 

"

N

;  

"

N

+ b

"

� 2"

~

R

"

os
;N

) = R

"

0

+ "

~

R

";t

os
;N

+ "A

"

2

(D)

~

R

"

os
;N

+R

";N

os


+ "Q

"

(

~

R

"

os
;N

; b

"

� "

~

R

"

os
;N

) + F

"

;

where

~

R

";t

os
;N

is de�ned by

~

R

";t

os
;N

=

X

q2f1;::;pg

~

R

";t

q;os
;N

; with

~

R

";t

1;os
;N

def

= F

�1

�

1

fn j jnj�N; �

1

(n)6=0g

i

�

1

(n)

e

�i

t

"

�

1

(n)

�

t

f

0

(t; n)

�

;

and 8q � 2;

~

R

";t

q;os
;N

def

= F

�1

X

j2f2;::qg

X

~

k

q

2K

n

q

jnj;j

~

k

q

j�N

i e

�i

t

"

�

q

(n;

~

k

q

)

�

q

(n;

~

k

q

)

�

t

f

j

(t; k

j

)

Y

i 6=j

f

i

(t; k

i

):

� The low frequen
ies :

Lemma A.3 The terms

~

R

";t

os
;N

, A

"

2

(D)

~

R

"

os
;N

, and Q

"

(

~

R

"

os
;N

; b

"

� "

~

R

"

os
;N

), are bounded,

uniformly in ", in L

2

([0; T ℄;H

��1

), with an upper bound C

N

(T ) whi
h depends on N .

Proof. For the �rst two terms, the result is simply due to the fa
t that all the fun
tions


onsidered are in low frequen
ies, hen
e are as smooth as wanted provided C

N

(T ) is large

enough. Let us re
all that we have supposed in De�nition 1.2 that ea
h of the F

�1

�

t

f

j

(t; �)

is in L

2

([0; T ℄;H

��

j

) for some ��

j

.

For Q

"

(

~

R

"

os
;N

; b

"

� "

~

R

"

os
;N

), the rules of produ
t given in Lemma 2.1 give the result sin
e b

"

and

~

R

"

os
;N

are in C

0

([0; T ℄;H

�

) \ L

2

([0; T ℄;H

�+1

).

So Lemma A.3 is proved, and the term R

1;"

os
;N

of (A.2) is found. 2

� The high frequen
ies :

Lemma A.4 The high frequen
y term R

";N

os


goes to zero when N goes to in�nity, in the

spa
e C

0

([0; T ℄;H

��2

) \ L

2

([0; T ℄;H

��1

), uniformly in ".

Proof. Let us study ea
h of the terms 
omposing R

";N

os


:

{ the �rst term, R

";N

1;os


, goes to zero in L

2

([0; T ℄;H

��1

), uniformly in ", a

ording to Lebesgue's

monotone 
onvergen
e theorem.
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Moreover, kR

";N

1;os


k

C

0

([0;t℄;H

��2

)

goes to zero uniformly in t, sin
e it is the remainder of a series

of 
ontinuous fun
tions de�ned on a 
ompa
t set [0; T ℄, so Dini's theorem applies.

{ the other terms: de�ning K

q;N

= f(m

1

; ::;m

q+1

) j 9i; jm

i

j � Ng, we have

R

";N

q;os


= F

�1

X

~

k

q

2K

n

q

(n;

~

k

q

)2K

q;N

e

�i

t

"

�

q

(n;

~

k

q

)

r

0

(n;

~

k

q

)f

1

(t; k

1

)::f

q

(t; k

q

);

so they are dealt with exa
tly in the same way, using the fa
t that f

N

j

goes to zero in the

spa
e C

0

([0; T ℄;H

�+�

j

)\L

2

([0; T ℄;H

�+1+�

j

), with the notation of De�nition 1.2, for the same

reason as above, and that the other f

i

's are in C

0

([0; T ℄;H

�+�

i

). Then the result follows from

the 
lassi
al rules of produ
t in Sobolev spa
es. So Lemma A.4 is proved, and the term R

2;";N

os


in (A.2) is found. 2

Let us note that in this study of the high frequen
ies, nothing has been said about the smallness

of " : for the term R

";N

os


to be arbitrarily small, the 
ut{o� parameter must be 
hosen big

enough, uniformly in ". Only in the study of the low frequen
ies does the smallness of " have

a fundamental role to play.

We have proved Lemma A.2. 2

� Energy estimates and end of the proof :

A

ording to Lemma A.2, the equation on  

"

N


an be written in the following way:

�

t

 

"

N

�A

"

2

(D) 

"

N

+Q

"

( 

"

N

;  

"

N

+ b

"

� 2"

~

R

"

os
;N

) = "R

1;"

os
;N

+R

2;";N

os


+ F

"

;

with kR

1;"

os
;N

k

L

2

([0;t℄;H

��1

)

� C

N

(t);

kR

";N

2

k

L

2

([0;t℄;H

��1

)

� 


N

(t);

kF

"

k

L

2

([0;t℄;H

��1

)

� 


"

(t);

where C

N

(t) and 


N

(t) are 
onstants depending on N and t � T , equal to zero when t = 0,

and 


N

(t) goes to 0 when N goes to in�nity, uniformly in t. Neither C

N

(t) nor 


N

(t) depend

on ", if one assumes " < 1 for example. The 
onstant 


"

(t) goes to zero with ", and is equal

to zero when t = 0. Furthermore the initial data satis�es

 

"

jt=0

= a

"

0

+ "

�

~

R

"

os
;N

�

jt=0

;

and is therefore bounded in H

�

, by 


0;"

+ " 


0;N

, where 


0;N

is a 
onstant depending on jb

"

0

j

0

and on N .

Then it is just a a matter of using Lemma B.1, with A =  

"

N

; B = b

"

� 2"

~

R

"

os
;N

; and �nally

with W = "R

1;"

N

+R

2;";N

os


+ F

"

.
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Let us start by supposing that � >

d

2

� 1. Then if we de�ne X(t) = k 

"

N

k

L

2

([0;t℄;H

�+1

)

and

Y (t) = k 

"

N

k

L

1

([0;t℄;H

�

)

, we have the following estimates on X(t) and Y (t) :

e

�CB

2

(t)

X(t) � C(


0;"

+ "


0;N

) + C ("C

N

(t) + 


N

(t) + 


"

(t)) + CX

2

(t);

where B

2

(t) is an upper bound for kb

"

� 2"

~

R

"

os
;N

k

L

2

([0;t℄;H

�+1

)

, and

Y (t) � C(


0;"

+ "


0;N

) + C ("C

N

(t) + 


N

(t) + 


"

(t)) + CX

2

(t) + CB

2

(t)X(t):

Let � > 0 be an arbitrarily small real number, su
h that � �

1

12C

exp

�

�2CB

2

2

(T )

�

; and

let T

�

"

> 0 be the maximal time su
h that for all t � T

�

"

, we have X(t) � � exp

�

CB

2

2

(t)

�

:

Finally let T

0

be an arbitrary time. We suppose that T

0

; T

�

"

� T:

Then for all t � min(T

�

"

; T

0

), we have

X(t) � C exp

�

CB

2

2

(t)

�

(


0;"

+ "


0;N

+ "C

N

(t) + 


N

(t) + 


"

(t)) + C�

2

exp

�

3CB

2

2

(t)

�

:

Then one 
hoses N large enough so that




N

(T ) �

�

12C

;

followed by " small enough so that

" �

�

12C

(


0;N

+ C

N

(T ))

�1

and 


0;"

+ 


"

(T ) �

�

12C

:

That leads to X(t) �

�

2

e

CB

2

2

(t)

; therefore T

�

"

� T

0

, so X(t) is de�ned for all t 2 [0; T ℄ and

we have X(t) = o(1). Then we have Y (t) � O(�), and Lemma 3.1 is proved, in the 
ase

when � >

d

2

� 1.

In the 
ase when � =

d

2

� 1, the same method as above works: one starts by estimating the

quantity k 

"

N

k

L

4

([0;t℄;H

�+

1

2

)

, using (B.3), whi
h leads to

k 

"

N

k

L

4

([0;t℄;H

�+

1

2

)

= o(1) 8t 2 [0; T ℄;

for N large enough and " small enough. Then for k 

"

N

k

L

2

([0;t℄;H

�+1

)

and k 

"

N

k

L

1

([0;t℄;H

�

)

, the

estimates (B.4) and (B.5) of Lemma B.1 give the result, sin
e we have

k 

"

N

k

L

2

([0;t℄;H

�+1

)

� C(


0;"

+ "


0;N

) +C ("C

N

(t) + 


N

(t) + 


"

(t)) + Ck 

"

N

k

2

L

4

([0;t℄;H

�+

1

2

)

+ CB

4

(t)k 

"

N

k

L

4

([0;t℄;H

�+

1

2

)

;

where B

4

(t) is an upper bound for kb

"

�2"

~

R

"

os
;N

k

L

4

([0;t℄;H

�+

1

2

)

, and the same type of estimate

goes for k 

"

N

k

L

1

([0;t℄;H

�

)

.

So the lemma is proved. 2
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B Some estimates on evolution equations

The aim of this se
tion is to prove some estimates on the solutions of equations of the type

�

t

A+ a

2

(D)A+ q(A;B) + ~q(A;A) = f

whi
h we have used in the pre
eding pages, and that we had assumed to be true.

The operator a

2

(D) is se
ond order ellipti
, and the fun
tions q and ~q are of the form

q(A;B) = a

i;j

(D)(A

i

B

j

); ~q(A;B) = ~a

i;j

(D)(A

i

B

j

);

where a

i;j

(D) and ~a

i;j

(D) are symmetri
 Fourier multipli
ators of order 1.

Remark. As L is a unitary operator, the results proved below hold when q (or ~q) and a

2

(D)

are repla
ed respe
tively by Q

"

and A

"

2

(D), as de�ned in (2.1): in the following, the 
onstants

that shall appear in the estimates only depend on the ellipti
ity 
onstant of a

2

, as well as the


ontinuity 
onstants of q and ~q.

Lemma B.1 Let � �

d

2

� 1 and T > 0 be two real numbers. Let A

0

and B be two ve
tor

�elds, de�ned on T

d

, su
h that B 2 L

4

([0; T ℄;H

�+

1

2

) \ L

2

([0; T ℄;H

�+1

), and A

0

is in H

�

.

Finally let W be an element of L

2

([0; T ℄;H

��1

), and let A be a solution of the following

equation :

(

�

t

A+ a

2

(D)A+ q(A;B) + ~q(A;A) = W in T

d

A

jt=0

= A

0

:

(B.1)

Then there exists 
onstants C and

~

C su
h that the following properties are satis�ed.

Suppose that � >

d

2

� 1. Then if X

2

(t) = kAk

L

2

([0;t℄;H

�+1

)

, then

X

2

(t)e

�CB

2

2

(t)

� CjA

0

j

�

+ CW(t) +

~

CX

2

2

(t); (B.2)

and X

1

(t) = kAk

L

1

([0;t℄;H

�

)

satis�es

X

1

(t) � jA

0

j

�

+ CW(t) + CX

2

(t)

�

~

CX

2

(t) +B

2

(t)

�

:

We have written B

2

= kBk

L

2

([0;t℄;H

�+1

)

and W(t) = kWk

L

2

([0;t℄;H

��1

)

:

If � =

d

2

� 1, then if X

4

(t) = kAk

L

4

([0;t℄;H

�+

1

2

)

and B

4

(t) = kBk

L

4

([0;t℄;H

�+

1

2

)

, then

X

4

(t)e

�CB

4

4

(t)

� CjA

0

j

�

+ CW(t) +

~

CX

2

4

(t); (B.3)

X

2

(t) � jA

0

j

�

+ CW(t) + CX

4

(t)(

~

CX

4

(t) + B

4

(t)); (B.4)

X

1

(t) � jA

0

j

�

+ CW(t) + CX

4

(t)

�

~

CX

4

(t) + B

4

(t)

�

: (B.5)

Remark. In the linear 
ase, when ~q = 0, the results above hold with

~

C = 0.
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Proof of Lemma B.1. Let us apply the trun
ation operators �

q

to equation (B.1). If we

write A

q

= �

q

A, then we get

�

t

A

q

+ a

2

(D)�A

q

+�

q

~q(A;A) + �

q

q(A;B) = �

q

W:

Let us suppose that s >

d

2

� 1.

We take the s
alar produ
t of this equation with A

q

, and integrate the result over T

d

. The

results we re
alled in se
tion 2.1 give, sin
e � >

d

2

� 1,

1

2

d

dt

jA

q

(t)j

2

0

+ 
2

2q

jA

q

(t)j

2

0

� C


q

(t)2

�q�

jA

q

(t)j

0

jA(t)j

�+1

(jB(t)j

�+1

+

~

CjA(t)j

�+1

)

+ C


q

(t)2

�q(��1)

jW (t)j

��1

jA

q

(t)j

0

; (B.6)

where

P

q




2

q

(t) = 1.

The idea now is to 
onjugate the fun
tion A by the means of an exponential, enabling one to

have some 
ontrol over the linear term q(A;B) of equation (B.1).

Let us thus de�ne g

q

(t) = jA

q

(t)j

0

exp

�

��

Z

t

0

jB(s)j

2

�+1

ds

�

, where � is a stri
tly positive

real number, the pre
ise value of whi
h we shall de�ne later.

Then

d

dt

g

2

q

(t) = �2�jB(t)j

2

�+1

g

2

q

(t) + e

�2�

R

t

0

jB(s)j

2

�+1

ds

d

dt

jA

q

(t)j

2

0

;

and de�ning B

2

2

(t) =

Z

t

0

jB(s)j

2

�+1

ds, we get

d

dt

g

2

q

(t) + 
2

2q

g

2

q

(t) � �2�jB(t)j

2

�+1

g

2

q

(t)

+ C


q

(t)2

�q�

e

��B

2

2

(t)

g

q

(t)jA(t)j

�+1

�

jB(t)j

�+1

+

~

CjA(t)j

�+1

�

+ C


q

(t)2

�q(��1)

jW (t)j

��1

e

��B

2

2

(t)

g

q

(t):

Then Gronwall's lemma leads to

g

q

(t) � g

qjt=0

e

�
2

2q

t�2�B

2

2

(t)

+

~

C

Z

t

0




q

(�)2

�q�

e

��B

2

2

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

2

�+1

ds

jA(�)j

2

�+1

d�

+ C

Z

t

0




q

(�)2

�q�

e

��B

2

2

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

2

�+1

ds

jA(�)j

�+1

jB(�)j

�+1

d�

+ C

Z

t

0




q

(�)2

�q(��1)

e

��B

2

2

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

2

�+1

ds

jW (�)j

��1

d�:

Let us multiply this estimate by 2

q(�+1)

; we 
an use Young's inequality

kf ? gk

L

2 � kfk

L

2kgk

L

1
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and take the `

2

norm in q, whi
h brings, using Lemma 2.5 and whereW(t) = kWk

L

2

([0;t℄;H

��1

)

,

ke

��B

2

2

(�)

jAj

�+1

k

L

2

([0;t℄)

�

~

CX

2

2

(t) + CX

2

(t)e

�2�B

2

2

(t)

ke

�B

2

2

(�)

jB(�)j

�+1

k

L

2

([0;t℄)

+ CjA

0

j

�

+ CW(t): (B.7)

But one 
an noti
e that

ke

�B

2

2

(�)

jB(�)j

�+1

k

2

L

2

([0;t℄)

=

Z

t

0

jB(�)j

2

�+1

e

2�

R

�

0

jB(s)j

2

�+1

ds

d�

=

1

2�

Z

t

0

d

d�

e

2�

R

�

0

jB(s)j

2

�+1

ds

d�

�

1

2�

e

2�B

2

2

(t)

;

therefore if � is 
hosen su
h that 2

C

(2�)

1

2

= 1, the estimate (B.7) be
omes

e

�4C

2

B

2

2

(t)

X

2

(t) � 2CjA

0

j

�

+ 2

~

CX

2

2

(t) + 2CW(t):

Estimate (B.2) is therefore proved. To get the fa
t that A is bounded in time, we 
an write

the same 
omputations as above up to the point (B.6), and then Gronwall's lemma leads to

jA

q

(t)j

0

� C2

�q(��1)

Z

t

0




q

(�)jW (�)j

��1

e

�
2

2q

(t��)

d� + jA

q;0

j

�

e

�
2

2q

t

+ C2

�q�

Z

t

0




q

(�)jA(�)j

�+1

(

~

CjA(�)j

�+1

+ jB(�)j

�+1

)e

�C2

2q

(t��)

d�:

One then just has to multiply this estimate by 2

q�

and take the L

1

norm in time, with

kf ? gk

L

1

� kfk

L

2kgk

L

2

� kfk

L

1

kgk

L

1
:

Taking the `

2

norm in q and using Lemma 2.5 leads to the expe
ted result. Hen
e Lemma B.1

is proved, in the 
ase when � >

d

2

� 1.

In the 
ase when � =

d

2

� 1, this method does not work as it stands, as the estimate (B.6) is

no longer 
orre
t. In that 
ase, one writes rather, sin
e � +

1

2

<

d

2

,

1

2

d

dt

jA

q

(t)j

2

0

+ 
2

2q

jA

q

(t)j

2

0

� C


q

(t)2

�q(��1)

jA

q

(t)j

0

jA(t)j

�+

1

2

(jB(t)j

�+

1

2

+

~

CjA(t)j

�+

1

2

)

+ C


q

(t)2

�q(��1)

jW (t)j

��1

jA

q

(t)j

0

: (B.8)

Then the 
omputations are very similar to the ones above: we de�ne

h

q

(t) = jA

q

(t)j

0

exp

�

��

Z

t

0

jB(s)j

4

�+

1

2

ds

�

;

where � is de�ned by

4

C

(4�)

1

4

= 1:
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Then we get, writing B

4

4

(t) =

Z

t

0

jB(s)j

4

�+

1

2

ds,

h

q

(t) � h

qjt=0

e

�
2

2q

t�2�B

4

4

(t)

+

~

C

Z

t

0




q

(�)2

�q(��1)

e

��B

4

4

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

4

�+

1

2

ds

jA(�)j

2

�+

1

2

d�

+ C

Z

t

0




q

(�)2

�q(��1)

e

��B

4

4

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

2

�+

1

2

ds

jA(�)j

�+

1

2

jB(�)j

�+

1

2

d�

+ C

Z

t

0




q

(�)2

�q(��1)

e

��B

4

4

(�)�
2

2q

(t��)�2�

R

t

�

jB(s)j

2

�+

1

2

ds

jW (�)j

��1

d�:

Then using Young's inequality

kf � gk

L

4
� kfk

L

4
kgk

L

1
;

we �nally get the following estimate:

e

�4C

4

B

4

4

(t)

X

4

(t) � 2CjA

0

j

�

+ 2

~

CX

2

4

(t) + 2CW(t):

Then the estimates on X

1

and X

2

are found exa
tly as the estimate on X

1

in the previous


ase, when � >

d

2

� 1, by a Gronwall lemma in equation (B.8), whi
h gives

jA

q

(t)j

0

� C2

�q(��1)

Z

t

0




q

(�)jW (�)j

��1

e

�
2

2q

(t��)

d� + jA

q;0

j

�

e

�
2

2q

t

+ C2

�q(��1)

Z

t

0




q

(�)jA(�)j

�+

1

2

(

~

CjA(�)j

�+

1

2

+ jB(�)j

�+

1

2

)e

�C2

2q

(t��)

d�;

followed by Young's inequalities re
alled above. The lemma is proved. 2
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C The small divisor estimates

In this se
tion we are going to study the small divisor estimates whi
h have been used in

Theorem 2. Let us re
all that in Theorem 2, in order to get the �rst term of an asymptoti


expansion of the �ltered solution u

"

, we have supposed that L satis�ed a se
ond order small

divisor estimate in T

d

. It is hen
e natural to wonder whether su
h an assumption is reasonable,

other than in very spe
ial 
ases su
h as in the primitive equations when F = a

�1

3

where the

eigenvalues of FP

n

L do not depend on n.

We are going to suppose that the eigenvalues of FL (or FP

n

L in the 
ase when there are

divergen
e free 
onditions), 
alled !

a

(n) with a 2 f1; ::; d

0

g, satisfy a relation of the type

9 a

j

; 8(k;m) 2 Z

2d

;

�

�

�

!

a

(k) + !

b

(m)� !




(k +m)

�

�

�

=

P

3

i=1

"

i

P

1

2

k;m;i

(a

�1

j

)

P

1

2

k;m;0

(a

�1

j

)

; (C.1)

where "

2

i

= 1, (P

k;m;i

(x))

0�i�3

are polynomials in x of degree p

0

> 0, with 
oeÆ
ients that are

polynomials in (k;m; jkj; jmj) and depend on (a

k

)

k 6=j

; let us re
all that the a

k

are the sizes of

the sides of the periodi
 box T

d

. The 
oeÆ
ients also depend on (a; b; 
).

In the following we will write !

a

(k) + !

b

(m)� !




(k +m) = !

a;b;


k;k+m

.

Remark. The 
omputations written in se
tions 5 and 6, show that su
h a relation is for

instan
e satis�ed in the 
ase of the rotating 
uid equations, or for the primitive system: let

us re
all that in the 
ase of the primitive equations and the rotating 
uids respe
tively, we

have seen that

!

a

(k) =

(k

2

3

=a

2

3

+ F

�2

jk

0

j

2

)

1

2

jkj

; and !

a

(k) =

k

3

=a

3

jkj

;

so a redu
tion to the same denominator, in j!

a

(k)+!

b

(m)�!




(k+m)j, gives the form (C.1).

Proposition C.1 If the eigenvalues of FL satisfy a relation of the type (C:1), then the set

A =

n

a

j

2 R

�

+

j 8(A;�) 2 (R

�

+

)

2

;9(k;m; a; b; 
); j!

a;b;


k;k+m

j

�1

� A (1 + jkj)

�

(1 + jmj)

�

o

is of Lebesgue measure zero in R

�

+

.

Remark. A stated in the introdu
tion, that proposition implies that the se
ond order

assumption made on L in Theorem 2 is true for almost all periodi
 boxes T

d

.

We will only 
onsider se
ond order estimates here. In the 
ase of di�erent order estimates, the


omputations below must be adapted, namely by supposing that a relation of the type (C.1)

is satis�ed at the same order.

Proof of the proposition. The �rst steps of the proof 
onsist in a series of transformations

enabling one to bring the problem down to the 
ase when j!

a;b;


k;k+m

j is a polynomial in a

�1

j

,

with 
oeÆ
ients depending on (k;m).
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From now on we shall de�ne x = a

�1

j

, and suppose that x � K, where K is an arbitrary

integer. Only at the very end will we let K go to in�nity.

We will note, for any measurable fun
tion X, �(X) for its Lebesgue measure.

Then let us de�ne

A

K

=

n

x 2 [0;K℄ j 8(A;�) 2 (R

�

+

)

2

;9(k;m; a; b; 
); j!

a;b;


k;k+m

j

�1

� A (1 + jkj)

�

(1 + jmj)

�

o

:

Of 
ourse, here and in the following, we restri
t ourselves to the 
ase when

j!

a;b;


k;k+m

j 6= 0:

The measure of A

K

is zero if the same goes for that of the spa
e

~

A

K

de�ned by

(

x 2 [0;K℄ j 8(A;�) 2 (R

�

+

)

2

;9(k;m); j

3

X

i=1

"

i

P

1

2

k;m;i

(x)j � A

�1

(1 + jkj)

��

(1 + jmj)

��

)

:

Let us suppose for instan
e that "

1

= 1 and "

2

= "

3

= �1. Then an immediate 
omputation,

using a� b = (a

2

� b

2

)(a+ b)

�1

; leads to the fa
t that

j

3

X

i=1

"

i

P

1

2

k;m;i

(x)j = j

3

X

i=1

"

i

P

k;m;i

(x)� P

k;m;4

(x)j jQ

k;m

(x)j

�1

;

where P

k;m;4

(x) is a polynomial in x, and Q

k;m

(x) is a stri
tly positive fun
tion of x, and both

are polynomial in (k;m; jkj; jmj). From now on we will 
all generi
ally P

k;m

(x) the polynomial

in the numerator of the expression above, and de�ne q

0

as its degree.

Then we have redu
ed the problem to showing that the set

~

A

0

K

=

n

x 2 [0;K℄ j 8(A;�) 2 (R

�

+

)

2

;9(k;m); jP

k;m

(x)j � A

�1

(1 + jkj)

��

(1 + jmj)

��

o

is of Lebesgue measure zero in R. Now we de�ne a sequen
e in R

�

+

�R

�

+

, 
alled (A

n

; �

n

)

n2N

,

su
h that A

n

and �

n

go to in�nity with n, and

X

n

A

�

1

q

0

n

< 1; where let us re
all that q

0

is

the degree of P

k;m

de�ned above. Then the measure of the set

~

A

0

K

will be smaller than that

of the interse
tion for n 2N of the sets

A

K;n

=

n

x 2 [0;K℄ j 9(k;m); jP

k;m

(x)j � A

�1

n

(1 + jkj)

��

n

(1 + jmj)

��

n

o

:

Now let us number the 
ouples (k;m) of Z

d

� Z

d

, using an index j 2 N. The numbering

is su
h that there exists a 
ountable sequen
e of embedded subsets N

j

whose reunion is the

latti
e Z

d

� Z

d

, where ea
h N

j

has a 
ardinal jN

j

j � (1 + jk

j

j)

d

(1 + jm

j

j)

d

, and where we

have (k

j

;m

j

) 2 N

j

. In other words, we number the 
ouples (k;m) in
reaslingly a

ording to

their size.

Finally let us de�ne, �xing a 
ouple of integers (k

j

;m

j

) in N

j

,

A

j

K;n

=

n

x 2 [0;K℄ j jP

k

j

;m

j

(x)j � A

�1

n

(1 + jk

j

j)

��

n

(1 + jm

j

j)

��

n

o

:
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The measure of A

j

K;n

is smaller than that of

~

A

j

K;n

=

n

x 2 [0;K℄ j 9(k;m) 2 N

j

; jP

k;m

(x)j � A

�1

n

(1 + jk

j

j)

��

n

(1 + jm

j

j)

��

n

o

:

But in [3℄ is proved the following result:

Lemma C.1 Let P

k;m

be a polynomial of degree p

0

, with 
oeÆ
ients that depend on dis
rete

parameters k and m. Let � > 0 and Æ 2℄0; 1[ be �xed numbers. Then the measure of the set S

j

de�ned by

S

j

=

n

x 2 R

�

+

j 9(k;m) 2 N

j

; jP

k;m

(x)j � Æ

p

0

jN

j

j

�p

0

(1+�)

o

satis�es � (S

j

) � 2p

0

ÆjN

j

j

��

:

That lemma applied here leads to

�

�

A

j

K;n

�

� �

�

~

A

j

K;n

�

� 2q

0

A

�

1

q

0

n

jN

j

j

�

�

n

�

q

0

(1+�)

� 2q

0

A

�

1

q

0

n

(1 + jk

j

j)

�

�

n

�d

q

0

(1+�)

(1 + jm

j

j)

�

�

n

�d

q

0

(1+�)

:

Summing over (k

j

;m

j

) yields � (A

K;n

) � C

d;q

0

q

0

A

�

1

q

0

n

; for �

n

large enough in front of � and q

0

,

where C

d;q

0

is a 
onstant depending only on d and q

0

.

We have assumed that

X

n

A

�

1

q

0

n

<1; so we get �nally

X

n

� (A

K;n

) <1: Then it is just a mat-

ter of using Borel{Cantelli's Lemma (see [35℄ for instan
e): we �nd that �

�

lim sup

n

A

K;n

�

= 0;

whi
h means in other words that almost all x 2 [0;K℄ belong to a �nite number only of

spa
es A

K;n

. Hen
e the measure of A

K

is zero, so we 
an then 
onsider the 
ountable union

of the A

K

; whi
h leads to the fa
t that A is of measure zero, so the proposition is proved. 2

Remark. In [3℄, A. Babin, A. Mahalov, and B. Ni
olaenko 
ompute, in the parti
ular


ases we have studied in this paper, a pre
ise se
ond order small divisor estimate: they �nd

�

2

= 4+ "

0

(see Theorem 3.2 of [3℄), but that result only holds when a

3

remains outside a set

of (small) stri
tly positive measure. That is made pre
ise in Remark 3.2 of [3℄.
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