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Abstra
t. We show the 
onsisten
y and the 
onvergen
e of a spe
tral approximation of the bidimensional

vorti
ity equation, proposed by V. Zeitlin in [13℄ and studied numeri
ally by I. Szunyogh, B. Kadar, and D. D�ev�enyi

in [12℄, whose main feature is that it preserves the Hamiltonian stru
ture of the vorti
ity equation.

R�esum�e. On d�emontre la 
onsistan
e et la 
onvergen
e d'une approximation spe
trale de l'�equation du tourbillon

bidimensionnelle p�eriodique, propos�ee par V. Zeitlin dans [13℄ et �etudi�ee num�eriquement par I. Szunyogh, B. Kadar et D.

D�ev�enyi dans [12℄; sa 
ara
t�eristique prin
ipale est de pr�eserver la stru
ture hamiltonienne de l'�equation du tourbillon.

1 Introdu
tion

The aim of this arti
le is to study a parti
ular form of spe
tral approximation of the bi-

dimensional Euler equation, proposed by V. Zeitlin in [13℄. Before explaining the reason for

that parti
ular approximation, let us re
all a few very basi
 fa
ts 
on
erning bidimensional,

invis
id, in
ompressible 
ows, from whi
h is derived the bidimensional vorti
ity equation.

Let us 
onsider an invis
id, in
ompressible 
uid, evolving on the bidimensional plane. A

parti
le of that 
uid, at a point x and at a time t, has a velo
ity v(t; x) whi
h satis�es the

in
ompressible Euler equation

(E)

8

>

<

>

:

�

t

v + v � rv = �rp in R � T

2

div v = 0

v

jt=0

= v

0

:

Here T

2

stands for the bidimensional torus: throughout this paper, we shall suppose that the


uid is periodi
 in both dire
tions of the plane. The �rst equation in (E) is the momentum

equation, where p is the pressure, and the se
ond equation represents the 
onservation of mass.

We have written div v = �

1

v

1

+ �

2

v

2

; where �

i

is the partial derivative in the dire
tion x

i

,

and where v = (v

1

; v

2

). We suppose that v

0

is a periodi
, divergen
e free ve
tor �eld, and

throughout this paper, the ve
tor �elds will be supposed also to be mean free on T

2

. Let us

note that the unknowns are a priori v and p, but p 
an be obtained from v by plugging the

in
ompressibility 
ondition into the momentum equation: we get

��p =

X

i;j

�

i

�

j

(v

i

v

j

):
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A fundamental quantity in 
uid me
hani
s is the vorti
ity 


def

= 
url v: In the bidimensional


ase, it is identi�ed with the s
alar fun
tion !

def

= �

1

v

2

� �

2

v

1

; whi
h satis�es

(V E) �

t

! + v � r! = 0 in T

2

;

and v and ! are related by the well{known Biot{Savart law

(BS) v = r

?

(E � !); where E(x) =

1

2�

log jxj:

We have noted � for the 
onvolution operator, and r

?

= (��

2

; �

1

). We shall not go into any

detailed statement 
on
erning systems (E) and (V E). We refer to [5℄, [8℄, [9℄, and [10℄ for

extensive studies on those equations. Let us nevertheless re
all that there is a unique global

solution to (E) for smooth initial data (say, in C

0

(R; C

r

) if v

0

2 C

r

with r > 1), and the L

p

norms of the vorti
ity are 
onserved for any p 2 [1;1℄.

In the following, the spa
e H

s

is the usual homogeneous Sobolev spa
e of order s 2 R. We

shall note in the following the norm of any fun
tion u in H

s

by

juj

s

def

=

0

�

X

n2Z

2

jnj

2s

j

b

u(n)j

2

1

A

1

2

;

where

b

u(n) denotes the dis
rete Fourier transform of u, whi
h we shall also sometimes note

as Fu(n):

8 n 2 Z

2

;

b

u(n) = Fu(n)

def

=

Z

T

2

e

�in�x

u(x) dx;

where n � x is the usual s
alar produ
t of (n

1

; n

2

) by (x

1

; x

2

). We have noted jnj for the usual

Eu
lidean norm in Z

2

, jnj

2

= n

2

1

+ n

2

2

: Moreover, we will note (ajb) the s
alar produ
t in L

2

of two fun
tions a and b.

As shown in [12℄ and [13℄, one very important feature of the vorti
ity equation (V E) is its

Hamiltonian stru
ture. We shall not go into any dis
ussion of the theory of Hamiltonian

systems (see the work of V. Arnold in [1℄, as well as [2℄ and [11℄). All we shall re
all here

is that the Hamiltonian stru
ture of (V E) implies the 
onservation of an in�nite number of

invariants: the energy, and the volume integral of any fun
tion of !. If one wants to study

numeri
ally the system (V E), one approa
h is to 
ompute the Fourier transform of the system,

and to trun
ate at some frequen
y N . However, traditional trun
ation strategies inevitably

destroy the Hamiltonian stru
ture of the equations (see [12℄ for details). In [13℄, V. Zeitlin

proposes a strategy whi
h has the feature of preserving the Hamiltonian stru
ture; the main

interest of su
h a stru
ture{preserving s
heme is that it is liable to give better results than

a s
heme destroying the Hamiltonian stru
ture, as su
h a destru
tion leads to a loss in the

Physi
s underlying the equation. Let us note that the strategy proposed by V. Zeitlin, and

studied in this arti
le, is also presented in the book by V. Arnold and B.A. Khesin (see [2℄,

page 61). The trun
ation strategy proposed by V. Zeitlin is based on the Fourier expansion

of the equation (V E), whi
h 
an be written as follows:

(FV E)

d

dt

b

!(n) =

X

k2Z

2

n� k

jkj

2

b

!(k)

b

!(n� k); 8 n 2 Z

2

:
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We have noted n�k = n

1

k

2

�n

2

k

1

: One traditional way to approximate (FV E) is to 
onsider

the ordinary di�erential equation

(FV E

N

)

8

>

>

>

<

>

>

>

:

d

dt

b

!

N

(n) =

X

jkj�N

1

jnj�N

n� k

jkj

2

b

!(k)

b

!(n� k);

b

!

N

(n) = 0 if jnj > N;

b

!

N jt=0

(n) = 1

jnj�N

Z

T

2

e

�in�x

!

0

(x) dx :

We have noted 1

jnj�N

for 
hara
teristi
 fun
tion of the ball 
entered at the origin, of radiusN .

We refer to [10℄ for the proof of the well{posedness of (FV E

N

), and for the proof of the


onvergen
e of the solutions of (FV E

N

) to those of (FV E) when N goes to in�nity. It is

shown in [12℄ that (FV E

N

) does not preserve the Hamiltonian stru
ture, and the same goes

for the aliased version of that approximation, de�ned in the following way:

d

dt

b

!

N

(n) = �

X

jkj�N

b

v

N

((n� k)[2N + 1℄) � k

b

!

N

(k);

where we have de�ned a[M ℄ =

jaj[M ℄

jaj

a; where jaj[M ℄ is the smallest integer in [�N;N ℄

equal to jaj mod M . Now we have all the elements to introdu
e the sine{bra
ket trun
ation,

proposed by V. Zeitlin in [13℄:

(SB

N

)

8

>

<

>

:

d

dt

b

!

N

(n) =

X

jkj�N

1

jnj�N

2N + 1

2�jkj

2

sin

�

2�n� k

2N + 1

�

b

!

N

(k)

b

!

N

((n� k)[2N + 1℄)

b

!

N jt=0

(n) = 1

jnj�N

b

!

0

(n):

The following result is proved in [12℄ and [13℄.

Proposition 1.1 The sine{bra
ket trun
ation preserves the Hamiltonian stru
ture of the

bidimensional vorti
ity equation. In parti
ular, it preserves the entropy, de�ned, for all fun
-

tions !, by H(!)

def

= j!j

0

:

Remark. Con
erning the terminology used to de�ne that trun
ation, the \sine" part is


lear, and the term \bra
ket" is due to the fa
t that (SB

N

) 
an be written in a bra
ket form,

due to its Hamiltonian stru
ture (see [12℄, [13℄).

We shall note, throughout this paper,

FT

N

(a; b)(n)

def

=

X

jkj�N

1

jnj�N

2N + 1

2�jkj

2

sin

�

2�n� k

2N + 1

�

b

a(k)

b

b ((n� k)[2N + 1℄) ;

FT (a; b)(n)

def

=

X

k2Z

2

n� k

jkj

2

b

a(k)

b

b(n� k):

In parti
ular, if !

N

(resp. !) is a solution of the sine{bra
ket trun
ation (SB

N

) (resp. of the

bidimensional vorti
ity equation (V E)), then

d!

N

dt

= T

N

(!

N

; !

N

); and

d!

dt

= T (!; !):
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This paper is devoted to the mathemati
al analysis of the trun
ation (SB

N

). We shall not

study the numeri
al aspe
t of the trun
ation; we refer to [12℄ for the analysis of numeri
al

experiments 
arried out on (SB

N

), and for the 
omparison with traditional s
hemes. In

parti
ular, we shall be 
on
erned with the 
onsisten
y, and the 
onvergen
e of the s
heme

(the stability is a byprodu
t of the Hamiltonian stru
ture, as seen in Proposition 1.1).

Theorem 1 (
onsisten
y) There exists a 
onstant C su
h that the following property is

satis�ed. Let ! be a smooth fun
tion, and let 
 < 4 and � > 0 be two real numbers. Then

jT

N

(!; !)� T (!; !)j

0

� Cmin (j!j

1

; N j!j

0

)

�

N

2�


j!j




+N

��

j!j

�+2

�

:

Remark. That theorem indi
ates that the sine{bra
ket trun
ation is 
onsistent with the

vorti
ity equation (V E), with a rate of at most N

�2

. The following theorem shows that rate

is sharp, and in parti
ular, that the sine{bra
ket trun
ation T

N

is not spe
trally a

urate with

respe
t to the operator T .

Theorem 2 There exists a smooth fun
tion !, a 
onstant C(!) and an integer N(!), su
h

that for all integers N � N(!), we have

jT

N

(!; !)� T (!; !)j

0

� C(!)N

�2

:

Theorem 3 (
onvergen
e) Let !

0

and !

N;0

be smooth fun
tions, and let !

N

(resp. !) be

the solution of (SB

N

) (resp. (V E)) with initial data !

N;0

(resp. !

0

). Then for all 
 < 4, we

have

j!

N

(t)� !(t)j

0

� C

�

j!

N;0

� !

0

j

0

+N

3�


k!

0

k

L

2
k!k

L

1

([0;t℄;H




)

�

e

C(kr!k

L

1

([0;t℄;L

1

)

+tk!

0

k

L

2

)

;

where C is a 
onstant independent of N . In parti
ular, the sine{bra
ket trun
ation (SB

N

)


onverges to (V E) when N goes to in�nity.

Remarks. It should be noted that kr!k

L

1

([0;t℄;L

1

)

in
reases, a priori, as a double expo-

nential of t. So the estimate given in the theorem is poor for large times. Moreover, one


an noti
e that L

2

norms of the vorti
ity appear, whi
h are 
onstant in time 
ontrary to

higher order Sobolev norms. In the proof of that theorem, spe
ial 
are is taken in order to

let su
h L

2

norms appear as often as possible, sometimes at the 
ost of higher powers of N .

Finally, the L

1

norm of r! whi
h appears in Theorem 3 is due to the use of a smoothened


ut{o� operator (see Se
tion 3), enabling one to use L

p

spa
e{norms for p 6= 2.

Throughout this paper, we will note all \universal 
onstants" by the same letter C.

2 Consisten
y of the sine{bra
ket trun
ation

In this se
tion, we are going to prove Theorems 1 and 2 stated in the introdu
tion.

Proof of Theorem 1. Let us 
ompute the `

2

norm in n of

I

N

(!; !)(n)

def

= FT

N

(!; !)(n)�FT (!; !)(n):
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We have I

N

(!; !)(n) =

5

X

i=1

I

i

N

(!; !)(n); where

I

1

N

(a; b)(n) =

X

k2Z

2

1

jkj�N

1

jn�kj>N

1

jnj�N

2N + 1

2�jkj

2

sin

2�n� k

2N + 1

b

a(k)

b

b((n� k)[2N + 1℄); (2.1)

I

2

N

(a; b)(n) = �

X

k2Z

2

1

jkj>N

1

jn�kj�N

1

jnj�N

n� k

jkj

2

b

a(k)

b

b(n� k); (2.2)

I

3

N

(a; b)(n) = �

X

k2Z

2

1

jn�kj>N

1

jnj�N

n� k

jkj

2

b

a(k)

b

b(n� k); (2.3)

I

4

N

(a; b)(n) = �

X

k2Z

2

1

jnj>N

n� k

jkj

2

b

a(k)

b

b(n� k); (2.4)

and �nally where

I

5

N

(a; b)(n) =

X

k2Z

2

1

jkj�N

1

jn�kj�N

1

jnj�N

2N + 1

2�jkj

2

�

sin

2�n� k

2N + 1

�

2�n� k

2N + 1

�

b

a(k)

b

b(n� k):

(2.5)

Lemma 2.1 If a and b are smooth fun
tions, then for all � > 1 and � > �1, we have

kI

1

N

(a; b)k

`

2
� CN

2��

jaj

�2

jbj

�

+ CN

��

jaj

�

jbj

0

:

Proof. Let us de
ompose I

1

N

(a; b) a

ording to the relative size of jkj and N=2. We have

I

1

N

(a; b) = I

1;1

N

(a; b) + I

1;2

N

(a; b);

where

I

1;1

N

(a; b)(n) =

X

N

2

�jkj�N

1

jnj�N

1

jn�kj>N

2N + 1

2�jkj

2

sin

�

2�n� k

2N + 1

�

b

a(k)

b

b((n� k)[2N + 1℄);

and I

1;2

N

(a; b)(n) =

X

jkj�

N

2

1

jnj�N

1

jn�kj>N

2N + 1

2�jkj

2

sin

�

2�n� k

2N + 1

�

b

a(k)

b

b((n� k)[2N + 1℄):

We have

kI

1;1

N

(a; b)k

`

2
� CN













X

jkj�

N

2

jkj

�2

j

b

a(k)j 1

N<jn�kj�2N+1

j

b

b((n� k)[2N + 1℄)j













`

2

n

:

But if N < jn � kj � 2N + 1, then the appli
ation n � k 7! (n � k)[2N + 1℄ is one{to{one,

hen
e using Young's inequality, we get

kI

1;1

N

(a; b)k

`

2 � CN













1

N

2

�jkj

jkj

�2

j

b

a(k)j













`

1

k













b

b(m)













`

2

m

:

We have noted `

p

m

the `

p

norm with respe
t to the variable m.
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Now the Cau
hy{S
hwarz inequality implies that

kI

1;1

N

(a; b)k

`

2 � CN













1

N

2

�jkj

jkj

�2��

jkj

�

j

b

a(k)j













`

1

k

jbj

0

� CN













1

N

2

�jkj

jkj

�2��













`

2

k

jaj

�

jbj

0

� CN

��

jaj

�

jbj

0

;

for all � > �1. So one part of the lemma is proved. We now are left with the estimate of the

term kI

1;2

N

(a; b)k

`

2
. We have

kI

1;2

N

(a; b)k

`

2
�













X

jkj�

N

2

1

jn�kj>N

1

jnj�N

2N + 1

2�jkj

2

j

b

a(k)j j

b

b ((n� k)[2N + 1℄) j













`

2

n

:

But it is easy to see that if jkj �

N

2

and jn� kj > N; then

N

2

� j(n � k)[2N + 1℄j � N: So

we 
an write, using Young's inequality, followed by Cau
hy{S
hwarz,

kI

1;2

N

(a; b)k

`

2 � CN













1

N�jmj�2N+1

1

N

2

�jm[2N+1℄j�N

j

b

b(m[2N + 1℄)j













`

1

m

jaj

�2

� CN

2��

jbj

�

jaj

�2

;

for all � > 1. So the lemma is proved.

Lemma 2.2 If a and b are smooth fun
tions, then for all �

0

> 0, we have

kI

2

N

(a; b)k

`

2
� CN

��

0

jaj

�

0

min(jbj

1

; N jbj

0

):

Proof. We have, again using the Cau
hy{S
hwarz inequality,

kI

2

N

(a; b)k

`

2
�













X

jkj>N

1

jn�kj�N

1

jnj�N

jn� kj

jkj

2

j

b

a(k)j j

b

b(n� k)j













`

2

n

� C













1

jkj>N

jkj

�1

j

b

a(k)j













`

1

k

min(jbj

1

; N jbj

0

)

� CN

��

0

jaj

�

0

min(jbj

1

; N jbj

0

);

for all �

0

> 0. The lemma is proved.

Lemma 2.3 If a and b are smooth fun
tions, then for all Æ > 2, we have

kI

3

N

(a; b)k

`

2
� CN

2�Æ

jaj

�1

jbj

Æ

:

Proof. We 
an write

kI

3

N

(a; b)k

`

2
�













X

k2Z

2

1

jn�kj>N

1

jnj�N

jn� kj

jkj

2

j

b

a(k)j j

b

b(n� k)j













`

2

n

:
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It follows that for all Æ > 2,

kI

3

N

(a; b)k

`

2 � C













jkj

�1

j

b

a(k)j













`

2

k













1

jmj>N

jmjj

b

b(m)j













`

1

m

� Cjaj

�1
















1

jmj>N

jmj

1�Æ
















`

2

m

jbj

Æ

;

whi
h gives the result.

Lemma 2.4 If a and b are smooth fun
tions, then for all Æ > 2 and �

0

> 0, we have

kI

4

N

(a; b)k

`

2
� CN

��

0

jaj

�

0

min(jbj

1

; N jbj

0

) + CN

2�Æ

jaj

�1

jbj

Æ

:

Proof. Sin
e jnj > N , then ne
essarily, we have either jkj >

N

2

, or jn� kj >

N

2

. It follows

that

kI

4

N

(a; b)k

`

2
�













X

N

2

�jkj

1

jn�kj�N=2

1

jnj�N

jn� kj

jkj

2

j

b

a(k)j j

b

b(n� k)j













`

2

n

+













X

jn�kj>

N

2

1

jkj�N

1

jnj�N

jn� kj

jkj

2

j

b

a(k)j j

b

b(n� k)j













`

2

n

:

Then a Young inequality yields

kI

4

N

(a; b)k

`

2
� C













1

jkj�N=2

jkj

�1

j

b

a(k)j













`

1

k

min(jbj

1

; N jbj

0

)

+ C













1

N

2

�jmj

jmjj

b

b(m)j













`

1

m













jkj

�1

j

b

a(k)j













`

2

k

;

and the result follows by a Cau
hy{S
hwarz inequality.

Lemma 2.5 If a and b are smooth fun
tions, then for all 
 < 4, we have

kI

5

N

(a; b)k

`

2
� CN

2�


jbj




min(jaj

1

; N jaj

0

):

Proof. For all x 2 R, we have j sinx� xj � Cjxj

3

; hen
e

kI

5

N

(a; b)k

`

2 � C
















X

k

1

jkj�N

1

jn�kj�N

1

jnj�N

jn� kj

3

jkj

(2N + 1)

2

j

b

a(k)j j

b

b(n� k)j
















`

2

n

:

Hen
e we get, by similar 
omputations as above,

kI

5

N

(a; b)k

`

2
� C













1

jmj�N

jmj

3

j

b

b(m)j













`

1

m

min(N

�1

jaj

0

; N

�2

jaj

1

)

� CN

2�


jbj




min(jaj

1

; N jaj

0

):

for all 
 < 4. The result follows.
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Putting together Lemmas 2.1 to 2.5 , we get the theorem.

Proof of Theorem 2. It is 
lear from Lemmas 2.1 to and 2.4 that the fun
tions I

1

N

to I

4

N

de�ned in (2.1) to (2.4) have spe
tral a

ura
y. Hen
e it is enough to prove the estimate of

Theorem 2 for I

5

N

de�ned in (2:5). We are going to 
onstru
t a fun
tion satisfying Theorem 2

in the following way: let us 
onsider the fun
tion ! de�ned by

!(x

1

; x

2

) = 
os x

1

+ 
os 2x

2

: (2.6)

Then we obviously have

b

!(1; 0) =

b

!(0; 2) = 1; and

b

!(k) = 0 for all other k in Z

2

: Let us


ompute I

5

N

(!; !) in that 
ase. An immediate 
omputation shows that in I

5

N

(!; !)(n), only

the value n = (1; 2) gives a non zero result, and, for N � 2,

I

5

N

(!; !)(1; 2) =

2N + 1

2�

�

4�

2N + 1

� sin

4�

2N + 1

�

�

2N + 1

8�

�

4�

2N + 1

� sin

4�

2N + 1

�

:

Hen
e we get

jI

5

N

(!; !)(1; 2)j � CN

�

4�

2N + 1

� sin

4�

2N + 1

�

� CN

�2

+O(N

�4

);

using the fa
t that x� sinx =

1

3!

x

3

+O(x

5

). So Theorem 2 is proved.

3 Convergen
e of the sine{bra
ket trun
ation

The aim of this se
tion is to prove Theorem 3 stated in the introdu
tion. We have

1

2

d

dt

j!

N

(t)� !(t)j

2

0

= Re (!

N

� ! j T

N

(!

N

; !

N

)� T (!; !)) ;

But the stru
ture of the trun
ation implies that Re (T

N

(a; b)jb) = 0 for any a and b, hen
e

the quantity T

N

(!

N

; !

N

) above 
an be repla
ed by T

N

(!

N

; !). Moreover, we have

T

N

(!

N

; !) = T

N

(!

N

� !; !) + T

N

(!; !);

so we get �nally

1

2

d

dt

j!

N

� !j

2

0

= Re (T

N

(!; !) � T (!; !) j !

N

� !) + Re (T

N

(!

N

� !; !) j !

N

� !) :

Then Theorem 1 enables us to infer that for all � > 0 and all 
 < 4,

1

2

d

dt

j!

N

� !j

2

0

� Cj!

N

� !j

0

k!k

L

2
(N

3�


j!j




+N

1��

j!j

�+2

)

+ jT

N

(!

N

� ! j !)j

0

j!

N

� !j

0

: (3.1)

Lemma 3.1 If a 2 L

2

(T

2

) and if b is a smooth fun
tion, then for all N 2 N, we have for

all 0 < " < 1,

jT

N

(a; b)j

0

� Cjaj

0

(krbk

L

1

+ jbj

0

+N

�"

jbj

"+3

):
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Let us suppose temporarily that this result is proved, and let us go ba
k to estimate (3.1).

Then Lemma 3.1 implies that

1

2

d

dt

j!

N

� !j

2

0

� Ck!k

L

2
j!

N

� !j

0

(N

3�


j!j




+N

1��

j!j

�+2

)

+ C(kr!k

L

1

+ k!k

L

2
+N

�"

j!j

"+3

) j!

N

� !j

2

0

;

hen
e, by Gronwall's lemma, we get for all t � 0, for all N 2 N, for all 
 < 4, � > 0

and 0 < " < 1,

j!

N

(t)� !(t)j

0

� j!

N;0

� !

0

j

0

exp

�

C

Z

t

0

�

kr!k

L

1

+ k!k

L

2
+N

�"

j!j

"+3

�

(�) d�

�

+ C N

3�


k!

0

k

L

2

Z

t

0

j!j




(�) d� exp

�

C

Z

t

0

�

kr!k

L

1

+ k!k

L

2
+N

�"

j!j

"+3

�

(�) d�

�

+ C N

1��

k!

0

k

L

2

Z

t

0

j!j

�+2

(�) d� exp

�

C

Z

t

0

�

kr!k

L

1

+ k!k

L

2
+N

�"

j!j

"+3

�

(�) d�

�

; (3.2)

where we have used the fa
t that the L

2

norm of ! is 
onstant. So the theorem is proved.

Proof of Lemma 3.1. We have

jT

N

(a; b)j

0

� kI

1

N

(a; b)k

`

2
+ kI

5

N

(a; b)k

`

2
+ kI

6

N

(a; b)k

`

2
;

with the notation of the previous se
tion (see (2.5)), and where we have de�ned

I

6

N

(a; b)(n)

def

=

X

k2Z

2

1

jkj�N

1

jn�kj�N

1

jnj�N

n� k

jkj

2

b

a(k)

b

b(n� k): (3.3)

But Lemmas 2.1 and 2.5 imply that

kI

1

N

(a; b)k

`

2
+ kI

5

N

(a; b)k

`

2
� CN

3�


jaj

0

jbj




+ Cjaj

0

jbj

0

;

for all 2 < 
 < 4. So now we are left with the estimate of kI

6

N

(a; b)k

`

2 . A dire
t estimate here

will lead nowhere: one sees easily that it yields

kI

6

N

(a; b)k

`

2 � Cjaj

�1













1

jmj�N

jmjj

b

b(m)j













`

1

m

;

whi
h if we only 
onsider L

2

-based Sobolev norms for b, is unbounded as N in
reases, and

that is not wanted sin
e that estimate appears in an exponential after Gronwall's lemma (see

equation (3.2) above). To 
ir
umvent this diÆ
ulty, we are going to repla
e the `

1

m

estimate

on 1

jmj�N

jmjj

b

b(m)j above by an L

1

estimate on rb, whi
h will not 
ost any power of N . The

way to do so is to use an elementary form of J.-M. Bony's paradi�erential 
al
ulus (see [3℄),

by repla
ing the 
ut{o� 1

jmj�N

by a smooth trun
ation de�ned as follows: let us 
onsider a

smooth, 
ompa
tly supported, radial fun
tion ', with values in [0; 1℄, su
h that

'(x) = 1 if x 2 [0; 1℄; '(x) = 0 if jxj � 2 :

Then the tame trun
ation operator S

N

, for all N 2 N, is de�ned by

S

N

u

def

= F

�1

�

'

�

j � j

N

�

b

u(�)

�

;
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and it is easy to see that if u 2 D

0

, then S

N

u 
onverges to u in D

0

, when N goes to in�nity.

Moreover, we have the following 
ru
ial estimate:

kS

N

uk

L

p

� Ckuk

L

p

;

for any p 2 [1;1℄, where C does not depend on N . Let us note that su
h an estimate is false

in the 
ase of the 
ut{o�, ex
ept of 
ourse when p = 2. Now we write I

6

N

= I

6;1

N

+ I

6;2

N

, where

I

6;1

N

(a; b)(n) =

X

k2Z

2

1

jkj�N

1

jnj�N

n� k

jkj

2

b

a(k)'

�

jn� kj

N

�

b

b(n� k)

and

I

6;2

N

(a; b)(n) =

X

k2Z

2

1

jkj�N

1

jnj�N

n� k

jkj

2

b

a(k) (1� ')

�

jn� kj

N

�

b

b(n� k):

We have

kI

6;1

N

(a; b)k

`

2
�

X

i 6=j













X

k2Z

2

1

jkj�N

1

jnj�N

(n

i

� k

i

)k

j

jkj

2

b

a(k)'

�

jn� kj

N

�

b

b(n� k)













`

2

n

;

hen
e by Plan
herel's theorem,

kI

6;1

N

(a; b)k

`

2
�

X

i 6=j













F

�1

�

1

jkj�N

k

j

jkj

2

b

a(k)

�

S

N

(�

i

b)













L

2

�

X

i 6=j













S

N

(�

i

b)













L

1













1

jkj�N

k

j

jkj

2

b

a(k)













`

2

k

� Ckrbk

L

1

jaj

�1

:

Finally the last term is estimated as follows:

kI

6;2

N

(a; b)k

`

2
�
















X

k2Z

2

1

jkj�N

1

jn�kj�N

jn� kj

jkj

j

b

a(k)j j

b

b(n� k)j
















`

2

� Cjaj

�1













1

jmj�N

jmj

1�"

0













`

1

m

jbj

"

0

� CN

2�"

0

jaj

�1

jbj

"

0

;

as soon as "

0

> 2. The lemma follows.

Con
luding remark

This paper shows that the sine{bra
ket trun
ation does 
onverge towards the Euler equation,

but that the 
onsisten
y is not satisfa
tory, 
ontrary to a traditional spe
tral trun
ation

approximation, whi
h has spe
tral a

ura
y. However it is important from a pra
ti
al point

of view to 
onserve as mu
h invariants as possible in the approximation; hen
e if one desires

a better balan
e between a

ura
y and 
onservation of a large number of invariants, one is

led to looking for a new type of approximation.
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