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Abstract

We consider the Navier-Stokes equations in R?, in an axisymmetric setting: the data and the solutions
only depend on the radial and on the vertical variable. In [7], a unique solution is constructed in a
scale invariant function space L3, equivalent to L? at finite distance from the vertical axis. We prove
here a weak—strong uniqueness result for such solutions associated with data in L* N L.
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1 Introduction

In this note we are interested in the Navier-Stokes equations

odv+v-Vo—vAv = —Vp in Rt xR®,
(NS) dive = 0,
U‘t:o = o,

under the assumption that vy is a divergence—free, axisymmetric vector field, as defined in
Definition 1 below. Let us recall that in the system (NS), v(t,z,y,2) and p(t,z,y,z) are
respectively the velocity and the pressure fields of the fluid, and v > 0 is the viscosity. The
velocity is a three-component vector field, and the pressure is a scalar field. The divergence
free condition on v represents the incompressibility of the fluid. Here ¢ and (z,y,2) are
respectively the time and the space variables, with + € RT and (z,y, z) € R3.

Definition 1 Let (r,0,2) € R x [0,27(xR be the cylindrical coordinates in R®, where
Y(z,y) €R?, x=rcosf and y=rsin.

A scalar function defined in R? is said to be axisymmetric if it does not depend on the angular
variable 0, and a vector field is said to be axisymmetric if each of its cylindrical components
is.



We emphasize here the fact that the cylindrical component uf of a vector field u is not
necessarily zero for u to be axisymmetric. The only assumption is that «”, u’ and u* do
not depend on 6. In the following, when in cylindric coordinates, we shall still note the
space L2(R?) for the space L? with measure rdrdfdz.

The question of the existence and uniqueness of solutions to (NS) under such an assump-
tion on the initial data was addressed by M. Ukhavskii and V. Yudovitch in [16] (with the
additional requirement that v’ = 0). The result proved in [16] states that there is a unique
solution to (N.S) under axisymmetric assumptions, in the following class:

rot v

Vo € L*([0,T], L*(R*)), rotv € L>([0,T], L*NL>*(R?)), € L>([0,T], L>*NL>®(R%)).
Other studies on axisymmetric solutions of the Navier-Stokes equations can be found, in par-
ticular the work of O. A. Ladhyzhenskaya [12], as well as the study of G. Ponce, R. Racke, T.
Sideris and E. Titi [14]. Recently, in [6]-[7], the aim of S. Ibrahim, M. Majdoub and the author
was to obtain solutions in a class of function spaces invariant by the scaling of the equation
(and thus with less regularity imposed on the initial data than for the results in [12],[14],[16]):
recall that for any real number A, if v is a solution of the Navier-Stokes equations associated

with the initial data vy, then the same goes for vy (t, z,y, 2) def Mo(A2t, Az, Ay, Az), associated
with the data vy x(z,v, 2) def Avg(Az, Ay, A\z). The result in [7] is the following.

Theorem 1 ([7]) Let ug be a divergence free vector field, element of

dzdyd
LE(R3) def {f € S'(R®) axisymmetric | / |f(x,y,z)|2¥ < —I—oo} .
r3

VPP

There exists a unique time T* > 0 and a unique axisymmetric solution u such that for any
time T' €]0, T*],

we C°0,T), L2(R?)), t'?Vue C’(0,T],L3(R®)) and %in%tl/2Vu=0 in L2(R%).
_)

Moreover, there exists a constant ¢ > 0 such that if ||ug|| L2(r3) < €V, then one can choose T' =
+00 above.

Remark. The space LZ(R?) defined above is presented and studied in [7]; we shall refer
to [7] whenever special properties of that space are needed (namely in Section 3). We will

note
def 2 1/2
1Fllz2es) = |f(r,2)P drdz) .
RTXR

Note that the space L3(R?) is invariant by the scaling of the Navier-Stokes equations. Let
us also point out that the theorem stated above (and indeed all theorems concerning unique
solutions of the Navier—Stokes equations to this day, in three space dimensions: see for in-
stance [1], [3], [4], [L1]) is global in time only for small data. It has been known since the
early thirties that global solutions for arbitrarily large initial data can be constructed, but
those solutions are not known to be unique; that result goes back to the fundamental work of



J. Leray (see [13]), and can be stated in the following way: if the initial data is a divergence
free element of L?(R?), then there is (at least) a solution v to (N.S) which satisfies

t
V20, (o) + 20 /0 IV0(5) 2225y ds < llo0]13 e (L1)

A solution of (N S) satisfying such an energy estimate will be said to be a Leray solution.

Remark. Note that it is possible to construct axisymmetric Leray solutions if the data is
axisymmetric (see [7]).

One natural question one can now ask is the following: if the initial data is axisymmetric, and
if it is an element of L3(R3) as well as L?(R?), do all axisymmetric Leray solutions coincide
with the unique axisymmetric solution given by Theorem 1?7 The (positive) result is given in
the following stability theorem. Let us start by stating the following proposition, which will
be proved in Section 3.

Proposition 1 Under the assumptions of Theorem 1, the solution u satisfies moreover

VT < T*, Vuc L*([0,T), L3(R?)).

In the following, we shall use the notation

Br {f € L°°([0,T], L*(R®)) divergence free, Vf € Lz([o,T],LQ(]R?’))}, e,

and
Bor & { £ € C°([0,T], L3(R®)) divergence free, Vf € L2([0,T], L%(]R?’))}.

We will also note

def
iz, = TellZo o713 + IVl 220,306

Theorem 2 Let ug € L3(R*) N L?(R3?) and vy € L*(R®) be two axisymmetric, divergence free
vector fields, and let u and v be axisymmetric Leray solutions of (N S) associated respectively

with ug and vg; suppose that u is in Fqr for some T > 0. Then the function w def v — U
satisfies the following estimate:

T
C C
sup 0 (8) 33 e + v /0 IV (t) 2 e dt < llwoll3 o exp (;uun%o,T - ;uun‘éw) :

where wy def vg—ug. In particular, ifu is a Leray solution associated with uy € L3(R3)NL2(R?)
such that u € Eg 1 for some T' > 0, then all axisymmetric Leray solutions associated with ug
coincide with u for all times t < T.

Remark. Note that a stability result is proved in [14], with more smoothness assumptions
on the initial data (essentially the assumptions of [16] presented above).

The method we shall follow to prove this result goes back to J. Leray [13], and can be found
in the book by W. von Wahl [17], where weak-strong uniqueness results in the L3(R3) case



are proved (see also more recently [5] for bidimensional inital data, [7] for the axisymmetric
case in special domains of R?, as well as [9] for the tridimensional equations in Besov spaces).
Before going on with the proof of the result, let us comment on the bidimensional case :
as an axisymmetric vector field essentially only depends on two variables, r and z, one can
wonder at the difference with the bidimensional weak-strong uniqueness result [5]. In fact the
axisymmetric case is more complicated since the space in which uniqueness is known is L2
and not L%, and obviously L3 is a weighted space whose weight degenerates near r = 0. We
will see in the course of the proofs that this causes many problems which were not present
in [5].

Note that the pressure p does not appear in the results; that is due to the fact that if (u,p)
satisfies the Navier—Stokes equations, then since u is divergence free, one has

p=—-A"1 Z 9;0;(u’ @ ul). (1.2)
(2

Finally, in the whole of this text, we will note by C, or sometimes ¢, any universal constant
which can change from line to line. We will also write z < y for = < Cly.

2 Proof of Theorem 2

Let ug € L3(R*) N L?(R®) and vy € L?(R?) be two axisymmetric, divergence free vector fields,
and define associate axisymmetric Leray solutions u and v, where u satisfies moreover the
smoothness results of Theorem 1 and Proposition 1: we suppose that v is an element of E,
as defined in the introduction, and that u is an element of E N Ey 7 for some T > 0.

The method of proof of Theorem 2, following [17], consists simply in considering the func-

. def . . . . . .
tion w = w — v, which is an axisymmetric, divergence free vector field element of F; it

satisfies
1 2 ! 2 1 2 ! 2
S0 +v [ IV ds = 511 +v [ IFu()]Es ds

1 t t
+5ll®)72 + V/O IV20(s) 172 ds — (u(t) [ u(t)) 2 — 21//0 (Vo(s) | Vu(s))pz ds,  (2.1)
where (- | -)z2 denotes the scalar product in L?(R*). Now the difficulty is to compute the

cross-product terms on the right-hand side of (2.1), due to the lack of regularity of Leray
solutions (formal computations would yield the following lemma in a straightforward way).

Lemma 1 Under the assumptions of Theorem 2, the functions u and v satisfy

t

(v|w)pe2 (t)—|—2u/0 (Vo | Vu) 2 (s)ds = (vo | UO)L2_/0 ((v |u-Vu) 4+ (u|v- Vv)Lz)(s)ds.

Before proving that result, let us finish the proof of Theorem 2: we notice that

/Ot<(v|u-Vu)L2-I—(u|v-Vv)L2>(s)ds:/Ot(w-Vw|u)L2(s)ds,



so (2.1) becomes finally, with Lemma 1,

1 t 1 t
SO+ [ IV ds = 513 +v [ ITu)]Es ds

2

Then estimate (3.10) given in Lemma 3 in Section 3.3, associated with the fact that both u
and v satisfy the energy estimate (1.1), yields

1 t t
Y@z, + v / IV20(s)]2 ds — / (w - Vw | w) g (5) ds — (ug | vo) g
0 0

t C t
lo(t) |22 +v / I90(5)13ds < o3 + ool ~2 (v | v+ / [90(s) 2 ()] 22 ds

C t
+ ;/ IVu() 172 lu(s) 172 lw(s)l|Z> ds.
0

To conclude, a standard conjugation argument yields

t C t
@I +v IV ds < funleexp (5 [ 1966307 + a3 ds)

and the theorem is proved, up to the proof of Lemma 1, which is achieved in the following
section, along with the proof of Proposition 1. The proof of that lemma, is of course the core
of the paper, and will require a few technical results on axisymmetric vector fields.

3 Proof of some technical results

This section is devoted to the proof of Proposition 1 and Lemma, 1, as well as some interme-
diate technical results.

3.1 Proof of Proposition 1

Let us consider an axisymmetric, divergence free vector field ug in L3(R®) and let us prove
that the associate solution given by Theorem 1, satisfies moreover Vu € L2([0,T], L3(R3)).
To prove that result, we are going to follow the method of [7], otherwise known as “Kato’s
method” (see the work of T. Kato [10], as well as the book of M. Cannone [1]): we write the
solution u in the “mild form”

u(t) = S(t)uo + B(u, u)(t)
where S(%) def exp(trA) is the heat semi-group, and

def

t
Bu,v)(t) % — /0 PS(t — s)div (u ® v)(s)ds,

where P is the Hopf projector onto divergence free vector fields. By a fixed point argument
(see [1], [7]), the result will be proved if we show the two following estimates:

IVS(t)uoll L2 o,17,2(23) < luollLz ), (3.1)

5



and  [[VB(u, v)| 20,17, 23) < nllullgor 0]l Eo (3.2)

where 7 is a bounded constant independent of u and v. Note that in [7], it is required that n be
a bounded function of T' going to zero as T' goes to zero. That last property is not necessary
(it is in fact wrong in general); we refer to [8] for a correction of the proof of the local existence
part of Theorem 7 of [7] avoiding that property. The method is classical, all the ingredients
for the proof being in [7].

To prove those two estimates, we are going to use some Littlewood—Paley theory (see for

instance the book of J.-Y. Chemin [2] for a precise presentation) we consider a function ¢,

smooth, radial and compactly supported on the ring ¢ & { € R|% < |p| <2}, and such

that for any p € R\ {0}, we have Z ©(277p) = 1. Then the Littlewood-Paley operators are
JEZ

defined, for any function f € S’(R?), by the means of their Fourier transform F:

Vi€, FANE)E o@IE)F()©).

The series ZAj f converges towards f in S'(R%), and we recall (see [7] and the references
JEZ
therein) that

||f||%g(R3) ~ Z “Ajf“%g(Ra)a (3-3)
JEZ
14 —UV 2j
and e 8 f 1720y ~ € 18173 m5- (3.4)

Now the proof of estimate (3.1) is straightforward: it is enough to prove that
2 g —cv227t 2 < 2 2
20 [ e P Ajug 2 ) dt S ol s
0

where (c;) is a sequence in ¢%(Z) of norm equal to one. That last inequality being obvious
due to (3.3), estimate (3.1) is proved.

Now let us prove (3.2). Similarly, we just have to check that
22| B o1, 0) o 27,23y < 12 By 01 (3.5)

Since P is continuous on LZ(R?) (see [7]) we get, still by the spectral localization of A;,

t
. . _52j
DA B o) Oll ey S Py [ e N vlg100 ds

t
< 2%¢; /0 e I ()| V()15 g [0 () IV () g s

That last inequality is due to the following lemma.

Lemma 2 There exists a constant C' such that the following result holds. Let a and b be
two axisymmetric functions, such that a, b, Va and Vb are in L%(R‘O’). Then the product ab
is also in LZ(R®), and we have the following estimate:

labllZ2 ) < Cllalla@s) I Vall L3 es) 1l L3 23) [ VOl £ 3)-



Supposing that lemma to be true, estimate (3.5) is easily obtained by Young’s inequality, and
Proposition 1 is proved.

Proof of Lemma 2. It can be seen as a precised version of Lemma 12 in [7] and is in
fact simply a bidimensional product rule: the functions a and b being axisymmetric, they
are functions of the two variables r and z and the space L3 is precisely the space L? with
measure drdz. So the result follows directly.

3.2 Proof of Lemma 1

Let us consider smooth approximations of the vector fields u and v: let (u,) and (v,) be
two sequences of axisymmetric, divergence free, smooth vector fields, say in C°(R* x R3),
bounded respectively in £ N Eyr and E, such that

Vv, (resp. Vu,) converges strongly towards Vo (resp. Vu) in L*(R",L*(R*))
(3.6)
and additionnally

Vu, converges strongly towards Vu in L%([0,T], L3(R?)). (3.7)

Since both u and v satisfy the Navier—-Stokes equation, taking the scalar product of the
equation on v and u respectively with u, and v,, and integrating in time yields

[ (@0 T =0 o)+ 00 L)) ) ds =0, 69
and .
/0 ((@u |on)p2 — vV (Au|vp)pe + (u- Vu|vy) o )(3) ds = 0. (3.9)

It is now a matter of taking the limit in n. The computations are identical to those written
in [5], [7] or [9], so we shall skip the details. Lemma 3 stated and proved in the last section,
associated with assumptions (3.6)-(3.7), enable us to write

/Ot(—I/(AU|Un)L2+(U-VU|Un)L2)(8)dS—>/Ot(—I/(AU|U)L2+(U'VU|U)L2)(S)dS,

and similarly for the limit in v, (noticing that as w is divergence free, (u - Vu | vp)r2 =
(u-Vop |u)r2). Then since v solves the Navier-Stokes equation, we have

/Ut (D50 | u) o (5) ds = /Ot (V (Av | u) e — (v- Vo |u) )(s) ds,
which implies that , ,
| @) () ds = [ (@010 (5) ds,
0 0

and similarly for the limit in v,. Finally putting all those limits together, we obtain the
following identity:

t
(v(t) | u(t)) 2 + 21//0 (Vo(s) | Vu(s));2 ds = (up|wvo)pe

— /Ot((v|u-VU)L2+(U|U'VU)L2>(3)d3v

and Lemma 1 is proved, up to the proof of the following result, used several times above.



3.3 A continuity lemma

t
Lemma 3 Let t € R". The application (a,b,c) |—>/ (div(a®b) | ¢) (s) ds is a trilinear
0

form, continuous in E? x Ey +, with a,b and c axisymmetric and divergence free. More precisely,
the following estimate holds:

/ (- Vble) 2] (5) ds < / [Vl DI B2l 2 Vel ) ds
/ IVl 22 lall 7 IV all el 51 el s (s) ds
/ IVellzg (llallo21VBlLze + B 1V Nall S 19al 1) (5) ds.

Furthermore, there exists a constant C', independent of t, such that ifa € E and ¢ € Eg; are
two axisymmetric, divergence free vector fields, then we have

v [t c [t
<5 [ IVallEs s+ 5 IVl By o) s e(s) I ds. (3.10)

t
/ (a-Valc); 2 (s) ds
0

The proof of that result will be achieved in several steps: first, using the fact that the setting
is axisymmetric, we are going to compute more precisely the trilinear form appearing in the
statement of the lemma, which will enable us to point out its special structure. Then a specific
product lemma will yield the result ; this result is the core of the paper, and we shall see here
why the fact that the vector fields are axisymmetric plays an essential role.

Let us start by giving some notation: if f is a vector field written f = (f*, f¥, f*) in cartesian
coordinates, then we will note its cylindrical components f = (f", f?, %), with

fr def fTcosf+ fYsinf and f? def f¥sinf — fYcosb.

Recall that f7, f? and f* do not depend on 6, and that f? is not necessarily zero here.

An easy computation shows that if an axisymmetric vector field f satisfies Vf € L2(R?), then
in particular

fr

‘ r

Now let us compute the trilinear form given in Lemma 3: we have, in cylindrical coordinates,

SV ElL2@s)- (3.11)

f0
< VS lles and H—
"Lz (es)

L2(R?)

1
a-Vb=(a"0, + —aP0y + a’d,)b,
r
so after some computations, one comes up with

(a-Vble)p: ~ / a"opb - c rdrdz —I—/ a® (e —v"c?) drdz —I—/ a*d,b-c rdrdz
R+XR R+XR

RTXR

= I+1II+1III,



and we shall estimate each of those three terms separately.
For the first term, we have by Cauchy—Schwarz,

IS 19:bllzella” el L2
S IVblpallrt 2"l -

~

But Lemma 2 yields
1/2 1/2 1/2 1/2
It 2arellgy S e e 1521V () 5 el 5 19l
and since

r

IV(r2a")ll s S IVa" |2 +

L2
the result (3.11) implies that

17 S 1Vellzz lall 2 [ all 2 el 19el s (3.12)

To estimate II, we write

0

11 S || (relse + el )
L

and identical computations to the case I imply that, using again (3.11),
111 S Vall = 1Bl 2 VB el 519 el 5 (3.13)
The estimate of I11 requires some additionnal computations: let us start by writing

IIT ~ / a®0,b"c" rdrdz + / a*0.b0¢! rdrdz + / a®0,b°c® rdrdz
RTXR RTXR

R+tXR

= IIT1+1I1241113.

Integration by parts yields
IIT.1 ~ —/ 0,a°b"c" rdrdz —/ a’b"0,c" rdrdz,
RTXR REXR

so as above (in the estimate of T), we get

[IIL1] S |[Vallpa bl [V oI5 el 5 1V el + / a*V' 0,¢" rdrdz|,
RTXR
and finally
1/2 1/2 1/2 1/2
(I11.1] 5 [ Vallg (bl IV B el 1V ell s + Vel 22 lira®s | 3- (3.14)
An identical computation for I11.2 implies that
1/2 1/2 1/2 1/2 z
(112 5 |[Vallpa 1Bl 57 IV Nl 1V ell 5" + 19 3 lra”s - (3.15)



b'l"
Finally, since b is axisymmetric and divergence free, we have 0,b° = —d,b" — —, which implies

that

II1.3 ~ —/ a*o,b"c” rdrdz—/ a’b"c® drdz
REXR

RTXR

~ / 0,a”b"c® rdrdz + / a*b" o,c” rdrdz,
RTXR RTXR

after integration by parts. So finally we have, using the same estimate as for I in the first
integral,
1/2 1/2y q11/2 1/2
(I11.3) 5 [ Vallp (bl IV B [l 1V ell s + 19l za lra®s | 3- (3.16)

Putting together estimates (3.12) to (3.16), we come up With

1/2 1/2 1/2 1/2
(@~ Vble) 2] S Va2 Bl VDI el 2 1Vel s

1/2 1/2 1/2 1/2
+ 9Bl ze lall 7 IV all 5 lell 571V ell 2 + Vel (||mzb0||Lg+||m2b"||Lg). (3.17)

. e a’ .
Now the problem is to compute the terms ||razb‘9||L3 and ||razb’"||Lg: if — could be estimated
r

in L2(R?), then Lemma 2 would let us conclude: similar estimates to above would indeed
enable us to write for instance

Irat?12 < 1205 IV O ) IV 0 g Iy (318)
0 a? (4
S Il (19l + |

b
> (HVUﬂHL2+"__ >.
L2 T L2
z

a
However such an estimate of — in L?(R®) is not available (see L. Tartar [15] for comments
r

on that subject), so we shall need the following lemma, the proof of which is postponed for a
while.

Lemma 4 Let o and 3 be two axisymmetric scalar functions, in L?(R%), such that Va, V3

and p are also in L>(R%). Then the function raf3 is in L3(R?), and
r
LQ(R3))

B
r
(||Vﬁ||Lz<Ra> ; Hﬁ

r L2<R3>) '

lraBllZs sy S lleellz2es) (IIﬁIIL2(R3)IIVaIIL2(R3) + llallzees)

Remark. We see by that lemma that contrary to the computation (3.18) above, it is not

necessary for both a and 3 to satisfy € L*(R*) and = 6 € L*(R3) for the result to hold.

With that result, let us finish the proof of Lemma 3. The contlnulty result follows immediately,
applying Lemma 4 with o = a* and 3 = b" or b?, since we get from (3.17)

1/2 1/2 1/2 1/2
(- Vble) 2] S IV all 2 Bl VDI el 2 1Vel s

10



1/2 1/2 1/2 1/2
+ 1Bz llall 5 1V all el 51 vell

1/2 1/2 1/2 1/2
+ 1Velzg (llallz2 1Vl + 11 IVBIlals 19l )

In the case when a = b, that yields
3/2 1/2 1/2 1/2
(a- Val)z| S [ Vallys lall 2 lel 71V el 5 + 1Vellzllal 2| Vall 2.
so finally
C 2 2
(@ Vale)r2| < 5 Vallf2 +— ||a||L2||c||L2||Vc||L2 + 4+ llall 72l Vel 3.

and Lemma 3 is proved.

3.4 Proof of Lemma 4

We are going to use a dyadic partition of the real axis: let us define a smooth function 1,
supported in {r € R" |ag < r < by}, where 0 < ag < by are such that

> ?(2r) =1 VYreR"\ {0},

qEZ

and
vreRY, 9(2)p(27r) =0 if |¢—d|> 2

Then we can write

1P 2Bl T2 may ~ D Iar*aBllz ms),

qQEL

where we have noted 1), def ¥ (29-). Since we have

[ 2Bl L2 gzy S 27 [gaBliLe g2),s

it follows that Lemma 4 will be proved if we show that

‘é
Tl L2(r3)

(||Vﬁ||Lz<Ra> ; ] B
r L2

lbgaBlZ2ms) S 2% llall Lo e <||5||L2(R3)||Va||L2(R3) + [lal| 22 (w3

M»

where (c,) is a sequence of £2(Z), of norm equal to one.

Writing a, def Ypac and By def Yy 3, we have, due to the localization of 1),

||¢qaﬁ||%2(1g3) S Z [9hg0ep By “%20&3)7
[p—p'|<2
[p—g|<2

11



which also reads
||¢q0‘ﬁ||%2(11§3) s27 Z ||¢q0‘pﬁp’||%g([g3)- (3.19)
lp—p'|<2
Ip—q|<2

For reasons that will become clearer later on, let us define a new function & smooth, radial
a ~
and compactly supported, say in [70, 2bg], such that ¢1) = ). Then one can replace above

the function 3, by Zjbvpl By, and similarly «,, by {Epap, and we are led to proving that

(3.20)
L2(Rr3)

B
T llL2(r?) 7

. 5
S I s e S 22 ales) (||Vﬁ||Lz<Rs> v
lp—p'[<2
Ip—q|<2

X <||ﬁ||L2(R3)||Va||L2(R3) + [l 2 w3y

where we have noted Ep' def zbvpr By and a, def {Epap.
Since ||¢q&p§p’||Lg(R3) S ||&p§pf||Lg(R3), Lemma 2 implies that
4B 12305y S 1ol ey 175 e 1B iz ey IVl
We also have ||| 223y S llowllp2(ms) and [[By [l 2w3) < 18y [lL2(zs)- Moreover, one has

IVByllizg < by o VBIl Lz + 27 by by Bz + 27 14ty Bl 2,

where ¢, (r) def P (2Pr), @Zl’,(r) def ' (2Pr), and an identical result holds for o, so we can write

||¢q&p§p’||%g(]g3) S (||¢p’$p’vﬂ||Lg(R3) + 2p,||$p’¢;lyﬂ“Lg(R3) + 2p,||$;la’¢p’ﬂ”Lg(R3))

% (I Vol + 2 1ppallzaes) + 2 10polzzes) ) lapll syl lzzs),

Now using the fact that 1)’ and QZI are localized in the same compact set as {pv, and since {pv’
and v’ are bounded, we get

||¢qap§p’||%g(]g3) S 2erpl||ap||L2(R3) <||¢p'vﬁ||L2(R3) + 2p,||$p’ﬁ“L2(R3) + 2p,“¢p’ﬁ”L2(R3)>
X||Bpr |l 2 (r3) <||¢pV04||L2(R3) + 2|l L2 (e + 2p||¢p04||L2(R3)> :

Then all we need to notice is that

T ~ B ' B
2 Wy Blien and 2y Bl S o]
"L (m3) " liz2(ms3)
and since |p — p'| < 2, we also have
» < g
2P0 B 2wy S ||vp = :
T llL2(r3)
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so it follows that

g

@[Jp’ F ﬂ

Jp’ -

r

—+

||¢qapﬁp’“%g(1g3) 5 2P+p’||0‘p||L2(R3) <||¢p’vﬁ||L2(R3) + ‘
L2(R3)

LQ(RC‘"))
B
T2 (r?)

zpp’ -

X (Hﬁp'||L2(R3)||¢pV04||L2(R3) + (I[bpallre(es) + llpal L2 @3)) ‘

Finally we get, using the fact that 2°77" ~ 22¢,

B ~ [
R T AL DR P (T \ s
r L2 r L2
lp—p'[<2 lp—p'[<2
[p—q|<2 Ip—q|<2
v e /8
x| 1Byl llvpVall e + ([vpallpe + lpallr2) by )
L
Finally to obtain (3.20), it is just a matter of using the fact that
< < ! d /6 < 1 6
lopllze S epllallzz, Byl S cpllBllr:  an Vo=l Szl s
r L2 r L2

where ¢, c;, and cz, are sequences of £2(Z) of norm 1, and similarly with 1 replaced by 1Z
Lemma 4 is proved.
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