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Abstra
t

We 
onsider the Navier{Stokes equations in R

3

, in an axisymmetri
 setting: the data and the solutions

only depend on the radial and on the verti
al variable. In [7℄, a unique solution is 
onstru
ted in a

s
ale invariant fun
tion spa
e L

2

0

, equivalent to L

2

at �nite distan
e from the verti
al axis. We prove

here a weak{strong uniqueness result for su
h solutions asso
iated with data in L

2

\ L

2

0

.

AMS 
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1 Introdu
tion

In this note we are interested in the Navier-Stokes equations

(NS)

8

<

:

�

t

v + v � rv � ��v = �rp in R

+

� R

3

;

div v = 0;

v

jt=0

= v

0

;

under the assumption that v

0

is a divergen
e{free, axisymmetri
 ve
tor �eld, as de�ned in

De�nition 1 below. Let us re
all that in the system (NS), v(t; x; y; z) and p(t; x; y; z) are

respe
tively the velo
ity and the pressure �elds of the 
uid, and � > 0 is the vis
osity. The

velo
ity is a three-
omponent ve
tor �eld, and the pressure is a s
alar �eld. The divergen
e

free 
ondition on v represents the in
ompressibility of the 
uid. Here t and (x; y; z) are

respe
tively the time and the spa
e variables, with t 2 R

+

and (x; y; z) 2 R

3

.

De�nition 1 Let (r; �; z) 2 R

+

� [0; 2�(�R be the 
ylindri
al 
oordinates in R

3

, where

8(x; y) 2 R

2

; x = r 
os � and y = r sin �:

A s
alar fun
tion de�ned in R

3

is said to be axisymmetri
 if it does not depend on the angular

variable �, and a ve
tor �eld is said to be axisymmetri
 if ea
h of its 
ylindri
al 
omponents

is.
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We emphasize here the fa
t that the 
ylindri
al 
omponent u

�

of a ve
tor �eld u is not

ne
essarily zero for u to be axisymmetri
. The only assumption is that u

r

, u

�

and u

z

do

not depend on �. In the following, when in 
ylindri
 
oordinates, we shall still note the

spa
e L

2

(R

3

) for the spa
e L

2

with measure rdrd�dz.

The question of the existen
e and uniqueness of solutions to (NS) under su
h an assump-

tion on the initial data was addressed by M. Ukhavskii and V. Yudovit
h in [16℄ (with the

additional requirement that v

�

= 0). The result proved in [16℄ states that there is a unique

solution to (NS) under axisymmetri
 assumptions, in the following 
lass:

rv 2 L

1

([0; T ℄; L

2

(R

3

)); rotv 2 L

1

([0; T ℄; L

2

\L

1

(R

3

));

rot v

r

2 L

1

([0; T ℄; L

2

\L

1

(R

3

)):

Other studies on axisymmetri
 solutions of the Navier-Stokes equations 
an be found, in par-

ti
ular the work of O. A. Ladhyzhenskaya [12℄, as well as the study of G. Pon
e, R. Ra
ke, T.

Sideris and E. Titi [14℄. Re
ently, in [6℄-[7℄, the aim of S. Ibrahim, M. Majdoub and the author

was to obtain solutions in a 
lass of fun
tion spa
es invariant by the s
aling of the equation

(and thus with less regularity imposed on the initial data than for the results in [12℄,[14℄,[16℄):

re
all that for any real number �, if v is a solution of the Navier-Stokes equations asso
iated

with the initial data v

0

, then the same goes for v

�

(t; x; y; z)

def

= �v(�

2

t; �x; �y; �z), asso
iated

with the data v

0;�

(x; y; z)

def

= �v

0

(�x; �y; �z). The result in [7℄ is the following.

Theorem 1 ([7℄) Let u

0

be a divergen
e free ve
tor �eld, element of

L

2

0

(R

3

)

def

=

(

f 2 S

0

(R

3

) axisymmetri
 j

Z

R

3

jf(x; y; z)j

2

dxdydz

p

x

2

+ y

2

< +1

)

:

There exists a unique time T

�

> 0 and a unique axisymmetri
 solution u su
h that for any

time T 2℄0; T

�

[,

u 2 C

0

([0; T ℄; L

2

0

(R

3

)); t

1=2

ru 2 C

0

([0; T ℄; L

2

0

(R

3

)) and lim

t!0

t

1=2

ru = 0 in L

2

0

(R

3

):

Moreover, there exists a 
onstant 
 > 0 su
h that if ku

0

k

L

2

0

(R

3

)

� 
�, then one 
an 
hoose T =

+1 above.

Remark. The spa
e L

2

0

(R

3

) de�ned above is presented and studied in [7℄; we shall refer

to [7℄ whenever spe
ial properties of that spa
e are needed (namely in Se
tion 3). We will

note

kfk

L

2

0

(R

3

)

def

=

�

Z

R

+

�R

jf(r; z)j

2

drdz

�

1=2

:

Note that the spa
e L

2

0

(R

3

) is invariant by the s
aling of the Navier{Stokes equations. Let

us also point out that the theorem stated above (and indeed all theorems 
on
erning unique

solutions of the Navier{Stokes equations to this day, in three spa
e dimensions: see for in-

stan
e [1℄, [3℄, [4℄, [11℄) is global in time only for small data. It has been known sin
e the

early thirties that global solutions for arbitrarily large initial data 
an be 
onstru
ted, but

those solutions are not known to be unique; that result goes ba
k to the fundamental work of
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J. Leray (see [13℄), and 
an be stated in the following way: if the initial data is a divergen
e

free element of L

2

(R

3

), then there is (at least) a solution v to (NS) whi
h satis�es

8t � 0; kv(t)k

2

L

2

(R

3

)

+ 2�

Z

t

0

krv(s)k

2

L

2

(R

3

)

ds � kv

0

k

2

L

2

(R

3

)

: (1.1)

A solution of (NS) satisfying su
h an energy estimate will be said to be a Leray solution.

Remark. Note that it is possible to 
onstru
t axisymmetri
 Leray solutions if the data is

axisymmetri
 (see [7℄).

One natural question one 
an now ask is the following: if the initial data is axisymmetri
, and

if it is an element of L

2

0

(R

3

) as well as L

2

(R

3

), do all axisymmetri
 Leray solutions 
oin
ide

with the unique axisymmetri
 solution given by Theorem 1? The (positive) result is given in

the following stability theorem. Let us start by stating the following proposition, whi
h will

be proved in Se
tion 3.

Proposition 1 Under the assumptions of Theorem 1, the solution u satis�es moreover

8T < T

�

; ru 2 L

2

([0; T ℄; L

2

0

(R

3

)):

In the following, we shall use the notation

E

T

def

=

n

f 2 L

1

([0; T ℄; L

2

(R

3

)) divergen
e free; rf 2 L

2

([0; T ℄; L

2

(R

3

))

o

; E

def

= E

1

;

and

E

0;T

def

=

n

f 2 C

0

([0; T ℄; L

2

0

(R

3

)) divergen
e free; rf 2 L

2

([0; T ℄; L

2

0

(R

3

))

o

:

We will also note

kuk

2

E

0;T

def

= kuk

2

L

1

([0;T ℄;L

2

0

(R

3

))

+ kruk

2

L

2

([0;T ℄;L

2

0

(R

3

))

:

Theorem 2 Let u

0

2 L

2

0

(R

3

)\L

2

(R

3

) and v

0

2 L

2

(R

3

) be two axisymmetri
, divergen
e free

ve
tor �elds, and let u and v be axisymmetri
 Leray solutions of (NS) asso
iated respe
tively

with u

0

and v

0

; suppose that u is in E

0;T

for some T > 0. Then the fun
tion w

def

= v � u

satis�es the following estimate:

sup

t�T

kw(t)k

2

L

2

(R

3

)

+ �

Z

T

0

krw(t)k

2

L

2

(R

3

)

dt � kw

0

k

2

L

2

(R

3

)

exp

�

C

�

kuk

2

E

0;T

+

C

�

3

kuk

4

E

0;T

�

;

where w

0

def

= v

0

�u

0

. In parti
ular, if u is a Leray solution asso
iated with u

0

2 L

2

0

(R

3

)\L

2

(R

3

)

su
h that u 2 E

0;T

for some T � 0, then all axisymmetri
 Leray solutions asso
iated with u

0


oin
ide with u for all times t � T .

Remark. Note that a stability result is proved in [14℄, with more smoothness assumptions

on the initial data (essentially the assumptions of [16℄ presented above).

The method we shall follow to prove this result goes ba
k to J. Leray [13℄, and 
an be found

in the book by W. von Wahl [17℄, where weak{strong uniqueness results in the L

3

(R

3

) 
ase

3



are proved (see also more re
ently [5℄ for bidimensional inital data, [7℄ for the axisymmetri



ase in spe
ial domains of R

3

, as well as [9℄ for the tridimensional equations in Besov spa
es).

Before going on with the proof of the result, let us 
omment on the bidimensional 
ase :

as an axisymmetri
 ve
tor �eld essentially only depends on two variables, r and z, one 
an

wonder at the di�eren
e with the bidimensional weak-strong uniqueness result [5℄. In fa
t the

axisymmetri
 
ase is more 
ompli
ated sin
e the spa
e in whi
h uniqueness is known is L

2

0

and not L

2

, and obviously L

2

0

is a weighted spa
e whose weight degenerates near r = 0. We

will see in the 
ourse of the proofs that this 
auses many problems whi
h were not present

in [5℄.

Note that the pressure p does not appear in the results; that is due to the fa
t that if (u; p)

satis�es the Navier{Stokes equations, then sin
e u is divergen
e free, one has

p = ��

�1

X

i;j

�

i

�

j

(u

i


 u

j

): (1.2)

Finally, in the whole of this text, we will note by C, or sometimes 
, any universal 
onstant

whi
h 
an 
hange from line to line. We will also write x . y for x � Cy.

2 Proof of Theorem 2

Let u

0

2 L

2

0

(R

3

)\L

2

(R

3

) and v

0

2 L

2

(R

3

) be two axisymmetri
, divergen
e free ve
tor �elds,

and de�ne asso
iate axisymmetri
 Leray solutions u and v, where u satis�es moreover the

smoothness results of Theorem 1 and Proposition 1: we suppose that v is an element of E,

as de�ned in the introdu
tion, and that u is an element of E \E

0;T

for some T > 0.

The method of proof of Theorem 2, following [17℄, 
onsists simply in 
onsidering the fun
-

tion w

def

= u � v, whi
h is an axisymmetri
, divergen
e free ve
tor �eld element of E; it

satis�es

1

2

kw(t)k

2

L

2

+ �

Z

t

0

krw(s)k

2

L

2

ds =

1

2

ku(t)k

2

L

2

+ �

Z

t

0

kru(s)k

2

L

2

ds

+

1

2

kv(t)k

2

L

2

+ �

Z

t

0

kr

2

v(s)k

2

L

2

ds� (v(t) j u(t))

L

2

� 2�

Z

t

0

(rv(s) j ru(s))

L

2

ds; (2.1)

where (� j �)

L

2
denotes the s
alar produ
t in L

2

(R

3

). Now the diÆ
ulty is to 
ompute the


ross-produ
t terms on the right{hand side of (2.1), due to the la
k of regularity of Leray

solutions (formal 
omputations would yield the following lemma in a straightforward way).

Lemma 1 Under the assumptions of Theorem 2, the fun
tions u and v satisfy

(v j u)

L

2

(t)+2�

Z

t

0

(rv j ru)

L

2

(s)ds = (v

0

j u

0

)

L

2

�

Z

t

0

�

(v j u � ru)

L

2

+(u j v � rv)

L

2

�

(s)ds:

Before proving that result, let us �nish the proof of Theorem 2: we noti
e that

Z

t

0

�

(v j u � ru)

L

2

+ (u j v � rv)

L

2

�

(s) ds =

Z

t

0

(w � rw j u)

L

2

(s) ds;
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so (2.1) be
omes �nally, with Lemma 1,

1

2

kw(t)k

2

L

2

+ �

Z

t

0

krw(s)k

2

L

2

ds =

1

2

ku(t)k

2

L

2

+ �

Z

t

0

kru(s)k

2

L

2

ds

+

1

2

kv(t)k

2

L

2

+ �

Z

t

0

kr

2

v(s)k

2

L

2

ds�

Z

t

0

(w � rw j u)

L

2

(s) ds� (u

0

j v

0

)

L

2

:

Then estimate (3.10) given in Lemma 3 in Se
tion 3.3, asso
iated with the fa
t that both u

and v satisfy the energy estimate (1.1), yields

kw(t)k

2

L

2

+�

Z

t

0

krw(s)k

2

L

2

ds � ku

0

k

2

L

2

+kv

0

k

2

L

2

�2 (u

0

j v

0

)

L

2

+

C

�

Z

t

0

kru(s)k

2

L

2

0

kw(s)k

2

L

2

ds

+

C

�

3

Z

t

0

kru(s)k

2

L

2

0

ku(s)k

2

L

2

0

kw(s)k

2

L

2

ds:

To 
on
lude, a standard 
onjugation argument yields

kw(t)k

2

L

2

+ �

Z

t

0

krw(s)k

2

L

2

ds � kw

0

k

2

L

2

exp

�

C

�

3

Z

t

0

kru(s)k

2

L

2

0

(�

2

+ ku(s)k

2

L

2

0

) ds

�

;

and the theorem is proved, up to the proof of Lemma 1, whi
h is a
hieved in the following

se
tion, along with the proof of Proposition 1. The proof of that lemma is of 
ourse the 
ore

of the paper, and will require a few te
hni
al results on axisymmetri
 ve
tor �elds.

3 Proof of some te
hni
al results

This se
tion is devoted to the proof of Proposition 1 and Lemma 1, as well as some interme-

diate te
hni
al results.

3.1 Proof of Proposition 1

Let us 
onsider an axisymmetri
, divergen
e free ve
tor �eld u

0

in L

2

0

(R

3

) and let us prove

that the asso
iate solution given by Theorem 1, satis�es moreover ru 2 L

2

([0; T ℄; L

2

0

(R

3

)).

To prove that result, we are going to follow the method of [7℄, otherwise known as \Kato's

method" (see the work of T. Kato [10℄, as well as the book of M. Cannone [1℄): we write the

solution u in the \mild form"

u(t) = S(t)u

0

+B(u; u)(t)

where S(t)

def

= exp(t��) is the heat semi{group, and

B(u; v)(t)

def

= �

Z

t

0

PS(t� s)div (u
 v)(s)ds;

where P is the Hopf proje
tor onto divergen
e free ve
tor �elds. By a �xed point argument

(see [1℄, [7℄), the result will be proved if we show the two following estimates:

krS(t)u

0

k

L

2

([0;T ℄;L

2

0

(R

3

))

. ku

0

k

L

2

0

(R

3

)

; (3.1)
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and krB(u; v)k

L

2

([0;T ℄;L

2

0

(R

3

))

� �kuk

E

0;T

kvk

E

0;T

; (3.2)

where � is a bounded 
onstant independent of u and v. Note that in [7℄, it is required that � be

a bounded fun
tion of T going to zero as T goes to zero. That last property is not ne
essary

(it is in fa
t wrong in general); we refer to [8℄ for a 
orre
tion of the proof of the lo
al existen
e

part of Theorem 7 of [7℄ avoiding that property. The method is 
lassi
al, all the ingredients

for the proof being in [7℄.

To prove those two estimates, we are going to use some Littlewood{Paley theory (see for

instan
e the book of J.-Y. Chemin [2℄ for a pre
ise presentation): we 
onsider a fun
tion ',

smooth, radial and 
ompa
tly supported on the ring C

def

= f� 2 R j

1

2

� j�j � 2g; and su
h

that for any � 2 R n f0g, we have

X

j2Z

'(2

�j

�) = 1: Then the Littlewood{Paley operators are

de�ned, for any fun
tion f 2 S

0

(R

3

), by the means of their Fourier transform F :

8j 2 Z; F(�

j

f)(�)

def

= '(2

�j

j�j)F(f)(�):

The series

X

j2Z

�

j

f 
onverges towards f in S

0

(R

3

), and we re
all (see [7℄ and the referen
es

therein) that

kfk

2

L

2

0

(R

3

)

�

X

j2Z

k�

j

fk

2

L

2

0

(R

3

)

; (3.3)

and ke

�t�

�

j

fk

2

L

2

0

(R

3

)

� e

��t2

2j

k�

j

fk

2

L

2

0

(R

3

)

: (3.4)

Now the proof of estimate (3.1) is straightforward: it is enough to prove that

2

2j

Z

T

0

e

�
�2

2j

t

k�

j

u

0

k

2

L

2

0

(R

3

)

dt . 


2

j

ku

0

k

2

L

2

0

(R

3

)

;

where (


j

) is a sequen
e in `

2

(Z) of norm equal to one. That last inequality being obvious

due to (3.3), estimate (3.1) is proved.

Now let us prove (3.2). Similarly, we just have to 
he
k that

2

2j

k�

j

B(u; v)k

2

L

2

([0;T ℄;L

2

0

(R

3

))

� �


2

j

kuk

2

E

0;T

kvk

2

E

0;T

: (3.5)

Sin
e P is 
ontinuous on L

2

0

(R

3

) (see [7℄) we get, still by the spe
tral lo
alization of �

j

,

2

j

k�

j

B(u; v)(t)k

L

2

0

(R

3

)

. 2

2j




j

Z

t

0

e

�2

2j


�(t�s)

ku
 vk

L

2

0

(R

3

)

ds

. 2

2j




j

Z

t

0

e

�2

2j


�(t�s)

ku(s)k

1=2

L

2

0

(R

3

)

kru(s)k

1=2

L

2

0

(R

3

)

kv(s)k

1=2

L

2

0

(R

3

)

krv(s)k

1=2

L

2

0

(R

3

)

ds:

That last inequality is due to the following lemma.

Lemma 2 There exists a 
onstant C su
h that the following result holds. Let a and b be

two axisymmetri
 fun
tions, su
h that a, b, ra and rb are in L

2

0

(R

3

). Then the produ
t ab

is also in L

2

0

(R

3

), and we have the following estimate:

kabk

2

L

2

0

(R

3

)

� Ckak

L

2

0

(R

3

)

krak

L

2

0

(R

3

)

kbk

L

2

0

(R

3

)

krbk

L

2

0

(R

3

)

:
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Supposing that lemma to be true, estimate (3.5) is easily obtained by Young's inequality, and

Proposition 1 is proved.

Proof of Lemma 2. It 
an be seen as a pre
ised version of Lemma 12 in [7℄ and is in

fa
t simply a bidimensional produ
t rule: the fun
tions a and b being axisymmetri
, they

are fun
tions of the two variables r and z and the spa
e L

2

0

is pre
isely the spa
e L

2

with

measure drdz. So the result follows dire
tly.

3.2 Proof of Lemma 1

Let us 
onsider smooth approximations of the ve
tor �elds u and v: let (u

n

) and (v

n

) be

two sequen
es of axisymmetri
, divergen
e free, smooth ve
tor �elds, say in C

1




(R

+

� R

3

),

bounded respe
tively in E \E

0;T

and E, su
h that

rv

n

(resp. ru

n

) 
onverges strongly towards rv (resp. ru) in L

2

(R

+

; L

2

(R

3

))

(3.6)

and additionnally

ru

n


onverges strongly towards ru in L

2

([0; T ℄; L

2

0

(R

3

)): (3.7)

Sin
e both u and v satisfy the Navier{Stokes equation, taking the s
alar produ
t of the

equation on v and u respe
tively with u

n

and v

n

, and integrating in time yields

Z

t

0

�

(�

s

v j u

n

)

L

2

� � (�v j u

n

)

L

2

+ (v � rv j u

n

)

L

2

�

(s) ds = 0; (3.8)

and

Z

t

0

�

(�

s

u j v

n

)

L

2

� � (�u j v

n

)

L

2

+ (u � ru j v

n

)

L

2

�

(s) ds = 0: (3.9)

It is now a matter of taking the limit in n. The 
omputations are identi
al to those written

in [5℄, [7℄ or [9℄, so we shall skip the details. Lemma 3 stated and proved in the last se
tion,

asso
iated with assumptions (3.6)-(3.7), enable us to write

Z

t

0

�

� � (�v j u

n

)

L

2

+ (v � rv j u

n

)

L

2

�

(s) ds!

Z

t

0

�

� � (�v j u)

L

2

+ (v � rv j u)

L

2

�

(s) ds;

and similarly for the limit in v

n

(noti
ing that as u is divergen
e free, (u � ru j v

n

)

L

2
=

(u � rv

n

j u)

L

2
). Then sin
e v solves the Navier-Stokes equation, we have

Z

t

0

(�

s

v j u)

L

2

(s) ds =

Z

t

0

�

� (�v j u)

L

2

� (v � rv j u)

L

2

�

(s) ds;

whi
h implies that

Z

t

0

(�

s

v j u

n

)

L

2

(s) ds!

Z

t

0

(�

s

v j u)

L

2

(s) ds;

and similarly for the limit in v

n

. Finally putting all those limits together, we obtain the

following identity:

(v(t) j u(t))

L

2

+ 2�

Z

t

0

(rv(s) j ru(s))

L

2

ds = (u

0

j v

0

)

L

2

�

Z

t

0

�

(v j u � ru)

L

2

+ (u j v � rv)

L

2

�

(s) ds;

and Lemma 1 is proved, up to the proof of the following result, used several times above.
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3.3 A 
ontinuity lemma

Lemma 3 Let t 2 R

+

. The appli
ation (a; b; 
) 7!

Z

t

0

(div (a
 b) j 
) (s) ds is a trilinear

form, 
ontinuous in E

2

�E

0;t

, with a,b and 
 axisymmetri
 and divergen
e free. More pre
isely,

the following estimate holds:

Z

t

0

j(a � rbj
)

L

2
j (s) ds .

Z

t

0

krak

L

2
kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

(s) ds

+

Z

t

0

krbk

L

2
kak

1=2

L

2

krak

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

(s) ds

+

Z

t

0

kr
k

L

2

0

�

kak

L

2
krbk

L

2
+ kbk

1=2

L

2

krbk

1=2

L

2

kak

1=2

L

2

krak

1=2

L

2

�

(s) ds:

Furthermore, there exists a 
onstant C, independent of t, su
h that if a 2 E and 
 2 E

0;t

are

two axisymmetri
, divergen
e free ve
tor �elds, then we have

�

�

�

�

Z

t

0

(a � raj
)

L

2

(s) ds

�

�

�

�

�

�

2

Z

t

0

kra(s)k

2

L

2

ds+

C

�

3

Z

t

0

kr
(s)k

2

L

2

0

ka(s)k

2

L

2

k
(s)k

2

L

2

0

ds: (3.10)

The proof of that result will be a
hieved in several steps: �rst, using the fa
t that the setting

is axisymmetri
, we are going to 
ompute more pre
isely the trilinear form appearing in the

statement of the lemma, whi
h will enable us to point out its spe
ial stru
ture. Then a spe
i�


produ
t lemma will yield the result ; this result is the 
ore of the paper, and we shall see here

why the fa
t that the ve
tor �elds are axisymmetri
 plays an essential role.

Let us start by giving some notation: if f is a ve
tor �eld written f = (f

x

; f

y

; f

z

) in 
artesian


oordinates, then we will note its 
ylindri
al 
omponents f = (f

r

; f

�

; f

z

), with

f

r

def

= f

x


os � + f

y

sin � and f

�

def

= f

x

sin � � f

y


os �:

Re
all that f

r

, f

�

and f

z

do not depend on �, and that f

�

is not ne
essarily zero here.

An easy 
omputation shows that if an axisymmetri
 ve
tor �eld f satis�es rf 2 L

2

(R

3

), then

in parti
ular













f

r

r













L

2

(R

3

)

. krfk

L

2

(R

3

)

and













f

�

r













L

2

(R

3

)

. krfk

L

2

(R

3

)

: (3.11)

Now let us 
ompute the trilinear form given in Lemma 3: we have, in 
ylindri
al 
oordinates,

a � rb = (a

r

�

r

+

1

r

a

�

�

�

+ a

z

�

z

)b;

so after some 
omputations, one 
omes up with

(a � rbj
)

L

2 �

Z

R

+

�R

a

r

�

r

b � 
 rdrdz +

Z

R

+

�R

a

�

(b

�




r

� b

r




�

) drdz +

Z

R

+

�R

a

z

�

z

b � 
 rdrdz

= I + II + III;
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and we shall estimate ea
h of those three terms separately.

For the �rst term, we have by Cau
hy{S
hwarz,

jIj . k�

r

bk

L

2ka

r


k

L

2

. krbk

L

2
kr

1=2

a

r


k

L

2

0

:

But Lemma 2 yields

kr

1=2

a

r


k

L

2

0

. kr

1=2

a

r

k

1=2

L

2

0

kr(r

1=2

a

r

)k

1=2

L

2

0

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

;

and sin
e

kr(r

1=2

a

r

)k

L

2

0

. kra

r

k

L

2 +













a

r

r













L

2

;

the result (3.11) implies that

jIj . krbk

L

2
kak

1=2

L

2

krak

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

: (3.12)

To estimate II, we write

jIIj .













a

�

r













L

2

�

kb

r


k

L

2
+ kb

�


k

L

2

�

;

and identi
al 
omputations to the 
ase I imply that, using again (3.11),

jIIj . krak

L

2
kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

: (3.13)

The estimate of III requires some additionnal 
omputations: let us start by writing

III �

Z

R

+

�R

a

z

�

z

b

r




r

rdrdz +

Z

R

+

�R

a

z

�

z

b

�




�

rdrdz +

Z

R

+

�R

a

z

�

z

b

z




z

rdrdz

= III:1 + III:2 + III:3 :

Integration by parts yields

III:1 � �

Z

R

+

�R

�

z

a

z

b

r




r

rdrdz �

Z

R

+

�R

a

z

b

r

�

z




r

rdrdz;

so as above (in the estimate of I), we get

jIII:1j . krak

L

2
kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+

�

�

�

�

Z

R

+

�R

a

z

b

r

�

z




r

rdrdz

�

�

�

�

;

and �nally

jIII:1j . krak

L

2kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

kra

z

b

r

k

L

2

0

: (3.14)

An identi
al 
omputation for III:2 implies that

jIII:2j . krak

L

2kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

kra

z

b

�

k

L

2

0

: (3.15)
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Finally, sin
e b is axisymmetri
 and divergen
e free, we have �

z

b

z

= ��

r

b

r

�

b

r

r

, whi
h implies

that

III:3 � �

Z

R

+

�R

a

z

�

r

b

r




z

rdrdz �

Z

R

+

�R

a

z

b

r




z

drdz

�

Z

R

+

�R

�

r

a

z

b

r




z

rdrdz +

Z

R

+

�R

a

z

b

r

�

r




z

rdrdz;

after integration by parts. So �nally we have, using the same estimate as for I in the �rst

integral,

jIII:3j . krak

L

2
kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

kra

z

b

r

k

L

2

0

: (3.16)

Putting together estimates (3.12) to (3.16), we 
ome up with

j(a � rbj
)

L

2
j . krak

L

2
kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ krbk

L

2
kak

1=2

L

2

krak

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

�

kra

z

b

�

k

L

2

0

+ kra

z

b

r

k

L

2

0

�

: (3.17)

Now the problem is to 
ompute the terms kra

z

b

�

k

L

2

0

and kra

z

b

r

k

L

2

0

: if

a

z

r


ould be estimated

in L

2

(R

3

), then Lemma 2 would let us 
on
lude: similar estimates to above would indeed

enable us to write for instan
e

kra

z

b

�

k

2

L

2

0

. kr

1=2

a

z

k

L

2

0

kr(r

1=2

b

�

)k

L

2

0

kr(r

1=2

a

z

)k

L

2

0

kr

1=2

b

�

k

L

2

0

(3.18)

. ka

z

k

L

2kb

�

k

L

2

�

kra

z

k

L

2 +













a

z

r













L

2

��

krb

�

k

L

2 +













b

�

r













L

2

�

:

However su
h an estimate of

a

z

r

in L

2

(R

3

) is not available (see L. Tartar [15℄ for 
omments

on that subje
t), so we shall need the following lemma, the proof of whi
h is postponed for a

while.

Lemma 4 Let � and � be two axisymmetri
 s
alar fun
tions, in L

2

(R

3

), su
h that r�, r�

and

�

r

are also in L

2

(R

3

). Then the fun
tion r�� is in L

2

0

(R

3

), and

kr��k

2

L

2

0

(R

3

)

. k�k

L

2

(R

3

)

 

k�k

L

2

(R

3

)

kr�k

L

2

(R

3

)

+ k�k

L

2

(R

3

)













�

r













L

2

(R

3

)

!

�

 

kr�k

L

2

(R

3

)

+













�

r













L

2

(R

3

)

!

:

Remark. We see by that lemma that 
ontrary to the 
omputation (3.18) above, it is not

ne
essary for both � and � to satisfy

�

r

2 L

2

(R

3

) and

�

r

2 L

2

(R

3

) for the result to hold.

With that result, let us �nish the proof of Lemma 3. The 
ontinuity result follows immediately,

applying Lemma 4 with � = a

z

and � = b

r

or b

�

, sin
e we get from (3.17)

j(a � rbj
)

L

2 j . krak

L

2kbk

1=2

L

2

krbk

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0
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+ krbk

L

2
kak

1=2

L

2

krak

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

�

kak

L

2
krbk

L

2
+ kbk

1=2

L

2

krbk

1=2

L

2

kak

1=2

L

2

krak

1=2

L

2

�

:

In the 
ase when a = b, that yields

j(a � raj
)

L

2 j . krak

3=2

L

2

kak

1=2

L

2

k
k

1=2

L

2

0

kr
k

1=2

L

2

0

+ kr
k

L

2

0

kak

L

2krak

L

2 ;

so �nally

j(a � raj
)

L

2
j �

�

2

krak

2

L

2

+

C

�

3

kak

2

L

2

k
k

2

L

2

0

kr
k

2

L

2

0

++

C

�

kak

2

L

2

kr
k

2

L

2

0

;

and Lemma 3 is proved.

3.4 Proof of Lemma 4

We are going to use a dyadi
 partition of the real axis: let us de�ne a smooth fun
tion  ,

supported in fr 2 R

+

j a

0

< r < b

0

g, where 0 < a

0

< b

0

are su
h that

X

q2Z

 

2

(2

q

r) = 1 8r 2 R

+

n f0g;

and

8r 2 R

+

;  (2

q

r) (2

q

0

r) = 0 if jq � q

0

j > 2:

Then we 
an write

kr

1=2

��k

2

L

2

(R

3

)

�

X

q2Z

k 

q

r

1=2

��k

2

L

2

(R

3

)

;

where we have noted  

q

def

=  (2

q

�). Sin
e we have

k 

q

r

1=2

��k

L

2

(R

3

)

. 2

�q=2

k 

q

��k

L

2

(R

3

)

;

it follows that Lemma 4 will be proved if we show that

k 

q

��k

2

L

2

(R

3

)

. 2

q




2

q

k�k

L

2

(R

3

)

 

k�k

L

2

(R

3

)

kr�k

L

2

(R

3

)

+ k�k

L

2

(R

3

)













�

r













L

2

(R

3

)

!

�

 

kr�k

L

2

(R

3

)

+













�

r













L

2

(R

3

)

!

;

where (


q

) is a sequen
e of `

2

(Z), of norm equal to one.

Writing �

p

def

=  

p

� and �

p

0

def

=  

p

0

�, we have, due to the lo
alization of  ,

k 

q

��k

2

L

2

(R

3

)

.

X

jp�p

0

j�2

jp�qj�2

k 

q

�

p

�

p

0

k

2

L

2

(R

3

)

;
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whi
h also reads

k 

q

��k

2

L

2

(R

3

)

. 2

�q

X

jp�p

0

j�2

jp�qj�2

k 

q

�

p

�

p

0

k

2

L

2

0

(R

3

)

: (3.19)

For reasons that will be
ome 
learer later on, let us de�ne a new fun
tion

e

 , smooth, radial

and 
ompa
tly supported, say in [

a

0

2

; 2b

0

℄, su
h that

e

  =  . Then one 
an repla
e above

the fun
tion �

p

0

by

e

 

p

0

�

p

0

, and similarly �

p

by

e

 

p

�

p

, and we are led to proving that

X

jp�p

0

j�2

jp�qj�2

k 

q

e�

p

e

�

p

0

k

2

L

2

0

(R

3

)

. 


2

q

2

2q

k�k

L

2

(R

3

)

 

kr�k

L

2

(R

3

)

+













�

r













L

2

(R

3

)

!

(3.20)

�

 

k�k

L

2

(R

3

)

kr�k

L

2

(R

3

)

+ k�k

L

2

(R

3

)













�

r













L

2

(R

3

)

!

;

where we have noted

e

�

p

0

def

=

e

 

p

0

�

p

0

and e�

p

def

=

e

 

p

�

p

.

Sin
e k 

q

e�

p

e

�

p

0

k

L

2

0

(R

3

)

. ke�

p

e

�

p

0

k

L

2

0

(R

3

)

, Lemma 2 implies that

k 

q

e�

p

e

�

p

0

k

2

L

2

0

(R

3

)

. ke�

p

k

L

2

0

(R

3

)

kr

e

�

p

0

k

L

2

0

(R

3

)

k

e

�

p

0

k

L

2

0

(R

3

)

kre�

p

k

L

2

0

(R

3

)

:

We also have ke�

p

k

L

2

0

(R

3

)

. k�

p

k

L

2

0

(R

3

)

and k

e

�

p

0

k

L

2

0

(R

3

)

. k�

p

0

k

L

2

0

(R

3

)

. Moreover, one has

kr

e

�

p

0

k

L

2

0

. k 

p

0

e

 

p

0

r�k

L

2

0

+ 2

p

0

k

e

 

p

0

 

0

p

0

�k

L

2

0

+ 2

p

0

k

e

 

0

p

0

 

p

0

�k

L

2

0

;

where  

0

p

(r)

def

=  

0

(2

p

r),

e

 

0

p

(r)

def

=

e

 

0

(2

p

r), and an identi
al result holds for �, so we 
an write

k 

q

e�

p

e

�

p

0

k

2

L

2

0

(R

3

)

.

�

k 

p

0

e

 

p

0

r�k

L

2

0

(R

3

)

+ 2

p

0

k

e

 

p

0

 

0

p

0

�k

L

2

0

(R

3

)

+ 2

p

0

k

e

 

0

p

0

 

p

0

�k

L

2

0

(R

3

)

�

�

�

k

e

 

p

 

p

r�k

L

2

0

(R

3

)

+ 2

p

k

e

 

p

 

0

p

�k

L

2

0

(R

3

)

+ 2

p

k

e

 

0

p

 

p

�k

L

2

0

(R

3

)

�

k�

p

k

L

2

0

(R

3

)

k�

p

0

k

L

2

0

(R

3

)

;

Now using the fa
t that  

0

and

e

 

0

are lo
alized in the same 
ompa
t set as

e

 , and sin
e

e

 

0

and  

0

are bounded, we get

k 

q

e�

p

e

�

p

0

k

2

L

2

0

(R

3

)

. 2

p+p

0

k�

p

k

L

2

(R

3

)

�

k 

p

0

r�k

L

2

(R

3

)

+ 2

p

0

k

e

 

p

0

�k

L

2

(R

3

)

+ 2

p

0

k 

p

0

�k

L

2

(R

3

)

�

�k�

p

0

k

L

2

(R

3

)

�

k 

p

r�k

L

2

(R

3

)

+ 2

p

k

e

 

p

�k

L

2

(R

3

)

+ 2

p

k 

p

�k

L

2

(R

3

)

�

:

Then all we need to noti
e is that

2

p

0

k

e

 

p

0

�k

L

2

(R

3

)

.













e

 

p

0

�

r













L

2

(R

3

)

and 2

p

0

k 

p

0

�k

L

2

(R

3

)

.













 

p

0

�

r













L

2

(R

3

)

;

and sin
e jp� p

0

j � 2, we also have

2

p

k�

p

0

k

L

2

(R

3

)

.













 

p

0

�

r













L

2

(R

3

)

:
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so it follows that

k 

q

e�

p

e

�

p

0

k

2

L

2

0

(R

3

)

. 2

p+p

0

k�

p

k

L

2

(R

3

)

 

k 

p

0

r�k

L

2

(R

3

)

+













 

p

0

�

r













L

2

(R

3

)

+













e

 

p

0

�

r













L

2

(R

3

)

!

�

 

k�

p

0

k

L

2

(R

3

)

k 

p

r�k

L

2

(R

3

)

+ (k

e

 

p

�k

L

2

(R

3

)

+ k 

p

�k

L

2

(R

3

)

)













 

p

0

�

r













L

2

(R

3

)

!

:

Finally we get, using the fa
t that 2

p+p

0

� 2

2q

,

X

jp�p

0

j�2

jp�qj�2

k 

q

�

p

�

p

0

k

2

L

2

. 2

2q

X

jp�p

0

j�2

jp�qj�2

k�

p

k

L

2

�

k 

p

0

r�k

L

2 +













 

p

0

�

r













L

2

+













e

 

p

0

�

r













L

2

�

�

�

k�

p

0

k

L

2
k 

p

r�k

L

2
+ (k 

p

�k

L

2
+ k

e

 

p

�k

L

2
)













 

p

0

�

r













L

2

�

:

Finally to obtain (3.20), it is just a matter of using the fa
t that

k�

p

k

L

2
. 


p

k�k

L

2
; k�

p

0

k

L

2
. 


0

p

0

k�k

L

2
and













 

p

0

�

r













L

2

. 


00

p

0













�

r













L

2

;

where 


p

, 


0

p

0

and 


00

p

0

are sequen
es of `

2

(Z) of norm 1, and similarly with  repla
ed by

e

 .

Lemma 4 is proved.
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