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Chapter 1

The wave equation

The wave equation is
aiu(t,x) —c?Au(t,x) =0, (1.0.1)

where t € R is interpreted as a moment time, x € RY as a position in the d-dimensional Euclidean
space, ¢ > 0 is a constant parameter (the propagation speed of the waves) and u(t,x) is a real or
complex scalar. We will always denote A := a; + 6,2(2 ... +02 . the Laplace operator with respect
to the spatial variables.

1.1 Mechanical derivations of the wave equation

1.1.1 String vibration using Newton’s second law

Recall how the wave equation is derived in elementary dynamics. Suppose a string is described by
the graph of a function u of a single variable x € R. We will assume that the string is almost at
rest, so that |0,u(t, x)| is small for all t and x. Under this assumption, it is reasonable to assume
that each part of the string is subject to a force of constant magnitude F > 0 along the direction
of the string.

Fix a time t and consider a part of the string contained between x and x + dx. Using the small
slope assumption again, we realize that the vertical force acting on it is at main order given by

Fou(t, x + dx) — Fo,u(t, x) ~ Fofu(t, x)dx.

Since the acceleration in the vertical direction is given by a%u(t,x), denoting p the mass density
per unit length and applying Newton’s 2nd law, we obtain

p.a%u(t,x)dx = Faiu(t, x)dx,

which is (1.0.1) with ¢ := /F/p.

1.1.2 String vibration using a Lagrangian

We fix again t and consider the part of the string contained between x and x + dx. The kinetic
energy of this part is given by %p.(atu(t,x))z dx. The potential energy is given by F multiplied by



the extension of the string. By Pythagore’s theorem, this extension equals at main order

dx(y/1+ (@uult,x))2 — 1) ~ %(axu(t,x))zdx.

We thus obtain the Lagrangian density %u(atu(t,x))z — %(axu(t,x))z.

Lagrange equation is (1.0.1) with ¢ := /F/p.

The corresponding Euler-

1.1.3 Drum vibration using Newton’s second law

Analogous reasoning can be done for d > 2. In this case, we assume that every part of the drum
is subject to a force directed in the normal direction, whose magnitude per (d — 1)-dimensional
volume is constant and equal to F.

Fix a time t and consider a part of the drum in the ball B(x,dx). The force acting on it is at
main order given by

FJ onu(t,y)o(dy) = FJ Au(t,y)dy ~ vol(B(x,dx))FAu(t, x).
0B (x,dx) B(x,dx)

The rest of the argument is exactly the same as for d = 1.

1.1.4 Drum vibration using a Lagrangian

The area extension of the part of the drum in the ball B(x,dx) is given at main order by

vol(B(x,dx)) (/1 + [Vu(t,x)2 —1) ~ %\axu(t, x) 1> vol(B(x, dx)).

The rest of the argument is the same as for d = 1.

Remark 1.1.1. The physical theory where the wave equation appears the most frequently is
probably the classical theory of the electromagnetism.

1.2 The Cauchy problem

In the remaining part of the lectures, we let ¢ := 1. Intuitively, the movement of a vibrating string
or drum should be uniquely determined by the initial positions and velocities of its parts. We are
thus led to considering the so-called Cauchy problem

a%u(t,x) — Au(t,x) =0, (t,x) € R x RY,

) d (1.2.1)
u(0,x) = up(x), 0¢u(0,x) = Up(x), x € R%.
the functions uy and 1y are called the initial data or initial conditions.

Remark 1.2.1. If the spatial domain is not the Euclidean space, then appropriate boundary
conditions have to be imposed.



1.2.1 A solution using Fourier series

Assume that uy and 11y are trigonometric polynomials:

uo(x) = (21)7% ) ag(k)e™™,
[kI<n

to(x) = (2m)7¢ ) do(k)et™
lkl<n

(we use the standard notation [k|:= Zjd:1 Ik;]). We look for a solution of (1.2.1) of the form

u(t,x) = (27)* Y a(t,k)e™™ (1.2.2)

[kI<n

Substituting into (1.2.1) and comparing the coefficients of the polynomials on both sides, we obtain
for all k € Z4 such that |k|] <n

dZa(t, k) + kfa(t, k) =0, for all t
a(0,k) = ap(k), 9cal0,k) = do(k).
The solution is given by

sin([klt)

a(t, k) = ao(k) cos([k|t) + do(k) ]

(1.2.3)

Plugging into (1.2.2), we have solved the Cauchy problem.
The last result is frequently written in a “functional” way as follows. We introduce the dif-
ferential operator Dj := %axj. We write D = (D4, D3,...,Dq), which is a d-tuple of differential

operators. Then
sin(|D|t)

D]
Let us explain where this notation comes from. First, we use the standard convention that w(t)
should be interpreted as the function x — u(t,x). Next, denote P, the linear space of trigonometric
polynomials of degree at most n and observe that Dj : P, — Py, is a linear operator whose matrix
is diagonal in the basis {e!**
from (1.2.3) that

u(t) = cos(|DJt)ug + Uo. (1.2.4)

: k| < n}, with the corresponding eigenvalues equal to k;. It follows

u(t) = S(t)uo + S(t)u,
where S(t) and S(t) are linear maps P,, — P,. The matrix of S(t) is diagonal in the basis {e'** :
[k| < n}, with the numbers cos(|k|t) on the diagonal. By the standard notation of Linear Algebra,

we can thus write S(t) = cos(|D|t). Analogously, S(t) = Sml(]'j?‘”_

Remark 1.2.2. Let m: Z¢ — C, and for any trigonometric polynomial v(x) = Zlk\ <n b(k)e** set

(TV)(x) == Y m(k)b(k)e™™.
[kI<n
The operator T is called a Fourier multiplication operator and m the Fourier multiplier. As
justified by the discussion above, we write in this case T = m(D). The operators S(t) and S(t) are
thus Fourier multiplication operators.



It will be important later to generalize (1.2.1) by allowing a non-zero forcing term and consider
the problem
dFu(t,x) — Au(t,x) = f(t, x), (t,x) € R x RY,

u(0,x) = up(x), du(0,x) = 1p(x), x € RY. (1.2.5)

If f(t) is a trigonometric polynomial of degree < n for all t:

f(t,x) = (21)7¢ ) c(t, k)e™™,
[k|<n

then proceeding as above we find

da(t, k) + [k[a(t, k) =c(t, k), forallt
a(O,k) = aO(k)) ata(ovk) = aO(k)'

If we assume that for every k the function t — c(t,k) is locally integrable, then the solution is
given by the variation of constants formula (or the Duhamel formula)

alty ) = aofk) (k) + ol 2K + [ (g BIKE=N g
which is usually written as
u(t) = cos(|D[t)uy + sin|(|$|)|t)u J: Sin(|D|ét|_s))f(s) ds. (1.2.6)

If, instead of assuming that the initial data are given by trigonometric polynomials, we assume
instead that uy and 1y are functions which are 27-periodic in each variable, then they can be
expanded in Fourier series

wo(x) = (2174 3~ aolie™,
kezd

o(x) = 2m) 7% ) ao(k)e™,
kezd

and we can define the solution of (1.2.2) by the formula

u(t,x) = (217 Y a(t, k)™, (1.2.7)
kezd

where a(t, k) is given by (1.2.3). Some conditions have to be imposed on 1y and 11 in order for
the series (1.2.7) to converge in some sense, or one should interpret (1.2.7) in the sense of periodic
distributions. We will not enter into these considerations. Whenever (1.2.7) is meaningful, by
analogy with the case of trigonometric polynomials we express the solution using the notation
(1.2.4).



1.2.2 A solution using Fourier transform

In the non-periodic case, a similar procedure is made possible using the Fourier transform, which
we briefly recall.

Let 1 be a complex-valued Borel measure on RY of finite total variation. We define its Fourier
transform:

FWE) = RE) = | e, Ve eRe,
We see that [i is a bounded continuous function. If f € L'(dx), we set Ff := F(fdx).

Definition 1.2.3. The Schwartz space S(RY) is the space of complex-valued functions f € C*°(RY)
such that for any multi-indices «, p € N¢

x“0Pf € L>°(RY).
We say that a sequence f,, € S(R%) converges to f € S(RY) if for any multi-indices «, 3
dim [[x*P (fy, — £ = 0.
We recall without proofs a few standard facts about the Fourier transform.

Proposition 1.2.4. The Fourier transform F is continuous S(RY) — S(RY) and onto. For
any f,f1,f2 € S(RY):

e (Fourier transform and derwatives)

(10)*F(&) = F(x™) (), for all o € N4,
(i8)%F(&) = F(3%f)(§),  for all a € N,

e (Plancherel’s formula)
d
| Fflli2ray = (270) 2 ||f]| 2(Ra)s

e (Fourier transform and convolutions)
F(f1 = f2) = (Fh)(Ff2),

where
(f1 4 000 = | Hlx—ufaly)dy. .

Remark 1.2.5. It is convenient to introduce the space of continuous linear functionals S(RY) — C,
which is called the space of tempered distributions S’(RY), and extend the Fourier transform to
S’(RY). We will not discuss these topics here.



Assume that 1y and 11y are in S(R%). We can thus write

wa dE e dE
wolx) = | aol®)e e al) = | dol)e g,

where ap = Fuy € S(RY) and dg = Fiiy € S(RY). For every & € RY, let t — a(t, &) be the solution
of the ODE

ofa(t, &) +|&fa(t,&) =0,  forallt
(.1(0, E,) = GO(E,), ata(o) E») = (10(5,),

in other words

sin(|&}t)

aft, &) = ap(&) cos(|&[t) + (&) H

By differentiating under the integral, we see that

W) = | el e 5

is a solution of the Cauchy problem. By analogy with the case of trigonometric polynomials, we
express this solution in the form (1.2.4).

Remark 1.2.6. Let us check that the energy
1 1
E= J Reu(t, x)[* dx + J IVu(t, x)? dx
2 Rd 2 R4

is conserved. By Plancherel’s theorem we have

. 290 . 2 d& 290 2 2 d&
| foborax=| taalePgss | VePax= | Plaoll g
and
a& dg
|| e Pax=| it efas | VuitoRac= | ePla P .

For every & the function t — %Iata(t, &) + %I&Izla(t, £)|? is constant, hence the conservation of
energy follows by integrating in &.

Remark 1.2.7. If we allow a forcing term, we get analogously the formula (1.2.6) for the solution
of the Cauchy problem. In this case, instead of the energy conservation, one can similarly obtain
the energy tnequality

t
VIRAOIZ + Vw2 < /lollZ; + [ Vuoll2: + L 1£(s) 2 ds. (1.2.8)
Remark 1.2.8. Let m € S(RY), and for any v € S(RY) set

(W)(x) == F (& = m(E)(FV)(£)).

The operator T is called a Fourier multiplication operator and m the Fourier multiplier. We
write in this case T = m(D).
It follows from Proposition 1.2.4 that any Fourier multiplication operator can be expressed as
a convolution:
Tv=Kxv, where K := F 'm.



1.3 A dispersive estimate

Intuitively, if d > 2 and the initial data are localized, then for t > 1 the wave should spread in
space, and thus decay in amplitude. The goal of this section is to prove the following estimate
quantifying this phenomenon.

Proposition 1.3.1. There ezists C > 0 such that for all v € S(RY) such that supp(Fv) C {JT <
€| <4} and allt € R

| cos(tD)v]|ree < C{E)™ T [v]l1, (1.3.1)
sin(t|D _d-1
I e < C=F vl (132)

The bound (1.3.2) is proved similarly as (1.3.1), so we will only focus on (1.3.1) in the discussion
below.
Let x € C*°(R) be such that x(p) = 1 for % <p<4andx(p)=0for p < % or p > 8. By our
assumption, we have
cos(|DI[t)v = cos(|D[t)x(/Dl)v,

thus according to Remark 1.2.8 we can write
(cos(IDIt)v) (x) = (K¢ *v)(x),
where

d§
(2m)d”

Kilx) = | e cosfeftpe( )

Hence, it suffices to show that
1

Kl < (877 (1.3.3)

~

Changing to polar coordinates, & = pn with n € S9!, we find

o(dn)
(2m)d

Kx) = [ “cosltolelonpt™ | e

dp,

where o is the surface measure of S4~'. Assume first that r = |x| < %t. We change the order of

integration, express cos(tp) as %(e“p + e 1) and obtain

Ki(x) = ]JSd] (J:O(ei(t-&-n.x)P + ei(—t+n-x)p)x(p)pd_1 dp) ((YZ(S.[])’](E .

d-1 which is

In the inner integral, we recognize the inverse Fourier transform of the function x(p)p

of Schwartz class. Since |+t +1 - x| > %t, the inner integral decays faster than any power of t.
We now assume that r > %t.

First method (using the theory of Bessel functions). By the formula for the inverse Fourier trans-

form of spherically symmetric functions, see for example [11, Theorem 3.3|, we have

(ee]

Ke(x) = (2m) 4 JO cos(tp)x(0)](rp)o do,



where v := dez > 0 and J is the Bessel function of the first kind. It is well-known that ], decays
like inverse square root, hence the result.

. . d—1 o .
Second method (self-contained). If we parametrize S®~ asn = I sin ¢+ cos §, where —F < ¢ <
and ¢ € S2, we obtain

DR

2 o
(COS (b)d—zelprsmd) dd)

Ld] eP*g(dn) = VOl(Sd_Z)J

SIE|

We proceed, keeping in mind that we can assume that p € [%, 8]. If k € Z and k > 2, then for any
smooth function a(¢) an integration by parts yields

JZ (Cosd))ka(d))eim‘sin(b d‘b _ _L JZ (Cosd))kfza(d))eiprsin(b dd)

ipr

SIE|

where a(¢$) := —(k—1)a(p)sind + a’(¢d) cos ¢ is smooth.
If d =20+ 3 is odd, then repeating this { times, we arrive at

2 . 1) (E o
J (cos 9} 2" ¢ qp = L1 J a(d) cos ¢ e®TR ¢ dgp,
-3 (ipr)t -

(SIE}

where a is a smooth function. We integrate one last time by parts and obtain the decay of order
d—1

el =
If d =20+ 2 is even, { integrations by parts yield

s ¢ pZ
Jz (Cosd))d—Zeiprsin(b dd) _ (_]) Jz a(d))eiprsincb d(b
-z (ipr)t | = ’
where a is a smooth function. We are here in the setting of stationary phase: ¢ = —5 and ¢ =5

are the critical points of the phase sin ¢, preventing an integration by parts. The main contribution
to the value of the integral comes from a small neighborhood of these points. We set € := 12 and
separate the integration region into three intervals [-5, —5 +¢], [-5 +¢,0], [0, 7 —€] and [T —¢€, F].
The contribution of the 1st and 4th is clearly at most of order €. The 2nd and 3rd are similar, so

let us focus on the 3rd interval. An integration by parts yields

Jz—€ a(d))eip‘rsind) dd — L J’z—€ a(dp) d (eiprsinq)) dob

’ iprJo  cos(¢)dd
1 ralm/2— ¢ )eiprsin(¢/2—¢)
= @( cos(7t/2 — ¢€) - a(O))
1 7€ d a(d)) torsing
_mrL @(m)e" do.

Since cos(rt/2—€) 2 € = r*%, the boundary term contributes at most I Finally,

d ( _ald)
& (tm)| <

(% — d))_z, so the last integral is bounded up to a constant by

[ Ge) sezeto

and again, after division by r, the contribution turns out to be at most of order 3.



Remark 1.3.2. One could resume the proof of (1.3.3) given above as follows: if x| < Jt, we use
oscillations in the radial direction and ignore oscillations on the concentric spheres. If |x| > %t, to
the contrary, we only exploit oscillations on the concentric spheres, and ignore the radial ones.

Remark 1.3.3. Using the stationary phase approximation is one of the typical ways of establishing
the asymptotic behaviour of the Bessel functions, hence the two methods above are in fact not very
different.

1.3.1 Energy-momentum and speed of propagation

TODO



Chapter 2

Strichartz estimates

The goal of this chapter is to present an “almost” self-contained proof of Theorem 2.5.2. There
exist many references on the subject, see for example [9, Chapter 11] and [1, Chapter §|.

2.1 Results from real analysis

Lemma 2.1.1 (Three-line theorem, Phragmen-Lindel6f principle). Let F(x +iy) be bounded and
continuous on the strip 0 < x < 1 and analytic inside. If [F(iy)| < My and F(1 +1iy) < M, for
ally, then

F(x +iy)| < Mj*M3, for allx € [0,1] and y € R.

Proof. By multiplying the function F(z) by the analytic function Mﬁ‘*] M, *, we reduce the problem
to the case My = M, = 1. By considering the function F(z) := F(z)ee(ZZ*”, we reduce to the case
limy o [F(z)| = 0. The conclusion now follows from the Maximum Principle. O

Proposition 2.1.2 (Riesz-Thorin interpolation theorem). Let (X, 1) and (>?, K1) be measure spaces.
Let 1 < p1,p2 < 0 and assume that Y C LP1(X,u) N LP2(X,u) 2s dense in both LP'(X,u) and
[P2(X,u). Let T be a linear operator defined on Y taking its values in measurable functions
on ()?, ) and assume that 1 < q1,q2 < 00, My, M, are such that

ITEl a5 ) < Ml LPs (x ) forall f €Y andj e {1,2}.
Then for all © € [0, 1]

Tl < MIM ClIfllipiy  for all fEY,

where
1 6 1-0 1 6 1-96
—=—+ ; —=—+ .
P P1 P2 q qi qz2
Proof. The conclusion is obvious if 6 = 0 or 6 = 1, so assume 0 < 6 < 1. If p; = p2 = o0,

then the theorem follows from the Holder inequality, thus we may assume p; < oo or pr < o0,
which allows us to consider only f being a step function with finite set of values. Note that we can
assume that Y contains such functions (extending T by density if needed; we could also assume
that Y =[P N LP2).

10



We need to estimate
sup{(Tf, g) : [[flr < 1, lgllar < T}

with the supremum taken over step functions with a finite set of values:
f=Y ala, g=) bes,.
j k

For 0 <Rz <1 we set

1 1—2z z 1 1—2z z

p(z) " P p2 q'(z)  qj
P(z) = Z || P17 et 278 9 In,, V(z) = Z by [Z)elargkaBk-
j k

We apply the three-line theorem to the analytic function z — (Td(z),P(z)). O

Proposition 2.1.3 (Minkowski inequality). If (X, u), (Y,v) measure spaces, 1 <p < q < oo and
f: X xY — Ry s measurable, then

Hy = Hf(')y)HLP(X)HLq(Y) < HX — Hf(X)’)HLq(Y)HLp(X)-

Proof. We can assume that f > 0 and, upon replacing f by fP, also that p = 1. Let g € La'(Y).
We have

[ 9t [ ixyraxay < [ 160 algle ox
% X X
by Holder inequality. O

Recall that for f, g functions on R¢ we denote

(fxg)(x) = JRd f(x —y)gly) dy,

whenever this expression makes sense.

Proposition 2.1.4 (Young’s inequality). Let f € LP(RY), g € LY(RY). If

then
[ gllr < [[fllellgllLa-

Proof. If q = 1, this follows from Minkowski inequality. If ¢ = p’ and r = oo, this follows from
Holder inequality. The remaining cases follow from Proposition 2.1.2. O

Corollary 2.1.5 (Bernstein’s inequalities). If f € S(RY) is such that supp(Ff) C B(0,4) and
1<p<p<oo, then [ < [Ifllee-

11



Proof. We taken the convolution with the inverse Fourier transform of a smooth function equal 1
on B(0,4) and with support in B(0, 8). O

We will need the following result, which we give without proof.

Proposition 2.1.6 (Hardy-Littlewood-Sobolev inequality). If « € (0,d) and (p,r) € (1,00) sat-
sfy

then

1175 fllr < CIff|e.
]

Remark 2.1.7. If [x|7* belonged to ]_5, then the Hardy-Littlewood-Sobolev inequality would
d
follow from Young’s inequality. Of course, |x|* is not in L« due to logarithmic divergences.

2.2 Sobolev and Besov norms

Definition 2.2.1. For any s € R, the homogeneous Sobolev norm H® is defined by
MR = | EPIFOERE Ve SERY.
R

Remark 2.2.2. The same argument as in Remark 1.2.6 shows that if u is a solution of (1.2.1),
then for any s the quantity
eIy + ()|

is constant in time.

Proposition 2.2.3 (Sobolev embedding). For any 0 <'s < § there ezists C such that
HVHL% < Clvllyys for allv € S(RY). (2.2.1)
Remark 2.2.4. The Lebesgue exponent p := % is the only one for which (2.2.1) can hold. To
see this, we can use the scaling argument. Let 0 #v € S(RY), A > 0 and vy(x) := v(x/A). We
then have
a_g a
WAl = A2 0 Vllss [l = Av V][,

di%s’ then we cannot have |[v)[[tr < C|[val|;ys both for small and large A.

Hd-s#Sep#

Proof. By duality, (2.2.1) is equivalent to
. d
Wy < CHWH]_di%s for all w € S(R).

The principle of the proof is straightforward. Based on the formula for the Fourier transform of
spherically symmetric functions, see [11, Theorem 3.3|, one can expect that

Flx— x|74) = & — CIEI75,

12



the rigorous meaning of the formula being unclear for now. Assuming we can apply Proposi-
tion 1.2.4, we obtain

Wl = & Fwits = [ F(C T4 x w)lfz = C2@m) 4 IxI7 i,

: : " : d+2s | d—s _ 1
and we conclude by invoking Proposition 2.1.6, since 5 + “5* =1+ 5.

We leave to the Reader the task of making this argument rigorous, by using tempered distri-

butions or a regularization argument. O

We will need some elements of the Littlewood-Paley theory.

2.3 Littlewood-Paley theory

Lemma 2.3.1 (Partition of unity over a geometric scale). There exists a radial nonnegative
function P € C®(RY) such that suppp C {% <x <2} and

i P(2Ix) =1, Vx # 0.

j=—00
Proof. We take x € C* a radial non-increasing cut-off function such that x(x) =1 for |x| < 1 and

x(x) = 0 for |x| > 2. We set P(x) :=x(x) — x(2x). O

Definition 2.3.2. For j € 7Z we define the homogeneous dyadic block Aj and the homogeneous
low-frequency cut-off operator §;:

A= 92 D= 7 @ EE) =24 | (P 2yulx - ) dy,
R4
Sjuim Y Ay =7 (x(2 818 = 20 (F 0@ yhuix—y)dy.

i'<j

Lemma 2.3.3. The operators Aj and Sj are bounded LP — LP for all p € [1,00], with bounds
independent of j.

Proof. We take the convolution with the inverse Fourier transform of a cut-off function and use
the Young inequality for convolutions. We leave the details to an interested reader and refer to [1,
Section 2.1] for a detailed exposition. O

Note that Aj and Sj are Fourier multiplication operators, and as such they commute with other
Fourier multiplication operators, like convolutions, derivatives, ...
The formal homogeneous Littlewood-Paley decomposition is

d=) A,

jez

but in what sense the series converges is, for now, unclear.

13



Definition 2.3.4 (Homogeneous Besov norms). We denote Sy(R?) the set of functions u € S(RY)
such that suppi C R4\ {0}. Let s € R and p,r € [1,00]. For any u € Sy(R?) we define

1
lullgs = ( D 2™Idullis) "
JEZ
We call || - ||gs the homogeneous Besov norm.
p,r

Remark 2.3.5. We can think of the homogeneous Besov norms as follows. For each j € Z, take
the LP norm of Aju, multiply it by 2% and take the " norm of the resulting sequence.

Remark 2.3.6. One can check that, up to a constant, the definition of the Besov norm does not
depend on the choice of the function V.

Proposition 2.3.7. For any p € [2,00) there exists C,, such that for all u € So(RY)
Jullr < Colullgs

For any p € (1,2] there exists Cp, such that for allu € So(RY)
hellgo , < Coliufer.

Proof of Proposition 2.8.7. We have to skip it. See [1, Theorem 2.40] for an elementary proof, or
[9, Problem 8.8] for a proof using a fundamental but difficult result in Harmonic Analysis called
the Littlewood-Paley theorem. O

2.4 The TT* method

In this section, we prove general Strichartz estimates. We follow [1, Section 8.2].
For f € C*®(R,S(RY)) and p, q € [1, 0], we define

1
P
T ( jR I#(t, ), dt) .

Lemma 2.4.1. Let (pj, qj) € [1,00]? and 0; > 0 wath Z;’;] 0; = 1. Suppose that

1_ i & 1_ i 9
L 9 =9
Then
[flleora < TN 0p  VFE SR xRY),
j=1
Proof. Exercise. O

14



Definition 2.4.2. Let 0 > 0. We say that a pair (p, q) is o-admaissible if

1 o O
—+ - ==, ( ) )G) (2>OO)1)
p T2 p,q,0) #

If o is known from the context, we can call such a pair admazssible.

Remark 2.4.3. It is easy to see that in the case 0 = 0 we do not obtain anything interesting. We
would be forced to admit (oo, 2) is the only 0-admissible pair.

Theorem 2.4.4. Let U(t) be a family of continuous operators, bounded for the 1*(RY) —
L2(RY) norm, such that

[UE)U*(s)uo|le < Clt—s|™||Juol|y 1, Vt, s € R, up € S(RY). (2.4.1)

Let x : R? — C be a measurable function such that [x(t,s)] < 1 for all t,s. Then for all
o-admissible pairs (p,q), (p1,q1), (p2,42), wo € S(R) and f € C*(R,S(R?))

with C independent of x.

[U(t)uollrra < Clluol|r2, (2.4.2)

J x(t, s)U(t)U*(s)f(s)ds < CJ|f|l (2.4.3)
R

/ /
LP2192?

LP1L9

Remark 2.4.5. We can think of U(t) as the forward evolution operator (we will construct in the
next section an appropriate operator for the wave equation). Often U(t) is a unitary operator,
hence U*(t) is the backward evolution. If we take x to be the indicator function of {0 < s < t},
then we can recognize the Duhamel term in (2.4.3).

Remark 2.4.6. All the functions can be vector-valued.

Proof of Theorem 2.4.4 wn the non-endpoint case. We will only treat the so-called non-endpoint
case p1,P2 > 2, which is considerably easier than the endpoint case and will be sufficient in these
lectures.

Step 1. For f,g € C®(R,S(RY)) we define

Tf,0)i= | xS UL s)f(s),glt)) e s,

where (-,-) is the L? inner product. By duality, (2.4.3) is equivalent to

Tx(f, @)l < C|If] (2.4.4)

Lpél_qé HgHLP]/Lq]/ °

Step 2. We show (2.4.4) with (p2,q2) = (p1,q1). Interpolating between (2.4.1) and the 2 — L2
bound we have

IO ()F()llo < [t — s 03 (s ars
thus

(URU()f(s), g(1)) < Clt — s =8 88 Lor g (D] ar = Clt — s [£(5) o 19 (V) a1
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and we conclude using Hardy-Littlewood-Sobolev inequality, using the fact that 2 < p < co.
Step 3. We prove that

Denote T =Ty, with x(t,s) =1 for all t,s. Directly from the definition of T, we obtain

J U™ (t)f(t) dt
R

< C[[f]l o ar- (2.4.5)
12

2

)

T(F, f) = ‘ 2
L

J U*(t)f(t)dt
R

so (2.4.5) follows from Step 1.

Step 4. We prove (2.4.4) for any o-admissible pairs (p7,q;) and (p2, q2). By symmetry, without
loss of generality we can assume ¢ < ;. Fixing t and using (2.4.5) with s instead of t and
Xx(t, s)f(s) instead of f(t) we get

Lemma 2.4.1 and (2.4.3) for (p1,q1) = (p2,q2) thus imply (2.4.3) in the general case.
Step 5. The bound (2.4.2) follows from (2.4.5) by duality. O

< CJfll

Lo 2 ]_Pﬁ Lqﬁ .

j x(t, U U*(s)F(s) ds
R

2.5 Strichartz estimates for the wave equation

Definition 2.5.1. We say that a pair (p, q) is wave-admassible if there exists 2 < q < ¢ such that

2 d-—1 d—1 ~
+ = T 5 (p,q,d) 7é (2300)3)-

P q 2
Theorem 2.5.2. Suppose that (p,q) and (a,b) are wave-admissible, v > 0 and
1 4 1 d d
-+ —=—+4+——2==—. 2.5.1
P + q a + b’ 2" ( )

Let u be the solution of (1.2.5). Then

HuHLPLq < C(HUOHHV -+ HlloHqu + HfHLa'Lb’)'

Remark 2.5.3. The condition of wave-admissibility is related to the dispersion of the equation
under the assumption that the Fourier support of the data belongs to an annulus, and it frequently
happens in the applications that q < q. The condition (2.5.1) is related to the scaling invariance
of the equation, see Remark 2.2.4 for a similar argument.

Proof. We first prove that the theorem is true if all the functions involved have spatial Fourier
transforms contained in {12 < |&] < 2}. In order to use Theorem 2.4.4, we need to define U(t). We
define it as acting on functions with values in R? (or C? if complex-valued fields are considered) in
the following way:

) (wo> _ ( cos(|D[t)x(ID[)wo + sin(|D[t)x (ID[)wo ) , (2.5.2)

—sin(|D[t)x(ID[)wo 4 cos(|D[t)x (ID])Wqo
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where x € C*°(R) equals 1 on [%, 2] and 0 outside of [%,4}. Notice that the Fourier multipliers are

smooth thanks to the term x(|D|). The adjoint U*(t) is given by

U () <W°> _ (COS(IDIt)x( Dl)w Sin(|D|t)X(|D|)Wo>
Wo sin(|DIt)x(/D[)wo + cos(|IDIt)x (/Do)

Assume that Fuy, Fiyy and F(f(t)) for all t have their supports contained in [%, 2]. Comparing
(2.5.2) with the solution formula (1.2.6), we notice that if u is given by (1.2.6), then

D) - (DY [ 0
<atu(t)> ‘u(”< " )*Lu“_s) (f(s)) s

_ IDlug t . 0
= U(t) < % ) +Lu(t)u (s) <f(s)> ds.

Theorem 2.4.4 thus yields
[t = IDRu(t)]pra S IDMollrz + [[olliz + [l arps/

where q and b are given by Definition 2.5.1 for the pairs (p, q) and (a,b) respectively. Using the
assumption about the Fourier supports and Corollary 2.1.5, we obtain

It = w(®) i S Tuollies + ol 1 + [l arger- (25.3)

By scaling invariance, this implies that the conclusion holds if all the functions involved have
spatial Fourier transforms contained in {Zj_1 <& < 2j+]} for some j € Z.

The final step is to “glue the Littlewood-Paley pieces”. Let ug, 119 € S(RY) and f € C®(R, S(RY)),
with no condition on the Fourier support. Let u(t) be given by (1.2.6). Since Aj commutes with

cos(|D[t) and %, (2.5.3) yields

It = At res S Idsuollie + [ Asioll 1 + A5 argor. (25.4)

For fixed t we can write
el , = D_lIAnu(tlia,
' JEZ
so the Minkowski inequality (used twice, both for the left and the right hand side) together with
(2.5.4) yield
a(8lrgg , S ol + ol + [1llerpg, -

Finally, we use Proposition 2.3.7 on both sides. O
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Chapter 3

Cauchy theory for wave equations

3.1 Cauchy problem for the cubic wave equation

In this chapter we are interested in equations of the form
d2u(t,x) = Ault,x) + g(x, u(t, x)), (t,x) € R4,
In order to illustrate two common techniques, we consider two cases:
e d =3 and g(x,u) = +u?,
e d =4 and g(x,u) = +ud.

As it often happens in the study of nonlinear PDEs, it is not immediate to construct smooth
solutions, even for smooth initial data. One generally constructs non-smooth solutions and the
study of their regularity is a separate question. The first problem which we have to face is thus to
define what it means for a non-smooth function u to be a solution of the Cauchy problem

otu(t,x) = Auft,x) + g(x,ult,x)),  (t,x) € R™™Y,

U(O,X) = Uo, atU(O, X) = uO(X)) x € Rd, (311)

There are several possibilities and we present one of them.

Let 0 € T ¢ R. It follows from (1.2.8) that the formula (1.2.6), seen as a linear operator
(ug, o, f) — u, can be extended by density as a continuous linear operator H'(R4) x L2(R%) x
L'(I, L2(RY)) — C(I, H'(RY)).

Definition 3.1.1. We say that a measurable function u : I x R — R solves (3.1.1) if (t,x) —

g(x,u(t,x)) belongs to L' (I, L*(RY)) and

u(t) = cos(|D|t)ug +

I COILE

D 0 D]
foralltel.
Theorem 3.1.2. Let d =3 and g(x,u) =ud. For any (up, 1) € H' x L2 there exists T> 0 and

a unique solution of (3.1.1) on the time interval [T, T].
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Proof. We will not need Strichartz estimates here. The so-called energy method is sufficient.
Denote I := [—T, T], X := L' (I; L*(RY)) and consider the map ® : X — X defined as follows. For a
given f € X, we define ®(f) := u?, where u is given by (1.2.6). We claim that @ is a contraction
on the ball B(0,R) C X for R:= \/HuOHfz + [|[Vuoll?, and T sufficiently small.

Let f € B(0,R) and t € I. The energy inequality (1.2.8) yields

[Vu(t)|l2 < R+ |f]|x < 2R.
By the Sobolev embedding (2.2.1), we have
Ju(t)[js < CR%.

An integration in time yields
lo(f)]x < 2TCR?,

hence @(f) € B(0,R) provided that T < 287.

Let now f, ff € B(0,R). Do the difference estimate. O

Theorem 3.1.3. Let d =3 and f(x,u) = u3. For any (ug, ) € H' x L2 there exists T> 0 and
a unique solution of (3.1.1) on the time interval [T, T].

Proof. The method of the previous proof fails here. We consider the same map @ as in the previous
proof, but this time we will need a Strichartz estimate in order to prove that it is a contraction. [J
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Chapter 4

Cauchy theory for equivariant wave maps

4.1 Equivariant wave maps

We will study wave maps 1 : R'*2 — S? ¢ R3. Recall that they are critical points of the Lagrangian

2 1 2 1 2
L JRZ (310abP — 217 dx

The equation can be written explicitly:

ot — A = ([0 — [V ).

This equation is difficult to study. We will consider a particular class of solutions. Take k € {1,2,...}
and consider initial data of the form

Po(rcos 6, rsinB) = (sin(uo(r)) cos(k6), sin(ug(r)) sin(k8), cos(uo(r))).

The evolution preserves this particular form of initial data and we obtain a simple equation for the
scalar-valued function u(t,r):

k% sin(2u)

> (4.1.1)

1
dfu = 02u+ —d,u—
T
The subsequent chapters of these lectures will be exclusively devoted to the study of (4.1.1).
There is the conserved energy given by

1 2 o 2
)2+M)Tdr_

7 (To)” + 5 (0ruo 572

E(ug) := ZT[JO (;

We see that our problem is energy-critical.
For m,n € Z we define

Emm =={up: E(ug) < oo, limu(r) =mmn, lim u(r) =nn}
r—0 T—00

Exercise 4.1.1. Prove that if E(ug) < oo, then there exist m,n € Z such that lim,_,o up(r) = mm
and lim, o, wo(r) = nm.
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The sets &y are affine spaces and play the role of the critical space. They are parallel to the
linear space & := &y o. We define the critical norm:

2
[uol|% = h W+ (d )2+k—u2 rdr
ollg * . 0 o 2o .

We also denote the part corresponding to the potential energy
HuOHH = J ((aruO)z + Tué)TdT‘.
0 T

4.1.1 Strichartz estimates for the linearized problem

The key to solving (4.1.1) will be to have appropriate Strichartz estimates for the following problem
analogous to (1.2.5):

d2u(t,r) — d*u(t,r) — %aru(t,r) + ]:ju(t,r) = f(t, 1), (t,7) € R x (0, 00), (4.12)
LL(O, T) - Ll.o(T'), atu(o) T) - 1:LO(T)) TEC (0> OO)

Here, in general k € Z, but we as mentioned above we assume k > 1. It is worth noting that (4.1.2)
appears by considering a Fourier series decomposition in the angular variable of solutions of (1.2.5)
in dimension d = 2. Namely, if (u,f) is a complex-valued solution of (1.2.5) and we decompose

u(t, re® Z u r)et® f(t, re'? Z flk r)et?

keZ kEZ

then (u®) f) solves (4.1.2).
We introduce the following notation for the solution operator related to (4.1.2). Let up =
(up, ) € € and let u be the solution of (4.1.2) with f = 0. We then denote

U(thue = u(t),  Ulthuo:=dwu(t),  U(thug:=u(t) = (u(t), du(t)).

The conservation of energy for the wave equation in space dimension 2 implies that U(t) is a
unitary operator from £ to itself. Note that the operators U(t) and U(t) are different than the one
introduced by (2.5.2).

For any I C R, we define the following “Strichartz norm” adapted to the study of (4.1.1):

([ (57

Lemma 4.1.2. Let u be a solution of (4.1.2). Then

We write S instead of S(RR).

[wf[roo(rey + [tllsry < C(HUOHE + HfHU(I;LZ))'
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Proof. The energy bound follows from the energy inequality (1.2.8) in space dimension 2.
In order to get the Strichartz bound, we use a somewhat artificial trick. Let P : R* — R be any
homogeneous harmonic polynomial of degree k — 1 and consider

v(t,x) = u(t, 1)r *P(x), g(t,x) := f(t, 1)r *P(x)
where 1 := |x| and x € R*. A computation shows that
o%v — Av = g,
[uolle = Ivolliy sr2(rays
Il eezy = gl iz ey
and it suffices to apply Theorem 2.5.2. O

Remark 4.1.3. It is likely that one could prove directly Strichartz estimates by adapting the
material presented in Chapter 2 and using the Hankel transform instead of the Fourier transform.
This would perhaps require a considerable amount of work, since one would have to define an
analogue of Besov spaces and prove the relevant embeddings.

The following estimate will also be useful.

Lemma 4.1.4. Let u be a solution of (4.1.2) with f =0. Then

mo
[ulls < Clluoll £ [l o

Proof. The Holder inequality yields

6 ] 20/3 3 2 1
u 3 w 7 u 7
Jrsdf = ”“"Lw(fru/sdf) (err) :

We take the square root and integrate in t. The proof of the previous lemma with the pair of
exponents (5/2,20/3) instead of (3, 6) yields

20/3 3 5
w 3 2
JR (der) S uollg-

4.1.2 Local well-posedness

The case of the initial data in £ is easier, so we discuss it first. By analogy with the case of a power
nonlinearity, we say that a measurable function u: I x (0,00) — R is a solution of (4.1.1) if the
function

k2u  kZsin(2u)

2 22

belongs to L' (I; L?(rdr)) and (4.1.2) holds. It is convenient to denote Z(u) := (2k*u—k? sin(2u))/(2u?),
which is an analytic function, bounded for u € R. We then have f(t,r) = Z(u(t,t))u(t, r)3r 2, in
particular u € S(I) implies f € L'(I;12).

f(t,r) =
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Proposition 4.1.5. For any uy € £ there exists a unique solution. It satisfies (u,du) €
C(L¢&).

In fact, we will prove a more precise result, which is stated below.

Lemma 4.1.6. For all M > 0 there exist g = 1o(M) > 0 and C = C(M) > 0 which have the
following property. Let 0 € I C R. Let |[uglle <M with ||[U(-)uol[sq) =n <mo. Then there is a
unique strong solution u € L®°(L;E) of the problem (4.1.1). This solution satisfies

sup [[u— e + [lu—w sy < CnP,
tel

where u,(t) = U(t)up.

Proof. For p > 0, let

By :={u: [[(u,0¢u) — (uy, 0¢uy) ||reo(re) + w0 —wsl[sry < o}

Denote Ly := —a$ — %6T + ‘;—j We consider the map F which to u € B, associates v = F(u), the
solution of the problem
2 u3 .
0pv+Lyv = Z(u)rj, (v(0),0¢v(0)) = (1o, o),

so W :=v — 1y, solves the problem

ul

opw + Low = Z{u)—7,  (w(0),0w(0)) = (0,0),

By Lemma 4.1.2,
1w, 3ew) [l (1) + Iwlls() S0’ + 0%,

so if we take p = Cn® with C a sufficiently large constant, the ball B(p) will be invariant.
Similarly, for ng sufficiently small, F is a contraction on B, for the norm L*(I;£) + S(I). Let
u,u € By, v:i=F(u), v:=F(u), w:=v—v. Then

Otw + Liw = f(u, 1) = Z(W) — — Z(u)— (w(0),0tw(0)) = (0,0).
We see that
[0, Wz < (T —ulfies + (& —ulls)(n* +1?),

and we conclude using Lemma 4.1.2.
By Picard’s theorem there exists the unique application u € B, such that F(u) = u. Since
C(L &) is complete, we see that u e C(I;&). O

Proposition 4.1.7. Ifuy € &, then there exists a unique strong solution u € L°°(Inax; &) of the
equation (4.1.1), defined on the mazimal interval of existence Ipax = Imax(u) = (T-(u), T+ (1))
such that u(0) =ugy. It has the following properties.

o uc Clnax; &),
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e for any compact interval | C Inax, U 25 continuous with respect to the initial data uyp,
for topologies £ — 1L°°(J;€),

e for any compact interval | C Inax we have

[ulls(y) < oo,

o if
lullsqo,r,)) < o0,

then T, = co and u scatters as t — oo, which means that there exists u, € £ such that

lu(t) — U(t)uylg = 0 as t — oo,
e conwversely, if u scatters for t — oo, then
[l 10,00)) < 00,

e an analogous statement for negative times.

Proof. The first part is a direct consequence of the preceding lemma.
The second point results from the following general principle for the linear equation. If f €
L'12([0,T,)) and u is solution of 3w + Lyu = f, then

e in the case T} < oo, the strong limit in &, lim¢_,7, (u(t), 0ru(t)), exists,
e in the case T, = oo, u scatters when t — oo.

Let v, be the solution of d2v; + Ly v, = 0 with initial data (v¢(T),dv(1)) = (u(T),d:u(T)), and
sigma > 1. Then

[(v(0), 01vs(0)) — (ve(0), 0rve(0))[le = [[(Vo(T), 0tV (T)) — (Ve (T), Deve(T))le
= [[((ve —u)(1), 0t(ve —wW)(T))lle < [IfllLri2(pr,on — O

when 0,7 — T,, which implies that the limit (vo,vq) := lim; 00 (v<(0), 0¢v<(0)) exists, and we
obtain
lim [|(u(t), deu(t)) — U(t)(vo, v1)[[e = O.

tHT+

Finally, if u scatters for t — oo, then we see that if we take Ty to be large and wu,(t) :=
U(t — To)(w(Tp), 0¢u(Ty)), then ||ur|ls < Mo, so we can apply the previous lemma to the interval
[TO)OO)' 0

Remark 4.1.8. The same proof shows that we can solve the Cauchy problem at infinity. More
precisely, in the case I = [Ty, 00), under the same hypotheses, there exists a single strong solution
u € L*(I;€) of the equation (4.1.1) such that

lim [|(u(t), 0¢u(t)) — (ur, druw)lle = 0.

t—o0
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To do this, simply define v = F(u) as the solution to the problem

3
uw . .
Opv+Lwv=2Z(u—,  lLm [[(v(t),d(t)) — U(t)(uo, o)l = 0.
T t—oo
In the same way, we also solve the Cauchy problem for t — —oo.

To conclude this chapter, we will prove a perturbation lemma.

Lemma 4.1.9. For all M > 0 there exists ¢ = ¢o(M) and C = C(M) with the following
property. Let 1 =[0,T] or I =1[0,4+00), and let v be a function defined on I x (0,00) such that

|(v, 0tV) [lreo(rey + [VI[say <M

solving the problem

3
v+ Ly = Z(v):—z +h, (1) €lx(0,00),

(v(0),0¢v(0)) = (vo, Vo) € €.
Let (ug,119) € £ and ¢ € (0, ¢p]. Assume that
[[ (w0, o) — (vo, Vo)l + M2 < e.
Then the solution u of the problem (4.1.1) with initial data (up, ) s defined on I and
[[(w(t), 9eu(t)) — (v(t), 0v(t))[[ee i) + [[u = ViIsy < C(M)e.
Remark 4.1.10. Due to the time reversibility, an analogous theoorem is true for negative times.

Remark 4.1.11. The meaning of this lemma is as follows. If we have an approximate solution v,
then the true solution u exists as long as v and remains close to it.

Proof. We first prove the result under the additional hypothesis that |[v||sq) < mo is sufficiently
small. In this case, the conclusion is obtained by a continuity argument. Let I’ C I an interval on
which u is defined and let’s consider w := u —v, (wo, Wp) := (up — vo,1lp — Vo). The equation for
w is as follows:

(v+w)? Vv

) Z(v)— —h.

afw +Liw=Ff=Z(v+w) "~

We see that
2 2 3
oz S Uwlleeane) + Wllsan) UVIsary + Iwllsary + IWlISan) + [Rlloez -
Applying Lemma 4.1.2, we obtain
Wi gy + IWlisan < €+ (Wl ey + IWllsan) IVIGan + W50 + IWIE)-

If [|[wl[s(1/) is small enough, then we can absorb the second term and conclude that |[w||sqy < e.
The desired estimate is obtained by progressively enlarging I’.

Now let n := [%] 4+ 1. Then there exists 0 = to < t; < ... < t, = T a sequence such that
[Vllsgy <mo for | = [tj, tj11l,§ = 0,...,n—1. We repeat the argument on each interval [tj, tj1]. O
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Chapter 5

Profile decomposition

In this chapter we present the method of profile decomposition, developed in the work of several
mathematicians, in particular Lions [6, 7], Brézis and Coron [3], Gérard [4], Merle and Vega [8],
Bahouri and Gérard [2], ... The abstract framework presented here was proposed by Schindler and
Tintarev [10].

5.1 Abstract theory

Let H be a separable Hilbert space and G a metric group acting on H through isomorphisms
(a unitary representation),
G>3>gm— Ty e UH).

Remark 5.1.1. We can easily deal with the case where G does not act by isometries, but only in
a bounded manner, i.e.

G>gr Ty e L(H), sup || Tg|| () < oo.
geG
Indeed, replacing the |[ull norm by the equivalent supycg [ Tgut/[n norm, we are reduced to the
case of unitary operators. In practice, we are almost always dealing with a unitary representation.
We will usually write gu instead of Tyu.

Definition 5.1.2. For a sequence g, € G we write g, — 00 or limyp_,+ gn = o0 if for any compact
set K C G we have g, ¢ K for n large enough. Two sequences g, and g, are said to be orthogonal
if g-'gn — oo0.

Definition 5.1.3. We say that a sequence w,, € H converges to 0 weakly with concentration if
gnun - O) vgn E G.

We write in this case
Up _\G O.
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We observe that the topology of weak convergence with concentration on a ball of H is metrizable
in the following way. Let ¢, be a dense sequence in the unit ball of H. We define

”qu::(§i<¢2;V>}’

=1

ulle := sup [|gujw.
geG

Lemma 5.1.4. If u, € H a bounded sequence, then after extraction of a subsequence there
exists a sequence gn € G such that

gnlUn — U and |[u|[n > limsup ||un |G-
n—oo

Proof. By extracting a subsequence, there exists a sequence g, € G such that

ZZ (g, gnitn)? ﬂhmsupHunHG
=1

After a new extraction of a subsequence, gnu, — u € H, and we see that
o0 (0.0)
D 27 4de gnun) = D 27 dew)? < iy,
(=1 =1

which completes the proof. O
Proposition 5.1.5. Let u,, € H be a bounded sequence. Then
un —¢ 0 [lunllc — 0.

Proof. The implication = is a direct consequence of the definitions and the preceding lemma.
Conversely, if |[un|[g — 0, then for all £ we have supgy, cg(de, gnun) — 0. Let gn € G be any

sequence. Since the sequence gnuy is bounded in H, we obtain (¢, gnun) — 0 for all ¢ € H, so

Un —G 0. ]

We make two more assumptions about the action of the group G:

e g, — oo implies (u, gnv) — 0 for all u,v € H (decay of matrix coefficients),

e for all u € H the application G 3 g — gu € H is continuous (strong continuity).

Remark 5.1.6. Strong continuity is a standard assumption and is very easy to verify in applica-
tions. The decay of matrix coefficients can be harder to check. There exist conditions on G which
guarantee that this assumption is automatically satisfied, see [5]. We will not use these general
theories, but rather check the condition by hand in each case.

Definition 5.1.7. Let u, € H be a bounded sequence. We say that u, admits a proﬁle decom-

position with the proﬁles VU) € H, the displacements gEJ € G and the remainders Wn if the

sequences gn) and gn are orthogonal for j # ¢,

I
Uy = Z gg)VU) +wil)] 11m lim sup ||wn llc =0. (5.1.1)

. —00 n—oo
j=1
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Proposition 5.1.8. If un a bounded sequence which admits a profile decomposition VU with
remainders wg], then for all j the sequence (gg])_1un converges weakly to VU and for all

] €{1,2,...} we have the Pythagorean expansion

J
lunlf = > IVOIR + w3 +0(1),  whenn — . (5.1.2)
j=1

Proof. By the hypothesis u, is a bounded sequence, so to show the first part it suffices to verify
that for all j we have limp_o || (92))”% — v HW = 0. Let j be fixed and let ¢ > 0. We first find
] > j such that .
lim sup H(gg))_1wg)HW < lim sup HWQ)HG <.
n—oo

n—oo

Then, for ¢ €{1,2,...,]}\ {j} we have limn_, || (gﬂ))f‘ g%)v(“ |,y =0, therefore (5.1.1) implies

lim sup || (gg))qun — V(j)“w <e.

n—oo
To show (5.1.2), fix |, take j € {1,...,]}, apply (gﬂ))*‘ to (5.1.1) and take the weak limit when
n — oo. From what we have just shown, we obtain that the left-hand side as well as the right-hand

side converge to the same element VU, which implies that (gg))_1wg) converges weakly to 0, in

particular '

lim (gU'V0) Wy =0, forallje(l,...,]}

n—oo
We also have <g£2)v(ﬂ, gﬁ]v(“) = <(g£f))“g£2)v(i),v“)> — 0, so by taking || - ||?, from (5.1.1) we get
(5.1.2). O

Theorem 5.1.9 (Schindler and Tintarev). Any bounded sequence u, € H has a subsequence
which admits a profile decomposition. If ||unlg — 0, then its only profile decomposition s the
trivial decomposition VU) =0 for all j.

(0)

Proof. To prove the first part, we construct the VU) profiles one by one. Set wy := u,. Assume
that the sequences WES), ... ,WQ*”, the displacements gg), ceny gﬂ*” and the profiles V{1, ..., vU-1)

are defined, satisfying the following conditions:

(M )

e the sequences gn ,...,ggf1 are orthogonal,

o (921)*‘w$1‘” —0forj=1,...,]—1,
o VOl > limsup, o [|wd Vg forj=1,...,]—1.
We will find gg) and VU), and the sequence wg ) will be defined by the relation
Wil = gV .

If limp 00 ngq)HG =0, then we set VU) = VU+D) = || =0 and the proof is complete.
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Otherwise, by Lemma 5.1.4, after eventually extracting a subsequence, there exists a sequence
gg] € G and VU) € H such that

| | ; i . -1
(g)) il = VOV > limsup w6 > 0. (6.1.3)
n—oo

Suppose that gg) is not orthogonal to gg) for some j € {1,...,] — 1}. After the extraction of a
subsequence, we will then have (gg))qgg) — g€ G. If § € H, then (92))*‘955)(1) — g (by the
hypothesis of strong continuity), (91(3))71\/\)1(1]_” — 0 and (gﬁi))*‘gfl)v(i) — gVl so
DT =1 (1 D1 ; ; ;
(g g, () "Wl = (a) g VY = (g, V1) = (9, VI,
On the other hand,

(o) o, o)l — (o) o) = (3 (o)l V) 0

This is impossible because V1) = 0, which proves orthogonality.

We see that for all ] there is the Pythagorean expansion (5.1.2), in particular limj_,o [|[ V0| =0,
so (5.1.3) implies limj_,, lim sup,, ., ||wg)||G =0.

The second point is a consequence of the first statement in Proposition 5.1.8. O

Proposition 5.1.10. Weak convergence with concentration s characterized by the preceding
theorem, t.e. 1t 1s the only topology for which the theorem 1s true.

Proof. Exercise (we will not use it later). O

5.2 Description of topology

To use the theorem which we have just proved, it is necessary to have, in each case, a description
of the topology of convergence with concentration in terms of Lebesgue, Sobolev, Besov and other
norms. Here is the simplest example of such a description.

Proposition 5.2.1. Let H:= H'(R) and G := R act through translations: T,f :=f(-—x). Then,
if Uy s a bounded sequence,

lunllc = 0 & |Jun|lte — O.
Remark 5.2.2. Both norms are invariant by translations, which is reassuring.

Proof. If ||un||t~ — 0, then for any sequence x,, we get || Ty, un ||t = ||un|/tee — 0, so Ty, un — 0.
Conversely, suppose that u, is a bounded sequence in H'(R) and that for any real sequence x,
we have Ty, u, — 0. In particular, let x,, € R be such that [u,(—xn)| > %HunH[_oo, in other words

un|[Lee < 2[vn (0)], where v == Ty, Un.

Since v, — 0, Rellich’s theorem implies |v, (0)| — 0, so ||un||re — 0. O
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Note that this action verifies the hypotheses of continuity and decay of matrix coefficients.
We return to the framework of the previous chapter.

Proposition 5.2.3. Let G = (0,00) be the multiplication group acting on H (cf. previous
chapter) by change of scale, i.e.

(Taw) (1) == up(r) = u(r/A), for any A € (0,00), ueH.
Then, if u, ts a bounded sequence,
lunllc = 0 & |Jun|lte — O.

Proof. We are brought back to the previous result by the change of variable % = e*, which defines
an isometry H ~ H'(R), as we had seen. It is easy to check that the change of scale by a coefficient
A corresponds, through this change of variable, to translation by y = klogr. O

Observe that this group action, being isomorphic to the action in the preceding example, also
verifies the hypotheses of strong continuity and decay of matrix coefficients.
If (up, 1) € £ and A > 0, we write

(0, Tp)a := T+ (oA "), A ip(A 1)),

We see that E((uo,Uo)r) = E((1t0,10)) and ||(uo, o)ale = [[(uo, 0] |le-
Consider the (non-commutative) group R x (0, 00) acting on £ by

T (W0, o) = W(—t) (U0, Wo)a) =1 — (ur (AT, A1), A 1w (AT, A '),
ot u (t) = U(t)(uo, o).
Remark 5.2.4. It is easy to verify that the group law is given by
(t2,A2) - (11, A1) = (t2 4+ Azt, AgA),

SO
(t2, A2) 7" - (t1, A1) = (—t2/A2 + t1/A2, A1/A2),

which means that two sequences g, = (ty,An) and g, = (%n,in) are orthogonal if and only if

A, An ftn =Tl
n—oo A An An '
Proposition 5.2.5. If (ugn,Uon) € £ 15 a bounded sequence, then

[(wom, Uon)llc =0 < [lupnllier =0 & [urnlls — 0.

Proof. The second condition implies the third by Lemma 4.1.4.
Suppose ||U(t)(uon,ton)||s — 0. This implies that for any sequence (tn,An) we have

[ULCE) (Tt 2 (Uoyny Boyn) ) |5 — O
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(since the S norm is invariant to the change of scale and by the linear flow). In particular,
Titpan) (W0, Uon) — O (indeed, the function (vo, Vo) = [[U(t)(vo,Vo)||s is continuous and convex).
Finally, suppose ||(uon,on)||c — 0. Let t, be a sequence such that

W) (0, o) [ore < 20U (k) (o, thon) [ 1oe- (5.2.1)

Let (vn,Vn) = W(tn)(uon,ton). We have (vn,Vvn)p, — O for any sequence A, € (0,00). Hence,
Proposition 5.2.3 implies |[vn |1 — 0, so (5.2.1) gives ||[U(t)(uon, on)|[Locree — O. O

Remark 5.2.6. In other words, for any e > 0 there exists & > 0 such that ||(uo,Up)||e < 1 and
|(uo,o)|lg < & implies ||urn|[s < €, and conversely |[(ug,o)|le < T and [[upn|[s < & implies
[ (w0, wo)|[¢ < €.

Combining Theorem 5.1.9 with Proposition 5.2.5 we have the following result.

Proposition 5.2.7. Let (ugn,Won) € € be a bounded sequence. Then, after possibly extracting
a subsequence,

J
uOmLLOn Z t),n/)\],n)(v V )) + (Wg)»wg))»

],n
j=1
with
11m u@) W wiyls = o.

Proof. We need to verify the hypotheses of Theorem 5.1.9. Strong continuity is immediate. To
prove the decay of matrix coefficients, let us take (up,1p) € £ and a sequence (tn,An) — oco. It
suffices to show that every subsequence of Ty .)(uo, o) has a subsequence that converges weakly
to 0 in £. We consider three cases.

Case 1: ty/Aqn — —oo. Let (vn,Vn) = Ty, a0 (U0, o). We see that |[UL(t) (v, Vi) |ls(0,00) — 05
which implies (vn,Vn) — 0 by the Fatou property. (The functional (v,v) — [[U(t)(Vn,Vn)lls((0,c00
is continuous £ — R, convex and vanishes only at v =0).

Case 2: tn/Aq — oco. Let (vn, Vi) == T 2 (U0, 100). We see that [[U(t)(vi, Vn)llsg—co0) — O,
which implies (v, vn) — 0.

Case 3: t, /A, bounded, |logAn| — oco. Then {(uy(—tn/An), 0tuy(—tn/An))} is a compact set in &,
so the decay of the matrix coefficients for the change of scale implies

Tt ) (M0, o) = (. (—tn/An), Oput (—tn/An) )y, — 0.

(We have seen the decay of matrix coefficients for the change of scale in 7; this is also true in
2, as can be verified either directly, or by reducing to the group of translations by the change of
variable ¢ = e*.) O

Remark 5.2.8. In particular, this proof shows that for all (ug, 1) € £ we have

lim [U() (o, o) 1 =0,
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By extracting a subsequence once again, we can assume that for all j, we have one of the
following cases:

tjn=0, Vn centered wave,
tj\n N N

— 00 incomaing wave,
Ajn
tj)n y,

— —00 outgoing wave.
Ajn

These notions are intuitive if we think of (upn,10n) as a sequence of initial data which we evolve
by U(t).

5.3 Decomposition into nonlinear profiles

The linear profile decomposition is essentially a tool in the Calculus of Variations. We will now
turn our attention to questions of propagation by nonlinear flow. There is no general theory for
this type of question, but for the equation (4.1.1) we can find satisfactory results.

Let (uon,1on) be a sequence of initial data having a profile decomposition given by Propo-
sition 5.2.7. To each profile (V1) VU)), we associate the corresponding nonlinear profile W) =
W0)(t,7), which is the solution to the equation (4.1.1) satisfying

Tim [|(WY (—t,0/A50), WD (=t 0 /Ain)) = U(—tin/Ain) (VI V) [l = 0.
The existence and uniqueness of VU results from Lemma 4.1.6 and the Remark 4.1.8.
We will write

W (1), W (1) = (WO (£ — t,0) /Ajn), 2WI (= 5,0)/Ajn))
(Vo (£, 00V () = (U((tt1.0) Aj) (VD) VO))

. )
Ajn
Ajn

It is useful to note that for j sufficiently large ||(WU), W))||¢ is small, so Lemma 4.1.6 implies in
particular that for j large WU) exists for all t € R and

sup Iwd (1), 0W (1)) — (Vi (1), 0V (1) I
te

HIw (0, 2w (1) — (Vi (1), 00 (1)) s (5:3.1)
SNV VO S VO, v 2.
Lemma 5.3.1. Let (upn,Uon) be a sequence that admits profile decomposition, and suppose

that for all j the non-linear profile VU is defined for all times and ||V(j)HS < 00. Then forn

sufficiently large the solution of (4.1.1) for the initial data (uon,on) exists for all times and
scatters.

Proof. The idea is to consider an approximate solution

v (1) =Y Wi (1) + Ut (wil, i)
j=1
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and show that for | sufficiently large, it is possible to use Lemma 4.1.9.

The function vg ) (t) solves the equation

kZ

212

3 sm( (ZW )(w@,v’v@)))
2

k . ~ Kk? '
~ 52 Z sin (2W4(8)) — U (wil i),
j=1

6%\)“ — afvn — 110w, + sin(2vy) = hy, =

To apply Lemma 4.1.9, we need to verify that
e limsup, || W atvﬁ))HLw(R;g) + ||v1(1]) |s(r) is bounded uniformly in J,
o limj_, limsup, ., |[hn|[12 =0.

The first point follows from (5.3.1). Indeed, from the Pythagorean expansion (5.1.2) we obtain

: J . .
suphmsup (sup H Z (])(t)) - Z(Vr(x”(t), ati(x))(t))H

J teR

but ] J
sup lim sup (sup H Z(VTQ)(t% atvs)(t))Hg T H ZV’Q) Hs>
J j=1
)

n

<s1;p11msupHZ] (0), atvff)(O))Hg

< s?pnmsup (Il (tn0 ttn0) s + W, W) 1) < oo
n

To show the second point, using the inequality
|sin(oc+ B) —sin(a) — B| < o?p + B3

with o = 2 ]: n ( ) and f = 2U(t )(WTP,WQ)), we see that it is sufficient to verify that for
j=1

fixed
]

1 1
lim sup ‘ <2 Z W > -3 Z sin ZWT(E) (t)
j=1

=1

=0.
L1L2

We forget that WU) is a solution of (4.1.1) and show this convergence for any sequence of functions
wi oowl es (this trick is due to Bahouri and Gérard). By density, we can assume whl) e
C°(R x (0,00)). But then, for n large, the supports (in spacetime) of the functions WT(Lj) for
j=1,...,] are disjoint. O
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Sometimes we do not want to assume that all profiles are globally defined and scatter. The
situation then becomes a little more complicated. We will consider propagation for positive times,
which does not restrict the generality thanks to the time reversibility of the flow.

Definition 5.3.2. Let u be a solution of (4.1.1). We say that a time sequence T, is regular for
solution wu if there exists an interval I C R such that T, € I for all n and [Juf|s;) < co. We say that
a sequence of intervals [an, by ] is regular if any sequence T, € [an, by] is regular.

Lemma 5.3.3. Let u be a solution of (4.1.1), (tn,An) — o0 and T, a bounded sequence such
that the sequence T, := % 1s reqular. Then (u(Ty), 0¢u(Ty))r, — O.

Proof. By extracting a subsequence, we can assume that the limits lim,, ., logA,, € [—00, c0] and
limy oo Th € [—00, 00] exist. If A, — 0 or A,, — oo, then we obtain the conclusion by considering
separately the three cases T, — —oc0, Ty, w00 or T, = T € R.

If log A\,, is bounded, then |t,| — oo, which implies |T,,| — oo, since T, is bounded, so we also
get (u(Ty), du(To)a, — 0. O

Lemma 5.3.4. Let f € CP(Rx,(0,00)), u be a solution of (4.1.1), (tn,An) — 00, Un(t,1) :=
u((t—tn)/An, v/An) and I, a sequence of intervals such that the sequence (I, —tn)/An is regular
foru. Then

1imJ J (0tupn)frdrdt = 0.
I

n—oo n 0

Proof. We integrate by parts in t. The boundary terms converge to 0 according to the preceding
lemma. O

Proposition 5.3.5. Let (uon,on) be a sequence in & which admits a profile decomposition
and let T, be a sequence such that for all j the sequence (T, —tjn)/Ajn s regular for wh)
Let w, be the solution of (4.1.1) for the initial data (Upn,lon) and let

J .
= > Wil +uwmwd’,wil).
j=1

Then for n sufficiently large u, s defined for t € I, :=[0,T,,) and

lim limsup (|| (wn, drun) — (W, 30 | teo (1) + Im — v [Is1,,)) = 0
J—=00 n—oo

In addition, we have the Pythagorean expansion

lim limsup sup ’II Un (t), Orun (t HS—ZH atw ( )|[E — U(t) wn,wn Hg’—o

J=00 n—oco te[o,Tal

(5.3.2)

Proof. For the first part, the argument is the same as for Lemma 5.3.1, but at the end, the VU)
profiles are approximated by functions whose supports are compact subsets of 10)(0, c0).
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To show the second part, we simply estimate H(vg)(t), atvg)(t))Hé, and then use the first part.

We compute the time derivative of the cross terms. Writing wg)(t) = U(t)(wg),v\a(lI )), we have

d ~ . - , Nl
3¢ (Ewa () (wil il )+ (WA, Leu@ ol il ))) = WAy waly (%), dewl).

We thus need to show that for any s, € [0, T,)

JS" ZWIHYWIN3/2), 00wy dt — o.
0

To do this, we integrate by parts in time and obtain:

Sn . .
—J <at (Z(WT(E))(WT(E))3/(TZ)),WQ)> + boundary terms.
0
The first integral is small using V) € S, 9,V0) € L2 and ng) |s < 1. The boundary terms are
small thanks to the fact that (V0))3/r2 € L>°L! and ||wg)|]LooLoo <1

Regarding the cross terms (Z(WT(L]))(WTQ ])3 /(r%), atvfj‘b, Lemma 5.3.4 shows that they converge
to 0 as n — oo. O

Remark 5.3.6. Thomas Duyckaerts pointed out to me that there was a faster way of proving
(5.3.2). Namely, we can show that if the sequence (T,, — tg)) /7\1(3) is regular for VU) for all j, then
we can construct a linear decomposition of the sequence (un(Ty), 9tun(Tn)) (where the new linear
profiles will be close to the nonlinear profiles (WT(E), 6tWT(Lj)) in £ norm), and conclude using the
linear Pythagorean expansion.

To conclude this chapter, we give another application, also considered in the article by Bahouri
and Gérard, namely the weak continuity of the flow in the energy space. We need the following
lemma.

Lemma 5.3.7. Let WU) be a non-linear profile whose norm is small and suppose that the
sequence (t@,?\g)) 1s orthogonal to the constant sequence (0,1). Then (Wl(f)(t), 6tWT(1])(t)) —0

for allt e R.

G)
Proof. Without loss of generality, we can assume that t;(t;;] — tg € [—00, 00], and treat the three

cases separately, noting that the sequence (tg] —t, ?\g)) is orthogonal to (0,1). O

Proposition 5.3.8. There exists 1 > 0 such that the follourng s true. Let u : [0,T] —
E be a strong solution of (4.1.1), and (ugn,lon) € £ a sequence such that ||(uon,ton) —
(u(0),0¢u(0))|le < m for all m and (uon,on) — (1(0),0:u(0)). Then for n large enough the
solution u, of (4.1.1) exists for t € [0, T] and

(un(t), Ogun(t)) — (u(t),deu(t)),  for allte€[0,T].

Proof. A subsequence of the sequence (ugn, 1) admits a profile decomposition. The first profile,
which corresponds to the trivial displacement (0, 1), is (1(0), 94w(0)), and all the others are small.
By an argument similar to that used in the proof of Lemma 5.3.1, the preceding lemma yields the
conclusion. O
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