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These notes' are based on a short series of lectures I gave at the “Mathematical
aspects of Black hole theory workshop” held at the Observatory of Paris on the
topic of Cartan geometries. I hope they may also be useful to a wider audience.
During the course of writing this document, I have also added a number of details
and complements that I did not have time to cover during the lectures.

I assume the reader has followed a first course on General Relativity:

Notations: If f : M — N is a smooth map between smooth manifolds, then at
eachp € M, f,, denotes the tangent map at p. For maps between open sets of finite
dimensional vector spaces, we will also use the notation f’(z).

In these lectures I live in a smooth world and all manifolds and maps will be
smooth. Manifolds are assumed finite dimensional, Hausdorff and second-countable.

I. Lecture I: Introduction and prerequisites

In 1872, F. Klein, in his now famous “Erlangen program”, proposed a unified way
of thinking about the “new” geometries that had appeared since the realisation of
the fact that the so-called “Parallel postulate” of Euclidean geometry was logically
independent from the other “more obvious” axioms. In modern mathematical lan-
guage, Klein pointed out the following common feature. In each situation there was
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a configuration space X and a distinguished transformation group G, acting transi-
tively on X. Fixing a given point zo € X and considering the isotropy subgroup (or
stabiliser) H of zy; i.e.

H={9eG, g -xy=u20},

it is easy to see that there is a bijection with X = G/H. For example, in Euclidean
geometry in n-dimensions, G = R" x O(n), and H = O(n).

This provides a natural class of generalisations of Euclidean geometry, that we
shall refer to as Klein geometries, where G is a Lie group and H a closed subgroup.
Another known generalisation of Euclidean geometry is Riemannian geometry that
doesn’t quite fit into this framework. Cartan geometries, that we shall introduce in
these notes, are curved generalisations of Klein geometries and generalise also Rie-
mannian geometry.

I.A. Lie groups

A key notion of Cartan geometries is the idea that they are based on a homogenous
model G/H, where G is a Lie group and H a closed subgroup, our first aim will be
to understand these. To begin with, we recall a few basic notions about Lie groups.

A Lie group is a group (G, -) equipped with a smooth structure that is com-
patible with its group operations. In other words a smooth structure such
that the maps:

w: GxG — G 1 G
g

—
(91,92) — G192’ — g7'

g

are smooth. In these notes we assume dim G < +o0 and that the topology of
G satisfies the usual assumptions: Hausdorff and second-countable.” Under
these assumptions G is also Jocally compact. Let e denote the neutral element

of G.

“This means that we can separate distinct points by open sets z # y = 33U,V open UNV =
0,z eUucV.
#The topology has a countable base.

Example 1.1. (R, +), (R*,-), GL,(R),SL,(R), ...

To warm up, lets recall a few facts about the topology of these groups, in what
follows G is a Lie group but many of the results are true for all topological groups
(when we only really use continuity). Let g € G, call L, : = +— gz; it is a smooth
diffeomorphism of G and L, ' = L,

g



Proposition 1. Let H be a subgroup of G such that H # ) then H is closed.

Proof Letg € H,x € H. Then 7*H = L, H is an open neighbourhood of ¢
and gz~ ' H is an open neighbourhood of ¢. It follows that gx~'H N H # () so that
Jy € H such that g = xy € H. ]

Remark 1.1. Note that if H # 0 then H is open, indeed, let x € H, then for any
g € HU = gz~ 'Hy C H is neighbourhood of ¢ hence H is a neighbourhood of
each of its points and is open.

Corollary L.x. Suppose that G is connected and let V be a neighbourhood of e, then:

G=Jvm,

neN

where V" is defined recursively forn > 2,by V' =V, V" = u(V x V') = {vvq,v1 €
V, Vg € Vn—l}‘

Proof Let W = V N V~! where ((V) = V!, then IV is a neighbourhood of e
such that W~! = W (we say that W is symmetric). Set H = |J,,.y W", note that
H C |J, ey V" and H has non-empty interior. Furthermore, H is the subgroup of G
generated by W, it follows then that it is open and closed, hence H = G. O

Proposition 2. For any group G the connected component G of the identity is a closed
subgroup.

Proof. Let g € Gy, then gGj is a connected since L, is continuous. Furthermore,
e € Gy, g € gGy, therefore gGy C Gy So g192 € Gy for all g1, g2 € Gy. Similarly Gyt
is connected and contains the identity so G;' C Gy. Finally, connected components
are closed so (G is closed. [l

Having refreshed our memory a bit, we will now quote two properties that are
more specific to Lie groups.

Theorem I.1: Cartan - Von Neumann

A closed subgroup of a Lie group is also a submanifold and therefore a Lie
subgroup.

Remark 1.2. This is also known as the closed subgroup theorem. Its proof is quite
beautiful but a bit off topic for these notes.

Corollary L.2. The connected component G of e is a Lie subgroup.



I.B. The Lie algebra of a Lie group

Recall that every smooth manifold M has a natural vector bundle 7 : TM — M
called the tangent bundle, whose fibre at p € M is:

7 ({p}) = T,M.

Intuitively, it glues together all the tangent spaces in a way that is compatible with
the local charts of M. The construction is described as follows, set> T'M = ]_[pe v oM,
and define the projection map by 7(X) = p if X € T,M. Now for any chart (z,U)
on M construct amap i : 7 *(U) — x(U) x R" such that for X € T,M,p € U:
Z(X) = (z(p), T.,pX); these bijective maps constitute natural candidates for charts
on T'M. Endow T'M with the coarsest topology such that 7, and all the z are contin-
uous. A prebasis for this topology is:

2 ={i"Y(V), Vopeninz(U) x R", (x,U) local chart on M}

A basis is obtained by taking finite intersections of these sets and a set is open in
this topology if and only if it is the union of finite intersections of elements in M
This is the unique topology for which each Z is in fact a homeomorphism. Indeed,
7 HU) = 271 (x(U) x R™) is open in T'M so any open set V of 7~*(U) is open in
TM. It is sufficient to check that #(O) is open whenever O = ' (V x W) where
V C 2(U) is open, W is open in R and (y, V) is another chart on M with VU # §).
We have:

#(0) ={((zoy™)(q),(xoy™)(g)-v),g € VNy(VNU),veW}

which is open as the image of open set under a homeomorphism. The change of
chart oy~ ! (which also appears above) are easily seen to be smooth on their domain
of definition and so define a smooth structure on 7M. We leave it as an exercise
for the reader to check that 7'M is Hausdorff and second-countable if M is.

The above scheme is very classical when constructing bundles associated with a
given manifold.

Recall that smooth vector fields X are smooth sections of 7'M, i.e. smooth maps
X : M — TM such that 7 o X = idy;. They form a C*°(M) module denoted by
I'(TM), it is common to denote X (p) by X,. Note that for any chart (z,U), by
construction of T'U we have n-smooth vector fields on U, written 8%1_, defined by:

( 9, ) .
=z e
| wa(p) " G0
ox; » P

*[1,ear TpM denotes the disjoint union (or coproduct) of sets T, M. It comes with a family of
injective maps i, : T, M — TM and satisfies the following universal property: Let S be an
arbitrary set and suppose we are given a family of maps f, : T,M — S, then there is a unique
map f : [[, T, M such that f, = f oi, for every p € M. This is a convoluted way of saying that
to define a map on 7'M we only need to specify how it acts in each T, M.




where e1, ..., ¢, is the canonical basis of R".
I'(TM) is also a Lie algebra with bracket: [,] defined by:

(X, YI(f) = X(Y(f)) = Y(X())-

(Vector fields on a finite dimensional manifold are assimilated with derivations of
the algebra of smooth functions C*°(M)). In a chart (x, U) this gives on U:

oY O0XY\ 0
— J VI

ij=1

Where X = X ia%i and similarly for Y. It can also be defined using the local flow of
the vector field X:

d X
[Xa Y]p = %(¢—t)*¢tx(p) : qugf(p)

t=0
where: ¢;¥ solves the Cauchy problem:

{%@X (p) = X(6X(p))
o (p) =p

Let G be a Lie group a vector field X € I'(T'G) is said to be left-invariant if
tor every g € G:
L, X =X,

i.e.

Vg e G,p e G, L, Xp = Xop.

Left invariant vector fields are completely determined by a single value at any
given point on G and in particular by their value at e. The map X, — X where X is
the vector field defined by X, = L, X, is vector space isomorphism.

Proposition 3. The vector space of left-invariant vector fields on G is a Lie subalgebra of
I'(T'G) called the Lie algebra of G and written g.

As vector spaces is isomorphic to 7.G and it is customary to transfer the Lie
algebra structure of g to 7,G via this bijection and identify these two descriptions
of g.



I.C. The exponential map

Let X € g be a left-invariant vector field, consider the ODE:

where v : [ — (G is a curve.
Suppose v : I — G is a solution, and fix s € I, then: y(s +t) = v(s)7(¢) for any
t € (I —s)NI = J Indeed, consider: c(t) = v(s) 'y(s+t),t € J then c¢(0) = 0 and:

Ut) = L1 oo 1 8) = Loty X((s 1) = X(e(2)).

So c and 7 satisfy the same Cauchy problem on the connected set J, and so ¢ = «
on J. Using this, we can show that any maximal solution to the Cauchy problem
is necessarily defined on all of R and v : R — G is a group homomorphism. We
define:

exp(X) = (1)
It follows that:
(t) = exp(X1).

The map: exp : g — G is called, as notation suggests, the exponential map of G.
The derivative at 0 of exp is easily seen to be the identity map, hence by the local
inversion theorem, exp is a local diffeomorphism near 0.

Example1.2. Let G = (R, -) then g = (R, +) and, exp : R — R is given by = — €”.

Example 1.3. Let G = GL,,(R), as an open subset of the vector space M, (R) its Lie
algebra is immediately assimilated with M, (R) = gl,,(R). Under this identification,
left multiplication being the restriction to G of a linear map we have for any p:

L

9xp :

T,G = My(R) — T,,G = M,(R)
M — gM )

So the above system can be written for any A € M, (R) = gl(V),

{vu) = y(t)4,
’7(0) = Ina

the solution being given by:




Using the flow definition of the bracket of vector fields, the induced bracket on
gl,,(R) is now seen to be:
s=0>
So no nasty surprises !
To conclude this section let us note that if H is a Lie subgroup of a Lie group G

then the inclusion map ¢ : H — G gives a natural identification of the Lie algebra
of H, b, with a Lie subalgebra of g (X in g such that exp(tX) € H forallt € R.)

= AB — BA.

t=0

[A, B] = % <dis exp(tA) exp(sB) exp(—tA)

I.D. Lie group homomorphisms

Definition 1.3

A Lie group homomorphism is smooth group homomorphism.

Let f : G — G’ be a Lie group homomorphism, then the tangent map at the
identity gives a linear map f : g — g’. This map also preserves the Lie algebra
structure, i.e.

FIX YD) = [7(X), F(Y)]-

Difterentiating the relation at the identity: f o L, = Ly o f, we get:

f*g © Lg*e = Lf(g)*e © f

Hence, for any vector X, € T,.G the left-invariant vector field f(X) generated by
f(X.) on G' is f-related to the left-invariant vector field X generated by X., there-
fore:

feelXe, Yol = [ue X, Ve = (LX, Y])e = [F(X), §(V)le-

It follows in particular that any linear representation p : G — GL(V), induces a
Lie algebra representation, p, : g — gl(V).

Example 1.4. Let G be a Lie group and consider for each g, the map:

Ad(g) : x — grg™*.
Then the derivative at the identity of this map gives an isomorphism denoted by
Ad(g) € GL(g). This defines a representation of G known as the adjoint representa-
tion and plays an important role in what follows. It actually takes its values in Aut(g)
and the induced Lie algebra representation ad : g — gl(g) takes it values in Der(g)
the set of derivations’ of the Lie algebra g. One can show that ad(X)(Y) = [X,Y].

3A derivation ¢ is a linear map on g such that §[z,y] = [0z, y| + [z, dy]




I.LE. Principal bundles

Let P and M be two smooth manifolds, G a Lie group and 7 : P — M a smooth
map. Suppose that G acts smoothly on P on the right and the map (p, g) — pg is
smooth. Suppose that:

1. m(rg) =7(r) forallr € P,g € G,

2. For every p € M, there is a neighbourhood U of p in M and a smooth diffeo-
morphism: ¢ : 771 (U) — U x G, such that the following diagram commutes:

Y U) —25 Ux G
. /
U
and
¢(rg) = (r) - g,
where G acts on U x G by right multiplication on the second factor. Such a ¢
is a local trivialisation or bundle chart.

The second condition means that P looks locally like a product equipped with the
standard right action. We say that P is the total space, M the base and G is the
structure group.

Remark 1.3. * The action of G on P is necessarily free i.e.

Vge G,re Pirg=r=g=ce,

¢ The orbits of the action are the fibres:
7' (n(r)) ={rg,9 € G}.

Proposition 4. Local sections of P —smooth maps o : U — P such that m o 0 = idy —
are equivalent to local trivialisations.

Proof. If ¢ : m*(U) = U x G is alocal trivialisation then z — ¢~'(z, ) is a local
section. Conversely, consider:

v: UxG — 7 YU)
(p,g) — op)g

This is a smooth bijective map and

Usipg) (X, Y) = Ao(p)*g(y) + Rg*g(p)a*p(x>7 X eT,MY € T,G



with A\, : G +— P defined by g — rg. Suppose that 1,(, 4 (X,Y) = 0, then com-
posing on the right with 7,,(,), gives immediately X = 0, so the equation reduces
to: As(p) *g(Y) = 0. Let Y denote the unique left-invariant vector field such that

Y, =Y, note that for any s € R
(Rexp(sf/) © )\U(P))*Q(Y> = Rexp(sf’ /\U(p)*g(y) = 07

)xa(p)g
but

(o) (i) exp(sV)i

= L w)gep((t+ )Vl

= o)y expli¥)

0 = (Regyis) © Aotr)wg(Y) =

Hence for any s € R: )
o(p)gexp(sY) = o(p)g.

The action of GG on P is free therefore:
Vs € R, exp(sY) = e.

By local injectivity of exp on a neighbourhood of 0 € g, it follows that for small
enough s # 0, we must have sY = 0 which implies Y = 0 and therefore Y = 0. ¢
is therefore a dlffeomorphlsm and ¢! is a bundle chart. O

Remark 1.4. It follows from the above that if P has a global section then P is diffeo-
morphic to the trivial bundle M x G.

Remark 1.5. In the above proof, we showed that for any r € P, the application ), is
an immersion, therefore inducing a linear injection A, L, : g — T, P for each
r € P. Note that: im\,, A\, C kerm,,, however:

dimker7,, = dim P — dim M = dim G = dim g,

hence: ker 7., = im\,,;A\;1

xe”

Definition I.4: Vertical vectors and fundamental vector fields

Vectors in ker 7., are called vertical vectors. For every X € g we can define a
smooth vertical vector X* on P field known as the fundamental vector field
generated by X given by:

. d
X, = P exp(tX)

t=0




ILF. Complement: The Lie group G*(n)

Let U and V be two open neighbourhoods of 0 in R", and f : U — V a smooth
diffeomorphism such that f(0) = 0, two such diffeomorphisms are said to define
the same 2-jet at 0 if they have the same partial derivatives up to order 2 at 0. This
defines an equivalence relation and the equivalence class of f will be written 52 f.
Define G?%(n) to be the set of all 2-jets of diffeomorphisms between open neigh-
bourhoods of 0. It is naturally a group, where the operation is defined by:

Jof - dog =35 (f o g9)-
G?*(n) has a natural coordinate system:

of

dz;

af

7: —_—
“ ( 8:Elamm

(0)) = uj, w'(

where u}  is symmetric in the indices [ and m and w’ denotes the dual basis of the

canonical basis (ey, . . ., €,) of R™. This defines a natural smooth structure on G*(n).
The group law is then given by (using the Einstein summation convention):

(u ) (0] vf) = (ol vk 4 vl ).

10



Il. Lecture 2 : Cartan geometries

II.LA. Examples of Principal Bundles

The definition of Principal Bundle we saw at the end of Lecture 1 is very theoreti-
cal. We shall now consider some important examples to motivate its study and that
should help us understand what the definition is trying to capture.

Example 11.1 (The Frame Bundle). Let M be a smooth n-dimensional manifold, and
TM its tangent bundle. There is a natural G L, (R)-principal bundle with base M,
interpreted as the set of linear frames of the tangent spaces. It is constructed as
tollows.

* For eachp € M, let L(TM), = GL(R",T,M). Each v, € L(T M), can be
interpreted as a choice of basis for T),M.

* Set L(TM) = [1,cps L(TM), and define the projection 7 so that u, — p if
u, € L(TM),.

* GL,(R) = GL(R") acts in a natural way on the right on L(T'M) by setting
Uy - g =u,ogwhenu, € L(TM), and g € GL,(R). Clearly: 7(u,g9) = 7(u,)

* We now need to make this smooth in a way that is compatible with the smooth
structure of M. Let (z,U) be a local chart on M we have a natural map: 7 :
7 HU) = z(U) x GL,(R) defined for u, € L(TM),,p € U by:

z(up) = (P, Tup 0 Uyp).

* Endow L(T'M) with the coarsest topology such that m and each & is smooth
for every chart (z,U) on M; the & are then homeomorphisms. If M is Haus-
dorff and second countable L(7'M) is too. The maps 7 determine a smooth
structure on M since of (y, V') is another chart then: joz™! : z(UNV) x G —
y(UNV) x G is given by the smooth map

(¢,9) = (yoz™")(q), (yoz™)(q) 0 g).

¢ For each (z, U) if we compose & with the map (¢, g) — (z7'(¢), g) defined on
z(U) x G we get abundle chart ¢ : 77! (U) — U x G and by construction:

P(upg) = ¢(up)g.

Then 7 : L(TM) — M is a G-principal bundle with total space L(7T'M) and
base M.

II



Local sections 0 : U — L(T'M) of the frame bundle L(7'M) formalise the idea of
a smooth choice of basis at each point in U; if there is a global section, then clearly
M is parallelisable.

A principal bundle should therefore be thought of as a generalised “frame bun-
dle” with change of frame being achieved by an element of the structure G.
For our next example let us quote without proof the following theorem:

Theorem II.1

Let P be a smooth manifold and H a Lie group that acts smoothly, freely and
properly on the right on P. Let 7 : P — P/H be the canonical projection,
then:

1. Endowed with the quotient topology P/ H is a topological manifold. This
topology is given by:

U is open in P/H if and only if 7~(U) is open in P.

(Note that 7 is an open map)

2. P/H has aunique smooth structure such that 7 : P — P/H is asmooth
submersion (the tangent map . is surjective at each point).

3. m: P — P/H is aprincipal H-bundle.

Remark 11.1. The action of a Lie group H on a manifold P is said to be proper if for
any compact set K C P the set:

{(he H KhN K # 0},

is itself compact. Since P and H are finite dimensional manifolds they are second
countable and locally compact, it follows then that we have a sequential characteri-
sation of proper actions:

The action is proper if and only if whenever two sequences (h,,) € HY, (r,) € PN
are such that (r, - h,,) and (r,,) converge, then (h,,) has a convergent subsequence.

Example11.2. Let G be a Lie group and H a closed subgroup, let H act on G by right
multiplication. This action is smooth, free and proper (use the above sequential
characterisation for instance), so according to the previous theorem G/ H endowed
with its quotient topology is a topological manifold and has a unique smooth struc-
ture such that 7 : G — G/H is a smooth submersion and is a principle H-bundle.

To develop an intuition for what this means let us specialise to a more familiar
setting:

12



Example 11.3. Let G = R" x GL,(R) be the affine group acting on affine space,
identified with R" and its canonical affine structure. Recall that G is a Lie group as
the product manifold R" x G'L,,(R) (open subset of the vector space R" x M, (R))
equipped with the group law:

(z,A) x (y,B) = (Ay +2,AB), (z, A) ' = (=A 'z, AN, e = (0, I,,).

These are nice and smooth. It acts on R" according to (z, A)p = Ap + z,p € R
and the action is clearly transitive. The isotropy subgroup of the origin p is given by
(0,A), A € GL,(R) which we naturally identify with GL,,(R) = H. Consider the
smooth map, G — R" that projects onto the first factor of R" x H then this induces
a smooth diffeomorphism between G/H (with its topology given by the theorem)
and R", so we shall assimilate G/H with affine space itself and 7 : G — G/H with
the projection onto the first factor.

In this case — which is mostly tautological — we have a smooth global section o :
R" — G given by o(p) = (p, I,,), we think of this as attaching to each point p the
canonical basis of R” (therefore obtaining an affine frame with origin p). Indeed,
the linear frame bundle of R" is easily seen to be the trivial bundle R" x H and so o
defines a principal bundle homomorphism between G and L(TR").

To clarify the interpretation here and carry it over to the more abstract case of
a Klein geometry G/H, take n = 2 and suppose that we want to understand the
movement of a triangle through affine space. Configurations of the triangle are re-
lated by an element of the affine group (keep in mind that for affine geometry only
relative lengths make sense so it is a vague notion of triangle that may stretch as it
moves.) To describe this movement we can first fix a point ¢ on the triangle and
study the curve v : I — R" it traces through affine space. To account for the move-
ment of the other points, having chosen at each point in affine space an element of
g (a reference configuration or frame, this is the role of the section), we only need a
curve h : I — H = GL,(R) that at each point tells us how to go from the refer-
ence configuration ¢(¢) and the actual configuration at ¢ of X. This is tentatively
illustrated in Figure 1.

13



Figure 1: Frames

II.B. The Maurer-Cartan form

Up to now, we have done no geometry; what we are lacking is a notion of connec-
tion. For instance in the above, thinking of a frame as (O, ey, ..., e,), we have not
identified the infinitesimal structure that enables us to compare frames at distinct
points.

More generally in the group picture we are developing, there is another canonical
structure on GG that we have ignored; left multiplication by an element of G. Of
course, the reader might have already realised that to generalise the structures we
have here Lie groups will be substituted for principal bundles and there will be no
natural left multiplication, but instead we may be able to generalise its infinitesimal
version.

Let us denote for each g € G, L, the map r — gr, it is a smooth diffeomorphism
of G and induces a linear isomorphism between tangent spaces. In particular, we
have a linear isomorphism L, between T,G and g; this yields a natural map:
w : TG — g that we interpret as a g-valued differential form.*.

Pullback of g-valued differential forms can be defined in the same was as for usual
differential forms. In order to generalise the exterior product we couple the usual
definition with the Lie bracket and obtain for o, (3 respectively g-valued k and !

4This can also be thought of as a smooth section of the vector bundle 7*G ® (G x g)

14



forms

1

[a7ﬁ](X17"'7Xk+l) = W Z 6(0-)[0[(‘)(0(1)7”'7X0'(k)>B<XU(k+1)7'"7Xa(ki+l))]'

oo
Example 11.4. Let o, 3 be 1-forms then:
[, BI(X,Y) = [(X), B(Y)] = [a(Y'), B(X)].
In particular if 3 = o we get:
[, o] = 2[a(X), a(Y)].

The exterior derivative d also extends to g-valued forms in the same way as usual
one-forms by imposing on g functions that for any [ € g*, vector field X we have
I(X(f)) = X(I(f)). This is way of saying that fixing a basis of g, d acts on each
component separately and the result is independent of the chosen basis. In this
way, the usual invariant formula extends to g-valued differential forms. (In fact this
also works when g is replaced by an arbitrary finite dimensional vector space V)

Example 11.5. Let a be a g-valued one form, then for any vector fields (X,Y):
da(X,Y) = X(a(Y)) = Y(a(X)) — a([X,Y]).

We can now state the important properties of the Maurer-Cartan form:

Theorem I1.2

Let G be a Lie group, H a closed subgroup and w its Maurer-Cartan form,
then:

1. Forevery g € G,w, : T,G — g is a linear isomorphism,
2. Foreveryh € H, Rjw = Ad(h™)w

3. For every X € b the fundamental vector field X* on G satisfies:
w(X*) = X.

Additionally it satisfies the following structure equation:

1
dw + §[w,w] — .

Proof- 1. By definition.

I5



2. Let X, € TgG, h € H, let us calculate Rjw,(X,), we have:

Rywe(Xg) = won( Ry Xg) = thlgfl*gth*ng
[chain rulel = (Lj-1,-1 0 Rp,) g X,

Now the map: Lj,-1,-1 0 R, acts on p € G as follows:
Ly-1g-1 0 Ry(g) = h™g~'ph = Ad(h™!) o Ly-1(p).
Therefore:

Rywy(Xy) = Ad(h_l)(L -1,,Xg = Ad(h_l)wg(Xg)-

g 1*g

3. Let X € hthen X; = L, X forany g € G, so that:

Ixe

wo(X}) = Ly, Ly, X = X,

by the chain rule.

4. To prove the structure equation, recall that the value of w(X) for any vector
field at any point g only depends on the value X,. Hence we can work with
left-invariant vector fields X and Y/, in this case: w(X) = X, and w(Y) =Y,
are constant and so:

dw(X,Y) = —w([X,Y]).
But [ X, Y] isaleft invariant vector field, so: w([X,Y]) = [X,, Y] = [w(X),w(Y)] =

:|w, w|(X,Y), the structure equation follows.
[]

Let us look at the Maurer-Cartan form in affine space to get a feel for its role in
our picture. Let us consider the affine plane R? in this case: G = R? x GLy(R),
H = GLy(R), the Lie algebra g is seen to be: g = R? @ gl,(R) equipped with the
semi-direct product law:

[(a, M), (b, M")] = (Mb— M'a,[M, M').
Let g = (2, A) € G and note that L, : r = (y, B) — (Ay + =, AB), then we find:

L TR2R x TpG = My(R) — TayraR =R x TypG = M, (R)

(a, M) — (Aa, AM)

Gxr °

Hence the Maurer-Cartan form can be written:

wla, M) — (A a, A7 M).
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Let us consider an open subset U C R? where we can use polar coordinates (7, )
defined by z = rcos 6,y = rsin 6. Recall that:

0 = COS@2 + sineﬁ, ﬁ = —rsinf— + rcosf—

or o oy’ 0 o oy’

1é

Define the frame e, = 4, T% at each point p € U. With the canonical

identifications: R? x H = L(TR?) = G, this corresponds to a section o:

€p —

o U —» G =R? x GLy(R)
e () (e o)

To extract information on w, lets pull it back to M using the section o, to have a
g-valued 1-form on M.

(0*w), = . - cosf sinf)\ (dx cosf) sinf\ [(—sinfdf — cosbOdl
T W= W) © % = \ | _sinfh cosd dy)’ \ —sinf cos® cosfdf  —sinfdf

_ cos fdx + sin Ody 0 —db
~ \\—=sinfdz + cosfdy )’ \dfd 0

cosfdx + sinfdy = dr, —sinfdx + cosfdy = rdf.

Now:

Observe that (w! = dr,w? = rdf) is in fact the dual basis to (e,, e) so in the first
component we have a R*-valued one form that maps any vector in 7,R? to its co-
ordinates in the basis (e, eg). This tells us how the basis is point is changing in the
coordinates (e,, eg) To interpret the second component, we calculate Ve;, Vey with
the canonical flat connection V on R?, in particular the global basis vector fields
g—x, a% are parallel; so that:

Ve, = —sin Qdeﬁ + cos Gﬁ = dbley

ox oy
0 ., 0 )
Vey = — cos Qdea—x — sin Ha—y = —dfe,

Let us rewrite this:

(Ve, Veo) = (e ) (0?9 ‘559).

Hence the second component is the infinitesimal change of basis. The Maurer-
Cartan form appears to encode the same information as the flat (linear) connection
in the usual sense.
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Motivated by this we give the following definition:

Definition II.1: Cartan geometry

Let G be a Lie group, H a closed subgroup, and a manifold M. A Cartan ge-
ometry on M modeled on the Klein geometry G/ H consists of the following
data:

* A principal bundle 7 : P — M with structure group H.

* A Cartan connection on P, i.e. a g-valued one-form w on P such that:
1. Vh € H, Rjw = Ad(h™)w,
2. VX € hw(X*) = X,

3. Foreachr € P,w, : T, P — g, is an #somorphism of vector spaces.

Note that we do note impose that the Maurer-Cartan form satisfy the structural
equation, since the proof illustrated that this should be understand as a very specific

property of the homogeneous space. Instead we define:

Definition I1.2: Curvature of the Cartan connection

Let (P,w) be a Cartan geometry on M modeled on the homogenous space
G/H, the curvature of w is the g-valued 2-form:

1
Q=dw+ §[w,w].

In fact, the intuition is correct that §2 = 0 Jocally characterises G/H. For a precise

statement we refer to {Shag7, Theorem §.1}.
The curvature satisfies:

Proposition 5. Bianchi identity
dQ+ [w, Q] =0
Proof. This reduces down to the Jacobi identity of the Lie algebra:

dQ) = %([dw,w] — w,dw]) = —|w, dw] = —[w, Q] + %[w, [w, w]].
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]

Cartan geometries are curved generalisations of Klein geometries: the principal
bundle P generalises the Lie group G and w the Maurer-Cartan form. The third
condition on the Cartan geometry imposes a sort of tangency of the model at each
point. Expressing things in terms of the base M, one can imagine that we have
glued at each point a copy of the model G/H in such a way that it is tangent to M.
The Cartan connection then tells how to move between two copies of the model
attached to infinitesimally close points. The curvature of the Cartan connection
measures in a certain sense how much it differs from the model.

The notion of model is central to the study of Cartan connections, in particu-
lar understanding the infinitesimal model (g, ), the adjoint representation of H,
etc, provides useful geometric tools and informations for understanding the curved
generalisations.

I1.C. Complement: The tangent bundle of a Klein Geometry

Let G be a Lie group and H a closed subgroup, 7 : G — G/ H the canonical projec-
tion. Let p € G/H and choose g € G such that 7(g) = p then the Maurer-Cartan
torm of G w fits into the diagram: Each column in Figure 2 is a short exact sequence,

Txg Canonical projection

Figure 2: Construction of an isomorphism between 7,/ and g/h
the image of each is the kernel of the map that follows, in particular 7, is surjective.

Horizontally, the Maurer-Cartan form is an isomorphism between 7,G and hence
we have a natural isomorphism ¢, between 7,M and g/b defined by:

Gg(Tag(X)) = Prygsp 0 wy(X)
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This definition makes sense because every vector in X € T,,(G/H) can be written
T.y(X) for some X € T,G. Two such representations differ by a vertical vector
Y*, butw(Y*) =Y € h. ¢, is injective and since dim7,,(G/H) = dimg/b, is an
isomorphism.

This isomorphism is non-canonical in the sense that it depends on the choice of
g in the fibre of p. However, note that m.4,(Rp)., = (7 © Ry).y = m.y. Hence, if
X € T,(G/H) and X € T,G such that 7,,X = X then 7,y (Rj)., X = X. Thus:

Dan(X) = dgn (Tagn Rneg X ) = won(RusgX) = (Rjw)g(X) = Ad(h™w,(X)
= Ad(h™")gy(X).

Hence, the isomorphism are the same up to the action of the (induced) adjoint rep-
resentation on g/b.
In fact let us consider P = G x g/h and let H act on P on the right by:

(p,v)h = (gh, Ad(h™")v).

This action is free and proper. So we can consider P/H with its quotient topology
and smooth structure given by Theorem II.1. Denote by [g, v| the image of (g,v)
under the canonical projection: ¢ : P — P/H. Then P/H can be given the struc-
ture of a smooth vector bundle with base G/H. Indeed, letp : P/H — G/H be
defined by factorisation of the map:

. P — G/H
(g;v) — 7(g)

(e. T=pog.

The fibres of p are then easily seen to be isomorphic as vector spaces to g/h. We
now construct vector bundle charts, for this let ¢ : 771(U) — U x H be a bundle
chart form: G — G/H, set:

O: (pog) ' (U) — UxV
(g:v) > (7(g), Ad((Prue(g))v) ’

Factorisation of this map gives a smooth map: ¢ : p~'(U) — U x V. This vector
bundle is called the associated vector bundle to the representation (Ad, g/h) of H, it is
denoted by:

The maps ¢, constructed at the beginning of the section can then be used to show
that we have the vector bundle isomorphism:

T(G/H) = G %y g/bh.
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This property extends to the Cartan geometry case, if 7 : P — M, w is a Cartan
geometry with structure group H then:

TM =~ P xzg/b.

Once again, this is consistent with the idea of gluing a copy of G/ H that is tangent
to M at each point.
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Ill. Lecture 3 : (Pseudo)-Riemannian geometry as a
Cartan geometry

This final lecture will be devoted to a familiar model in order to get an idea of the
tools, and we shall illustrate an instance of the equivalence problem, where a specific
type of Cartan geometry is related to a set of data on the base manifold.

Set G = R" x O(p,q) and H = O(p, q). The homogenous space G/H = RP+1
is (pseudo)-Euclidean space. For definiteness, you can think of p = n, ¢ = 1 for
Minkowski space but the whole discussion is independent of this choice. Note here
that since we choose O(n, 1) in the model as opposed to SO(n, 1) or SO,(n, 1), we
do not assume any time orientation or orientation.

Let us call a (pseudo)-Euclidean geometry on a manifold M a Cartan geometry
with this model. That is a principal O(p, ¢)-bundle 7 : P — M and a Cartan con-
nectionw : T'P — g.

The Lie algebra of G is the semi-direct product of Lie algebras:

g=R"®o(p,q),

writing elements of this Lie algebra as:  + A, x € R", A € o(p, ¢) the Lie bracket
can be written:
[t+ Ayy+ Bl = Ay — Bx + [A, BJ.

o(p, q) is identified with a Lie subalgebra of gl,, ,(R) that we shall determine. Let
n be the matrix in the canonical basis of the canonical (p, ¢) metric on RP*4. Then a
curve v : I = G L, 4(R) such that v(0) has values in O(p, ¢) if and only if for every
tel,

(v(®) (1) = .
Differentiating this identity at ¢t = 0, yields:

7' (0)"n + 7' (0) = 0.
However, if a matrix X € gl,, ,(R) satisfies the above condition then
vVt € R,exp(tX) € O(p,q).
Indeed:
exp(tX) " nexp(tX)n ' = exp(tX") exp(tnXn') = exp(tX") exp(—tX") = I,

Hence:
o(p,q) = {X € gl, ,(R), X"n+7nX =0}

22



Let us consider the adjoint representation of H = O(p,q) on g, which in these
notations can be written:

Ad(h)(z + A) = hax + hAR™.

This formula shows that the natural semi-direct product structure of g is actually
a H-module decomposition in the sense that each component is invariant under Ad(h)
forall h € H. Another way to see this is that the components are subrepresentations
of H.

This is an example of what is known as a reductive Cartan geometry. In this case
the Cartan connection splits into two parts:

w=0+n.
There properties are as follows:

Proposition 6. 1. The R" valued one form 0 satisfies:
* 0(X*) = 0 for any fundamental vector field.
« R =h0.

We say that 0 is borizontal and equivariant.

2. The b-valued one form y satisfies:
. Riy = Ad(h )y,
* V(X)) = X, if X* is the fundamental vector field associated with X € b

vy is therefore a principal connection on P.
Proof. w(X*) =0+ X. O

6 is sometimes called a solder form. It can be interpreted here as being explic-
itly the part of the connection that in the final remarks of Section II.C glues the
structure to the base manifold, by identifying the tangent bundle with an associated
vector bundle of P.

The curvature form (2 also splits into two parts:

Proposition 7.
1
0=do+[v.0] +dy+3ral
4 R

where [7,0](X,Y) = v(X)O(Y) — ~v(Y)O(X).

In order to construct examples, we shall now show that pseudo-Riemannian man-
ifolds are naturally equipped with a pseudo-Euclidean geometry:
For this let us first make the following observation:
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Proposition 8. Let w : L(TM) — M be the linear frame bundle (the structure group is
G L, (R). There is a canonical choice of solder form 0 given by:

0u,(X) = u, " 0w, (X), foranyu, € GLR", T,M), X € T, L(TM).

Proof. 1. Since for any fundamental vector field X* € kerm,,, it is immediate
that 0(X*) = 0.

2. Let us determine R;0, pick X € T, M.
(Ri0)u, (X) = Oupn (R, (X)) = h_lu;lﬂ-*uthh*up(X)‘
But .1 © Rhsw, = (7 0 Ri)su, = Tu,«. Hence:
(R30)u, (X) = h™10,,(X).
O

It follows from this that to specify an affine connection (Cartan connection with
model G = R" x GL,(R), H = GL,(R)) on M we only need to specify a principal
connection y on L(T'M).

The problem for us is that L(7'M) is not an O(p, ¢)-principal bundle. We need to
specify a way to reduce the structure group GL,(R) to O(p, ¢). Thinking in terms
of frames the solution is clear: the relevant frames for a pseudo-Euclidean geometry
are not linear frames but instead pseudo-orthonormal frames ! So what we need to
do is to specify which frames are pseudo-orthonormal amongst our general frames.
This is called a reduction of L(TM).

A pseudo-Riemannian metric g on M does exactly this job. Indeed let us con-
sider R” equipped with its canonical signature (p, ¢) metric 7 and consider for each
p € M the set O(T'M), of linear isometries between (R",7) and (7,,M, g,,). This
is clearly seen to be equivalent to the choice of n vectors in 7, M that form an or-
thonormal basis of 7, M. Repeating essentially the construction of the frame bun-
dle we did in Lecture 1°, we get the bundle of orthonormal frames O, 4)(T'M) =
[1perr Owa)(TM),. It is clear that O(T'M), C L(TM), at each p and in fact we
have a natural smooth map f that fits into the commutative diagram given in Fig-
ure 3. The map f is also such that for any v € O, o\(T'M), f(uh) = f(u)i(h) where
i is the inclusion map O(p, q) — GL,(R). )

One can also guess that given a O(p, ¢) principal bundle P with a map f that fit
into a diagram obtained from Figure 3 by substituting P for O, ,(T'M) and f for

SThere is a slight additional subtlety in that we need to show that from any coordinate basis, after
perhaps restricting the chart to a smaller open subset, one can construct a pseudo-orthonormal
frame
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Ow.q) (T'M) % L(TM)

7TO(p_’q) (T M)
TL(TM)

M

Figure 3: The pseudo-orthonormal frame bundle as a reduction of the frame bundle
L(TM).

f, one also gets a pseudo-Riemannian metric on M. Any point in the fibre of the
bundle maps, through f, to alinear frame on 7, /. We hence get abasis (E1,. .., E,)
of T,M. Now define g, by g,(e;, e;) = n;; where 7;; is the matrix of the canonical
metric with signature (p, ¢) on R".

The canonical solder form can be pulled back to Oy, ,/(T'M) and so one can con-
struct a Cartan connection by specifying a principal connection on O, o) (T M).
A pseudo-Riemannian metric also provides the solution to this thanks to its Levi
Civita connection V in the usual sense.

Proposition 9. Let (M, g) be a pseudo-Riemannian manifold and V its Levi-Civita con-
nection. Consider (U;);c1 a covering of M by open sets and for each i € 1, a local section
0; : Uy = Opg)(TM). Let i € I be fixed and set (Ey), = o(p) - ex, k € {1,...,n} for
eachp € U; where (e1, . . ., ey,) is the canonical basis of R™. These are smooth vector fields on
U that at each point form a pseudo-orthonormal basis of T,M. Let (w?, ..., w") denote the
dual frame, i.e. W*(E;) = 6F.

Define a matrix valued one-form I'(U;) by:

L(U:)) = WH(VE).
Then there is a unique principal connection y on Oy, o\ (T M) such that for every i
iy =T(U;).

Corollary I11.x. A pseudo-Riemannian metric induces a Cartan connection w = 0 + ~y
where 0 is the restriction to Oy, o (T'M ) of the canonical solder form 0.

Proof of Proposition. 1. Let us first verify that for every i € I, I'(U;) € o(p,q).
Consider: g(Ey, E;) = 6F, then it follows from the definition of the Levi-
Civita connection that:

0= g(VE, Ei) + g(E;, VE) = g(U(Us)y Em, E1) + g(Ex, T(U:)]" En),
=T(U) 7w + DU jm.-

2. Now suppose that 7 is a 0(p, ¢) valued one form that solves the problem. Let
i,j € Isuch that V = U; N U; # 0. Note that, there is a smooth function
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h:V — O(p, q) such that:

oj = o;h.

At each point p € V, h(p) is the change of basis matrix between the basis
determined by o; and the one determined by o;. Let us determine a relation
between o}y and 0;y. Let X € T,M:

(U;’Y)p = /YO'(p) (O-J*pX) .
Now by the product rule:

Ojup = (Bn0i)sp = Rigp) Tisp + Ai(p)an(p)Pop-

*0;(p)

Using the transformation rule of the principal connection, Ry = Ad(h™ ')y,
we get

(057)p = Ad(h(p) ") (@7 7)p(X) + Vo) Aa0) gy P X)-

Observe now that As, (), /1pX is a vertical vector. In fact it is exactly equal

to [(wa )sh(p)(hipX)]" where wy is the Maurer Cartan form of H. Overall we
find that:
oy = Ad(h(p) Yoy + h*wy.

Let us check that I'(U;) and I'(U;) are related in this way. Let B = (Ey, ..., E,)
be the frame determined by o; and B = (F, ..., E,) by 0; at each point p,
h(p) is the change of basis matrix from B to B. So, omitting dependance on

D, R
E, = Ehl.

Introducing the dual frame (w?, ..., w"), (&', ...,0") we also have:

S = (W,

Now:
L(U;)) = &"(VE) = (b ")k w™(V(ER})),
= (R 'T(U;)R)f 4 §™(h™)F Vh;.
Hence:

T(U;) = h'T(U)h + h™'Vh = Ad(h"H)T(U;) 4 h*wy.

3. Observe that every section o; determines a splitting

Tgi(w)O(pvq) (TM) =T,M @ f),
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forevery xz € U;. Where b ~ ker 7,,, () using fundamental vectors and T, M ~
iz (T'M). So we can define a form at v, (,) by:

Voi () (Tina(X) + AY) = T(U))(X) + A.

This can be extended to the fibre of x by imposing the required transformation
rule: Rjy = Ad(h™)w.

Let j # ¢ and write 0; = 0;h on U; N U;. Now if z € U; N U; we have defined
Yo, (z) in two ways, by the formula:

Yoy @) (0 (X) + A7) = T(U) (X) + 4,

but it also determined by (R}, ,)7)o,@) = Ad(h™)7s,(x), we need to ensure
that these definitions are coherent. Now recall that:

Ojg = (BROi)sa = Rh(m)*ai(x)ai*x + )\Ui(m)*h(x)h*x
= Bh(@) ()i T (MW )0)"

Hence let us calculate using the second definition:
Vo3 (07,5 (X) + A7) = Yo, ) (Bi() ) T (X) + (B wrr) (X)) + A7)

= :Yaj(x)(Rh(x)*gi(x)ai*x(X)) +(hwm).(X) + A

(B} 1) Vers (0 T2 ()= Ad (0,0 (07 (X))
— AR YT (U, (X) + (B o) (X) + A
=T'(U;).(X) + A.

This shows that the separate forms glue together to form a form v that by
construction satisfies the conditions of a principal connection.

*0y

]

We have shown that we have that a pseudo-Riemannian metric on M yields a
Cartan geometry (P, w) modeled on G/H with G = R™ x O(p,q) and H = O(p, q),
which we identify with pseudo-Euclidean space. One may wonder in what sense the
converse may be considered true? This question is studied (and solved) in the Rie-
mannian case for example in {Shag7, Chapter 6}, the answer is, up to a constant fac-
tor, yes. Similar problems are studied in projective, conformal, c-projective [DN20}
geometry and for light-like manifolds {Pal21}.

In my opinion it is equally interesting to pose this question broadly. This, I be-
lieve, is also a relevant question for physicists who identify a number of interesting
structures and symmetries in their theories, generally described on the base man-
ifold by distinguished vector fields and tensors. Can some of these structures be
understood as Cartan geometries? Can the general machinery built in {AJog} be
applied to these situations to provide a better understanding of the symmetries and
structures, new invariants, or generalisations ?
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