Introduction to Modular Forms — Questions and exercises 2
Jan Nekovar

(1) (Modular forms on I'(N) and I'((N)) Let N > 1, a = <](\)[ ?) Show
that o 'T'(N)a D T'i(N). Deduce that any f(7) € M(T'(N)) can be written as
f(r) = Zj\il ¢;fi(T/N), where ¢; € C and f;(1) € Mi(To(N?), x;) for a suitable

Dirichlet character y; : (Z/N?Z)* — C*.

(2) (Hauptmodules for I'g(p)) Let N > 1 be an integer. Show that fy(7) =

A(NT)/A(T) is a meromorphic function on Xo(N); compute its divisor. If N €
{2,3,5,7,13}, show that gy 1/ (V=1'is also a meromorphic function on Xo(N)
and that gy defines an 1somorphlsm Xo(N) = PY(C).

(3) (Ford circles) All examples of fundamental domains that we have seen (for
[' = SLy(Z),T(2),T4,T%p), p > 2 prime) were of the form {u < Re(r) < u+h} N
( D;, where D; is the exterior of a suitable circle |¢;7 + d;| = 1. Why was that
the case? Is there a general statement along these lines?

In the examples above, h = 1,2,2,p and the circles are given by |7+ n| = 1
neZ),2r+2n+1)|=1neZ),|t+2n|=1(ne€Z)and |7+n| =1 (n € Z,
p1n), respectively.

(4) (Rankin—Selberg L-function for Hecke eigenforms) If
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what can one say about Y > | a,b,/n®?
Let k,1 > 2 be even integers and f € Si4(SL2(Z)) a normalised Hecke eigen-
form. Compute the Petersson scalar product

dxd
(f, BvEy)spaz // ) By (1) E(r) y"t == S
SLQ(Z)\’H Z/

(5) A compact Riemann surface of genus g > 2 is called a Hurwitz Riemann
surface (or a Hurwitz curve when considered as a non-singular projective com-
plex curve) if its group of holomorphic automorphisms (which are all algebraic)
has maximal possible order 84(g — 1) (see Exercise 6 below).
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Show that X (7) is a Hurwitz curve of genus 3. Make explicit the ramification
points of X (7) — X (1) — P(C) and the corresponding ramification indices.

(6) (Theorem of Hurwitz) Let X be a compact Riemann surface of genus g > 2,
let G be the group of holomorphic automorphisms of X.

(a) By considering the actions of G on H(X,Z), (Hjz(X,R),U) and Q'(X) re-
spectively, show that the image of G in Autz(H;(X,Z)) — GLy,(Z) is finite and
the action of G on Q'(X) is faithful; deduce that G is finite.

(b) Show that, for each z € X, the stabiliser G, = {g € G | g(z) = x} is a finite
cyclic group and there exists a local coordinate z, at x such that z,0g = x(g)z, for
all g € G,, where x : G, — C* an injective character. Deduce that Y = G\ X
has a natural structure of a compact Riemann surface.

(c) Show that, for each = € X, the ramification index of the projection 7 : X — Y
at x is equal to e, = |G| and depends only on y = m(x); denote it by e, and let
Ram = {y € Y | e, # 1} be the ramification locus of 7.

(d) Deduce from the Riemann—Hurwitz formula that

%:zq(y)—ﬂ > (1—%).

(e) Show that |G| < 84(¢g — 1), with equality if and only if g(Y) = 0, |Ram| = 3
and {e,} ={2,3,7}.

(7) (Theorem of Siegel) If I' C SLy(R) is a Fuchsian subgroup of the first kind,
then vol(I'\'H) > 7/21. Is there any relation to Exercise 67

(8) (Eisenstein series and modular units) Modular forms without zeroes in
H (and therefore with divisor supported on the cusps) are very interesting objects
(example: A(NT)). Quotients of such modular forms are modular units: mero-
morphic functions on X with divisor supported on the cusps of Xt (example:
A(NT)/A(T)).

Recall that, for any integer k > 3,

1
z+m7+n)k

(2 Zr + Z) = (1) (k= 1)! Gr(z,7),  Gi(z,7) = Z (

m,neZ

We know that, for each (u,v) = (£, %) € (x2/Z)*\ {(0,0)},

Grn(r) = Gu (T tor) =N ST MUT(V)),

k
N ey (M7 +n)

m=
n=b (mod N)

Show that:



(a) If (u,v) € (XZ/Z)*\ (3Z/Z)?, then the function Gj,.)(7) has no zeroes in
H.
(b) If v € (Z/Z) \ {0}, then Gyy0,0)(7) € My(T1(N)) and

A B
Vo= (C D) € To(N) Gk;(07v)|ka = Gk;(0,00)-
(c) v =% € (FZ/Z)\ (3Z/Z), then

1i Ghro0)(T) = NF — #£0.
Im( %IEJroo (0, ; #
n=b[N]

(d) If u = &, where 0 < a < N/2, then G0 = cqfy + -+ as Im(7) — o0,
where ¢y = e*™/N and ¢ # 0.

(e) If p > 2 is a prime, then

p—1

:1 G, ) € Mao <F0(p), (];)> .

This function has the same divisor as (n?(7)/n(p7))3, hence

0P ) = ef(r) € M (a0 (5) ) (e 200

(f) Replace ¢’ in the previous construction by @ to show that, for a prime p,

0P or) € Mya(Ta) P or) € Mes (1), ().

(9) (Examples of cusp forms) Let k, N > 1 be integers such that k(N +1) = 24.
Let fi(7) = (n(7)n(NT))¥. Show that:

(a) If Sp(T'1(N)) # 0, then Sp(T'1(N)) = Cfy.

(b) If Si(Io(N)) # 0, then Si(Fo(N)) = Sk(I'1(V)) = Cfy.

(c)

¢) Deduce from Exercise 8 that

(n(rn(117))? € S(To(1)),  (n(r)n(57)" € Sa(To(5))
n(r)n(237) € Mi(To(23), (55)): n(Dn(Tr) € Sa(To(7), (7).



(10) Let p > 2 be a prime, let d = (p — 1,12). Show that:
(a) The function (n(p7)/n(7))**/? is a meromorphic function on Xy(p). Its divisor
is equal to 21 ((c0) — (0)).
(b) The result in (a) is optimal: the class of the divisor (c0) — (0) in C1%(Xy(p))
is torsion, of order 2+ (which is equal to the numerator of 2-1).

It turns out that, according to a theorem of Manin and Drinfeld, all divisors of
the form (z) — (y) (where x,y are arbitrary cusps of X (/V)) have torsion class in

CI(X(N)).

(11) Is it just a coincidence that the coefficients of
DAJA = Ey(7) =1—-24) o1(n)q"
n=1

are given by o1(n) = degT(n)?



