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THE WEIL CONJECTURES

ZHIWEN DONG

ABSTRACT. This is a memoire of M1 at Sorbonne Université for a TER project on the Weil conjec-
tures under the supervising of professor Jean-Francois Dat. We give a introduction on the background
and the applications of Weil conjectures and provide Dwork’s original proof of the rationality of zeta
function using p-adic analysis methods, essentially following Colmez, Dwork, Koblitz, Serre and Tao.
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Our story began from the Disquisitiones Arithmeticae (1801) of Gauss, where Gauss introduced

the Gauss sum and gave one of his proofs of the law of quadratic reciprocity using the Gauss sum.

In the terms of motives considered by Grothendieck, or more generally the theory of exponential
motives, we can give the definition of exponential sum as follows.
Let p be a prime number, K a finite field of characteristic p with ¢ elements, K C K, C K,
where K, /K is the unique field extension of degree n. Let X be a smooth algebraic variety over K,
and f : X — AL a regular function. We choose a non trivial additive character (the choice is not
canonical) ¥ : (K,+) = (C*, x), then ¥ induces a character ¥, :

v, : K, - C*
x = U(Trg, k()

Definition 1.1. Under the above notations, a exponential sum S, (X, f, V) is defined by :

z€X(K,)

We note that each summand is a g-th root of the unit.

Example 1.2. If we take f =0, then the exponential sum is the point-counting function:

Sn(X; 5 \I’) = |X(Kn)|

We will see that this is our case of ¢ function
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Example 1.3. Let X = AL, and f = X2, we get the quadratic Gauss sum:
Su(X, f,0) = > (a?).
zeK,,

If we further pose n = 1 and K = I, then we have the exact value of Gauss sums for the Legendre
symbols.

Theorem 1.4. (Gauss)

z€lF), z€F, z€F, p

1(mod4)
3(mod4)

However, it’s extremely rare to be able to obtain a closed formula like this. The following theo-
rem shows that apart from the two special point 1,47 given by Gauss, the coefficients are uniformly
distributed on S'.

Theorem 1.5. (Deligne, Katz) As p — oo, these points are uniformly distributed on S* id est, for
every continuous function ¢ : St — C,

. 1
| et = im 5 3 ol6,,).
x€Fy
where 0y , = G(\%X), and G(¥,x) = >_,er, Y(2)x(x) is the Gauss sum.

Example 1.6. Let X =G,,, f = X + ¢, and a € K*, we get the Kloosteman sum.

Su(X, )= 3 W(a+ %) —: Kly(a, |K]).
ze KX

2imx

Here, we take U(x) =€ » .

We have the following generalization:

Klo(a,[K]) = > W+ + ).

T1..Tp=0a

The Kloosterman sum have a optimal bound.

Theorem 1.7. (Weil bound)
Kly(a, |K]) < 2V/|K]|.

Our story of exponential sums should continue with the following slogan:

Su(X, £, 0) = > U(f(x) =D (—1)'Te(B* | HY X, [* L))

z€X (K,) i

Which indicates that the exponential sum is the alternating sum of the traces of the geometric Frobenius
acting on H: (X7, f*Lu).

This is in fact a direct application of the Grothendieck-Lefschez fixed point formula, where the
cohomology groups are the f-adic étale chomology of compact support.

We now give the definition of Artin-Schreier sheaves, which leads to the geometric interpretation
of the exponential sum, we consider étale fundamental group and étale sheaves.

We consider the Artin-Schreier covering of the affine line:

pO:A}{—)A}(

This defines a geometrically irreducible, étale Galois covering of A}.. The Galois group of this covering
is canonically isomorphic to the additive group K. It is a quotient group of the fundamental group
m1 (AL, T), for some fixed base point Z. Hence any character ¥ : K — @X ~ C* induces a character
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of this fundamental group and thus defines an étale local system of rank 1 noted £y, which is called
the Artin-Schreier sheaf.
For any element z € K, and ¥ be a non trivial character let ¥, denote the character

U, K —>Q
y = U(xy).

Then © — U(x) identifies the additive group of the base field K and the character group of the
Artin-Schreier extension defined by go.

Remark 1.8. Let ¥ be a nontrivial character of K, then
00.(@) = P %,

TeEK

In fact the statement is not that closely related to the étale chomology, but rather a theory of
Weil cohomology, which demands a finiteness theorem, a Kunneth formula, the Poincaré’s duality
theorem, the theory of algebraic cycles and a Lefschez fixed point formula, results similar to the cases
of the Betti or the De Rham cohomology. The f-adic étale colomology, is the first Weil cohomology
constructed by Grothendieck. But this is not the only known Weil cohomology, in fact the crystalline
and rigid cohomology are also Weil cohomologies for schemes or algebraic varieties, in which case
we talk about isocrystals and Dwork isocrystal (or Artin-Schreier isocraystals) in place of étale Q;
sheaves and Artin Schreier sheaves mentioned above. Without specific indication, we always consider
the f-adic étale cohomology.

Remark 1.9. (6-functor formalism) To be more precise, in a more categorical point of view, the Kun-
neth formula, and the Poincaré’s duality theorem are more of a corollary of the 6-functor formalism,
id est the 3-functors ®, f*, and f, combined with the existence of their right adjoint Hom, f,, f' with
certain comptability conditions, namely the functoriality, f* commutes with ®, the proper base change
theorem, and the projection formula.

Formally, a 3-functor formalism is a lax symmetric monoidal functor D : Corr(C, E) — Cato,. More-
over, to recover the 6-functor formalism, one can reduce to the case of the construction of a lax
symeetric monoidal functor Dy : Corr(C, Isom) ~ C°P — Cato, tmposing conditions on classes I, and
P, and that f, is the left (resp.right) adjoint of f* if f in I (resp.P).

We can now talk about generating sums (¢ functions)

Definition 1.10. Under the above assumptions, we define for the number counting function or expo-
nential sums the ¢ function.

e} Tn
Z(X,T) = exp(> X (Kn)|—)
n=1
e "
Z(X,f,\ll,T) ‘= exp (Z S’ﬂ(Xuf’ \11)7)
n=1
Example 1.11. For X = Spec(K),
— T" 1

n=1

Let P be a closed point of X, N(P) = |sp| the number of elements of the residue field, deg(P) = d
is the degree of this extension, id est N(P) = q9°8(P)  We consider the conjugates of the Ky-points
P, they are P = Py, ..., Py, by definition P = (p1,...,pn), pi,j = o(p;) for j =1,...,d, these points
are different, in fact if there exist some j # 1 such that o;(p;) = p; for all i = 1,...,n, then P lies in
a smaller field, the fixed field of o;.
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Since K4 C K, if and only if d|n (K, is the fixed point of X" —1 = 0, and (X% — 1)|(X9" — 1) if
and only if d|n) , the contribution of these points occurs only in Ky, Kaq4. .., hence

Tﬂd 1
exp(3 a0 - L
Jj=1
Remark 1.12. In the above notions, we have

1
Z(X,T) = H T Taa )
P

In particular, Z(X,T) has positive integer coefficients.

Remark 1.13. If we do a change of variables T = q—*°, then
1
e =1l

This Euler product resemble the definition of a Dedekind ¢ function.

By our interpretation of the exponential sum as a trace, we can use the important identity for
arbitrary matrices M that det(exp(M)) = exp(Tr(M)), hence the logarithmic derivative of det(1 —

tg)~tis D02 Tr(gv)t™!

Theorem 1.14. (Dwork, Grothendieck) (The first Weil conjecture) For separate scheme of finite type
X, Z(X,T) is a rational function.
Moreover, we have for d the dimension of X

2d

Z(X,T) = Hdet(l — FrgT|H (X7, Q)Y
=0
2d ‘ ‘
Z2(X,1,9.T)= Hdet(l — P TIH (X, f* ZL0) D"
=0

Definition 1.15. (Hasse-Weil L-function) Let X be a smooth projective variety over Q, then for
almost all prime number p id est (p ¢ S, S finite), the reduction modulo p, X, is smooth projective.
Fiz a degre i, we define :

P, i(T) := det(1 — FrgT|H. (X7, Q0))

and the Fuler product :
_
Ppi(p™)

pgs P

L(H (X),s) :=

We find the Riemann ¢ function as follows:

Example 1.16. For X = Spec(Q), Xr, = Spec(IF ),

L(H*(X),s) =

H X]F,,ap 8 :C(S)

This also explain why we define the Z function as above.

Remark 1.17. The Hasse-Weil L-function defined above converges absolutely and hence defines a
holomorphic function on {R(s) > 1+ 5}.

Conjecture 1.18. L(H*(X),s) has a meromorphic continuation to the complex plane.
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The only known case for this conjecture is the case of dimension 0, and some cases of dimension
1. Apart form the genus 0 cases, the genus 1 case is a consequence of the the modularity of elliptic
curves, proved by Wiles et alli, which the semistable case is used as a crucial part of his famous proof
for the Fermat’s Last Theorem. The case of genus 2 curves is proved by Boxer, Calegari, Gee and
Pilloni in 2021.

For the cases above, to modify the modularity or potentially modularity for elliptic curves or
abelian surfaces. This is historically the beginning of the Langlands program, aiming to attach a
automorphic form for motivic L functions or for suitable Galois representations, for we know the
functional equation for L functions of automorphic forms. The Langlands original conjecture will
allow us to obtain the Hasse-Weil conjecture on the motive or Galois representation side and the
Ramanujan-Petersson conjecture on the automorphic forms side.

We can associate the Hasse-Weil L-function with factors at bad primes and factors at infinity.

Conjecture 1.19. (Functional equation)

AHY(X),s) = £A(H (X),i+1—s).
Theorem 1.20. (Grothendieck, Deligne) (the second and the third Weil conjectures) Let X be a
smooth projective variety over Fy, then we have the functional equation:

Z(X ) = eqX¥2TXZ(X,T).

’ qdiT
where e = £1 and x = Y_,(—1)'B; the Euler-Poincaré characteristic.

(Riemann hypothesis) For every i, P(T) := det(1 — FrxT|H!(X,Qy)) have integer coefficients
independent of £. The complex roots o of this polynomial (The eigenvalues of Fr) have absolute value
o] = ¢'/?

It’s always interesting to talk about conjecture of type Riemann Hypothesis, the only known cases
are on function fields and finite fields. Hasse has proved the case of elliptic curve, Weil the case of
function fields and general curves, and finally Deligne the case of smooth projective varieties using
the theory of Lefschez pencil and later Deligne has generalised his proof to a weight theory and gave
several important applications like the Ramanujan conjecture and the BBDG decomposition theorem
for perverse sheaves using the hard Lefschez theorem.

The Riemann hypothesis and hard Lefschtez have applications in a rather optimal estimation of
the number of points in F,, and in the curve case, these estimations, namely the Hasse-Weil bounds
can even prove the Riemann hypothesis.

Let N = |X(K)| the number of K-point of X.

Theorem 1.21. (Hasse bound) If X is an elliptic curve over a finite field K =TF,, then
IN —q—1] <24

One can use the Hasse bound to prove the Riemann Hypothesis for elliptic curves. The proof by
Tate pairing and Tate modules is discussed in the elliptic curves courses given by Javier Frésan or
Jean-Frangois Dat.

Theorem 1.22. (Hasse-Weil bound) If X is a curve of genus g over a finite field K = F,, then
[N —q—1]<29/q.

Once again, one can apply the Hasse-Weil bound to obtain the analogue of Riemann hypothesis
for curves. A proof using the Hodge index theorem is given in the course on cohomology of coherent
sheaves on schemes by Matteo Tamiozzo.

Remark 1.23. As a consequence of the Deligne’s theorem, the Hasse-Weil bound of rational points,
the Weil bound for Kloosterman sum and the equidistribution theorem of Gauss sum can all be gener-
alised to higher dimension.
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We shall end the introduction with a brief remark on the analytic properties, id est residue or
the vanishing order at s = 1. We remind that ¢7* = T. In the case of Riemann ¢ function or the
Dedekind ¢ function, the result is the class number formula, and in our case of Weil conjectures, this
can be computed explicitly by the closed formula. However, for the vanishing of global Hasse-Weil
L-function of elliptic curves, it is the BSD conjecture, consisting tree parts. The first part is that
rankF(K) = ords—1 L(FE, s), the second part is that the Tate-Shafarevich group is finite, and the last
one is an analogy of the class number formula. One generalise the problem of class number formula to
the Bloch-Kato conjecture for motives, indeed the first BSD conjecture is equivalent to the Bloch-Kato
conjecture under the assumption of the second BSD conjecture. There’s also the p-adic version of this
problem, the Kubota-Leopoldt p-adic L-function, is linked to the arithmetic and algebraic version by
the Iwasawa main conjecture, there the vanishing order at 1 is the p-adic BSD conjecture, some cases
are known using the p-adic hight pairing.

2. DWORK’S PROOF

Dwork has given the first proof of the rationality of ¢ function which merited him the Cole prize in
number theory in 1962. Dwork’s original proof used the method of p-adic analysis that in first sight
looks different compared to the theory of Weil cohomology and the Lefschetz fixed point formula.
Another remarkable point is that the proof of Dwork works already for seperate algebraic varieties id
est algebraic varieties defined by a finite covering of affine varieties whose intersection is affine, exempli
grata projective varieties or affine varieties without the smooth assumption! The proof is rather direct,
we find a suitable criteria of rationality and apply it to the zeta function Z(X,T). However, using such
a criteria will make our rational function implicit in some extend, but it’s nonetheless elementary and
economic compared to the proof of Grothendieck. Furthermore, the Dwork’s proof is in fact effective,
one can do numerical calculations with methods used by Dwork. Last but not least, The method of
Dwork is later generalised into the theory of crystalline cohomology and rigid cohomology, that can
also lead to Weil II.

2.1. Preliminaries of p-adic analysis. Here we give the construction of the algebraically closed
complete field C, using a generalised form of the Hensel’s lemma, then talk about the Teichmiiller
lifting and the p-adic Weierstrass preparation theorem.

Let Q, be the completion of Q for the p-adic norm (ring of Cauchy sequences quotient by the
ideal of Cauchy sequences that converge to 0), and Z,, the ring of elements with positive valuation.
We consider norms in the topological sense, a norm is said to be ultrametric if the metric it satisfies
|z + y| < max{|z|,|y|}. An ultrametric field is a normed field whose norm is ultrametric.

Analogously, one can define the notion of valuation, here in our case, our valuation can by definition
be embedded in the totally ordered abelian group R, hence we’re in height at most one case, which
by definition indicates that our valuation is of rank lesser than 1, in fact the rank 0 is the trivial case,
hence we have the equivalence between the notion of topological nilpotent and norm strictely lesser
than 1.

Example 2.1. For the lexicographic order for R?, the height of R? is 2 so is the rank of the lexico-
graphic order. In this case, and (x is topological nilpotent) = (|z| < 1), but the riciprocal is false.
It is also false that (z™ bounded) = (|z| < 1). These phenomenons gave us the motivation of defining
adic spaces.

Definition 2.2. Let, K be a ultrametric field, We define the Gauss norm for the ring of polynomials

n

and hence its fraction ring of rational functions. Let P(X) =""_ a; X", then
[Pl = sup(lai).

We also have the analogue definition for the ring of formal series.

Remark 2.3. The Gauss norm is multiplicative.

Definition 2.4. Two norms are said to be equivalent if they induce the same topology.
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Proposition 2.5. Two norms |-|1 and |-|2 are equivalent if there exist a s € R}, such that |z|; = |z|3,
for allx € K*.

Proof. Since we're in the case of topological rings, we consider only a basis of nilvoisinages. If a such
s exist, one can see easily the homeomorphism or even equality using the logarithm between the open
balls.

Suppose that the norms are equivalent, as discussed above, we have the equivalence between (x
is topological nilpotent) and (|z| < 1), hence we deduce that (|z|; < 1) & (Jz|]a < 1). Let K°°
denote the set of these topological nilpotent object. If K°° = {0}, then the norm is the trivial norm
that send every element to 1. We are hence in the case that we can choose z € K°°, and for all
ye K*,a€Z,beN,

Itz <1 |ybe < 1.

Taking logarithm on both sides, we obtain :

log |y[1 log |y|2
reQ,r< ={reQ,r< .
{ log|x\1} { ’ log\mb}
The construction of the real numbers by Dedekind cuts tell us that }gg ‘lzh = izg I‘Z‘Iz because they define
the same Dedekind cut. Thus, the function y +— izi m; is the constant function for all y € K*. ]

Proposition 2.6. Let K be a complete normed field and V a K-vector space of finite dimension.
Then every norm on V compatible with the norm on K, id est VA € K,z € V,||Az| = |)||z] is
equivalent. In particular, V is complete regardless of the norm.

Proof. Tt suffice to prove that all norms are equivalent to the norm sup. Do a proof by induction on
te dimension of V. In the dimension one case, every norm is trivially equal to the norm sup. Suppose
that n > 1let (e1...e,) be a basis, then we have the following inequality.

[zrer + - +znen] < ([leall +--- + [leall) sup(|za], - . s [2n])

We have thus one direction, we prove by contradiction, suppose that there exist a sequence x, =

x1,€1 + -+ + Tpn, e, that converge to 0 for the norm || - || but not for the norm sup, then there exist

C > 0,i € {1,...,n} such that the sequence x;, satisfy |z;,| > C. Hence the sequence v, = ——zj, — 0
1k

for the norm || - ||, id est e; € Vect(ey,...,€;—1,€i41,...,6n) = Vect(ey,...,€_1,€i41,...,€n) by
completeness, hence we obtain a contradiction since (eq, ..., e,) is a basis. O

There’s a generalised version of the proposition 2.6 to topological vector spaces as follows which
can give an alternative proof to the theorem 2.20 different from our proof by Hensel’s lemma.

Lemma 2.7. Let K be a complete normed field with non discrete topology, V a Hausdorff topolog-
ical vector space of finite dimension n, let (e1,...,en) be a basis, then the linear bijection K™ —
VA1, s An) = Aet, ..., Apen 18 a isomorphism of topological vector space.

In particular, V is isomorphic to K™ as topological vector space.

Proposition 2.8. Let A be a discrete valuation ring, K = Frac(A) its fraction ring which is complete
for the topologie induced by the valuation. Let L/K be a finite separable extension, B the integral
closure of A in L, then B is also a discrete valuation ring, and L is complete for the topology defined
by the valuation.

However, we will not use the approach of using lemma 2.7 to prove proposition 2.8. We’ll stick to
the normed vector space case and use the Hensel’s lemma to prove a equivalent result. We first define
the notion of resultant.

Let K be a complete field with a valuation v, and O its ring of integers. We note K[X]<, the
polynomials with coefficients in K with degree less than s, it is a K vector space of dimension s + 1
with the canonical basis (1, X, ..., X*®).
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Definition 2.9. Let g € K[X]|,h € K[X] with degree respectively < n,< m, we note 04} the ap-
plication form K[X]|<m-1 ® K[X]<n-1 to K[X]<min—1 that send (u,v) to ug + vh. We define
Res(g,h) := Resy, n(g,h) the determinant of the matriz of 045 with respect to the basis (em,en)
and (em+n). Without further specification, the resultant is always Resp, »(g,h).

Lemma 2.10. Res(g, h) := Resy, n (g, h) = 0 if and only if one or both of the following cases are met.
(i)degg <n —1 and degh < m — 1.
(il)g and h are not relatively prime.

Proof. If we're in the (i) case, then 0y (K[ X]<m—1 ® K[X]|<n-1) C K[X]|<min—2. Hence 6, not

bijective, and Res(g, h) = 0. If we're in the (ii) case, then let g and h be divisible by w with degw > 1,
then 99,;1(% — Z) =0, hence 6, is not injective, then Res(g,h) = 0. Reciprocally, if g and h are

w
relatively prime, a solution of the equation gu 4+ hv = 0 id est a element of the kernel have to satisfy

glv and hlu, if (u,v) are not nil, then we must have degu > degh, and degv > degg but this is
impossible when degg = n and degh = m. Thus we show that 0, is injective and in the finite
dimensional case bijective, we have also that Res(g,h) = 0. O

Definition 2.11. If f = Y"1 ja; X" € K[X], we define the Gauss valuation the valuation associated
to the Gauss norm by ve(f) = info<i<n v(a;).
Theorem 2.12. (strong version of the Hensel’s lemma) Let C' > 0, and let f,g,h € Ox[X] satisfying

(i)degg = n,degh = m, and deg(f — gh) <n-+m — 1.

(i)vg(f — gh) > C + 2v(Res(g, h)).
Then, there exist unique polynomiafs g, h € O [X] such that we have:

(i) deg(g — g) < n—1, and deg(h — h) <m — 1.

(i)ve(g — g) = C + v(Res(g, h)), and vg(h —h) > C + v(Res(g, h)).

(iii) f = Gh.
Proof. We can assume that g, h is relatively prime. Our goal is to search v € K[X]<,,—1, and
v € K[X]<p—1 which correspond respectively to § — g and h — h, that satisfy

f=@+v)(h+u) < f—gh—uv=gu+hvs (u,v) ze;i(f—gh—uv).

Let ¢(u,v) := 9;,11(]‘ — gh — uv), then we want to find the fixed point of ¢.
Let B := {(u,v) € K[X]<m-1 ® K[X]<p—1,inf(vg(u),vg(v)) > C + v(Res(g, h))} Then the theorem
2.12 is a immediate corollary of the following lemma and the completeness of K.

Lemma 2.13. ¢ is a contraction mapping from B to itself.
Proof. Let (u,v) € B, then
va(f = gh —w) = inf(va(f — gh),va(uv))
> inf(C + 2v(Res(g, h)), 2C + 2v(Res(g, h))) = C + 2v(Res(g, h)).
We then try to calculate U(Q;}L(f — gh — wv)). Since, g and h have coefficients in Ok, 6, have

all its coefficients in Ok and the matrix GQ_i hence have coefficients in mﬁ;( and hence for all

x € K[X]|<m4n—1 we have vg(O;,lL(a:)) > vg(x) — v(Res(g, h)). Combine the two calculation we have
that ¢ send B to B.
Finally, if (u,v) and (v/,v") are two element form B,

v, v) — p(u!',0)) = v (07 (v — u'v'))
> vg(u(v —v") +v'(u—u')) — v(Res(g, h))
> inf(vg(u) +vg(v —v'),va (V") + va(u —u')) — v(Res(g, h))
> C +inf(vg(u —u'),vg(v —")).

Which prove that ¢ is a contraction mapping. O
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O

Corollary 2.14. Let f,g,h € Ok [X] that satisfy the following conditions : g is monic of degree n,
degh < m, and deg(f —gh) < n+m—1. The reductions § and h of g and h modulo mg are relatively
prime, and ve(f — gh) > 0. Then there exist unique G, h € Ok [X] that satisfy deg(g —g) <n—1,
deg(h—h) <m—1, va(g—g) >0, vag(h —h) >0 and f = gh.

Proof. Since g is of degree n and g and h are relatively prime, we have Res(g, h) # 0, this implies
v(Res(g, h)) = 0. We are thus in the case of the previous theorem for no matter which C' € R that
verifies vg(f — gh) > C > 0, then it suffice to let C tend to 0 to deduce the corollary. ]

One particular interesting case is the case where g is of degree 1 : we get the following result that
allows us to localise a zero of a polynomial knowing a point where the polynomial is "small”. This is
an analogy of the Newton’s method.

Proposition 2.15. (Hensel’s lemma) Let f € Ok[X] and a € Ok satisfy v(f(a)) > 2v(f'(a)), then
there exists a unique & € Ok satisfies v(a — a) > v(f'(a)) and f(&) = 0.

Proof. Let d be the degree of f and C' € (0, v(f(«)) —2v(f'(«))], the interval is not null by hypothesis.
Let g, h € Ok[X] given by the formulas g(X) = X — «

f@) — flo)
X -«
Where fl7 is the normalised i-th derivative of f (in characteristic 0, we have fl) = & f(V) The matrix

of Oy K[X]<a—2 ® K[X]<o — K[X]<q—1 in the basis (1, X —a,..., (X —a)? 1) is

hX) = = () + [P a)(X —a) + -+ [ (a)(X — )"

0 -« - 0 fil(a)
1 0 0 f¥(a)
0 1 0 fBl(a)
6 0. 1 f[d].(a)

The determinant of the matrix is thus +f*(a) = f/(a). The resultant Resy_1 (g, 7) has hence the
valuation v(f’(«)). On the other hand, we know that vg(f — gh) = v(f(a)) > C + 2v(Resg—1,1(g, h))
by our choice of C, and also deg(f — gh) < d — 1. We are thus in the right case to apply theorem 2.12
and there exists a unique g that divide f such that deg(g — g) = 0 and vg(g — g) > C + v(f'(a)).
Hence there exists a unique & € € such that we have g(X) = X — & and also f(&) = 0, and
v(@—a) > C+v(f'(a)). It then suffice to let C' tend to 0 to conclude. O

Remark 2.16. Another proof of the Hensel’s lemma 2.15 can be done using the Newton’s method

(Tpy1 = Tp — ;‘/((9;2)) y Lo = a)'

Corollary 2.17. (Hensel’s lemma, the characterisation of henselian rings) Let f € Ok [X] be a monic
polynomial and f the reduction of f modulo my. If & is a simple root of f in k, the residue field, then
there exists a unique & € Ok, whose reduction modulo mg is @ and verifies f(&) = 0.

Proof. Take a € O alifting of @. The hypothesis that @ is a simple root of f is noting but v(f(a)) > 0
and v(f'(a)) = 0, this allows us to utilise the proposition 2.15 and we're done. O

Definition 2.18. A local ring A that satisfies the characterisation 2.17 is called a Henselian ring.
Our goal introducing the Hensel’s lemma here is to prove and apply the following proposition.

Proposition 2.19. Let f € K[X] be a monic irreducible polynomial satisfing f(0) € Ok. Then all
its coefficients are in Ok .
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Proof. We proof the proposition by contradiction. Suppose the contrary and let f ¢ Ok[X], and
i :=max}_, {k,v(ar) = v (f)}. Then, the polynomial a; ' f is written in the form of

b X" 4+ b X+ X b X by
where all the by are elements of O, and for all k € {i + 1,...,n}, we also have v(by) > 0. We can
thus apply the corollary 2.14 to g(X)=X"+---+bpand h = 1+ b, X" to show that there exist

polynomials g and h with respectively the degree ¢ and j such that we have f = aigiz. This is in
contradiction with the hypothesis that f is irreducible. O

We have now all the ingredients to prove the existence and uniqueness of extensions of a valuation.

Theorem 2.20. Let K be a complete field for a valuation v, and let L be a finite extension of K.
Then there exists a unique way to prolong v to a valuation of L. Moreover, if s € L, then

v(z) = [L:ilK]U(NL/K(x))-

Proof. We start by the uniqueness. We can think of L as a finite dimensional vector space over K of
dimension [L : K]. By proposition 2.6, if v; and ve are two valuation that prolong v to L, then they
define the same topology on L. Then, the proposition 2.5 implies that there exists a s € Ri such that
va(x) = svy(x) for all x € L. Since vi(x) = va(x) for x € K, s = 1. We have thus the uniqueness of
extension.

We now pass to existence, we only have to show that our formula gives a well-defined extension of
valuation. The multiplicativity and the restriction part are automatically satisfied, what we need to
prove is just (v(Np g (z) > 0) = (v(Np k(14 x) > 0)).

Let f(X) = X%+ --- + ap be the minimal polynomial of = over K, this implies that d|[L : K]
and Nz /k(z) = ((—1)%0)%, and hence v(Nz/x(x)) > 0 implies that ap € Ok and f is irreducible
implies that all coefficients of f are in &k by the proposition 2.19. On the other hand the minimal
polynomial for 1+ is f(X — 1), and hence Ny /i (1 +z) = ((—1)¢f(—1)) e Ok, this is what we
want. (|

Corollary 2.21. IfK is one algebraic closure of K, there exists one unique way to prolong v to K.
Moreover, Aut(K/K) act on K by isometries.

The uniqueness is a direct consequence of the preceding theorem. The rest come from that if z € K,
and if o € Aut(K/K), then N () k(%) = Ng(o(2))/x (0(2)).

Corollary 2.22. If P € K[X] is irreducible, then all its roots in K have the same valuation.

Proof. The roots of a irreducible polynomial is permuted transitively by Aut(K /K), and the preceding
corollary let us to conclude. |

We are now in the case that we know there exists a unique way to prolong a valuation to the algebraic
closure of a complete valuated field. But this algebraic closure have no reason to be complete (and
it is not complete in the general cases), hence we can do a completion and then take the algebraic
closure and redo a completion... The next theorem will show that this procedure converges very fast.

Theorem 2.23. Let K be a algebraically closed field equipped with a valuation, its completion K is
algebraically closed.

The standard proof in the adic world is using the Krasner’s lemma. However, we’ll give an al-
ternative proof that work in both archimedian and non-archimedian cases not using the Krasner’s
lemma.

Lemma 2.24. (Krasner’s lemma) Let o € K, where K is a ultrametric field. We impose
do = min{|a — d/|,a’ # « is a conjugation of a}.

If B € K such that |3 — a| < d,, then K|a] C K[S].
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Proof. (proof of the theorem in both archimedian and ultrametric cases) Let P(X) = X9+ +ag €
K[X], it suffice to find one root in K. By construction, P(X) = limy_,e0 Pn(X), where P,(X) =
X4+ ad_l)nXd_l + -+ ao,n, with a;,, = a;, when n — oo.
Then K is algebraically closed implies that P, admit d roots zi ,..., 24, in K. Moreover, the
set {zin,1 < i < d,n € N} is uniformly bounded since the coefficients {a;,} are bounded and
We have then P, (2zim) = Po(2im) — Pm(zim) — 0 as n,m — oo, because all the coefficient of
P, — P,, = 0 when n,m — oo.

Now, write P, (%,m) = H;L:Z(z,m — Zjm), then d(2; m, {#1,n,---,2dn}) = 0 when n,m — 0. Thus,
we can extract a sub-Cauchy sequence {z;; ,,} that converge to z € K when n; — oo. This is the
root that we want to find. O

Here we prove some useful lemmata on the residue field before focusing on C,,.

Lemma 2.25. Let K be a complete ultrametric field and L a finite extension of K, then ki the
residue field of L is a algebraic extension of ki of degree less or equal to [K : LJ.

Proof. We have O Nmp, = mg and hence kg inject in k. Let @, ..., &g elements of ky, that consist
a free family over k. Choose for each i € {1,...,d} a lifting ;. Suppose that the family is dependent
over K hence we find (A1,...,\g) not all nil in K such that \yaq + -+ + Agag = 0. We then divide
the A; by the one with the biggest norm, and hence everyone have norm less or equal than 1, id
est valuation greater or equal to 1, thus in 0. We can hence suppose that they are all in Ok and
one of them is 1, but this gives us a contradiction after the reduction modulo my, this allows us to
conclude. O

Lemma 2.26. Let K be a ultrametric algebraically closed field ,then ki is algebraically closed.

Proof. Let P(X) € kx[X] monic of degree n > 1 and P(X) € Ox[X] monic of degree n a lifting of
P. Let a € K aroot of P. We have o € Ok and @ is a root of P, by definition of ideals. O

Lemma 2.27. If K is a ultrametric field and K its completion, then ki = k.

Proof. Ox Nmp = {x € Ok,v(x) > 0} = mg, and hence the natural mapping from kg to kg is
injective. On the other hand, since 0 is dense in O, this mapping is surjective, and we're done. [

Corollary 2.28. Let K be a complete valuated field, then the residue ﬁeld% is a algebraic closure of
kx.

Let @ be a algebraic closure of Q,. We’ve shown that v, is prolonged by a unique medium to a
valuation on @.

Definition 2.29. One denote C,, the completion of Q, for the valuation v,,.

We here gives some interesting remark on the analytic or the point-set topology side, that will not
be used in the Dwork’s proof.

Remark 2.30. One can use ultrafilter to construct a universal field Q, (bounded sequence with coef-
ficient in @ quotient by the ideal of sequences that the limit along the ultrafilter is zero), the Dwork’s
proof work for both Q, and C,, we just need a algebraically closed complete ultrametric field.

(1) By arguments of cardinality and the aziom of choice C, ~ C. The isomorphism is non canonical.

(ii) C, is not spherically complete.

(iil) Q, is spherically complete.

(iv) The residue field of C, is FT,, we’ve proved above, for £, it is uncountable, noted kq.

(v) The image under the norm of non zero values of the field (a totally ordered abelian group) C,
is p<, for Qp, 1t is Ryg.

We will now consider only C,, always keep in mind that most of the properties also work for 2,,.
We now pass to the discussion of Teichmiiler representative, and the Witt vectors.
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Proposition 2.31. Let z € EX, then there exists a root of the unit [x] of order prime to p in Oc,,
whose reduction in F, is x.

Proof. By definition, there exists a n such that z € F,n, a finite field whose non zero elements are
exactly the roots of polynomial f = X?"~! — 1. Its determinant is Hcpn_lzl F1(¢) = £(p™ — 1)P" 1L,
We have hence the roots of f after the reduction modulo mc, is distinct. We have thus an injection
between roots in C, and roots modulo mc,, hence a bijection. |

Definition 2.32. We pose [0] = 0. We call [z] the Teichmiiller representative of F, in O,

Remark 2.33. By the uniqueness of [z], we have [xy] = [z][y]. The Teichmiiller representative is
multiplicative.

Remark 2.34. One can express the p-adic integers as series with coefficient the Teichmiiller repre-
sentative.

Definition 2.35. Let R be a commutative ring. The ring of Witt vectors W(R) = [[:2; R is the
unique ring whose ghost components W, = Y7, pin"ﬂ define a homomorphism of ring W(R) —
[T R.

The notion of Witt vectors are very useful, the functor W (-) from the category of F,,-perfect algebras
to the category of p-adic complete rings is the left adjoint of the tilt (~)b, which allows us to obtain
the notion of untilt.

We shall now state and prove the Weierstrass division and preparation theorem in our case of one
variables for simplification, but this result also hold and is useful for Tate algebras of multiple variables
for rigid geometry.

Definition 2.36. We define a Tate algebra with d variables with coefficient in K as follows.
K{X1,..., X} =Ts:={f(X)= ) a; X' € K[X1,...,X4] : a; — 0 when i — oo}

ie7d
zEZZO

In our case, we consider d =1 K = C,, (or §2,). This is also the ring of sequences that converge on
the ball {v,(x) > 0}. This is also the completion of K[X] for the Gauss valuation. We will note v["]
in place of vg.

Theorem 2.37. (Weierstrass division theorem) Let P € O[X] be a monic polynomial, then all
element f € Th can be written in a unique way under the form of f = Pq(f) + r(f), where ¢(f) € Ty
and r(f) € Ty is of degree < deg P — 1. Moreover, v (q(f)) > vlO(f), and vl (r(f)) > vl°N(f). (We
call the polynomial r(f) the reminder of the euclidean division of f by P, ¢(f) the quotient of the
euclidean division of f by P.)

Proof. Uniqueness: It suffice to verify the application (g, R) — Pg + R is injective. Hence, let
Pg = —R then we want to have g = R = 0. Let P be monic with integer coefficients, for a root z, we
prove by contradiction that v,(z) > 0. Suppose the contrary, we have v, (2™ +-- - +ag) = 400, but we
suppose that v,(x) > 0, we know by definition that v,(z"™ + - - - + ap) = nv,(z), thus a contradiction.
But R have at most deg P — 1 roots if R is not zero, hence R is zero.

Existence: Let P be monic with coefficients in Ok, Q = Pq(Q) + r(Q) for Q € O[X] is the usual
euclidean division, we have 7(Q), ¢(Q) € Ok [X]. We obtain hence applications form K[X] to K[X]
that satisfy vl (r(Q)) > v[%(Q), and v[%(¢(Q)) > v%(Q). This application extends by continuity to
T, and satisfies the same properties. O

Theorem 2.38. (Weierstrass preparation theorem)(i) g = >, oy b X* € T is invertible in Ty if and
only if b # 0 and vp(bg) > vp(bo) if k> 1.

(i) If f = D pen apT* € Ty is non zero, then f can be written in a unique way in the forme of f = Pg,
where P € Ok[X] is a monic polynomial, and g =", o bx X* € Ty is a unit of Tt.
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Proof. (i) Let g € Ty be invertible. After divided by a element of K, we can suppose that v (g) = 0,
hence we have v[%(g=1) = 0. Therefore gg~' =1 mod mg, which implies gg~* = 1 in kg [X], where
Kk is the residue field. We obtain thus that g is a non zero constant. Hence we have one direction.
Reciprocally, if by # 0, and v,,(by,) > v,(bo), then v[%(by1g—1) > 0, this implies that by 'g is invertible
hence the same for g.

(ii) the series v, (ay) tend to +oo, there exists d € N such that we have v, (aq) < v,(ax) (respectively
vp(aq) < vp(ag)) if k € N (respectively for k > d). Let ap = aq and Py = ZZ:O Z—’;Xk We
will prove that we can find R € mg[X], of degree < d — 1, and u € mg{X}, such that we have
aof = (Py + R)(1 + u), which can be written in the form ag'f = (Py + R)(1 4 u).

To find these elements, we consider the application 6 : (u, R) — 6(u, R), the quotient and the
reminder of oy 'f — Py — Ru divided by P,. Since o' 'f — Py € mg by construction, we obtain that
0:mr{X}®mg[X]s—1 - mx{X} ®mg[X]s—1 by the Weierstrass division theorem.

On the other hand, the same theorem tells us that:

o (O(u, R) — (', R')) = vl (uR — w'R’) > inf (v (w) + vV (R — R), vl (R') + v (u — "))
> inf(v%(u — o), v (R — R)) + inf (0% (u), v (R")).

This allows us to show that 6 is a contraction mapping of mg{X} @ mg[X]4_1, its unique fixed point
is what we want to find.

Now if ug = 3, oy @, it suffice to take P = Py + Ry and g = afo(1 + ug)

Uniqueness: If Pg = P'g’, with g, ¢’ invertible in 77, g have no poles and no zeros in the ball
vp(x) > 0. P, P" are monic polynomials, all of there zeros are in this ball, therfore P = P’ and hence
also g = ¢'. O

Remark 2.39. The Weierstrass division theorem is eventually equivalent to the Weierstrass prepa-
ration theorem.

Remark 2.40. We can apply the Weierstrass preparation theorem to prove the following properties
of Tate algebras.

(i) T), is noetherian.

(ii) T, is factorial and hence normal.

(iii) (Noether normalisation lemma) If a is an ideal of T, and B its quotient. Then there exist a
integer d and a finite injective homomorphism Ty — B.

(iv) Let B™(K) denote the ball {(x1,...,x, : |z;| < 1}, then there is a natural bijection.
B (K)/Gal(R/K) = Sp(T,)

Here, Sp denotes the maximal spectrum.
(v) T, is a Jacobson ring.

2.2. Reduction of the problem. The proof of Dwork relies on explicit calculations on the ¢ function
of a hypersurface defined on the torus T" = (G,,)", we will do some combinatorial work to reduce from
algebraic varieties defined by a finite covering of affine varieties whose intersection is affine, exempli
grata projective varieties to such cases.

We’re back in the case of introduction that K is a finite field.

By the multiplicativity of exponential function and the inclusion-exclusion principle, we have the
following remark.

Remark 2.41. If V', V" are subvarieties of V, such that V'UV" =V and V' N V" =W, we have
Zv = Dyt Zyn Zy
Since V(4 = Vy UV, and Vi, = Vy NV, doing a induction we reduce the problem to varieties
defined by one equation.
o= AR UAY U UAR U {x)
r={0} x AL UG, x A%!
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After a induction we see that it suffice to consider hypersurfaces defined on the torus. To conclude,
we reduce ourselves to prove the following theorem.

Theorem 2.42. (Dwork 1960) (rationality of ¢ function, the first Weil conjecture) Let X be a hyper-
surface on the torus T" = (G,, )", its zeta function Z(X,T) is rational.

Remark 2.43. In the theory of étale cohomology, a similar reduction is often utilised to reduce the
calculation to the case of a curve.

2.3. Criteria of rationality. In this subsection, we will cite and prove several criteria of rationality
essentially due to Borel, Dwork and Dieudonné, that we will apply to the zeta function Z(X,T'). Here
the fields are arbitrary commutative fields.

Proposition 2.44. Let F = Y, yarX"* € K[X] is rational if and only if ther exist two integers
t and ng and t + 1 elements of K denoted qo,q1,--.,q:, with qo # 0, such that for all n > ng the
coefficients a,, satisfy the relation.

qo0n + q1ap—1+ -+ @an—t = 0.

Proof. If F' is rational, let us write F' = g, with Q = ZE:O X, P e K[X],Q € K[X],deg P =1 we

have the relation we want by equality of coefficient for QF = P with n > ng := sup(r + 1, ¢).
Reciprocally, if we set @ = ijo ¢; X", then the relation gives us QF = P with degP < ng — 1,

thus F' is a rational series. (]

Theorem 2.45. (Borel, Hadamard criteria) F =", . axX* € K[X] is rational if and only if there
exist two integers m, S > 0, such that for s > S

Qg . As+m
Ny m :=det A, = det =0.

Astm et As4o2m

Proof. If F is rational, let us write F' = g, with Q = Z::O X, P € K[X],Q € K[X],deg P =1 we
have the relations by equality of coefficient for QF = P with n > ng := sup(r + 1,t).

qoan + q1an_1 + -+ qian_y =0

Now, let S = max(r — s+ 1,1), and let m = r, if s > S, then we have the relations for i =
S+Ty ..., 8+ 2r:

qo0s+t + Q1541+ + qas =0
qoGs+i+1 + q1Qsq¢ + -+ qras1 =0

qo0s+2t + Q1Osy2e—1 + -+ qasye = 0

We get a linear relation on columns which implies N, ; = 0. We set m = r and we have N, ,,, = Ng; =0
for s > S.

Conversely, we suppose that N, ,, = 0 for s > S, we choose m such that it is the smallest m to
satisfy Ny, =0 for all s > S. We claim that Ng,,,—1 # 0 for all s > S.

Suppose the contrary. Then some linear combination of the first m rows ro,ry,...,7ym—1 of As
vanish in all but perhaps the last colomn. Let r;, be the first row having non zero coefficient in this
linear combination, id est the igth row r;, can be expressed as a17;,4+1, ®2Tig+2 + - + Am—_1Tig+m—1-
We do an elementary row operation replacing r;, by 7, — (Q1749+1, @2Tig42 +  * + + Qm—1Tig+m—1), We
consider the following two cases:
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(1) ip > 0, the matrix is of the form:

ag tee as+7n—1 As4+m
as+1 Tt as+m as+m+1
As+m e As4+2m—1 As4+2m

and when we erase the first line and last column, we know that Nsi1 m—1 =0.
(2) ig = 0. Then we have:

As41 As42 e Astm As4+m+1
aerm as+m+1 Tt as+2m71 as+2m

We have two copies of As41m—1 in As,,, the one erasing the first row and last column is kept
unchanged, the other one is the one erasing the last row and the first column, let note this matrix
Bst1.m—1 These two copies all have determinant N5y ,,—1 because we’ve only done a elementary row
operation. The development of the first row says that we have (Nst1,m—1 = 0)V(8 = 0), but if 5 is
nil we also have the first line of Byt -1 is zero and hence Nyt pm—1 = 0.

Thus, we’ve proven that for s > S, we have N;,,, = 0 and Ngi1,,—1 # 0. Hence there is a linear
combination of the rows of A, ,, that vanishes, for which the coefficient of the last row is non zero.
Hence, the last row of A, ., for any s > S is a linear combination of the preceding m rows. Hence any
simultaneous solution to

asUm + A541Um—1 + -+ + a54mug =0

as4+m—1Um + 0S4mUm—1 + -+ + G542m—1uo = 0
is also a solution to
GS4mUm + GS4m+1Um—1 + -+ + asyamuo =0
By induction, to every
AsUpm + As41Um—1 + -+ + Gs4mUo = 0
for s > S. Thus, we apply the preceding proposition and we’re done. O

In our discussion of convergent series, we can always reduce to the case of Weierstrass preparation
theorem by multiplying a unit. Note that p@ is dense in R, hence each time we do such a reduction,
we potentially reduce the radius of convergent by a € > 0 arbitrary small.

Theorem 2.46. (Borel criteria) Let F =Y, - apT* have integer coefficients, and p a prime number.
Suppose that there exist two positive number r and R, such that, F is meromorhpic for |z| < R as a
complex function, and F' is meromorphic for |z|, < r as a p-adic function, with rR > 1, then F is
rational.

Proof. Suppose that F' is meromorphic, namely F(T) = % with A, B convergent on the disc D(0, ).
Since p@ is dense in R, , we may assume that 7 = p® for some o € Q, and that F is bounded on the
p-adic sphere of radius r. then we can apply the Weierstrass preparation theorem to B, and we obtain
B =P, with P = Z?Zl ¢; T, where G also converges on the disc D(0,r).

We set H = AG, which is also convergent on D(0,r), write H(T) = ), .y bpT*, then by consruc-

tion, we have H = PF, |ap|oo < R7F, |br| < r~%, and also the relation

by, =an+qan—1+ -+ qqan—q
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Now lets calculate |Ns m|oco and | Ny m|p. We take a big m, id est m > 2d. Then the above relations
give us that

Qs o Gs4m as o Gs4d bs+d+1 e bs+m
Ns,m = det = det :

Agst+m e As4+2m Astm et Ast+m+d bs+m+d+1 e bs+2m

From the first matrix, we get [Ny loo < (m + 1)IR™2Zs+m)(m+1) "and from the second matrix that
|Nomlp < max(T] |b;],) < r—2(m=ds+2m—d=1) for 4, € 7, hence |a;|, < 1. These bounds are far
from optimal, but give us nonetheless that | Ny m|oo|Nemlp < C’(TR)*%(Hm)(mH). Now when we
tend s — 00, we get |Ng m|oo|Ns,mlp < 1. But N, € Z, hence | Ny |oo|Ns,mlp € Z>0, we have then
the existence of a S, such that N;,, =0, for s > S. O

We now try to apply the criteria 2.46 to Z(X,T), we're back to the case in which K denote a finite
field. We already know that Z(X,T') have coefficient in Z(see remark 1.12), we first find a radius of
convergence as complex function.

Proposition 2.47. For a affine variety X, Z(X,T) is convergent on the disc D(0,¢™™) as complex
function.

Proof. Because |A’| = ¢", the number of K points are smaller than the number of the affine space.
So the coefficients of Z(X,T) are smaller than the coefficients of Z(A%,T).

e TS 1 9]
2085.7) = (3 L0) = expl- o - 1) = i = S,
s=1 —
U

Hence we have reduced the problem to the search of a r, such that r¢™" > 1. In fact, the case if
even better, Dwork proved that Z(X,T) is meromorphic on the whole p-adic plane C,,.

Theorem 2.48. (Dwork 1960) (rationality of ¢ function, the first Weil conjecture) For X a hyper-
surface on the torus T = (G,,)", the zeta function Z(X,T) is meromorphic on Cp.

2.4. © function. Now we dive in to the analytic world. We construct a factorisation of the additive
character which resemble the 8 function in analytic number theories. The following theorem is our
goal in this subsection.

Theorem 2.49. (Factorisation of a non trivial additive character) Let s > 1 be an integer, we consider
the field extension F, C F,e. Let € € C, be a p-th primitive root of the unit, ¢ = 1+ A, then the
additive character t — €™ is non trivial. Moreover, for [t] the Teichmdiler representative of t, we

have
s—1

e™0 = o(e(r) - o[t )
Where ©(t) = >, Bit* is a power series in C, such that v,(B;) > 1%, The definition of © is
independent of s.
In fact, the coefficients of © is in the ring Zyle] = Zy[N].

We now need to define the © function above and then prove the theorem.

We start by considering the formal series H(t,Y) = (1 +Y)t = 372 ())Y* € Q[t,Y], where
(,i) = W The coefficients of this series is rational numbers, if ¢ € Z,, then we have
(1) € Zy. The series (14 Y)" converges for v,(Y) > 0, because in this case it is in the conventional

case the t-th power of (1 +7Y).
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Definition 2.50. We define F(t,Y), a;(Y') and Bj(t) as follow.
oo k k—1 2
 —gp ] tr—t g,
Ft,Y) =[] H(——— Y" )= H(t,Y)H(—— ,Y")H(—5—,Y" ) --
k=0 p p P

2
P o tP —tP

=1+ Y)(1+Y?) 7 (14+YP)

= i B (t)Y*
k=0

=3 tra(Y).
k=0

Remark 2.51. We see by definition that By(t) is a polynomial of degree < k, hence ay(Y') € Z,[Y]
is a formal series that start with the terms of degree > k.

Here’s a criteria by Dwork that shows the coefficients of F' are in Z,.

Lemma 2.52. (Dwork, Dieudonné criteria) An element F(X) = >
1+ XZ,[X] if and only if J;((?pl; lies in 14+ pX7Z,[X].

ien @ X € 1+ XQ,[X] lies in

Proof. If F € 1+ XZ,[X], then F(X)? = F(X?) mod p. Both series belong to 1+ XZ,[X], and
P
F(X?) € 1+ XZ,[X] is inversible, so that we have L5 lies in 1+ pXZ,[X].
Conversely, assume that

F(X)P = F(X?)(1+p Y b;X7)
j=1
. We have ap = 1 and a; = by € Z,,. Let us assume by induction that a; € Z, for ¢ < n and compare
the coefficients of ™ in both sides of the equality.
The coefficient of LHS of X™ is the same to the coefficient of the polynomial

(D aX)y =3 alX"+p(--).
i<n i<n

The non written monomials are products a;, ...a;, X% which have at least two distinct indices
i,j. We want to determine them modulo Z,,, and by the induction assumption the terms not containing
an have coeflicient in Z,, and with terms containing a,, all the rest have to be ap = 1 because if it is
not the case then the degree is strictly larger than n. This shows that if ip = n, we have

LHS = a¥ + pa,, mod pZ,.
With the convention an = 0 when n is not divisible by p, we have
LHS = ah + pa,, mod pZ,.

To calculate the coefficient of RHS we again consider only the polynomial

> aXP(14p> biX7)
i<n j<n
and the coefficient of X" is
RHS = an mod pZ,

n

Since > <mn the induction hypothesis shows that an € Z,, and hence ah = an mod pZ,. By
P

comparison we obtain that pa, € pZ, and a,, € Z,,. O

Corollary 2.53. Fort a p-adic integer F(t,Y) € 1+ YZ,[Y].
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If((ttpl;/):) = 8152:;, We see trivially that 832,; € 1+ pYZ,[Y] and this is an

ideal so its integer powers are also € 1+ pY'Z,[Y], applying the Dwork Dieudonné criteria 2.52 allow
us to conclude. |

Proof. We compute

Definition 2.54. In the notations of theorem 2.49, we define the © function and By, its coefficients
as follow.

O(t) = F(t,\) = i Bit".
k=0

We observe that B = ax(A).

Remark 2.55. We have for © a root of XP~' +p = 0, then O(t) = E,(nt). Where E,(X) =
exp(x + %Xp + p%X”Q +---)=14x+--- is the Artin-Hasse exponential.

To consider the convergence of ©, we need the following well known lemma.
Lemma 2.56. Fore =1+ A, we have v,(A) =p— 1.

Proof. Since the minimal polynomial for ¢ is ®,(X), the minimal polynomial for A is ®,(X + 1), this
is an Eisenstein polynomial hence correspond to a totally ramified extension of degree p — 1, we apply

theorem 2.20 and get v(\) = p%lvp(p) = p—il. O
Corollary 2.57. © is convergent on the disc {vy(t) > ﬁ}
Proof. Combining the remark 2.51 with lemma 2.56 gives us that v,(8x) > p—fl. |

Proposition 2.58. Fort € Fy: Trq,./q,([t]) = >_, o([t]) = Zf:_ol Fr'([t]) = [t] +[t]P +---+[t]P €
Z,,. Where Qps is a non ramified extension of degree s.

Proof. See Proposition 2.31. O
Remark 2.59. By our definition of F(t,Y), explicit calculation shows that
(L+ V)™ = P([, V)P ([P, Y) - PP, Y).
Proof. (proof of the theorem 2.49) In the above remark, let Y = A\, we get
D = oo - o).
But we know that e? = 1, hence the left hand side relies only on the class of Tr([t]) modulo p , since
Tr([t]) € Zp, we obtain Trg . /r, (t) = Trq,. /g, ([t]) mod p. Thus,
™0 = o(he(Hr) - o[t ).
O

2.5. Trace and determinant for infinite matrices. We define a trace and determinant for some
special infinite matrices satisfying a convergence condition, to express the zeta function as a sum of
traces.

Let L be a non archimedean field with valuation v,.

Definition 2.60. We consider the Laurent series with n variables L[X1,. .., Xn, X7 ..., X1, Let
weZ", XU =X".. . Xt Wesayu>0ifu; >0 fori=1,...,n, and deg(u) = > | u;.

Definition 2.61. Let E = L[X] the formal series of n variables, For all G € E, by abuse of notation
we also use G to denote G : End(E) — End(E), ¢ — Go.

We define ¥, € End(E) by
\pq(z auX") = Z aguX .
u>0 u>0
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Remark 2.62. If G = ), guX", then ¥, 0 G € End(E) is represented by the infinite matric
U, a(u,v) = ggu—u- We think {u},{v} as a topological basis, and M (u,v) is coefficient of v for the
image of u.

Proposition 2.63. In the above definition, we have:

(Wqo0Wq = Vg

(i) Go ¥, =T, 0G,, where Gyo(X) = G(X1).

Proof. (i) is trivial by definition. (ii) comes form explicit calculation: G o ¥y(u,v) = g,_1,, and

U, 0 Gy(u,v) = g,_1,, where the coefficient g,_1, = 0if ¢ t u. O
q q

We now consider a convergence condition that allows us to define a trace that is convergent.

Definition 2.64. We say a series satisfy the convergence condition 2.6/ if there exists a M > 0, such
that vy(g,) > M deg(v).

Example 2.65. If n = 1, a series G(x) satisfy the condition 2.6/ if and only if there exist r > 0,
such that g is convergent on {v,(x) > r}

Remark 2.66. The condition 2.6/ is weaker than the condition of a Tate algebra.

Remark 2.67. If Gy, Gy satisfies the condition 2.6/, then Gy + G2, G1Go, and G1(X") satisfy the
condition 2.6/ for h > 0 an integer.

Proposition 2.68. Let G satisfies the condition 2.64, for s > 1, we set Tr(¥*) = > - (Vq.¢)°(u,u)
the trace of matriz ¥, . Then Tr(V®) is convergent. Moreover, we have

(¢ —D)"T(¥*) = Y G(2)G(a?) - Gt )

z9° =1

where © = (x1,...,2,) € C?, and x7 = 1 means thatxgs =1fori=1,...,n.

D’

Proof. We can replace g by ¢°, and G(X) by G(X)G(X1?)--- G(qul) by applying the two formulas
of proposition 2.63. We can suppose that s=1. We have then Tr(¥) = > -, 9(q—1)u 18 convergent
since (G satisfies the condition 2.64 and this is a strict sub series.

On the other hand we know that

v_J g=D" if(g-1) v
Zm{ 0 if(g-1)tv "

rd—1=1
Thus we have
> G =(-1"> gg-1u
rd—1=1 u>0

O

Definition 2.69. Let G satisfies the condition 2.64. We define the determinant for the matriz 1 —tW,
where t is a variable by

det(1 —t¥) := Z%tk
k=0

where v, == (=Y e(u,v)¥(ug,v1) - V(ug,vg), with uy < --- < uyg distinct, vy,...,v; is a
permutation of u, say that o(u) = v for a permutation o and e(u,v) := (o). i is the determinant
of all matrices of size k X k.

Proposition 2.70. 4 is convergent.

Proof. We calculate for ¥(U), a general term of ~;, we have by the condition 2.64 v,(¥(U))
M(qg—1) Zle deg(u;). Thus we have v,(¥(U)) — oo when ug — 0.

v
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Proposition 2.71. Let G satisfies the condztwn 2.64,

(i) det(1 — t0) = exp(— Yoo, Tr(T*)L).

(ii) The power series det(1 — t\IJ) is convergent on the whole plane C,.

Proof. (1) We know that 1 — X = exp(log(1 — X)) = exp( oo, Tr(X9) S), and det(exp(X)) =
exp(Tr(X)), this gives us det(1 — t¥) = exp(— > oo, Tr(¥*)L ~) for finite matrices.

Let U, denote the truncated r x r matrix, we have then det(l —t0,.) tend to det(l — ¢t¥) when
r — oo for the simple convergence of coefficients.

(il)< (—liminf@ = —00). Since we have v,(¥(U)) > M(q — 1) Ele deg(u;), we have thus
vp(v) > M(g—1) inf(z:f:1 deg(u;)). Here the infimum is taken over ug, ..., u, positive and distinct.
So we want to show that df — +o0 after setting dy = inf(Zle deg(u;)). We can reorder uq, ..., u,
such that deg(u;) < deg(u;y1), then d = Zle deg(uyg). Since deg(u;) tend to infinity, in fact we
know that [{u € Z%,deg(u) < k}| =: F(n,k) < 400 is a combinatorial function, so the same for its
mean value. Hence we have %’“ — 400, when k& — oo. O
2.6. End of the proof. Now we have all the tools needed to do the explicit calculation on the torus
as we said before.

We know by the characterisation of finite field that for ¢ = p*, F, = F,[X]/(P) for P a irreducible

polynomial of degree ¢, hence all finite field are affine varieties so we can suppose ¢ = p and K =),
Now, set K C K the unique field extension of degree s.

Proof. (proof of theorem 2.48) We denote Ny = |X(Kj)|, the number of K, points of X. Choose
t € K, we apply theorem 2.49 and denote 05(t) the p-th root of the unit defined by

s—1

0s(t) = ™0 = O[O ([tP) - O ([t ).
Since 0 is a non trivial character of K, we have:
S ifu=0
Y Os(wou) :{ 0 if w0
roEKs
For u = f(z), we take the sum and get
p’Ny = (p° = 1)" Z Os(xof(z

z€T
IoEKSX

We write Xof(X1,...,X,) as sum of monomials 259:1 a; X"i, where X = (Xo,...,Xp), a; € F,. We

have thus
p’Ny = (p° = 1)" Z H9 (a; X™).
Xpr¥—-1=11i=1

since 0, is a character. We pass to Teichmiiller representative and apply theorem 2.49 and get
P s—1

p’No=@ -1"+ > [[I]edmx1)

XPS—1=14=1 ;=0
We set G(X) = Hil O([a; X™]), and the equation is written as
p’Ng = (p° — 1)" Z G(X)G(XP)- --G(kal).
Xpi-1=1

We’ve seen in corollary 2.57 that v,(8x) > p—fl, hence ©([a; X]"*) satisfy the condition 2.64, we have
the same for G as product.
We then apply the proposition 2.68 with ¢ = p and get

PN, = (p* = 1) + (p* — 1) TH(D).
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We do the Newton binomial and obtain
n n+1
SN, = —1)¢ s(n—1) s(n+171)T o).
P = () e 3 (M)
We now set A(t) = det(1 — t¥) = exp(— > oey Tr(\I"")%) as in proposition 2.71.
We multiply the formula by %

psN ﬁ:zn:(_l)i n ps(n—i)ﬁ_i_ril n ps(n+1_i)TI‘(\Ifs)ﬁ
¥ s ~ i s = i s

Then we take sum over s, then apply the exponential, at the left hand side we get Z(X, pt). We have
precisely

n ) n+1 )
2(X,pt) = [J@ -~V O T a@r+ -0 7).
i=0 i=0
Since A is convergent on the whole plane C,, see proposition 2.71, we have that Z (X, ¢) is meromorphic
on the entire plane C,, then we’ve completed our proof. O

Remark 2.72. With a slight modification, Dwork’s proof of rationality is also valid for the exponential
sums discussed in the introduction.
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