GEOMETRIC SATAKE EQUIVALENCES

RAJARSHI GHOSH

1. THE AFFINE GRASSMANNIAN AND PRELIMINARY REMARKS ON THE GEOMETRIC SATAKE EQUIVALENCE

To derive the geometric Satake equivalence, one must first describe the structure of the affine Grass-
mannian and the affine Schubert varieties. However, this is explained very well Sections 1, 2, and 3 of
Zhu [24], and we will not repeat the same.

However, by way of setting up some notation we recall the following. Let G be a split reductive group
over an algebraically closed field, k. Let LG denote the loop group, which is the functor sending a k-
algebra R to the set G(R((1))), and L* G the positive loop group, which is the functor R — G(R[[t]]). LG
is an ind-affine group, while L* G is an affine group, but not of finite type. The fpqc quotient L*G/LG
is represented by an ind-projective ind-scheme, the affine Grassmannian, denote Grg, or simply Gr
if it is clear from context, which is the group whose affine Grassmannian is being considered. These
notions carry over to more general settings, where one works with a non split reductive group G over
the local field k((#)) and replaces L* G with other parahoric subgroups. This generalisation will be use-
ful for the “ramified geometric Satake equivalence" which is treated in sections 8 onwards, and these
generalisations in particular are recalled in Section 8.

There is a right action of the group L*G on Gr. The Cartan-Iwasawa decomposition establishes a
bijection between these L*G-orbits and X, (7)., after a choice of torus T and Borel B > T are made.
These orbits are finite dimensional affine bundles over classical partial flag varieties. The orbit corre-
sponding to A € X, (T)+ under this natural bijection is denoted Gr,. Its closure is no longer smooth, it
is the affine Schubert variety corresponding to A, and usually denoted Gr<;. On points, one has

Grey = H Gry .
A=A

There is a desingularisation of these affine Schubert varieties, furnished by the Demazure resolutions
recalled in Section 8.1.1.

1.1. Technicalities surrounding derived categories. We will have occasion to deal with equivariant
perverse sheaves on ind-schemes. Technicalities on equivariant perverse sheaves are not recalled here,
the basic facts we need are summarised in Baumann-Riche [7] Appendix A.1, or Zhu [24] A.1.1, for
an even shorter summary. For a more detailed exposition, we refer to Achar [1] Chapter 6, which
also defines the equivariant derived category of Bernstein-Lunts. There is another approach taken in
Achar-Lourenco-Richarz-Riche, where one considers (equivalently) constructible sheaves on a certain
quotient stack, which they call the “Hecke stack", for instance.

It is explained in Baumann-Riche [7] Appendix A.4 and Gaitsgory [11] Appendix, how these notions
carry over to the ind-schemes dealt with in these scenarios.

In any case, let us denote by .7 the stratification of Gr given by the Schubert varieties. We work the
derived category Df;,, (Gr,@;) of bounded constructible complexes adapted to ..
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2. UNIVERSAL LOCAL ACYCLICITY AND THE FUSION PRODUCT

2.1. Universal Local Acyclicity. In this section we collect some facts concerning the notion of “Univer-
sal Local Acyclicty”" (which is henceforth abbreviated "ULA", following Zhu [24]). We will omit proofs
for they are mostly easy, and sketched in the Zhu, with the exception of point 4 of Theorem 2.1 below,
for whose proof one is referred to Illusie [14] Corollary 2.5.

We define ULA sheaves as follows. Let S be a scheme and f: X — S be a map. Let s be a geometric
point of S, and ¢ a geometric point of Sy, the strict henselization of S at s. Let j; denote the map
X; = X xgt — X. Moreover, we write ¥;_ (%) := ((ji)«(j)*%)|x,, anticipating the connection with
nearby cycles.

Then .7 is said to be locally acyclic with respect to f: X — S if the natural map .#|x, — ¥;_s(#) is
an isomorphism.

If .% continues to remain locally acyclic for any base change S’ — S, we say that it is universally
locally acyclic.

The basic properties of ULA’s that we require are listed below.

THEOREM 2.1 (Zhu [24]). (1) Let S be a smooth variety over k. Then a complex % on S is ULA with
respect to the identity mapid: S — S if and only if 5 (F) on S is a local system for each i.
(2) For f: X — Y a proper morphism, one has that for any ULA .¥ on X, the pushforward f..7 is
ULAonY.
(3) For f:X — Y a smooth surjective morphism, f*.% is ULA on X ifand only if % issoonY.
(4) Let f;: X; — S; for i = 1,2 be two morphisms and let .#; be a ULA complex with respect to f;.
Then %, X.%, is ULA with respect to fi x f>.

THEOREM 2.2 (Theorem A.2.6 of Zhu [24]). Let f: X — S, with the base S smooth and D c S a smooth
effective divisor. We writei: Z := f~Y(D) — X and j : U := X — D — X for the complementary open
embedding. Suppose we are given . which is a complex on X ULA with respect to f, such that F |y is
perverse.

Then .F = ji,.Z |y (in particular F is automatically perverse), and i'.F (1] = i* F[-1] is perverse and
ULA with respect to fi.

2.2. The Fusion Product. We define Saty: as the full subcategory of Perv;: g, (Grxs, k) of sheaves ULA

with respect to 7; : Gryr — X!. (Here L*Gy: denotes the “multi-point" version of L*G.) For every
(:J— I, one has a map f; defined in the following manner:

erl L erl

Lol

and this in turn defines a functor

f(*[III —|JI]: Satx: — Saty.

Indeed, this is well defined, perversity of the pullback as above is guaranteed by repeated applica-
tions of the last statement of Theorem 2.2. That such a pullback is ULA follows immediately from the
definition of the property itself.

Given a partition (J1,..., /) of J, consider m = my,; defined by

JrseesSn

X7 ) —’erl.

m:Gr
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Given /; € Satys;, we may form the twisted box product «KX...X.<, as a perverse sheaf on
Grg}"“’] ", Next, we define

4271@ ...Ij’ Mn:: Ml(éZ{ﬂZ...géZ{n).

That this is a perverse sheaf, follows from the fact that it is firstly ULA by the second statement of
Theorem 2.1, and that its restriction to Grys |y is @ K...X o7,. (Here, and what follows, we denote
by X? the locus (x i) jej of points in X/, where no two coordinates are equal.) Now, we may appeal to
Theorem 2.2 to prove perversity.

More precisely, we have proved:

PROPOSITION 2.3. () /¥ ...0¥ o, € Saty,. This defines the “external convolution” functor

* :Saty, x...Saty; — Saty;.
@) AR ...’ o, €Saty = ji, (A K...R )| xo.

In the next step we define the operation of internal convolution, as the composite

OF Satly, — Satys — Satyr,
(A, ..., o) — ReZe. g, g/ f;[l]l—nl]l](e!?ﬁ@L . e/
(Recall that we have already discussed why the last object is indeed contained in Saty;.)

Remark 2.4. This is one place where imposing the ULA property seems crucial. Defining internal con-
volution on the entire category PervL+GX , (Gryr, k) via the above formula fails, as Zhu shows in Remark
5.4.5 of [24].

To conclude this section, observe that there is functor

7 :Satg — Saty
o . ¥Q[1]

LEMMA 2.5. (1) The above functor o/ — fx is fully faithful.
(2) One has a canonical isomorphism

3. SEMISIMPLICITY OF THE SATAKE CATEGORY

An important step in the derivation of the geometric Satake equivalence is the fact that Satg is
semisimple. Thus, objects in Satg are simply direct sums of IC,, where IC;, denotes the Intersection
Cohomology sheaf associated to the Schubert variety Gr<,.

An almost complete proof of the alleged semisimplicity can be found in Baumann-Riche [7], Chapter
4. We will recall the main steps in the argument and prove in full only the fact which is not proved
therein. This is the fact that “fibres of Demazure resolutions admit pavings by affine spaces". We give
the proof of this fact although it is exactly parallel to the one in Haines [12] because the argument in
loc. cit. a priori is set in the classical case of Schubert varieties. Further, we will require the non-split
case in Section 8.

This semi-simplicity is equivalent to
PROPOSITION 3.1. For A,u€ X, (T)*, we have

Ext'(ICy, ICy) = Hompy ¢y, g,y (ICa, ICul1]) = 0.
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In the first step, one works with A = u. Here, the result follows from the yoga of dealing with the
“fundamental distinguished triangles" and applying cohomological functors - the argument is found
in page 33 of Baumann-Riche [7] under Step 1.

Next, when neither A < y or u < 1 is similarly straightforward, and is Step 2 of their argument found
on pages 33-34.

Finally, we assume A = p (the other case p = A would follow from Verdier duality). In this case, we
replace Gr with Gr<; since all sheaves we will consider will be supported on the latter. Let us denote
by j, the inclusion of Gr, inside Gr<,. Moreover, we denote by ¢ the cone

ICy — (ju)«QldimGry] = 4 — . (3.0.1)

The middle term is concentrated in non-negative perverse degrees, while in perverse degree 0, the first
map is injective. Thus, it follows that ¢ is itself concentrated in non-negative degrees. Applying the
functor Hom(ICj, —) to the above, one obtains an exact sequence

Hom(IC),%) — Hom(ICy, ICy[1]) — Hom(ICy, (ju)*@l[dimGrﬂ +11). (3.0.2)

The first term above is zero. We want to show that so is the last. First, we observe that (j,)*IC; is
concentrated in degrees < dimGr,. We will in fact show that j; IC) is in fact concentrated in degrees
< dimGry -1, which would prove the claim. Oberserving that dimGr, = dim Gr, (mod?2) since they lie
in the same connected component, this follows from the following lemma:

LEMMA 3.2 (“Parity vanishing" - Baumann-Riche [7] Lemma 4.5). For A € X, (T)* the cohomology sheaf
FCM(ICy) # 0 implies n = dim(Gry) (mod2).

The reduction to proving that the Demazure resolutions admit pavings by affine spaces is explained
with full details in Section 4.2 of Baumann-Riche [7], so we proceed to show the existence of the paving.

3.1. Paving by affine spaces. In this section, we recall the argument given by Haines in [12] to prove
that the fibres of the Demazure resolutions are paved by affine spaces. We assume G is quasi-split over
K and let I denote an Iwahori subgroup.

Let w = s1--- s, be a word in the affine Weyl group W, . We rewrite the Demazure resolution as the

subset X(w) < (G(K)/I)" given by

{(glly~;grl)|gl__llgl € L@Si}r

where &, is used to denote the parahoric subgroup of G(K) given by IUTIs;I. Often, we will think of the
coordinates as Iwahori subgroups corresponding to the stabilisers of the points g;I in the flag variety.
(These stabilisers are the Iwahori subgroups g;/ gl._l.) The projection onto the r-th coordinate defines
the map 7 : m — X(w) whose fibres we wish to study in this section. We denote the Schubert cells
by Y (w) and their closures, the corresponding Schubert varieties as X (w).

PROPOSITION 3.3. Foreach v < w (in the Bruhat order), the fibre over y.I € Y (v) is paved by affine spaces.

Proof. We induct on r = [(w). By translation, we may assume that y.I = v.I in Y (v) c G(K)/I.

Our first step is to constructamap p: Y (v.) - Y(»)UY (vs,). Indeed, for (I1,...,I,_;,v.) e n~ Y (v.])
it is clear that I,_; € Y (v) U Y (vs,), and the map p is just the projection onto the (r — 1)-th coordinate.
The strategy is now as follows: to decompose the Im(p)nY (v)U Y (vs,) as a union of affine spaces, and
show that p is a trivial fibration over each. Next, we apply, in a fashion to be made precise below, the
induction hypothesis to the fibre and conclude thence.

LEMMA 3.4. Both Im(p)nY (v) and Im(p) N Y (vs,) are either empty, a single point, or an A'. Further,
one of them is closed in Im(p), while the other is open and dense in the same. (We call the former A,
and the latter A,.)
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Proof. We consider the image of p. These are Iwahori subgroups I’ such that their relative position
from J:= v.Iis “at most s, ", in the sense that I’ = Ju /s, J. This statement is an immediate consequence
of the definition of the Demazure resolution.

Now, the union J U Js,J is of the form {oo} UA! such that the intersections with Y (v) and Y (vs,) are
one of @, {oo} and Al, but not both empty, and {oo} (which corresponds to the point J) is contained in
exactly one of these intersections. These statements finish the proof of the claim.

Q.E.D

The following lemma is fairly immediate.

LEMMA 3.5. Let i’ denote the Demazure resolution for sy...s,—1. Then for i = 1,2, we have p‘l(Ai) =
7'~V (A;). Further, the restriction of p to each p~'(A;) coincides with ' to n'~*(A;).

LEMMA 3.6. '~ Y(A;) — A; is a trivial fibration.

Proof. The statement is vacuously true for A;. To prove the statement for A, we place ourselves in Case
1(a), as the other non-trivial case is entirely analogous.

Here, Ay = {I'|I' = vus,.I,u € U,}, where r denotes the root corresponding to s, and U, the corre-
sponding root subgroup. We write an isomorphism 771 (Ay) — 7'~ (vs,.I) x A, as follows:

(Iy..., Ir—2,vus;.I) — ((vu_1 v_l.Il,..., vu_lv_llr_g, vsy.D),vus;.I).

In order to check that the first factor of the right hand term above indeed defines a term of
a'~Y(vs,.D), it suffices to check that vu~'v~! € I. Indeed, one has that u € U,, whence vu~'v~1 € Uyi-
Now, v < vs,, which means v(r) is also a positive root by Humphreys [16], and thus vu~lv™le U, and
we are done. Q.E.D

To conclude the proof of the proposition, we argue as hinted above. Indeed, by Lemma 3.5 it suffices
to show that 7/~ (A;) are paved by affine spaces. However, this follows from the induction hypothesis,
and this concludes the proof.

Q.E.D

4. SEMI-INFINITE GEOMETRY OF THE AFFINE GRASSMANNIAN

In this section we consider the left action of LU on the Gr. The orbits under this action are indexed
by A € X, (T), where the orbit corresponding to A, denoted S, is the orbit of t*. In this section, we study,
following Zhu [24] and Baumann-Riche [7] the geometry of these orbits, which turn out to neither of
finite dimension or codimension.

LEMMA 4.1. (1) The closure of Sy in Gr is the union
S<a:=Upr<aSy.

(2) The set
Sca=UraSy © S«
is the intersection with a hyperplane section of 0'(1).

(3) Consider the action of G,, on Gr via the coweight 2p". The sets S are precisely the attractors for
this action, with corresponding fixed point t*.

Proof. (1) (Following Zhu.) We begin by showing that S<, is a closed subset of Gr. First, assume
that G4, is simply connected. One observes that if x € S< is a closed point, then the associated
pair (E, B) satisfies the following property. Let V, be the highest weight representation of G of
highest weight x. If (Ey, ;) denotes the associated family of lattices, then the pre-image under
the highest weight line in Ey is contained in 02 Indeed, this is clear, once x is represented as
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utt g as an element in the double coset U(K)t*G(0), and it is observed that U(K) acts trivially
on the highest weight line. To conclude, one takes intersection across all dominant weights y.

In general, recall that the components of the affine Grassmannian are indexed by certain
cosets of coweights t* + coroot lattice, and the action of t™# brings one component to that of
the “identity coset". The latter, coincides with the affine Grassmannian of the simply connected
cover of the derived group, whence we are reduced to the first case.

Lastly, to show that S, is open dense in S-; we argue as follows. Open-ness is clear from
the above argument. As for density of the same, we use the customary curve for these matters,
which is described below. Let a be a positive coroot, and we reduce to drawing a curve joining
t" 0
0 1
Ad,1, (L* SLy) © LSLy. Finally, we set K}, = Ad 1, (L™ SLp), so that K,/ K}, = SL,. We write i, for
the map SLy; — G corresponding to the coroot a. The curve we consider is then given by

Cha = (Lig)(Km)) - t1.

th to @ using Rapoport [19] as in Zhu [24]. Set m = (u,a) — 1, thm .= [

, and K, :=

To have a better geometric description of the curve, consider the stabiliser of this action of
(Lig)(Kp). It is given by
(Lig)(Kp) N tPLY Gt H

(] 5 2)
where a,ce€ k.

Thus, using the remark Km/K,ln = SL,, we find that the curve affords a surjective map from
SL, /{lower triangular matrices} ~ P!, and must therefore be P! itself. Let 7 denote the induced
isomorphism

and certainly contains
a 0
tMc al

SL, /{lower triangular matrices} — Cj 4.

The image of [1: 0] under this isomorphism is just #*. On the other hand, consider the image
of [0:1]. In terms of the SL, chosen above, the point is given by

t"™ 0 t’”o_l_l
0 1 0 1

0 1
-1 0

However, we have the identity
0 1] _[1 -1 o)1 -t oo
-1 0] |0 1 tr 1](0 1 0 ¢

-1
0 . . .
‘ corresponds to the negative coroot —a. Upon conjugating the first three

0
terms by t*», we find that they each individually land in t*~*L*Gt~*~® which is the stabiliser
of t*» under the left action of LG on the affine Grassmannian. All in all, we conclude that the
image of [0: 1] under 7 is A% in the affine Grassmannian, as claimed.

(2) (Following Zhu again.) Translating by ! it suffices to prove the statement for A = 0. In this case,
one has that Sy < Gr° and S.oNGr° = @ (this follows from the first statements of the proposition
below, which does not rely on the statement here). However, recall that the complement of Grg
in the affine Grassmannian is a hyperplane section of '(1), which we call H. By the foregoing
statement, one has Sy = S<g N H, whence we are done.

(3) This is subsumed in the first point of the following Proposition.

The last term [ t

Q.E.D

The following dimension computations will be of interest.
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PROPOSITION 4.2 (Theorem 5.2 in Baumann-Riche [7]). Let A, u € X, (T) be coweights, with A dominant.
Then the following hold:
(1) Gr<p NS, is nonempty if and only if t* € Gr<y, which in turn holds if and only if u € Conv(WA)n
(A+QVY), where Conv(WA) denotes the convex hull of the set WA = {wA: w e W},
(2) For u as above, Gr<) NSy, has pure dimension {p,A + ).
(3) Once again, with u as above, GryNS,, is open dense in Gr<y NS,.
In particular, the irreducible components of Gr<) NS, are in bijection with those of GryNS,,.

Proof. We follow the argument in Baumann-Riche [7].
(1) The second of the two equivalences in the statement is immediate, upon using the Cartan-
Iwasawa decomposition.
Thus, it remains to show that Gr<y NS, # @ = t* € Gr<). Now for any regular dominant
weight 1 (such as 2p in the 3 from the previous Lemma) one has that

U(K) = {g € G(K)I }li_r%n(a)gn(a)‘l =1}

By the Iwasawa decomposition, we have further that G(K) is a union of double cosets
L(K)t*G(K), for u € X, (T). This shows that Sy =1{x € Gr|lim,_gn(a)-x = t*}. Moreover, this
action of i leaves Gr) stable, proving the sought-after implication.

(2) As a first step, we prove the following lemma.

LEMMA 4.3. dimGr<y NS, <{p,A + ).

Proof. We induct on the ordering of Conv(WA)n A+ QV. First, for u = wyA (where wy denotes
the longest word of W), the claim is clear.

Next, one observes that since S<;, is a hyperplane section in S, the intersection Gry NS<,
has dimension at most 1 more than that of GrynS<, i.e.

dimGrey NS<y =dimGrep NSy +1

W<p

proving the claim, since dimGr<y NSy, < dimGr<y NS<y. Q.E.D
Now, we prove the opposite inequality. We do so via a sort of “descending" induction.
Indeed, the claim is clear for u = A. Let us now choose p < A. Suppose that the claim holds

for all p < p’ < A. To that end, consider the intersection Gry NS<,s and its hyperplane section

H :=GrynS<. Here, let us choose p' such that y' — p is simple. Let C denote an irreducible

component of Gry NS,. Let C’ denote an irreducible component of H containing C. Suppose C’

intersects Gry NSy non-trivially, containing an open dense subset of the former, for some p”.

Clearly, y”" < p by definition of H. Moreover, our hypothesis implies Gr<j NS,» NGry NSy, which

in turn implies that S_uum Sy # @, which shows that p < 1. However, our assumption was that

i’ — u be simple, and we have already deduced that u” < y/, whence u” = u, and we are done.

(3) Follows from the same argument as in the previous point.

Q.E.D
5. THE WEIGHT FUNCTORS
We follow Pramod Achar [1].

PROPOSITION 5.1. Let v € XV and i} be the inclusions of the semi-infinite orbits S — Gr. Given
€D£’+G(Gr, k), one has the isomorphism
RT (i, F) = R ((i})* 7). (5.0.1)
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Moreover, for k # (2p,v), one has that the cohomology
H¥(S,, (i,)'F) = HE(SY, () F)
vanishes.

Proof. First, the isomorphism 5.0.1 follows from Braden’s hyperbolic localization theorem in the fol-
lowing manner. We make G, act on Gr via the cocharacter 2p". One observes that the fixed point set
of this action is given precisely by the points t.

We now prove the vanishing of cohomology. First we prove
LEMMA 5.2. HK(S},if %) =0 for F €P DY, .(Gr, b)=".

The proof is by induction on the number of L* G orbits in the support of .%. Suppose Gr, is open in
the support of .%. Let i : Z := Supp.# — Gry — Gr and j = j, be the complementary open embedding.
One has the distinguished triangle

T = F =0T — (5.0.2)

Consider the commutative diagram:

GrynS; —— Gry
Sy — Supp.#
We apply the proper base change theorem to it to obtain

HESY, ) jiF lon) = HE(SY N Gia, Flar ns)- (5.0.3)

Next, consider .% € ? DI@ (Gr, k), such that Gr, is open in the support of .7. Thus, by the definition

of perversity, one finds that .
Flar, € DL(Gry, k)= 4men,
whence .
ﬂlGrl NSt € D€+G(GI‘/1 ﬂS:, k)s_dlmGrA

holds as well. However, dimGry = (2p, A). Further, applying duality on .#, we find

HE (S} NGy, Flsingr) =0
for k= —(2p, A) +2dim(S; N Gry) = (2p,v), proving the lemma, after applying 5.0.3.

To finish, we prove
LEMMA 5.3. For k< (2p,v) and % € pDﬁG(Gr, k)=° one has
HYS;,ip %) =0.

Once again, we induct on the number of L*G-orbits in the support. Given % as in the lemma,
consider the distinguished triangle

i dF - F —j.jF—. (5.0.4)

From this distinguished triangle, it is clear that it suffices to show H*(S; nGry, (i;)' j«-Far,) = 0,
for k in the same range as above. This lets us assume .# = j,..#' for some .#' on Gry. Moreover,
by truncation, and induction on cohomological amplitude, one may further reduce to the case where
F = % [m], for some local system .£ on Gr;.
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As in the earlier lemma, we consider the commutative diagram

GrynS; — Gry

| l

S, — Supp.¥

and apply proper base change to the same to conclude the following, where g denotes the top arrow
GrynS, — Gry,

HYGrynS,, g ZIm)) = HY(GrynS;, (i)' j..2m)), (5.0.5)
and we show the former term vanishes. Now, for local systems like .Z, one knows that
g ZIm) € DY (GrynS,,, k)=~ m « Db(GrynS,, k)=,

Next, since I'(Gry nS,,, -) is left-exact, we conclude

HYGrynS,, g ZIm)) =0
for k < (2p,v), as required.
Q.E.D

In what follows, the following notation will be convenient:
Definition 5.4. Let Q < XV. Then (following Achar [1]) we write 85 for the union
85 := UyepSy.
LEMMA 5.5. For finite P c XV, consider the locally closed S(B c Gr. Then, for any .% € Pervy+g(Gr, k) one

has Hé(Sa,ﬁlsa) =0 unless 2p,n)y < i < (2p,n’) holds forn,n’' € P.

Proof. Once again, we induct on the cardinality of Q. Pick v € Q which is maximal. Let Q" denote the
complement. Consider the distinguished triangle (where we write .# for .7 | S5 for the sake of brevity)

Jj*F - F - i i F —,
where we write j for the inclusion of S} into SZ), i for the complementary (closed) embedding.
We apply the functor RT. to the above triangle, and consider H! for i in the range as stated in the

lemma. First, H.(S},.Z| s:) = 0 by the previous proposition. Further, analogous vanishing holds for
HL(SE, 7| 55,) by the induction hypothesis, and we are done. Q.E.D
LEMMA 5.6. Letvy,...,vi€ XY and Z = Ules_;ri. For % € Pervy+g(Gr, k), we have

H{(Z,.F|7) =0,
for i >max{(2p,v;)}.

Proof. (Sketch.) One easily reduces to the previous lemma, by observing that Supp.%# n Z is contained
in a finite union of S, (for some v"’s satisfying v’ < v; for some ). Q.E.D

LEMMA 5.7. Let vy,...,vi € XV once again, but assume now that (2p,v;) = m. Let Z = uiS_% and F €
Pervy+g(Gr, k) be given.
Then there is a natural isomorphism

PF.,(F) =HMNZ, Fy). (5.0.6)
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THEOREM 5.8. For .% € Pervy+g(Gr, k) we have a natural isomorphism
H*(Gr, %) = @, xvF, (F). (5.0.7)

Proof. We may assume that .# is supported on a single connected component of Gr. It suffices more-
over to show for each m that
H™(Gr, F) = &b F,(Z). (5.0.8)
veXV;(2p,v)=m
To that end, let P = {A|t} € Supp.Z}. Clearly, the above set is finite. Thus we can find p which
satisfies u > v for each v € P.
Now, let M := max{(2p,v)|v € P}. If m > M, then both sides of 5.0.8 vanish and there is nothing to
prove. Thus, we assume that m < M. In particular, observe that (2p, u) = (2p,v) + 2, whence (2p, u) =
M +2 in fact.

We partition P into the sets Py := {v[(2p,v) < m} and P, := {v|(2p,v) = m}. We write j for the open
embedding S;2 — S} and i for the complementary closed embedding. Then we have the distinguished
triangle, to which we apply RI',

Jj'F - F - it F .
We now have two separate cases:
(1) First suppose M and m are of different parity. Then we observe, using Lemma 5.6, that
RT.(i*.%) is supported in cohomological degrees < m — 1.
Likewise, RT'.(j*.%) is supported in cohomological degree = m (i.e. = m+ 1), by Lemma 5.7.
Furthermore, if there is v € XV for which (2p,v) = m, then it appears in a different connected
component of Gr, whence we have that the restriction of .% to the same is zero.
Consequently, we find that both sides of 5.0.8 vanish, and we are done.
(2) Next, suppose m and M are of the same parity.
In this case, we observe, using Lemma 5.6once again , that R['.(i*.%) is supported in coho-
mological degrees < m —2.
On the other hand, we have from Lemma 5.7 and the long exact sequence in cohomology,
that

H™(Gr,.%) = P HS Fls).
{veP|(2p,v)=m}
Moreover, if v is another weight which satisfies (2p,v) = m, the F, (%) vanishes since it lies
outside the support of .Z.
In conclusion, we have proved 5.0.8.

Q.E.D
Finally, we will need the following observation in the identifying the maximal torus of G later.

LEMMA 5.9. For dominant A € X,.(T) one has that dimF, (ICy) = 1. Moreover, for u¢g Conv(WA)n (A +
Q") (where Q" denotes the coroot lattice) one has F,(ICy) = 0.

Proof. The second statement is a restatement of a part of Proposition 4.2 above, but we restate it
nonetheless.
For the first statement, one has

FA(ICy) =H2PM (), i 1Cy) =H; ®PM (81, IC15,) (20, A)).

However, IC,|s, is just the constant sheaf on S} N Gr, twisted by {(2p, ). Thus via proper base change,
this hypercohomology is just the top compactly-supported cohomology of the smooth space Gry NS,
which is of course one dimensional, being smooth and connected.
Q.E.D
10



6. HYPERCOHOMOLOGY AS A FIBRE FUNCTOR

The goal in this section is to derive a commutative diagram of the form

H*(Gr,.Z%) @ H* (Gr,¥9) — H*(Gr,.Z ® 9)

zl l:

H*(Gr,¥) @ H* (Gr,.#) —— H*(G1,¥ ® ¥)
and establish H* (Gr, -) as a fibre functor. For this, we follow Achar [1] once again.

Let o denote the isomorphism of complexes A®" B — B®” A in the derived category of bounded
complexes of k-vector spaces. We recall that this involves the “supersymmetric sign convention" in
order to make the corresponding map at the level of complexes compatible with the differentials. This
translates to the following issue: upon taking the cohomology, the “commutativity constraint" does
not translate to the usual one in category or k-vector spaces. We will resolve this discrepancy in what

follows.
LEMMA 6.1. For .%,¥9 € Pervy+g(Gr, k), there is a natural isomorphism

¢:RI(F) oL RI(4) = RI(F +9), (6.0.1)

making RT : Pervy+(Gr, k) — Db (Vecty) a monoidal functor.
Furthermore, if we let ' denote the isomorphism RU(F *94) — RU(Y * .%) coming from the commu-
tativity of the convolution product, we obtain the commutative diagram below:

RI(F) el RT(@) —3 RI(F +¥)

o] Is

RT(¥) L RT (%) T> RT(Z x9)

Proof. We work with the BD-Grassmannian and interpret the perverse sheaves as .%,% € Saty:1 and

FxYGe SatAZ.
First, from the generalities concerning ULA sheaves recalled in section 22, we find that 7. (% *¥)

has constant cohomology sheaves. Now, we recall that if we work over a contractible base, as is A?,
for any object 7Z in the bounded derived category which has as local systems its cohomology sheaves,
there is a natural isomorphism

RU() — 7,

, for any point z in the base.
In our situation, we therefore obtain isomorphisms

RT(Z)®L RT(¥)[2] = RT(F X¥9)[2]

i’ TT % (g * g)(x.x)
= RT(F «9)[2].

Finally, for commutativity of 6.1, one observes that the isomorphisms at each stage above commute

with the maps swapg: : (x, y) — (, x) and its base change swapg, , : Graz — GIpz. Q.E.D
11



COROLLARY 6.2. For 7,9 € Pervy+c(Gr, k), we have an isomorphism
¢ =dzy:H (Gr,.F) oH* (Gr,¥) = H* (G1,.F D), (6.0.2)

making H* into a monoidal functor Pervy+(Gr, k) — Vecty, such that there is a commutative diagram

H* (Gr, ) oL H* (Gr.9) — H*(Gr,.7 +¥)

) Is

H*(Gr, %) L H* (Gr, %) T> H*(Gr,.Z «9)

To address the issue observed earlier, we modify the isomorphism f':.% « ¢ — 4 — .7 as follows.
We write .7 = .7, @ .7_ (likewise for ¢), where .%, is supported on the even dimensional L* G-orbits,
and .Z_ on the odd dimensional ones. We declare f: %, x4, — ¥, x.%. equal to ' except for F#_=94_,
in which case it is —f8. Now, we let 7 denote the usual isomorphism in the category of vector spaces,
Ve W =We®V. Using , we are able to rewrite the last corollary as using 7 instead of o, as follows.

H* (Gr,.7) L H* (Gr.9) —2 H*(Gr,.7 % 9)

| 1s

H*(Gr,¥) ®" H* (Gr, %) —5 WG 7 9
This proves the following theorem

THEOREM 6.3. H*(Gr,-) : Pervy+g(Gr, k) — Vecty is a fibre functor (i.e. an exact, faithful, symmetric
monoidal functor).

7. IDENTIFICATION OF THE DUAL GROUP FOLLOWING FARGUES-SCHOLZE [10] CHAPTER VI.10

By the theorem of Tannakian reconstruction, we obtain a group scheme G over Q; such that we have
an equivalence
S:(Satg, *) = (Repg, ®).

Our aim is to prove the following theorem.
THEOREM 7.1. G is a connected reductive group such that there exists an isomorphism G = G".

First, we observe that the G is of finite type. Indeed, let A;,...,1, be any finite set of cocharacters
which generate X, (T); as a monoid. Then any representation of G can be found as a direct summand
of a large tensor power of S(ICy,) ®...® S(ICy,), which is follows from the properties of Satg. Further,
there is clearly no subcategory of Satg, generated by a nontrivial object X (i.e. contains subquotients
of direct sums of X) which is stable under *. This shows that G must in fact be connected. Next, the
category Satg being semi-simple implies that G must in fact be reductive.

The Theorem is evidently true in the case G = T a torus. To proceed further, we will make use of the
constant term functors that we will define below.

7.1. The constant term functor. Let P c G be a parabolic subgroup and M its corresponding Levi
subgroup. In this section, we will work with not only with the categories Satg and Saty; but also with
Satg, x and Satps x where for simplicity we will assume that X is a smooth affine curve - we may assume
it is in fact A!. Since Levi subgroups exist for parabolics Zariski locally, we may assume that there is
also an inclusion M — P c G. This allows to view L* G-equivariant objects on Grg as L* M-equivariant
ones. We also define the correction function

degp : Gryr — mo(Grpg) =my (M) — Z
12



as the composite of the Kottwitz map followed by the pairing with (2pg —2p7, —).

Now, for an object of .7 € D?(Gry;, @;), we define .7 [degp] as follows. If .Z is supported on a single
component of Gry, say C, then .# [deg)] is defined to be the shift of .# by deg,(C). For general .#, we
extend this definition linearly.

Consider now the diagram

Gr M GrG

(Also, note that there is a similar diagram defined over X for the Beilinson-Drinfeld Grassmannians.)
Now we are ready to define

CTp: D?,UG(GrG’ Q) — D?,UM(GIM, Q1)

as CTp:= piq*[degp].
An immediate property of this functor is the following:

LEMMA 7.2. Suppose P'c P and Q=P'nM. Then CT, =CTpoCTp.

The next important property is that CTp is t-exact for the perverse t-structure. To see this, by Lemma
7.2 above, we reduce to the case of P = B, a Borel subgroup. In this case, the statement follows from
5.1, because Gry is discrete.

Next, we want to show that CTp is compatible with convolution. To that end, we remark that CTp
may be defined in an entirely analogous manner over X/, from Satg x1 — Saty, 1. ! Then, the compat-
ibility of convolution with the constant term functor follows from Theorem 2.2.

7.2. Back to the identification of GV. There is therefore the map TV — G, commuting with fibre func-
tors. We show further that this map is a closed embedding. This follows from the fact that every repre-
sentation of TV appears as a direct summand of some representation of G.

Moreover, this makes Ti\){z into a maximal torus of G. We observe that this maximal torus is the
stabiliser of the grading on the fibre functor F by cohomological degree. We may similarly define a
Borel subgroup of G as the stabiliser of the same filtration.

7.3. The case G = PGL,. We assume now that G = PGL,. Consider the miniscule cocharacter u: G;, —
G giving rise to the miniscule Schubert cell of Grg which is isomorphic to P!. However, the I-adic
cohomology of P! implies that

FUICy)=H'PHe H*P"H=Q,eQ(-1). (7.3.1)

By construction F(I Cu) arises from a representation of G— GL(@I ® @l(—l)). Next, it is clear that the
maximal torus acts with weights +1 and thus lands in SL(Q; ® Q;(—1)). The same is true for B which
preserving the grading, and likewise for B°PP which preserves the opposite grading - this shows that
the image of G — GL(Q; ® Q;(~1)) lands inside SL.

LEMMA 7.3. The induced map
G —SL@QreQ(-1) (7.3.2)
is an isomorphism.

The fact that 7.3.2 is an isomorphism over Q) is clear, because it is a rank 1 reductive group surjecting
onto SL,.

11t is not entirely clear to me how to deduce the ULA property - hopefully this can be fixed soon.
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7.4. Reduction to G of adjoint type. Let us denote by G, the adjoint group, i.e. G modulo its centre.
For instance, when G is reductive of rank 1, this would be PGL,.

In this subsection we assume that Theorem 7.1 holds for G,; and we deduce the same for G.

Of course, we have a map Grg — Grg,,, which is an isomorphism when restricted to connected
components of the former. There are also the two Kottwitz maps, Grg — 71(G) and Grg,, — 71(Gaq)
whose compatibility gives rise to a map Grg,, Xz,G,,)71(G). In terms of Tannakian group therefore,
we have the following conclusions. Let us denote by Z the split group of multiplicative type whose
character group is given by 7;(G). Then we have

G ~ é—a\d Xﬂl(Gad) 7 ~ G;/d Xﬂl(Gad) Z, (7.4.1)
which is precisely the description of GY; moreover the pinnings of G;’ ;4 induce pinnings of GY.

7.5. Arbitrary G of adjoint type. We now assume that G is an arbitrary semisimple group of adjoint
type. Let a denote any simple coroot, and M, its centraliser, the corresponding Levi subgroup. The
constant term factor CT : Satg — Satyy, gives rise to a map M, — G. The dual torus TV is contained
inside both M, and G, and it is such that the map M, — G respects these inclusions. In fact, this turns
a into a root of G. Indeed, the root group inside M, is not contained in any normal subgroup, whence
the map M, — G cannot kill the same. Thus we find that there is a root space in the Lie algebra of G
such that TV acts via a. Further, considering once again the inclusions TV — M, — G, we find that the
coroot a¥ : G, — TV gives rise to a coroot of G.

As a consequence, we obtain that ®(GY, TV) ®(G, TV) and that W c¢ W, where we denote by W the
Weyl group of G.

Now, to show that there is an isomorphism of G@l with GQ‘;’DI, we must show that the inclusion of
root systems above is in fact an equality. However, this is immediate upon studying the differences in
weights of the nonzero weight spaces in the highest weight representations.

8. THE RAMIFIED GEOMETRIC SATAKE EQUIVALENCE FOLLOWING ZHU [25]: THE SETUP

Our next goal is to derive the "ramified geometric Satake equivalence" following Zhu [25]. The set-
ting we work in is as follows. Let k be an algebraically closed field and F = k((?)). Let G be a reductive
group over F, which splits over F, a tamely ramified extension of F. Now, by Steinberg’s theorem, G is
quasi-split. Further, we know that in this case the centraliser of A, is a maximal torus T. We fix a choice
of BoT.

In what follows, we denote by H a split Chevalley group scheme with the same root data, which
we denote by (X,®, XY, ®V), as that of the G over F. We fix an isomorphism G ® F =~ H® F, where the
Galois action on the left corresponds to the following action on the right. Let I denote the Galois group
(which is some cyclic group) of the extension F/F. Then, there is a map v :T — Out H such that y e T
acts on H ® F by the automorphism (y) ®y.

We will frequently use the notation X, (7). This will denote the X. (T3) rather than the actual group
of co-characters of T over F. Consider the natural composition X, (A) — X, (T) — X.(T)r. This induces
an isomorphism R®7 X, (A) =R &z X, (T)r.

We make the following important definition:

Definition 8.1. We set
X*(T)F ={le X, (T)r|<d_1(/1),a) >0,Vaed*}.

Remark 8.2. It is not true that an element of X, (T){ always admits a lift to X, (7)*, as shown in Remark

2.7 of Achar-Lourenco-Richarz-Riche [3]. As explained therein, this seems to have been overlooked by

Zhu, in our primary reference [25]. The remedy is to first work with the adjoint group, before deducing

it for other groups. The claim is in fact true in the case of the adjoint group, thanks to the second part of

Lemma 2.6 of Achar-Lourengo-Richarz-Riche [3], which we reproduce below in the form we will utilise.
14



LEMMA 8.3. (1) The composite
X (D)} = Xo(Tp — Xu(T)r/ Wy,

where Wy = Ng(A)(F)/ T(F) denotes the finite Weyl group, is a bijection.
(2) The map
X (D" — Xo(T) - Xu(Dr
factors to give a map
X (D)™ = XL (T)F,

which is surjective when G*¢, where G** = G/ Z with Z = centre of G.

Next, we want to define when one has A < u for elements A, u € X, (T)r. In this direction, we first
have

LEMMA 8.4 (Lemma 2.5 of Achar-Lourenco-Richarz-Riche [3]). Consider the natural inclusion Z®" c
X.(T). Upon taking covariants, we continue to have an inclusion (Z®")r < X.(T)r.

Next, we observe that (Z®")r has a basis consisting of I'-orbits of simple coroots. Thus, we set A < u
if u—Ae@ZoV)r.

8.1. Some generalities on affine Grassmannians. In this section, we recall some generalities on affine
Grassmannians and “partial affine flag varieties". Some statements will be made in greater generality
of arbitrary parahoric subgroups, though our interest is ultimately in the case of special ones.

Recall that there is the Kottwitz homomorphism, constructed by Kottwitz, recalled in Pappas-
Rapoport [17]

K:T(F) = Xu(Dr
We denote by T(K); the kernel of the Kottwitz homomorphism. This kernel is nothing but the
bounded subgroup of T(F) which is the connected Néron model of T over k[[t]]. We denote by W
the Iwahori-Weyl group of G, given by N(K)/T(K);, and by W, the relative Weyl group over F, defined
as N(K)/T(K). As remarked in Pappas-Rapoport [17], there is thus the exact sequence
1-X.(Tr—-W—->W—1.

The choice of a special vertex gives rise to a splitting of the above sequence in the form W =X, (T)r
Wo.

For any subgroup A€ {G, S, T, N}, we write A, for the preimage of An G4, in the simply connected
cover of Gger. The affine Weyl group W, ¢r is the Iwahori Weyl group of the simply connected cover,
G, of the derived group. By the first paragraph of page 152 of Pappas-Rapoport [17], this is in fact a
Coxeter group. It is realised as so in the following manner: let C denote a chamber in the apartment of

(G, ) associated to an Iwahori subgroup. Then W, is the group generated by reflections in the walls
of the same. This realisations endows W s with a length function and a Bruhat order.

Definition 8.5. Let P be a parahoric subgroup of G, corresponding to a facet in the apartment of the
maximal split torus S. Then W is defined as the subgroup of W given by (N(K) N P)/ T (K);.

PROPOSITION 8.6 (Proposition 8.1 of Pappas-Rapoport [17]). There is a natural bijection
P\G(K)/P = WA\W/W?P.
Writing G(K) = P- N(K) - P, the map is given by
PnP—ne WhHAW/w?
This proposition provides the necessary context for the following definitions.

Definition 8.7. For P as above, we denote by Flp the flag variety associated to P, i.e. the object represent-
ing the fpqc sheaf “LG/P". Let w € WP\W /WP with representative n,, € N we define:
15



o The Schubert cell Y (w) associated to w to be the reduced subscheme
P-ny,cFlp.
o The Schubert variety X (w) associated to w is the reduced subscheme of the closure of Y (w).

8.1.1. The Demazure varieties. We fix an alcove C in the apartment corresponding to S, and let I denote
the corresponding Iwahori subgroup.

PROPOSITION 8.8. For w € Wysy, let w = s;, ...s;, denote a reduced decomposition. Then X(w) is defined
as the contracted product

Py xIpy xI..xIp; /1,
where the action of I is given by
(b, by) - (p1yeey pr) = (D1DY Y i paby . by pr by .

This is a smooth projective variety over k of dimension l[(w) =r.
There is a map X (w) — X (w) given by

(p1,--sPr)—p1-Pr;

this map is moreover a desingularisation of X(w).

Proof. Most of this is Pappas-Rapoport [17], Proposition 8.8. To see that this map is well defined, we
use the axiom of Tits systems:

BsBUBwB c BswaB,

when w < sw.
To see that this map is birational, we restrict to the open locus Is;, I x!--- x! Is; I, where this map is
bijective. Q.E.D

It is now a consequence of Proposition 8.8 that when v is a special facet as above,

COROLLARY 8.9. The orbits of Fl, are parametrised by X.(T){.. The dimension of the orbit corresponding
tofie X, (T)lf is 2p, 1), and the complement of the Schubert cell Y (i) in X (1) is the union of Schubert
varieties X (') for i’ < fi.

(To make sense of (2p, i) we observe that the choice of I'-action, preserving a pinning, ensures that
the map X, (T) — Z descends to a map X.(T)r — Z.)

8.2. The Satake category. Let P, denote the parahoric subgroup of LG associated to the special facet
v. For the right action of P, on the flag variety Fl, = LG/ P, as above, we may consider the category of
equivariant perverse sheaves Sat, := Pervp, (Fl,, Q). The first step towards understanding this category
is the following lemma.

LEMMA 8.10. Sat, is semi-simple.

Proof. Once one obtains that the fibres of the affine Demazure resolutions are paved by affine spaces,
the proof is the same as the one in the classical case. That the fibres of the affine Demazure resolutions
admit pavings by affine spaces is proved in section 3.1. Q.E.D

With these preliminaries in place, our goal is to prove Theorem 12.3 below. For the sequel, we will
need to consider Grassmannians over A! of the Beilinson-Drinfeld kind. For that, we will construct
a group scheme ¥ over A! satisfying certain properties. This is the task of the next section. Also,
some statements hold more generally in the case of arbitrary parahoric subgroups, rather than just
the special ones. Wherever, possible we will try to make these statements in this generality before
interpreting them in our setting of special parahorics.
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9. CONSTRUCTION OF THE GROUP SCHEME % AND THE G;,-ACTION

We write, as in Zhu [26], C — C for the map [e] : A! — A! given by u — u®. The respective origins
are denoted 0 and 0, and the complements C° and C°. The Galois group of this covering, which is
the cyclic group of order e is denoted I'. Let (H, Ty, By, X) denote a split Chevalley group scheme, as
above.

Suppose we are given some facet oy of the apartment corresponding to the pair (G, A). Let us de-
note by ¥,, denote the Bruhat-Tits group scheme whose valued points gives the parahoric group cor-
responding to the fact oy. The goal is to construct on C a group scheme ¢ which satisfies the following
properties as in Zhu:

(1) %,, where 7 is the generic point of C, splits over a tamely ramified extension.
(2) If Fy is the fraction field of the completion of the local ring at 0, we have an isomorphism ¥ |, =~

G.
(3) For y # 0, one has that E%y ~ H x é’y.
(4) gﬁo = go'y-

We let T act on H x C via diagram automorphisms on the first factor, and dilation on the latter. Next,
Zhu defines
%o :=Resgo;co(Hx C).
Then one may glue, using Bosch-Liitkebohmert-Raynaud [6] ¢ with the integral model ¥, as we
find that over the fraction field Fj of the strict henselization of 0, 4| and ¥%,;, are isomorphic.

Now we construct a subgroup-scheme .7 as the identity component of
T =Resg (T x O

It is not too hard to see that .7 embeds into . Indeed, as we shall see below, the group ¢ itself may
be realised as some Resg, -7, where 7 is an appropriately chosen integral model of H on C. On the
other hand, one knows that Ty is a maximal torus of such an integral model .7# by the work Bruhat-Tits
(8].

LEMMA 9.1. There exists a parahoric group scheme G over C, equivariant with respect to the action of T
such that

9 = (Resg,c G)'.

Proof. Consider the embedding of the apartment A(G,S) into A(H, Ty). For x € o, the facet that we
started with, a parahoric subgroup &, of H® F is determined. We show that the connected component
of (Resélch)r is isomorphic to ¢. First, the subgroup of invariants under the I'-action is smooth by
a result of Edixhoven. Next, the subgroup of valued points is given by Sfx(ﬁ )Y, which is precisely the
stabiliser of x inside G(F). This finishes the proof.

Q.E.D

9.1. The global Schubert variety. First, one would want to describe a global section of the the
Beilinson-Drinfeld Grassmannian Gr¢ — C, whose orbit closure will be the corresponding global Schu-
bert variety. This will be possible upon pulling back to C. However, we first need to the following
proposition:

PROPOSITION 9.2 (Zhu [25] Proposition 3.4). For each u € X, (7;,;) we have a section
su:C— LT xcC.
satisfying the following property. For each y € C(k) with y = [e]l(7), we have that the image of su(y) €

L7y(k) = Tz, (Fy) under the Kottwitz map Jr,(Fy) — X, (%)Ga](pjj/py) coincides with the projection of u

10 X+ (Tp)Gal(Fy/ Fy)-
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For the construction of the Kottwitz map, we refer to Pappas-Rapoport [17]. For a shortcut using a
result of Richarz, we refer to Remark 9.3

Proof. We are required to exhibit an element of Hom(C, L.7) satisfying certain properties. We start
by constructing an element of Hom(C, LY) and then show that the element in fact factors through
L7 . We unravel what it means to be an element of Hom(C, L.7). Indeed, writing I for the graph of
le] : C — C, T for the completion along the same, and I'° =T —T,, one has

Hom¢(C,L9) =Homc(1°,.7) =Homc (% xc C, Ti)" .

As in Zhu, we write u for the local coordinate on u on C and v for the same on C. In these coordi-
nates, the map on coordinate rings is given by v — u°®. Then Cx C is simply the affine space Spec k[u, v],
and the graph is cut out by the equation v = u®. As a result, we find that

19 = Speck[ul (v — u®)).
These considerations allow us to express the coordinate ring of C x I'* as
klul((v — uf)) @k klual,

where k[u] is viewed as a k[v]-algebra via the map v — u3. Moreover, the Galois action is such that it
multiplies the second factor by a primitive e-th root of unity.

First, we consider the situation where T = G,,. Giving an element of Hom¢ (I'* x¢ C, Ty)' is equiva-
lent to giving an invertible element of k[u;]((v — uf)) ®i(y) kluz], invariant under the Galois action. As
motivation, v — u{ would provide such an element. In general, we observe that v — u{ is the norm of
the element

x=1®u—u;®1,
from the factorisation
e—1
w-udel=lev-uel=>10u)’-wel)’=[[Eeu-uel).
i=0

In the general case therefore, we are motivated to define the s, : [0 xcC — Ty as follows. Let

wy,...,w, denote a basis of X*(Ty), and y a generator of I'. Then s, is the section satisfying

e—1 .
wj(sp) = [Ty - bred,
i=0
We want to check next that the map ['* — .7 lands in the neutral component of the same. Outside the
origin 0, this is clear. At the origin, one has that u; = 0. Consider the composition of the section with
the adjunction map to Ty. At the origin, this gives rise to a map [y — TIS. It suffices to show that
this lands in the identity component of the latter. For this, upon evaluating the expression for s, at the
origin, we find that it is simply the composite:

80 W LY M T
0 &G, =25 7T

The latter map being a co-character lands in the identity component of T',, whence we are done.

It remains to remark on the relation of s, and the Kottwitz map. First, let us consider the expression
of w;(sy) for y # 0. The total power of a uniformiser appearing in it is clearly (4, ;), whence the claim
is clear.

On the other hand, at the origin, we review the construction of an element 7, € T(k((¢))) whose
image under the Kottwitz map is ¢ upon projecting to X, (T)r. We first go to an extension k((s)) where
the torus T splits. Let 1, € T'(k((¢))) be an element which is the norm of the element fi(s) € Ty(()). Now,
it is clear by construction that s, at y = 0 is also the norm of an element which is of the form fi(c.s), for
some c € k. This finishes the proof.

Q.E.D
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Viewing this as a section to Gry, we may consider the closure of the L*%-orbit therein. We define
this to be the global Schubert variety. Let us denote for now the global Schubert variety corresponding
to pe X« ()" by M,,. First and foremorest, we observe that it is flat, being the schematic closure over a
DVR. In particular, it has equi-dimensional fibres.

Remark 9.3. In the above construction, we have used a local coordinate to define the section s,. Zhu
in [26] shows that it is not too hard to see that the image of the section in éf; does not change. Al-
ternatively, Richarz in [20] has shown that éi‘{; is ind-proper. This shows that any generic section - this
would be the one giving corresponding to “z," - extends to all of C, and does so uniquely.

The case where oy = v, the special facet is of course, of special interest. In this case, the last state-
ment of Proposition 9.2 implies that the image of the section s, lands in Fl, 5, where {i denotes the
image of p in X, (T);.

In this situation we in fact have the following description of the closed fibre over the global Schubert
variety, which in general has a more complicated description due to Richarz [20] and [21].

LEMMA 9.4. For oy = v, the special vertex, we have that M|y (i.e. the fibre of the global Schubert variety
M,, over the origin) is isomorphic to the Schubert variety Fl, <5 in Fl,.

Proof. In this case, we have seen that the Satake category Sat, is semisimple. Applying the compatibil-
ity of nearby cycles with proper pushforward to the map Gry — C, we find that

HY(Grp, <y, ICy) = HY(Fl,, Z(ICy)),
where d = dimGrp <, = dimFl, <z = (2p, u). Since the former is one-dimensional, so is the latter. Now
writing Z(IC,) as a direct sum of IC-sheaves as we may, by the semi-simplicity of Sat,, we find that
Z(ICy) has only a single summand of the form I Cy with d = 2p, 'y = dimFlyysﬂr. Now, Lemma 9.5
below shows that Fl, <; already lies in the fibre Mo, so its must be the only maximal dimensional

irreducible component. Now flatness shows that M, is equi-dimensional. This ensures that there are
no lower dimensinal irreducible components, and we are done. Q.E.D

LEMMA 9.5. For 1€ X, (T)" as above, if j denotes the inclusion of Fl, <z in Fl,, then one has j* Z(IC,) =
Qi1(2p, 1.

Proof. By compatibility of nearby cycles with smooth pullback, we may restrict to the smooth open

. Do ——BD . . .
part of the global Schubert variety, which is the L*G "~ -orbit of the section s,. Here, the statement is
clear. Q.E.D

9.2. Construction of the G,,-action action on ﬁg, e
LEMMA 9.6. There is a G,,-action on Y — C compatible with the dilation on C.

Proof. We recall that we have constructed a group scheme G on C satisfying the following properties:
« Glgo = Hx C.
. 9| 4, is a parahoric group scheme for H ® Fy, corresponding to x € A(H, Tx)'.
o ¥ is the identity component of (Resg, o G)YL.

Thus, it suffices to show that there is a G,,-action on G, compatible with dilation on C as well as the
action of T. To begin with, there is a natural action of G,, on H x C% acting by scaling on the second
factor. We show that this action extends uniquely extends to all of C. Uniqueness takes care of the T
action.

Let m : G, x C — C be the action map, and p the projection. We wish to show that there is an
isomorphism of group schemes p*G ~ m*G. The partial action described above gives us

C: m*G|GmXC~0 = p*G|GmXC~0.
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Uniqueness of the extension of ¢ follows from flatness of G and the fact that it is constrained to coincide
with the above over C°.
As remarked by Zhu, we need to prove that the induced map on coordinate rings

¢ O clu™ 1= Opclu™]
takes 0. to 0,.;. We check this isomorphism at every closed point of G, x {0}. To that end let
r € G, (k). We show that there is an extension to r of the isomorphism on C?, i.e. we construct an iso-
morphism r*G = G. To do this, we use the property of Bruhat-Tits 1.7.6 to show that the map induced
by G(Fy) — G(Fy) takes G(Oy) to G(Oy). Consider the root subgroups of LG constructed in Pappas-
Rapoport [17] and Faltings [9]. By their very definition, it is clear that they are left invariant under the
scaling action ¢ — r.t (where ¢ is the local variable for the disc around 0). Therefore, the G,;-action

does not change the parahoric subgroup of H we are dealing with and this finishes the proof.
Q.E.D

Now, we work with the pullback Gry of Gry to C — C. Equipped with the G,,-action on ¢, we are
able to describe the sought G,;-action on Gry

10. THE SUBGROUP OF FIXED POINTS (HV)I

The theorem we prove in this section is a consequence of Haines [13], but our proof follows that of
Richarz [20].

We place ourselves in the following more abstract setting: let I be a finite group whose order is
coprime to that of the characteristic of k, our base field. Let H be a connected reductive group over k
endowed with a pinning (H, B, T, X). The group [ is allowed to act on H via automorphisms which fix
this pinning. Thus, in our case, I =T and H is really H".

THEOREM 10.1 (Haines[13], Richarz [20], Prasad-Yu [18], Steinberg [22]). In the above setting, the group
of fixed points under the action, H', is a (possibly disconnected) reductive group. Moreover, we have:

(1) ("', B0, 710 X) is a pinning;

(2) There is a bijection between the connected components of T' and H'.

Proof. (1) First, it follows from Prasad-Yu [18] that H'? is a reductive group. Next, we show that
B!0 is a Borel subgroup of H'?. Indeed, consider first the quotient H!/B!. It is easy to see that
there is an embedding

H'/B'— (H/B),
whence H!/B! is projective. On the other hand, HLO B0 . HI/B! is at most finite onto its
image, whence H L0, glLo jg proper, and it follows that B0 is a Borel subgroup (since it is clearly
connected and solvable).

Now let U denote the unipotent radical of B. We show below that U’ is connected - let us
assume this statement for the moment. Writing B = T x U, one finds that Bl =TI x U!. The
aforementioned connectedness of U! ensures that B/? = 79 % U!. We conclude from this that
719 is a maximal torus of H'°.

We return to the matter of the connectedness of U!. Factoring the root system of H as a
product of irreducible root systems, we reduce to the case where this root system of H is itself
irreducible. Since we have assumed that the action of I preserves a pinning, it also preserves the
corresponding choice of base of the associated root datum. First, let us analyse the orbits of the
action of the group I. We assume that it is a subgroup of the group of diagram automorphisms
of H. The latter group is one of Z/2,Z/3 or S3. In the last case, which is precisely the case of
Dy, the orbits of the action are the same as that of the action of the Z/3 subgroup of S3. Thus,
we assume [ is cyclic and generated by o. Following Steinberg [22], denote by S, for a positive
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root a, the set of positive roots whose projection into g’ are proportional to that of a. Studying
each case separately, we find that the only possibilities are the following:
e S, = orbit of @. Moreover, no two elements of S, sum to another root. This implies that
Up, Uy commute for B,y € Sg.
e S¢ ={a,0a, B =a+oaj}. This case map hold only in type Ayj,.
Once again, analysing each case shows that the set {a, o a} is part of an irreducible root subsys-
tem fixed by o.

Recall that there is an isomorphism of schemes
H U(Z - U)

where the positive roots @ may be taken in any order, a priori. However, we choose the follow-
ing order. Consider the collection of sets (taken without multiplicity) {Sq}q is a positive root- Let
us order the sets Sy, ..., Sg arbitrarily. Within each S;, we order the roots arbitrarily, except that
when S; = {a,0a, = a + oa}, we ensure that § appears last. This decomposition shows the
following. Let U lI be the subscheme of U’ consisting of elements of the form [] xp, where f € S;
and xg € Ug, and ordered as above. Then U'=T] Ul.I.

The final claim is that each U lI is connected. This argument is once again as in Steinberg
[22]. Suppose S; is the orbit of a single root a. Writing x € U; as

x=Xg (ko) Xga(kga) -+,

and using the fact that each U,:, and U,;, commute, we find that x € UZ.I if and only if each
kyiq are equal. Thus, Ul.l =~ G, via k — ]_[ﬁ€ s; xﬁ(k). In the latter case, following Steinberg, we
adjust the homomorphism so that we have the commutator relation

(X (Kk), Xou (D] = xﬁ(kl)

Once again in this case we find that UiI = G, given by k — x4(0)xsq(0)xg(k). This finishes the
proof.

(2) For this proof, we follow Richarz [20]. Let U_ denote the unipotent radical of the Borel subgroup
B_ opposite to B, and B_ = T x U_. It suffices to show

UlxT!xu! - H! (10.0.1)

is an open dense immersion. Open-ness is clear. For the rest, we have that we have the natural
map N' — W' is a surjection, where W is the Weyl group of H and N is the normaliser of T in
H.

Now, for each element w € W, we pick a lift n,, € N. In case w € W/, by the foregoing, we pick
nyeN!. Let Uy, =Un n;} U_ny. The Bruhat decomposition allows us to write each element
of x € H uniquely as un,, b, for some we W, ue U, and b € B. Moreover, if x € H', then in fact
each of ny, u, b are I-invariant by the above. In other words,

' =[] ULn,B".
wew!
Let wy denote the longest element in W. It is clearly I-invariant. Thus, firstly Uy, = U and
must therefore be the largest among all the double cosets, in terms of dimension, and likewise
for the I-invariants U}, . In particular this means U, n,,B’ is dense in H'. However, U}, n,,B’

2As far as I can tell, making the following distinction on the basis of “proportional projections to g’" is perhaps not the right
perspective, at least for this part of the proof. Rather, it seems to me to be the following:

» Orbits of roots are such that no two members of the same orbit add to another root.

o The other case, which happens only in the Ap;, as described above.
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is isomorphic to U! x T! x U! whence they have the same number of connected components.
The former being dense and the latter open, we conclude the density of the latter as well.
Q.E.D

Let Q. denote the positive elements of the root lattice inside X*(T). We will describe the represen-
tations of H' in terms of X*(T);, so we denote by (Qr)+ the projection to Q; to the same. We write for
weights g, A€ X*(T);,u< A, when 1 — e (Qp)+.

LEMMA 10.2. Suppose H and I are as above. Assume further that our base field k is algebraically closed.
Then, the irreducible representations of H' are given precisely by the highest weight representations A €
X*(Th ., where the multiplicity of the highest weight is 1.

Proof. We denote by Hy the connected component of H'. By the foregoing, this is a connected re-
ductive group. Thus by Jantzen [15], its irreducible representations are indexed by the highest weights
peXx* (T?)+. Let us call these representations W),. Our first claim is that if there exists any irreducible
representation V, of H I of highest weight y, it must appear as a direct summand of Indg0 Wy. Indeed,
consider the restriction of V,, to Hy. Clearly it has a direct summand of the form Wj. Now, by Frobenius
reciprocity, we obtain
HomHz(Vu,Indg; Wﬂ) = Hom g, (Res V,J, W,J) #0,

whence the claim follows.

Our next claim is that there is a representation of H! whose restriction to Hj is Wy. Consider once

again
mdl W= @ o W
UEH’/HO
The diagonal subset {(0 - V)ge 1) g, |V € Wy} clearly fits the bill. We call this H I_representation W.

Now, any T!/T, representation may be viewed as an H' representation via the sequence of maps
H' — H'/Hy = T'/Ty. The representations of T/ Ty, on the other hand are precisely its characters,
being an abelian group, and these characters are |T!/T,| in number. Let y be one such character,
viewed as an H'-representation. We claim that

mdl W= @  xew.
XEX* (T Ty)
Indeed, Frobenius reciprocity, as we have already applied once above, shows that each term on the
right is indeed a direct summand at least. Dimension considerations show that these are in fact all.
Further, among the representations y ® W, it is also clear that precisely one of them realises the T7-
weight p. Thus, combining all the observations above, the lemma is proved. Q.E.D

11. THE CENTRAL FUNCTOR Z

11.1. Useful notation. In most of this section, we follow Achar-Riche [2]. Moreover, their notation is
rather convenient and we adopt the same. In the present subsection, we provide the definitions.

We define the set of symbols as the set . := {®,0,y, yu0}. We will use y to denote an R-point of
C, for k-algebras R. T. Likewise, I'g is used to denote the graph {0} x SpecR. Completions along
these closed subsets are denoted using a “hat", for instance, the completion along I, is written fy. We
denote by F(} the complement fy —Ty, and so for 0. For a sequence S of symbols Si,...,S, € ., we
make the following definition

Definition 11.1. Gry(Sy,...,Sy) is defined as the functor which assign to a k-algebra R, the set (up to
isomorphism classes) of data (y,41,...,én, B1,.-., Bn), Where

* yeC(R);
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o & are9g bundles on T, UTy;

o f3; are isomorphisms &;_1 — &; on ng, where

I, UTo-To, ifSi=0
m_ryr ifSi=y
ITU\FO—FOUFy, ifgizyug
I—TU\FO, ifSi=9 -

~0
I's, =

Simply via composition, we obtain maps
GI‘%(SIN -~)S}‘l) - Grg(S], -~-rSi U Si+1)~ -~rSn))
where S; U S; is defined in the obvious way.

11.2. The functor Z. We start by considering the group scheme ¢ that has been constructed over the
curve C. At the origin 0, we have that the restriction of ¢ to Spec 0, is the Bruhat-Tits group scheme
associated to the facet oy say. We denote by P c G(K) the associated parahoric subgroup.

In what follows, we consider, for a sequence S = (Sy,...,S;) of sets of symbols 0, y, the Grassman-

nians Gre(Sy,...,Sy). Its fibre over the origin 0 is given by a certain LG x --- x” LG x? Flp, where the
number factors is governed by the sequence S and Flp denotes the flag variety “G(K)/P". As observed
by Zhu [26], it is more convenient to work with the pullback of Grg (S) to C, which we denote by @(S).
Outisde the origin, since the covering C — C is étale, we have that Gry(S) is simply Gry xC° - the Ga-
lois action is such that I' acts on the first factor via the map I' — = into the diagram automorphisms
of H, while on the latter it is the obvious one. At 0, the fibre is the same as over 0, namely the twisted
product LG x* --- x? LG x P Flp.

As in Achar-Riche, we may consider the nearby cycles functor

Ws: DY (Gry(S)lco, Q) — DH(LG x” - xP LG xP Flp, Q).

L*%BD
Consideration on the interaction of nearby cycles with monodromy are made in the following sec-
tion.
We recall that we have defined, for i < j the proper maps y; j : Gr¢(Sy,...,Sn) — Grg(Sy,...,S; U
Si+1U...US;},Sj+1,...,Sp). For us, the key point is the following incarnation of the compatibility of ¥
with proper pushforward:

(i, j)ox 0¥ (sy,...8) = ¥ (s),..,8:U..US,...S0) © Hi, jl o -
Similarly, the compatibility of ¥ with smooth pullback is utilised in the following lemma, to which

we will appeal several times.

LEMMA 11.2 (Achar-Riche [2] Lemma 2.4.2). Let S’ and S” be sequences as above and S =S uS". Sup-

pose we have F € D’ (Gry(S),Q;) and 4 € D (Gry (S"), Q). Then, setting S =S US" we
L+gBD|C0 L+gBD|CO

have an isomorphism of functors

Y(FRY) = Vg (F)XW¥ s (D).
Proof. The argument that follows is not entirely rigorous, but after presenting the same we comment
on how to tweak the notation to recover a proof.

One knows that construction of nearby cycles commutes with formation of external tensor product.
This gives us an isomorphism

— P a ~aL ~ o o L o
\PGr(g(S’)xcGrg(S”)(J X*9) ~ \IjGr(g(S’) (AKX \IjGrg(S”) (9).
However, one has a L42P-principal bundle

Gry (8') ¢ Gry (8") — Gry () x K7™ Gy (8") = Gry (),
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and an analogous one upon pulling back to C. Thus the result follows from the compatibility of nearby
cycles with smooth pullback.

The aforementioned compatibilities are indeed satisfied when we honest finite type schemes. To
that end, let m be such that the support of ¢ is contained in Grg/|co is contained in (Grg) ,|co. Let ji,
be an integer such that the action of L*%5P factors through Ly 9 BD Recall we have also constructed

an L} ¢ BD principal bundle Grip”‘ (S") — Gry(S). We denote by Grfjé" (S")m the pre-image of Gre (S') .
We replace . by its pullback to Grgjg’" (S, Gre/(S) with Grg;” (8", Grey (S") with Gry (S"),,, and L*¥¢BP
with LT &P, Q.E.D

Combining the above, one obtains

LEMMA 11.3. Let S; and S, be single sets of symbols. Then, for % € D (Grg(S1) and 4 €

b
L+gBD
D?*%BD (Grg(S2)), then there is a natural isomorphism

5,08, (F x09) = Vs, (F) " Vs, (&)
in D5 (Grg (S1 U S2)o).

Remark 11.4. Similar statements hold when .% € Df (Grg(S1)) removing equivariance in the final de-
rived category appearing above.

We are now in a position to define the important functor Z:

Definition 11.5. We define
Z: DL y(Gry, Q) — D (Flp, Q)
given by the assignment

%»—»‘I’X(%ﬁL@Co[l]).

Since the nearby cycles functor W is t-exact (as is smooth pullback upon twisting) for the perverse
t-structure, we may interpret the functor as one of Pervy+ g (Grg, Q;) — Pervp (Flp, Q)).

12. PROOF OF THE RAMIFIED SATAKE

First, we will show that Z is monoidal with respect to convolution. In other words, we will show that
the following holds

Z(ot «X 1 )~ 7(o0) +F Z2(B). (12.0.1)

Next, we will show that Z is a central functor in the sense of Bezrukavnikov. We recall that a
monoidal functor F: (¢, ®) — (2, ®) is said to be central if the following properties are satisfied

(1) There is a functorial isomorphism F(X)® Y =Y ® F(X), for Xe¥,Y € &;
(2) Property 1. For X € ¢ and Y, Y’ € &, the following diagram commutes:

FX)eY®Y —> Y®F(X)®Y'

~ |

YoV ®F(X)

where each arrow is the one arising in the previous point.
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(3) Property 2. For X, X' € ¢ and Y € &, we have a commutative diagram of the form:

FX)eF(X"®Y > F(X)® Y ® F(X') > YO F(X)® F(X')

\ /

FXeoX)eY > Y F(X®X')

(4) Property 3. For X, X' € €, there is the following commutative diagram:

FX)® F(X') — F(X"® F(X)

! !

FXeX) —— F(X'®X)

These axioms are checked for Z in the section 14.

Next, once one has that Z : Saty — Sat, is a monoidal functor, recalling from classical geomet-
ric Satake that the first category Saty is equivalent to Repyv, an application of Proposition 1 of
Bezrukavnikov [5] (the following statement is almost a restatement in our situation) gives us:

PROPOSITION 12.1. First, there is an algebraic group G = H" such that there is equivalence of categories
S:Sat, — Repg

for which So Z is isomorphic to the restriction functor Resg ‘.

We are in fact able to make this more precise. Consider the action of the Galois group I' on C/};E;Iq;m
(here and elsewhere whenever it is clear from context, G;, will be used to denote the complement of
the origin in Al).

Before proceeding further, let us recall that there is a Galois action on HV, via pinned automor-
phisms, as explained in Section 7. For each y € I' the action of y on Gry induces an isomorphism
Y : Saty — Saty. Taken together, this induces an action of I' on Saty by tensor automorphisms. This
in turn induces an action of I on H", preserving the pinning from 7, as explained therein.

On the other hand, we have the following result, Lemma 4.5 from Zhu [25]

LEMMA 12.2. For f: Hy — H; a homomorphism of algebraic groups and w/ the induced tensor functor
from Repy, — Repy,. Suppose I < Aut(H;) acts on Rep(H;) via tensor automorphisms - fory € I, we

write oY for the corresponding tensor automorphism. Moreover, suppose w! ow? = w/, then f factors
through Hl < H;.

We apply this in our setting to the inclusion G < HY, and the action of T, to obtain that G < (H")T.
Next, semisimplicity of the Satake category shows that G must have identity component reductive.
Thus to show that equality G = (HY)! holds, it suffices to show that restriction induces an isomor-
phism on representation rings. Indeed, for any proper inclusion of algebraic groups, we may find a
representation of the larger one where the smaller is realised as the stabiliser of a line, by a theorem
of Chevalley. Taking the subspace generated by this line, we may assume, when the larger group is
reductive, that the representation is irreducible, whence we see that restriction cannot induce an iso-
morphism on representation rings.

We will actually take this approach to proving the equality G = (HY)" only when G = G*?, where
G% = G/ Z(G), as usual. The general case will be deduced from this by general considerations.

First, we observe that irreducible representations of both groups are indexed by X, (T)lf. Let [V}]

and [W,] denote the corresponding objects in the Grothendieck groups of G and (HY)! respectively.
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We will show inductively that

Resglv)r[W#] =Vl + Y. cuw [Vl (12.0.2)
W<p

For this, let us denote by [ a lift of u to X, (T){, which is possible because we are working in the case
G = G Also, we denote by Uy (rather than Uy, to lighten notation) the irreducible representation
of HY of highest weight fi. We will study the restriction of U, to each of G and (HY)'. Studying the
TV-weight spaces of Uy, it is clear that the latter restriction is of the form [W] + Zu’<u Ay [(Wyl. For
the moment, let us grant that the former restriction, i.e. to G, is of the form Vil + X p<p epp Wy, As
restriction to G from HV is the composition of first restricting to (H T followed by further restriction
to G, we are able to derive an equation for Res(éqv)F [W,]. By the induction hypothesis for ' < p (and
that the corresponding analogues of 12.0.2 hold), we are able to deduce that 12.0.2 holds for u too.

It remains to remark how 12.0.2 proves that Res induces an isomorphism on Grothendieck rings
of (HY)! and G. Indeed, the equation 12.0.2 shows that the matrix giving the map on the respective
Grothendieck rings is “strictly upper triangular” with respect to the bases both indexed by X. (T){. It is
easy to see that these matrices are invertible whence we are done.

We now prove the fact taken for granted above, namely Resgv (Ul = [Vl + zu’<u[vﬂ’]' For this we
resort to the geometric setting. Under the geometric Satake equivalence for the split group H, the
irreducible representation U, for H" corresponds to ICz. By Lemma 9.5 we find that in Z(ICp) the
irreducible object IC, of Sat, appears with multiplicity 1. Moreover, since the closed fibre, by 9.4, is
irreducible and equal to the Schubert variety corresponding to the weight u € X, (T){, we find that the
other summands appearing are of the form IC,s with ' < u. Here we also use the compatibility of
nearby cycles with proper pushforward, to first compute the nearby cycle on global Schubert variety
corresponding to i before pushing forward to the entirety of Fl,,.

Finally, we prove the statement for general G. Our approach is modelled on that of Achar-Lourenco-
Richarz-Riche [3]. Let us denote by Sat!, the Satake category for G*¢ with respect to the image of
v in the corresponding Bruhat-Tits building. The Kottwitz homomorphism Grgw — nl(G“d)r en-
dows Sat’ with a 7;(G%)-grading. Thus, we have a map from D(r;(G*@)r) (the diagonal group
with group of characters 7, (G*Y)r) to G = (H“d)F . On the other hand, one has an isomorphism
Grg = Grgaa xnl(Gad)FT[](Gud)r. Thus, objects of Sat, are objects of Sat, with the D(rr;(G%)r)-grading
extended to a D(m; (G)r)-grading. This realises the Tannakian group G as the twisted product

D@1 (G)p) x PG Or (pradyy.

Identifying Z((H V) = 71, (G)r (and likewise for the adjoint group) we find that the above group is iso-
morphic to (HY)' due to Proposition 6.8 of Achar-Lourenco-Richarz-Riche [4]. 3

THEOREM 12.3. The category Sat, has the natural structure of a tensory category. Further, there is an
equivalence of category

S: (Saty, *™) = (Rep sy, ®),
such that the following diagram commutes.

(Saty, «L"H) —Z—3 (Sat,, *)

! Is

(RepH; ®) R—es> (Rep(HV)r, ®)

(The arrow on the left is the one arising from the geometric Satake equivalence for split groups already
dealt with.)

3The proof of this is perhaps not too difficult, but I have not worked out the details yet.
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13. MONODROMIC SHEAVES AND TRIVIALITY OF THE MONODROMY OPERATOR

For the setup of monodromic sheaves, we follow Achar-Riche [2] and Verdier [23]. Let G, act on a
scheme Y. For each y € Y, let us denote by #;, the orbit map G,, — Y given by s — s.y. Now, we say
that an honest constructible sheaf .7 on Y is monodromic if its pullback via ¢, for each ye Y is a
tame local system on G,,. Further, .% € Dﬁ’ (X, k) is said to be monodromic, if each cohomology sheaf
1 (F) is monodromic, for every i.

Verdier in [23] constructs a canonical map

pz P (Gyy) — Aut 7.

The situation in which we will use this is the following. Suppose f: X — Al is a scheme over A!
endowed with an action of G,, which makes f equivariant for this action (where G,, acts on A! by
scaling). Let X* denote f‘l(A1 —1{0}).

PROPOSITION 13.1. Suppose we have .7 € Pervg,, (X*, k). Then the perverse sheaf ¥ () on X, is mon-
odromic.

Further, the action of the Galois group T = Gal(K/K) factors through one of n?™¢(Gy,). This latter
action is given by a — [Ly ;(7) (a™1).

PROPOSITION 13.2.

These statements carry over to the setting where we deal with ind-schemes, but sheaves with finite
dimensional support.

Indeed, let us recall our setting. We have constructed a group scheme ¥ — Al and we wish to
consider the affine Grassmannian associated to it Gry — Al. Let (Tn} denote the pullback of Gry to A!
via the map e: A! — Al. There is a natural action of G, on Grg such that the structure map Gry — Al
is equivariant with respect to the scaling action on A!. Pulling back via e generically splits ¢, so that we
have an isomorphism Gry = Gry x(A! —{0}). On the other hand, restricting to the origin, we have that
G?(;fl() =~ Fl,. Moreover, the restriction of the G, action to Fl, coincides with the action of the rotation
torus.

PROPOSITION 13.3. The monodromy of Z(F) is zero.

Proof. We have that .# X Q;[1] is G,, equivariant, whence Z(.%) = ¥(% X Q,[1]) is monodromic. How-
ever, it is even G,,-equivariant. Indeed, by semisimplicity of Sat,, one has that Z(.%) is the direct sum
of certain IC sheaves on Fl,. These IC sheaves are equivariant with respect to the action of the rota-
tional torus. This action, as remarked above is the restriction of the global G, action to the fibre over
the origin. As a result, we conclude that the monodromic perverse sheaf Z(.#) is indeed equivariant.
However, this precisely means that the monodromy of is trivial by 13.2. Q.E.D

PROPOSITION 13.4. Suppose i denotes the inclusion of the closed fibre Gry|y — Gry and j the comple-
mentary open embedding. We have then a canonical isomorphism

Z(F)=i*ju (FRQ).

Proof. We have the exact sequence

1-monodromy

i*j (FRQ]) — Y(FXQ; 1)) Y(ZFRQ1]) —.

The second map above vanishes by the foregoing. Taking perverse cohomology of the above, we find
that the corresponding terms for .# X Q; vanish outside degrees 0 and 1, and in these two places, they
are both isomorphic to Z(.%). However, P #°(i* j,.# XQ;[1]) = i* j1. (% X Q;), whence we are done.
Q.E.D
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14. BRAIDING COMPATIBILITIES
14.1. The associativity constraint. As before, we consider the diagram

Flp X Flp X Flp

— T

FleFlp XPFlp Flp XPFIPXFIP

\ /

Flp XPFlp XPFlp

where the maps in question are surjective smooth maps (LP-bundles in fact). Thus, the fact that
pulling back (& * B) * € and <7 * (# =€) to Flp x Flp x Flp gives the identity o/ K. Z X ¢ translates to
the fact that the two sheaves were canonically isomorphic to begin with.

In what follows, as in Achar-Riche [2], we use a to denote the commutativity constraint:

a: A % (BxEC) > (A * B)+EC.

Next, recall that we have an isomorphism Gry|co = Gry xC°. This lets us define

T1: Dy y(Gry) — DY (Gryleo),

given by
of — of ®E Q1.
Thus, Z(#) =¥ (t y()).

14.2. Commutativity and a compatibility. We define

C:DY, ,,(Gry) — D5 (Flp)
as the functor
(o, B) — ¥y K" BR"Q)).

The functor has obvious partially equivariant counterparts, denoted by the same letter C.
PROPOSITION 14.1. Suppose o7 € D€+H(GI'H) and X € le,(Flp). Then there are canonical isomorphisms:
Z(A) P B=C(A,B) = B+" Z ().

Proof. Over C°, we have the diagram of canonical isomorphisms:

GI'H X Flp XCO

- I ~
- ~-
~

~
~
~/

|
|
—_— |
Grg (Z, Q) ICO : Grfﬁ (Q» X) |C0
|
|
|

\ 1 /

Gry (yU0)lco

where the solid arrows represent maps which are restrictions of analogous ones defined over the en-
tirety of C.

Now, compatibility of convolution with proper pushforward applied to the left-hand side of the dia-
gram gives rise to the isomorphism

C(et,B) =V (o REQ) +P W(B) = Z(A) «* B,

and likewise for the right-hand side of the same. This finishes the proof.
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Q.E.D

THEOREM 14.2 (Achar-Riche [2] Theorem 3.2.3). For « € DY, . (Gry) and % € D% (Flp) as before, there
is a natural isomorphism

Oz 2P B B+P Z()
such that for of € Déﬁ y(Gry) and B, B> € Df)(Flp) the following diagram commutes

0., %

2 % Fix B L0552 e

Id*o s 7
Uy,m \L 2

T x T x Z(S)

Proof. We have the following commutative diagram:

_ GrxFIXFl _

Gy (3,0,0) $--m-mmmm-B

Grg(yu0u0) =Gry(yu0)

In this diagram, the dashed arrows represent maps which exist only generically. Moreover, the blue
arrows are precisely the ones which come up in the Proposition 14.1. We start with the sheaf .% X
F1X.7,. We pushforward along each of these arrows and then apply the nearby cycles functor on them
at various. We know that there are natural isomorphisms arising from the compatibility of the nearby
cycle functor with proper pushforward.

For instance, applying the nearby cycles functor to .’ X.71X.% on Gry (y,0,0) gives Z(.¥)X.%X.%,
while the same on Gry (0,0, y) yields .7X.% X Z(.#). For both of these statements, we use Lemma 11.2.
Pushing forward the former object along arrows 15 and 17 above, and the latter along 14 and 18, we
obtain an isomorphism between Z(.%) * 7 ¥ 7, and 7 ¥ 7 ¥ Z(.#). However, this isomorphism
arises out of the blue arrows, which is precisely the diagram used in Proposition 14.1 to construct the
isomorphism 0. ¢, 7« 7.

On the other hand, there is another way to factor this isomorphism, which is by using Gr¢(0, y,0).
Arrows 15 and 16 provide the isomorphism, after pushing forward along 17, h

0.9 7 * Id.
Similarly, arrows 12 and 14, followed by pushforward along 18 gives
ld*0.v, .

In summary, we have obtained the commutativity of the diagram 14.2. Q.E.D
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COROLLARY 14.3 (t-exactness of convolution). For <7 € Perv;+y(Gry), & € Pervp(Flp), we have that
Z(o) * A is also perverse.

Proof. As Z(</) * & is described by taking nearby cycles of the sheaf .&/X% X Q,[1], which is itself
perverse, the corollary follows from the t-exactness of the nearby cycle functor. Q.E.D

14.3. Property 2.

THEOREM 14.4. For </ € DgH(GrH),,@ € D%H(GrH), there is a natural isomorphism in Df, (Flp) as fol-
lows

by Z( ) «F Z(B) = Z( « 1 B).

Moreover, one has a commutative diagram, for <7), c#5 € Déﬂ 1 (Gry) and ABe Df) (Flp):

Z(ah) «P Z(ato) «P F —— Z(aty L H opp) P F

!

T «P Z(ah #1H oty)
Z(h) xP F P Z(ety) — F «P Z(ah) ¥ Z (o)
where the arrows are the natural ones we have discussed above.

Proof. This is similar to the previous theorem.
We have a commutative diagram as in Achar-Riche [2]

GI'HQGI'HXC'O

/x

Grg (y, leo n Gry xC°

Gry (1)l co

Let us start with the complex /X% X! @,;[1] on Gry % Gry. Pushing forward along the left side of
the diagram gives us first 7(</ )@COT(,%’). Pushing forward further along the map labelled p gives us
T() * g0 T(A).

A similar procedure along the right half of the diagram yields an isomorphism of the form

() 0o T(B) =0 (A RBREQ)) = 1(o -1 ).
Applying the nearby cycles functor and Lemma 11.3, we obtain therefore, an isomorphism
by Z( ) *F Z(B) = Z(t « 1 B).

The commutativity of the diagram in the statement of the theorem is very similar to the one in the
previous theorem. So for now we omit it. Q.E.D

14.4. Nearby cycles over 2-dimensional bases, as in Achar-Riche [2]. In this section, we recall the
definitions, and properties of nearby cycles over 2-dimensional bases in an ad-hoc fashion, as used in
Achar-Riche [2]. We refer to loc. cit. for most proofs.
We start with f: X — A? a separated map. We denote by X** and X% the preimages of G,,, xG,,, and
(0,0) respectively. Let i and j denote the inclusions X% — X and X** — X respectively.
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Definition 14.5 (2] Definition 9.4.1). Let .7 be a perverse sheaf on X**. We say Y ;(.F) is well-defined
if the following hold:
(1) Let Fyp :=P " j.(F ol ()" (ZLa®Z). Then whenever we have the map Fgp,_o —
Fyp,—2 fora<a andb<Db, it is an isomorphism.
(2) Given a,b, the maps Fy p,, — Fqpn for n# —2 vanish for all large enough a’' and b'.
In that case, we define Y () = Fqp,—>, unambiguously.

Remark 14.6. The second condition above need only be checked for n = —1,0 for it is not too hard to
see that F, j , vanishes for n # -2,-1,0, [2] Lemma 9.4.2.

First, we wish to study the behaviour of Y with respect to proper pushforward and smooth pullback.
The statement for the former is postponed for the moment, see below.

LEMMA 14.7. Suppose we have g : Y — X smooth of relative dimension d and f : X — A%. Suppose 7
is a perverse sheaf on X** for which Y (%) is well defined. Then the natural morphism g*Y f(ﬂ )d] —
ong(g*ﬁ[d]) is an isomorphism.

Our aim is to compare this with “iterated" nearby cycles and “diagonal" ones. To that end, we in-
troduce the following notation, with the help of the following diagrams. First, consider the natural
inclusions:

GmXGm—>A1XGm< {0} x Gy

! l !

G x Al —— AZ—{(0,0)} {0} x Al
G x (0} —— Al x {0} > A% < (0,0
Restricting X over each of these terms we obtain the following.
X><>< B) ) X*x < i X()x
k| i) 1

Tiz \j; S ’li/ T'S

XxO N X*O 5 X XOO
J1 b 1

Let fi := prio fly~ : X** — Al and f; := prao flxo. : X°* — Al. We define the iterated nearby cycle
functor as
20qy._gun ung gr
‘Pf(J) = ‘I’f2 o‘I’f1 (F).
In the cases of interest, it will turn out that ‘I’?_”(gf )=V, (%) are in fact unipotent, so in what follows,
we will drop the superscript "un" and assume we are working only with ¥*". Indeed, the monodromy

will in fact be trivial, as we see from Proposition 13.3.
LEMMA 14.8 ([2] Lemma 9.4.4). IfY ¢(.#) is well defined, then there is a natural transformation
2
Y f(F) = V().

We want a condition to check if this map is an isomorphism. To that end, we introduce the following
notion.
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Definition 14.9 ([2] Definition 9.4.6). Let f* := fio ji and f; := fr0 jJ. We say that F € Db(x**,Q)) is
“iterated clean" if
i*j;’*jl_!y =0.

We have the following lemma which is a direct consequence of the proper and smooth base change
theorems.

LEMMA 14.10. Suppose X,Y and separated schemes over k. Let f,g be maps X — A? and Y — X respec-
tively.
(1) If g is proper and % € Df(YX *,Qy) is iterated clean, then so is g..7 .
(2) If g is smooth and F € DE(X,@Z) is iterated clean, then so is g*.%. If g is also surjective, the
converse holds as well.

PROPOSITION 14.11 ([2] Proposition 9.4.8). Let .# be a perverse sheaf on X**. Then the natural map
Y f(,? ) — ‘I"j‘v(ﬁ ) is an isomorphism.

LEMMA 14.12 (Compatibility of Y with proper pushforward, [2] Corollary 9.4.9). Let .# be a perverse
sheaf on Y>>, and assume that f,g, X, and Y are as above. There is a natural map (if the Y (%) is well
defined)

ong(y) - Yf(g*to%\)

Moreover, if F is iterated clean, then Y (%) is well defined and this map is in fact an isomorphism.

Finally, we consider the possibility of restricting a perverse sheaf on X** where f : X — A2, to the
diagonal A! and take nearby cycles with respect to the induced map fx : Xy — Al. We use k denote
the inclusion Xy — X. When we work with two schemes X and Y, we use notation such as kx and ky
where their meaning is clear.

LEMMA 14.13. Suppose .7 is a perverse sheaf on X** such that k* . [-1] is perverse and that Y ;(.F) is
well defined. Then there is a natural morphism

Y () — Wy, (K F[-1)).

In the case of products discussed below, we find that this morphism is an isomorphism.

PROPOSITION 14.14 ([2] Proposition 9.4.13). Let X,Y be separated k-schemes of finite type equipped
withmaps f: X — A% and g: Y — X.

(1) If g is proper, F € PerV(Y"x,@ 1) is iterated clean, and that the complexes
are also perverse. Suppose further that the natural map Y fog (F) = Y fog) A(k;ﬁ [—1]) is an
isomorphism. Then so is

Yf(ﬁ) b ‘I’fA(k;g*ﬁ[—l]).

(2) Now suppose that g is smooth of relative dimension d. .7 € Perv(X**, k) is such that k;ﬁ [—1]
is perverse and suppose that Y (.F) is well defined. Then kjg*.% [d — 1] is perverse and if the
natural map Y ¢(g« F) — ¥y, (k}ﬂ[—l]) is an isomorphism, then

Y fog (8% F 1) = ¥ (fog), (ky g™ -Fd—1])
is also an isomorphism. For surjective g, the converse also holds.

Next, we deal with the situation where X — A? arises as a product. As always, we adopt notation
from Achar-Riche [2], Section 9.4.6. Indeed, suppose Y; and Y, are finite type k-schemes, equipped
with maps f; : ¥; — Al and f>: > — Al. We take for X the product Y; x ¥> and the map f=fix fo:
X — A2, We define u; : Yix — Y; and s; : Y; o — Y; for the inclusion maps.
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LEMMA 14.15 ([2] Lemma 9.4.15). Suppose .%; are perverse sheaves on Y; for i = 1,2. If %1 Xt %, is
perverse, it is iterated clean.

Let p; : Y1 x Y, — Y; and p(i) 1 Ya_;0 x Y; — Y; be the projections. We may compute iterated nearby
cycles as follows:

LEMMA 14.16 ([2]Lemma 9.4.16). Let .%#; € D?(Yix,@l). Then there exists a canonical isomorphism

V5 (TR (Fa) = W g0 W frop, (F1 K5 F).

Further, if #; are perverse such that %, X! .7, is also perverse, then we have
VLTI R T) =V (F) RNV, (F).
Moreover, Y f(fl <L F») is well defined and the natural morphism
Y (A RET) — ¥ (F)REY 4, (F)
is an isomorphism.
The final ingredient we need, is the relation to diagonal nearby cycles in this case.

PROPOSITION 14.17 (Proposition 9.4.18 from [2]). Suppose for perverse sheaves .%; on Y;, the complexes
T\ REFy and k* (F, REF5)[-1] are perverse. Then Y (% KL %) is well defined and the natural map
Y (71 REFy) — W, (K* (F1 REF,) (1)) is an isomorphism.

14.5. Property 3. First, we need to adjust the sign of the commutativity constraint for reasons similar
to those that have been mentioned previously. This is modification is as follows. Suppose, for simplic-
ity, that the two complexes ./ and & are supported on single components of Gry and Flp respectively.
If even one of these components is even, then no change is made. On the other hand, if both compo-
nents are odd, we insert a minus sign into the definition of o/, # as in 22.

THEOREM 14.18. For o, % € Perv-(Gry) the following diagram commutes:

Z(t) +P Z(B) — Z(o «' P B)
Z(B) +F Z(ot) — Z(B+"H o)
(The maps in question are the obvious ones.)

14.5.1. Certain affine Grassmannians over 2-dimensional bases.

14.5.2. Proof of Theorem 14.18. We start by making the following definitions:
o F(,B) =Y Gy xy (T()KT(B));
« B(d, B) =Y, (., T (@K1 (B));
o Fi(l, B):=Yiry x,y)ae (2 0 (A)KT(B)[-1])).
Likewise, we have object; on Gry (xU y) defined as
o Fl(o, %)= Y Gry (xuy (T () * T(A));
« B, B) =Y, 1y T() % T(B));

o Fi(A, D)= Yery uy)ac (1Y) (T () ¥ T(B)[-1])).
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LEMMA 14.19. For o7, € Pervy+y(Gry) there are natural isomorphisms
Fo (o, B) — F(d, B) = Fy(A,B) (14.5.1)

and

Fy(of,PB) — F'(of,B) = Fy)(,B). (14.5.2)

These isomorphisms give rise to the following commutative diagram

psFo(, B) <— P F( A, B) — wsFald,B)

! ! !

Fy(,PB) &—— F' (A, B) — F,(A,PB)

Proof. A direct consequence of iterated cleanliness.
Q.E.D

Our first step now will be to recast the commutative diagram of Lemma 14.19 in terms of more
familiar objects. Indeed, we will show that the same identifies with the following:
id
—_—
Z(A) *P Z(B) 4— u.F(,B) — Z() x" Z(B)

l | l

C(B,Z()) +—— F' (A, B) — Z(od +' 1 B)

In greater detail, the following are clear from definition:

« B(o, B)=Z(AKZ(B);

o Likewise for F;(<f, B) = Z(A )X Z(RB);

o Fy(of, %) =C(B,Z(A));

« Fii(od,B)=Z( «L"H ).

o the left vertical arrow is the one arising in Proposition 14.1;

« the right vertical arrow is the one arising in Theorem 14.4.
That the topmost arrow is the identity follows from its construction.

Thus far, we have constructed two dimensional nearby cycles by doing so first in the direction of
{0} x C and then in that of C x {0}. Reversing their order, we are led to consider objects G, (<7, %) and
G, (<7, 98), which provide the respective replacements of F,(</,%) and F;(</,%). There are isomor-
phisms, respectively as follows:

Go( o, B) = Z(A\KZ(B); Gy, PB)=C(A,Z(B)); WsGo(A,B) =Gy, B).
Now, consider the automorphism “swap" of Gry(x, y) which swaps the two points x and y. This is

the identity on the pre-image of the diagonal. Thus, over the origin (0,0) a canonical isomorphism is
induced

Y Gry (x,) (T(F) * T(B)) — Y Gry (x,y) (SWap ™ (T () * T(A))),
and hence a canonical isomori)hism also of the form )
F'(, %) = F(B,4),
as F'(</, %) is canonical identified with Y, (x,y) SWap™ (1(&) * T(A))).

On the diagonal outside the origin, the following isomorphism is induced.

Fliy(of,B) = F}(B, ).
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We make a closer examination of the above isomorphism. F(’i is constructed by first restricting
7(2/) K 1(%) to the diagonal, and then taking nearby cycles towards the origin. The aforementioned
restriction is, by construction, .o «L"H 2 The automorphism swap therefore induces the commutativ-
ity constraint on 0,z : & «L'H g 2 gy L"H g7 Applying nearby cycles thus gives the isomorphism
Z (o) between the two objects above:

Fj(, %) = Fy(B, ).
Along the two axes, swap induces an isomorphism
Ey (ol , B) — Go(B, o).

There are natural isomorphisms of both objects with C(%, Z(<7)) such that the obvious composite is
the identity - this is a direct consequence of the construction. We consider the composite

i Fo (el , B) — Fy (o, B) — Gy (B, ) = 114 Go(B, ).
By construction, once again, we find that this composite coincides with the commutativity constraint
Oz 2(A) P Z(B) =~ Z(B) +* Z (7).

We assemble all the isomorphisms described above to obtain the following commutative diagram.

() ¥ Z(PB) id Z(B) P 7 (o)

C(%,2() — Fy(d,B) — Gy(B,4) —— C(B,Z())

! !

F'(o,B) — G'(%B, )

l l

Z(d «H B — Fi( o, B) — Fy(B, o) — Z( B o)

Z(0)

That the left and rightmost oblique arrows are those appearing in Theorem 14.4 follows from the
commutative diagram 14.5.2. This finishes the proof.
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