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ABSTRACT. We state a conjecture, local Langlands in families, connecting the centre of the category
of smooth representations on Z[ﬁ’l}—modules of a quasi-split p-adic group G (where ¢ is the
cardinality of the residue field of the underlying local field), the ring of global functions on the
stack of Langlands parameters for G over Z[\/@_l], and the endomorphisms of a Gelfand—Graev
representation for G. For a class of classical p-adic groups (symplectic, unitary, or split odd special
orthogonal groups), we prove this conjecture after inverting an integer depending only on G. Along
the way, we show that the local Langlands correspondence for classical p-adic groups (1) preserves
integrality of f-adic representations; (2) satisfies an “extended” (generic) packet conjecture; (3) is
compatible with parabolic induction up to semisimplification (generalizing a result of Moussaoui),
hence induces a semisimple local Langlands correspondence; and (4) the semisimple correspondence
is compatible with automorphisms of C fixing ,/q.
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1. INTRODUCTION

1.1. LLIF for general linear groups. Let F be a p-adic field and ¢ # p prime. In [EH14], the second
author and Emerton conjectured an interpolation of the (generic) local Langlands correspondence
for GL,, (F) across families of ¢-adic representations. The existence of this correspondence was reduced
by the second author in [Hel16, Hel20] to showing that there is a (unique) isomorphism
. GL, GL, (F)
LLIF : (Rgy, 7,) — Endz; (g, (py (indy 5 " (1)),

compatible with the local Langlands correspondence, where (R, E)GL” is the ring of global func-

tions on the stack of Langlands parameters for GL,, over Z,, and mdSL{‘Ff)(w) is a Gelfand-Graev
representation. This statement was finally proven using an inductive argument in a pair of papers:
by the second author, and the second and fourth authors [[Tel20, TIM18], thus establishing “local
Langlands in families” for GL,,. This paper is the second in a series of articles devoted to generalizing
this picture to a general connected reductive p-adic group.
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1.2. Reductlve groups and LLC. Let G be the F-points of a connected reductive group G defined
over F. Let G denote the dual group of G considered as a Z[1 /p] -group scheme. The F-rational
structure on G induces a finite action of the Weil group Wg of F on G and we set LG = G x Wg, the
Langlands dual group of G.

The local Langlands correspondence for G is expected to take the following form: there is a unique
(finite-one) map LLg from the set Il (G) of isomorphism classes of irreducible smooth representations
of G to the set ®gr, c(G) of G(C)—conjugacy classes of “SLy-parameters” p: Wg x SLa(C) — £G(C)
for G satisfying a list of natural desiderata (see Section 6.7 for a precise statement).

It is known for GL, (F) and classical p-adic groups (see Section 7.3 for a list of references). In this
work, we take as an input the local Langlands correspondence for G together with some of its expected
properties. We will verify these properties are satisfied for “classical p-adic groups” (which, for us,
means symplectic, unitary, and odd special orthogonal groups), either by referencing the literature
or giving proofs, so those who wish to stand on more stable ground can assume for this introduction
that G is classical.

1.3. The work of Bernstein and Haines. There is a natural semisimplification map on the set
of ®g1,, c(G) (see Section 6.7), which associates to a Langlands parameter p : Wg x SLy(C) — LG(C)
a semisimple parameter (or infinitesimal character) pss : Wr — LG(C). Write D, c(G) for the set
of @((C)—conjugacy classes of semisimple parameters for G.

The analogue of “semisimplification” on II¢(G) is given by the supercuspidal support map. Compat-
ibility of the local Langlands correspondence with parabolic induction implies that the local Langlands
correspondence for G induces a semisimple correspondence

LL : {supercuspidal supports}/G-conjugacy — @, c(G).

In | ], Bernstein described the centre 3¢(G) of the category of all smooth C-representations
of G, identifying the C-points of the centre with the set {supercuspidal supports}/G(F)-conjugacy.
This naturally gives the left hand side of LL the structure of an ind-affine variety over C.

In [ ], Haines introduced the structure of an ind-affine variety on @4, c(G), so that (under

the local Langlands correspondence for G and some desiderata for it) LL is induced by a morphism
of C-algebras: Oiaines — Ja.C-

1.4. Moduli of Langlands parameters. In our first paper | ], we introduced a stack of
Langlands parameters over Z[1/p] generalizing a construction of the second author for GL,, | ].
The construction depends on some auxilary choices — the choice of a discretization of the tame quotient
of the Weil group — and it is not currently known if the stack over Z[1/p] is independent of these

choices. However, its base change to Z,, and its ring of global functions (Rrg )€ are independent of
these choices. In general, the ring (Mrg )¢ is quite complicated and admits no simple description (in
particular, it is far from being normal). However, its base change to C has a simpler structure, and
we show in | , 6.3] that (%LG@)G ™~ OHaines- Thus, under local Langlands for G (and some
desiderata for it), we obtain a map

(mLG7c)G — 3G,Cs
compatible with local Langlands.

1.5. An isomorphism of Bushnell and Henniart. When G is quasi-split, Bushnell and Henniart
proved that the action of 3g.c on a Gelfand-Graev representation ind{} () for G induces a canonical
isomorphism

367" = Endgjq)(indg (v)),

from the v)-generic factor 3'” & of the Bernstein centre to the endomorphism algebra of the Gelfand—
Graev representation. For general linear groups 32’5:?“ ¢ = dan,(r),c- Under expected properties
of the local Langlands correspondence (listed in Section 6, and verified for classical groups in Section
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7 — in particular Conjecture 6.14 is added to Haines’ desiderata), we then obtain that the composi-
tion (Rrg c)® — Endeg (ind$ (1)) is an isomorphism of C-algebras.

1.6. Integral models of Gelfand—Graev representations. We write 3¢ 7 g-1) for the centre of

the category of all smooth representations of G on Z[\/afl]—modules.

If G is F-quasi-split we can associate Whittaker data to G, and their compactly induced repre-
sentations — Gelfand-Graev representations— satisfy many remarkable properties. Gelfand—Graev
representations are naturally defined with coefficients in Z[1/p, p,e]-algebras, and to state our con-
jecture in broadest generality we need to consider integral models of their endomorphism algebras
over Z[\/gfl]. In Proposition 5.2, we show that the full Gelfand-Graev representation ind$ (1) de-
scends to a Ok [1/p][G]-module Wy 4 for a small Galois extension K/Q contained in Q(s,s) (and hence
the endomorphism algebra also descends to this ring). In fact, for their endomorphism algebras we
can do better: writing Wy 4, for the depth n component of Wy, we show there exists a natural
finite type, flat Z[1/p]-algebra €q ,,, and natural isomorphisms

€a,n ®zp1/p) R ~ Endria)(Wu' g0 @k (1/p) R)

for each Ok[1/p]-algebra R and each Whittaker datum (U’,4¢’) of G. Let ?}%2[1 /p) be the subring
of 3¢ z[1/p) Which is invariant under the natural action of (G/Z)(F). Then there is a natural map:

3& /s — €am

that, after base change to Z[1/p, pp=] and the identifications above, coincides with the canonical map
arising from the action of the Bernstein centre. Set €g =[], €a n.

1.7. The main conjecture.

Conjecture 1.1. There exists a unique morphism

LLIF : (Reg z15-1)¢ = 36,200

interpolating the semisimple local Langlands correspondence for G. Moreover, the image of LLIF

is contained in BEdZ[ Vi1l and, if G is quasi-split, then composing LLIF with the natural map

to € 77 -1 defines an isomorphism (mLG’Z[ﬁ—l])@ = €azi /a1

In particular, when G is quasi-split, we expect that LLIF is injective.

1.8. The main theorem. We axiomatize some expected properties of the semisimple local Langlands
correspondence in Definition 6.18 (which we verify for classical groups) and in Theorem 8.2 we prove
Conjecture 1.1 after inverting an integer depending only on G.

Let Ng be the product of all primes that divide the pro-order of a compact open subgroup of G
(that is, the product of the primes which are “non-banal” for G). Let N.g denote the product of all
primes which either divide the integer Ng or are non-“G-banal primes, both introduced in | ,
Sections 4, 5.4]. Finally let Mg denote the lowest common multiple of Ng and Nerg.

Note that, if G is unramified with no exceptional factor, then Mg = Ng by | , Corollary
5.29 and Remark 6.3].

Theorem 8.2. Suppose € = (%u) is a semisimple correspondence for G over Q as in Definition 6.18.

(1) There exists a unique morphism

CIFG : (ERLG,Z[\/&*HI/Ng])G — 3G,Z[\/§*1,1/NG]

interpolating % .

2) The image of ¥IF is contained in the subrings 35t of Definition 8.1, and 3
g g

ad
G.Z[yvg~*,1/Ng] G.zlyg~'1/Ngl’
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(3) Suppose further G is F-quasi-split. Then, the composition with the natural map Saéd,z[ﬁ*l,l/MG] —

€z a1, Me) (G,
R G ¢IFg ad G
Reazrgama)” — 3Gz ama) — Cziva— /M) (G)

is an isomorphism, and these maps induce isomorphisms

G S
(mLG,zWafl,l/MG]) = 3(5,2[\/571,1/1\4@ ~ €41 /571 1/Mq] (@)

1.9. Bernstein’s decomposition in the banal setting. For a Levi subgroup M of G let M°
denote the subgroup of M generated by all compact open subgroups. Write ‘B@(G) for the set of
inertial equivalence classes of supercuspidal supports of Q-representations of G. For [M, p|g € %@(G)
we write Py, for the lattice we introduce in (4.5). It is defined over the ring of integers in a number
field, and Py p) ® Q is a finitely generated projective generator of Bernstein for the direct factor
subcategory of Repg(G) associated to [M, plg.

The first step in our proof of the conjecture in the banal case is to obtain the following description
of 3GZ[1/NG] analogous to Bernstein’s description of SG’@:

Theorem 4.22. The category Repz[l/NG}(G) decomposes as

Repz[l/Nc} (G) = H RepZ[l/NG} (Gt
M, p]c€B7(G)

where Repz[1 /Nc]( is the direct factor subcategory generated by the finitely generated pro-

&)t ol
jective P ) @ Z[1/Ng]. Moreover, the choice of Py, identifies the centre of Repz(1 /ng) (G pla
with

(Z[1 /NG [M/Mo s ) Voo,

Here, Hpyr,py and Wy ) denote finite groups introduced in Bernstein’s decomposition (summarised
in Theorem 4.11).

This description has long been expected (see, for example, the discussion in | , Section 6]).
On our way to establishing it we prove the following pleasing lifting result for cuspidals in banal
characteristic (the proof of which uses second-adjointness):

Proposition 4.15. Let £ be a banal prime for G. Then the reduction modulo ¢ of any irreducible
integral cuspidal Q-representation of G is irreducible and cuspidal, and conversely all irreducible
cuspidal Fy-representations of G lift.

1.10. An application to finiteness. While it lies outside the main thrust of this paper, as explained
in the introduction of | |, the description of 34 7[1/Ng] above is the final ingredient in our
proof of finiteness of Hecke algebras over Z[1/p], and we obtain:

Theorem 1.2. For any Noetherian Z[1/p]-algebra R, and any compact open subgroup H, the alge-
bra R[H\G/H] is a finitely generated module over its centre, which is a finitely generated R-algebra.

1.11. Integrality of Langlands parameters. Our approach to Theorem 8.2 requires us to transfer
integrality over a semisimple correspondence; we do this using criteria for integrality. Recall that an
irreducible Qg-representation of G is integral if and only if its supercuspidal support is integral by
[ ], and a supercuspidal Q,-representation is integral if and only if its central character is
integral by | , 1T 4.12]. 'We provide a complete analogue of this characterization for Langlands
parameters:

Proposition 6.22. Let ¢, : Wr — LG (Qy) be a continuous L-homomorphism.

(1) Suppose ¢y is discrete and Frobenius semisimple. Then ¢, is integral if and only if its central
character is integral.
(2) In general, the following are equivalent:
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(a) ¢y is integral;

(b) the Frobenius-semisimplification of ¢, is integral.

(¢) the semisimplification of ¢, is integral.

(d) the Qg-point of Z'(Wg, G) / G corresponding to ¢, factors through Spec(Zg).

These characterizations of integrality show that if the local Langlands correspondence for G exists
and satisfies some natural desiderata then it preserves integrality, cf. Remark 6.23.

1.12. Proof of the main theorem. For banal primes ¢, our description of the centre 3G,Z7’ together
with compatibility of the local Langlands correspondence with twisting by unramified characters,
parabolic induction, and with central characters, then allows us to show that there exists a unique
morphism (R LG,Z)G — 3 7;» interpolating the semisimple correspondence for G.

If, moreover, G is quasi-split, then fixing a Whittaker datum over Zy, we show that an analogue of
Bushnell-Henniart’s isomorphism holds over Z; (for ¢ banal), and together with the description of the
connected components of (R LG,E)G in [ ] (here we need to also assume ¢ does not divide Nzg)

we obtain the second statement of the conjecture over Z, for ¢ not dividing Mg = lem(Ng, Nzg).
Galois equivariance of the semisimple local Langlands correspondence allows us to descend these
maps to Zg[\/q], and considering these maps together, for all £ not dividing Mg, in the simpler case

over Q(y/q) gives us our result over Z[\/@A, 1/Mg].

1.13. Classical groups. For our (conditionless) results for classical p-adic groups, we need to verify
that the (semisimple) local Langlands correspondence and the desiderata for it we use in our proof
are known in these cases. This is the subject of Section 7.

Let G be a classical p-adic group. Firstly we show that the local Langlands correspondence is
compatible with parabolic induction, generalizing a result of Moussaoui | ] in the split case by
a different method, in the following sense:

Proposition 7.9. Let P a parabolic subgroup of G with Levi decomposition P = MN, p be an
irreducible representation of M, and 7 be an irreducible subquotient of i$(p). Then, letting i\, g
EM(C) = £G(C) denote an embedding dual to M < G, the semisimple parameters ty.g o (LLy(p))ss

and (LLg(7))ss are conjugate in G(C).

We prove this using properties of the Plancherel measure — in particular, its compatibility with
parabolic induction, and its interpretation in terms of gamma factors of Langlands parameters (also
known as “Langlands’ conjecture on the Plancherel measure”) — together with a semisimple converse

theorem (Proposition 7.7). This approach is inspired by recent approaches of Gan—Savin | ], and
Gan—Ichino | , ] to the local theta correspondence.
For this we have to extend the proof of Gan—Ichino[ , B.5] of compatibility of the Plancherel

measure with subrepresentations of parabolic inductions to compatibility with subquotients of para-
bolic inductions. We follow the pattern of their proof, but have added some more details (cf., Remark
C.9) in the form of Appendices B and C to establish some basic properties of the Plancherel measure
following the algebraic treatments of the Plancherel measure of | ] and | ].

Similarly, using compatibilities of the Plancherel measure and gamma factors with field automor-
phisms, we show that ( ) 0 LLg is compatible with field automorphisms fixing ,/g:

Proposition 7.11. Let 7 be an irreducible representation of G, and ¢ : C — C be an automorphism
of fields fixing /. Then LLg(77)ss is conjugate to (LLa(7m)7)ss in G(C).

We also need to show LLg preserves integrality of supercuspidal Q,-representations (after rewriting
the correspondence for Qg-representations via choosing an isomorphism Q; ~ C). In fact, we prove
this for all irreducible representations:

Proposition 7.14. An irreducible representation of G is integral if and only if its associated f-adic
Langlands parameter is integral.
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Proposition 7.14 follows from the characterizations of integrality mentioned in Section 1.11, together
with the compatibility of local Langlands for general linear groups with central characters and the
compatibility of local Langlands for classical groups with parabolic induction.

The fibres of LLq are called L-packets. We collect L-packets with the same semisimple parameter
together into extended L-packets, and conjecture for a quasi-split group G, and a Whittaker da-
tum (U, ) in G, that each extended L-packet contains a unique -generic representation (Conjecture
6.14). We prove this for quasi-split classical groups:

Proposition 7.15. Let G be a quasi-split classical p-adic group and (U,4) be a Whittaker datum
for G. In each extended L-packet of G there exists a unique 1-generic representation.

The proof of this proposition follows from results in the literature on generic representations in L-
packets, and a geometric interpretation of a conjecture of Gross, Prasad, and Rallis — see Conjecture
6.11, and Propositions 6.10 and 6.15.

1.14. Connections. Some of the ideas for this article took shape and were circulating for several
years before it was completed (for example, Conjecture 1.1 was announced in 2018 in talks including
[ ). There have been many developments in the literature since then, we now explain some
connections to our work. N

In a tour de force, for any connected reductive p-adic group G and ¢ a very good prime for G,
Fargues—Scholze | | construct a map

Reczva)® = 3c.zlva

by developing the geometric Langlands programme on the Fargues—Fontaines curve. Not much is
known about this map beyond the basic properties of | , Theorem I 9.6], which include that
for GL,,(F) their construction is compatible with the usual (semisimple) local Langlands correspon-
dence for GL, (F). Recently, Hamann | | has shown their construction is compatible with the
(semisimple) local Langlands correspondence of Gan-Takeda for GSp, (F), Hansen-Kaletha—Weinstein
[ ] have shown compatibility for inner forms of general linear groups, and Bertoloni-Meli—
Hamann—Nguyen | ] have shown compatibility for odd unramified unitary groups with the
(semisimple) local Langlands correspondence of Mok. For quasi-split unitary groups of odd dimension
Bertoloni-Meli-Hamann—Nguyen | , Proposition 2.11] also establish compatibility of Mok’s
correspondence with parabolic induction, a special case of Proposition 7.9 of this paper.

More recently, at a late stage in the preparation of this paper, Cunningham—Dijols—Fiori—Zhang
[ , Prop. 4.1] have independently established the equivalence between properties (1) and (2)
Proposition 6.10. (Note that the definition of “open parameter” in ibid. is equivalent to our defini-
tion of a “parameter with maximal monodromy”). This equivalence gives a geometric reformulation
of Gross—Prasad—Rallis’ conjecture on generic representations in L-packets (cf., Conjecture 6.11 or
[ , Conjecture 4.6]). We provide a further geometric characterization here: Proposition 6.10
(3) in terms of the moduli space of Langlands parameters of | ] which does not appear
in [ ].

Initial versions of this article were written under weak hypotheses on G, which were known to be
satisfied for all classical p-adic groups (with p # 2) and all “tame” groups thanks to | ]. We
needed these hypotheses so that we could apply “second-adjointness” of parabolic functors integrally.
Recently, in | ], using Fargues—Scholze’s morphism, we proved second-adjointness holds in
general, so we have been able to remove this hypothesis — however, this means some of our results
(notably, Theorems 4.22 and 8.2) depend on Fargues and Scholze’s construction whenever we fall out
of the range of | ] (see Remark 4.2 for more details).

There has also been a race towards a categorification of the local Langlands correspondence, begin-
ning with conjectures inspired by categorical statements and conjectures in the geometric Langlands
programme. See [ ] and | ] for early ideas towards this, and [ | and [ | for
the most ambitious conjectures which relate (derived) categories of smooth representations to (de-
rived) categories of ind-coherent sheaves on stacks of Langlands parameters. Integral versions of these
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conjectures also predict, for quasi-split groups, a natural map from the ring of global functions on
the stack of Langlands parameters to the endomorphisms of a Gelfand—Graev representation (as in
Conjecture 1.1), as they fix their equivalence by sending (a choice of) Gelfand-Graev representation of
a quasi-split connected reductive group to the structure sheaf on the stack of Langlands parameters.
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and DMS-2302591. We thank Jessica Fintzen, David Hansen, Nadir Matringe, Ahmed Moussaoui,
Gordan Savin, Shaun Stevens, and Marie-France Vignéras for helpful conversations on the subject of
the paper.

2. NOTATION

Let F be a non-archimedean local field with finite residue field of cardinality ¢ a power of p. For
any non-archimedean local field E (for example, for finite extensions of F), we write O for its ring of
integers, &g for the unique maximal ideal, and kg for its residue field g/ Pg.

Let G be a connected reductive algebraic group defined over F and G = G(F).

Unless otherwise stated “module” means “left module”, and R denotes a commutative Z[1/p]-
algebra. We suppose that all R[H]-modules for a locally profinite group H, equivalently that all R-
representations of H, henceforth considered are smooth, and we denote by Repg(H) the abelian
category of all (smooth) R[H]-modules.

Let ¢ # p be prime. Let Q; denote an algebraic closure of Qp, Z, the ring of integers of Q,, and F,
its residue field. We fix an algebraic closure Q of Q, and denote by Z the subring of algebraic integers.
We fix once and for all embeddings Q < Q; and Q — C.

3. THE INTEGRAL CENTRE

3.1. The centre. The centre 3¢ r of the category of R[G]-modules Repg (G) is the ring of endomor-
phisms of the identity functor 1gep, () : Repr(G) — Repg(G). We can identify an element z € 3g r
with a collection (zyr), over all R[G]-modules M of endomorphisms zy; € Endgjg)(M), satisfying for
all morphisms of R[G]-modules f: M — M/,

() 2w o f = foam

i.e. commuting with all morphisms in the category. The ring structure on the collections (zyp) is
given by componentwise addition and composition of endomorphisms, and applying (f) to all en-
domorphisms f € Endgq)(M), we see that zy belongs to the centre of Endgjg)(M) and 3¢ r is a
commutative R-algebra which acts naturally on all R[G]-modules.

Let ¢ : R — R’ be a homomorphism of commutative rings (with identity). Then we have a
restriction of scalars functor

¢* : Repgr/ (G) — Repr(G),

which takes a smooth R’[G]-module M to the smooth R[G]-module M, whose underlying set and
action of G is the same and on which 7 - m := ¢(r) - m, and which is the identity on morphisms.
Note that, with this prescribed scalar action, it is obvious that g € G acts on M by R-linear scalar
automorphisms of M.

Lemma 3.1. The morphism ¢ induces a homomorphism
¢ 1 3ar — 3ow

where, for z € 3g,r and a smooth R’[G]-module M, we set ¢*(2)m := 2g+(m)-
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Proof. As ¢*(z)m is an element of the centre of Endgg(M), it commutes with multiplication by
elements of R" hence, and defines an element of Endg/(g)(M). Moreover, the (¢*(z)m) commute with
all morphisms of smooth R[G]-modules, so in particular commute with all morphisms of smooth R’[G]-
modules. O

Lemma 3.2. Suppose ¢* : R — R’ is a monomorphism, then ¢* : 3¢ r — 3¢, r’ is monomorphism.

Proof. To show injectivity we need to show that if z € 3¢ g annihilates all R’[G]-modules then z = 0.
For this, it suffices to prove that zy = 0 for a generating family of objects of Repg(G). So we can
consider those V of the form R[G/K] with K compact open, and then zy is certainly zero since it is
zero on R/[G/K]. O

Corollary 3.3. Let R be an integral domain with field of fractions K of characteristic 0. The integral
centre 3g g is a reduced torsion free R-algebra. If R is Dedekind, then 3¢ r is flat over R.

Proof. The centre 3¢ r is torsion free and reduced as it embeds in 3%(G) which is torsion free and
reduced by | ]. If R is a Dedekind domain, then as 3¢ r is torsion free, it is flat. O

3.2. The decomposition by level. Now using our basic assumption that p is invertible in our
coefficient ring, Moy—Prasad theory allows one to give a coarse decomposition of Repg (G). Following
[ , Appendice A], there is a family of finitely generated projective Z[1/p][G]-modules Q,, (n € N),
defined by the finite sums

Q:= & indg 1),

z€Vert(G)/G
Qm = @ indgwlm @ x|, (m>0),
z€O0pt(G)/G XEURm =

where Vert(G)/G (respectively Opt(G)/G) denotes a set of representatives for the G-conjugacy
classes of vertices (respectively optimal points) of the Bruhat-Tits building of G; and UR,, , de-
notes a set of Z[1/p, {p]-valued characters of G, ., /Gs r,.+: the unrefined minimal types of level m
(where (ry,)men denotes the increasing sequence of rational numbers indexing the jumps in filtrations
of the parahorics associated to optimal points in the building of G as in | , Appendice A]).

Suppose R is a Z[1/pl]-algebra, and set Q, r = @, @ R for all n € N. By | , Lemma A.3], we
have a decomposition by level

Repg (G) = [ Repr(G)n,
neN
ek =[] 3cRn
neN
where ()p r is a progenerator for Repr(G), and we (hence) can identify 3¢ r,, with the centre
of Endgq)(@n,r). In particular, an element (zy) in 3g r is completely determined by the endomor-
phisms (zq, ), for n € N.

Proposition 3.4. Suppose R is a Noetherian Z[1/p]-algebra, and R’ is a flat commutative R-algebra.
Then the natural map

3¢Rn @R = 3R
is an isomorphism.

Proof. Pick an open pro-p-subgroup H of G such that @, is generated by its H-invariants, and denote
by en,pr the central idempotent in Z[1/p|[H\G/H] given by the projection on the level n factor of
Z[1/p][G/H]. We still write €, g for its image in R[H\G/H] or R'[H\G/H]. Then &, gR[G/H] is a
finitely generated projective generator of Repy(G),, hence 3grn = en,wZ(RH\G/H]). Similarly
we have 3gr/,n = €n,mZ(R'[H\G/H]), and we see that it suffices to prove that the natural map
Z(R[H\G/H]) ®g R’ — Z(R/[H\G/H]) is an isomorphism, which follows from Lemma A.2 (1). O
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Corollary 3.5. If R is flat over Z[1/p], then 3¢ g, is flat over R. If R is also Noetherian, then 3¢ g
is flat over R.

Proof. By Proposition 3.4, 3a,r,n > 3a,z1/p),n @ R and 3¢ z[1/p),» is flat over Z[1/p] by Corollary 3.3,
hence 3G r,n is flat. When R is Noetherian, a product of flat R-modules is flat, hence 3¢ r is flat. O

Corollary 3.6. In the context of Proposition 3.4, assume further that R is flat over Z[1/p], and is
the fixed subring (R’)' of R/ under a finite group of ring automorphisms I" of R’. Then the group T’

acts naturally on 3¢ g/ and the natural map induces an isomorphism 3¢ r — (3a.r/)"-

Proof. The action is induced by functoriality of R’ — 3g r (for R’ in the category of R-algebras)
and preserves the decomposition 3¢ r = [[,, 3c,r’,» since it is induced from R. By construction, the
natural map 3¢ rn ®r R’ — 3a,r/ » is [-equivariant if we let I' act on the source via its action on R'.
By Proposition 3.4, it thus suffices to prove that the canonical map 3¢ r.n — (3c,r.n ®r RV is an
isomorphism. Writing R = (R’)" as the kernel of the map R" — (R)®', a — (a, -+ ,a) — (y(a))yer,
this follows from flatness of 3g r,» over R, as in the previous corollary. O

Note that the last corollary applies in particular to the case where R is a field and R’ is a Galois
extension with group T', or when R is a Dedekind ring flat over Z and R’ is its normalization in a
Galois extension of its field of fractions with group T'.

4. THE BERNSTEIN DECOMPOSITION IN BANAL CHARACTERISTICS

The aim of this section is to prove an integral version of Bernstein’s decomposition theorem (which
originally holds over C or Q). This will be done after inverting the so-called “non-banal” primes, whose
definition is recalled in Subsection 4.4. Note that no banal hypothesis is required in the definitions
and results of subsections 4.1 and 4.2.

4.1. Parabolic induction and cuspidal support. Let P be a parabolic subgroup of G and let P =
MU be a Levi decomposition of P. We write Wy for the Weyl group of M and Zy; for its centre. We
set Z="7qg and W = Wq.

Write Il\(/;LP for the (non-normalized) parabolic induction functor Iﬁ’P : Repgr(M) — Repg(G),
and RSLP for its left adjoint the (non-normalized) parabolic restriction functor RS{,P : Repr(G) —
Repr (M). These functors are exact, by [ , IT 2.1]. A much subtler property is the so-called
“second-adjointness” of parabolic functors, famously established by Bernstein for complex represen-
tations and which we recently extended to all Z[1/p]-algebras:

Theorem 4.1 (| , Corollary 1.3]). For all pairs of opposite parabolic subgroups (P,P°)
in G with common Levi component M = P N P°, the twisted opposite Jacquet functor 6PR1(\;/LP0 :
Repg (G) — Repg (M) is right adjoint to the parabolic induction functor Ifj p : Repg (M) — Repg (G),
where 0p denotes the modulus character of P.

Remark 4.2. The proof of | , Corollary 1.3] uses the main result of Fargues—Scholze | 1,
however second-adjointness with coefficients in Z[1/pl]-algebras was proved in | , Théoréme 1.5]
by purely representation theoretic methods, under the hypothesis that some loose form of type theory
exists for G. In particular, these methods apply to classical groups (with p # 2, by | ]), or any
group for which Yu’s construction of “generic types” is exhaustive for G (e.g., when p does not divide
the order of the Weyl group, by Fintzen [ D-

We fix a choice of square root /g of g. When R is a Z[\/Zfl]—algebra, we consider the normalized
variants of the parabolic functors ifj p(—) := Iﬁy(csll)/z ® —) and ryj p(—) = 557 @ R p(—). As
the modulus character §p of P takes values in ¢%, these are well-defined as we have fixed Va

Let G° denote the subgroup of G generated by all compact open subgroups, it is open and normal
in G, cf. | , I 1.3]. Moreover, as in ibid., G/G° is a free abelian group of finite rank equal to
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the rank of a maximal F-split torus in the centre of G; and G/ZG® is finite. We define the set of
unramified R-valued characters of G by

UgR):={x:G—=R*: x|go = 1}.

We can identify ¥ (R) with the group of R-points of the algebraic torus ¥ := Spec(Z[G/G°]).
We recall some preliminary definitions and results from Vignéras’ book [ ].

Definition 4.3. (1) Let H be a locally profinite group, and suppose R is Noetherian. An R[H]-
module 7 is called admissible if 7K is finitely generated for all compact open subgroups K
of H.

(2) An R[G]-module is called cuspidal if it is admissible and is annihilated by all proper parabolic
restrictions (that is, by all parabolic restrictions defined by a proper parabolic subgroup of G).

When an R[H]-module 7 has a central character, we denote this character by w-.

Theorem 4.4 (| , 112.8]). Suppose R is an algebraically closed field and 7 is a simple smooth R[G]-
module. Then 7 is admissible, Endg¢)(7) = R, and 7 has a central character.

Suppose R is an algebraically closed field and 7 is a simple R[G]-module. The cuspidal support
(resp. supercuspidal support) of 7 consists of all pairs (M, p), where M is a Levi subgroup of G and p is
a simple cuspidal (resp. supercuspidal) R[M]-module, such that there is a parabolic subgroup P = MU
with 7 a submodule (resp. subquotient) of ifj p(p).

Theorem 4.5 (] , 1T 2.20]). Suppose R is an algebraically closed field. Then the cuspidal
support of a simple R[G]-module is unique up to conjugacy, i.e. any two cuspidal supports of a given
simple R[G]-module are conjugate in G.

It is interesting that the supercuspidal support of a simple R[G]-module is not necessarily unique
up to conjugacy, cf. | ] for a counterexample when G = Spg(F) and R = F, for ¢ dividing ¢* + 1.
However, when R has characteristic zero, any cuspidal irreductible representation is supercuspidal, so
the supercuspidal support of a simple R[G]-module is unique up to conjugacy.

4.2. Integral representations.

Definition 4.6. Let H be a locally profinite group, and & be an integral domain with field of frac-
tions K. An admissible K[H]-module 7 is called &-integral if there exists an H-stable ¢-submodule L
of 7 satisfying:

(1) the natural map L ® ¢ K — 7 is an isomorphism;

(2) L is admissible as an ¢[H]-module.

Such an L is called an &-lattice in 7.

If & is a principal ideal domain, then by | , Appendice C] a lattice in an admissible K[G]-
module of countable dimension is O-free.

Remark 4.7. If L is a lattice (a Z-lattice) in an integral simple Q[G]-module, then it is realisable
over a principal ideal domain: the ring of integers & of a finite extension of the maximal unramified
extension Q)" of Q; by | , 11 4.9, 4.10], and hence the lattice L is &-free, so the definition of
integrality is consistent with | , 1T 4.11].

Proposition 4.8. Let 7 be an irreducible cuspidal Q[G]-module, and suppose that w, has finite order.
Then there exists a number field K, such that 7 is realisable over K and Oxk-integral. Moreover, any
stable Ok-lattice in 7 is projective as an Ok-module.

See | , 19.4] for an analogue with coefficients in a principal complete local ring.

Proof. As w is algebraic over Q, 7 is realisable over a number field K by | , 114.9]. As w, has finite
order, it is is trivial on some cocompact subgroup S of G. Let v € Homg (7, K)*° be a (smooth) vector
in the K-contragredient of m. As 7 is cuspidal it is Z-compact, and the map ¢ : v — (g — v(7(g)v))



LOCAL LANGLANDS IN FAMILIES: THE BANAL CASE 11

defines an embedding ¢ : 7 — C2°(S\G, K) from 7 to C°(S\G, K) the space of compactly supported
smooth functions S\G — K.

We consider L := ¢(m) N CX(S\G, Ok) the image of 7 in the Ok-valued functions. We can make
any element of ¢(m) integrally valued by scaling it, hence L is non-zero and hence L @ K = ¢(7) as 7
is irreducible. For any compact open subgroup U of G, 7V is a finite dimensional K-vector space, and
hence the image of 7V < C2°(S\G/U,K) is contained in S\&/U for some compact mod S subset &
of G. Hence LY = (1Y) N CX(S\G, Ok) is an Ok-submodule of C*(S\&/U, k) which is finitely
generated. Hence L is an Ok-lattice.

Now, let L be any stable Ok-lattice in 7, and U as above. As LV is a finitely generated torsion-
free Ok-submodule of the finite dimensional K-vector space 77, it is projective. Hence, L = lim_, LY
is a colimit of projective Ok-modules, and we can take the colimit over a system of compact open
pro-p subgroups of G, thus Homg, (L, —) = lim,.. Homg, (LY, —) is a limit over split surjections and L
is projective.

O

Suppose 7 is a finite length integral Q,[G]-module and L is a Z-lattice in 7. Then by the Brauer-
Nesbitt principle of Vignéras, L ®EIE7 has finite length as an F,[G]-module and its semisimplification
is independent of the choice of L. We write r4(m) for its semisimplification and call it the reduction
modulo ¢ of w. Given an admissible Z[G]-module L, we say that L lifts the F;[G]-module L @z F,.

It is quite easy to see that a supercuspidal simple Q,[G]-module 7 is integral if and only if its central
character w, takes values in ZX, see | , 1T 4.12]. A consequence of second-adjointness (Theorem
4.1), is that the Jacquet functor preserves admissibility over R. This, and the easier admissibility of
parabolic induction, shows that a simple Q;[G]-module 7 is integral if and only if its supercuspidal
support is integral [ , Corollary 1.6].

Proposition 4.9. Let 7 be a simple supercuspidal F¢[G]-module Then there exists a simple integral
cuspidal Q[G]-module 7 such that r¢(7) contains 7 as a subquotient.

Proof. Using the level decomposition, we can find a finitely generated projective Z¢[G]-module IT
which surjects onto 7 for some compact open subgroup H of G. By | , Lemma 3.4], we
can embed II into a product H(Fl) Iﬁ’P(p) of representations parabolically induced from finitely

generated (-torsion free cuspidal Zs-representations. Thus, T is a subquotient of (at least) one of
the Iﬁ,P(p). Thus, 7 is a subquotient of Iﬁp(p ® [Fy), and hence of some parabolic induction from

a simple Fy-subquotient of p ® F, by the main result of | | (note that second adjointness is a
hypothesis of this theorem so we are implicitly using deep techniques when we are out of the range of
type theoretic constructions, cf. Remark 4.2). Hence, by supercuspidality of 7, we have M = P = G.
Thus, 7 is a subquotient of the reduction of p, and hence is a subquotient of the reduction modulo ¢
of an irreducible integral Q-representation. O

4.3. The Bernstein decomposition and centre. We first introduce some notation:

Definition 4.10. (1) Let M, M’ be Levi subgroups of G, and p, p’ simple cuspidal R-representations
of M, M’ respectively. We say that (M, p) and (M’, p’) are inertially equivalent (over G) if there
exists g € G and x € ¥y (R) such that

M =M, pf=x®p
We write [M, p]g for the inertial equivalence class (over G) of (M, p).
(2) Let Br(G) denote the set of inertial equivalence classes of pairs (M, p) consisting of a Levi
subgroup M of G and a simple supercuspidal R[M]-module p.

(3) We denote by xunivmr : M — R[M/M°]* the universal unramified R-valued character of the
Levi subgroup M. In settings where the ring R is clear, we write this more simply as Xuniv,M-

Following | ], we recover the Bernstein decomposition and an explicit description of the Bern-
stein centre:
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Theorem 4.11. Suppose K is an algebraically closed field of characteristic zero.

(1) The category Repg(G) decomposes as an infinite product

Repg(G) = II  Rerx(G)pe
[M,p]c EBR(G)

of indecomposable full abelian subcategories Repg(G)m,p) where a K[G]-module is an object
of Rep(G)pm,p) if and only if all of its simple subquotients have supercuspidal support in
the inertial class [M, plg.

(2) Choose (M, p) € [M, pla, then ifj p(p ® Xuniv,m) is a progenerator of Repg(G)p,p), and its
isomorphism class in Repg(G),p) s independent of the choice of representative for the
inertial class.

(3) For [M, plc € Bg(G) with representative (M, p), the subgroup Hu ) = staby, ) (p) is finite
and depends only on the inertial class [M, p]y. Moreover, the subgroup

Warp =19 € G: MY =M, and (M, p?) € [M, plm}/M

depends only on the inertial class [M, p]p.

(4) Let epnr,, denote the idempotent of 33(G) corresponding to the factor Repgr(G)pm,p), and
set BGR,[M, e = e[M,p]GBG,i- The space of representations of M inertially equivalent to p
is a torsor for the torus Wy (K)/H,,) = Spm(K[M/M°]Ha.») with an action of the finite
group Wy, and the centre 5G,K[M,p]c is the ring of Wy ,)-invariant regular functions on
this torus. In particular, a choice of (M, p) € [M, p]c yields an isomorphism

e R Mple = (KM /MeHonn ) Wans

4.4. Supercuspidal representations in banal characteristics.

Definition 4.12. (1) A prime ¢ is called banal for G if it does not divide the pro-order of any
compact open subgroup of G.
(2) We write Ng for the product of all primes which are non-banal for G.

Remark 4.13. If G is unramified then it has an integral model G as a reductive group over Op
and Ng is equal to the product of the primes dividing |G(kr)| and p by | , Lemma 5.22].

In banal characteristics, the f-modular representation theory of M is expected to resemble the
complex representation theory of M. The goal of this section is to establish a description of 37, 1\, (G)
akin to Bernstein’s description of 3¢(G). For this we need basic results on cuspidal representations
in banal characteristics. Using sheaves on the building, Vignéras shows:

Theorem 4.14 (] , Theorem p373]). Suppose / is banal for M. A simple cuspidal F,[M]-module
is Zyi-projective.

It follows from this that for ¢ banal:

(1) Any simple cuspidal F;[M]-module is supercuspidal. In particular, the supercuspidal support
of a simple F;[M]-module is unique up to conjugacy.

(2) There are no non-trivial extensions between cuspidal representations with the same central
characters.

We will need some reduction and lifting results we first prove in the local setup:

Proposition 4.15. (1) Let 7 be a simple integral cuspidal Q,[G]-module with £ banal. Then r,()
is irreducible and cuspidal.
(2) Let 7 be a simple cuspidal F;[G]-module with ¢ banal. Then there exists a simple integral
cuspidal Q[G]-module 7 with ry(7) = 7.
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(1) We may reduce from Qq to a discretely valued field E of definition of 7, with uni-
formizer wg. Pick an invariant lattice Ly in 7, and an irreducible quotient Ly/wgLo — 7.
Put

Li:=Ly+ wgl ker(Lo — 7)
This is a new invariant lattice that contains Ly. Moreover, the map Lo/wgLo — Li/wrl1
factors as

Lo/wELO — T — Ll/wELl.
Now, we know that L, /wgL; is semisimple because it is cuspidal with central character (by
(2) above as £ is banal), so there is a retraction L1 — 7 whose composition with the inclusion
Loy — Ly is the map Ly — T we started with.

Now apply this construction inductively to get an increasing sequence of lattices L,,, n € N
equipped with compatible surjections onto 7. The colimit Lo, of this sequence is an Og[G]-
submodule of 7. Its divisible part is either 0 or =, since 7 is irreducible. It can’t be m since
it surjects to . So it is 0, which means that the sequence becomes constant after r >> 0.
But then, L,y = L, means that L,/wgL, = 7 which in turn means that 7 has irreducible
reduction.

By Proposition 4.9, 7 appears in the reduction modulo ¢ of an integral supercuspidal Q.[G]-

module, and by the first part, such a reduction is irreducible in the banal case.
|

With global coefficients, we have:

Proposition 4.16. Let K be a number field, and L be a lattice in an Ok-integral absolutely irreducible
cuspidal K[G]-module 7.

(1)

For all maximal ideals m of Ok not dividing Ng, the (Ok/m)[G]-module L/mL is absolutely
irreducible and cuspidal.

The Ok[1/Ngl-lattice L[1/Ng] is unique up to multiplication by some fractional ideal of
Ok [1/Ng]. o

Let 7 be a simple cuspidal Fy[G]-module with ¢ banal. Then there exists a number field K, and
an absolutely irreducible integral cuspidal K[G]-module m with &k-lattice L, and a maximal
ideal m of Ok above ¢, such that © = (L/mL) ® F,.

(1) As localization is an exact functor, L/mL ~ Ly, /mLy,, it follows from Proposition 4.15.
Let L' be another Ok-lattice in 7, and choose a compact open subgroup U such that L
and L’ are generated by their U-invariants. Then LV, (L)Y, and (L + L")V are Ox-lattices
in a finite dimensional K-vector space, and hence (L + L')Y/LY and (L + L")V/(L")V are
finitely generated torsion Ok-modules, and are thus supported on a finite set of maximal
ideals. Therefore, for all but finitely many maximal ideals, Ly, = L!,. Moreover, from the
first part, for all maximal ideals not dividing Ng, the local lattices Ly, are unique up to
homothety. Therefore there exists a collection (au,) with all but finitely many units, such
that am Ly, = Li,. Therefore, aL[1/Ng] = L'[1/Ng] for some fractional ideal a of Ok [1/Ng].
By Proposition 4.15, there exists a simple cuspidal Q[G]-module o, lifting 7. By twisting
by an unramified character of G if necessary, we can assume that the central character of mg;
has finite order, and that 7 is defined over Q. Hence, by Proposition 4.8, 7 is defined over
a number field K and Ok-integral with Oxk-lattice L. Moreover, as localization is an exact
functor, (L/mL) ® F, = 7 for any maximal ideal m above .

|

Finally, we need to show that the lattices we consider are projective on restriction to G° in the
banal setting:

Proposition 4.17. Let K be a number field, and L be a lattice in an Ok-integral absolutely irreducible
cuspidal K[G]-module 7. The restriction (L ® Ok [1/Ng]) g is projective in Repg, 11/n¢](G°)-
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Proof. By | , 3.11], Ljgo is “c-projective”, meaning that for any open compact subgroup K of G,
taking Hom g, [1/p][co1(L, —) is exact on “K-split short exact sequences”, where a sequence 0 — p; —
p — p2 — 0 of Ok[1/p]|G°]-modules, is called K-split if there is a K-equivariant section ps — p. By
the level decomposition, for example, we can find a projective Ok [1/p][G°]-module P covering L with
projection w : P — L. As L is projective as an Ox[1/p]-module by Proposition 4.8, we can split =
as a Ok[1/p]-module morphism, and for any compact open subgroup K of G, we can average this
splitting to split p as an Ok [1/Ng][K]-module morphism. By c-projectivity Homg, [1/x¢jqe) (L, P) —
Hom g, 1/ng](co) (L, L) is surjective, hence we can split 7 over Ok [1/Ng][G°] and L is projective as
a Ok[1/Ng][G°]-module. O

4.5. The integral centre over Z[1/N¢g]. Let K/Q be a number field, and 7 be an absolutely irre-
ducible cuspidal K[G]-module with finite order central character w;.
As G°Zg is a normal subgroup of G with finite index and 7 has a central character we can write

(r@K)jge =~ (m @ © 7)™
where the 7; are pairwise non-isomorphic irreducible C[G°]-modules. Moreover, the isomorphism class
of indgo (m;) is independent of i. Enlarging K if necessary, so that the above decomposition is valid
over K, we can write
Tige = (M & - & 7,) %",
as a decomposition of 7 into pairwise non-isomorphic (absolutely) irreducible K[G°]-modules.
Choose an irreducible K[G°]-subspace W of 7 such that
H={geG:n(g)W =W}
is maximal, and write 7 for the natural representation of % on W. Set 7° = Resf. (7%). By | ,
Lemma 8.3], ind$; (m3) ~ 7.
Let H, denote the ramification group of m: that is, the (finite) group of unramified characters x
of G which satisfy m ~ 7 ® x, and introduce the following finite index normal subgroups of G

S={geG:(x°) =7} T= ﬂ Ker(x)
x€Hx
as in | ]. By | , Lemma 8.3] we have
SOHDOT 2ZcG° with [H:T]=[S:H]=m

By the same argument as in Proposition 4.8 (which only used irreducibility, Z-compactness, and
finite order central character, so applies equally well to the K-representation 7y of H), my is Ok-
integral and we choose an Ok-lattice Ly in 7.

Write L° = Resfo (Ly), and L1 = Res¥ (L) so that L° (vespectively Lt) is an Ok-lattice in m°
(respectively m7 = Res¥(ry)).

Lemma 4.18. Let R = Ok[1/Ng].

(1) The R[G°]-module L° ® R is finitely generated projective.

(2) The R[G]-module indG. (L° ® R) is finitely generated projective.

(3) The natural inclusion EndR[g] (indSo (L° @ R)) C Endgq (indS. (L° @ R)) is an isomorphism.

(4) The centre of Endgq }(deo (L° ® R)) is given by

Z(Endgq(ind&. (L° ® R))) ~ Endgp (indZe (L° ® R)) ~ R[T/G°] ~ R[G/G°]"
Proof. The representation ind$; (L) is a G-stable lattice in ind$,(my) ~ 7, hence
ResSo (ind$ (Ly)) @ R ~ @ (Resie (Ly)? @ R)
G/H

is projective by Proposition 4.17. Hence, as it is a summand, L° ® R is projective. As G° is open

in G, indS, is left adjoint to an exact functor (restriction), hence indG. (L° @ R) is a finitely generated
projective R[G]-module.



LOCAL LANGLANDS IN FAMILIES: THE BANAL CASE 15

By Frobenius reciprocity and Mackey Theory,
(4.1) Endpg g (indg. (L°) @ R) ~ €D Hompgey(L°, (L°)9).
G/G°
Moreover, the natural map
HomR[GO](LOa (Lo)g) @K~ HomK[GO](Tro7 (Wo)g)v

is an isomorphism by Lemma A.1. Hence the sum in Equation 4.1 is supported on the cosets S/G°.
Hence we have an isomorphism of algebras, given by functoriality of compact induction,

Endgjs)(ind&. (L° ® R)) ~ Endgg (ind&. (L° ® R)).

We next compute the endomorphism algebra Endgpr (indZo (L° @ R)). As Reslo(L7) = L°, we

have
ind%. (L°) ~ Ly ® ind&. (1)
where 7 acts diagonally on the tensor product. This decomposition induces a morphism of algebras
(4.2) Endg7(L7 ® R) ® R[T/G°] = Endg7 (indfs (L° ® R)).
By Frobenius reciprocity, we have an isomorphism of R-modules
Endgj7(indge (L° ® R)) ~ Homgge) (L° ® R, (L° ® R) ® Res{e (indfe (1) @ R))
~ EndR[Go] (Lo ® R) ® R[T/Go]
and the morphism of Equation 4.2, is induced by the inclusion Endgj7j(L7 ® R) € Endgjgej(L° @ R).
As L°, Lt are Ok-lattices, they are locally free (cf. Remark 4.7), hence Endg[7(L7®R), Endgjge)(L°®
R) are locally free. Moreover,
EndR[T] (L ®R) @ K =~ EndK[T] (r1) ~ K, EndR[Go](LO ®R)®K ~ EndK[Go](WO) ~ K,
and hence Endg7](L7 ® R) ~ Endg(ge)(L° ® R) ~ R (as R is a normal domain), and hence we have
an isomorphism of algebras
Endg7(ind&- (L° ® R)) ~ R[T/G°].
It remains to show this is Z(Endgjg (indS. (L° ® R))). Now, by | , Lemma 8.4],
Z(Endys)(indZ- (7°))) ~ Endg 7 (indfe (7°)) ~ K[T/G°]
and hence
(4.3) Endg7(indg- (L° ® R)) C Z(Endgs) (indZ. (L° @ R))).
Moreover,
Z(Endgs)(indg- (L° ® R))) ® K = Z(Endgs) (indge (7°))) ~ K[T/G°]

by Lemmas A.1 and A.2. Hence, as R[7/G°] is a normal Noetherian domain and Endgjg) (ind%. (L° ®
R)) (hence Z(EndR[S] (ind‘so (L° ® R)))) a finite R[7/G°]-module (as [S : T] = m? is finite), the
inclusion of Equation 4.3 is an isomorphism. (]

Let [M, pla € Bz(G) be a Q-inertial class. Choose a representative (M, p) such that p has finite
order central character, and is hence defined over a number field K/Q by Proposition 4.8. By extending
scalars if necessary, we assume that K contains /g and is sufficiently large for the decomposition

of pjue-
The finite group H, only depends on the M-inertial class of p and we write Hy ,) as before. Recall,
from Bernstein’s decomposition, we put

W) ={g € G:M? =M, and (M, p?) € M, p|n }/M.

As in the cuspidal case above, we choose our lattice L° in p°, where p°® is an absolutely irre-
ducible K[M°]-submodule of pje. Choose a parabolic subgroup P of G with Levi factor M. We
set R = Ok[1/Ng] and let

P(M,p) = Z.IE}/I,P (indMo (LO X R))
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Lemma 4.19. The K[G]-module Py ) ® K ~ ifj p (ind}f. (p°)) is finitely generated projective, with
Z(Endxc)(Pau,p) ® K)) = (K[M/M°JHot) oo,
Proof. As K/K is faithfully flat, this follows from Bernstein’s Theorem 4.11 and from Lemma A.2. O

We now prove an integral form of this after inverting Ng:

Lemma 4.20. Let R = Ok[1/Ng]. The R[G]-module Py, = iﬁ,P(indMo(Lo ® R)) is finitely
generated projective, with

Z(EHdR[G] (P(M,p))) ~ (R[M/MO]H(M,;)) )W(M,o) .

Proof. By Lemma 4.18, second adjunction and finiteness of parabolic induction | I, Pov,p)
is finitely generated projective.
As P,y is finitely generated projective, we have an embedding

(44) EndR[G] (P(Mp)) — EndR[G] (P(M,p)) RK ~ EndK[G](P(M,p) [029] K)

Moreover, the isomorphism (K[M/M°JHotn)Worn = Z(Endkg)(P,p) ® K)) of Lemma 4.19 is
induced by the following composed map,
(KM/MHero)Worn sy Endgy(indyie (p°)) <= Endge) (P, @ K),

where the second map is given by functoriality for parabolic induction. Therefore, the analogous map
over R
RM/MHorn )Worn s Endgpy (indygs (L° ® R)) < Endgig) (P,
also given by functoriality of parabolic induction, certainly induces an embedding
RM/M ot )Worn < Z(Endgg) (Pa,p)))-

To see that this embedding is an isomorphism, it then suffices to see that the target is integral over
the source, since the source is integrally closed. In turn, it is enough to show that Endgc)(Pm,p))
is finitely generated as a module over (R[M/M°]Hor,)Ware | or even over R[M/M°JHowr . We have
already seen that Endgp (ind}j. (L° ® R)) is finitely generated as a module over R[M/M°]Hows) . On
the other hand, the Geometric Lemma implies that Endgq)(Pm,p)) is finitely generated as a module
over Endgy (indjje (L° ® R)). O

For every Q-inertial class of supercuspidal support [M, p]q for G, we follow the same construc-
tion, choosing representatives (M, p) with finite order central characters, and defining a collection of
projective modules

(4.5) P, p) = ing py, (indppe (L9) ® Ok, [1/Ng)),

where the number field K, and the lattice L] depend on p, and the parabolic Py on M. We choose
our parabolic subgroups compatibility so that Pye = P{;. To consider all of these over the same base
ring we extend scalars to Z[1/Ng], where we have:

Lemma 4.21. The Z[1/Ng][G]-modules Py ) ® Z[1/Ng], are

(1) finitely generated projective;
(2) mutually disjoint, i.e. if [M, p|g and [M', p']g define different classes in Bg(G) then

Homg, /a1 (Pop) @ Z[1/Na), Paw ) @ Z[1/Ng]) = 0.

(3) evhaust the category, i.e. for any Z[1/N¢][G]-module 7 there exists an inertial class [M, p]g €

Homg /. 1ie) (Powp) © Z[1/Ngl,m) # 0.

Proof. (1) It follows from Lemma 4.20 that the Py, ,) ®Z[1/N¢] are finitely generated projective.
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(2) Moreover, because Py, ) ® Z[1/Ng] is finitely generated projective it is torsion free (or by
Lemma A.1), we have

HomZ[l/Ng][G] (P(M,p) X Z[I/Ng], P(M’,p’) ® Z[l/Ng]) — Homc[g] (P(M7p) (4 (C, P(M'7P') X C)

which is zero by the Bernstein decomposition 4.11.
(3) As Pou,p)®Z[1/Ng] is projective and every Z[1/N¢][G]-module has an irreducible subquotient,
we can reduce to the case where 7 is irreducible.
First assume that 7 is torsion free, then by Lemma A.1

Homyz, ngia(Pov,p) © Z[1/Ng], m) @ C ~ Homgq) (P, @ C, 7 @ C),

o and

so Homgy v 1a1(Pov,p) © Z[1/Ng], ) is non-zero if and only if 7 ® C € Repe(G)pw,p)
exhaustion follows as Py ,) ® C exhaust over C from Bernstein’s decomposition 4.11.

Now assume that there exists a banal prime ¢ such that 7 = 0. Hence 7 identifies with a
simple F,;[G]-module. There exists a parabolic Pyy = MN and an irreducible cuspidal F,[M]-
module 7 such that 7 is a quotient of iﬁ,PM (7). By Proposition 4.16, there exists a number
field K and an absolutely irreducible integral cuspidal 7 with reduction r,(7) ® F; ~ 7. There
exists (MY,7) € [M,7]g in our chosen collection of representatives for the Q-inertial classes
of G, with associated projective

P(Mgm) = il(\}/l-‘%PMg (indM% (L;) ® ﬁKn [I/NG])'
Moreover enlarging K, if necessary, so that it contains K, the K, [G]-module 7®K,, is a quotient
of indM%(L;) ® K,,. The image of (ind}je (LS,))-‘f1 ® Ok, in T ® K, is an Ok, -lattice L, in 7
( , 19.3]). Hence il(\;/I)PM (7) and hence 7 are quotients of Ppe ).
|

Hence, we obtain a decomposition of the category and from the last section a description of the
centre of each factor. Moreover, this is the finest such decomposition - the block decomposition
over Z[1/Ng] — the centres of the categories (indexed by Q-inertial classes of supercuspidal supports)
have no non-trivial idempotents. We record this as a theorem:

Theorem 4.22. (1) The category Repz; x1(G) decomposes as

Repz[l/NG](G) = H RepZ[l/NG] (G)[M7/J]G7
[M,p]c €B5(G)
where Repz[1 /Na] (G)[M7 o 18 the direct factor subcategory generated by the finitely generated
projective P, p) & Z[1/Ng].
(2) Moreover, the choice of Py ) identifies the centre 3G7Z[1/NG],[M>P]G of Repz[l/NG](G)[MW]G
with (Z[1/Ng][M/M°|Hawn ) Ware

Remark 4.23. The block Repz; /x. (G gl 1s “defined over Ok, [1/Ng]”, in the sense that Poy )
generates a direct factor subcategory RepﬁKp[l/NG](G)[MW]G of RepﬁKp[l/NG](G).

5. GELFAND—GRAEV REPRESENTATIONS AND THEIR ENDOMORPHISM ALGEBRAS

For this section, we suppose that G is F-quasi-split. Choose a maximal F-split torus S of G, and a
Borel subgroup B with Levi factor T = Cg(S) and unipotent radical U. We let T = T(F), B = B(F),
and U = U(F). We write ® for the set of roots of S in G, A for the set of simple roots determined
by B, and ®* the set of positive roots determined by A. For a@ € ®+ we let U, denote the root
subgroup corresponding to a, thus we have an isomorphism [ . ot U, — U of F-varieties, where tb:d
denotes the subset of ®* of non-divisible roots.

Choose in addition a pinning of G, compatible with our choices of T and B. Equivalently we fix
an isomorphism, for each absolute root a of Ug, of (Ug), with the additive group over F.
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Definition 5.1. Let Ry denote the ring Z[1/p, pipe], and let R be an Ro-algebra.

(1) A character ¢ : U — R* of U = U(F) is called non-degenerate, if it is non-trivial on U, =
U, (F), for all a € A.

(2) A Whittaker datum for G (over R) is a pair (U’, ¢) such that U’ is the F-points of the unipotent
radical of a Borel subgroup of G and ¢ : U’ — R* is a non-degenerate character.

(3) A simple R[G]-module (, V) is called ¢-generic, for a non-degenerate character ¢ : U — R,
if the module of (U, v)-coinvariants Vy, := V/{(m(u)v — ¥ (u)v, u € U,v € V) is non zero.

From a Whittaker datum (U, ) over R we may construct the smooth R[G]-module
ind%(d)) := {smooth, compactly supported mod U, f: G — R, Yu € U, f(ug) = ¥(u)f(g9)}

This module depends, up to isomorphism, only on the G-conjugacy class of (U, ).
Fix an additive character ¢y : F* — R{, trivial on Ok but not on w0k, where w is a uni-
formizer of F. Our chosen pinning yields a Gal(F/F)-equivariant identification of U%b with the product

G, where A= denotes the set of absolute simple roots (that is, the set of positive simple roots
F
aEAF

of Gy determined by Bg.) Let ¢ denote the map U — G, determined by « and our chosen pinning.
We can then define a character v of U by the formula:

v =vr [ 3 talw)| .

OéEAf

noting that the sum on the right hand side is an element of F since it is fixed under Gal(F/F).

The character 1 is non-degenerate. Moreover, this construction gives a bijection between pinnings
of G (for a fixed choice of T,B) and Whittaker data of the form (U,1)). In particular both of these
sets are torsors under the conjugation action of the group (T/Z)(F).

A choice of Whittaker datum for G also determines Whittaker data for Levi subgroups of G. Let M
be a standard Levi subgroup of G (meaning that it contains T and is a Levi factor of a parabolic
subgroup containing B, i.e., of a standard parabolic). Then by [ , 2.2 Proposition], Uy = UNM
is the unipotent radical of a Borel subgroup of M, and if ¢y : U — R* is a non-degenerate character
of G then ¢ = ¢y, : Uu — R* is a non-degenerate character of M.

5.1. Rings of definition. In this subsection we study various rings of definition for the representation
indg(w). In particular, our objective is to prove:

Proposition 5.2. There exists a finite Galois extension K/Q contained in Q(,3), and a Ok [1/p][G]-

submodule Wy, C ind$ (1), such that the natural map Wy, Qg [1/p] L1/, ppe] — ind$ () is an
isomorphism. Moreover, the field K may be taken as follows:

(1) If one half the sum of the positive coroots of G (considered as a cocharacter of T/Z) lifts to
an integral cocharacter of T, then one can take K = Q.

(2) If (1) does not hold, and either p is odd or F has characteristic p, then one can take K = Q(pp).

(3) If (1) does not hold, p = 2, and F has characteristic zero, then one can take K = Q(us).

Remark 5.3. The models Wy 4 in the proposition may not be unique, in particular in case (1).
However, in cases (2) and (3) our proof will arguably provide “natural” models.

Let Ko = Q(tp ) denote the field of fractions of Ry; we begin by studying the action of Gal(K(/Q)
on the set of non-degenerate characters of U. From the last section, we already know that for each
o € Gal(K(/Q), there is a unique element t, € (T/Z)(F) such that (1)’ = 1. Here (1)) denotes
the image of 1 under the Galois action of o while 1’s denotes its image under the adjoint action of
ty, defined by ¥'e (u) = (Ady, (u)).

Lemma 5.4. The map o — t, is a continuous group homomorphism from Gal(Kq/Q) to (T/Z)(F).
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Proof. Tt is clearly a group homomorphism by uniqueness of t,. To prove continuity, we will compute
t, explicitly. We denote by o +— a, the composition of the cyclotomic character Gal(Ko/Q) —» Ly
and the natural map Z; — F*. We then have ¢r(a,x) = o(¢r(z)) for all z. Note that the map
0 — as is continuous and valued in & ;

Let S be half the sum of the positive absolute coroots in X,(T)g. Note that § is fixed under
Gal(F/F), so we can regard (3 as a cocharacter of T/Z, and the map o +— f(a,) is certainly a
continuous group morphism from Gal(Ky/Q) to (T/Z)(F). But since (3,a) = 1 for all o € Ap. we
have o(¢)?(%) =4, hence t, = B(a,). O

The next lemma studies when this morphism can be lifted to a morphism valued in T(F).

Lemma 5.5. Under hypothesis (1), (2) or (3) of Proposition 5.2, and with the notation K therein,
the map o — t, can be lifted to a continuous morphism o — t,, Gal(Ky/K) — T(F).

Proof. (1) If 3 lifts to a cocharacter § of T, then we can put , := 3(a,) and this defines a continuous
morphism Gal(K/Q) to T(F) as desired. However, this will not always be the case; for example
when G = SLy. In general, there is a natural obstruction to the existence of a lift B in the group
Ext%Gal(F/F)(X*(Z), Z) and it is a 2-torsion element, since 25 € X, (T).

(2) If p is odd and K = Q(pp), then Gal(K/K) is isomorphic to Z,. Since 2 is invertible in Z,,
this means that the map o ~ o2 is a continuous automorphism of Gal(Ky/K). We can then put
t, == 2B(a /=) and get the desired morphism. On the other hand, if F has characteristic p, then
as = 1, hence also t, = 1 for all o € Gal(K(/K), so we may just put £, := 1 in this case.

(3) Suppose p = 2 and set K = Q(ug). Then Gal(Ky/Q(pa)) ~ Z2 and Gal(Ky/K) is 2Z2 therein.
So any o in Gal(K(/K) has a unique “square root” /o in Gal(Ky/Q(u4)) and, as above, we can take
t, == 283(a /o) O

Proof of Proposition 5.2. Let K be as in Proposition 5.2 and let us choose a lift o + t, as in the last
lemma. We then get a semi-linear action of Gal(Ko/K) on ind§(¢), defined by :

(@.0) = (Tof 29 0(f(E09)))

for o in Gal(Ko/K) and f a left (U,)-equivariant function G — Rg = Ok,[1/p]. This action is
continuous for the discrete topology on ind%(z/}), hence it defines an effective descent datum for the
proétale Galois cover Spec(Ok,[1/p]) — Spec(Oxk[1/p]), and the fixed points of this action are an
Ok [1/p][G]-submodule Wy, of ind () satisfying the requirements of the proposition.

O

5.2. Basic properties of GGRs. Let R be a Z[1/p, ju,]-algebra. Let (U,1) be a Whittaker datum
over R.

For any R-algebra R/, we write ¢/ for the character ¢ ® R’, and have ind$ (¢r/) ~ ind$ () @ R’
In the special case R = C, Chan and Savin | ] show that ind$ (¢ic) is flat, we now consider the
general case for the module Wy 4.

Proposition 5.6. Let V be a right R[G]-module. Then we have a natural isomorphism of R-modules:
V @gja) indg (1) = Vi,
where V,;, denotes the (U, 9)-coinvariants of V.
Proof. Let N be an arbitrary R-module. We then have an isomorphism:
Homg (V ®g(q) ind{ (¢), N) =~ Homg|g)(V, Hompg (ind{ (¢), N)')

by Hom-tensor adjunction, where Homg(ind$(¢)), N)’ consists of smooth R-linear maps ¢ from
ind{ (¥) to N, which has a right G-action given by (¢¢)(f) = ¢(gf). This space of homomorphisms of
right G-modules is isomorphic to the space Homgg(V, HomR(indS (), N)), where V' is the module
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V made into a left G-module via the map g — ¢!, and similarly HomR(indS(¢), N) is considered as
a left G-module in the usual way.
Integration over U\G defines a perfect pairing:

ind$§ (¥) x md§ (yy') — N,

where 1/1;,1 is the R[U]-module whose underling R-module is N, on which U acts via 1!, and therefore
identifies Homg (ind$ (¥), N) with Ind{} (1)5"). But we then have an isomorphism:

Homp g (V/, Indg (¥ 5")) ~ Homp(V}, 1, N).
Since this isomorphism exists for all N and is functorial in N, by Yoneda’s lemma we have an isomor-
phism:
V @pyg indg (¢) ~ Vi, 1,
and the claim follows by observing that V;b,l is naturally isomorphic to V. O

Remark 5.7. One can define explicitly the morphism Vy — V ®gqj ind$ () as follows. Denote
by C2°(G,R) the R-module of smooth compactly supported R-valued functions on G, and by || w the
averaging map C>°(G,R) — ind$(¢) defined by f — (g — Ji flug)y(u)~'du) after fixing a Haar
measure on U. If we identify C°(G,R) with the Hecke algebra (via some choice of Haar measure
on G), then the action map induces an isomorphism a :V ®gjg) C°(G,R) = V and the following

composition
! . id®fw e
V=V ®gic] C°(G,R) — V &g indg(¥)

factors over V,, providing the desired isomorphism.

Since U is a colimit of pro-p groups, taking (U, 1)-coinvariants is exact, so we deduce that indg ()
is flat as a Z[1/p, pipe][G]-module. Since one can check flatness after a faithfully flat base change, we
immediately deduce (recall the notation K from Proposition 5.2) :

Corollary 5.8. Any model Wy, as in Proposition 5.2 is flat as an Ok [1/p][G]-module.

Gelfand-Graev representations behave well with respect to parabolic restriction, with the proof of
Bushnell-Henniart carrying over without change to coefficients in R:

Proposition 5.9 ([ , 2.2 Theorem]). Let P be a standard parabolic subgroup with Levi decom-
position P = MN where M is a standard Levi subgroup of P. Let P° = MN®° denote the opposite
parabolic to P. There is a unique isomorphism

r: TSI,PO (ind%(i/))) = ind%M (M)
characterized by the following property: for any compact open subgroup A of N°, and any (right) A-
invariant element f of indg(w) supported on UMA, the element r(f) of ind%M (vm) is the function
on M given by
1/2
r(£)(m) = p(A)3 (m) f(m),

for all m € M, where p is a Haar measure on N° and dpo is the modulus character of P°.

The level decomposition gives us the canonical direct sum decomposition ind§ (¢) = @ ind§ (¥),.
In the special case R = C, Bushnell-Henniart prove in | , Section 7] that indg(w@)n is a finitely

generated C[G]-module. Their argument carries over, nearly without modification, in the context
of R[G]-modules (even for R non-Noetherian!):

Proposition 5.10. The module ind{(¢)), is a finitely generated R[G]-module.

In particular this holds for R = Ry. We can thus descend our result to the depth n summand
WU,w,n of WU#) :

Corollary 5.11. Any model Wy 4 , as in Proposition 5.2 is finitely generated as an Ox[1/p][G]-
module.
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Proof. We have an isomorphism Wy y.n ®e[1/p Ro =~ indg (¥)n, so we can find a finite subset of
Wu.pn that generates indg (1), as a Ro[Gl-module. Let W' C Wy, be the R[G]-submodule
generated by this set. Then we have (Wu y.n/W') ®gy[1/5) Ro = 0, hence also Wy 4 /W' = 0 by
faithful flatness. ]

Corollary 5.12. For any Ok[1/pl-algebra R, the module Wy 4., ®g,1/p R is a finitely generated
projective R[G]-module. In particular, ind%(w) is a projective Ro[G]-module.

Proof. By | , Corollary 1.4], Hecke algebras over the Noetherian ring €x[1/p] are Noetherian.
It follows that any finitely generated flat 0k [1/p][G]-module is projective; in particular this applies
to Wy y,n. The case of arbitrary R then follows by base change. |

Remark 5.13. (1) As | ] uses the main result of [ ], it might appear on first look
that our proof depends on their high-tech machinery. However, for the Corollary we do not
actually need to know Noetherianity of Hecke algebras. A ring H with the property that
every finitely generated flat right H-module is projective is called a right S-ring, cf. | ]
for details on the theory of S-rings. In particular it is proven there that an arbitrary subring
of a right S-ring is a right S-ring. Since Hecke algebras over C are Noetherian (and therefore
right S-rings), it follows from this that Hecke algebras over &k [1/p] are also right S-rings, and
this is all that is necessary for the proof of the Corollary.

(2) Hansen has recently provided another very nice proof that ind$ () is a projective Z[1/p, pipe[G]-
module in [ ], using “Rodier approximation”.

5.3. Endomorphism Rings. We now turn to the question of descending the endomorphism ring of
ind$ (¥). For a Re-valued function f on G and o € Gal(Ko/Q), define o(f) by o(f)(9) = o(f(9)),
and for v € Aut(G), define f¥(g) by f(v(g9)). Then, with the notation of Lemma 5.4, the map
T, : f o(f)' takes ind$(¢) into itself.

Lemma 5.14. The map (o,¢) — T, 0o p o T, 1 defines a semi-linear action of Gal(Ky/Q) on the Ro-
algebra Endg,q (ind$ (1)). Moreover, its restriction to Gal(Ko/K) coincides with the action coming
from the base change isomorphism Wy 4 ®g,(1/p Ro = indg(z/)) of Proposition 5.2.

Proof. The first assertion is a straightforward computation. For the second one, with the notation
of the last paragraph of Subsection 5.1, we need to show that T, o p o T;;! = T, o @ o Ta_l for all
o € Gal(Ko/K) and ¢ € Endgq (ind$ (¢)). By construction, we have T, = {,0T,, as endomorphisms
of the Z[1/p]-module ind$ (), and where , denotes the action of #, on that module. So the desired
equality boils down to the fact that T, o p o T;;! commutes to the action of G. O

Beware that this semi-linear action is not continuous for the discrete topology on the Rg-algebra
Endg,(q (ind%(w)). This is because Wy is not finitely generated, so the natural map:

End g, (1/p1161(Wu,p) ® ey 1/5) Ro — Endg, ) (indg (1))

fails to be an isomorphism.

Lemma 5.15. For any depth n and any element o € Gal(Ky/Q), the endomorphism T, takes the
summand ind$ (), into itself. Moreover, the map (o, @) — Ty 0 @ o T; ' defines a continuous semi-
linear action of Gal(Ko/Q) on the Rg-algebra Endgq (ind$ (¥),).

Proof. The map f — o(f) is a Z[1/p][G] endomorphism of ind$ (1), hence it commutes with the action
of the centre 3G 71/ and in particular with the idempotents that give the depth decomposition. On
the other hand, the map f + fiv is G-equivariant if one twists the action of G by the automorphism
to. This automorphism also acts on 3¢ zp1/p and we have (zf)' = 2t fo for all z € 3¢ 71/, and
f € ind&(¥). But by construction, the depth decomposition is invariant under Aut(G)(F), hence in
particular the map f ~— f?v also commutes with the idempotents that give the depth decomposition.
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Hence the map (o, ¢) — T, o p o T, 1 defines a semi-linar action of Gal(K,/Q) on the Rg-algebra
Endg,q (ind$ (¢),) and, as in the last lemma, the restriction of this action to Gal(Ko/K) coincides
with the action coming from the base change isomorphism Wy y »® g, 1/5Ro — ind{ (1),,. Therefore,
the natural map:

End g, 1/5)16)(Wu.p.n) @175 Ro = Endg,(c) (indg (¥),)
is Gal(Ko/K)-equivariant for the natural action on the LHS. Since Wy 4., is finitely presented, this
map is an isomorphism, and it follows that the action we have defined on Endg(q; (indg(w)n) is
continuous. (]

Let us now take Galois invariants and put
6G,n = EndRo[G] (lndg (w)n)Gal(KO/Q).

By descent along the proétale cover Spec(Rg) — Spec(Z[1/p]), the Z[1/p]-algebra &g, is a model
for Endg,(q (ind$ (¢),). Moreover, for any g € (G/Z)(F), the isomorphism of Endg,q (ind$ (1))
with Endg,q) (ind$, (¥9),,) induced by the endofunctor = — 79 is compatible with the actions of
Gal(Ko/Q) on source and target. Thus the ring g, is independent of the choice of Whittaker
datum.

Remark 5.16. The canonical map 3a,r, — Endg,q (ind{ (1)) is certainly Gal(Ko/K)-equivariant
with respect to the Galois actions we have defined on the two rings, but may not be Gal(Ky/Q)-
equivariant in general. Indeed, the action on 3¢ r, arises from the endofunctors = — 7%, whereas the
action on Endg[q (ind$ (1)) arises from the endofunctors 7 — (77)%. The difference between the
two actions of o is thus given by the automorphism of 3¢ gr, induced by the endofunctor m + 7'<. In
particular, if we let 3%;‘130 denote the subring of 3¢ r, stable under the automorphisms induced by the
endofunctors m — 79 for g € (G/Z)(F), then the action of 3G g, restricts to a Gal(Ky/Q)-equivariant
map:
3%k, — Endg,c)(indg (¥)n).
We summarize the above discussion as follows:

Theorem 5.17. For each n, the Z[1/pl-algebra €g ,, is commutative, flat and finitely generated and,
there is a canonical isomorphism

€an ®z(1/p) R = Endriq)(Wur ¢/ n @6x(1/p) R)
for each Ok [1/p]-algebra R and each Whittaker datum (U’, ) of G. Moreover there is a natural map
3&a0/p — €am
that, after base change to Ok[1/p] and the identifications above, coincides with the map

3 oen/p — Endon/pic (W ,n)

arising from the action of the Bernstein centre.

5.4. An isomorphism of Bushnell and Henniart in the banal setting. The aim of this section
is to point out that in the banal setting, we have an analogue of a theorem of Bushnell-Henniart
relating the “i-generic blocks” of the Bernstein centre with the endomorphisms of the Gelfand—-Graev
representation defined by 1.

Definition 5.18. In the case R is an algebraically closed field, we say that an inertial class [M, 7|g €
Br(G) is Y-generic if

dimg (Hompg yy (indy,, (Yar), 7)) = 1
for all 7’ € [M, .

If Repc(G)pum, ) contains a 1)-generic representation then [M, 7]q is ¢-generic (cf. | ,4.5 (1)),

and it follows that this also holds over Q.
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Lemma 5.19. Let K/Q(up~) be a finite extension, and 7 be an absolutely irreducible ¢-generic cus-
pidal K[G]-module with finite order central character. The 0k [1/Ng][G]-module indg(wﬁK[I/NG])[GJ‘r]
is a finitely generated projective generator of Repg, 1/n4](G)(c.n)-

Proof. Set @ := indg (Yex1/Na])a,n- By Corollary 5.12, we already know that @ is projective and
finitely generated, so it remains to see it is a generator, i.e. that any simple object of Repg, 1/ng] (G)a,m)
is a quotient of (). Note that the set of simple quotients of @) is stable under unramified twisting, since
U C G°. On the other hand, for each algebraically closed field L over €k [1/Ng], the set of irreducible
L[G]-modules in Repg, (1/ny](G)(a,x form a single unramified orbit, by construction. Therefore, it
is enough to show that for each such L, the L[G]-module Q ® L has a simple quotient. Since it is
finitely generated, it suffices to prove it is non-zero. By | , 9.2], we know that Q ® C is non-zero,
hence @ # 0. Moreover, since @ is a direct factor a space of Ok[1/Ng|-valued functions, it is certainly
l-adically separated for each banal ¢, meaning that () ® L is non-zero for all L as above. O

Corollary 5.20. Let [G,7]g € Bg(G) be a y-generic inertial class. The natural map

e
BG,Z[l/Nc],[G,-rr]G — Endz, v qic) (mdUWZ[l/NG])[Gm]G)
is an isomorphism.
Now, following Bushnell and Henniart, we can extend this to all 1-generic inertial classes:

Theorem 5.21. Let [M, 7]g € B5(G) be a -generic inertial class. Then the canonical map

e
36,20 /Nel Mol — BNz nge) (0do (Vzp ng) v rle)
is an isomorphism.

Proof. The map becomes an isomorphism after extending scalars to Q by | , 4.3]. As both rings
are torsion free, it follows that the map is injective. Since the source 3G,Z[1 /NG MG is a normal
domain, it thus suffices to prove that the map is integral.

By functoriality of parabolic restriction, we have a commutative diagram:

. 1G
SGZ[l/NG],[M,‘n—]G - EndZ[l/NG][G] (lndu(wzu/NG])[M,ﬂ]c)

J !

~ .M
SM,Z[l/Ng],[M,ﬂ']M - EndZ[l/NG][M] (mdU (q/)Z[l/NgHUM)[Maﬂ']M)

where the right vertical map follows from Proposition 5.9 and projection onto the [M, 7]y-block, the
lower horizontal map is an isomorphism by the previous corollary, and the left vertical map is the
canonical inclusion. Moreover, the right vertical map is injective as it is injective over Q by [ ,
9.3 Lemma 1] and both rings are torsion free. Hence, as Z[1/Ng][M/M°]"ntxlu is finite over the
ring BG,Z[I/NG],[M,W]G7 the map of the theorem is integral. |

6. LANGLANDS PARAMETERS AND THE LOCAL LANGLANDS CORRESPONDENCE

6.1. The L-group. Let Wy denote the Weil group of F, the topological group obtained from the
absolute Galois group of F by discretizing its unramified quotient. Let Ir and Pr denote the inertia
and wild inertia subgroups of Wg.

Let G denote the dual group to the underlying algebraic group of G considered as a Z[1/p]-group
scheme. We fix LG = G x W a finite form of the Langlands dual group, considered as a (possibly
non-connected) Z[1/p]-group scheme, where W is a finite quotient of the Weil group Wg through
which the action of Wg on G factors.
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6.2. Langlands parameters. Suppose K is an algebraically closed field of characteristic zero. A

morphism ¢ : Wg — LG (K) is called an L-homomorphism if the composition Wg LN %e (K) —» W is
the natural projection.

Definition 6.1. (1) A semisimple parameter for G over K is an L-homomorphism ¢ : Wg —
LG (K) with open kernel whose image consists of semisimple elements in LG (K). Write ¢ . x(G)

for the set of (A}(K)—Conjugacy classes of semisimple parameters for G over K.

(2) A Weil-Deligne parameter for G over K is a pair (r, N) where r : Wp — G (K) is a semisim-
ple parameter, and N € Lie(G(K)) is a nilpotent element satisfying Ad(r)(w)N = |w|N.
Write @y, £(G) for the set of G(K)-conjugacy classes of Weil-Deligne parameters over K
for G.

(3) An SLy-parameter for G over K is a morphism v : Wg x SLa(K) — LG (K) such that ¢ |w,. is

a semisimple parameter, and MSLQ(K) is an algebraic morphism. Write ®g; = (G) for the set

of @—conjugacy classes of SLg-parameters over K for G.

(4) An ¢-adic Langlands parameter for G (or a Langlands parameter for G over Qy), for some £ #
p, is an f-adically continuous Frobenius-semisimple L-homomorphism ¢, : Wg — “G(Qy).
Write ®g_a4ic(G) for the set of (A}(@)—conjugacy classes of Langlands parameters over Qg
for G.

Remark 6.2. In (4), Frobenius-semisimple means that there exists a lift of Frobenius w in Wp
such that ¢¢(w) is a semisimple element in “G(Q,). This is equivalent to asking that for any lift
of Frobenius w, and more generally for any w € Wg \ Ig, the element ¢¢(w) is semisimple. More
generally, as in | , 8.5], if ¢¢ : Wp — LG (Qy) is any f-adically continuous L-homomorphism, then
there are :

e a unique Frobenius-semisimple /-adically continuous ¢ rr—ss : Wy — Lg (@)7 and

e a unique unipotent element u € £G(Qy),

such that, for any w € Wp \ Ig, the Jordan decomposition of ¢¢(w) is ¢pry—ss(w)u’™) where v :
Wrg/Ip — Z takes a lift of Frobenius to 1. In particular, v commutes with ¢(Wrp).

Remark 6.3. In (1), note that ¢(Ir) consists of finite order, hence semisimple, elements. So the
condition that ¢(Wp) consists of semi-simple elements is equivalent to the Frobenius-semisimplicity
condition of the previous remark. As explained in | , Remark 6.9 ii)], this is also equivalent
to asking that the associated 1-cocycle ¢° : Wp — (A}(K) has Zariski-closed orbit under (A}(K) in
7 (W, Gg).

Remark 6.4. (1) After fixing choices of a Frobenius lift and of a generator of Ir /Py, Grothendieck’s
monodromy theorem gives a bijection between the set of Weil-Deligne representations over Q, and the
set of Langlands parameters over Q,. This bijection may depend on choices but it induces a canonical
bijection @ aqgic(G) — Pwp g;(G) on conjugacy classes, see [ , Lemme 8.4.3]. Note that this
construction works without the Frobenius-semisimple hypothesis and “commutes” with Frobenius
semisimplification.

(2) On the other hand, there is an obvious map that associates a Weil-Deligne parameter to an SLo-
parameter, ¥ — (r, N) defined by r(w) = ¢ <w, (g q91 )V(w)/2> and N = dis (01). Thanks to the
Jacobson-Morozov theorem, this map induces a bijection (I)SLz,R(G) — (I)WD,R(G) between conjugacy
classes. Note that this map again makes sense if we drop the Frobenius semisimplicity condition on
both sides, but in general it fails to be injective or surjective on conjugacy classes (see [ ,
Example 3.5]).

6.3. Moduli of Langlands parameters. Fix an arithmetic Frobenius Fr in Wg, and a progener-
ator s of the tame inertia group Ir/Pr. Denote by W% the topological group obtained from Wy
by discretization of Wg/Pg with respect to these choices: WY is the preimage under the quotient
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map Wg — Wg/Pr of (Fr,s) and is endowed with the topology that extends the natural (profinite)
topology on Pg and induces the discrete topology on (Fr, s).
Fix an exhaustive filtration Pf of Pr by open normal subgroups of Wr. And consider the functor

Z' (W%, G) : Z[1/p]-algebras — Set;
R 21 (W, G(R));

where Z' (W%, G(R)) denotes the set of 1-cocycles W% — G(R) continuous with respect to the discrete
topology on G(R). Then Z (WY, G) = lim_, Z' (WS /Ps, G) is an ind-affine scheme (where Z' (WY /PS, Q)
is defined analagously). Let RS, denote the ring of functions of the affine group scheme Z' (WY /Pg, é),
and Rrg = lim, miG.

Definition 6.5. Let R be a Z[1/p]-algebra. A morphism ¢ : Wg — LG(R) is ¢-adically continuous if
there exist f : R’ — R with R’ f-adically separated, and ¢’ : Wr — LG (R’) satisfying:
(1) *G(f)od' = ¢;
(2) LG(mn) 0@’ : Wg — LG(R//¢"R/) is continuous for all n, where 7, denotes the projection
R — R//("R/.
Theorem 6.6 (| , Theorems 4.1, 4.18, Corollary 4.2]). (1) The scheme Z'(WY, G) is a
reduced, flat, locally complete intersection of relative dimension dim(G) over Z[1/p].
(2) For all £ # p, RS, is l-adically separated and the universal cocycle ¢¢,;, : Wi — G(R¢y)
: W — G(R$, ® Z) which is
universal for all f-adically continuous cocycles which are trivial on Pf.

(3) The GIT quotient ZI(W%, CA}) / G is, up to canonical isomorphism, independent of the choice
of Fr, s.

extends uniquely to an f-adically continuous cocycle ¢g,;, ,

6.4. Central characters. We write IIiz(G) for the set of isomorphism classes of irreducible (smooth) K[G]-
modules. Let G,,q denote the greatest central torus of G and Gyag = Grad(F), then Gyaq — G induces
a surjective morphism

det : *G(K) — G, 4(K),
generalizing the determinant map when G = GL,,, whence by composing with local Langlands for tori
(cf. | , 9.2]) we obtain a map ®(G) — II(Gyaq). From this, we obtain a map w_ : ®(G) — II(Z¢),
using a construction of Langlands | , p17-18] in cases where Graq € Zg.

6.5. The local Langlands correspondence. In this setting it is expected that we have a local
Langlands correspondence. We include here one formulation together with some of the expected
properties we will use later (we use SLo-parameters with K = C for convenience in citing the literature
in the next section).

We call an SLy-parameter ¢ for G over C tempered if the projection of (W) to G(C) is bounded,
and say that a tempered parameter ¢ is discrete if C@(¢)/Z(CA})WF is finite.

Let M denote a Levi subgroup of G, then the inclusion M < G induces a unique up to (A}((C)—
conjugacy embedding

LM,G : LM((C) — LG((C)

Let M be a standard Levi subgroup of G, and P the standard parabolic subgroup of G with Levi
factor M. Denote by 203; the dual of the real Lie algebra %4y of the split component of the centre
of M and by (23;)" the positive Weyl chamber of 23; with respect to the standard parabolic P.
Define a homomorphism Hy; : M — 2y by demanding that |y(m)| = ¢~ &HMm) for all rational
characters x of M and m € M, where here (, ) : A{; x 2m — R denotes the natural pairing. Given
an element A € A3, we have an unramified character y, of M defined by xx(m) = g~ MHm(m))

Conjecture 6.7 (The local Langlands correspondence). There is a natural map
E[:G : Hc(G) — (bSL27C(G)7
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satisfying a list of desiderata (cf. | ]), including;:

(1) (Relevance) LLq has finite fibres called L-packets, and the image of £LLq consists precisely
of the relevant parameters (cf. | , 3.3, 8.2] for the definition of relevance, and note that
if G is F-quasi-split then all parameters are relevant).

(2) (Preservation of discrete/tempered-ness) w is discrete series (resp. tempered) if and only
if LLg(m) is discrete (resp. tempered).

(3) (Twisting by a character) suppose x : G — C* is a character of G and z, : Wg — Zg(C)
is a choice of 1-cocycle representing the class in H'(Wg, Zg(C)) associated to x by the local
Langlands correspondence for characters of G (| , 10.2]), then for p € TI¢(G)

LLc(p®@X)° =LL(p) - 2y, in H'(Wp, G(C)).

(4) (Central characters) For all p € c(G), w, = werg(p)-

(5) (Langlands classification) For a conjugacy class of parameter in ®gr, c(G), there is a repre-
sentative ¢, a standard Levi subgroup M of G, a tempered SLy-parameter ¢y for M, and
Ao € (A3, such that ¢ = iv . o (dm)a, Where (¢m)r, = M - 2y,,- Then the L-packet Tl
of ¢ is given by

H¢ = {Jg(,ﬂ/\o) iTE H¢M}

where P is the standard parabolic of G with Levi factor M, 7y, = xx,7, and JS(my,) is the
unique quotient — the “Langlands quotient” — of i§ (my,).

6.6. Generic representations and L-packets. Suppose G is F-quasi-split and fix a Whittaker
datum (U, 1)) for G. Then it is expected that:

Conjecture 6.8. In each tempered L-packet there is a unique 1-generic representation.

The existence of a 1-generic representation in a tempered L-packet is known as the tempered packet
conjecture and originates in | , Conjecture 9.4]. Gross—Prasad and Rallis have conjectured the
following criterion for the existence of a generic representation in a general L-packet:

Conjecture 6.9 (Gross—Prasad, Rallis). The L-packet of a SLg-parameter ¢ contains a generic
representation if and only if the adjoint L-factor L(s, Ad o ¢) is holomorphic at s = 1.

This conjecture has an appealing reformulation in terms of the geometry of the moduli space of
Langlands parameters near ¢. Let ¢ be a SLo-parameter over K, and let (r, N) be its associated
Weil-Deligne representation. We can then consider the subspace V,. of Lie((A}) consisting of v € Lie((A})
such that Ad(r)(w)v = |w|v; this is the space of possible monodromy operators N’ associated to the
semisimple parameter r of ¢. The centralizer CA}T of r acts on V, with a unique open orbit; we will
say that ¢ has mazimal monodromy if N lies in this open orbit. On the other hand, the pair (r, N)

determines a L-homomorphism ¢ : W% — LG (K), i.e. a K-point of Z'(W$, G) We then have:

Proposition 6.10. The following are equivalent:
(1) L(s,Ad o ¢) is holomorphic at s = 1.
(2) ¢ has maximal monodromy.
(3) The K-point of Z' (W%, G) corresponding to ¢ is a smooth point of Z' (W%, G).

Proof. The order of the pole at s = 1 of L(s, Ado¢) is equal to the multiplicity of the inverse cyclotomic
character in the Wyg-representation (Ad o T>|Lie(@)ad(N):0’ which is also the multiplicity of the inverse

cyclotomic character in the W-representation Ad o ¢, i.e. the dimension of H*(W%, (Ad o ¢)(1)).
Therefore, the equivalence between (1) and (3) follows from | , Cor. 5.3].

Let C denote the ar—orbit of N and consider the description of the conormal bundle of C in V,. given
in [ , Prop 6.3.1]. The fibre at N of the conormal bundle is the kernel of the map X — [N, X]
on HO(WY, (Ad or)(1)). This kernel is precisely H* (W%, (Ad o ¢)(1)). It follows that C is open if and
only if H*(WY, (Ad o ¢)(1)) vanishes. Therefore, the equivalence between (2) and (3) follows from
[ , Cor. 5.3]. O
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Thus the Gross-Prasad-Rallis conjecture is equivalent to:

Conjecture 6.11. Let r be a semisimple parameter. Then, up to (A}—conjugacy7 there is a unique
Langlands parameter ¢ whose corresponding L-packet contains a generic representation, namely the
unique parameter with semisimple parameter r and maximal monodromy.

6.7. The semisimple local Langlands correspondence. We have a natural semisimplification
map

()ss : Pwp,c(G) = Pss,c(G)
(r,N)w—r.
Via the bijection ®gr,, c(G) = ®wp,c(G), this defines semisimplification map
()ss : PsLy,c(G) = @ss.c(G),
given by restriction via the embedding Wy < Wy x SLy(C) defined by w (w, (‘w‘l/2 |91/2 ))

0 |w
Given ¢ € ®gr, c(G), in the literature, ¢4 is often called the infinitesimal character of ¢.

Remark 6.12. We also have a natural semisimplification map Py nqic(G) — @S(gv@(G) defined as
follows: for ¢y € ®_nqic(G) choose a minimal parabolic subgroup of *G (Q,) which ¢, factors through
then project onto a Levi factor of this parabolic and take its @(@)—conjugacy class in @SS’@(G).
This agrees with the map on Weil-Deligne representations via the bijections ®y._aqic(G) — @WD,@(G),

and @y, 5, (G) =~ @wp,c(G) depending on choosing an isomorphism C ~ Qq.

It is expected that the local Langlands correspondence for G is compatible with parabolic induction
in the following sense:

Conjecture 6.13 (| , Conjecture 5.22]). Let p € IIc(M) and 7 be an irreducible subquotient
of i§(p) where P is a parabolic subgroup of G with a Levi decomposition P = M x N. Then the

semisimple parameters iy © (LLM(p))ss and (LLg())ss are @((C)-conjugate.

We call the fibres of ( )ss 0 LLg extended L-packets. Conjecture 6.11 implies for quasi-split groups,
in particular, that only one L-packet in an extended packet can support generic representations. We
conjecture that:

Conjecture 6.14 (Extended packet conjecture). Suppose G is F-quasi-split, and fix a Whittaker
datum (U, 1)) for G. Then in each extended L-packet there is a unique t-generic representation.

Proposition 6.15. Suppose G is F-quasi-split and Conjecture 6.7 holds for G. Then Conjectures 6.8
and 6.11 together imply Conjecture 6.14.

Proof. Let ¢ be a semisimple parameter. By Conjecture 6.11, an extended L-packet corresponding
to ¢ contains a generic representation and all such generic representations belong to the same L-packet
— namely with Weil-Deligne representation conjugate to (¢, N), where N is chosen from the maximal
orbit in the space of possible monodromy operators for ¢. In other words, one and only one L-packet
in an extended packet contains generic representations.

It remains to show that there is at most one generic representation in the L-packet attached
to (¢, N). By the Langlands classification and Conjecture 6.7 (5), any L-packet consists of the
respective Langlands quotients associated to all members of a certain tempered L-packet of some Levi
subgroup and a certain “positive” unramified character of that Levi. By Conjecture 6.8 applied to
the Levi subgroup, the tempered L-packet contains a unique generic representation. A quotient of a
parabolic induction being generic implies that the inducing representation is generic too, so we see that
in a general L-packet there is at most one generic representation; the unique candidate for genericity
being the Langlands quotient of (the twist of) the generic member of the tempered L-packet’. |

While we don’t need it, it is interesting to note that by the “standard modules conjecture”, now a theorem of
Heiermann-Opdam | , Corollary 1.2], a Langlands quotient is generic if and only if the inducing data is generic
and the Langlands quotient is the entire induced representation.
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We will also need a semisimplified form of Haine’s invariance of the local Langlands correspondence
under isomorphisms conjecture:

Conjecture 6.16 (Haines, cf. | , Conjecture 5.2.4]). Suppose a : G — G’ is an isomorphism
of connected reductive groups, m € ¢ (G), and *7 the irreducible representation of G’ obtained by
pre-composing with a~!. Then the induced isomorphism “a : “G/(C) — “G(C) (which is well-defined
up to @(C)—conjugacy) takes the é\’((C) conjugacy class of LLg/(*m)ss to the @(C)—Conjugacy class of
,Cl:(; (7‘(‘) S5+

The analogue of the semisimplification of a (conjugacy class of) Langlands parameter on the p-
adic group side should be given by the supercuspidal support map. Let HSCR(G) denote the set of
possible supercuspidal supports of an irreducible representation of G; that is, the set of G-conjugacy
classes of pairs (M, p) consisting of a Levi subgroup M of a parabolic subgroup of G and a simple
supercuspidal K[M]-module. Write

()se : M) =TI, 2(C)

for the supercuspidal support map. Under L£Ly; for all Levi subgroups of all parabolic subgroups
of G, compatibility of the local Langlands correspondence for G with parabolic induction implies
there exists a semisimple local Langlands correspondence LLg defined by the commutative diagram:

LL
(@) 5% @ (@)

l( )s l( s
x(G

LL
Hsc, ) < (bss,i(G>

For ease of notation, when dealing with elements of II_, (G) and ®x(G), we denote the element
(which is a conjugacy class) by any choice of representative. For descending our results to the smallest
possible base ring later, it is useful to make the following conjecture:

Conjecture 6.17. Suppose LLg exists, Let o be an automorphism of C fixing /g, and (M, p) €
II,.%(G). Then LLg(p?) = LLg(p)7.

Our formulation of local Langlands in families below uses only some of the basic properties of the
expected semisimple local Langlands correspondence, so we work with the following abstract setting:

Definition 6.18. Let | K be an algebraically closed field of charateristic zero. A semisimple corre-
spondence for G over K is a family of maps (éu)

%M : HSC,E(M) - (bss,i(M)7

over all Levi subgroups M of G, which satisfy:

(¢1) % has finite fibres called semisimple L-packets, and is surjective if M is F-quasi-split.”
(¢2) (supercuspidals) for all (M, p) € I, (M) (i.e. all classes of supercuspidal representations of M),
any parameter in (M, p) is the semisimplification of a discrete Langlands parameter.

(¢3) (unramified twisting) for all (M, p) € Il (M) and all x : M — K™ unramified,
MM, p® x)° = Gu(M, p)° - 2.
(¢4) (central characters) let (M, p) € II_, z(M), if the centre of M is not compact, we require

Wp = Wgy(M,p) -

2We could call a semisimple parameter relevant if it is the semisimplification of a relevant Langlands parameters
and demand in general the image is the set of relevant semisimple parameters. However, when M is not F-quasi-split it
is not clear what this condition gives as it is given by semisimplification of Langlands parameters, (cf. | , p10)).
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(€5) (supercuspidal supports and genericity) In the case G is F-quasi-split: For any Whittaker da-
tum (U, ) for G, every semisimple L-packet contains a unique “i-generic” supercuspidal sup-
port (Where we call a supercuspidal support ©-generic if the support contains a representa-
tive (M, p) with M a standard Levi subgroup and p a t¢)-generic representation).

(€6) (compatibility with parabolic induction) For Levi subgroups M < M’ of G and a supercuspi-
dal representation p of M, G (M, p) is the unique M’ (K)-conjugacy class containing uy v o

(€7) (compatibility with field automorphisms) For all automorphisms o of K fixing /g and all (M/, p) €
Hsc,i(M)v (M, p7) = Gu(M, p)7.

(¢8) (compatibility with inner automorphisms) Let g € (G/Z)(F), (M, p) € I, (M), then € (M9, p9) =
(gG (Mv P)

Remark 6.19. It is important to note, the properties (4’1 —6) are quite mild and do not characterize
a semisimple correspondence. For example, one could interchange the semisimple parameters of
two t-generic supercuspidal supports on the same (conjugacy class of) Levi subgroup and get another
semisimple correspondence.

As noted before, the conjectural semisimple local Langlands correspondence defines a natural
semisimple correspondence.

Proposition 6.20. Suppose LLy exists (Conjecture 6.7), together with Conjectures 6.13, 6.14, 6.16,
and 6.17, for all Levi subgroups M of G. Then (LLy) = (( )ss © £LLm o ( )5.) is a semisimple
correspondence for G.

Proof. The map LLy; is well defined by Conjecture 6.13. Properties (¢1) — (¢4) follow at once from
Properties (1) — (4) of Conjecture 6.7. A quotient of a parabolic induction being -generic implies
that the inducing representation is in-generic so (¢'5) follows from Conjecture 6.14. Compatibility
with parabolic induction (€6) follows from Conjecture 6.13, and (€’7) is Conjecture 6.17.

Finally, we explain how to deduce (¢'8) from Conjecture 6.16. Given g in (G/Z)(F) and (M, p) as in
(¢8), we can fix a maximal torus T in M, and write g = th, with h in G(F) and ¢ in (T/Z)(F). Then we
have € (MY, p?) = Ca(M!, p') = €c(M, p): the first equality because our semisimple correspondence
% is defined on G(F)-conjugacy classes of supercuspidal pairs, the second because M? = M. So it
suffices to show 6a (M, p!) = (M, p). Conjecture 6.16 shows that Gy (M, p') = 6u(M, p), and then
we are done by compatibility with parabolic induction (€6). |

6.8. Integral parameters.

Definition 6.21. A continuous L-homomorphism ¢, : Wgp — LG (Qp) is called integral if its image
in LG (Q¢) has compact closure.

A basic application of Bruhat-Tits theory (cf. the proof of | , Proposition 2.9]) shows that
¢y is integral if and only if a G(Qg)-conjugate of it takes values in G (Zy).

Proposition 6.22. Let ¢, be a continuous L-homomorphism W — £G(Qy).
(1) Suppose ¢, is discrete and Frobenius semisimple. Then the following are equivalent:
(a) ¢ is integral;
(b) det(¢y) is integral;
(c) wg, is integral.
(2) In general, the following are equivalent:
(a) ¢y is integral;
(b) the Frobenius-semisimplification ¢yp,_ ., of ¢y is integral.
(c) the semlslmphﬁcatlon i Of gy is integral.
(d) the Q-point of Z'(Wr, ) / G corresponding to ¢ factors through Spec(Zy).

Proof. The equivalence between (2a) and (2b) follows from Remark 6.2 and the fact that a unipotent
element of LG (Qy) is compact (i.e. generates a subgroup that has compact closure). So we may
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assume from now on that ¢, is Frobenius-semisimple. Denote by Sp, : Wr — SL2(Qy) the special
Langlands parameter for PGLg, which factors over Wg /Pr and takes a (chosen) generator of I /Pr to

(¢ 1) and a (chosen) lift of Frobenius to (‘f \/ao,l
over Q¢ and SLy parameters recalled in Remark 6.4, we can factorize ¢y = 1 o (id x Spy) : Wg —
Wr x SLa(Qy) s LG(Qy) for some continuous L-homomorphism t such that P(Ip x {1}) is finite
and ¢ (Fr, 1) is semisimple for any Frobenius element Fr in Wg. Since Sp, (W) has compact closure in
SL2(Qg), we see that ¢;(Wp) is compact in “G(Qy) if and only if ¢»(Wg x {1}) is compact in “G(Qy).
In other words, we have

). By the dictionary between Langlands parameters

¢ is integral < w1y is integral < (Fr, 1) is a compact element in LG(Qo).

Let us now prove (2). Let 15 : Wg — SL2(Q¢) be the Langlands parameter of the trivial represen-

tation of PGLy, which factors over Wg /Iy and takes Frobenius to ( ‘{f \/50,1 ) . Then ¢y := 1po(idx 15)
is (a representative of) the semi-simplification of ¢,. As above, since 15(Wg) has compact closure
in SL2(Qy), we see that

Gugs 18 integral < w1} is integral.

whence the equivalence between (2a) and (2¢). The implication (2¢) = (2d) is clear, so let us assume
that (2d) holds. Observe that, in order to prove (2c), it suffices to find a finite extension F’ of F
such that ¢y (Wg/) has compact closure in “G(Qy). Let us choose F’ such that ¢y (Ir/) = {1} and
Prss(Wrpr) C G(QZ). Denoting by Fr’ a Frobenius element in W/, we need to show that ¢, (Fr’)
is compact in @(@), knowing that its image in (@ / @)(@) belongs to (é / G)(Z) But we can
conjugate ¢, such that ¢, (Fr') € T(@) and, since the morphism T — G / G is finite, we then
actually have ¢, (Fr') € T(Z)

Let us now prove (1). Here, the implication (1a)=-(1b) is clear and the equivalence between (1b)
and (1c) follows from the fact that the local Langlands correspondence for tori respects integrality.
Using the isogeny Gge X Graa — G, we see that, to prove (1b)=-(1a), it suffices to do it when G
is adjoint. That is, we need to prove that, in this case, any discrete parameter ¢, is integral. With
the notation v introduced above, all we need is to check that ¢ (Fr,1) is a compact element. But,
since ¢(Ig x {1}) is finite, there is an integer n such that ¢ (Fr,1)" belongs to G(Qy) and centralizes
¥(Ip x {1}). It follows that 1(Fr, 1)" belongs to the centralizer in G(Qy) of the image 1)(W x SL(Qy))
of v, which is trivial since ¢, is discrete and G is adjoint. Hence we see that ¢ (Fr,1) even has finite
order. ]

Remark 6.23. Assume the conjectural local Langlands correspondence for G (Conjecture 6.7) and
its Levi subgroups, and fix an isomorphism C ~ @Q; to write the local Langlands correspondence
for ¢-adic representations.

(1) Using preservation of central characters and discrete-ness (more precisely, that the parameters
of supercuspidal representations are discrete), Proposition 6.22 (1) and | , 1T 4.12], show
that a supercuspidal representation of G is integral if and only if its associated ¢-adic Langlands
parameter is integral.

(2) Building on this (under the same hypotheses for all Levi subgroups), using compatibility with
parabolic induction, Proposition 6.22 (2) and | , Corollary 1.6], show that an irre-
ducible representation of G is integral if and only if its associated ¢-adic Langlands parameter
is integral.

7. THE SEMISIMPLE LOCAL LANGLANDS CORRESPONDENCE FOR CLASSICAL GROUPS

7.1. Classical groups. Let E/F be a trivial or quadratic extension of p-adic fields and ¢ denote the
generator of Gal(E/F), and € € {£1}. Let (V,h) be an e-hermitian space and

U(V,h) ={g € GLg(V) : h(gv, gw) = h(v,w), for all v,w € V},
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denote the group of isometries.

(1) When E/F is quadratic then U(V, h) is a unitary group.

(2) When E =F and € = —1, then U(V, h) is a symplectic group

(3) When E =F and € = 1, then U(V, k) is an orthogonal group.
If dimg(V) = 0 then we interpret G to be the trivial group. Thus, the isometry group U(V,h) is
the F-points of a possibly disconnected reductive group defined over F.

Definition 7.1. By a classical group G we mean a unitary, symplectic or split odd special orthogonal
group.

So, in particular, a “classical group” in this work is the points of a connected reductive group.

Remark 7.2. We do not consider even (special) orthogonal groups or non-quasi-split odd (special)
orthogonal groups in this work, and have not included them in our definition of a “classical group”.

7.2. Parameters for classical groups as (conjugate) self-dual parameters. We can associate
to a parameter ¢ : Wy x SLy(C) — £G(C) a self-dual or conjugate self-dual representation R o ¢ :
W X SLy(C) — GL,,,(C), for some m = m(G), following | , Section 8]:

Suppose G is symplectic, then “G(C) = SOs,+1(C) and we can compose with the standard repre-
sentation SOg;,+1(C) — GLa,41(C). This allows us to consider an SLa-parameter for G as a self-dual
parameter ¢ : Wg x SLy(C) — SOsg,41(C) — GL3p41(C) into GLa,41(C). The case of odd special
orthogonal groups is similar.

Suppose G is unitary. Then “G(C) = GL, (C)xGal(E/F) and restricting ¢ : WgpxSLy(C) — G (C)
to Wi x SLa(C) gives the required conjugate self-dual representation Ro¢ : Wg x SLy(C) — GL,,(C).

Proposition 7.3 (| , Theorem 8.1]). Let ¢ and ¢’ be SLy-parameters for G. Then ¢ and ¢’
are conjugate in G(C) if and only if R o ¢ and R o ¢ are equivalent in GL,,(C).

7.3. The local Langlands correspondence for classical groups. The local Langlands correspon-
dence satisfying properties (1)-(5) of Conjecture 6.7 is known for general linear groups and classical
groups in the following cases:

- for general linear groups by | , , | (after Bernstein—Zelevinsky’s reduction to the
supercuspidal case | D;

- for symplectic, and odd split special orthogonal groups by | l;

- for quasi-split unitary groups by | ]

- for unitary groups by | , Section 1.6] and | , Theorem 2.5.1].

Remark 7.4. We do not include non-quasi-split odd special orthogonal groups in this work as while
there is the parametrization of | |, we did not find all of the properties we need for our geometriza-
tion later explicit in their work. Similarly, for even orthogonal groups, where while there is the local
Langlands parameterisation | L1 , Theorem 4.4], and | ] some of our framework would
need extending (perhaps, mildly in this case) to disconnected reductive F-groups to use it.

7.4. The Plancherel measure. Let G be a classical group either equal to U(V, k) or in the special
orthogonal case the subgroup of U(V,h) of isometries of determinant one, P a maximal parabolic
subgroup of G, and M a Levi component of P. Recall that the data of (M, P) is equivalent to that of a
splitting of E-vector spaces V=W & V' @& W', where W, W’ are totally isotropic and V' is orthogonal
to W @ W', and this provides us with an identification M = GL(W) x G’ where G’ is U(V’, h) or in
the orthogonal case is the subgroup of isometries of determinant one.

Fix 1 a non-trivial character of F, and let 7 ® m be an irreducible representation of M. We refer to
Appendix C.4 for the construction of the Plancherel measure

/,Lg(T ®m) € C(M/M°)

in which the intertwining operators have been normalized with respect to a certain choice of Haar
measure corresponding to ¢ as in | , Appendix B].
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With the aim of comparing this Plancherel measure with certain «y factors, we will slightly change
notation as follows. Observe first that the map (gw, gv/) — valg(det(gw)) induces an isomorphism
M/M° - Z, and then an isomorphism C[M/M°] ~ C[(q~*)*'] where we see ¢~* as an indeterminate.
Accordingly, we denote by |det |* : GL(W) — C[(¢~*)*!] the universal unramified character gw
(g—#5)vale(detlow)) of GL(W) and we put 7, ® 7 := 7.|det|* ® 7. Upon identifying C(M/M°) with
C((g*)*'), this is the universal unramified twist of 7 @7 appearing in the definition of Mg(7'®7r). For
this reason, we will denote by ,ug (1s ®m) the rational function in C(¢~*) corresponding to ,ui (Trem) e
C(M/M°). We will sometimes drop the subscript ¢ or the superscript G to simplify notation and
simply write p(7s ® 7).

Similarly, for 7 and 7’ irreducible representations of GLi(E) and GLy/ (E), setting 7, = 7 ® | det |*
and 7/ = 7’ ® | det |, denote by

GLy e —
p(1s @77) = g, (r@7) € Clg% g7

the Plancherel measure of 7 ® 7' normalized with respect to our fixed character ¢y = 1 o Trg/p.
Note that this is actually a rational function in C(¢~%¢?). In particular, the hyperplanes ¢t = 1 and
g% = ¢' are not contained in its singular locus, and we simply denote by
U @ 7) 1= s @ 1)y and plry 87, = (1 © 7)oy
the respective rational functions in C(g~*) obtained by restriction.
Later, we will need the following multiplicativity property of the Plancherel measure:

Proposition 7.5. (1) Let M = My x M; be a Levi subgroup of G, where My = [[;_; GL,, (E)
is a product of general linear groups and M; is a classical group. Let p be an irreducible
representation of M which decomposes with respect to this decomposition as @;_, p; ® p'.
Let P be a parabolic subgroup of G with Levi factor M and 7 an irreducible subquotient
of i§(p). Then, for 7 an irreducible representation of GLj(E), we have

w(rs @ ) = p(7s ® p') H MGLICJrki(E) (s @ pi) MGLICJrki(E) (7s ® pg\/) :

i=1

(2) Let P’ be a parabolic of GL,,(E) with Levi factor GLg, (E) x - -+ x GLg, (E) and suppose 7 is

an irreducible subquotient of zg'/L m®r g ® 7/), with 7/ an irreducible representation of
GLg, (E). Then, for 7 an irreducible representation of a classical group G’, we have

preem) = [[ w5 Deo (@)Y ) 1] wE)sen)

1<i<5<! 1<l

(3) Let m = k1 +--- + k;, and let n = k7 + --- + kj, and suppose 7 (resp. 7’) is an irreducible
subquotient of iS,L"”’(E) (11®---®7,) (resp. ig}f"(E)(T{@)- --®7])), with 7; (resp. 7/) an irreducible

representation of GLy, (E) (resp. GLy/(E)). Then

GL ., (E
pClmin®(r @ () = [ » bty € )((Ti)s®(T})t)
1<i<r
1<5<!
i<y

Parts (1) and (2 of this proposition are proved in | , B.5] in the special case where 7 (respectively,

7) is an irreducible subrepresentation of i (p) (respectively, z'g,L’"(E) (11 ®---®7])). The general case
stated here will be deduced from our results in Appendix C, specifically Corollary C.8; this is carried
out in Subsection C.4.
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7.5. Gamma factors and a semisimple converse theorem. On the other hand, let (r, N) be a
Weil-Deligne representation for GL,, (F). We denote by

L(s,(r,N)) = det(1 — q_sr(Fr)‘ ker(N)F )~

the L-factor of (r,N), and by €(s, (r, N),¢) € Clg—*]* the epsilon factor of | ]. We define the
gamma factor of (r, N) by

L(1—s,(r,N)¥)

’Y(S’ (T7 N)v'(/}) = 6(57 (7‘, N)7¢)Wa

where (r, N)* is the dual Weil-Deligne representation. As above, we view ¢~* as a formal variable and
consider (s, (r, N), ) as an element of C(¢g™*).

For a semisimple parameter ¢ for G, we define its L-factor, epsilon, and gamma factor, to be the
factors of the Weil-Deligne representation (¢, 0). The standard properties we use of the gamma factors
are:

(1) The ~-factor only depends on the semisimplification of a Weil-Deligne representation: for ¢ =
r= (r7 N)SS7 we have 7(87 QSJ Q/J) = /Y(S’ (rﬂ N)7 w)7;
(2) The ~-factor is multiplicative: for ¢ >~ ¢1 @ @2, we have (s, ¢, 1) = v(s, ¢1,9)v(s, P2, ).

See | , Corollary 4.5] for precise references.
Moreover, in this setting, Langlands’ conjecture on the Plancherel measure | , Appendix II]
is known:

Proposition 7.6. Let m be an irreducible representation of G, k a positive integer, 7 an irreducible
representation of GL(E), 7/ an irreducible representation of GLy/ (E).

(1) Writing, ¢, = LLay, (8)(7) and ¢ = LLgL,, (8)(T'), We have

M(TS ® Tfl’) - ’Y(‘S - ¢7‘ & ¢:—’51/}E)’Y(r -5, ¢): ® ¢7/7%)'
(2) Writing, ¢ = R o LLg(7) and ¢, = LL1,, (8)(T), We have

(1s @ ) = (s, 6 @ ", Yp)V(—s, 9 ® ¢, Ur)Y(25, R0 ¢r,9)y(—25, Ro ¢}, 1),

where
Sym? if G is odd special orthogonal;
A2 if G is even orthogonal or symplectic;
Ast if G is even unitary;
As™ if G is odd unitary.

Proof. Part (1) follows from | |, multiplicativity of the Plancherel measure and of gamma factors,
and compatibility of the local Langlands correspondence for general linear groups with Langlands—
Shahidi gamma factors of pairs. (See | , Proposition 16.6] for a similar statement for inner forms
of general linear groups.)

It remains to show (2). For tempered 7 and 7, Gan—Ichino in [ , A.7] explain that this equality
follows from | , Theorem 2.3.1], | , Proposition 3.3.1], and | , Lemma 2.2.3], as a
consequence of the normalization of intertwining operators. For unitary groups, with 7 irreducible
and 7 square integrable, it is also contained in | , Theorem 2.5.1].

By the Langlands quotient theorem and multiplicativity of both sides, using (1) for the general
linear groups part of the Levi, we can reduce to the case where 7 is tempered.

Furthermore, by multiplicativity of the Plancherel measure, multiplicativity of gamma factors, and
as the local Langlands correspondence for general linear groups is compatible with parabolic induction,
we can reduce to the case where 7 is supercuspidal and 7 is tempered. So it is sufficient to show we can
further reduce to where 7 is unitary supercuspidal, and this is possible as twisting 7 by an unramified
character |det|” translates each variable s by 7 (noting that in each case R|det|" = |det|?"). O
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For ¢1,¢2 : Wrp — GL,(C) semisimple parameters, denote by I'(¢1, ¢2) the divisor of the rational
function y(s, ¢ @ P2, Yr)y(—$, d1 @ ¢3,9r). As the e-factor is a monomial in ¢~*, this is equal to the
divisor of the ratio of L-factors

L(S7 ¢T oy ¢2)L(_Sa d)l ® QS;)

(and does not depend on 1)).
Proposition 7.7. Let ¢1, ¢2 : Wg — GL,,(C) be semisimple parameters. If,
F(Ta (bl) = F(Tv ¢2)7

for all irreducible semisimple parameters 7 : Wg — GL,,(C) and all m < n, then ¢1 ~ ¢o.

Proof. Let xs be the unramified character of Wg such that x(Fr) = ¢~° and set v = x;. Thus
viewing the local factors as a function of x5, we have

Lixs, 7" ®@¢)=det(l—7"Q@¢® XS(Fr)lvxF )L
T*Q¢

From this description, we see at once that if 7 and ¢ are irreducible, then L(x,,7* ® ¢) = 1 if 7
is not an unramified twist of ¢, and otherwise has a pole of order 1 precisely at those xs such that
T™@R Xs
Viewing T'(7,¢) as a formal sum of unramified characters by the above translation, considering

each L-factor in turn, it follows that the divisor I'(7, ¢) has contributions of:

(i) poles of order 1 at those characters x; such that 7 ~ ¢ysv;

(ii) poles of order 1 at those characters x, such that 7~ ¢x v~ 1;
(iii) zeroes of order 2 at those characters y; such that 7~ ¢xs,.

For an arbitrary semisimple parameter ¢, as the divisor is additive with respect to direct sums, it is
determined by the irreducible summands in the reducible case.

More precisely, for a fixed irreducible 7 : Wg — GL,(C), let H, be the group of unramified
characters y such that y7 ~ 7. and let G, = Hom(Wg/Ig,C*)/H,. Then [x] — 7x ' defines a
bijection from G to the set of unramified twists of 7, where [x] denotes the class of x in G;.

With this notation, the divisor I'(7, ¢) is equal to the sum, over [x] € G, of the expression:

mpg (=] + 2] — v ™)

where mjy is the multiplicity of X~ '7 in ¢.

Put another way, if we regard both the summands of ¢ isomorphic to unramified twists of 7 and the
divisor I'(, ¢) as expressions in the group ring Z[G,], then the map that computes the latter from the
former is simply multiplication by —[v] +2[1] — [v~] = ([1] = [])([1] — [v"!]). Since this is a non-zero
divisor in Z[G,], this map is injective; that is, we can recover the multiplicites of all summands of ¢
that are unramified twists of 7 from I'(7, ¢), so we have proven the desired converse theorem. ]

This semisimple converse theorem is inspired by the following tempered converse theorem of Gan
and Savin:

Proposition 7.8 (| , Lemma A.6] and | , Lemma 12.3]). Let ¢1,d2 be tempered SLs-
parameters for GL, (F). If

F(Tv ¢1) = F(Ta QSZ)?

for all irreducible semisimple parameters 7 : Wg — GL,,,(C) and all m < n, then ¢1 ~ ¢s.

The proof of this tempered converse theorem is simpler than that of the semisimple converse
theorem as no cancellation can occur in the products of L-factors considered; note that the added
tempered hypothesis allows Gan and Savin to deduce that the full SLy-parameters are isomorphic
(rather than just their semisimplifications).
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7.6. Compatibility with parabolic induction. Compatibility with parabolic induction, Conjec-
ture 6.13, is built into the construction of local Langlands for general linear groups using the classi-
fication of Bernstein and Zelevinsky, and for symplectic and split special orthogonal groups is shown
in [ ]. Using Plancherel measures, gamma factors, and the semisimple converse theorem we
establish this conjecture for classical groups (in the special case of symplectic groups and split special
orthogonal groups recovering Moussaoui’s result by a different method):

Proposition 7.9. Let G be a classical p-adic group and P a parabolic subgroup of G with Levi de-
composition P = MN. Let p be an irreducible representation of M and 7 be an irreducible subquotient
of iSLP (p). Then the semisimple parameters tp,c o (LLM(p))ss and (LLg(T))ss are conjugate in G(C).

Proof. We can decompose M = MyxM; and p = p'®@7’ with p’ = @)._, p; an irreducible representation
of My = [];_, GL,, (E) a product of general linear groups and 7’ an irreducible representation of the
classical group M;j.

Fix an integer k and a supercuspidal irreducible representation 7 of GLg(E). By multiplicativity

of the Plancherel measure, Proposition 7.5, we can write an equality of rational functions in ¢—*:

(7.1) prsem) = pr o) [ ur e p)urs e (0)"),
i=1
where all Plancherel measures considered are normalized with respect to the additive character 1 or
with respect to ¥g.
Let ¢/ = RoLLg(7'), ¢ = LLGL, () (pi), and ¢, = LL1,, (8) (7). Applying Proposition 7.6 to the
right hand side of Equation 7.1, and using multiplicativity of gamma factors and that LLg1,, (k) ((p$)Y) ~
(¢$)*, we obtain

(7.2)  p(rs@m) = (25, R 0 o7, 9)y(~2s, R 0 ¢},7))
V(s 0- @ (¢ & Bi_ (6] @ (6)))), Yp)v(—s, 67 @ (¢' & Bi_, (6 @ (65)")), ¥r),

where R/ is as in Proposition 7.6.
On the other hand, applying Proposition 7.6 to u(7s ® 7) directly, we also have

(73) ILL(TS ® 7T) = "}/(S, ¢T & ¢*7 1/JE)’Y(*5, QS:(— ® QS,%)’Y(QS, Ro ¢Ta 7/})7(7257 Ro (rb;k—?a)

Moreover, R = R’ as G has the same type as G’ (odd special orthogonal, even orthogonal, symplectic,
odd unitary, or even unitary). Therefore, from equations Equations 7.2 and 7.3, we obtain

7(57 ¢T ® (b*a wE)’Y(_& ¢: ® (ba %)
= (5,67 ® (6" © D1 (67 ® (¢9))), YE)v(=s5,07 @ (¢' ® D1 (di © (¢5)")), V)
Letting 7 vary, so that ¢, varies over all irreducible semisimple parameters, and applying Proposition
7.7, we see that, up to semisimplification the Langlands parameter ¢ is equal to the sum ¢’ @@::1 (pi®
(¢5)*). In other words, R(LLg(w)) is (up to semisimplification) GL,,(C)-conjugate to R(im,c ©
LLa(p)). By | , Section 8] (see Section 7.2), LLg () is thus (up to semisimplification) G(C)-
conjugate to the correct parameter. (Il

Remark 7.10. For tempered irreducible representations with tempered supercuspidal support, using
Gan and Savin’s tempered converse theorem (Theorem 7.8) in place of the semisimple converse theorem
in the above argument one can deduce that the full (tempered) SLy-parameters are isomorphic.

7.7. Compatibility with automorphisms of the coefficient field.

Proposition 7.11. Let G be a classical p-adic group, m be an irreducible representation of G, arld o
C — C be an automorphism of fields fixing /q. Then LLg(77),s is conjugate to (LLg(7)7)ss in G(C).

Proof. We extend o to an automorphism of C(¢~*) via its natural action on the coefficients and via

the trivial action on ¢—°.
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If dx is a C-valued self-dual Haar measure on F with respect to ¢, then o o dx is a self-dual Haar
measure with respect to o o1. It follows that if du du is the Haar measure constructed in [ , B.2]
on a pair of opposite unipotent radicals U x U normalized with respect to ¢, then o o du o o du is the
Haar measure normalized with respect to o o ¢. Thus it follows from Proposition B.7, that
(7.4) Hooy((T7)s @ T7) = o (py (15 @ ),

where we also use o to denote the extension of ¢ to an automorphism of C(q~*).

For K € {E,F}, the uniqueness of local epsilon factors and their explicit definition as Tate’s
constants in the GL; (K) setting implies that, for any representation ¢ : Wx — GL,,(C), we have
(7.5) o(v(s, 0, ¥)) = (5,97, 0 0 ¢x).

Write ¢ = Ro LLg(7), ¢' = Ro LLa(7?), and ¢r = LLc1, (7)(T). Now LLL, (r) is equivariant
for o, which follows from its characterization in terms of local factors and the Galois action on them
— see | , Theorem 3.2] for this action on the GLg(E)-side. Hence writing ¢ = (¢,)?, we have

¢7 = LLaL, (&) (T7)-
Thus, by Proposition 7.6 and Equation 7.6, we have
(s, 67 © " WE)V(—s, (67)" @ ¢, g) (28, Ro 67,97 )7 (~2s, Ro (¢7)",97) =
o ((s,¢r ® ¢*, UE)Y(=5, 97 ® ¢,¥E)V(25, Ro b7, )v(=25, Ro ¢7, 1))
We have (¢*)?7 = (¢7)* and (¢%)7 = (¢2)*. Whence, applying Equation 7.5, we find
V(5,07 @ ¢ YR)V(=s, (67)" ® ¢, 9F) = (s, 07 @ (¢)7, ¥E)v(—s, (¢7)7 ® ¢7, V).

Hence by Proposition 7.7, we deduce that, up to semisimplification, ¢’ and ¢ are conjugate in GL,, (C).

~

By [ , Section 8] (see Section 7.2), (LLG(77))ss is thus G(C)-conjugate to (LLG(7)7)ss- O
7.8. Compatibility with group isomorphisms.

Proposition 7.12. Let G be a classical p-adic group, 7 be an irreducible representation of G, and « :
G — G’ be an isomorphism of reductive groups. Let “7 be the irreducible representation of G’ obtained
by pre-composing with a~!. Then the induced isomorphism L« : LG'(C) — L'G(C) (which is well-
defined up to é—conjugacy) takes the E}\’((C) conjugacy class of LLg/(*7)ss to the G(C)—conjugacy
class of LLg()ss.

Proof. Write ¢ = R o LLg(7), and ¢’ = R o La o LLa/(“w). If we show that
¢, ¢ : Wp x SLy(C) — GL,,(C)

are isomorphic in GL,,(C), then by the properties of R (see Section 7.2), the @((C)—conjugacy class

of LL(m) is equivalent to that of “ao LLg/ (*7), as desired. Let ¢, = LLa1,, (r)(T). We now use an

argument similar to that of Proposition 7.11 to show that ¢ is equivalent to ¢ after semisimplification.
By Appendix C.1, we have

(7.6) uS(rs @ 1) = u§ (5 © *m),
where we have identified C[M/M°] ~ C[M’/(M’)°] ~ C[q**], where M = GL4(E) x G and M’ is
GLL(E) x G'.

The gamma factor associated to R’ o LLg/(*7) is an invariant of the isomorphism class of R’ o
LLc (“m), so we can and do choose our representation R’ = R o “a. Now, by Proposition 7.6 and
Equation 7.6, we have

(s, 0r @ ¢, YE)Y(—5, 07 © ¢, Yr)V(25, Ro ¢r, )y (=25, Ro 67, 9) =
V(8,6 @ ¢ Yp)v(—s, 07 @ ¢, 9E)Y(25, R o dr, )y(—25, Ro ¢, 1)).
We have ¢*' = ¢'*, whence
V(s 6r @ " PVE)Y(—s5, 67 ® ¢, 9E) = (s, 67 ® 6%, YE)Y(—5, 67 ® ¢, Yp).
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Hence by Proposition 7.7, we deduce that, after semisimplification, ¢’ and ¢ are conjugate in GL,,(C).

a
Remark 7.13. It is already known that LLqgr, (r) is compatible with isomorphisms (even without
semisimplification) by [ , Proposition 5.2.5]. For classical p-adic groups, Proposition 7.12 estab-
lishes Conjecture 6.16 — the weakened form of | , Conjecture 5.2.4] where the parameters are

considered only up to semisimplification.

7.9. Compatibility with integrality. Choose an isomorphism Q; ~ C to obtain an f-adic cor-
respondence for classical groups. The Langlands parameters of supercuspidal representations are

discrete by | , Section 6], | 1 , Theorem 1.6.1]. Moreover, as the centre of G is
compact all central characters are integral, hence all supercuspidal representations by | , 114.12],
and all Frobenius semisimple discrete parameters are integral by Proposition 6.22. Therefore, by
compatibility with parabolic induction (Proposition 7.9), Proposition 6.22 and | , Corollary

1.6], we obtain:

Proposition 7.14. Let G be a classical p-adic group. An irreducible representation of G is integral
if and only if its associated f-adic Langlands parameter is integral.

7.10. The extended packet conjecture. We prove Conjecture 6.14 for quasi-split classical groups:

Proposition 7.15. Let G be a quasi-split classical p-adic group and (U,%) be a Whittaker datum
for G. In each extended L-packet of G there exists a unique 1-generic representation.

Proof. By Proposition 6.15, assuming Conjecture 6.7 for G, it suffices to check Conjectures 6.8 and
6.11. In fact, we do not need properties (3), (4) of Conjecture 6.7, as they were not used in the proof
of the proposition, and so Conjecture 6.7 follows from the main theorems of the works cited in Section
7.3.

The existence statement of Conjecture 6.8 — the tempered packet conjecture — is established for
symplectic groups and split odd special orthogonal groups in | , Proposition 8.3.2], and for quasi-
split unitary groups in | , Corollary 9.2.4]. For the uniqueness statement of Conjecture 6.8 see
[ ] (see also the introduction of ibid. for a history of previous proofs of the same result).

By Proposition 6.10, Conjecture 6.11 is equivalent to the Gross—Prasad—Rallis Conjecture 6.9. Gan
and Ichino in [ , Proposition B.1] prove Conjecture 6.9 using other properties of the expected local
Langlands correspondence which they remark are known for classical groups | , B.2]. |

7.11. The semisimple local Langlands correspondence for classical groups. It follows that
the semisimplifications of the local Langlands correspondences for classical groups of Arthur et al. are
“semisimple correspondences” in the sense of the last section:

Corollary 7.16. The semisimple local Langlands correspondence for a classical p-adic group exists
and satisfies the basic desiderata of Definition 6.18.

Proof. By Proposition 6.20, and Propositions 7.9, 7.11, 7.12, 7.15, and their counterparts for general
linear groups, it remains to check the following basic properties:

(1) Finite fibres, surjectivity in the quasi-split case, and the Langlands classification (which is

built into the construction starting from the tempered case) follow from the main theorems.

(2) compatibility with unramified twisting and the central character condition both follow as the

centre of a classical group is compact (so these conditions are empty for G), and for Levi

subgroups these follow from compatibility with the correspondence for general linear groups.

O

8. LOCAL LANGLANDS IN FAMILIES

8.1. The universal unramified character. For the remainder we suppose F/Q,. Let M be a Levi
subgroup of G. We first define the universal unramified character over R

Vuniv,M,R. * WF — (ZM)IF’O(R[M/MO])
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The Kottwitz isomorphism (cf. | , Section 3.3]), defines an isomorphism
Hom(M/M°, —) =~ ((Zg)"™°)rx

of diagonalisable Z-group schemes. Take the R[M/M°] point of ((Zl\A/I)IF’O)Fr corresponding to the
universal character Xuniv,m,r : M — R[M/M°]*. The surjection of tori:
25" = (2"

is split, since its kernel is (1 — Fr)(Zg;)'"*°, which is a connected torus. So (choosing a splitting) we
obtain an R[M/M°] point of (ZM)IF*O. This gives us an unramified Langlands parameter vyuiv, M, for
Zg; over RIM/MP°] (taking Fr to the R[M/M°]-point we constructed). Note that (as a parameter) it
depends on the choice of splitting, but by construction its Zg-conjugacy class is independent of this
choice.

For any field K of characteristic zero, and any K-point = of Spec(R[M/M°]), the parameter v, =

(Vuniv,M,R)z corresponds to x; = (Xuniv,M,R)s under local Langlands for (unramified) characters of M
by [ , Section 3.3].

8.2. Interpolating a semisimple correspondence in families; the banal case. We need the
following definitions from [ |:

(1) A prime ¢ is called “G-banal if the fibre Z' (W%, G)E is reduced.
(2) The integer Ng from [ , Section 4].
(3) Let Nrg denote the product of all primes dividing Ng and all non-“G-banal primes.

Definition 8.1. Suppose % = (%u) is a semisimple correspondence for G over Q. Let R be a subring
of Q. The stable centre 3%((}) subring of 3¢ r consisting of all elements which act uniformly on all
extended L-packets for € over Q.

Theorem 8.2. Suppose € = (%)) is a semisimple correspondence for G over Q.

(1) There exists a unique quasi-finite morphism

%IFG : (%LG”@(\/@)G — 3(;7@(\/6)
compatible with €.
(2) Let Ng denote the product of the non-G-banal primes, then the image of (%LG)Z[\/&AJ/NG])@
under ¢1F¢ is contained in 3¢ 71 5-1,1/N4]-
)G

(3) The image of ¢IFg on (Rig g 5-1,1/N,])" is contained in the subrings 3?{2[

\/67171/1\IG]7

ad
and 3G,Z[\/§—1,1/NG]'
(4) Suppose further G is F-quasi-split. Let Mg = lem(Ng,Nig). Then, the composition with

ad

the natural map SG,Z[\/T171/MG] — 6Z[\/afl,1/1\/lg]<G')a

G “IFg Sad

(mLG,Z[\/E‘l,l/MG]) G,zl/g*,1/Mc] - eZ[\/E‘lﬁl/Mc](G)

is an isomorphism, and these maps induce isomorphisms
G _ =S N
Rec ziyarama)” = 362151 1m0 = €2ty 1/ma) (G):

Proof. Let [M, plg € Bg5(G) be a Q-inertial class, indexing a Z[1/Ng]-block. Choose a representa-
tive (M, p) € [M, p]g with finite order central character. Hence p is defined over a number field K
and Ok-integral by Proposition 4.8. We pick a semisimple parameter ¢ in the I\A/I(@)—conjugacy class

We first consider the statements over Z, for appropriate ¢. For any embedding Q — Qg, by
Proposition 6.22 and (¢'4), the f-adic parameter ¢ @ Qy is integral. Thus, after maybe conjugating by
some m € M(Qy), the parameter ¢y = (¢ ® Q)™ takes values in “M(Z;) and is f-adically continuous.
By the universal property of R%,, , (Theorem 6.6 (2)), this integral parameter corresponds to some
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map of Z,-algebras ¢ — Zy, for e sufficiently large. Similarly, the “universal” unramified twist

LM Z;
b0 Vv 7, * Wr — EM(Z¢[M/M°®]) corresponds to a map of Z,-algebras

\ymw PRz Zg[M/M°],
and its pushforward along ty g : “M < LG corresponds to the composition
\IJ[M o, i)%iG z Ry, z Zg[M/M°®].

For any character y : M/M° — Q, the composition R¢ — Zg]M/M°] = Qy corresponds to

LM, Z¢
the parameter ¢, - z,, which, by property (43), belongs to %M(M, p.X). In particular, if x belongs to
the stabilizer H(y ) of p under unramified twisting, then this parameter is M(Qy)-conjugate to ¢p.
This implies that

\Ij%{/lap],tz ((miM,E)M) - Z[M/MO]H(MM.

On the other hand, Property (46) says that tnm,q(¢e - 2y) belongs to (M, p - x). Since (M, p - x) is
G-conjugate to (M, p - x") for any w € Wy, this implies that

e A 7R o w s
\IJ[GM,p],K ((mLG - ) ) - (Z@[M/M ]H(M,p)) M.p)
We claim that the restricted and corestricted map

e G 7R o M Wav,p
(8.1) \II[Mp] (E)%LGZ) — (ZeM/M JHC ) (M, p)

is finite. Indeed, we already know from [ , Cor. 2.4] that the map (%ELG zZ ) = (R, z )M
is finite. Moreover, denoting by Ay the maximal split central torus of M, the composition Z,[Ay]| —

%ELAM,ZZ (meLM Zoe )

S0 it is finite.
Observe that we haven’t used any hypothesis on the prime ¢ so far. But now, our assumption
that ¢ is banal implies, by Theorem 4.22 and Proposition 3.4, that the RHS of (8.1) is a factor of

M Zy[M/M°] is the natural map twisted by the central character w, of p,

3G 7 Therefore, taking the product of all maps \I/[Cf\/hp],Z composed with the projection (mLG,Z)é —
(R 7 ) yields a morphism of Zg-algebras

(8.2) Ve Rigz)" = 37

that is compatible with the given semisimple correspondence %, 5 by design. Note that this com-

patibility makes this map unique since the target is reduced and E torswn free. For the same reason,
the image of ¥ is contained in 35t ez by definition of this ring, and is contained in 3%‘12/ by Property
(¢8).

Suppose now that G is F-quasi-split, and fix a depth n. Since ¢ is banal, we know from Theorem
5.21 that the natural map 3¢ 7, — € 7, ,, Is surjective. Composing with (8.2), we thus get a finite
morphism

Dyt (Regz) — eGZ—M.

Let e;, be the sum of all primitive idempotents ¢ in (R.q g, ) such that ®,,, () # 0. So e, cuts out
finitely many connected components of the space of conjugacy classes of semisimple @—parameﬁers7
and the “supercuspidal supports and genericity” condition (%'5) tells us that ®g,, : e, (R LG’@)G —
o amn induces a bijection on Qp-points. Since ®,, is finite and both source and target are products of
normal integral Qg-algebras, we deduce that ®y ,, induces an isomorphism e, (R LG’@)G Y Caan-

Let us now assume further that ¢ does not divide M. In this case, it follows from Proposition 6.2
and Theorem 6.7 of | | that all idempotents of (R LG’@)G —in particular e,, — lie in the integral

subring (R E)@ and, moreover, that e, (R . 27)@ is a product of normal integral flat Z,-algebras.
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As above, by finiteness, it follows that ®;,, induces an isomorphism e, (R.q 27)6 AN €. 7, SinCce

€q 7, 1s reduced and flat over Z,. Going to the limit over n, we get an isomorphism
. G _~
(I)g : (%LG,E) — GG,E'

We now descend the statements to Zy[\/q]. For banal ¢, Galois-invariance (47) and Corollary 3.6

imply that W,((Rrg gz, [ﬁ])G) C 3G,z q- Assuming invariance under automorphisms of G, we even
al G)

get that \I’g((%LG7Ze[\/§])G) C 3%‘{22[\/5] hence, by Theorem 5.17, that ®¢(Reg 7, /q))
By descent, &, thus induces an isomorphism

C €z, q)-

CI)g . (ERLG,ZA\/@])G ;> GG,ZZ[\/ﬁ]'

We now consider the statements over Q and Q(,/q). Taking up the notation [M, p] and ¢ from
the beginning of this proof, we would like to mimic the construction of ¥, over Z; and Q,, but we

can’t use the universal property of ¢ az; On the nose. Instead, let I be the open subgroup of Ir

introduced in Corollary 4.6 of | ], and let Z'(Wp/Ig, G) = Spec(6%) be the corresponding
affine scheme of 1-cocycles over Z[1/p]. By Proposition 4.7 of loc.cit., we have a closed embedding
ZH (W /1, é) — Z'(WY/Ps, @) that induces an isomorphism on the categorical quotients over Q,
that is, an isomorphism of Q-algebras (i)%iG@)@ = (GELG@ G
that we had over Z,. By universality, the parameter ¢\ o (¢ - Vuniv,@) corresponds to a morphism

G . &e o) ° G e G D o Hm.») YW (M, p :
\IJ[MW]’@ : GLG,@ — Q[M/M°] such that W[M,p],@((GLG,@) ) C (QM/M°Hm ) Warie) . Taking the

limit of these maps provides the desired morphism

Ua: (mLG,@)G = (GLG,@)G — 3G,@'

)4. Now we can repeat the argument

As above, this map descends to Q(,/q) and, composing with the action of the Bernstein center on the
Gelfand-Graev representations, we get the isomorphism

(I)@Z (%LG@)G L) GLG,@
that also descends to Q(,/q). The theorem now follows from Lemma A.3. g

Remark 8.3. Rather than working locally in the proof of Theorem 8.2, and piecing together using
Lemma A.3, we could have followed the last strategy (defining W) working directly over Z[1/Mg]
using Proposition 6.2 of | ] and choosing a Z[1/Mg]-integral representative of the semisimple
parameter of p using an analogue of | , Corollary 2.10] for Z' (W /I, G). We have preferred
the strategy in the proof as the first part requires no hypothesis on ¢, and along the way we re-
cover Theorem 8.2 (1) and (2) over Z[\/afl, 1/N¢] without needing to invert any additional primes
dividing M(}/Ng.

8.3. Local Langlands in families for general linear groups. Given the theory of moduli of

Langlands parameters over Z[1/p] of | ], the mild argument used in the proof of Theorem 8.2
to extend from local to global integral coefficients (namely, Lemma A.3) also applies to the GL,,(F)
theorem of the second and fourth authors | ], and we obtain:

Corollary 8.4. There are natural isomorphisms

Ln

(mGLn,Z[\/afl])G — 3GLn(F),Z[\/§*1} E— QGLn(F),Z[ﬁ*1]7

where the second is the canonical map, and the first interpolates the semisimple local Langlands
correspondence of | , , ]
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APPENDIX A. A FEW ABSTRACT LEMMAS

We need the following simple lemmas. The first is a variant of a standard lemma from commutative
algebra:

Lemma A.1. Let R be a commutative ring, and H be a locally profinite group such that there exists
a compact open subgroup of H of pro-order invertible in R. Let @) be a finitely generated projective
smooth R[H]-module, R’ a commutative R-algebra, and M a smooth R[H]-module. Then the natural
map

Hompg)(Q, M) @ R" = Homp/(Q @ R', M @ R)
fer = (f ®1) defines an isomorphism.

Proof. Using the Hom-tensor adjunction, it suffices to prove that the natural map
Hompg (Q, M) ®r R — Hompu)(Q, M ®r R')

is an isomorphism. Writing the R-module R’ as the cokernel of a map of free R-modules, it suffices
to see that M — Hompgy)(Q, M) commutes with cokernels and all coproducts. Commutation with
cokernels follows from projectivity, and commutation with coproducts follows from finite generation,
which together with projectivity implies compactness. In more details, finite generation implies that
@ is a direct factor of some (indg(R))” for some compact open subgroup U of H of pro-order invertible
in R. So, compactness of @ follows from that of indi(R), which itself follows from the fact that the
functor of U-invariants is exact and commutes with all coproducts. (Il

Lemma A.2. Let A be an R-algebra with centre Z(A) and R’ a flat commutative R-algebra, such
that either

(1) A is a flat R-module and R is Noetherian; or
(2) A is finitely generated over Z(A).

Then Z(A) ®r R/ = Z(A ®r R’), the centre of A @g R’.

Proof. The centre of A is the kernel of the R-linear map f : A — [],c A that is the direct product
over A of the commutators b — [b,a]. Since R’ is flat over R we get

0— Z(A) @ R’ — AogR’ 125 <H A) ®r R
acA
By | , Theorem 1], if R is Noetherian and A is flat, we find that the natural map
¢: (]2 @R — JJ(A@rR)
is an injection®. Now the result follows as the kernel of ¢ o (f ® 1) : A ®g R’ — [[(A ®@gr R/) is
precisely Z(A ®gr R/).
If A is finitely generated over Z(A), then choosing a generating set G we can describe the centre

of A as the kernel of the map f': A — @aeg A, and as direct sums commute with tensor products,
we can conclude in a similar fashion. O

To deduce morphisms with global integral coefficients from knowing they define locally integral
morphisms we have the following lemma:

Lemma A.3. Let K be a number field with ring of integers ¢, N be an integer, and R, 3 be torsion-
free 0'[1/N]-algebras, and suppose that we have a morphism
P RRIK—->3RK
such that for all prime ideals [ prime to N, and all associated embeddings K — Qp, the morphism ¢y :
RRQr — 3@ Qy satisfies ¢pp(R R Zy) < 3R Zy.
(1) Then ¢(R) < 3, hence ¢ defines a morphism ¢ : R — 3 of &[1/N]-algebras.

3This is also true if R/ is Mittag-Leffler over R by | , Tag 059M].
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(2) Suppose further ¢ : R ® K = 3 ® K is an isomorphism and that it defines isomorphisms
locally ¢¢(R ® Z¢) ~ 3 ® Zy. Then ¢ defines an isomorphism ¢ : R =+ 3 of &'[1/N]-algebras.

Proof. Consider 3 < ¢(R) + 3. As ¢(R) < 3 ® K, it implies that the quotient (¢(R) + 3)/3 is prime
to N torsion. However, Z; is flat over €[1/N] and ¢¢(R ® Z¢) C 3 ® Zy, hence the I-torsion is zero.
Hence the quotient is trivial, and ¢(R) < 3. The second part follows by applying the same argument

to ¢_1. 0O

APPENDIX B. INTERTWINING OPERATORS

In this appendix we develop the theory of intertwining operators in a general and purely algebraic
way, using the ideas of | ] and | |, which probably trace their origin to unpublished lecture
notes of Bernstein. The point of doing this is to eventually deduce, in Appendix C, more general and
precise versions of well-known properties of the Harish—Chandra j-function and Plancherel measure.

We fix a maximal split torus Ag of G and a minimal parabolic Py of G containing Ay. A parabolic
subgroup containing Ag is called semistandard, and if, moreover, it contains Py, it is called standard.
A semistandard (resp. standard) parabolic subgroup has a unique Levi subgroup containing Ay which
we call semistandard (resp. standard). Given a semistandard (resp. standard) parabolic subgroup, we
always choose Levi decompositions with semistandard (resp. standard) Levi factors.

Let R be a Noetherian Z[\/é_l]—algebra, let P = MUp and Q = MUq be Levi decompositions of
two semistandard parabolic subgroups of G with the same Levi subgroup M, and fix p, p’ two choices
of Z[%]—valued Haar measures on Up and Ug. Let Ay be the split component of the center of M. Let
o be a smooth R[M]-module. Let i and r§ be the normalized parabolic induction and restriction
functors. Let < denote the Bruhat ordering on the set Wy \W¢g /Wy, which is defined by

w < w' if and only if QWP C Qu'P.

We define the following subfunctors of i$:

F§¥ (o) = {f €ig(o) : Supp(f)N ( U Qw’P> :(Z)}

w’! <w

={f€if(0) : Supp(f) N QuP C QuwP}
= {f €iS(o) : Supp(f) N QwP is compact mod P} ,

and similarly define the subfunctor ﬁéﬁf’ C ﬁéﬁf’ by replacing < with <. Note that if w; < wy then
ﬁéﬁ“ ?C ﬁéﬁ’ '. Any reﬁnemeilt of < to a total ordering gives a filtration of i§ by subfunctors.

The step of the filtration F&},(o) consists of functions f such that Supp(f) N QP is compact mod
P, and for such f we can define the map

q: 1355(0) — 0o

fe fw)du = /U mUif(u)alu.

Uq/(UqnUp)
where P is the opposite parabolic to P with respect to M, and the equality follows from Uqg =
(Uq N'Ug)(Uqg NUp). ~
Let FG be the image of F§ in the quotient map ig (o) — rg o ig (o), and similarly for <. Then
our map ¢ factors through F&g’ and defines an isomorphism

TR
F(gpl/FQP(J) = 0.

Given w in Wy \W¢ /Wy denote by w a choice of lift of a representative of w to an element of G.
For every w and w one can also construct isomorphisms

w <w N
FSP [Fop — ZMHU;(P) cwo 7"llgjdfl(Q)mw(U)'
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Consider the following ideals of the ring R[Am]:
I, = ker(R[Aym] = Endg(0))
137 = ker (R[Am] = Endg((r§ o ip /FGp)(0)))
ISY = ker (R[AM] — EndR(w(rﬁf_l(Q)mM(a)))) , for w € Wy \Wq /Wy

Jy = H 8w,

w<1
Lemma B.1. We have inclusions
Je CIF C () 12"
w<l

Proof. The quotient (rg o iy / F&%)(U) has a filtration with subquotients isomorphic to

M oM
IMAwP © W © Tan*IQ(J)
for w < 1, and the action of R[Ay] on iM.,p ou')orme,lQ(U) is via its action on w(rhhj[[mw,lQ(a)). O

Definition B.2. An element b € R is (0, P, Q)-singular if it is in the intersection (I, + J,) N R and
it is not a zero divisor.

Lemma B.3. Suppose b is (o, P, Q)-singular.
(1) If o’ is a subquotient of o, then b is (¢, P, Q)-singular.
(2) If f: R — R’ is a homomorphism of rings such that f(b) is not a zero divisor, then f(b) is
(0 ®r,r R, P, Q)-singular.

Proof. Let s be an element of R[Ay]. If s kills o, it must also kill ¢/, so I, C I,,. Since s acts
on an R[w(M) N M] module via the morphism Ay — Ayanynm, if s kills the Rfw(M) N M]-module
w(rl\l\j{ﬂw_lQ(a)) for some w < 1, then it must also kill w(rme_lQ(o')) because s commutes with any
morphism of R[w(M) N M]-modules. This proves that J, C J,s. Thus (J, +I,)NR C (J»» +1,,)NR.

Using a similar argument, the second claim follows from the fact that I, ®g R’ C I,gyr’ and
Jo @r R’ C Jyepre after identifying R[Ay] @r R’ ~ R/[Ay]. For the latter inclusion, we invoke the
fact that w o Tan—l Q commutes with extension of scalars. O

Let us relate this to the terminology that an R[M]-module o “is (P, Q)-regular,” which appears in
[ , Lemma 2.10], and which is defined to mean I, + (1,4 I;*" = R[Am] or, equivalently, that
I, + ISY = R[Aym].

Lemma B.4. (1) An R[M]-module o is (P, Q)-regular if and only if 1 is (o, P, Q)-singular.
(2) If b is (o, P, Q)-singular, then o ®g R[1/b] is (P, Q)-regular.
(3) Suppose b € R is not a zero divisor and o has bounded b-power torsion. If ¢ ®g R[1/b] is
(P, Q)-regular, then b" is (o, P, Q)-singular for some positive integer 7.

Proof. If 1 is (0, P, Q)-singular we have
R[AM} :IO‘+JG‘ CIJ+IJQP CIG+ m Ig’w,

w<1
so all these ideals are R[Ay], and o is (P, Q)-regular. Conversely, suppose o is (P, Q)-regular, i.e.,
Iy + Nyper I&" = R[An]. If we write 1 =i+ with i € I, and | € (., I&", then

w<1lor
1=1Wel=t = (Z + Z)IWGFl € loy + H Igplw = Iop + Jog;
w<1
so 1is (o, P, Q)-singular.
For (2), suppose b is a non-zero divisor in (I, +J,)NR. Then if R’ = R[1/b] and og: = c @r R/, we
have I, ® R' C I, and J, ® R' C J,,, by arguing as in the proof of Lemma B.3. Hence I, + J,,
contains a unit and is therefore equal to R’[Ay].
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For (3), suppose conversely that I, + J,., = R'[Ay]. To show that some power of b is (o, P, Q)-
singular, let us first restrict to the case that o is b-torsion free. Then each of the modules w(r}], -1 q(@)
is also b-torsion free, and it follows that I, , = I, ® R’ and Jop = Jo @ R’. Hence there is an r such
that " is in I, + J,.

In general, the torsion submodule o is b*-torsion for some fixed integer s. If of denotes the
b-torsion free quotient of o, we have or = of ®g R/, so the previous paragraph implies there exists
an 7 such that b is in I « + Joue. It follows that b7 is in I, + J,. (I

tor

Suppose b is an element of R that is (o, P, Q)-singular and choose any decomposition
b=jo+1s
into elements j, € J, and i, € I,. Since j, is in ISP, it defines a morphism
Jo - 7"8 0iS(0) = Fépl(a).
We compose it with the map g above to get an M-equivariant morphism rg’ o ig (o) — o. Passing
through the isomorphism of Frobenius reciprocity, i.e., Homgy (7‘8 0ifi (o), 0) ~ Hompgg) (i (o), 28 (0)),

we obtain a morphism i (o) — 28(0). Finally, we extend scalars to R[1/b] and divide this morphism

by b to obtain Jqp(0), the intertwining operator. More compactly, we can write this

Jqp(o) < ip (0)[1/b] = ig(o)[1/b]
= Jqpa)(f),

where
1

Jar@)(Ne) =5 [ iah)(w) du
UQr‘IU*
where gf denotes the image of gf under the map i (o) — rQ 045 (o). While j,(gf) is an element
of Fépl and thus not, strictly speaking, a function on G, we can lift it to FQP C i (o) and take the

integral [ j,(gf)(u)du, which factors through parabolic restriction.
If fisin F&% (o), then j, f = bf —i,f = bf, so the expression simplifies to
Jap@(HW = [ fudu.
UQI’TUﬁ
Lemma B.5 (] | Lemma 7.12). The intertwining operator Jqp(o) is the unique element of
Homgyy /)(q) (ZP( )[1/8], ZQ( 0)[1/b]) having the form Jqp(o)(f)(1) = fUQmUﬁf(u)du on fin F&%(J).
In particular, Jqp(o) does not depend on our choice of decomposition of b into j, + i,-.

Remark B.6. In fact, Jqp(c) only depends on b in that we require the extension of scalars to R[1/b]
to define it. Given any b’ dividing b in R such that ¥ is also (o, P, Q)-singular, the same operator
Jqp (o) descends to R[1/].

B.1. Properties of intertwining operators.

Proposition B.7. Suppose b is (o, P, Q)-singular, and let f : R — R/ be a homomorphism on[\/gfl}—
algebras such that f(b) is not a zero divisor and let ors denote o ®g R’. Suppose there is a morphism
of R[M]-modules ¢ : 0 — ¢’ and ¥ is (¢/,P,Q)-singular. Then the following diagrams commute,
respectively,

iS(@)1/6) —2D S /e iS(o)[1/00)] 2D G o)1/ b))

e po |

8 (0w ) [1/ O] 2 iG or )1/ ()] i€ (0)[1/(b6)) 22D i (0") 1/ (b))
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Proof. By Lemma B.5, each of the horizontal arrows on the top row has, and is uniquely characterized

by, the property that for any h € FQ<P1(U)7 Jqp(a)(h)(1) is given by fUQmUF h(u)du. The same goes

for the horizontal arrows on the bottom row with the inputs replaced with (ogr/,R’[1/f(b)]) and

(o/,R[1/(bV)]), respectively. But the integral fUQmeh(u)du is a finite sum and commutes with
P

extension of scalars along f : R — R/, which proves the commutativity of the first diagram. Similarly,

g ( / th(u)du) -/ o aema

which completes the proof. O

In practice, given a homomorphism f : R — R’ and a (o, P, Q)-singular element b of R, it may be
hard to tell whether f(b) is not a zero divisor. The following lemma guarantees at least one such b
under nice circumstances, given the existence of a (o ®g R, P, Q)-singular element of R’.

Lemma B.8. Suppose f : R — R’ is a homomorphism of noetherian integral domain Z[\/gfl}—
algebras with kernel P. Suppose ¢ is an admissible and finitely generated R[M]-module that is
R-torsion free, and suppose there exists b’ € R’ that is (o ®g R/, P, Q)-singular.
(1) There is a nonzero s in R’ such that sb’ is contained in the image of f (and any such sb’ is
necessarily (o ®g R/, P, Q)-singular).
(2) The identity element (and hence any nonzero element) in the localization Rp is (0 ®gr
Rp, P, Q)-singular.
(3) The set of (o, P, Q)-singular elements of R is not contained in P.

Proof. For any R-algebra R we define Ox =0 @R R and
Sﬁ = im (ﬁ[AM} — Endﬁ(aﬁ)>

T}l{U = 1im (f{[AM} — Endﬁ(w(Tll\u/Ifl(Q)mM(Uﬁ))) J

for w € Wy\Wea /W

Note that Sg is a finitely generated R-module because of our assumption that o is admissible and
R[M]-finite. Since parabolic restriction preserves admissibility | , Cor 1.5], T¥ is also finitely
generated as an R-module. N

It follows from the definitions that the natural map Sg ®g R — Sg is surjective, and likewise

for T'. When R is a flat R-algebra, this map is an isomorphism | , proof of Lemma 7.2]) and
restricts to an isomorphism of ideals I, ®r R~ Igﬁ‘, and likewise for J,.

Now, following the second step of the proof of Lemma 7.2 in | ], the kernels of the canonical
morphisms

SR ®R,f Frac(R') — SFraC(R/)a Tf{’ ®R,f Frac(R’) — TFl‘lx)rac(R’)
are nilpotent ideals.
The homomorphism f extends to a homomorphism Rp — R/, and the image of f is isomorphic to
Rp/PRp. We will identify Rp/PRp with a subring of R’.
Consider the ideal I, C Rp[Awm]. Its reduction mod PRp must contain a power of I, ..
likewise for the reduction mod PRp of JUR7> . By assumption, ¥’ is in I, +Jop, Cly ) +Js
It follows that there is a nonzero element s in R’ such that

V' € (Ion, ® Rp/PRp)) + (Jo, ® (Rp/PRp)) C (Rp/PRp)[Aw]

This means sb’ is in both R’ and (Rp/PRp)[Am], and therefore lies in (Rp/PRp), which is the image
of f. Since the (o ®r, R/, P, Q)-singular elements form an ideal, this proves (1).
Now choose a lift b of sb’ to Rp. Note that b is a unit because it does not lie in PRp because sb’

and

Frac(R’ Frac(R’)*

is nonzero. Since b lifts an element of (IGRP + JURP) ® (Rp/PRp), we have

be IUR'p + JaRp + PRp [AM] =Rp [AAM]7
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where the last equality comes from the fact that b is a unit in Rp [Ap]. Now using the finiteness
established at the beginning of the proof along with Nakayama’s lemma, we conclude that
Ion, + Jon, = Rp[Am].

This proves (2).
Since 1 € Rp lies in Iog, +Jor, it follows that there is an element b € R, which is not in P, such
that b is in I, + J,. This proves (3). O

The next property we will need is the compatibility of the notion of (o, P, Q)-singularity with respect
to changing Q. Given semistandard parabolics P and Q, we define d(P,Q) = |Z,ca(P) N %,.a(Q)],
where ¥,..q(P) denotes the set of reduced roots of Ay in P.

Lemma B.9. Let M be a standard Levi, and let O, P, Q be three parabolics with Levi component M
such that

d(0,Q) =d(0,P)+d(P,Q), and d(O,P)=1.
If b € R is (0,0, Q)-singular, then it is also (¢, O, P)-singular and (o, P, Q)-singular and

Jqio(a[1/b]) = Jqip(a(1/b]) o Jpjo(a[1/0]).

Proof. The singularity claims follow from the calculations in | , Prop 7.8(i)], which give JFQ =
JOQ and JOF = JOQ. The statement on intertwining operators exactly follows the proof of | ,
Prop 7.8(i)]. O

Lemma B.10 (Compatibility with induction). Let P, Q be two parabolics with Levi component M.
(1) Suppose P and Q are contained in a parabolic subgroup O with Levi N. If b is (0,P, Q)-
singular, then it is (o, P N N, Q N N)-singular and
J&ip(0) = i&(JGrNprN)-

(2) Let N be a Levi subgroup of G containing M such that PN N = QNN and such that PN and
QN are parabolic subgroups with Levi component N. If b is (i8y(c), PN, QN)-singular, then

it is also (o, P, Q)-singular and

Jap(0) = Jonipx (ipan (9))-

Proof. The singularity statements follow from the calculations in the proof of | , Prop 7.8(ii)
and (iii)], and the proofs of statements on intertwining operators closely resemble the arguments in
[ , Prop 7.8(ii) and (iii)]. O

B.2. Intertwining operators for the universal unramified twist. Now we specialize to the

situation where R = k[M/M?°] for k an algebraically closed field and we choose a square root of ¢ in

k. Let og be a finite length k[M]-module and let o be the R[M]-module o¢Xyniv,M k- In this setting,

we can find elements of R that are (o, P, Q)-singular by following the method of | , Thm IV.1.1].
For w € Wy \Wqa /Wy, let &€, be the set of characters v : Ayy — R* that have the form

v(a) = vo(a)wlaw,

where @ denotes the image of a under Ayy — M — M/M°, and where vy occurs as the pullback under
Anm — Ay nnw of central characters of irreducible subquotients of the module w(rll\\/l/lmw,lQ(oo)) (this
module has finite length because parabolic restriction preserves finite length). For any v € &,, let
d(v,w) designate an integer such that

I1 (a—w(a)®
vEEy
annihilates w(ry, -1 o(0)); we remark that such an integer exists because it exists after extending

scalars to Frac(R) = k(M/M°).
Lemma B.11. Let yu be an element of & and let v be an element of &, for w # 1. Then p # v.
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Proof. This is proven in Equation (6) in | ] in the course of proving Thm IV.1.1 of | ]. The
same argument works for our more general k. (|

Given p € &1, we will need to consider the set £ of all such v’s distinct from u, i.e. the set

eri={ | ] &w | L& —{u}).
w#1
Note that while the £, w # 1 may not be disjoint from one another, we define £# to be their disjoint
union.

Lemma B.12. For every pair of distinct characters p,v : Ay — k[M/M°]*, fix elements a,,, € Am
such that p(a,,,) # v(au,). The element

d(w, d(v,w)—
b(oo, P, Q) = H H auy _ (au,l/)) (py,w)+d(v,w)—1
pnEEL VEEH

s (0,P,Q)-singular.

Proof. Each factor (u(a,.,) — v(a,, )4 =1 ig the resultant of the two polynomials (X —

p(ay,)) D and (X —v(a,,))* ™) in the polynomial ring R[X]. Thus there are polynomials F(X)
and G(X) such that

(X — @)D F(X) + (X — v(a,,) 0 G(X) = (ulag,) — viay,,) w4 =t

Now set X = a,,, to get an equality in R[Ay]. Since we have

H (appy — U(au,V))d(%l)F(au,u) €l

neEL

H (ap., — v(a,,) "G (a,,) € I
vEEy,

it follows that the product b(cg, P, Q) is an element of I,+.J,. Since each factor (p(a,,,) — 1/(a,“,))d(”’w)'m(”’w)_1

is contained in R C R[Ay], we have shown that b(og, P, Q) is in (I, + J») N R, and thus is (o, P, Q)-
singular. |

APPENDIX C. HARISH-CHANDRA j-FUNCTIONS AND PLANCHEREL MEASURE

In this appendix we will use the theory of intertwining operators to deduce more general versions
of properties of j-functions and Plancherel measures appearing in the literature. We now take Q =P
the opposite parabolic, and we still take R to be k[M/M°]. Given b; € R that is (o, P, P)-singular and
by that is (o, P, P)-singular, the product b = b1b, is both (o, P,P)- and (o, P, P)-singular. We set

b = b%(a0) = b(o0, P, P)b(00, P, P),
with the notation from Lemma B.12 and we define j (o) € Endgyy (i (0)[1/b]) to be the compo-
sition of intertwining operators

iS(0)[1/1) iS(0)[1/8] 227 18018,

Lemma C.1. Let oq be a finite length k[M]-module such that X — Endg (i$ (o)) is an isomorphism
(e.g. 0¢ irreducible). Then the endomorphism j§ (o) in Endrjs)c)(i5 (0)[1/b]) is a nonzero scalar
in R[1/0].

ngp(a)

Proof. After extending scalars from R[1/b] to an algebraic closure K = Frac(R) of Frac(R) we obtain,
by compatibililty of JF\P and JP@ with extension of scalars, intertwining operators

Jpip (oK) € Hompq) (i5 (o), ig (0)xc)

Jpp(ox) € Homp (i5 (o), i (0)kc) -
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Since both i$ (o) and ig(o;g) are irreducible by the generic irreducibility theorem, and both inter-
twining operators Jgp(ox) and Jpp(ox) are nonzero, the intertwiners are invertible. Thus their
composition is multiplication by a nonzero scalar in K. On the other hand, the natural map

EndR[l/b][G] (zg(a) [1/b]) — EHdK[G] (’Lg(o’)lc) ~ I

is injective by torsion-freeness, so jlg(ao) is also nonzero.
It remains to prove that jS(op) lies not just in K but in the ring R[1/b]. But we have inclusions

R — R[1/b] = Endgp q) (i5 (o) [1/b]) < Endyq)(if (o)) ~ K.

Since o is admissible, Endg;q; (iS (o)) is finitely generated as an R-module and hence Endgrpi/s)q) (1S (o) [1/b])

is finitely generated as an R[1/b]-module and j5 (0p) is an integral element, i.e. satisfies a monic poly-
nomial with coefficients in R[1/b]. But R = k[M/M?°] is a Noetherian normal integral domain, and so
is R[1/b], and thus R[1/b] is integrally closed in its fraction field K. We conclude that jS (op) is in
R[1/b]. O

When oy is irreducible we can extend scalars from R[1/b] to an algebraic closure K = Frac(R)
of Frac(R) and argue as in | , IV.3(1)-(3)] to establish the following properties for the element
S fIC:

Jp (o0) 0
e jS(00) does not depend on P,
e For w € WS, let o be the representation of wM obtained by composing the action of o
with the action of w. The image of ;95 (%0p) in the composite

ElwM/(wM)°][1/*b] — E[M/M°][1/b] — K

is equal to 5 (o).
o j5 (o)) = j5 (00)-
Thus while the ring R[1/b] depends on b, which depends on P and the choice of oy within its orbit
under WY, the element jS (o¢) of Frac(R) is independent of b and P (c.f. Remark B.6).

Corollary C.2. If 0y is a finite length k[M]-module with a composition series
0=0,.Co,_1C---Cop

with irreducible subquotients o;/0;+1 = 7;, then for each ¢,
(1) bis (TiXuniv.ark, Py P)- and (7 Xuniv. .k, P, P)-singular,
(2) 75 (00) stabilizes the submodule 7§ (0 Xuniv,az.k) [1/b] of i$ (o) [1/b]
(3) 75 (00)]i8 (os xuntv ar.)1 /6] = I8 (00),
(4) the endomorphism induced by & (00) on S (7; Xuniv.ar,x) [1/b] is the scalar 55 (7;) € R[1/b].
(5) jS(00) is nonzero and independent of the choice of P and b.

Proof. (1) follows immediately from Lemma B.3 and (2) through (4) follow from the functoriality
properties in Proposition B.7. Ttem (5) follows from the fact that the same is true for each j§ (r;). O

Therefore, the invariance properties of jg (0p) for irreducible oy remain true for finite length og.
We will henceforth drop the subscript P and denote jS (a¢) simply by 5% (o).

C.1. Compatibility with isomorphisms. Suppose ¢ : G — G’ is an isomorphism of connected
reductive F-groups. Given a Noetherian Z[,/g ']-algebra R and a smooth R[G]-module 7, let 7’
denote the R[G']-module with G’-action given by m o ¢~1. If M C G is a standard Levi subgroup,
M’ := ¢(M) is a standard Levi of G'.

Precomposition of functions with ¢! gives an isomorphism of induced modules

X:iS (o) 534S (o).
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The isomorphism Ay ~ App allows us to extend ¢ to an isomorphism R[Ay] — R[Am/], which
identifies I, and J, with I,» and J,/ in R[Ayp], so if b is (0, P, Q)-singular it is also (¢/,P’, Q')-
singular. It follows from Lemma B.5 that the following diagram commutes:

i9(0)[1/8] 2229 8 (o)1 /8]

i€ (o1 i (o)1)

If k is a field containing /g~ ', and R = k[M/M°] the isomorphism M ~ M’ induces an isomorphism
¢ of R with R’ = k[M’/(M’)°]. Note that ¢ and X induce an isomorphism

Endg1p)(c) (i (0)[1/8]) ®5 R’ ~ Endgep1 sy (i (07)[1/0)).

Lemma C.3. Let o be a finite length k[M]-module and choose b € k[M/M°] that is (o, P, P)-singular
for some parabolic P. Then b’ := ¢(b) € R’ is (¢, P/, P")-singular and j€ (o) corresponds to 5 (o)
under the identification of Endgjy /)i (i5 (0)[1/0]) ®g R" with Endg/(1 /(a1 (igll(a’)[l/b/]).

Note that if oo is irreducible, the statement is simply 6(%(00)) = j% (0}), where we have also
used ¢ to denote the extension of ¢ to R[1/b] ~ R/[1/¥'].

Proof. The map ¢ induces isomorphism R[Am] — R/[Am/], which identifies I, and J, with I, and J,
in R’[Ayr], and this proves that J)(b) is singular. To simplify notation, we can then identify R = R/
and think of Xuniv. Mk and Xuniv,M7,x a8 both valued in the ring R, via the isomorphism ¢ : M ~ M'.
The lemma then follows from the diagram in the previous paragraph. (|

If we had chosen a different maximal split torus A, we would have an isomorphism G — G taking
parabolics that are semistandard for Ay to those semistandard for Aj. Thus we have shown that the
requirement that P be semistandard can be relaxed up to the equivalence described in Lemma C.3.

A similar functoriality argument shows that the j function is compatible with isomorphisms of og.
More precisely, any isomorphism o = ¢’ of R[M]-modules induces an isomorphism X : i () = i§ (0”),
and Proposition B.7 implies that, given a (o, P, Q)-singular element b, the following diagram commutes:

i (0)[1/b] —— ig(o)[1/0]

A A
1S (0178 "% 18 (o)1)

It follows that, given an isomorphism Ao : o¢g — o}y of finite length k[M]-modules, ;% (o) is mapped
to j9(of) under the induced isomorphism

Endg(1 s (i5 (0)[1/6]) = Endg/y)(c) (i5 (o) [1/0)).

Moreover, the endomorphisms j% (o) and (o)) induce equivalent scalar endomorphisms in R[1/b]
after being restricted to irreducible subquotients of oy and o{, that correspond under Ag.
In particular, j&(og) is an invariant of the isomorphism class of oy when oy is irreducible, or more

generally when ig (ox) has only scalar endomorphisms.

Jqp(o) .

C.2. Factorization. Let ¥,.4(P) = ¥,.q4(An,P) be the subset of reduced roots of Ay that are
positive relative to P. We can fix an ordering ¥,..4(P) = {a1,...,a;,} such that there are sequences
of semistandard parabolic subgroups (Po,...,P;) and (Qq, ..., Q,) satisfying:
e Py =P and P, = P, and each P; has Levi component M,
4 Zred(Pi) N Zreda)ifl) = «y,
o Q; has Levi M,,, where M,, is the Levi subgroup containing M and the root subgroup attached
to «;.
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In this case, we also have P, "1M,, = P;_1 NM,,, and d(P,P) = Y, d(P;,P;11), and d(P;, P;11) = 1.
Let og be a finite length k[M]-module and let b = b (c) € k[M/M°] be as above. Then b is both
(o0,P;NM,,,P;1 NM,,) and (0,P;—1 N M,,, P; N M,, )-singular by Lemmas B.9 and B.10(1), so we
have elements "
7M1 (00) € By, (8%, (@)[1/8).

Proposition C.4. We have the following factorization property in the ring Endgjy /i) (i5 (0)[1/0]):

H ZQ% i(00)).

Proof. This is a combination of the factorization property for intertwining operators over rank one
subgroups in Lemma B.9 with the inductivity property of intertwining operators in Lemma B.10(1).
|

Remark C.5. (1) When oy is irreducible (or more generally when i (ox) has only scalar endo-
morphisms), all the terms in Proposition C.4 are simply elements of R[1/b], so the result can
be stated more succinctly as

7%(00) = H 7™M (00).
a€Xreq(P)

(2) Since we have already established the left side of Proposition C.4 is independent of P, Propo-
sition C.4 implies the product on the right side is independent of the ordering of the factors.
(3) Each term jMe: on the right side of Proposition C.4 is actually defined over the subring

k(M NMZ,)/M?)][1/bi],
where b; is some (o, P; N M,,, P; N M, )-singular element. If we let o =[], b;, we have
R[(M M, )/M?)][1/b'] € R[1/b],

and it follows from the proposition that 5 (c0) is defined over R[1/b']. Note that (MNMZ, )/M°
is a free abelian group of rank one.

C.3. Multiplicativity. In this section, we prove the multiplicativity property of j-functions in our
more general framework. Let M C N C G be Levi subgroups, and let P be the standard parabolic with
Levi M, let R = k[M/M°], let R’ = k[N/N°] and let f : R — R’ denote the homomorphism induced
by the inclusion M C N. If oy is a finite length k[M]-module, i5~x(00) is a finite length k[N]-module.
Observe that
i8N (00) Xuniv N & = i8N (T0Xuniv.v k) @R, s R’ =~ ipan(0) @r R,

Since id-x (o) is an admissible and finitely-generated R[M]-module, and we know there exists b’ €
k[N/N°] that is (iprn(0) ®r R/, PN, PN)-singular (by Lemma B.12), we can apply Lemma B.8 to
produce an element b; € R that is (i8-y(c), PN, PN)-singular and such that f(b;) # 0. Similarly,
there exists by € R that is (i¥-y(c), PN, PN)-singular with f(b2) # 0. Then set b = byby, which is
both kinds of singular, and observe f(b) # 0 since R’ is a domain.

Let Q denote the parabolic with Levi M containing P NN and the unipotent radical of PN. Now
Lemma B.10(2) tells us b is also (0, P, Q) and (o, Q, P)-singular.

Lemma C.6. Let f also denote the canonical map of localizations R[1/b] — R’[1/f(b)]. Under the
isomorphism

Endgi (177011 (68 (iBax (00) Xuniv,n,) [1/ £ (0)]) = Endr1 e)ic) ((EniBan (0)[1/0]) @Ry, R/ F(B)],

the following two elements are identified:
79 (ipan(00)) = 5 (00) @rp ).z 1

Proof. This follows from the first commutative diagram of Proposition B.7. |
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Corollary C.7. Let X,.4(Am, P) be the set of roots of Ay in Lie(P). Then we have

7% (ipn(00)) = Higﬁ (1™ (00)) ®rp1yoz 1,
B

where 8 runs over X,.q(Am, P)\Z;ea(An, PNN).

Proof. We can replace G with PQ and work within PQ. First apply Proposition C.4 to j%(o() and
notice that

Ered(AMa P)\Ered(AMv PN N) = Zred(AMa P) N Ered(AMa Q)
Then specialize each term in the product and apply Lemma C.6. O

When j%(0g) is scalar (or when i$§(ox) has scalar endomorphisms), we have a more compact

statement:

Corollary C.8. Let o be an irreducible k[M]-module and let 7 be any irreducible subquotient of
‘N
ipan(00). Then

€ = [1£GM (00)),
B

where 8 runs over X,cq(Am, P)\Xrea(An, P NN).

Remark C.9. This property in the special case of “irreducible subrepresentation” instead of “subquo-
tient” appears in | , Prop B.3, B.4] for classical groups. While trying to extend it to subquotients,
we found a need for inputs such as Lemma B.8 and Corollary C.2 to fill in some of the details of their
claim
wrever ))
p(v @ ')

ur o) = u(r ® IS (' © 7)) = ( B

(G114, p.636]).
In choosing the approach we have taken here, i.e., following | ], we gain the result for irreducible

subquotients in the process (Corollary C.8). In the next subsection and in the proof of Proposition 7.5
we translate the notation in Corollary C.8 to classical groups.

C.4. Plancherel measures for classical groups. Let G be a classical group, fix a nontrivial ad-
ditive character ¢ of F, and fix a parabolic P = MU. Let o( be a finite length k[M]-module such
that K — Endxg)(iS (0o Xuniv,m,x ® K)) is an isomorphism, where again K = Frac(k[M/M°]), so that
7% (00) defines a nonzero scalar in K. For example, this is the case when oy is irreducible. Recall that
our construction of intertwining operators Jp|q(c) required fixing a choice of Haar measures p and
p' on Up and Ugq in the beginning. The j-function j%(00) € K depends on this choice up to a scalar
multiple in . There is a particular choice of Haar measures p and g/ on U and U relative to v that
is well-suited for applications to local Langlands. We will not describe this choice in detail but simply
refer to | , B.2], and make the same choices here.

The Plancherel measure of o is defined to be

13 (00) := pS(o0) = j%(00) "' € K.
By Section C.1, it depends only on the isomorphism class of oy, and is compatible with isomorphisms
of groups G ~ G’ after identifying K = Frac(k[M/M°]) with Frac(k[M'/(M')°]), where M’ is the
image of M in G’. By Lemma B.5 and Proposition B.7, we conclude that if « : ¥k — k' is any
homomorphism fixing /g, then ,ugow(acro) = OI(HS(UO)), where we have also used « to denote the
induced homomorphism K — Frac(k'[M/M°]).

The choice of (P, M) is equivalent to a splitting of E-vector spaces V.=W; & --- @ Wra V' &
Wi @@ W, with W;, W/ totally isotropic and pairwise orthogonal and V' orthogonal to W; & W/.
This gives an identification M = GL(W;) x --- x GL(W,.) x G/, where G’ is a classical group of the
same type as G.

Henceforth we suppose o is irreducible and decompose it as

00=T1Q - QT Q.
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Recall the following notational convention from Subsection 7.4: the map (gw,,-..,9w,,gv') —
(valg(det(gw,)), - - ., valg(det(gw,))) induces an isomorphism M/M°® —5 Z x --- x Z, and thus an
isomorphism C[M/M°] ~ C[(¢~*1)*!, ..., (¢~*)*!] where we regard ¢~* as indeterminates.

The universal unramified character |det |* : GL(W) — C[(¢~*)*'] is given by gw + (¢~%)vae(detlow))
and we denote 7, = 7|det|*. Upon identifying C(M/M°®) with C((g=*1)*!,...,(¢g7*")*1), we write
(T1)s; ® -+ ® (71)s,. ® 7 for the universal unramified twist of 71 ® - - @ 7. @ 7.

We will denote by uG((11)s, ® -+ ® ()5, ® 7) the rational function in C((g—*H)*, ..., (¢—*")*Y)
corresponding to ug(n ®- @7 ®@m) € C(M/M®). Often the subscript ¢ or the superscript G are
dropped. In the following, for a positive integer m, we sometimes write GL,, for GL,,(E).

We begin by illustrating the factorization property of Proposition C.4 in the special case of classical
groups.

Corollary C.10. We have the factorization
po0) =TI w5 ((m)e ® (1) n 5 ((ri)s, @ (1)5)Y) | - 1T #l(m)s, @ ).
1<i<j<r 1<i<r

Proof. Without loss of generality (Subsection C.1) we can write P as the upper parabolic

GrL;€1 (E) = * * * * *
. * * * * *
GLyg,. (E) * * * *
! * * *
GLg,. (E) = *
.. N
GLg, (E)

Recall that in the classical group G, the elements in the GLy, (E) factors in the bottom right of M
are the images of their counterparts in the top left under *((-)¢)~1).

In Remark C.5(1), o runs over the roots of Ay positive relative to the parabolic P. The groups
M, in Remark C.5(1) come in three shapes:

GLy, (E) * GLk, (E) =
GLkT (E) * GLkr (E)

G’ , or G’ , Or
* GLy, (E) GLg,. (E) =

* GLy, (E) GLy, (E)

GLy, (B)

GLy, (E)

| GLy, (B)

The first kind of My has GLy, 1k, (E) as a direct factor for some i and j, and the terms j™*(00) in
Remark C.5(1) are intertwining operators on the induced representations of the form

. GLy; 44, (E) . SO
i (0w n) = (i ((1)e ® (1)5)Y)) © () @ T @ (1), @,

where Py, is the upper parabolic in M, with Levi M, and P” is the upper parabolic of GLy, 1, (E) with

—

Levi GLg, (E) x GLy,(E), and () indicates factors that are removed from the product. The second
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kind of M, gives rise to an intertwining operator on the induced module
GL (E) ~ o~
¥ (Goxunivan) = (im0 (10)er @ (13)5,)) @ (M) @ T ] - @ (1), @
The intertwining operators j™=(og) in these two cases give the factors

,LLGLki+kj (E) ((71)97 ® ((Tj)gj)v) ) and HGLkiJrkj (&) ((7'1)9@ & (Tj)sj) )

respectively, in the statement of the corollary.
For the third kind of M, the factors ;M= (o) in Remark C.5(1) are intertwining operators on the
induced representations

ilP\:[; (00) = (z%ﬁf ((73)s ®7r)) @ (T1)s, @1+ @ (Tr)s.,

where G” is the classical group appearing as a direct factor of M, and P” is the upper parabolic of
GLy,(E) x G’ in G”. Again, the factors outside the induction do not contribute, and the inverse of
the factor pMe (o) is simply uS” ((1:)s, @ 7). O

Finally, we turn to proving the multiplicativity property of Proposition 7.5. Recall our convention
from Subsection 7.4 that for 7, 7 irreducible representations of GLg(E) and GLy (F), respectively,
u(7s ® 7{) denotes the image of the Plancherel measure Miszrkl(T ® 7') in C(q~%,q"*). By the

factorization property, it lands in C(g~%¢"), and the specializations

(s ®77) = (s 7t » and a(7y, 7) 1= e © T gmtcge
are defined.
Proof of Proposition 7.5. To prove statement (1) of Proposition 7.5 we apply Corollary C.7 with
M = GLy, (E) X -+ x GLy(E) x M; and N = GLg x G, and let f : k[M/M°] — k[N/N°] be the

homomorphism induced from M C N. As above, we also use f to denote the extension of f to a map
on localizations

= k[M/MP][1/6] = K[N/N°][1/ £ (b)),
where b is a singular element for i$(p) such that f(b) # 0 (note that Lemma B.8 is used here).

More precisely, by computations similar to those in the proof of Corollary C.10, we deduce from
Corollary C.7 that

rensd <<HJG (r @ p)j s (r @ (pf’)v)> jtre p’>> |

After making the identifications
k[(GLk x GLn,)/(GLy % GLn,)%] = k[(q™*)*", (¢7")*]
E[(GLy x G)/(GLg x G)°] ~ k[(GLy x G')/(GLg x G)°] ~ k[GL./GL;] ~ k[(¢~*)*"],

we find that the map f specializes ¢~% + 1. Now, inverting the factors to p instead of j and adding

the variables ¢=* and ¢~ to the notation, our expression becomes

e <H pEEtns (ry @ gt (r @ (7] CW)) p (@),

as claimed.
For statement (2) one applies Corollary C.8 to the pair

(M, 0¢) = (GLy, (E) x - - X GL,(E) x G’ , M @ --- @7 @)
and, if P is the upper parabolic of G with Levi M, we have
(N, B (00)) = (CLn(E) x ¢, ipy P (@ @) @ m)



54 JEAN-FRANCOIS DAT, DAVID HELM, ROBERT KURINCZUK, AND GILBERT MOSS

where m = ki1 + - + k. In the notation of Corollary C.8 and its surrounding discussion, S runs
over the roots of Ay in both Lie(P) and Lie(Q), where P and Q are parabolic subgroups of G of the
following form, respectively:

GLg, (E) = * * * * * GLg, (E) % % " .
GLkl(E) * * * * * * GLkl(E) * * * *
4 * * * s 4 * * *
GLkl (E) * * GLkl (E)
. E3 * ..
GLg, (E) * * GLyg, (E)

(recall that, in the classical group G, the elements in the GLg, (E) factors in the bottom right are the
images of their counterparts in the top left under *((-)¢)~'). The Levi subgroups Mz in Corollary C.8
come in two shapes:

GLkl (E) * GLkl (E)

t. t. *
GLy, (E) * GLyg, (E)
G’ , or * G’ *
* GLy, (E) GLg, (E)

*

. " GLy, (B) | GLy, (8)

The first kind of Mg has GLy, &, (E) as a direct factor for some i and j, and the terms j™# (o) in
Corollary C.8 are intertwining operators on the induced representations

M GLg; 4k, (E) c ~ =

iy (@0xuivar) = (i (7 © ((7)5)9")) @ (g @ T T @ () @1,
where P is the upper parabolic in Mg with Levi M, and P” is the upper parabolic of GLy, 41, (E) with
Levi GLy, (E) x GLg, (E), and (-) indicates factors that are removed from the product. Since the in-
tertwining operators act as the identity on the factors outside the induction, we have ;& (o)
§OLkit; (B) (7@ ((r})°)¥). Finally, if we identify C[M/M°] = C[¢=*,...,¢**] and C[N/N°]
Clg™*], the map f : C[M/M°] — C[N/N°] induced by the inclusion M C N sends both ¢~% and
q~% to ¢—°, and since j = p~! we obtain the first collection of factors of the product in statement
(2).

For the second kind of Mg, the factors jM#(oq) are intertwining operators on the induced repre-

sentations

i

M Nl -~
ip? (00) = (i6 (e ©m) @ (H)ey @7+ @ (),
where G” is the classical group appearing as a direct factor of Mg and P” is the upper parabolic of
GLg, (E) x G’ in G”. Again, the factors outside the induction do not contribute, the factor ;¢ (o)
is simply jG”(T{ ® ), and the map f takes this factor to u((7})s ® 7), as desired.
For statement (3) one applies Corollary C.8 to the pair

(M,O’Q) = (GLkl(E) X e X GLkT(E) X GLkll(E) X e X GLki(E),Tl ®"'®Tr®7'{ ®"'®TZ/),

and
.GL, (E)

(N, Bn(00)) = (GLin(E) x GL(E) , gt (i @ -~ @ 1) @ ™ (1] @ -~ @ 7)),
where P is the upper parabolic of GL;, 4, (E) containing N and PNN = P’ x P”. Identify C[M/M°] ~
Clg™®, ¢**]1<i<r and C[N/N°] ~ C[q**,¢*"]. The map f induced by M C N sends ¢~* to ¢~*

1<
and ¢~% to ¢~*. Since jMs (00) is insensitive to the Weyl action, each Mg in the statement of

Corollary C.8 can be taken to be the Levi subgroup obtained by replacing the GLy, (E) x GLy (E)
factor in M with GLki_Fk; (E), so the desired statement follows from the relation p = j 1. ]
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