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Pascal’s triangle
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Abstract We address the question of automaticity of double sequences of
states produced by linear cellular automata. A complete solution for bino-
mial coefficients and Lucas’ numbers is given and some partial results for
the general case are presented.

1 Introduction

A cellular automaton is - roughly speaking - a device acting on values given
to the nodes of a lattice, with local transition rules and parallel updating;:
a more precise definition will be given below. For a one-dimensional cellular
automaton, one can draw a two-dimensional lattice consisting of the initial
configuration of the lattice and of its successive transforms computed by
iteration of the transition rules, thus obtaining global state evolution pat-
terns for this cellular automaton. A cellular automaton is called linear if the
values of the nodes are taken in a ring (usually Z/d7Z) and if the transform
of the sum of two initial configurations is the sum of the transforms of the
individual initial configurations. It has been observed for many cellular au-
tomata, for example all ZZ/pZ-state linear cellular automata (where p is a
prime number), that the global state evolution patterns have a fractal (self-
similar) structure: see for instance the papers of Wolfram [42], [43], [44], of
Willson [37], of Takahashi [35], see also the paper of Culik IT and Dube [11].

A special case of such patterns is given by the Pascal triangle modulo
d. Note that analogous fractal sets are obtained for other classical double
sequences reduced modulo d, like the Gaussian binomial coefficients, the
Stirling numbers (of first and second kind) and the Lucas numbers: one can
read the papers of M. Sved [32], [34], [33], and the book of Bondarenko [6].

S. Willson proposed ([37]) a rescaling procedure for investigating the
fractal properties of state evolution patterns of linear cellular automata.
This procedure yields a compact set which is associated with the evolution
pattern of the linear cellular automaton. The fractal properties of this set are
encoded properties of the state evolution patterns of the cellular automaton.
The problem of describing the self-similarity properties of rescaled evolution
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patterns of linear cellular automata has been studied by Willson [38], [39],
[40], [41] and Culik IT and Dube [11]. It has been solved in some particular
cases by Takahashi [35] and by von Haeseler, Peitgen and Skordev [14].
The general solution has been given by these three authors in [15], [16],
[17], (see also [18] for some illustrating examples), using special hierarchical
iterated function systems, which come from matrix substitution systems or,
equivalently, from finite automata.

The considerations from [16] were applied in a paper of Lange, Peitgen
and Skordev [23] for deciphering the self-similar structure of the patterns
generated by the Gaussian binomial coefficients and the Stirling numbers.
The same problem has been addressed by M. Sved [32], [33]; for the case of
the binomial coefficients see the paper of M. Sved [34], the work of Holte
[19], [20] and the paper of von Haeseler, Peitgen and Skordev [14]. The finite
automata constructed by these three authors in [15], [16] for the deciphering
of the self-similarity structure of a given linear cellular automaton also pro-
duce the state evolution of a finite initial configuration for the linear cellular
automaton provided that the values of the nodes of the lattice belong to
2 /pZL where p is a prime number. This means that the (double) sequence
of states produced by a Z/pZl-state linear cellular automaton and a finite
initial configuration is p-automatic: a precise definition will be given below,
let us just say here that this means essentially that the values of node 7 after
j iterations of the transition rules can be computed using only the p-ary
digits of the integers 7 and j in time O(logsup(s,j)). Note also that a gen-
eral cellular automaton has a computational power strictly greater than the
computational power of a finite automaton as the former is equivalent to a
Turing machine. For general results on p-automaticity of double sequences
one can read the papers of Salon [28], [29], and for the one-dimensional case
the papers of Cobham [9], [10], Christol, Kamae, Mendés France and Rauzy
[8] and Allouche [2], [3].

In this paper we shall address the question of automaticity of (double)
sequences of states produced by the evolution of finite initial configurations
with respect to a linear 7ZZ/mZ-state cellular automaton. These sequences
are m-automatic if m is a power of a prime number. In general they are not
automatic. For example, the binomial coefficients mod m are not automatic
if m is not a prime power.



2 Preliminaries

2.1 Two dimensional automata and double automatic se-
quences

Let m € IN, m > 2. A two dimensional m-automaton A = (A, ag, ¢, T, T)
consists of five objects:

e state alphabet, a finite set A,

e initial state, an element ay € A,

e input map, ¢ : [m]?> x A — A, where [m] = {0,1,...,m — 1},
e output alphabet, a finite set T,

e output map, 7: A —T.

See [2], [3], [29], [28] or, for the equivalent notion of matrix (two dimensional)
substitutions, [30], [16], [17], [18]. See also [5], [4]. The general notions are
defined in [12].

Instead of the input map ¢ : [m]? x A — A we shall consider the maps
(1,7) : A— A, 1,5 € [m], defined by (3,7).a = ¢((7,7),a) for a € A.
For (n,t) € IN? we define the maps (n,t) : A — A recursively. Write
n = n'm + ng,t = t'm + to with ng,t9 € [m], then (n,t) : A — A is de-
fined as

(n,t).a = (ng, to).(n',t").a = o((no, to), (n', ').a).

If the initial state ag is a fixed point of the map (0,0) : A — A then the
(two dimensional) m-automaton A produces a double sequence

(w(n, ))n,iz0 = (T((12,8).00))n120

in the output set 7. The sequence (u(n,t)), >0 is called automatic (or m-
automatic), [28], [29].

2.2 Linear cellular automata

Let R be a finite commutative ring with unit 1 # 0. Usually we deal with
the ring ZZ/mZL, i.e.the residues of the integers modulo m where m is a
natural number greater then 1. With R((X)) we denote the set of all formal
Laurent series with coefficients in R. An element of R((X)) is denoted by

o0

r(X) = Z ri X"

1=no



where r; € R. A Laurent polynomial is a Laurent series r such that there
exist integers dj,dy > 0, with d = dy +do and r; = 0 for all 4 > d; + 1 or
t < —dgp—1and rg, #0#r_g,. We say that d is the degree of this Laurent
polynomial.

A Laurent polynomial r(X) of degree d induces a linear cellular automa-
ton (for a more general definition see [42]), denoted by A, which is defined

as Ay = R((X)) - R((X))
9(X) > r(X)g(X),

i.e. multiplication with r(X). The orbit of the Laurent series g w.r.t.the
linear cellular automaton A, is the set

O(g) = {A%g) : t=0,1,2,...} = {r(X)'g(X) : t=0,1,2,...}.

The Laurent series g(X) = Y. ¢; X" is represented on the one-dimensional
lattice ZZ. The point i € 7 indicates the location of a cell and g(X) specifies
the state g; of the lattice point or cell s.

The orbit O(g) of the Laurent series g w.r.t. the cellular automaton A,
is represented in the two dimensional lattice Z? of the plane IR?. The points
(i,t) € Z? are referred to as cells. Then

Alg(z) = r(2)'g(z) = _Z g(i, t)a’

specifies the state of the cell at position ¢ at time ¢. We shall consider the
orbit representation as a formal Laurent series with coefficients in R, i.e.

O(g)(X,Y)= > g, )XY
iteZd,

We call O(g)(X,Y) the state evolution of g w.r.t.r. For the sake of sim-
plicity, we shall speak of the cellular automaton r(z) instead of the cellular
automaton induced by the polynomial r.

3 Main results

We start with a formulation of the problem. Consider two polynomials g(X),
r(X) € Z[X]. Let m € IN, m > 2 and define the double sequence

gm(n,t) = g(n,t) mod m, (1)



where

g(X)r(X)" =) g(n,t) X" (2)

Question - Is the sequence (gp,(n,t))n,>0 automatic? In particular, is
the sequence of the binomial coefficients modulo m an automatic sequence?

Remarks

1. If r(X) = 1+ X and g(X) = 1 the corresponding sequence (1) is the
(double) sequence of the binomial coefficients ((}))n mod m.

2. For r(X) = 1+ X and ¢g(X) = 1 + 2X we obtain the Lucas numbers
modulo m, ([6] p. 22).

If m = p is a prime number then there is an affirmative answer which
follows for instance from a theorem of Salon, [28], [29] Theorem 5.1, (a
generalization of the corresponding theorem of Christol, Kamae, Mendes
France and Rauzy, [8]). The key idea is to consider the power series

F(X,Y)= > gp(n,t)X"Y"

n,t>0
with coefficients in Z/pZZ. The definition of g,(n,t) yields
X)
FX,Y) =Y gX)r(X)vt = —L22 _ mod p.
(X.Y) = o0 = g mod

Therefore F(X,Y) is a rational function over the field Z/pZZ. In particular,
F(X,Y) is algebraic over the field of rational functions Z/pZZ(X,Y) which
yields the automaticity of the sequence (g,(n,t))n,:-

For composite numbers m we have to apply different arguments. We shall
prove the following assertions.

Theorem 1 Let m > 2 be a natural number. Then:

e the (double) sequence of binomial coefficients modulo m is automatic
if and only if m = pt, for some prime number p,

e the (double) sequence of Lucas’ numbers modulo m is automatic if and
only if m = pt, for some prime number p,

If m = p' for some prime number p, both sequences are p-automatic (or
pl-automatic which is equivalent).



The “if” conditions are consequences of the more general

Theorem 2 Let g(X), r(X) € Z[X] and let p be a prime number. The
sequence (g, (n,t))n >0 (defined by (1)) is p-automatic for every natural
number [.

Remark

The assertion of Theorem 2 still holds for polynomials ¢(Xi,...,X),
r(Xy,...,Xg) in Z[Xy,...,Xk]. This implies that the (n-dimensional)
multinomial coefficients mod p' are (n-dimensional) p-automatic sequences.
In the next section we shall define a class of polynomials over a finite com-
mutative ring with a 1 for which Theorem 2 holds.

4 Polynomials with the m-Fermat property

In what follows we consider a commutative ring R (with a 1).

Definition
Let r(X) € R[X], m € IN,m > 2. The polynomial r(X) has the m-Fermat
property if

r(X)™ =r(X™).

Remark
In [27] the polynomials in ZZ/mZZ[X] having this property are called self-
similar polynomials with scaling exponent m.

In this section we shall present some examples of polynomials with the m-
Fermat property.

Lemma 1 Let k € IN\{0}, p be a prime number and r; € R, fori=0,...,d.

If pR =0 and rfk =r;, 1 =0,...,d, then the polynomial
r(X)=ro+mX+ - +rgX?% € R[X]

has the p*-Fermat property

Proof.

Induction with respect to d.
k
Let d = 1. Using the assumption, the property (!,) = 0 mod p for



1 <i<p*—1 (Lucas’ lemma, [25], [31] p. 53), and the binomial formula we
obtain the assertion.
The induction step follows from the same arguments.

Examples

1. All polynomials with coefficients in the Galois field GF (p*) (see [7]) have
the p*-Fermat property.

2. Let p,q be two different prime numbers. Then the polynomial r(X) =
1+pX in 7ZZ/pqZL[ X] has the ¢g-Fermat property. The polynomial ps(X) has
the ¢-Fermat property for every polynomial s(X) € Z/pqZL[ X].

Lemma 2 Let k € IN, let p be a prime number, let R be a commutative ring
and let

r(X)=ro+rX+-+rsX? € R[X]
be a polynomial. If p*R = 0 and rf = r; modpR, ¢« = 0,...,d, then the
polynomial q(X) = 7“(X)pk71 has the p-Fermat property.

Proof.

Let a« € IN, and let p be a prime number. We shall denote by v,(a) the
largest power k, such that p* divides a. It follows from Kummer’s lemma
([22] p. 115 — 116) that

n k k—1
vﬂ@)wa—%w,mmrfzﬁ - g
Now, we proceed by induction with respect to the degree d of the polynomial
r(X).

Let d =1, and r(X) = ro + r1 X.
Then

k—1

q(X)" = ((ro + X PV = (rf + rfX? 4 pi(X))?
Applying the binomial formula one deduces from (3) that
q(X)P = q(XP).

The induction step follows from the same arguments.

Example ([27], [41]) Let p be a prime number and r(X) € Z/p*Z[X].
Then the polynomial r(X )pkf1 has the p-Fermat property.



5 Two dimensional m-automaton corresponding
to a given polynomial

Let R be a finite commutative ring with 1, (X) € R[X] be a polynomial,

k,meIN, m>2.

Here we shall define a two dimensional m-automaton Ayg(r), corresponding
to the polynomial 7(X). The m-automaton Ay (r) has

e state alphabet A = R¥,
e initial state e = (0,...,0,1),
e output alphabet T'= R.

The output map 71 : R¥ — R is defined by
Tl(a_k+1, . ,Ozo) = p

for (a_g41,...,p) € RF.
For the definition of the input maps

(i,7) : RF = R¥, i 5 € [m],

we need some notations.
The map
b : R((X™ 1)) — RF

defined by
b(1(X)) = (I_g41,...,lo), where I(X)eR((X 1)),

and
+00
(X)= Y LX"
n=-—oo
is called a k-block map. The map b is a R-module homomorphism.
By e;, + = 0,...,k — 1, we shall denote the i-th basis vector of the free
R-module R¥ defined by:
e; = by (JT_Z)

The input map (4,5) : R* — R¥ shall be a R-module homomorphism.
Since RF is a free R-module with generators {eo, ..., e 1} we need to define
the map (7,7) only on the elements ¢;, [ =0,...,k — 1:

(ia j)'el = by (Xilmii’r(X)j)a



fori,j €{0,1,....,m—1},0<1<k-1

Observe that e is a fixed point of the map (0,0).

We shall use the m-automaton Aj(r) to produce the sequence (g(n,t)),t
defined by (2) for g(X) = 1, and a given polynomial r(X) € R[X]. In the
next section we shall consider the case of a polynomial r(X) which has the
m-Fermat property for an integer m > 2.

6 m-automaticity of a double sequence produced
by a polynomial with the m-Fermat property

Let R be a finite commutative ring (with a 1) and r(X) € R[X]. The polyno-
mial 7(X) produces a double sequence (r(n,t)), >0 of elements in R defined
by

r(X)t = Zr(n, X"

Theorem 3 If r(X) has the m-Fermat property then the double sequence
(r(n,t))nt>0 is m-automatic and for k > degr(X) the m-automaton Ay(r)
produces 1it.

Proof.

The assertion of the theorem follows from
(n,t).e0 = bp(X "r(X)") (4)
since
71 (b (X" (X)) = r(n, t),
for n,t € IN. Let

n=ny+nm+---+nm®, t=to+tym+---+t;m’

ng, tq €[m], ¢=0,...,s.

Assume that at least one of the digits ng, t, is different from zero.

We shall prove (4) by induction with respect to s.

Step 1: s = 0.

In this case (4) coincides with the definition of the input maps (4, 7).

Step 2:

Assume that (4) is proved for all numbers of the set {0,...,m* ' — 1} and



that n, t are given by their m-expansions above. Then

(n,t).eo

Remark

Theorem 3 is proved in a more general setting for n-dimensional strong Fer-
mat cellular automata in [17]. The proof presented here is simpler. Another
proof based upon the notion of m-kernel, (see [29]), will be presented in the

next section.

Theorem 3 implies

Corollary 1 Let r(X), g(X) € R[X] where R is a finite commutative ring
and r(X) has the m-Fermat property. Then the sequence (g(n,t))n >0 de-

(no +n'm,to + t'm).eq = (ng, to).(n',t').eo
(no, t0)-bp(X~"'r(X)"),

by the induction hypothesis,

k—1

Z r(n' —u,t")(ng,to).€u

u=0

k—1

Z r(n' —u, t')bp (X ~Um="0p(X)h)

u=0
k—1
Z r(n'm — um, t'm)by (X 40 (X))
u=0

from the m-Fermat property,

u=0

k—1
> r(n'm — wm,t'm)r(um + no, t0)>
u=0

(r(n—k+1,%),---,7(n,t)),

as k > deg r(X).

fined by (2) is m-automatic.

Proof.

Let k = max(deg r(X), 1+deg g(X)). We consider the m-automaton A(r)

with a new output map 7, : R* — R defined by

k—1
Tg(afk+17 v ,Oé()) = Z a—ig(i’ 0)
1=0

10

k—1
(Z r(n'm —um, t'm)r(um +no — k + 1,tg), - - -

?



Then the double sequence (g(n,t))n >0 is produced by the m-automaton
Ap(r) with output map 7,. Indeed, from (4) follows

k—

7g((n,1).e0) = 74(bp(X "7 (X)")) = Y _r(n—1,)g(i,0) = g(n,?).
=0

—_

~

As a next step we consider double sequences generated by a polynomial
r(X) € R[X] which satisfies r(X)¥™ = r(X™)* i.e. r(X)* has the m-Fermat
property. In order to prove the automaticity of the sequence (g(n,t)),: we
need a “shuffling” property of automatic sequences.

Proposition 1 Let (u(n,t)), >0 be a sequence with values in a finite set
such that there exist two integers a > 1 and b > 1 for which all the sequences
((w(an+¢, bt +d))p >0 with ¢ € [0,a—1], d € [0,b— 1] are m-automatic for
some integer m > 2. Then the sequence (u(n,t)), >0 itself is m-automatic.

Proof.

Our proof will mimic the proof of the analogous claim for the one-
dimensional case. First note that it suffices to prove the following assertions.

(A1) If (w(an + ¢,t))n, is m-automatic for every ¢ € [0,a — 1] then
(w(n,t))n, is m-automatic.

(A2) If (w(n,bt + d))p is m-automatic for every d € [0,b — 1] then
(w(n,t))n, is m-automatic.

Assume that (A1) and (A2) are proved and (u(n,t)), has the property of
the proposition. Then for every fixed d € [0,b — 1] the sequence (u(an +
¢,bt + d))p, is m-automatic for any ¢ € [0,a — 1]. By (A1), the sequence
(u(n, bt +d))n ¢ is m-automatic for all d € [0,b — 1]. Now, (A2) implies that
(u(n,t))p, is m-automatic.

We conclude the proof by showing the validity of (A1) and (A2): to prove
(A1), (same proof for (A2)), suppose that for some integer m > 2, for some
integer a > 2, and for every ¢ € [0,a — 1] the sequence (u(an + ¢,t)), is
m~automatic. To prove that the sequence wu itself is m-automatic, one has
to prove that the m-kernel of u, i.e. the set of subsequences

{(u(m®n+B,m*+7))ne: @20, 0< B,y <m® -1},

is finite, see [29], [10], [8]. Therefore it suffices to prove that there are only
finitely many sequences of the type:

(u(m®(an +c) + B,m*t +))nys, c€[0,a—1], >0, 0 < B,y <m® -1

11



Now write m“c+ f =az +y, with 0 <y <a-— 1.

One has: az < az +y =m%%+ [ <m%*c+ 1) < am® Hence z < m?, i.e.
z<m®—1.

Then: (u(m®*(an + ¢) + B,m* + 7)) = u(am®*(n + z) + y,m*t + ). The
numbers z and y do not depend on (n,t), but only on «, # and ¢. Moreover,
y<a—1land z <m®—1.

Hence the sequence (u(a(m®n+x) 41y, m®t+y))n, is in the m-kernel of the
sequence (u(an+y,t))n, which ensures it can take only finitely many values.
Indeed, there are finitely many sequences (u(an +y,t))n: (0 <y <a—1),
each of which is m-automatic, ([29]).

Corollary 2 Let g and r be two polynomials in R[X] such that there ezists
an integer k > 2 for which the polynomial r(X)* has the m-Fermat property.
Then the double sequence (g(n,t))n >0 (defined by (2)) is m-automatic.
Proof.

From Corollary 1, the sequences ug(n,t), ¢, s =0,...,k — 1 defined by

r(X)*g(X) =) us(n, ) X"

are m-automatic. Then the assertion follows from Proposition 1 applied to
the sequence (g(n,t)),, (defined by (2)) and e =1, b = k.

Corollary 3 Let 7(X) € GF(p)[X] , a,b,¢,d € IN. Then the power series

Z r(an +b,ct +d)X"Y"

n.t
is algebraic over the field of rational functions GF(p')(X,Y).

Proof.

From Corollary 1 we know that the double sequence (r(n,t)), induced by
the polynomial 7(X) with the initial polynomial g(X) = 1 (see (2)) is p-
automatic since the polynomial 7(X) has the p'-Fermat property. From [29],
Proposition 7.6 follows that the sequence (r(an+b, cd+d)),,; is p-automatic.
Then the assertion follows from [29], Theorem 5.1.

Remark
The case a = 0, ¢ = 1, d = 0 has been proved in [24] with a theorem of
Furstenberg, [13].

12



7 Another proof of the m-automaticity of a se-
quence produced by a polynomial with the m-
Fermat property

We now give another proof of Theorem 3, which actually also proves directly
Corollary 1. This proof is based upon the notion of m-kernel of a sequence,
[29].

The m-kernel of a sequence (r(n, t)), is by definition the set of subsequences
{(r(m®*n+u,m*t+v)ps, «>0,0<u,v<m*—1}.

The sequence (r(n,t)) is m-automatic if and only if its m-kernel is finite, (see
[28], [29]). Clearly, this is equivalent to the existence of a set of sequences §
such that:

e the set S is finite,
e the sequence r belongs to S,

e the set S is invariant under the maps ¢, , defined for 0 < u, v <m—1
and any sequence ¢ by:

Vuw ((a(n,t))nt) = ((a(mn +u,mt +v))pt) .

Now, if h is a polynomial in R(X), say h(X) = > b(n)X", define ®,(h),
for 0 < u < m — 1, to be the polynomial ®,(h)(X) = > b(mn + u)X"™.
Note that deg ®,(h) < d—i%—h, and that for two polynomials A and B one has
DL (AX)B(X™)) = B(X)0,(A(X)), 8.

Let g and r be two polynomials in R(X') and define the sequence (g(n,t))n
by (2).

Let M = degg + (m — 1)degr, and let S be the set:

S = {(a(n, t)ns; Ih, degh < M; h(X)r(X)" =" a(n, ) X"}

As h belongs to a finite set of polynomials (R is finite), the set S is finite.
This set contains the sequence r, (take h = g). Let us show that S is stable
under the maps ¢y y.

Let a be a sequence in S and h be such that h(X)r(X)! = Y, a(n,t) X",
Vi. Then for all v < m — 1 and for all integers ¢ we have that

m—1
AX)r(X)™H =3 "a(n,mt +v) X" = > X" a(mn + u,mt + v) X™.
u=0

n n

13



On the other hand, A(X)r(X)™*" = (A(X)r(X)")(r(X™))!. Hence

D, (hr¥)rt = Z a(mn + u, mt +v) X".

n

As deg @, (hr?) < % < M, (m > 2) one deduces that the se-
quence (a(mn + u,mt 4+ v)),; belongs to S.

8 Proofs of Theorem 1 and of Theorem 2

Theorem 2 follows from Lemma 2 and Corollary 2. Theorem 2 implies the
assertions on automaticity in Theorem 1.

Proof of the non-automaticity assertion in Theorem 1.

We begin with the binomial coefficients. Curiously enough the proof we have
found breaks into two cases:

e The integer m admits two different odd prime divisors.

We first note the formula (valid on the rational numbers, see for ex-
ample [31] p. 52):

3 <2tt>Xt = (1-4X)" 2,

>0
Hence, defining the formal power series F/(X) = 37,5 (2tt)X ¢ one has:
(1-4X)F(X)?—1=0.

As this relation holds in ZZ[[X]] it also holds in 7Z/pZZ][ X]]

for every prime number p. This proves that the series F' is algebraic
over the field of rational functions Z/pZZ(X ). Moreover, if p # 2 this
series is not rational. If one had F' = g for two polynomials P and @) in
2 /p7t[X], P and Q coprime, then (1 —4X)P? = Q?, hence Q? would
divide (1 — 4X). This would imply that @ is a constant polynomial,
and give the desired contradiction, (note that a different proof of the
non-periodicity has just been given in [36]).

Hence, from the theorem of Christol, Kamae, Mendes France and
Rauzy ([8]) the sequence ((2tt))t mod p is p-automatic and not ulti-
mately periodic if p is an odd prime number.

14



Now suppose that the sequence ((i))mzo mod m is k-automatic for
some integer £ > 2, and let p; and po be two different odd prime
numbers divisors of m. Therefore the one-dimensional sequence ((?)),
mod m is k-automatic (see for instance [29]). By “projection”, (i.e.
using the canonical map from Z/mZ to Z/p1ZZ), the sequence ((*)),
mod pq is k-automatic. From what precedes we know that this sequence
is pi-automatic and not ultimately periodic. Hence from Cobham’s
theorem ([9]), k is necessarily a power of p;.

In the same way k must be a power of po, which is a contradiction.

The integer m is equal to 2%p°, where p is a prime odd number and
a,b>0.

3t
t

))¢ mod 2 is ultimately periodic.

Here we shall study the coefficients (7)) mod 2. The previous method

2t
t

Remember that Lucas’ theorem asserts that if n and ¢ have a binary
expansions given by: n = 3 ~qe,(n)2? and t = 3~ €,(t)27, respec-

tively, then:
t) _ eq(t) 1o
(o) = I () o

Using this theorem and defining the sequence u by

u(t) = <?;t> mod 2,

the reader can check that the following relations hold:

does not work as the sequence ((

Vt, u(2t) = u(t), u(dt +1) = u(t), u(dt+3) =0.
Hence the sequence is 2-automatic as its 2-kernel is equal to

{(u(®))s, (w(2t+1)), 0.

Moreover, defining the formal power series G in ZZ/27Z[[X]] by

t>0

the previous relations imply that

XG*+G+1=0.
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This proves that the formal power series G is algebraic over the field of
rational functions 7Z/27Z(X) which is not a surprise ([8]). We can use
this relation to prove that G is not a rational function (i.e. the sequence
u is not ultimately periodic). If one has G = g for two polynomials in
/27 X], P and @ coprime then

XP3+PQ*+@Q*=0.
Hence ) divides X. If () is constant we obtain
XPP+P+1=0
which is not possible (compute the degrees). If Q = X we get
XPP+X%2P+ X3 =0,

hence

PP+ XP+X*=0.
That would imply that X divides P which is not possible as P and @)
are coprime.

Now suppose that the sequence ((i))mzo mod m is k-automatic for
some integer k > 2, and remember that m = 2%p®. By the same reason-
ing as in the first case, k must be a power of p. On the other hand, the
hypothesis implies that the one-dimensional sequence ((it))t mod m
is k-automatic, ([29]). Hence, by projection, the sequence ((g’tt))t mod
2 is k-automatic. As it is 2-automatic and not ultimately periodic,
Cobham’s theorem again implies that k£ must be a power of 2 which is
impossible.

Now let us consider the Lucas numbers. They are defined by:

1+2X)(1+X)" =) L(n, t)X".

t t tt+n+1
L(n,t) = (n) +2<n—1> = ma

which implies easily:

Hence:

(n+ DL +1,¢) — (t—n +1)L(n,t) = (Z)

16



Hence if (L(n,t))n, mod m is automatic, then ((2)),1,,5 mod m is automatic,
too. Therefore m = p! for some prime number p.

Remarks

1. The sequence (r(n,t)),; generated by the polynomial r(X) € GF(p*)[X]
is p*-automatic (or equivalently p-automatic) as r has the p*-Fermat prop-
erty.

2. The sequence (r(n,t)),+ generated by the polynomial r(X) =1+ pX €
Z/pqZL[X] is g-automatic (for p and ¢ two prime numbers) since the poly-
nomial 7(X) has the ¢-Fermat property.

9 m-automaticity of sequences generated by sev-
eral polynomials

In this section we consider sequences which are slightly more general than
the sequences studied above:

Definition Let ro(X),...,rq-1(X) € R[X],R = {ro(X),...,ra—1(X)}.
The sequence (ur g(n,t)),: is generated by the polynomials R with initial
polynomial g(X) € R[X] if

(ro(X) ... a1 (X)) ro(X) ... 71 (X)g(X) = Y _ur(n, ) X"

where t = aty + S, ta EIN, 0 < 5o <@ — 1.

Examples

1. The Gaussian binomial coefficients G(n,t;q), ¢, n, t € IN, k > 2, ([6] p.
14, [26], [31] p. 26) are defined by

t t
[[a+d'%) =3 Gt.n;q)g"" V2 x".
k=1 n=0
Let m € IN, and (¢,,m) = 1. Let « be the smallest natural number with
q® = 1 mod m.
The sequence (G(n, t; )¢""/2), ; mod m is generated by the polynomials

ro(X)=1+X,...,rq 1(X) =14 ¢*"'X € Z/mZ[X],

and the initial polynomial g(X) = 1.

. n(n—1) .
Defining w(n) = ¢~ ™= ~ mod m, one notices that w(n + 2a) = w(n)

mod m, i.e. this sequence is periodic. As

G(n,t;q) = G(n, t; q)g" " V2 gl Dn=D/2 yod
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one sees that (Gp(n,t;q))n:e = (G(n,t;q))ne mod m is the product of a
periodic one-dimensional sequence and of the sequence (G (n,t; q)g™("~1/?)
mod m generated by the polynomials rg, ..., ro—1 and the initial polynomial
g =1

2. The Stirling numbers of first kind S(¢,n), ([31] p. 18, [21]), are defined by

t—1 t

X +0)=> s@nx"

k=0 n=0

Let m € IN, m > 2. Then the sequence (Sy,(n,t))n,s (Stirling numbers mod
m):
Sm(n,t) = S(t,n) modm

is generated by the polynomials 7;(X) = X +4, 0 <7 <m — 1, and the
initial polynomial g(X) = 1.

From Corollary 2 and Proposition 1 follows

Corollary 4 Letry(X),...,rq-1(X) € R[X], r(X) =ro(X) ... 1 1(X). If
r(X)¥ has the m-Fermat property for some k € IN, k > 2, then the sequence
(uR,g(n,t))ny is m-automatic for every polynomial g(X) € R[X].

From Corollary 2 and Lemma 2 follows, (remember that p-automaticity
and pF-automaticity are equivalent):

Corollary 5 Let p be a prime number and k, g € IN.

L. If (g,p) = 1 then the sequence (Gpr(n,t;q))n, of the Gaussian binomial
coefficients mod pF is p-automatic.

2. The sequence (Syk(n,t))ns of the Stirling numbers of first kind mod Pk is
p-automatic.
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