Schrödinger operators with Rudin-Shapiro potentials are not palindromic

J.-P. Allouche

CNRS, LRI, Bâtiment 490, F-91405 Orsay Cedex (France) allouche@lri.lri.fr

Abstract We prove a conjecture of A. Hof, O. Knill and B. Simon by showing that the Rudin- Shapiro sequence is not palindromic, i.e., does not contain arbitrarily long palindromes. We prove actually this property for all paperfolding sequences and all Rudin-Shapiro sequences deduced from paperfolding sequences. As a consequence and as guessed by the above authors, their method cannot be used for establishing that discrete Schrödinger operators with Rudin-Shapiro potentials have a purely singular continuous spectrum.

I. Introduction

In [1] the authors study the spectrum of discrete Schrödinger operators with potentials taking values in a finite set of real numbers. They prove inter alia the following: suppose that the sequence of potentials generates a subshift X that is strictly ergodic (i.e., both minimal and uniquely ergodic). Then, a sufficient condition ensuring the existence of a generic set in X for which the operator has a purely singular continuous spectrum, is that there exists a z in X that is palindromic, i.e. that contains arbitrarily long palindromes.

This result covers many cases where X is generated by the fixed point of a primitive substitution (Fibonacci, Prouhet-Thue-Morse, period-doubling, binary and ternary non-Pisot) and also the case of sequences defined by circle maps. As stated by the authors, their results cover almost all, but not all, results in [2], and give also new results.

On the other hand the results in [2] do not cover the case of the Rudin-Shapiro substitutions: as the authors say in [2] “this sequence retains its mystery”. The authors of [1] conjecture that the Rudin-Shapiro sequence does not contain arbitrarily long palindromes and hence that their method cannot be applied to this sequence.

The purpose of this note is to prove this conjecture: if u is a Rudin-Shapiro sequence in the sense of [3], then it does not contain palindromes of length ≥ 15. If u is a paperfolding sequence, then it does not contain palindromes of length ≥ 14.

II. Discrete Schrödinger operators

Given a sequence (x_n)_n of potentials taking finitely many real values, one can define a (tightbinding) Schrödinger operator L on ℓ^2(ZZ) by

L(x) : (u_n)_n −→ ((L(x)u)_n)_n, with (L(x)u)_n = u_{n+1} + u_{n−1} + x_nu_n.

Roughly speaking, properties of the sequence (x_n)_n imply properties of the operator L(x). An interesting case is when the sequence (x_n)_n lies between order and disorder, in particular when (x_n)_n is generated by a (primitive) substitution (also called morphism or inflation rule). A first example, i.e., the Fibonacci sequence, has been treated in [4] and [5]. Then the Thue-Morse sequence has been studied first in [6, 7, 8], then, as quoted in [1], in [9]. A nice and rather complete survey on these Schrödinger operators, with many references, in particular for the substitutive case, is [10].

Let us summarize quickly the results of [1]. The authors use essentially three steps. They first show that a minimal set, with only aperiodic elements, containing a palindromic sequence (therefore containing only palindromic sequences) contains uncontably many strongly palindromic sequences: the sequence x is called palindromic if it contains arbitrarily long palindromes; it is called strongly palindromic if, for any positive constant B, it contains infinitely many palindromes w_1, w_2, . . ., such that w_i has length l_i, is centered at m_i, with lim_i m_i = +∞ and lim_i^{eBmi}_{li} = 0. The authors then adapt a result of Jitomirskaya and Simon [11] to prove that L(x) has no eigenvalue if x is a strongly palindromic sequence. Their last step uses a result of Kotani [12] to show that, if a compact shift-invariant set X of sequences is strictly ergodic (i.e., minimal and uniquely ergodic), and if there is an x ∈ X such that L(x) has no eigenvalue, then, there exists a generic subset Y of X such that, for every y ∈ Y , the spectrum of L(y) is purely singular continuous.

The results apply to well-known substitutions like Fibonacci, Thue-Morse, as well as the perioddoubling sequence and binary and ternary non-Pisot sequences. They also apply to circle maps corresponding to any irrational angle and any half-open interval.

One might want to compare these results with those of [2]. The period-doubling and binary non-Pisot sequences are not obtained in [2]. Note also that all examples of substitutional sequences given in [2], but one, are covered by the methods of [1]. Recall that the method of Bovier and Ghez in [2] uses the reduced trace map and semi-primitive sequences. We will not describe their method here, but rather note that they need their sequences to contain squares, i.e., identical consecutive blocks. In other words a purely combinatorial property of the sequence of potentials, (to contain squares or to contain palindromes), implies results on the spectra.

The case of potentials given by the Rudin-Shapiro sequence is not covered by any of these two papers. It results from [1] that the corresponding spectrum has no absolutely continuous part, as the underlying substitution is primitive. But it is not known whether this spectrum is purely continuous. In [1] the authors conjecture that the Rudin-Shapiro sequence is not palindromic, hence that their method does not apply. We will prove here this conjecture. More precisely we prove that the Rudin-Shapiro sequence, but also the generalized Rudin-Shapiro sequences in the sense of [3], and the paperfolding sequences (see [13]), are not palindromic.

III. The Rudin-Shapiro sequence

Originally constructed by Shapiro [14] then by Rudin [15], the Rudin-Shapiro sequence can be defined by v_n = (−1)^{a(n)}, where a(n) is the number of (possibly overlapping) blocks 11 in the binary expansion of n. This sequence has the unexpected property [14, 15]: sup θ∈[0,1[ | | | N −1∑ n=0 v_ne^{2iπnθ} | | | ≤ C √ N. Note also that the spectral measure of the Rudin-Shapiro sequence is the Lebesgue measure, although this sequence is deterministic. We recall that

• for any sequence (c_n)_n, one has: √ N = ‖ ‖ ‖ N −1∑ n=0 c_ne^{2iπnθ} ‖ ‖ ‖_2 ≤ ‖ ‖ ‖ N −1∑ n=0 c_ne^{2iπnθ} ‖ ‖ ‖_∞ = supθ_{∈[0},_{1[} | | | N −1∑ n=0 c_ne^{2iπnθ} | | | ≤ N; • if (c_n)_n is a periodic (or even an almost-periodic) sequence, then sup θ∈[0,1[ | | | N −1∑ n=0 c_ne^{2iπnθ} | | | ≍ N; • for almost all (for the Lebesgue measure) sequences (c_n)_n, one has sup θ∈[0,1[ | | | N −1∑ n=0 c_ne^{2iπnθ} | | | ≤ √ N log N. Furthermore the spectral measure of almost all sequences is equal to the Lebesgue measure.

Another way of generating the Rudin-Shapiro sequence is the following. Consider the alphabet {A, B, C, D} and the substitution σ defined on this alphabet by σ(A) = AB, σ(B) = AC, σ(C) = DB, σ(D) = DC. Define then the map φ : {A, B, C, D} −→ {−1, +1} by:

φ(A) = +1, φ(B) = +1, φ(C) = −1, φ(D) = −1. Then the Rudin-Shapiro sequence is the limit, as k goes to infinity, of φ(σ^k(A)). The sequence lim_{k→∞} σ^k(A) = A B A C A B D B A B A C D C . . . is sometimes called the Rudin-Shapiro sequence on four letters, whereas the sequence

lim_{k→∞} φ(σ^k(A)) = +1 + 1 + 1 − 1 + 1 + 1 − 1 + 1 + 1 + 1 + 1 − 1 − 1 − 1 . . .

is simply called the Rudin-Shapiro sequence. In what follows we “change the names” of the letters by considering sequences with values in {0, 1}: we replace +1’s by 0’s and −1’s by 1’s. Hence the Rudin-Shapiro sequence is the sequence

0 0 0 1 0 0 1 0 0 0 0 1 1 1 . . .

Of course this change of letters transforms palindromes into palindromes and conversely.

IV. Paperfolding and generalized Rudin-Shapiro sequences

Paperfolding sequences are obtained by iterating an infinite number of times the operation of folding a piece of paper on itself. The interested reader can find in [13] and its bibliography more details on paperfolding, he can also read [16]. We give here a formal definition, (note that the indices of the paperfolding sequences will be taken in the set IN^∗ = IN \ {0} although all other sequences in this paper have their indices in IN). Furthermore, from now on, all the sequences we consider have their values in {0, 1}.

Definition A sequence (z_n)_{n≥1} with values in {0, 1} is called a paperfolding sequence if

• ∃i_0 ∈ {0, 1}, ∀n ∈ IN, z_{2n+1} ≡ i_0 + n (mod 2).

• the sequence (z_{2n})_n is a paperfolding sequence.

In other words a paperfolding sequence is characterized by its “folding instructions” i_m = z_2m . Conversely, given a sequence (i_m)_m ∈ {0, 1}^{IN}, one can define a paperfolding sequence (z_n)_n by

∀m ≥ 0, ∀k ≥ 0, z_2m_{(2k+1)} ≡ i_m + k (mod 2).

To a paperfolding sequence (z_m)_{m≥1} one can associate a “generalized” Rudin-Shapiro sequence (v_n)_{n≥0} by

v_0 = 0, ∀n ≥ 0, v_n = n∑ k=1 z_k (mod 2).

One checks easily that, conversely,

∀n ≥ 1, z_n = v_n + v_{n−1} (mod 2),

thus the correspondence between z and v is bijective.

These sequences (v_n)_{n≥0} have been studied in [3] and they have the “Rudin-Shapiro property” sup θ∈[0,1[ | | | N −1∑ n=0 (−1)^{vn} e^{2iπnθ} | | | ≤ Cv √ N. The spectral measure of a generalized Rudin-Shapiro sequence is also the Lebesgue measure. Furthermore the usual (two-letter) Rudin-Shapiro sequence corresponds to the sequence (i_m)_m defined by: i_0 = 0; ∀m ≥ 1, i_m ≡ m + 1 (mod 2).

The relations between the paperfolding sequences and the generalized Rudin-Shapiro sequences permit to deduce properties of the factors (blocks) of the generalized Rudin-Shapiro sequences from properties of the factors of paperfolding sequences [17, 18, 19]. This remark will be used in the next paragraph.

V. The main theorem

We prove in this paragraph that, if a sequence is either a paperfolding sequence or a generalized Rudin-Shapiro sequence, then it does not contain arbitrarily long palindromes. Theorem

A paperfolding sequence does not contain palindromes of length ≥ 14. A generalized Rudin-Shapiro sequence does not contain palindromes of length ≥ 15.

Proof

The proof will consist of three steps: we first show that it suffices to prove the result for the paperfolding sequences. Second we study the palindromes of even length in a paperfolding sequence. The last step studies the palindromes of odd length in a paperfolding sequence. - First step

Let (v_n)_{n≥0} be a generalized Rudin-Shapiro sequence and let (z_n)_{n≥1} be the associated paperfolding sequence (z_n = v_n + v_{n−1} modulo 2). Suppose that the sequence v contains a palindrome of length > 1. If this palindrome has even length, say 2d, with d ≥ 1, then there exist an index n ≥ 0 and letters a_1, . . ., a_d in {0, 1} such that v_nv_{n+1} . . . v_{n+d−1}v_{n+d} . . . v_{n+2d−1} = a_1a_2 . . .a_{d−1}a_da_da_{d−1} . . . a_2a_1. Hence, using the relation between the sequences v and z, one has:

z_{n+1} . . .z_{n+d−1}z_{n+d}z_{n+d+1} . . .z_{n+2d−1} = a_2 + a_1 . . . a_d + a_{d−1} 0 a_{d−1} + a_d . . . a_1 + a_2, which gives a palindrome of length 2d − 1 for the sequence z.

If the palindrome in v has odd length, say 2d + 1 with d ≥ 1, then there exist an index n ≥ 0 and letters a_1, . . ., a_d, a_{d+1} in {0, 1} such that v_nv_{n+1} . . .v_{n+d}v_{n+d+1} v_{n+d+2} . . . v_{n+2d} = a_1a_2 . . . a_{d−1}a_da_{d+1}a_da_{d−1} . . . a_2a_1.

Hence, using the relation between the sequences v and z, one has:

z_{n+1} . . .z_{n+d}z_{n+d+1} . . . z_{n+2d} = a_2 + a_1 . . . a_{d+1} + a_d a_d + a_{d+1} . . . a_1 + a_2, which gives a palindrome of length 2d for the sequence z.

This first step proves that it suffices to study the palindromes in the paperfolding sequences. - Second step

Suppose that a paperfolding sequence, say (z_n)_{n≥1}, has a palindrome of even length ≥ 8. Then this sequence contains necessarily a palindrome of length 8 that is a “subpalindrome” of the previous one. Hence there exist an index n ≥ 1 and letters a, b, c, d in {0, 1} such that z_nz_{n+1} . . . z_{n+7} = a b c d d c b a. But we know from the definition of a paperfolding sequence that either a c d b = a a a a, if n is odd or b d c a = b b b b, if n is even, where we define 0 = 1 and 1 = 0.

In the first case one has a b c d d c b a = a a a a a a a a and in the second case a b c d d c b a = b b b b b b b b. So in both cases we have a square of length 2 × 4 in a paperfolding sequence, which contradicts Corollary 5.2 of [19]. - Third step

Suppose now that the paperfolding sequence (z_n)_{n≥1} contains a palindrome of odd length, say 2d + 1. Then there exist an index n and letters a_1, . . ., a_d, a_{d+1} in {0, 1} such that z_n . . .z_{n+d−1} z_{n+d}z_{n+d+1} . . . z_{n+2d} = a_1 . . . a_da_{d+1}a_d . . . a_1. As z_{n+d−1} = z_{n+d+1} = a_d, the integer n + d + 1 cannot be odd, hence it is even (from the definition of a paperfolding sequence the subsequence for the odd indices is an alternating sequence). So the word . . . z_{n+d−3}z_{n+d−1}z_{n+d+1} z_{n+d+3} . . . = . . . a_{d−2}a_da_da_{d+2} . . . is a factor of a paperfolding sequence (definition of a paperfolding sequence). This gives two cases according to the parity of d.

If d is odd, say d = 2e + 1, then . . .z_{n+d−3} z_{n+d−1}z_{n+d+1}z_{n+d+3} . . . = a_1a_3 . . .a_{2e+1}a_{2e+1} . . . a_3a_1 is a factor of a paperfolding sequence. But this is a palindrome of length 2e + 2. From Step 2 we know that 2e + 2 ≤ 6, hence 2d + 1 = 4e + 3 ≤ 11.

If d is even, say d = 2e, then . . .z_{n+d−3} z_{n+d−1}z_{n+d+1}z_{n+d+3} . . . = a_2a_4 . . .a_{2e}a_{2e} . . . a_4a_2 is a factor of a paperfolding sequence. But this is a palindrome of length 2e. From Step 2 we know that 2e ≤ 6, hence 2d + 1 = 4e + 1 ≤ 13 and the theorem is proved.

Remark

What we proved actually is that the only possible lengths of palindromes for a paperfolding sequence are in the set: {1, 2, 3, 4, 5, 6, 7, 9, 11, 13}. Hence the only possible lengths for a generalized Rudin-Shapiro sequence are in the set: {1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 14}.

References

[1] A. Hof, O. Knill, B. Simon, Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174, 149–159 (1995).

[2] A. Bovier, J.-M. Ghez, Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158, 45–66 (1993), and erratum, Commun. Math. Phys. 166, 431–432 (1994).

[3] M. Mendès France, G. Tenenbaum, Dimension des courbes planes, papiers pliés et suites de Rudin-Shapiro, Bull. Soc. math. France 109, 207–215 (1981).

[4] M. Kohmoto, L. P. Kadanoff, C. Tang, Localization problem in one dimension: mapping and escape, Phys. Rev. Lett. 50, 1870–1872 (1983).

[5] S. Ostlund, R. Pandit, D. Rand, H. J. Schnellnhuber, E. D. Siggia, One-dimensional Schrödinger equation with an almost periodic potential, Phys. Rev. Lett. 50, 1873–1876 (1983).

[6] F. Axel, J.-P. Allouche, M. Kleman, M. Mendès France, J. Peyrière, Vibrational modes in a one-dimensional “quasi-alloy”: the Morse case, J. de Physique (Paris) C3 47, 181–186 (1986).

[7] F. Axel, J. Peyrière, États étendus dans une chaîne à désordre contrôlé, C. R. Acad. Sci. Paris série II 306, 179–182 (1988).

[8] F. Axel, J. Peyrière, Spectrum and extended states in a harmonic chain with controlled disorder: effect of the Thue-Morse symmetry, J. Stat. Phys. 57, 1013–1047 (1989).

[9] J. Bellissard, Spectral properties of Schrödinger’s operator with Thue-Morse potential, in:

Number Theory and Physics, Eds. J.-M. Luck, P. Moussa, M. Waldschmidt, Springer Proceedings in Physics, 47, Berlin, Heidelberg, New York, Springer 1990, pp. 140–150.

[10] A. Sütő, Schrödinger difference equation with deterministic ergodic potentials, in: Beyond quasicrystals, Éd. F. Axel, D. Gratias, Springer/Les Éditions de Physique 1995, pp. 481–549.

[11] S. Jitomirskaya, B. Simon, Operators with singular continuous spectrum: III. Almost periodic Schrödinger operators, Commun. Math. Phys. 165, 201–205 (1994).

[12] S. Kotani, Jacobi matrices with random potential taking finitely many values, Rev. Math.

Phys. 1, 129–133 (1989).

[13] M. Dekking, M. Mendès France, A. J. van der Poorten, FOLDS!, Math. Intell. 4, 130–138, 173–181, 190–195 (1982).

[14] H. S. Shapiro, Extremal problems for polynomial and power series, Thesis, M.I.T., 1951.

[15] W. Rudin, Some theorems on Fourier coefficients, Proc. Amer. Math. Soc. 10, 855–859 (1959).

[16] J.-P. Allouche, M. Mendès France, Automata and automatic sequences, in: Beyond quasicrystals, Éd. F. Axel, D. Gratias, Springer/Les Éditions de Physique 1995, pp. 293–367.

[17] J.-P. Allouche, The number of factors in a paperfolding sequence, Bull. Austral. Math. Soc.

46, 23–32 (1992).

[18] J.-P. Allouche, M. Bousquet-Mélou, “Canonical” positions for the factors in the paperfolding sequences, Theoret. Comput. Sci. 129, 263–278 (1994).

[19] J.-P. Allouche, M. Bousquet-Mélou, Facteurs des suites de Rudin-Shapiro généralisées, Bull.

Belg. Math. Soc. 1, 145–164 (1994).