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Lebesgue density

Let (X , d , µ) be a metric space endowed with a Borel measure.

Given a measurable A ⊆ X , define the density function:

DA(x) = lim
ε→0+

µ(A ∩ Bε(x))

µ(Bε(x))

Note. The value DA(x) may not exist for several reasons:

1. all open neighbourhoods of x have measure +∞
2. some open neighbourhood of x has measure 0

3. D−A (x) < D+
A (x), where

D−A (x) = lim inf
ε→0+

µ(A ∩ Bε(x))

µ(Bε(x))

D+
A (x) = lim sup

ε→0+

µ(A ∩ Bε(x))

µ(Bε(x))
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Lebesgue density

To avoid issues 1 and 2, I will restrict to fully supported (all open
non-empty sets have positive measure), locally finite (every point has a
neighbourhood of finite measure) spaces.

Let also
OA(x) = D+

A (x)−D−A (x)

be the oscillation of A at x ; and

Φ(A) = {x ∈ X | DA(x) = 1}

be the set of points with density 1 in A, called the set of density points of
A or the density set of A.
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Lebesgue density

If A,B are measure equivalent, in symbols A ≡ B, then D±A = D±B , so
DA = DB and Φ(A) = Φ(B).

Thus D±• ,D•,Φ induce functions on MALG (X ), the measure algebra of
X .



The Lebesgue density theorem

The Lebesgue density theorem states that for several spaces it holds that

∀A ∈ MEAS A ≡ Φ(A)

i.e., Φ is the identity on the measure algebra.

This is called the density
point property.

Examples.

I Rn

I Polish ultrametric spaces (Miller, 2008)

So in these spaces, for every measurable A the following sets are null:

I Shrp(A) = {x | 0 < DA(x) < 1} (the sharp points of A)

I Blr(A) = {x | DA(x) does not exist} (the blurry points of A)

I Exc(A) = Shrp(A) ∪ Blr(A) (the exceptional points of A)
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Density sets in Cantor space

A rather detailed analysis of density sets in 2N has been carried out in
[Andretta, C., 2013]

:

Theorem
Density sets in 2N are Π0

3. Moreover, there are density sets in any Π0
3

Wadge degree.

Proof.
For ∆0

3 degrees, define operations on sets that take density sets to
density sets and allow to climb the Wadge hierarchy.
For the degree of true Π0

3 sets, prove that in fact that for comeagre many
[A] ∈ MALG (2N), the set Φ(A) is Π0

3-complete.
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Exceptional points in Cantor space

Theorem
For every measurable A ⊆ 2N the sets Blr(A) and Exc(A) are Σ0

3.

Moreover, for comeagre many [A] ∈ MALG (2N) these sets are
Σ0

3-complete.

Theorem
For every measurable A ⊆ 2N the set Shrp(A) is Π0

3.
Moreover, there is a compact K ⊆ 2N such that Φ(K ) = Int(K ) and
Shrp(K ) is Π0

3-complete.
Moreover, for any fixed r ∈]0, 1[, K can be chosen so that
{x ∈ 2N | DK (x) = r} is Π0

3-complete.
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Exceptional points in Cantor space

Question. Why we could show the existence of lots of examples of sets
whose blurry points form a Σ0

3-complete set, by only few instances of sets
whose sharp points form a Π0

3-complete set?

Conjectures

I Because we are dull; or

I Because for the generic [A] ∈ MALG (2N), is quasi-dualistic, i.e.
function DA assumes only values 0, 1 or undefined.

(the two options are not mutually exclusive)
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Cantor space in a Polish measure space

Several results can be extended to other spaces by suitably embedding
Cantor space there.

Theorem
Let ν on 2N be non-singular, and (X , d , µ) be a Polish measure space
such that

∃Y ∈ B(X ) ν(2N) < µ(Y ) < +∞

Then there is H : 2N → X continuous, injective, measure preserving.
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Compact and closed sets in the measure algebra

In a metric space with a finite measure, any class [A] ∈ MALG contains
both a Gδ and an Fσ set.

However

Theorem

I (Andretta, C., 2013) The set of all elements of MALG (2N) that
contain a ∆0

2 member is meagre

I The set of all elements of MALG (2N) that contain a compact
member is Π0

3-complete

Using the previous embedding theorem, one can in fact show

Theorem
If (X , d , µ) is a Heine-Borel space such that every compact set has finite
measure and µ is non-singular, then

I the set of elements of MALG (X ) that contain a closed (a compact)
member is Π0

3-complete
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Euclidean spaces vs Cantor space

Given a measurable subset A of a measure metric space X , say that

I A is quasi-dualistic if, whenever DA(x) is defined, DA(x) ∈ {0, 1}
I A is dualistic if ∀x ∈ X DA(x) ∈ {0, 1}
I A is solid if domDA = X

I A is spongy if it is quasi-dualistic and not solid

In the Cantor space there is a great freedom to construct examples of
sets in any of these classes, with different features.
The situation is different for Euclidean spaces.
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Spongy sets in Euclidean spaces

Theorem

I There are spongy sets in R (they can even be taken open, or closed)

Remark. The estimates used in the proof of this theorem, adapted to
the two dimensional case, should give the existence of spongy sets in R2.
It is not clear that the same calculations would lead to a spongy set in
Rn, for bigger n. (However, the obvious conjecture is that spongy sets in
Rn do exist.)
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Quasi-Euclidean spaces

A Polish measure space (X , d , µ) is quasi-Euclidean if:

I X is locally compact, connected

I µ is fully supported, locally finite

I for all x ∈ X , the function [0,+∞[→ [0,+∞], r 7→ µ(Br (x)) is
continuous

I (X , d , µ) satisfies the density point property

Example
All Rn with Lebesgue measure and the p-norm (1 ≤ p ≤ ∞) are
quasi-Euclidean.



Solid sets in (quasi-)Euclidean spaces

Theorem
Let (X , d , µ) be quasi-Euclidean. Let A ⊆ X be a solid, non-trivial set.

Suppose d ′ is an equivalent metric such that every ball B′r (x) is solid,
and for some ρ ∈]0, 1[

∀x , y ∈ X ∀r ∈ R+ (d ′(y , x) = r ⇒ DB′
r (x)

(y) = ρ)

Then

1. FrµA =def {x | ∀U open nbhd of x (µ(U ∩ A), µ(U \ A) > 0)} 6= ∅
2. {x | DA(x) = ρ} is a dense Gδ subset of FrµA

3. ρ = 1
2
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Solid sets in Euclidean spaces

Corollary
In Rn endowed with the p-norm (1 ≤ p ≤ ∞) and Lebesgue measure, for
any solid, non-trivial A, the generic point of FrµA has density 1

2 w.r.t. A.

Corollary
There are no non-trivial dualistic sets in Rn.

At least for n = 1 there is another known way to get this last corollary.
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A coefficient of exceptionality

Given (X , d , µ), for measurable A and x ∈ X , let

excA(x) = min(D−A (x), 1−D+
A (x))

Example. If DA(x) ∈ {0, 1}, then excA(x) = 0.

However, this coefficient for exceptionality of a point may not be
completely intuitive: if, e.g., OA(x) = 1, then excA(x) = 0.

Let also

I δA = sup{excA(x)}x∈X
I δ(X ) = inf{δA | [A] ∈ MALG \ {[∅], [X ]}}
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A coefficient of exceptionality

Theorem

I (Kolyada, 1983) 0 < δ(R) < 1
2

I Corollary 1: There are no non-trivial dualistic subsets of R
I Corollary 2: There are measurable subsets of R with no points of

density 1
2

I (Kurka, 2012) δ(R) ' 0.268486 is the unique real root of
8x3 + 8x2 + x − 1

It seems safe to conjecture that the study of δ(Rn) should lead to the
same kind of results. However it is not clear (at least to us) how to get
there.
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