
TOPOLOGICAL GAMES
AND OPTIMIZATION PROBLEMS

GABRIEL DEBS AND JEAN SAINT RAYMOND

Let X be a completely regular space, and Ch(X) the space of all bounded
continuous real valued functions on X equipped with the metric associated to
the uniform norm. For feCh(X) and XeU we use the following standard
notations: mf(f) = mfxeXf(x) and {/<A} = {xeX:f(x)<X\.

In this paper we investigate the following subsets of Ch(X):

T(X) = {fe Cb{X) which attain their minimum at some point in X);
T\{X) = {feC/,{X) which attain their minimum at a unique point inX};
ro(X)= {feCb(X) which attain their minimum at a unique point for which the

sets {/<inf  ( / ) + 8} for 8>0,form a basic system of
neighbourhoods}.

These families of functions were considered, with different notations, by
Coban, Kenderov, Revalski, Stegall in ([2], [4], [6]) where the authors investi-
gate conditions under which one of these families form a residual subset of
Cb(X). These problems appear in the study of the differentiability of convex
functions on Banach spaces.

In this work we show the existence of natural transformations which send
any open subset Wof T(X), r,(X), ro(X) to an open subset Fof X, GX(X),
Go(X), where:

Gi(X) denotes the set of all xeX such that {x} is a Gs subset ofX;
G0(X) denotes the set of all xeX which admit a countable basis of
neighbourhoods.

The fundamental fact is that each of these transformations $ : W\-* V is
monotone (We. W=><b{W')ci<fr(W))  and so transforms any chain
Wo=>  Wx=>Wx...=>Wn of open sets in T{X), TX(X), ro(X) into a chain of
open sets in X, GX(X), G0(X). On the other hand, although <I> has no inverse
Fi-> W, any chain Fo=> F, => Vx.. . => Vn of open sets in X, G,(X), G0(X) can be
pulled back to a chain Wo => Wx =>  Wx .. . z> Wn of open sets in Y(X), TX(X),
ro(X) satisfying fl^W^cz Vt. Moreover we have the following compatibility
property: The pull back of the chain Wo=>  Wx => Wx .. . •=>  Wn^> Wn+X can be
obtained by extending the pull back of the chain WO=>WX=>WX . . . r> Wn.

A simple example of such a transformation appears implicitly in the argu-
ments of Kenderov and Revalski in [4]. This example will be detailed in Section
3. In Sections 5 and 6 we describe several transformations with very similar,
but different, properties. It happens that these properties can be related very
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clearly in the language of games. And as we shall show, all these trans-
formations can be viewed as different instances of the same notion of "game
morphism", but relatively to different games. This notion is introduced in
Section 4. All the topological games considered in this paper are classical or
new variants of the Banach-Mazur game. These games are discussed in Section
2 and 6. The applications to the families F(X), F,(X), ro(X) are given in
Section 7.

This approach, which gives several new results, can also be used to obtain
very simple and unified proofs for some other known results. Thus all the
following statements can be proved by the same scheme of proof.

(1) (Kenderov-Revalski) F(X) is residual in Cb(X), if, and only if, X is a-
favourable (in the Banach-Mazur game). (Theorem 7.1)

(2) r,(X) is residual in Ch(X), if, and only if, X is a-favourable and con-
tains a residual subset on which the topology is finer than the topology
of some complete metric. (Theorem 7.2 and Theorem 2.6)

(3) (Goban-Kenderov-Revalski) ro(X) is residual in Cb(X), if, and only
if, X is a-favourable and contains a residual subset on which the topol-
ogy is defined by some complete metric. (Theorem 7.3 and Theorem
2.8)

(4) T(X) is a Baire space, if, and only if, X is a Baire space. (Theorem
7.1)

(5) For a metrizable space X: Any closed subspace of V0(X) is a Baire
space, if, and only if, any closed subspace of X is a Baire space.

(6) Y(X) is a Gs subset of Cb(X), if, and only if, V(X) = Cb(X). (Theorem
7.6)

(7) ro(X) is a Gs subset of Cb(X), if, and only if, there exists a continuous
and open mapping from some complete metric space onto the set of
all points in X which have a countable basis of neighbourhoods.
(Theorem 7.4)

(8) For a metrizable space X.
(a) ro(X) is a Gs subset of Cb(X), if, and only if, X is Cech complete.
(Theorem 7.5)
(b) r ,(Z) is a Gs subset of Cb(X), if, and only if, X is compact.
(Theorem 7.7)

§1. Games. All games considered here are with two players whom we shall
denote by a and p. We shall also denote by y one or the other player; then
f will denote the opponent player.

It will be convenient to define a game G by: a domain D = Dom (G), a rule
^<=U«eo. D", and a win condition (C). A play in the game G is a sequence
(Vk)kew in D such that all its finite subsequences («*)*<» are in R and constructed
by induction by both players in the following way: Player p starts the play by
choosing v0 and then the players choose alternatively vk. Notice that for an
even index k Player p chooses vk, and for an odd index k Player a chooses
vk. Any play is won by either a or /?, and this is determined by the win
condition (C). In the sequel we shall very often define (C) indirectly by defining
all plays won by one of the players.
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It is important to distinguish in the sequel the notion of "strategy" from
the notion of "winning strategy". These notions that we shall not define for-
mally, are to be understood in the sense of games with perfect information. In
other words, if a is a strategy for Player 7 then the response given by a at the
«th move (with n even if y — /?, and n odd if 7 = a) can depend on the sequence
(Vk)k<n of all previous moves. Notice that the notion of "strategy" depends
only on the rule R, whereas the notion of "winning strategy" depends also on
the win condition (C). In particular, different games with same domain and
same rule, have the same strategies. We recall that a game G is said to be 7-
favourable if Player 7 has a winning strategy in G. We shall say that two games
G and G' are equivalent and we shall write GxG' if for any ye {a, /?} we have:

(G is 7-favourable) o (G' is 7-favourable).

In this work we shall use only basic concepts and facts about topological
games, that we shall recall throughout the text. The reader who is interested
in more information is referred to [7].

§2. Some topological games. By a topological game we mean a game the
domain of which is a subset of the set $~(X) of all open subsets of some
topological space X.

§2.1. The games f(X), f\{X), fo(X). Given any non empty topological
space X, we consider three topological games f(X), f\{X), fo{X) with same
domain and same rule. The domain is the set &l(X) of all non empty open
subsets of A'. The rule is the following: at the first move Player /? chooses
Voe$~+(X); at move n>0 the concerned player chooses KKe5v(X) such that
F,cC,_,. The win condition for each of these games is defined as follows: if
(Vn)nea >s a play in these games then:

(1) Player a wins the play in f(X), if, and only if, f]ne<a Vn is non empty;
(2) Player a wins the play in f\{X), if, and only if, f]nem Vn is a singleton;
(3) Player a wins the play in fo{X), if, and only if, C\nem Vn is a singleton

for which the family (Vn)nea form a basic system of neighbourhoods.
The game /(X) is the well known Banach-Mazur game, also called by

some authors the Choquet game. The game /\(X) is considered by Kenderov-
Revalski in [4].

In fact eliminating the case X=0 is artificial and one can give natural
definitions for the games f{X), f\(X), fo(X) which cover this case. With
these extended definitions all three games happen to be a-favourable for X=
0. But this would oblige us to use a non symmetric rule, forcing only Player p
to play non empty sets. Unfortunately this minor modification in the definitions
would necessitate very heavy modifications for the rest of this work. For these
reasons we shall never consider in the sequel empty spaces, even when games
are not involved.

§2.2. The game f{X, M). Let (M, d) be a complete metric space. We
consider on the set 3~{M) of all open subsets of M the relation c defined by:

(VcV) o ( P e r and diam (F)*d diam (V)).
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For any non emptyy subset X of M we shall define a game denoted by
f(X, M). Its domain is the set &~+(X, M) of all open subsets of M which meet
X. The rule is the following: at the first move Player /? chooses Voe^(X, M);
at move n > 0 the concerned player chooses Vne +̂(X, M) such that Vnc KM_1.
If (Vn)ne01 is a play in / ( X , M) then f]nea> Vn is a singleton {x}; Player a wins
the play, if, and only if, xeX. It is clear that:

THEOREM 2.3. 77ie game f{X) is ^-favourable, if, and only if, X is not a
Baire space.

For a proof see [5]. The next result is general folklore.

THEOREM 2.4. For a metric space X, the game f(X) is a-favourable, if,
and only if, X is a residual subset in its completion.

Let X be a topological space. We recall that X is said submetrizable if its
topology is finer than the topology defined by some metric on X. We shall say
that X is completely submetrizable if its topology is finer than the topology
defined by some complete metric on X, and completely metrizable if  its topology
can be defined by some complete metric.

THEOREM 2.5. If X contains a residual subset which is submetrizable, then
the games <f(X) and <?y{X) are equivalent.

Proof. Let G= (Lew Gn be a residual subset of X with each Gn dense and
open, and suppose that the topology on G is finer than the topology defined
by some metric d.

Denote by / ' one of the two games f(X) and f\{X) and by J" the other
game. We recall that plays and strategies for J' and J" are the same. Now
given a winning strategy a for Player y in / ' , we can define a winning strategy
z for the same Player y in the same game / ' satisfying the following additional
condition: If Vn is a response given by r at the «-th move (with n even if j  =
P, and n odd if y = a) then Vn c Gn and diam (G n Vn) < 2~", where the diameter
is relative to d. The existence of such a strategy r is obvious.

If (yn)nea is a play compatible with r then A = f]nsm Vn satisfies: A<zG and
diam (A) — 0, so that A is non-empty, if, and only if, A is a singleton. It then
follows that T is also a winning strategy in the other game J".

THEOREM 2.6. For any topological space X the following are equivalent.
(i) f\(X) is a-favourable.
(ii)  f{X) is a-favourable and X contains a submetrizable, residual subset.

(iii)  f{X) is a-favourable andX contains a completely submetrizable, resid-
ual subset.

Proof, (iii)  => (ii) is obvious and (ii) => (i) follows from Theorem 2.5.
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To prove (i)=>(iii) consider a a winning strategy for a in f\{X). By
standard arguments we can find a sequence (T^/"n)nera satisfying the three
conditions.

(1) iVn is a family of disjoint open subsets of X.
(2) Gn = [j ifn is a dense open set in X.
(3) For any decreasing sequence (Wn)neo> with WneiVn there exists a play

(K,),e01 in /iCX) compatible with a and such that:

. . , V2n).

Then G=n«s<a <?„ is a residual subset of X and it is easy to see that the
topology on G generated by the sets of the form Wn G with We [j nem "ty, can
be defined by a complete metric.

THEOREM 2.7. Let X be a regular space. If X contains a residual subset
which is metrizable then the games f(X) and fo{X) are equivalent.

Proof. We distinguish two cases. If X is not a Baire space then f{X) is
^-favourable and a fortiori fo(X) is also ^-favourable, hence the result is
obvious in this case.

Suppose now that X is a Baire space; then any residual subset G of X is
dense in X. Notice that if  (Vn)neco is a sequence of open subsets of X such that
(Gn Vn)nem form a basic system of neighbourhoods in G for some xeG, then
(K.)ne<» is a basic system of neighbourhoods of x in X. To see this consider
any neighbourhood W of x in X and fix V an open neighbourhood of x in X
such that F c W and then fix  neco such that (VnnG)cz(Vr\G); since G is
dense we have: VncVnnGcz Vcz W. We then can argue as in the proof of
Theorem 2.5 to show that the games /(X) and #o(X) are equivalent.

The following result can be deduced from Theorem 2.7 in the same way
that Theorem 2.6 was deduced from Theorem 2.5.

THEOREM 2.8. For any regular space X the following conditions are
equivalent.

(i) /o{X) is a-favourable.
(ii)  f(X) is a-favourable and X contains a metrizable, residual subset.

(iii)  #(X) is a-favourable and X contains a completely metrizable, residual
subset.

§3. An example of game morphism. In this section we discuss a particular
case of the notion of "game morphism" that we shall define in the next section.

Let X be a completely regular space. In [4] P. Kenderov and J. P. Revalski
define for any subset W of Ch(X)

M(W)=[j  {/=i

If  W={f} we write A / ( / ) for Af({/}) .  The main results of [4] are the
following.



122 G. DEBS AND J. SAINT RAYMOND

PROPOSITION 3.1. (Kenderov-Revalski)
(1) IfWis open in Cb(X) then M(W) is open in X.
(2) If W is a non empty open set in Cb(X) and V a non empty open set in X

such that F c M( W), then there exists a non empty open set W in Cb(X)
such that M(W')<=V.

(3) If (lVn)nem is a decreasing sequence of open sets in Ch(X) such that
limn_>oo diam (Wn) = 0 and [\nem Wn is a singleton { / } ,  then

In particular,

feT(X) o f|

THEOREM 3.2. (Kenderov-Revalski) T(X) is a residual subset of Cb(X),
if, and only if, f(X) is a-favourable.

The proof of this Theorem in [4] uses for both implications the properties
of the transformation M given in Proposition 3.1. For one implication, suppos-
ing T(X) residual in Cb(X), the proof constructs a winning strategy c for a
in f{X). In fact in this case a has a winning strategy r in f(T{X)) and the
strategy a can explicitly be derived from the strategy r. For the other implica-
tion, assuming a has a winning strategy r in f{X) and proving that T(X) is
residual in Cb(X), the argument in [4] is more elaborated. However it is very
easy to check that in a completely similar way one can derive from r, a winning
strategy o for a. Then applying the general result of Theorem 2.4 one obtains
a simple proof of the other implication of Theorem 3.2.

Moreover replacing the game f(T(X)) by the equivalent game
J{T(X), Cb{X)), the arguments are also valid for Player p. In particular
combining this with Theorem 2.3 one obtains:

THEOREM 3.3. F(X) is a Baire space, if, and only if, X is a Baire space.

We shall not give here more details for these arguments since we shall give
later in Theorem 7.1 another (complete) proof for these results among others.

§4. Morphisms of transitive games. We define in this section the notion of
"morphism" which will be our main tool for proving the equivalence of some
games. For this definition we have to restrict ourselves to some particular class
of games that we introduce first.

§4.1. Transitive games. We shall say that a game G is transitive if it satisfies
the following conditions (1) and (2).

(1) The domain of G is equipped with two transitive relations <„ and <p,
which determine the rule of G in the following way. At the first move
Player R chooses any M0eDom (G); at the w-th move, with «>0, we
distinguish two cases,
(i) if  n is odd, Player a chooses un<aun-\,
(ii)  if  n is even, Player /? chooses un<pun-t.
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(2) The win result of some play u for Player 7 depends only on the subse-
quence of u played by 7. This is equivalent to saying that if two plays
u = {un)nem and v = (vn)nec, satisfy:

(u2n = v2n, Vweta) or (u2n+\ = v2n+\, Vneo)

then u and v are both won by the same player.
The games f(X), f\{X), fo(X) are clearly transitive games with both

relations <„ and <p equal to c.. Also the game J(X, M) is transitive with
both relations <a and <p equal to c . In Section 6 we shall discuss interesting
transitive games for which the relations <„ and <p are not equal.

§4.2. Morphisms. Let G and H be two transitive games for which we
denote by the same symbols <a and <p the transitive relations defining their
respective rules. A morphism from G onto H is a mapping

<p:Dom(G)-*Dom(//)

satisfying for any: ye{a, /?}, u and w'eDom (G), ueDom (77), the following
conditions:

(1) u'<ru => <p(u')<r(p(u);
(2) v<y(p(u) => 3M': u'<ru and <p(u')<?v;
(2') Vu, 3M': cp(u')<av,
(3) Player 7 wins the play (uu)nea in G, if, and only if, Player 7 wins the

play (<p(un))neo> in H.

§4.3. Remarks. (1) As we shall see, using a morphism, one can associate
to any strategy in one of the games, a strategy for the same player in the other
game. In this operation, conditions (2) and (2') will play very similar roles:
Condition (2') will be used for denning the first move of the new strategy in
the case where this strategy is intended for player a, whereas condition (2) will
be used for the other moves. In fact (2') is a consequence of (2) if the following
condition is fulfilled:

3aeDom(G): VueDom(//), v<pcp(a).

All the morphisms that we shall consider later will fulfil this supplementary
condition.

(2) In spite of the terminology, if q> is a morphism from G onto H, the
mapping <p: Dom (G) -> Dom (//) is not necessarily onto. However condition
(2) allows one to pull back some constructions in Dom (H) to similar construc-
tions in Dom (G).

§4.4. Example. It follows from Proposition 3.1 that Wt-^M(W) is a
morphism from /(F(X), Cb{X)) onto f(X). Notice that in this example the
condition of Remark 4.3.1 is fulfilled since M(Ch(X))=X.

THEOREM 4.5. Let G and H be two transitive games. If there exists a
morphism from G onto H then the games G and H are equivalent.
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Proof. Formally the proof should contain four parts, since we have to
show that given any winning strategy for one of the two players in one of the
two games we can find a winning strategy for the same player in the other
game. However although the situation is non symmetric, the arguments are
completely similar and we shall develop only one case.

Supposing that a has a winning strategy a in G, we shall construct a
winning strategy r for a in H.

Let <p denote a morphism from G onto H. The strategy x will consist in
fact in associating to any play v = (vn)neo) in H, a play u = (un)nea in G compat-
ible with a and satisfying for all n:

We first prove that such a strategy r is automatically winning for a in H.
Notice that if u and v are as above then from condition (1) of (4.2) we can
derive:

l) <€,•••</}  <P(Ui) <a <P(Ul) <fi <K"l) <

•••< / ? V2n+I  < „ . . . < / ? l>3 < „ U2 <p D, < „ V0.

Since a is winning, Player a wins u in G and hence by condition (3) of (4.2)
Player a wins also <p(u) in H. But then by the transitivity of the game H Player
a wins also the play v. This proves that r is a winning strategy for a in H.

We now describe the construction of r. If p chooses t>0eDom (//) then a
fixes M0eDom (G) given by (2') such that <p[uo)<aVo and sets

u, = a(u0), and u, = r(vo) = (p(u]).

Suppose that we have defined (u0, u\,.. . , u2n+\) compatible with a and
(v0, Vi,.. . , v2n +1) compatible with the rule of / /and satisfying v2k+ x = (p(u2k+ 0
for all k^n. If in the next move P plays v2n + 2<pV2n+, =  <p(u2n+]) then by
condition (2) we can find u2n+2 such that u2n+2<pu2n+l and (p(u2,,+2)<av2n+2

and then define

\ ( , M i , . . . , w2 « + i , u2n + 2),

, V,,. . . ,V2n+u V2n + 2)

Since u2n+i<au2n + 2 it follows from condition (1) that

2n + 3) <a <P(U2n + 2) <a V2n + 7 ,

and this shows that the choice of v2n + 2 respects the rule of / / which finishes
the construction of r.

§5. Some more game morphisms. Throughout this section X denotes a
completely regular space. For feCb(X), Wan open subset of Ch(X), and 8>0
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we let:

MS(W)= U Ms{f),
feW

M0(W)=*  U {/<inf(/)  + dist(/, Wc)},
feW

where dist denotes the distance of an element to a subset, given by

dht(fWc) = mt{\\f-g\\;geCb{X)\W}.

For the definitions of T{X), r , (Z), T0(X) and GX{X), G0(X) see the
introduction.

LEMMA 5.1. If W c W then Mo( W) c Mo( W).

LEMMA 5.2. Iffe W then Mo( W) cr M5(f) with 8 = 3 diam (W).

Proof. Let xe Mo( W) and fix  ge W such that

g(x)<inf(g) + dist(g,Wc).

Since the open ball of centre # and radius /' = dist (g, fVc) is contained in W,
we have 2r^diam (IV). So

LEMMA 5.3. Let V be an open set in X, and 8>0. If xe Vr\Ms(f) for
some feCb(X) then we can findf'eCh(X) and 8'>0 satisfying:

(1) \\f'~f\\<8;
(2) Ms{f')<=V;and

If moreover xeG,(X) for ; = 0, 1 then we can choose f in T,{X).

Proof. FixO<£<<5 such that ^:eM£(/) and let 8'=\{8-e). Since U=
Vn Mc(f) is a neighbourhood of x, we can find geF(X) satisfying

<5', and

on X\U.

Finally let / ' = inf (/, g) which satisfies:

f'^f on X;

f'=f, on X\U;

f'<8, on U.
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To check the last relation notice that for ye U we have

-/'(y) < (inf (/) + $ ~ 28') - (inf (/'))

< (inf ( / )+ 5-25')"(inf ( / ) -« ' ) )

It follows then that \\f-f\\ <S.
Moreover ifyeMs(f) then

/ ' ( j ) < inf (/') + 5' < in

and so ye U. This proves that M$(f) c F.
Finally it is clear that if  xeG,{X) for i=0, 1 then we can choose

and obtain/'

LEMMA  5.4. Let W be an open set in Cb(X) and V an open set in X such
that VnMo(W)^0. Then we can find W a non empty open set in Cb(X)
satisfying WcW and Mo( W) c V.

If moreover Vn MQ( W) n G,{X)  ̂ 0 for i = 0, 1 then we can choose W such
that W

Proof. Since VnMo(W)^0 we can find feW such that for <5 =
dist (/, Wc) the set U= Vn Ms(f) is not empty. Then pick any xe U and let
(/', 8') obtained by applying Lemma 5.3 to (x, V,f, 8). Since \\f-f\\ <8 we
have necessarily that/'ePF. So by Lemma 5.2 any open subset W of W
containing/' and of diameter <\8', satisfies Mo( W')<=-Ms{f)c V.

The last F, variation of the conclusion follows from the similar variation
in Lemma 5.3.

LEMMA 5.5. If( Wn)ner0 is a decreasing sequence of open sets in Cb(X) such
that lim^oo diam (Wn) = 0 and C\nea Wn is a singleton { / } ,  then

Moreover:
(a) feT(X), if, and only if f]nem M0{Wn) is non empty;
(b) feFt(X), if, and only if, f)ns0J Mo( Wn) is a singleton; and
(c) fe T0{X), if, and only if, C\nea> Mo( Wn) is a singleton for which the family

{Mo(fVn))ne<11 is a basic system of neighbourhoods.

Proof. Let pn = diam (Wn). If  xe f]nem Mo( Wn) then for any n there exists
fne Wn such that/,(jc)<inf (/B) + 5» with 5« = dist (/„, Wc

n)^pn, and since/=
limn_0O (/„) we have xeM(f). The other inclusion is obvious.

Then (a) and (b) follow easily from the last equality. Finally by Lemma
5.2 we have M0(Wn)aM3pn(f) from which we can derive (c).

The following is an immediate consequence of Lemma 5.3.

PROPOSITION 5.6. Let < = 0, 1.

(a) r(X) is dense in Cb(X).
(b) r,(X) is dense in Cb(X), if, and only if, G/(X) is dense in X.
(c) r,(X) is non empty, if and only if, Gj(X) is non empty.
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§5.7. Mo-morphisms. Notice first that for any WcCb(X) the set M0(W)
is open in X, and is non empty if  W is non empty. Let O denote the restriction
of Mo to 9i-3~+(Cb(X)). It follows from the complete regularity of X that
F(X) is dense in Cb{X) and therefore that S> = Dom (f(T(X), Ch(X))). We
claim that <I> is a game morphism from f(T(X), Cb(X)) onto f{X). Since
d>(T(X))=X it is sufficient, by Remark 4.3.1, to check conditions (1), (2), (3)
of 4.2. But these conditions are clearly ensured by Lemma 5.1 for (1), by
Lemma 5.4 for (2), and by Lemma 5.5 (a) for (3).

Now let /=0, 1. It is clear that if Wn F,(X) ̂  0 then Mo( W) n G,{X) / 0 ,
so that <t> i(W) = M0(W)nGl{X) defines a mapping from Dom (/(F,(X),
Cb{X)) into Dom (^(G,(X)). Then using the F, variation of the previous
lemmas one checks easily that O, is also a game morphism from
/(TA.X), Cb(X)) onto /AGA.X)).

From these observations and from Theorem 4.4 we obtain

THEOREM 5.8.

(a) The games /(T(X)) and f{X) are equivalent.
(b) The games f(Y\(X)) and /,(G,(X)) are equivalent.
(c) The games f(T0(X)) and fo(Go(X)) are equivalent.

§6. Some *-topological games. By a * game on a topological space X we
mean a game the domain of which is a subset of

§6.1. The games t/*(X) and#*(X). These are transitive games with same
domain and same rule. The domain is the set i(X). The rule is defined by
the following transitive relations:

(x,V)<a(x',V) o VcV and x = x';

{x,V)<p(x',V) o VcV.

If  (*„, Vn)nem is a play in these games then:
(1) Player a wins in f*(X), if, and only if, f]nea, Vn is non empty; and
(2) Player a wins in f$(X), if, and only if, C]n£0> Vn is a singleton for

which the family (Vn)nsa is a basic system of neighbourhoods.
/*(X) was introduced by G. Choquet who called this game "the strong game"
by comparison with /(X). Notice that if X is metrizable then

§6.2. The game f*(X, M). This is a (*) version of the game f (X, M).
So M is a metric space and X is a subspace of M. The domain of f*(X, M)
is the set

The rule of f*(X, M) is obtained from the rule of f*(X) by replacing <= the
inclusion relation by the relation c defined in 2.2. If  (xn, Vn)neco is a play in
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#*{X, M) then f]nea Wn is a singleton {x} and Player a wins this play if xeX.
It is clear that

THEOREM 6.3. Let X be a metrizable space.
(a) f*{X) is a-favourable, if, and only if, X is completely metrizable.
(b) f*{X) is fi-favourable, if, and only if, X contains a closed subset which

is not a Baire space.

For (a) see [1] and for (b) see [3].

THEOREM 6.4. /*(X) is a-favourable, if, and only if, X is the image of
some complete metric space by an open and continuous mapping.

Proof. Suppose that <p:S->X is an open and continuous mapping from
the complete metric space S onto X. Let T=F+{S) and Y=$~+(X) the sets
of all non empty open subsets of S and X. We define O : S x r - » I x y by

Then a simple checking of the conditions of 4.2 shows that <b is a game morph-
ism from f*{S) onto f*(X). Since by Theorem 6.3, f*{S) is a-favourable,
then it follows from Theorem 4.5 that f*{X) is a-favourable.

Conversely suppose that f*{X) is a-favourable, and fix a some winning
strategy for a in this game. Denote by £ the set of all plays in f*(X) which
are compatible with a. So £ appears as a subset of (X x Y)m. If we endow
X x Y with the discrete topology then S appears as a closed subset of (X x Y)a.
We consider from now on Z as endowed by its subspace topology which is
completely metrizable. Let y/:Z-»X which assigns to any play (xn, Vn)nea

compatible with a the unique point of the singleton C]nea> Wn. We shall prove
that y/ is open, continuous and onto.

For any finite sequence

p = ((x0, VQ), (X, , F I ) , • • • ,(x2r,+ \, V2n+\)}

of even length and compatible with a, denote by ~LP the set of all (infinite)
plays compatible with a and extending/?. It is clear that the family of all sets
of the form Z ̂is a basis for the topology of £.

To see that y/ is onto fix any xeX, then it is clear that there exists a play
n = {xn, Vn)neoi compatible with a and such that xn = x for all n, so that y/(jt) =
x. The same argument shows that for p as above ij/(Ep)= V2n+\  and therefore
that y/ is open. Finally it follows from the win condition of f*(X) that given
any ;reE the sets y/(Zp), forp any finite beginning of n with even length, form
a basic system of neighbourhoods of y(n) and this ensures the continuity of y.

§6.5 More M0-morphisms. In the rest of this section X denotes a com-
pletely regular space. Using Mo we shall define a new game morphism d>* from
the game /*( ro(X) , Ch{X)) onto the game /0*(G0(X)).
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Let ̂  = Dom (/*(ro(X), Cb{X))). Given any/ero(X) we denote bym(/)
the unique point of X where / attains its minimum, so M(f)=  {m(/)}.  For
any W a non empty open subset of Cb(X) and any feWn*T0{X) with
(/, W)eS>, we define

(t*(/,  W) = (m{f),Mo(lV)nGo(X)).

Since <£*(/, CA(X)) = (m(/), G0(x)) we can again use Remark 4.3.1 so that we
only need to check conditions (1), (2), (3) of 4.2, that we shall now write in
this particular situation. Notice that because of the non equality of the relations
<a and <p, each of conditions (1) and (2) splits in two subconditions.

(1) Let (x, F) = O*(/, W) and (x1, V') = <t>*(f,  W).
(la) If  W e Wand/ '=/and Vc Vand x' = x.
(lb) If  H/'c Wthen F ' cF .

.(2) Let (/, W)eS> and (x, K)eDom (/?(G0(X))).
(2a) If  VcM0{W), and x = m(f) then there exists (/', W)eS> such
that

/'=/, WcW, M0(W')c:V.

(2b) If  V^M0{W) and xeKnG0( I ) then there exists (/', W')e3)
such that

W'CLW, M0(W)CV, x = m(f).

(3) Player a wins the play (/„, Wn)n.<o in / * ( r o(Z) , Cb(X))), if, and only
if,  Player a wins the play (m(fn), M0(l¥n) nG0(X))nero in the game

Condition (1) is obvious; condition (2b) follows from Lemma 5.3 and Lemma
5.2; and condition (3) follows from Lemma 5.5. Finally for (2a) notice that
since fero(X) and x = m(f), we can find <5>0 such that Ms{f)c V then it
follows from Lemma 5.2 that (2a) is satisfied by any open set Ws W contain-
ing/and such that diam (W')< ?,8.

Then applying Theorem 4.5 we obtain

THEOREM 6.6. The games f*{Y0(X), Cb(X)) and f${G0(X)) are
equivalent.

§7. Applications. In all this section X denotes a completely regular space.
We recall that a topological space X is said to be a-favourable, if, and only

if,  the Banach-Mazur game f(X) is a-favourable.

THEOREM 7.1.

(a) V(X) is a-favourable, if, and only if, X is a-favourable.
(b) V(X) is a Baire space, if, and only if, X is a Baire space.

Proof. Apply Theorem 5.8 and Theorem 2.3.
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THEOREM 7.2.

(a) r{(X) is a-favourable, if, and only if, G\{X) is a-favourable and contains
a submetrizable residual subset.

(b) T\{X) is a residual subset of Cb(X), if, and only if, X is a-favourable
and contains a submetrizable residual subset.

(c) Suppose X submetrizable. Then Fi(X) is a Baire space, if, and only if,
X is a Baire space.

Proof.
(a) Apply Theorem 2.6 and Theorem 5.8.
(b) If r,(X) is residual in Ch(X) then by (a) and Proposition 5.6 the space

X which contains a dense a-favourable subspace is a-favourable.
Moreover any residual subset of G\(X) is then automatically residual
in X. Conversely if X is a-favourable and contains a submetrizable
residual subset R then necessarily RczG{(X), so by (a) and Proposition
5.6 the space r,(X) is a-favourable and dense in the complete metric
space Cb(X) and therefore Ti(X) is a residual subset of Ch(X).

(c) Notice that since X is submetrizable we have Gi(X)=X and apply
Theorem 2.3, Theorem 2.5 and Theorem 5.8.

The following result is proved with completely similar arguments.

THEOREM 7.3.

(a) T0(X) is a-favourable, if, and only if, G0(X) is a-favourable and contains
a metrizable residual subset.

(b) ro(X) is a residual subset of Cb(X), if, and only if, X is a-favourable
and contains a metrizable residual subset.

(c) Suppose X metrizable. Then T0(X) is a Baire space, if, and only if X is
a Baire space.

THEOREM 7.4. ro(X) is a Gs subset in Ch(X), if, and only if, G0(X) is the
image of some complete metric space by an open and continuous mapping.

Proof. Apply Theorem 6.3(a), Theorem 6.4, and Theorem 6.6.

THEOREM 7.5. Let X be a metrizable space.
(a) Any closed subspace ofT0{X) is a Baire space, if, and only if, any closed

subspace of X is a Baire space.
(b) ro(X) is a Gs subset ofCb(X), if, and only if, X is completely metrizable.

Proof
(a) Apply Theorem 6.3(b) and Theorem 6.6.
(b) Since X is metrizable we have G0(X) = X, and it follows from Theorem

6.3 and Theorem 6.4 that f*(X) is a-favourable, if, and only if, X is
completely metrizable. Then apply Theorem 7.4.
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The proof of the next result is independent from the other sections and will
not use games arguments. We recall that T(X) is always dense in Cb(X) and
that F,(X) is dense in Cb(X), if, and only if, G,(Z) is dense in X.

THEOREM 7.6. Consider the following conditions.
(i) T\(X) is a dense G$ subset in Q,(X).
(ii) r,(^) = ro(x)#0.
(iii)  T{X) is a Gs subset in Cb(X).
(iv) Y(X) = Ch{X).
(v) r,(X) = ro(x).

Then (i) => (ii) => (iii) o (iv) => (v).

Proof, (iii) <=> (iv). One implication is obvious. Suppose that there
exists feCb(X) which does not attain the value a = inf ( / ) and let (an)nem a
sequence of real numbers decreasing to a and such that all the open sets Un =
{an+]  </<an}  are non empty. For each «, fix  xn and Vn such that xne Vn and
Vn<=U n. Notice that since

H UncO {f^an}=0
new k~^n neta

the family (Vn)nero is locally finite in X. It follows that if  (#„)„<=<„  is a sequence
of continuous functions on X such that for each n the support of gn is contained
in Vn, then the function g is defined by:

gn(x), if  xeVn,

if x

is continuous on X.
From now on, (gn)nem denotes a fixed sequence in Cb(X) as above, and

satisfying the supplementary conditions

gn(xn) = l and 0<gB<l.

Fix any enumeration (rn)nea of the set R all rationals in /=[0, 1] and
consider the mapping (p:tt-*h, from / into Ch(X) defined by:

1-A,= f O-U-rn\)gn.
nea>

Then for any tel we have

-r , , |^* ,< l , on VH,
= \, on X\{Jnea) Vn.

It is clear then that inf (A,) = 0 for any tel, and that h,eT(X), if, and only
if, teR. Since q> is continuous, if  V{X) were a Gs subset of C/,(Z) then /? =
<p~'(r(X)) would also be a G« subset of / which gives the contradiction.

(ii)  => (iv). Fix/er"i(X) and let x be the unique point such that/(x) =
inf ( / ) . Suppose now that there exists geCb(X) which does not attain its
minimum; we can moreover suppose that inf (g) = inf ( / ) = 0, then h =
inf(/, g) attains its minimum only at point x. Now consider any sequence
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(xn)nea in X such that limn_>oô (x«) = 0. Since g4T{X), such a sequence has
no cluster point, however lim,,̂ .*, h(xn) = 0 and this proves that h$Y0(X).

(iv) => (v). Suppose that there exists/er!(Z)\ro(X) and let x be the unique
point such that/(x) = inf ( / ) = m. Since f$T0(X) we can find a neighbourhood
V of x such that infyeX\Vf(y)=m. Let g be any positive function in Ch{X)
with support in V satisfying g(jc)>0. Then h=f+g is not in V(X) which
contradicts (iv).

(i)=>(ii). Since (iv)=>(v) it is enough to prove (i)=>(iv). This is proved
in the same way as (iii)=>(iv). Notice that the density condition on rt(X)
allows us now to choose the functions gn in T,(X), from which we could again
derive that R = qTl(Ti(X)) is a Gs subset of/.

THEOREM 7.7. For a metrizable space X the following conditions are
equivalent.

(i) TX(X) is a Gs subset in Cb(X).
(ii) r(X) is a Gs subset in Cb(X).
(iii) X is compact.

Proof. (i)=>(ii). Since X is metrizable T\(X) is dense in Cb(X) and the
conclusion follows from Theorem 7.6.

(ii)  => (iii). By Theorem 7.6 we have that (ii) is equivalent to the condition
(T(X) = Cb(X)) and it is well known that for metric spaces this condition is
equivalent to the compactness of X.

(iii)=>(i). Since X is compact T\{X) = TQ{X) and the conclusion follows
from Theorem 7.5(b).
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