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ON A QUESTION ABOUT NON-UNIQUENESS
OF GLOBAL MINIMA

JEAN SAINT RAYMOND

Let X be a topological space, I and J be sequentially l.s.c. real func-
tions on X such that J is non-negative with sequentially compact sub-
levels, and 1/J is not bounded from below outside the sublevel J~! ([0, c[)
of J for some ¢ > 0. Is it true that for any large enough A and any in-
creasing l.s.c. real function ¢ the function x — I(x) + AJ(x) + L @oJ(x)
has at least two global minima for some positive 1t ? We give a posi-
tive answer to this question assuming that / + AJ + U@ has sequentially
compact sublevels for some A and all u > 0.

During my stay in Catania in May 2022, Prof. B. Ricceri asked me the
above stated question related to his paper [1]. Theorem 6 of the present paper
answers positively to this question. This improves Theorem 1.2 of [1] and gives
a positive answer to Problem 1 of the same paper.

Let X be a topological space, I and J be two real sequentially 1.s.c. functions
on X satisfying the following three:

(i) The sublevels Sg := J~!(] — o0, ]) of J are sequentially compact and
infyex J(x) =0,
I(x)

(ii) There exists ¢ > 0 such that inf;,)-. e = —oco,
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(iii) There exists a L.s.c. increasing function @ : J(X) — R such that for
all u > 0, the function

Wyt x = I (x) +J(x) 4+ o (x)

admits a unique global minimum' Xy,

Under conditions (i) and (ii), X cannot be compact : the function I would
be bounded from below on X, thus also the quotient //J on X \ S,.

Since J attains its minimum, there exists x* such that J(x*) = 0. And we
can assume that / attains at x* its minimum on the compact set Sy # 0. Up to
replacing ¢ by the increasing l.s.c. function : 7 — ¢@(¢) — ¢(0), in what case y,
is replaced by y,, — 1@(0) which has the same minima, we will always assume
0(0) =0.

Notice that the function @ in (iii) has to be unbounded : indeed condition
(ii) implies that 7 + AJ cannot be bounded from below but so is I + AJ + p@oJ
which attains a finite global minimum.

Lemma 1. There exist an € > 0, an integer ny and some A* > 0 such that for
A > A%, we never have simultaneously for any x € X:

AJ(x) <np and I(x) <I(x*)—ny.

Proof. Take € > 0 in J(X). Then the set S is sequentially compact and the
set F, = {x € X : I(x) <I(x*) —n} is sequentially closed. Moreover (,cx Fy is
empty, and it follows that the non-increasing sequence (Sg N F;,), of sequentially
compact sets has empty intersection : thus there exists some integer ny > 0 such

that F,, NS = 0. Take A* = %. Then if x € F,, and A > A%, we must have
x ¢ Se, hence
AJ(x) >Ae > A%e =ny,

the wanted result. O
Up to taking A > A* and replacing J by J' = AJ and ¢ by ¢ : t — ¢(¢/1),

hence
100) +J(x) + '’ (x) = 1(x) + 2J (x) + o (x),

IIn fact we can assume ¢ 1.s.c., increasing on J(X) and defined on [0,+oco[ By hypothesis
J is unbounded, and if + € R™ \ J(X), there exists o, € J(X) with @ <t < 8. We then put
o =supJ(X)N[0,t[ and B* =infJ(X)N]t,e0[. Si a* =1 = B*, we define ¢(r) = sup{op(ct) :
o €J(X), oo < t}, what ensures the semi-continuity at 7.
In contrary if a* < B*, we put @(o*) =sup{@(a): o € J(X), a < o*}, and for o* <t < ¥,
o(t) =inf{@(B) : B € J(X), B > B*}. It is easily checked that this extends ¢ to an increasing
L.s.c. function. It follows that, so defined on R*, ¢ is increasing on J(X).
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we will later on assume that
(iv) J(x) <ng=1(x) >I(x*) —ny.
Theorem 2. The function p : 4 — x, is continuous from R to X.

Proof. 1t is enough to prove the continuity of p on each interval [a, 3] where
0 < a < B <oo. Recall that x;, € X is the unique global minimum of the function
Wy cx = I(x) +J(x) + o (x).

We prove first that there exists some 6 > 0 such that p([a, B]) C Se.

If o <v<pu<B, wehave vy (xy) < wyu(xy) and ywy (xy) > Wy (xy), hence

(1= V)@od (xp) = W (xp) = W (xp) < Wu(xy) = Wy (xy) = (1 — V) @od (xy)
whence @oJ(x,) < @oJ(xy), and since ¢! is increasing % : J(x,) < J(xy). And
if we put 0 = J(xq), we get p(1) =x, € Sp.

So we have p([a, B]) C Se. If V is any open neighborhood of y = p(u) for
€ [, B] and if p~! (V) is not a neighborhood of , there exists a sequence (i)
in [or, 8]\ p~' (V) which converges to i . And by sequential compactness of
S, the sequence y, = x;,, possesses a cluster value y* € Sg \ V, and in particular

y* #y. Since (1,x) — yy(x) is sequentially 1.s.c., and since Wy, (y1) < Wy, (y),
we have

Yu(y") <liminfyy, (y,) < liminfyy, () = lim inf (1 ) +J () + Hapod (y))
= Yu(y)

from what follows that y* is a global minimum of vy, hence that y* =y, a
contradiction. This proves the continuity of p. OJ

Lemma 3. As u tends to 4o, p (i) tends to J~!(0), in the sense that p ([1, o)
is conditionnally compact in X and that the cluster values of p at +oo belong
to Sg, where 6 = inf(J(X) \ {0}. More precisely, if € € J(X) \ {0}, we have
p(u) € Se for all large enough L.

Proof. Lete € J(X)\ {0} and 6 = ¢(&). We have § > 0 since ¢ is increasing.
If x, = p(1) ¢ S, fix some v < u; we have
I(x") = 1(x") +J(¥") + 9o/ (x7) = yu (x7)
> Y () = 1(xn) +J () + ppod (xy)
2 10x) +J () + v @od () + (1 = V) @od (xu)
> Wy (xy) + (1 = V) Qo (xu)
> Yy (xy) + (L —V)6

2if we assume only ¢ non-decreasing, we can find 6 such that ¢(8) > @oJ(xq) since @ is
unbounded, whence @oJ (xy) < @oJ (xg) < @(6) and J(x,) < 6 for all u € [a, B].
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whence y < v+ % (I (x*)—wy (xv)>, which is contradictory for large p. Thus

for all € > 0 we have p(u) € S¢ for large enough u. Since the set Se is compact,

we see that p([1,+oo[) is contained in S Up ([ 1, ] ) for a convenient 1, whence

we get the conditional compactness. And if x is a cluster value of p at +oo, we
get} x € S for all € > 0, hence x € Ne0, ecs(x)Se = So-

If 0 belongs to the closure of J(X)\ {0}, we have 6 = 0 and Sy = J~1(0).

O

Lemma 4. We have liminfy,_,olop(u) = —oco.

I(x)
J(x)
each integer ¢ > 1, we can find some z, € X such that I(z;) < —(q+2)J(zq)
and J(z,) > c¢. We the have

I(zg) +J(zg) < =(1+9)J(zg) < =(1+g)c

and one can find some p € ]0,7 [ such that pL@oJ(z,) < ¢, and by definition of
xp = p (M),

Proof. Let 1 > 0. There exists ¢ > 0 such that inf,g4g, = —oo. Thus, for

Top(p) = I(xp) < 1(xp) +J (xp) + 1 Po (xy)
1(zg) +J(2q) + 1@oJ (24)
—(1+q)J(zg) + 1) (z9)
—(I+g)c+c=—qc,

/\/\I/\

and this completes the proof since gc est arbitrarily large. O
Theorem 5. Hypotheses (i), (i), (iii) and (iv) cannot hold simultaneously.

Proof. Consider the two sets Hy = p~' ({x € X : I(x) <I(x*) —no}) and H, =
p~! (S,,O). Since p is continuous both sets are sequentially closed, hence closed
in R . 1I follows from condition (iv) that H; N H, = 0, from lemma 3 that
H; # 0 and from lemma 4 that H; # (. By connectedness of R* , we cannot
have Hy UH, = RY.. Thus there exists u* such that u* ¢ H; UH,. Then we
have, for z* = p(u*), J(z*) > no and I(z*) > I(x*) — no, thus

I(x") <1(2) +J(2) < 1)+ (&) + 1 9o (27)
ST +T() + 7ol (x7) = 1(x7)

since J(x*) = 0 and ¢(0) = 0, a contradiction. O

3if @ is only assumed to be non-decreasing, we can find 17 > 0 such that § = @(n) > 0. We
will then have p(u) € Sy for all large p1, and the cluster values of p at +eo will belong to S,
where { = inf{e € J(X) : @(€) > 0}.
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Theorem 6. Let X be a topological space, I and J two real sequentially 1.s.c.
functions on X satisfying (i) and (if). Then there exists some A* > 0 such that
forall A > A* and all increasing L.s.c. function @ from J(X) to R™ the function
Wyt x = I(x) +AJ(x) + o (x) has necessarily at least two global minima on
X for some u > 0 if it has sequentially compact sublevels.

Proof. Notice that if the L.s.c. function 7+ AJ + 1 @oJ has sequentially compact
sublevels for some A, i, then for A’ > A and p’ > pu,

Se={x: (I+ AT+ o) (x) > a} CSq={x:(I+AJ+pupd)(x)> o}

hence S, which is closed in the sequentially compact set Sy, is itself sequentially
compact. For example this is the case if €/ 4 @oJ is bounded from below for
every € > 0 : Sy is contained in some sublevel of J.

It follows from what precedes that one can find A* such that for every A > A*
the extra condition (iv) be satisfied for I and AJ. Then the result follows imme-
diately from theorem 5 : the condition (iii) cannot hold ; for every increasing
sequentially 1.s.c. function ¢ there are some g > 0 for which y}, does not have
a unique global minimum. But since this function ), has sequentially compact
sublevels, the global minimum is attained, necessarily at several points: Yy, has
several global minima. O
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