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Abstract

We study a higher order analogue to the Alt-Caffarelli functional that arises in several
shape optimization problems, among which the minimization of the critical buckling load of
a clamped plate of fixed area. We obtain several regularity results up to the boundary in
two dimensions, in particular we prove the full regularity of the boundary (analytic outside
angles of opening &~ 1.437) near any point of density less than 1 of the optimal shape. These
results are based on the monotonicity formula discovered by Dipierro, Karakhanyan, and
Valdinoci in [I1], which we improve with a new epiperimetric inequality.
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1 Introduction

1.1 General context

The goal of this paper is to study a variational formulation of a fourth order free boundary
problem, which is a natural fourth order version of the classical Alt-Caffarelli free boundary
problem from [I].

Let D some open subset of R? and let H*(D) = {u € L*(D) : Vu,V?*u € L?*(D)}. For u €
H?(D) we define

E(u; D) = /D <|Au|2 + Xu;éO) , (1.1)

1Lif u(z) #0
0if u(x) =0
minimizer of F(- ; D) if for every v € H?*(D) such that {u # v} is compactly contained in D, we
have

where x designates the indicator function, meaning x,.o(z) = { . We say u is a

E(u; D) < E(v; D).
We will denote the set of minimizers of E(- ; D) by .# (D).

When the |Au|? term in the energy is replaced by |Vu|?, and if one assumes u > 0 near 9D, as
mentioned above we obtain the classical (one-phase) Alt-Caffarelli problem and it is well-known
in this context that solutions u are nonnegative, locally Lipschitz in D (this regularity is called the
optimal regularity, as one expects the gradient to be discontinuous between a region where u = 0
and a region where u > 0), and that the free boundary 0{u > 0} is analytic. In higher dimension
(D C R? for some d > 2), it is known that the free boundary is fully regular for d = 3,4, that
singularities may appear in high dimension (d > 7), and the situation is still open in dimension
d = 5,6 (see for instance [36, Sec. 1.4]).

The situation with this fourth order version is more involved, and the existing literature is
more scarce. In [I1], the authors studied a similar problem where {u # 0} is replaced by {u > 0}:
as mentioned in [I3], while these two cases lead to the same problem when considering the Alt-
Caffarelli functional (as the energy of u, is lower than the energy of u), when dealing with a
fourth order analogue, the two resulting problems have very different behaviour. The problem
under study here is therefore closer to the one studied in [I3], although the mathematical tools
will have similarities with [11], particularly with the use of a monotonicity formula as explained
later in this introduction.

Remark 1. By integration by parts, u belongs to the set of minimizers .# (D) if and only if it is
a minimizer (in the same sense) of one of the following functionals:

U / <|V2u|2 + Xu;ﬁo) or U / ((@,zu — 3y7yu)2 +4 ((995’3’,11)2 + Xu;éo) i
D D
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The purpose of this paper is twofold:

e On one hand, we study the regularity properties of the free boundary related to minimizers of
E(-, D): in particular, we classify the blow-ups for this problem, highlighting the possibility
of angular singularities, and we provide regularity properties near flat and angular points
of the free boundary, using an approach based on a monotonicity formula (in the spirit of
[11]) and an epiperimetric inequality (in the spirit of [30, B2] and subsequent works). Some
questions remain open, in particular the behavior of the free boundary near points of density
1 of the support of u, and the optimal regularity for u which is expected to be Cb!.

We describe these results in Section [.3] below.

e On the other hand, we extend our results to more general energies, by introducing a suitable
notion of quasi-minimizer, and we show that this applies in particular to the minimization
of buckling eigenvalues. This is described in Section [I.2] below.

Note that in the whole paper, we only consider the two-dimensional case (though as seen
in the next paragraph, this includes several rotationally symmetric three-dimensional problems).
Another natural variant would be to study minimizers of

e Hl(D,Rd)H/ (IVo1? + X0 (1.2)
D

under the constraint V - ¢ = 0. Indeed for d = 2, the minimization of the functional (|1.2)) is
equivalent (by identifying o = V+u) to the minimization of the functional

we HA(D,R) /D (18uf? + Xvugo) (1.3)

When {Vu = 0} is fully included (up to a negligible set) in a single level set of u, then a minimizer
of is (up to a translation) a minimizer of (L.1)), however the reciprocal is not true in general.

A minimizer ' of is expected to verify Stokes’ equation with an overdetermined boundary
condition (7 = 0, ||[Vv|| = 1) on the regular free boundary.

This is reminiscent of some vectorial versions of the one phase Alt-Caffarelli problem, see for
instance |21, [7, 24} 25] 23] 6, 5], and the recent survey [35]. A notable difference is that in each
of these works, some version of the maximum principle is involved to prove the regularity of the
boundary, something which is not available for the Stokes system.

1.2 Motivations

Generalized versions of the functional E(- ; D) arise in several settings: we give examples coming
both from spectral optimization and fluid mechanics.

Towards a Faber-Krahn inequality for the first buckling eigenvalue: Consider the first
buckling eigenvalue of a clamped plate of shape (2

o Jo |Auf?
A (QQ) = I 14
(&) ueglg(g) Jo [Vul? (14)

defined for any open set Q C R? of finite area (here HZ(f2) is the H?-closure of compact support
functions in €2, see subsection for notations). It was conjectured by Pdlya and Szegé in
[34, 27] that among open sets of given area, A;(2) is minimal when € is a disk, by analogy with
Rayleigh’s since solved conjectures on the principal frequency of membranes or of clamped plates.
It is known by an argument of Weinberger and Willms (reproduced in [17, Prop 4.4] and [2]) that
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under the assumption that there exists a minimizer Q°P* that is bounded, of class C2, and simply
connected, then Q°P* must be a disk. The regularity hypothesis is central as it implies (by a shape
derivative argument) that Awu is locally constant on 0.

One of the motivations in this work is to partially weaken the regularity hypotheses of Wein-
berger & Willms’s argument: we will prove that minimizers of A;(§2) under area constraint are
necessarily bounded, and that they satisfy some partial regularity properties, stated in Theorem
In other words, we lower the hypothesis on Weinberger and Willms’s argument on buckling
eigenvalue as follows:

Assume Q C R? is a minimizer of |QQA1(Q) among open sets of finite area, such that € is
simply connected and for all p € 02 we have
Dy NQ

Then Q) is a disk.

Here D, is the disk centered at p of radius r and ¢; ~ 1.43r is uniquely defined by tan(¢;) = ¢;
and t; € (m,27). In particular, if 2 is a minimizer and €2 is convex, then it must be a disk (this
follows from the fact that ¢; > 7). These results are discussed in subsection , as well as some
alternative conditions on 2.

Remark 2. Note that the topological hypothesis of Weinberger € Willms (2 being simply con-
nected) may be considered as a constraint, in an attempt to prove the minimality of the disk only
among simply connected sets of given area. However, proving the regqularity of the boundary under
this type of topological constraint goes beyond the scope of this work: as far as the authors know,
this is not well-understood even for the classical Alt-Caffarelli problem.

Let us now mention some other problems that lead to similar free boundary problems and
where our results may apply, though they all exhibit some specific difficulties, which is why we
leave these applications for future work.

For a rotationally symmetric set K C R3, the drag of K in the direction €, is defined as

D(K) = inf { /R »

The minimization of D(K') under the constraint | K| = 1 has been widely studied, see for instance
in |26l [4] the study of a conjectured optimal shape with two sharp ends of angular opening %”
This has also been considered in two dimensions in [3I], with an explicit conjectured optimal
shape for the drag with two angles of opening ~ 0.577 (which corresponds to 27w — ¢; where
t; is as defined in : the reason for this precise angle is explained in the classification of
2-homogeneous minimizers below). Let us also mention the works [29] 3] for the minimization of
the energy dissipated by a fluid following Stokes’ equation in a pipe.

In the three-dimensional rotationally invariant case, we can define a stream function u €
(R x R.g,R) by #(z,y,0) =y 1V+ (y%u), and it can be checked that the minimality of the
drag D(K) under the constraint |K| = | B| corresponds to the minimality of the energy

2

Vi + (VO)*
2

U E e+ H (R RY):V-7=0, 17|3KEO}. (1.6)

H2

loc

3 63

N Aul? + 2u=2|v 2_—42)

wrs [ (1 + Gy vl = St

for any D € R xR, under the constraint 27 [o, yxvuzo = 1: this is a variant of the energy (L.3)),

and we consider the study of (|I.1) to be a first step towards understanding this free boundary
problem.



1.3 Main results

Let us first remind several known results from the literature, essentially based on [11],[13] (although
the reference [I1] deals with a different free boundary problem, we will see that several tools
developed in [I1] find applications here).

We start by studying the regularity of u € .Z(D). In [13] it is proved that any minimizer u
of E(- ;D) is in Cu%(D,R) for any a € (0,1), and more precisely that

At € BMOpo(D, R).

1’1(D,R), which we will not obtain here. Let us

The expected optimal regularity for u is u € C,;.
mention the work [33] where the regularity of the optimal shape for Q — A;(Q)|Q2] (which is
essentially the same free boundary problem) is analyzed, with an argument for the C1! regularity
that appears erroneous to the authors.

Then we note that a function u is a solution in D if and only if x — r~?u(rz) is also a solution
in D/r, for any r > 0, so the expected regularity of the boundary is linked to the study of 2-
homogeneous minimizers. As will be seen in subsection we prove that these 2-homogeneous

minimizers belong to one of the four following types:

(I) Flat solutions:

vi

u = su' orot, u' (z,y) = o (1.7)
where s € {—1,+1} and rot is a rotation.
(IT) Angular solutions:
. 2 2 in(26
u = su orot, ul (TGZG> =T (1- cos(20) — — (0 — sin(26) X0<0<t; (1.8)
4 tl 2 -

where t; ~ 1.437 is the unique fixed point of tan in (m,27), s € {—1,+1} and rot is a
rotation.

(ITT) Nodal solutions:
2

u = " orot, ™ (z,y) = 5 (1.9)
where |[A| > 1 and rot is a rotation.
(IV) Isolated points:
u(,y) = Uape (2, y) = a(z® + y°) + b(z® — y*) + 2cxy, (1.10)

for some (a, b, c) € R3 such that a® # b*+c* (a* = b* +¢* corresponds to the previous case).

Note that we do not claim each of these functions are minimizers, only that all homogeneous
minimizers are among these. A detailed discussion on this issue may be found in Remark [28]

A central property of elements of . (D) is the monotonicity formula discovered in a different
context by Dipierro, Karakhanyan, and Valdinoci in [I1, Th. 1.12], which may be seen as a
higher-order analogue of the monotonicity formula introduced by Weiss in [40] for the classical
Alt-Caffarelli problem. We define

W(u,r) = :2/ {|Au|2 + Xu;él)} + D(u,r), (1.11)



D(u,r) = "

1 / {Z&UAU B 10(0,u)? B 4ulAu N 24u0,u N 40gu0y pu B 16u> B 6(89u)2}
oD,

r 72 r2 r3 r3 rd ré

is a “corrective term” that is well-defined for almost every r. Then we show (see Theorem
that r — W (u,r) is continuous, nondecreasing, and it is constant if and only if u is one of the
2-homogeneous minimizers described above. Moreover, in this case we identify

Wi(u,r)=[{u#0}NDy| € {;r, I;l,w} ,
the value 7 corresponding to type I, % corresponding to type II, and 7 corresponding to types III
and IV. For a general minimizer u, we write W(u,0) € RU {—oo} the limit of W(u,r) as r — 0
(which always exists since r — W (u,r) is nondecreasing).
When u € (D), it is known from [I3] Th. 2] (see also section [2 below) that u and Vu are
continuous, and we define the support of u as the open set

Spt(u) = {u # 0} U{Vu # 0}.

Defining the support of a function as an open set may seem non-standard, however it is necessary
to capture some part of the free boundary that would otherwise be in the interior of the support.
Our main result is as follows:

Theorem 3. Let D be an open set of R and u € .4 (D). Then u € CpY (D) for every o € (0,1)
and there is a partition
DN oSpt(u) = R, UA, UN, U T, UE,,

where

e R, (regular points) is the reqular boundary of Spt(u), meaning every point for which Spt(u)
is (after rotation) the epigraph of an analytic function in a neighbourhood, R, is relatively
open in OSpt(u), ulspt(u) s analytic up to R, and the trace of Au|spiw) on Ry takes values
in {—1,+1}.

e A, (angular points) is a discrete set where two connected components of R, (where Au|g,
takes opposite signs) join with an angular opening t;.

o N, (nodal points) is the set of points of OSpt(u) such that w is biharmonic in a neighbour-
hood. It is a disjoint union of singletons, and of real analytic curves in OSpt(u) on which
|Au| > 1.

o Ju (junction points) is the set of points p, such that r—>u(p + r-) converges as r — 0
in HE .(R?) to a homogeneous solution of type III and such that for any r > 0, we have
Hu=0}ND,,| >0.

e &, (explosion points) is a set of points p € OSpt(u) such that
[{u=0}ND,,|

hr}}j(l)lp 2 =0, W(u(p+-),0)<m, ||Up,THH1(D1) 3 +00,
where w,, = r~*u(p + r-). Moreover, any accumulation point of W in H'(Dy) as
rllEL (Dy

r — 0 is a non-zero 2-homogeneous bitharmonic polynomial.

More details on the behavior of u at points of A, and 7, may be found in Theorems [6] and [7}
In order to close the regularity question in this context, the two remaining open problems are:



o Whether the explosion set &, is empty, which is strongly linked to the conjectured C%!
regularity of u.

e A finer understanding of the junction set J,. A key step here would be to first prove the
blow-up of u at a point of 7, is necessarily +u"l orot for some rotation rot (in other words,

proving that |A| =1 in (1.9)).

The proof of Theorem [3| can be found in section |5, and is split into several results: Theorem
gives the existence and uniqueness of blow-ups at any boundary point that is not of density 1
in the support of u, or at points for which W (u,0) is sufficiently large, and it provides a speed
of convergence to these blow-ups as well. Then Theorems [5] [6] and [7] are e-regularity results for
minimizers that are assumed to be close to one of the homogeneous solutions: for type I and
IT we prove that any solution that is close enough to these is itself a smooth perturbation of a
homogeneous solution, whereas for type III and IV we prove a quantified speed of convergence of
the blow-up sequence.

Theorem 4 (Existence and uniqueness of blow-ups). There exists v € (0,1) such that the fol-
lowing holds: let D C R? be an open set and u € (D). Let p € D N dSpt(u) such that one of
the following hypothesis is verified:

(i) liminf, w <1
(i) Wiup+).0) > 7.

Define the blow-up sequence uy,,(z) = M then there exists u,o € HE.(R?) a 2-homogeneous

minimizer of type I or II in case (i), 111 or IV in case (it), such that

tp,r — tpoll 1@y = Oro (r7) -

In particular, this implies that any point that is not of Lebesgue density 1 in Spt(u) has
density % (corresponding to type I blow-ups) or z- (corresponding to type IT blow-ups).

We now state the first e-regularity theorem: any minimizer that is H'-close to a flat solution
is itself smooth.

Theorem 5 (e-regularity : flat case). There exist a,x € (0,1), ¢,C > 0 with the following
property: for any u € 4 (Dq) such that

lu = uM |y < e,
there exists an analytic function h : (—%, %) N (—%, %) such that
||h||c’1a(( 1) < Cfllu— UIH?{l(Dl)

and

D1 N Spt(u) = {(x,y) ebD;:y> h(x)}

We now state the second e-regularity theorem at angular boundary points: one notable dif-
ference in the statement is that we now assume that W (u,0) > 4. This hypothesis is verified for
instance when there exists one blow-up of type other than I at the origin, by Lemma [29]



Theorem 6 (e-regularity : angular case). There exist v, € (0,1), €,C > 0 with the following
property: for any u € A (D) such that

t
W(U,O) Z 517 HU - uHHHl(Dl) S €,
then there exists a diffeomorphism ® € C* (]D)%,]D)%) such that

®(0) =0, DP(0) =1, |P — id”clw(ml) < Cllu — uH||Hl(]D)1
2
and
Spt(u) NDyjp = @ (Spt(un) N ID>1/2) :
where Spt(ul) is the union of two half-lines meeting with the angle t;.

The last e-regularity result concerns homogeneous solutions of type III and IV (which we do
not differentiate at this stage), that we remind are of the form

Ugpe(z,y) = a(z® + y°) + b(2® — y*) + 2cay

for some (a, b, c) € R®. The main feature of this case (compared to Theorem [5| and @ is that the
set of homogeneous solutions of type III, IV is non-compact.

Theorem 7 (e-regularity : nodal and isolated case). There exist €,v,C' > 0 such that the following
holds: let a,b,c € R and u € .4 (Dy) such that

0 € 0Spt(u), W(u,0)>m, ||u—tpellmm) < €l|tapellmm)-
Then there exists a’,b', ¢ € R such that
@' — a] + |6 = b + | — ¢| < Cllu—vap el oy ltanel i,

and such that for any r € (0, 1]:

||U — Ug,b,c

5
HY(D
(1)) Hua,b,cHHl(Dl)'

|’7’*2u(r~) — ua’,b’,c’||H1(D1) S len (T, ||u , ||H1(D :
a,0,c 1

Finally, we state a generalization of Theorem |3 to a notion a quasi-minimizer.

Theorem 8. Let D C R? be an open set, and u € H*(D,R) such that for any v € H*(D,R) with
{u #v} € D we have

/D (AU + xuz0) < /D (180 + xus0) + [lv = ull 2y

Then u € CY (D) for every v € (0,1), and there is a partition
DN oSpt(u) =R, UA, UN, UT, UE,,
where

o R, is the reqular boundary of Spt(u), meaning every point for which Spt(u) is the epigraph
of a CY* function in a neighbourhood, R, is relatively open in dSpt(u), and Aulspy) is
continuous up to R, with value £1,

o the sets Ay, Nu, Ju, Eu satisfy the same conclusions as in Theorem[3.

The discussion of this notion of quasi-minimizer as well as applications to the buckling problem
can be found in section [Gl



1.4 Notations and outline of the paper

In all the paper, we make use of the following notation: we write a < b when a, b are two quantities
such that b > 0 and a < Cb for some universal constant C' > 0, i.e. some constant that does not
depend on any parameter.

We denote D, the centered disk of radius r in R? and D, = p + D, for p € R?. We also let
S' = 9Dy, that we identify with 5.

For any k € N, ¢ € [1,+00[, any smooth bounded open set D C R? and any measurable
function u : D — R with k derivative in the distributional sense we let by convention

q

[ullwrapy = ( > Iaﬁl(’?jzu\q)

a€N2:a1+as<k v D

We denote H*(D) = W*2(D), and H¥(D) the closure of C>°(D,R) functions with respect to the
H*(D) norm.
For a function u: D — R, p € D, r > 0, we let

Up,r(2) = u(p; ) (1.12)

the associated rescaling defined on @. When p = 0 we simply write u, := ug,. In particular, if
u is a local minimizer of E(-; D) (which we remind is written v € . (D)), then u,, € .4 (?).
In all the paper, when u is a C! function, we denote by Spt(u) the set of points p where either

u(p) or Vu(p) is non-zero.
The plan of the paper is as follows.

 In section [2, we prove several low regularity estimate on u that will be repeatedly used
later. This includes a log-lipschitz bound on Vu depending on the H! norm of u in a
neighbourhood, as well as a nondegeneracy lemma that states that a minimizer cannot be
“too small” near a point of the support. The methods of proofs are relatively standard with
respect to the classical Alt-Caffarelli problem, based on [I], [I0], [36]. The main difference
is that there is no maximum principle nor notion of viscosity solutions in our setting.

e In section |3 we introduce and prove the monotonicity formula for the renormalized energy
W (u,r) (defined in (1.11)) and several of its consequences, namely a classification of 2-
homogeneous minimizers as well as a proof of Theorem [4| about existence of blow-ups. Even
though the monotonicity formula was already found in [11], we propose a new way to tackle
the computation, which most importantly leads to a new interpretation of the corrective
term. The proof is based on the criticality of the solution for the energy, with respect to
inner variation (i.e. comparison of E(u;D;) with E(uo (id+t();D;) at ¢ — 0, for any vector
field ¢ € C°(Dy, R?)) similarly to [38]. The monotonicity implies in particular a maximal
speed of growth of the H'(D,) norm of u with respect to 7 (given by Lemma [33). This
property is central in the proof of existence of blow-ups under weak geometrical hypothesis
(being a non-Lebesgue point of the support of ).

o In section [4] we prove an epiperimetric inequality for the renormalized energy W, that takes
the form

Wl e ™) < (1= )W, 1) + )

when u is sufficiently close to a blow-up of opening © € {m,t;,27}. This is obtained by
constructing, for almost every r in the interval [e7!, 1], a competitor v for u in D, such that
v—u € HZ(D,) while the energy of v is well-controlled by the boundary data u|sp,, O,u|sp, -
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« In section [5] we prove Theorems[4] [5] [0l and [7] This is obtained by iterating the epiperimet-
ric inequality to deduce geometrical information on the boundary (see Proposition . The
main difficulty compared to the classical Alt-Caffarelli problem is that blow-ups are only
known to exist under some a priori condition, either on the density of the support or on a
lower bound of W (u,7): we obtain the C* regularity of the boundary near type I blow-ups
by a careful analysis of contact points of the boundary with a cone from outside the sup-
port. Higher regularity is obtained by a conformal hodograph transform on the associated
overdetermined Stokes equation. The combination of these results implies Theorem [3]

e In section @, we define a suitable notion of quasi-minimizers of F(-; D) and prove Theorem
. We then apply these results to the minimization of the first buckling eigenvalue .
Our quasiminimality is similar to the quasiminimality condition from [24]; a central point is
that a suitable quasiminimality condition must be sufficiently strong to extract information
from small inner variations, which is not the case for weaker quasiminimality conditions
(like the one found in [I0] for classical Alt-Caffarelli problem). The reason for this is that
the monotonicity formula is proved via inner variations of u, and it is unclear whether it
can be accessed differently.

2 Preliminary estimates

In this section we state and prove several regularity estimates on minimizers: a Cacciopoli-
type estimate (Lemma to show that the H' norm of u locally controls its energy, a BMO
estimate (Lemma on Au that implies the gradient of w is almost Lipschitz (Lemma [12)), a
non-degeneracy lemma (Lemma that shows a minimizer always carry some minimal threshold
of energy near the boundary of the support, and finally a lemma showing that a bounded sequence
of minimizers converges (after extraction) to some minimizer in a strong way. The first two results
already appear in some form in [I3] or [33] and our proofs in this section are not original in this
regard, however we carry them here with a more explicit statement for later uses.

In this section, we will need to consider the following slightly more general version: for any
A > 0 we let .#,\(D) be the minimizers (in the sense given in the beginning of the introduction)
of the energy

u e H*(D) — Ex(u; D) := / (12u” + Axuzo ) -
D
We start by a remark on our definition of minimality, showing that it is equivalent to consider

compactly supported perturbations, or perturbations up to the boundary with fixed traces of
u, Vu.

Lemma 9. Let u € H*(Dy), A > 0, then u € #\(D1) if and only if for every v € u+ H(Dy) we
have Ey(u;Dq) < Ex(v;Dy).

Proof. Assume u € .# (D), let w € H3(Dy), r € (0,1), and n € C°(Dy) such that n = 1 on D,.
Then (1 —n)w € HZ(D; \ D,), so there exists some sequence x,, € C*(D; \ D,) that converges to
(1 —n)w in H*(D; \ D,). Since u € .# (D), we have E)(u;D;) < E\(u + nw + x,; Dy), and

lim sup Ex(u + nw + Xn; D1) < Ex(u + w; Dy) + Ar(1 —1?)

n—-+00
by the H? convergence of Y, to (1 — n)w. We conclude by taking r arbitrarily close to 1. [

We then prove a Cacciopoli-type estimate: in this result we only use the fact that w is bi-
harmonic on its support, with a competitor of the form e*®u for some smooth function ¢ with
compact support.

10



Lemma 10. Let r € [%, 1), let \>0 and u € A\(Dy). Then

1
lullr2,) S m“unm(m\my

Note that this estimate does not depend on .

Proof. For this proof, it is more convenient to see u as a local minimizer of u — [p, (|V?u[? + Axuxzo)
(see remark [1). Let n € C2°(IDy, [0,1]) to be fixed later. The optimality condition on u gives

a
dt|_,

20 nt, \|2 —
A;OV(yqo|+X&W#Q—ﬂ,

which after computations develops as [ VZ(n'u) : V?u = 0, with
V2(ntu) = n*Vu + 80°Vn @ Vu + 4 (3772V77 ® Vn+ 773V277) u
The previous relation becomes
/ n*|Vul? = —/ n*V2u : (87}%7 ® Vu+ 4 (3(V77 ® Vn) + TIVQTI) u)
]D)l Dl

1
< 2/@ HV2u)? + / ’877V77®Vu+4( (Vn@Vn)+77V2n)u

Y

which simplifies to
[ ot s [ (19 9P + 90 Tf).
]D)l Dl

Now, choosing an appropriate profile n equal to 1 in D,, with |[V*n| < (1 —7)7* for k = 0, 1,2,
we Obtam HVQ'U/HLQ D,) (1 — 7”) QHUHHI(Dl\Dr)'
The bound on the full H'(ID,) norm is then obtained by the general inequality

1
HUH%#(D,.) S HV2UH%Q(D7.) + H’UH%Q(@]D)T) S HVZUH%Q(]D),.) + 17_70"2}|’12LI1(D1\DT)7

for any v € H*(D,.) N H*(Dy), applied to v = u. O

Next we prove an estimate on the BMO semi-norm of V?u. We remind our definition of this
seminorm on a smooth set : a function f € Ll _(Q) is in BMO(Q) if for every disk D, C Q2 we

have
fl1.

for some constant M > 0, and the best constant M is denoted |f]|pmo(). Here ng = f‘U| by
convention.

We recall that the BMO space embeds in every LP space, for p € [1,+00), by the John-
Nirenberg Lemma [16, Lem. 1], but not in L>(£2).

2
< M

Lemma 11. Let u € #(Dy), then

[VZU]BMO(JD)UQ) ST+ Jullaeoy)-

11



Proof. In this proof we will only use the following property: if v is the biharmonic extension of u
on some open set ) C D; - meaning u — v € HZ(Q2) and A%y =0 in € - then by minimality of u

we have )
Au—vz——/ Aul?> — |Av]?) < 1.

We recall (see for instance [I5, Lem. 1.41]) that for any harmonic function h : Dp — Rand r < R

we have the decay property
2 2
][ h—][ h| §<T> ][ h—][ h
T T R DR DR

Let now D,, C Dy, v the biharmonic extension of u in D, and 7 € (0, 1): then we have

2 (2.1)

Foau (8PS £ (18 0 + [(Buor = (Athy A0 = (A0 )

Dp,rr
Au=o)P 4724 |Au = (0), [ by @

-2
N ][
DPW Dp,r

<7 %4 TQ]f) (|A(u — )’ + [(Au)p, — <Av>pﬂ“|2 +[Au — (AU>p,r|2>

p,r

T2+ 7'2][ |Au — (Au), .|
Dy,
As a consequence, letting g(p,r fD |Au— (Au),,|?, we may fix a sufficiently small 7 € (0,1)
such that for some (universal) constant c 2zl

1
g(p,r) < C+ 59(29, 7).

By induction on g(p, 7r), we obtain that for any x € D3 and for any r € (0, i) we have

1

1 1
g(p,7"r) < <1+2+ v 1>C+2kg(p,)

Thus, for any r € (O ) we have

][ Au— (Au),, P <1+ [ |Auf,
D

p,r D1

Hence [AU]BMO(]D) ) 5 1+ HAUHLQ(Dl). By [12, Cor. 2], this implies [VQU]BM()(]D) <1 + HUHHQ(IDH)'

l)N
2
]

3
4

Lemma 12. Let u € 4 (Dy), then for any p,q € Dy -

N

1
Vu(p) — Vu(g)| < |p— gl log () (1 o vap+ u)
lp — q D,

Proof. This is a consequence of Lemmas[10} [LT] to which we apply general Orlicz space embeddings
(see for instance [9, Th. 3]). O

Remark 13. This lemma implies that when u € A (Dy) with u(0) = |[Vu(0)| = 0, then

Ju p]T” S (1 + [lull o) ) |p|log <| |>

Vp € Dy s, |Vu(p)| +

12



The non-degeneracy property is central in the classical Alt-Caffarelli problem (see [I, Lem.
3.4]): it implies that blow-ups, when they exist, are not zero. The next lemma is a non-degeneracy
property for minimizers of , and our proof is similar to the proof of non-degeneracy in [10],
by an induction on the energy of u relying on the three following estimates:

a) The H? norm of u is locally controlled by its H' norm by our Cacciopoli-type estimate.
b) The area of the support of u is locally controlled by its H? norm, by minimality of u.

c) The H' norm of u is locally controlled by a product of the area of its support and its H?
norm. The nonlinear nature of this estimate is what makes the induction work.

Lemma 14. There exists ¢ > 0 such that for any u € 4 (D1), if ||ullgp,) <€, then ulp,,, = 0.

Proof. 1t is enough to prove that for any minimizer in ID; and for a small enough e,
/ lul* + |Vul|®* < e implies u(0) =0,
Dy

because this can be applied to w, /s for every p € Dy, (the definition of u,,, is given in (1.12))).
. fﬂ% IVul? + |u]? < e implies E(u;Dy/2) S e. Indeed, by the Cacciopoli-type inequality from
Lemma [10, we have

|18l < lulle s [ (P 9aP) S e
D D1\D

10

9 9
10 10

Let now n € CSO(DI%, [0,1]) such that n =1 in D with [|7]le2p,) S 1, we then compare the
1

energies of u and (1 — n)u:

iz a0l + [ 18uP < [ 1A=

D1 D4

Since u is biharmonic on its support (see [I3, Theorem 2]) we have

A=) = [ |AuP + ]G
Dl Dl

SO

Dy {u# 0} < [ [A@) S llulliee,) S ¢

Dy 10

and thus E(u;D1) Se.

N

o E(u;Dy)+ fID)l(|Vu|2 + |ul?) < € implies fDl (IVul? + [u]?) < €.
2

Indeed, let 17 be defined as previously, then

1/2
[ v s [ 9mor < ooy ([ 190
]D)% [D)l ]D)l

< E(u; ]Dl)% |A(nu)|? by the Sobolev inclusion Wg(Dy) «— Wy (D)
Dy

(E<u;D1> + [ var+ |u|2>)

[N

N E(U; Dl)

AN
Theo

13



and similarly

(S

/ uQS/Dl(W)QS (i # 0} (/Dlmu)‘*);se .

1

2
We now proceed by induction. We let u,(z) := @ Then for some constant C; 2 1 we have
(by the first point above):

Buy: D) + s 3wy < Crllulldn o).

By the second point applied to u 1 for some constant Cy 2 1 we have

3
H%H%{I(DI) <Gy (CIHUH%{I(DI))Q :
In particular suppose that ||u|%. o < 10352, then we obtain by induction
Vk €N, Jlug+ |7, < 27" ullinp,)-
This implies u(0) = 0. O
Finally, we prove a result about sequences of minimizers.

Lemma 15. Let ()\(n))nEN* be a sequence of nonnegative numbers converging to some limit A > 0,
and (u™)pen+ a sequence of H*(D:1) such that for any n € N*, u™ € A\ (D). Suppose
moreover that

sup ||u(”)||H1(D1) < 00.

neN*

Then there ezists some extraction (n;)en<, and some u € Mx\(Dy) such that
u(™) S in HZ (D),
/\(ni)xu(ni)?ﬂ] Z_}—_}_go )‘XU#O mn Ll(Dl).

Proof. The proof is similar to its equivalent in the Alt-Caffarelli problem and is fairly standard
(see for instance [36, Lem. 6.3]). Since (u(™), is bounded in H'(ID;), by the Cacciopoli inequality
from Lemma [10]it is bounded in H?*(D,) for every r € (0,1). Up to extraction we may suppose
that for every r € (0,1), (u™),en- converges strongly in H'(DD,), weakly in H?(ID,), as well as
almost everywhere, to some limit . By the weak H? convergence we have

|Aul? < liminf/ |Aul™ 2.
D, n—-+4oo D,

Since u™ converges almost everywhere to u, then by Fatou lemma:

/Dl Xuzo < /ID)1 li%gg.}f Xumzo < liggiolgf /]D)1 Xu(m£0-

Thus, Ey(u;D1) < liminf, o E\m (u(”);]D)l). Let now v be a competitor for u, meaning
v € H*(Dy) and {u # v} C D for some s < 1. Let r € (s,1), and ¢ € C°(D;) a function such
that ( = 1in Dy, ( =0 in Dy \ D,. Then

o™ = (1 = Ou™ + ¢

14



is a valid competitor for u(™. By our assumption on u(™ we have
Eyoy (0™ D) — By (u™;Dy) > 0.

We first compute

(M2 _ | Ay™2) — _ (n) oy . —u™YAC A2
/Dl(mv 2~ |2uP) /Dl<](1 QAU + CAv + 2V (v — u™) -V + (v — u™)A — [Au |)
:/ (((1 =0 = 1) |Au™ P + | Av]? +2¢(1 = () Aulv) + 0,(1)
Dy
_ / (180 = [Auf + ((1 = 02 = 1) (186 = |Au?)) + 0,(1)

Dy

where the 0,,(1) term is due to the weak H?(ID;) (and strong H'(ID;)) convergence v™ — v, which
is equal to u on the support of Vi, An. Next,

A / (Xw);eo - Xu(”);zéO) > A / (XDS (Xv;éo - Xu(");éo) - XDT\DS)
]D)l Dl
=A™ / ((Xv;éo - Xu;éo) + X, (Xu;éo - Xu(”);éO) - Xm\m) )
D4
so we may rearrange E(u™;D;) < E(v™;D)) into

Ey (v;D1) = Byon (s D) 2 / (1= @ =) (Jau™] = JAul®) + A x5, (Xuwr20 = Xuro))
+ 0,(1) = 202 (1 — ).

Taking n — +o00, we get

Ex(v;Dy) — Ex(u;Dy) > lim inf/D ((1 —(1- 7])2) <|Au(”)|2 - |Au|2) + AWy, (an);éo - Xu;,go))

=27 A\(r — s)
> =27A(r —s). (2.2)

Taking r N\, s, we obtain E\(v,D;) > E\(u;D;) so u € .#\(ID;). Moreover, the convergence is
strong in HY.: indeed taking v = u, inequality (2.2)) gives

27A(r — $) +/ (1= (1 =n?)|Auf > ngg)lf/ (1= (1 =n)?) |Au™?,

]D)l Dl
which implies
2 (r — )+ [ |Au]* > lirginf/ |Au™|?,
oo ]D)S

D, "

By taking r arbitrarily close to s, we obtain st |Aul? > liminf, o le)s |Au™|? for every s, so u(™
converges strongly (in H?(D,)) to u. Similarly, for the convergence of the area term, inequality
(2.2) with v = u gives

/ AXuzo > lim inf/ A(")Xum)#o,
S ]]])5

for every s (and the opposite inequality is a consequence of Fatou’s lemma). By dominated
convergence, /\(")Xu(n)?éo = AXuzo in LY(Dy). [

15



3 Monotonicity formula and blow-ups

Monotonicity formulas are roughly speaking a way to express the notion that, as we zoom in on
a solution, the solution can only look simpler and simpler. For the Alt-Caffarelli problem, i.e. for
minimizers of

wer | (IVal* + xus0)
D1

Weiss found in [38] [40] that the quantity

1 2 1 2
T'—)ya/;r (]Vu] +Xu>0)_7a3/8DTU

is always non-decreasing, and it is constant if and only if u is 1-homogeneous. From this mono-
tonicity alone one can deduce that blow-ups are always 1-homogeneous, and that for any solution
u, the H*(D,) norm is controlled by the L?(dD,) norm (with appropriate scaling) for small r.
This monotonicity formula was later refined in several settings (see [39], [32], and also the mono-
graph [36]) to prove the convergence to a unique blow-up by an epiperimetric inequality (which
originates from [30] with a similar estimate for the perimeter of a minimal surface, and later in
[39] in the setting of obstacle problems). Our interest in these techniques is due to the fact that
even for classical Alt-Caffarelli problem, these epiperimetric methods use no maximum principle
or notion of viscosity solutions, something which is not available in our setting.

In [1I, Th. 1.12], the authors found a similar monotone quantity for higher order problem
(note that their functional is not exactly the same as ours, however it is applied to points where
the solution has homogeneity 2). We start by stating again the monotonicity of this quantity in
our setting, with a proof that is made slightly shorter by an exponential change of variable.

The monotonicity formula of Weiss for the classical Alt-Caffarelli problem may be obtained
in several ways. The first is by comparing the energy of the solution v with its 1-homogeneous
extension |z|u (%) in D,. The second is by using that u is critical for the energy with respect
to small deformation u (z +tf(|x|)z) for a smooth function f that approximates x,. In our
setting, the 2-homogeneous extension is not always a valid competitor (since it may create a
jump in the gradient), and we do not obtain the monotonicity by the comparison with a single
competitor as in the classical Alt-Caffarelli problem: however we are able to adapt the second
method to our setting.

3.1 Monotonicity formula of Dipierro, Karakhanyan and Valdinoci
recast in exponential coordinates
In this paragraph, we deal with the monotonicity formula. We start choosing a specific set of

coordinates that is convenient to express the energy. We deduce in this set of coordinates a
monotonicity formula (Theorem and then express it again in the usual coordinates (Theorem

).

We will denote Cr = (T, +00) x S! the half-infinite cylinder, such that (¢,0) € Cp — e~ €
D,-r\{0} is a bijective anticonformal map. We denote by HZ, (Cr) the set of functions v € HZ (Cr)
such that for some constant C' > 0 (that may depend on v), we have

Vi =T, |vllmzenc) < CE=T+1). (3.1)

For any 7 € R, v € H{, (Cy), we denote

Q(v, 7’) = / e_z(t_T) {(at,tU)Q +2 (at,gv)2 + (6979’0)2 —4 (891))2 + Xv7,50} (32)
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Lemma 16. Let u € H*(D;) such that v € HE.(Co) defined by
v(t,0) = e*u (e’”w)

is in HZ (Co). Then for every T > 0, we have

1
/ {|Au|2 + Xu;é()} =G(v,7)+ 2/ {2 (90)* — 4vdp + 40 — (Fgv)* + &wvagv} .

—7\2
(e7)? Jo,_. ac,
Proof. We express v in terms of v with

u(re’) = r?v(—1log(r), 6).

Then
Au(re®) = (D gv + 9y v — 40w + 4v) (—log(r), §),

so we may rewrite the energy of u in the disk D,-- as

/ {|Au|2 + Xu;ﬁo} = / e {|8979U + Oy v — 40w + 4o|* + Xv;ﬁg} ) (3.3)
D,_, c

T

We develop this expression:
/ e 2(t=7) {|8t,tv — 40w + 4v + 897911\2 + Xv;,eo}
[

= / 6_2(t_T) {(aut?])z + 16 (8,51))2 + 161)2 + (89791})2 + X’u#O}

-

+ / e 2(t=7) {—80;1v0w + 80 10V + 20, 1v0p gv — 32040V — 80Dy v + vy gV} .
c,
By integration by parts we have:

/ e~ 2077 (—80, wdw) = / e~ 2t (=8 (9w)?) + / 4 (0p)?

cr c ac,

/e‘z(t_7)88t7tvv:/ e_Q(t_T)S(—ﬁtv+2?f)3tU+/ —8voyv
. -~ aCr

= / e 2 (=8 (9w)” + 1607) + / (—8vdw — 8v?)

Cr ac,

/e_Q(t_T)(—BQ(’?tvv):/ e_z(t_T)(—?)QvQ)—l—/ 160>
. . aC;
/62“7)(—8&1}89791}):/ 6’2("/*7)8&,91}8911

c, C,

= / 6_2('5_7_)8 (691))2 + / —4 (691})2 .
T IC+

In each integration by parts we used the growth estimate ({3.1]) so that there is no boundary term
at t = 4o00. Finally, for almost every 7 > 0 we have

/ 6_2(’5_7)2@,151169,9@ = / e 277 (2 (6&91})2 — 4(9pv)?) +/ (2 (9pv)* + 20, gv0yv).

T T aCr

Summing all these contributions, we indeed get for almost every 7 > 0:

17



/ o—2(t=7) {|at7tv + 490 + 4v + Dy gv|* + X#O}
c.

= / e (0,0)” + 2 (Do) + (Dp.90)” — 4(00v)” + Xuo } (3.4)
CT

+ 2/ {2 (6tv)2 — 4vdw + 4v? — (891))2 + @;gvﬁgv} do.
oC-

Definition 17. A function v € H.(C,) is called a minimizer of G(-,7) if v € HZ (C,) and if
letting

u <T€i9> = r?v (—log(r),0),
we have u € A (D).

In particular, for any w € H{, (C,) such that {v # w} C C,.. (for some € > 0), we have (by

Lemma :
G(v,7) < G(w,T).

The reason we do not define minimizers of G(-,7) only by this condition, is because this does not
take into account competitors for u for which either w(0) or Vu(0) do not vanish. Indeed, G(-, 7)
is a priori only defined for functions that grow sufficiently slow as ¢t — +o0.

We now define a “corrected” energy, for any v € Hf, (C,):

W, ) =G(v,T) +2 Opv (O — O yv), (3.5)
ac,

where the corrective term is chosen so that W has a sign. Due to the last term, W(v,7) is a
priori defined for almost every 7 only. The next result implies in fact that WW(v, 7) is continuous
in 7 when v is a minimizer, so it is well-defined for every 7 > 0.

Theorem 18. Let v be a minimizer of G(- ;0), then T — W(v,T) belongs to W,oH(R.), and its
weak derivative (defined for almost every T > 0) is

W(v,7) = —4 /8 {0+ @}

Here W (v, 7) designates the derivative of W (v, 7) along the variable 7, which exists in L{, .(R)
in the weak sense since W(v, -) is absolutely continuous. In particular, W(v, 7) is constant in 7 if
and only if dv(t,0) is constant.

Proof. We write ||-|| (resp. (-,-)) the L?(S') norm (resp. the L?(S') scalar product). It is sufficient
to prove the following: for any ¢ € C2°(R-o, R), we have

+oo “+o0o
/ S (OW(w, t)dt = 4 / o) {1001 + 900 (D112} dt. (3.6)
0 0
Let now f € C*°(R,,R), such that f = 0 in a neighbourhood of 0, and f, f’, f” are bounded

in L*(R,) (note that f does not have compact support in general). For any small enough e
(positive of negative), the function ¢ +— ¢ + ef(¢) is a diffeomorphism of R, with inverse .. Let

ve(t,0) = v(ve(t), 0).

18



Then v, € HE (Cp) is a valid competitor for v. We compute

Opve(t,0) = Dpv(e(t),0),  Bpave(t,0) = Dpov(ve(t), 0)
Opve(t, 0) = (1 —€f'(t) + o(€))dv(¥e(t), 0),
Orove(t,0) = (1 — ef'(t) + o(€))Orov(ve(t), 0),
Opave(t, 0) = (1 —2¢f'(t) + 0(€)) O v (¥e(t), 0) — (ef"(t) + 0(€))Opv(e(t), 0),

SO

+ e/ e 2 (f —2f) {(8@,5@)2 + 2(019v)* + (9pov)* — 4(Opv)? + Xv;éo} )

Co

Taking the derivative at € = 0 above, we have for any such f that

/ e (f = 2£) {(9140)? + 2(00v)* + (Dppv)* — 4(Fp)? + X0 } — 267 f" D00y v

Co

=4 /C 0 e {(9r0)* + (Brgv)?} -

Let ¢ € C°(Rso,R), and f(t) fo s)ds. The function f verifies the previous hypothesis
(in particular it is constant for any large enough t, meaning it is bounded), and f’(t) = e*o(t),
1"(t) = e* (¢'(t) + 2¢(t)), so the previous relation becomes

/c <gp(t) — 2% /Ot ezsgo(s)ds> {(8757,51))2 +2(9,,6v)* + (9pgv)* — 4(0pv)? + Xy;éo}
-2 /co (&' (t) + 2p(t)) Qo v = 4/ o(t) {(@7,5@)2 + (at,gv)2} :

Co

On one hand,

9 /C (& (1) + 20(8)) rvdysw = 2 /0 T 0O (t). B (t) — Bt

and on the other hand,
¢
/ (gp(t) - 26_2t/ ezsgo(s)d,s,’) {(8”1))2 + 2(8,5,921)2 + (89791))2 — 4(891})2 + Xu;éo}
Co 0
¢
— / <e2tgp(t) — 2/ ercp(s)ds> e 2t {(at,tv)Q + 2(8@91))2 + (897911)2 — 4(391])2 + XU;,AO}
Co 0

+o00 t
_ /0 (eztgo(t) 9 /0 o(s )ds) jt{ e G (v,1)} dt
_ /0 G

by integration by parts (we remind that ¢ has compact support). As a consequence, we obtain
that for any ¢ € C°(R+o,R), we have

“+oo

/0 ) ?'(0){G(v,1) +2(0w(t), Oro(t) = Opeo(t)) } dt = 4/0 () {100 DI + 10,00 ()] } dt

By the definition of W in (3.5]), we have obtained that ¢ — W(v,t) admits a weak derivative,
which is of the form given in (3.6)). ]

19



We may now state this theorem in usual coordinates (both will be useful). Suppose u € .# (D)
such that u(0) = |Vu(0)| = 0, and we remind that for any r € (0,1) we let

the natural 2-homogeneous rescaling of u, defined in D;/.. To avoid notational ambiguity, we
always denote 0, the radial derivative of a function, and % the derivative with respect to the
parameter r, in other words

vr €S, zur(x) _ i(@ruT(:r) — u(x).

N(u,r):/§1 (r2

In particular N (u,r) verifies

We denote ,

71'1/7'

dr

+ Bpu]? + my?) . (3.7)

lurllZ2sy + 1VurlZa@y S Nu,r) S llurllZag + 1IVurllzagn,

r +— N(u,r) is absolutely continuous, and its (weak) derivative defined almost everywhere is

2
N'(u,r) = r/ ((Orur — 2uy) (O iy — 30y uy + 4, ) + (Or gy — 20pu,) Optiy + (Opu, — 2u,) uy)
Sl
_ 2 _ _ 2 B 2 12
= (8TuTar,rur 21,0 Uy + Ogtt Oy gty — 3(0ptty ) + 11w, 0p . — 2(0pusy) 10u,,) .
Sl
(3.8)
We will also denote
Rlu,r) =2 / (@) = (D) + 20 — w0, ) (3.9)
st
Theorem 19. Let u € . (Dy) such that u(0) = |Vu(0)| =0, define
1
Wi(u,r) = T—zE(u, D,) + rN'(u,r) + R(u,r). (3.10)

Then r — W (u,r) is non-decreasing, and it is constant in r if and only if u is 2-homogeneous
and in this case
Wi(u,r)=W(u,1) = [{u# 0} NDy.

Moreover, if we denote v(t,0) = r~2u (7“6%’) where r = et then v is a minimizer of G(- ;0)
and for anyt > 0:
W(v,t) = W(u,r).

Although the corrective term looks different, once everything is developed we find that the
normalized energy of (3.10]) is equal to the one defined in [I1, Th. 1.12] (up to a scalar factor),

also recalled in ([1.11]).
Proof. By Lemma (16, we have

G(v,7) = € E (u; De-r ) — 2 / {2(0w)” = wdhv + 40* — (pv)* + 0y gv0pv}f db.
oC+
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We replace v(t,0) = e*u (e t”@), S0

O(t,0) = 2e*u (e*tﬂ‘a) o (e*t+i9> |
Orov(t,0) = 2e*uy (e—t+i9> — 0, pu (e‘t“‘)) |
Orgv(t, 0) = 4eu (6_””) — 3c'du (e‘t”e) + O (e—t+i9) 7
Dpv(t,0) = e*' Opu (e t+z9)

Denoting r = e~7, the boundary integral term above becomes

—2/ {2 (8tv)2 — dvdy + d? — (8921)2 + @,gv(%v} do
ac,

2 ou )\’ 2u  Jyu u? (89u)2 Opu (20w O, pu
S 2= — Sy 4l _ &
r Jop, r2 r r2 \ r2 r rt rt r2 r2 r
_ _2/ 8uj N 2(0Tu)2 B SU&U B 8u2 N ua U u? (89U)2 B Ogu0ypu
r o, 1 2 3 4 3
2 u? (O,u)? udu  (Ogu)? agu@r oU
- c ) 4 _ HuGot )
r /&Dr ( r4 + 72 r3 + rd r3
We obtain
u? (0,u)? udu  (Ogu)?  Oyud, gu
— —Bu;D,) -~ Yoo 4 _ HuGrot )

Then from the definition of W(v, 1) (3.5)),

W(v,7) =G(v,7) + 2 O (O — O gv)

oCr

2 o oru U
o2 (2-55) o5

2 2
G + i/ (&uamu B 2uﬁmu B 2(8Tu) n Gu&u B 4u> '
oD,

r 72 r2 r3 rd

So replacing the expression of G(v, 7) found above we obtain

1 2 0,u0, ,u U0y, u Opud, pu 0,u)? uou  (Opu)? u?
W(U7T>:T2E(u;DT)+T/8]D)T< r’ -2 ré + 7‘37 _4( 7~2) +10 e ( r4) _8r4>
(3.11)
This is the same expression as in . Moreover, the boundary integral term on the right-hand
side is exactly the sum of rN'(u,r) (see (3.§)) and R(u,r) (see (3.9)).
Suppose now that r — W (u,r) is constant. Then ¢ — W(v, 1) is constant, so by Theorem [1§]
O pv and Oy v are identically zero. Thus for some constant ¢ € R, we have

v(t,0) = v(0,80) + ct.

We denote g(f) = v(0,6), then u may be rewritten as
u(re’) = cr?log(r) 4 r%g(0).

Assume by contradiction ¢ is non-zero. Since u € C'(Dy,R) (by Lemma [12)), in particular g is
bounded, so there is some sufficiently small radius 7 such that u # 0 in D7 \ {0}. Let h be the
biharmonic extension of v in Dz Since u has full support in D we have by minimality of u

/|Au— —/ (1au] — |ARE) <0
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so u is biharmonic in D7. This is in contradiction with the fact that ¢ # 0.
As a consequence, u is of the form

u(re?) = r’g(8),
meaning it is 2-homogeneous. Reciprocally if u is of this form, then we see that
W(u,r) =W(v, —log(r)) = W(v,0) = W(u,1)
for every r < 1, so W(u,-) is constant. O

Although the boundary term in the definition of W (3.10)) is not continuous with respect to
H?, due to its structure the energy W still verifies a type of Cacciopoli inequality:

Lemma 20. Let u € # (D) such that u(0) = |Vu(0)| = 0, then

1
'W (% 2)’ < Nl

Proof. If Spt(u) N D 1= () there is nothing to prove: without loss of generality we assume this is
not the case. By the non-degeneracy Lemma (14] this implies ||ul|z1(n,) 2 1.

Let ¢ € C° (H,%{,RJF) be such that fol o(s)ds = 1 and |¢'| < 1, then by the monotonicity
of r — Wiu,r):

w (u, ;) < /1;/4 o(r)W (u,r)dr

— /1;/4@(7*) (;E(U;Dr) +rN'(u,r) + R(u, r)) dr

_ /1 o (SO(S)E(U;]D)T) — (ro(r)) N (u, ) + o(r)R(u, n) dr

;2\ T

S 1+ |ulliem,)

S 1+ [lullfnp, by lemma

S Nl o,y since [Jull o,y 2 1.

Y

Similarly, choosing ¢ € C2° G : %{,RJr) such that fol o(s)ds = 1 and |¢'| S 1 we get the opposite

estimate. n

The monotonicity formula extends to minimizers of Ey(u,D) := [, |Aul? i.e. biharmonic
functions. We denote

Wo(u,r) == :2E0(u; D,) +rN'(u,r) + R(u,r). (3.12)

Let uw € H*(D;) be a biharmonic function: by using its Goursat decomposition (h; + (22 4 y*)hy
for hq, hy harmonic in D), u can be decomposed as

u (reia) => (anr|”|+2 - bnrlnl) et (3.13)

ne”L

for some complex coefficients (ay)nez, (bn)nez, such that the sum converges absolutely in Dj.
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Lemma 21. Let u € H*(D,) be a biharmonic function, and let (a,)nez, (bn)nez be the coefficients
defined in the decomposition (3.13)), then for any r € (0,1) we have

Wola 1) = 87 3 {05 an P+ 20n (|22 R by + (|~ 2) (] ~2ln|+ 21, .
nez
Proof. For this computation, we will directly use definition (1.11]).
Let us first notice that for any r < 1, Wy(u,r) = Wy(u,, 1), and the coefficients associated to the
Goursat decomposition of u, are (7"”'(1m T'”‘_an)nezz we lose no generality in proving the result
at r = 1 only, for a function u that is biharmonic in a neighbourhood of D;.
For a function f : D; — C we define

1 ) ,
alfl =5 [ (e

the Fourier coefficients of f. Then we compute

cnlu] = ap + by,
cnlOru] = (In| + 2)a, + [n|by,
cnlOpu) = —|n|*(an + by),
| =

cnlAu) = 4(In| + 1ay,

We deduce Ey(u;D1) = [ ‘ZnEZ 4(|n| + 1)anr|nlez’n9’2 81 e0(2In] + 2)[an]?, and
N'(u,1) + R(u, 1) = / {QGTuAu —10(0,u)? — 4ulu + 24ud,u + 40pud, gu — 16u> — 6(89u)2}
oDy

oy {2((|n| +2)a, + Inlb)4(In] + 1)am — 10|(1n] + 2)a, + [nlba|” — 16(In] + 1a, (@ + bn)}

nez

+21 )] {(24 +4In*)((In] + 2)an + [n]bn) (@ + bn) — (16 + 6[n|*)|an + bn|2}

nez

=87 3 { (1nf* = 2In| = 2) laul? + 2An[* (|| = 2)R(@b,) + Il (1n] = 2)(|nf* = 2] +Dlbu*}.

neL

Then Wy(u,1) = Eo(u; D) + N'(u, 1) + R(u, 1) simplifies to the expression of the lemma with
r=1. [

Remark 22. Let u € H*(D;) be a biharmonic function, and we write (a,,by)nez the coefficient
in the Goursat decomposition (3.13)) of uw. Then for any r € (0,1) we have

167 n =20 (—
Wolu,r) === n|'r®"an| + 2nf*(In] = 1)(In| = 2)r*"=*R(@.b,)
nez
16
JZ (In| = 2)2(|n|? = 2|n| + 2)r2"=4|b, 2.
nez

The discriminant of the n-th term (seen as a Hermitian form of r™la,,, r™ =10, ) is —4|n|*(|n|—2)2:
forn & {—2,0,2}, the n-th term is positive definite, and for n € {—2,0,2}, it is positive semi-
definite. We find again the monotonicity of Wy in this special case. Another observation is that

1
o Wolu.r) = —4r7Hbo[* — 77 (b + [b-1]%) + Orso(1).

In particular, Wy(u, 0) is finite if and only if u(0) = |Vu(0)| = 0. This implies that if v € .4 (D)
and 0 € Spt(v), then necessarily W (v,r) — —oo as r — 0.
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3.2 Classification of 2-homogeneous minimizers

From the monotonicity formula of Theorem , we expect that limits of r — u, := r—2u(r-) as
r — 0, when they exist with a strong enough notion of convergence, should be 2-homogeneous.
For this reason we classify every 2-homogeneous minimizers; we will see there are only four types.
We start with a lemma on biharmonic functions in angular sectors. For any w € (0, 27| we denote
by

Soi={re?:0<r<1, 0<0<w}

the angular sector. As mentioned previously, we will denote by t; the unique fixed point of
t € (m,27m) — tan(t).

Lemma 23. Let w € (0,27], and u € H*(S,) \ {0} such that u = dpu = 0 on 8S, \ ID; and
A?u =0 on S,. Suppose u is of the form u(re®®) = r2b(0) (for some b € HZ([0,w])). Then either

(i) w=m andb is a multiple of

b(0) = ;sin(ﬁ)i. (3.14)

(i) w =ty and b is a multiple of

Py = 1 <1 ~ cos(20) — 2 (0 - Sm(%))) Xo<o<t, (3.15)
4 tl 2 -
(iii) w = 2w and b is a multiple of
pI() — ;sin(9)2. (3.16)

Proof. The equation verified by u rewrites as

O +403b =0 in (0,w),
b(0) =V'(0) = b(w) =b'(w) =0,
so b must be a linear combination of the solutions of the homogeneous differential equation, that

is of cos(20), sin(20), 1, 6. Denote x(0) = 6 — Singe), the conditions b(0) = ¢'(0) = 0 implies that
b must be a linear combination of x(#) and x/() = 1 — cos(26), so for some (a, 3) € R?\ {(0,0)}:

ax(w) +Bx'(w) =0
ay'(w) + Ax"(w) =0.

There is a nonzero solution if and only if x”(w)x(w) = ¥'(w)?

, meaning
sin(w) (w cos(w) — sin(w)) = 0.

The only solutions in (0, 27| are w = 7, t1, 27, and in each case the space of solutions has dimension
1 and is generated by the function

0 = x(W)x'(0) = X' (w)x(0),
which gives b', o', b™' (up to some multiplicative constant). O]
Lemma 24. Let u € .4 (D) such that OSpt(u) = {(z,y) € Dy : y = 0}.
e If Spt(u) is a half-disk, then the trace of Aulspyw) on OSpt(u) is +1 or —1.

e If Spt(u) is two half-disks, then u is biharmonic in Dy and |Au| > 1 on OSpt(u).
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Proof. If u € 4 (D), then for any ¢ = (¢*, ¢¥) € C°(Dy, R?) we have

d

o E(uo(ld—i—tqb)_l;Dl) > 0,

t=0*1

which is equivalent to the following inner variation relation (see [I1, Lem. 4.4.] for a detailed
computation):

V6 € C(Dy, R2), /

D,

(180 + Xuzo) V - ¢ > 2/ Au (2V2u: Vé + Vu- Ag) (3.17)

Dy

and when we replace ¢ with —¢, we have an equality above. Suppose that Spt(u) = {(z,y) €
D; : y > 0}, then u is smooth up to the boundary (since it is biharmonic with Dirichlet condition
for u and Vu along a smooth boundary), so

ATu(0
2( )?ﬁ

u
" r—0

in every C¥(D; N {y > 0}) space (here A" designate the trace of Au|,~0; on {y = 0}). Replacing
u with u, in the inner variation relation (3.17)) gives, as r — 0, and for any ¢ € C>°(Dy, R?),

/D o) (IA*u(0)? +1) V-6 =2 / A*u(0) (28T u(0)e, ® e, : Vo + ATu(0)(ye,) - Ag)

]D)lﬂ{y>0}

which after integration by parts gives

((A*u(0))? - 1) / o — 0.
Dy N{y=0}
And so (ATu)? =1 on {(x,y) € D; : y = 0}
Suppose now that Spt(u) = {(x,y) € D; : y # 0}. Let ¢ = (6%, ¢) € C°(Dy, R?) such that
¢Y(x,0) > 0 for any z, and let

wo (Id+t¢) " in (Id +to) ({y > 0})
U =<u in {y < 0}
0 elsewhere.

Then u' is a valid competitor for u (note that this would not be true when replacing ¢ with
—¢ due to overlapping of (Id + t¢) ({y > 0}) and {y < 0}): by the inner variation (3.17), this
gives |A*u(0)| > 1. Finally, let v be the biharmonic extension of u in Dy: then by minimality
we have E(u; D) < E(v;D;) and since u has full support in D, then fDl |Aul? < fIDh |Av|?, s0 u
must be equal to its own biharmonic extension. O

Proposition 25. Let u € .#(Dy) \ {0}, suppose that u is 2-homogeneous. Then u belongs to one

of the four types of functions described in (1.7)) (1.8), (1.9), (1.10).

Proof. Since u € .4 (D1), by Lemma([l2] Vu is continuous. Therefore, Spt(u)(= {u # 0} U{Vu #
0}) is an open cone, and on each connected component, u must be a biharmonic function with
Dirichlet boundary conditions. By Lemma , each angular sector (that is not the full disk Dy)
must have an opening 7, t; or 2m. This reduces to five different cases, up to rotation:

e u = cu! for some ¢ € R, and Lemma gives ¢ = %1.

o u = cu'! for some ¢ € R, and Lemma [24] gives ¢ = +1.
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o u = cu for some ¢ € R, and Lemma [24| gives |c| > 1.

o u(z,y) = cul(z,y)xy=0 + ¢ ul(z,—y)xy<o for some ¢ ¢~ € R, and Lemma [24] gives
¢t =c7, 50 u=ctu", and this is already covered in the previous case.

o OSpt(u) is reduced to a point. In this case, u is a general 2-homogeneous biharmonic
function: using it Goursat decomposition, we may write u = (2 + y?)v + w where v, w
are harmonic and respectively 0-homogeneous (meaning it is constant) and 2-homogeneous
(meaning it is a linear combination of zy and z* — y?), so it is written as in (1.10). Note
that when a? = b? + ¢2, the solution is in fact of type III.

]

Definition 26. We let .#},,,, be the set of non-zero 2-homogeneous functions u in .# (D). We
have a splitting
Mnom = ATV ME L MET

hom hom>

such that u € .42 if and only if u € Mom and © = 2|Spt(u) N Dy|. Similarly, we write Brom
the set of non-zero minimizers of G(-,0) that are invariant with respect to the ¢ variable, and we
have a splitting

Brom = BT, LB BT

hom hom

such that u € .2 if and only if u(re®’) = r2b(0) where b (seen as a function of t,6 that is
constant with respect to t) belongs to %2

hom*

Lemma 27. There exists d > 0 such that for any u,v € Mnom with |Spt(u) D] # |Spt(v) NDy|,
we have ||u — v|| g,y > d.

Proof. Suppose |Spt(u) ND;| < |Spt(v) NDy|. Since the supports of v and v have an opening , t;
(for w), t1,2m (for v), there exists a sector S C Dy of opening at least %= such that v =0 on S
and S C Spt(v). In particular there exists p € (9]1)% such that Dp% C S: by the nondegeneracy
Lemma [I4] applied to v on this disk we get

[ = vlla@y) = vllaw, ) 21

g

]

Remark 28. We will show below that functions of type I described in (1.7)) are in fact minimizers,
see remark . We conjecture (but do not prove) that every functions of type II and Il described

in (L.§), also belong to A (D).

On the contrary, by the non-degeneracy Lemma we know that the function w,p . described
in (1.10)) cannot be a minimizer when the parameters a,b, c are too small. In fact, in the work in
preparation [1)], H.-C. Grunau and M. Miller prove that for any (a,b,c) € R, the function .
belong to . (D1) when |a| > %, which includes the case of type IIT minimizers. The situation for
u and ug . with |a| < § and (b, c) # (0,0) remains open.

3.3 Existence of blow-ups

The first use of the monotonicity formula of Theorem [19]is to show that any blow-up is necessarily
2-homogeneous.

Lemma 29. Let u € .#(Dy), assume 0 € OSpt(u), and let 11 > ry > 13 > ... — 0 such that

sup ||y, || g1, < oo.
neN*
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Then there exists some extraction (n;);>1, and some 2-homogeneous minimizer v as characterized
in Lemma [23 such that

Tn; . v Zn 1200( 1)’
t i——+00
and W (U,?") =W (u, O) fOT any T € (0, 1)

Proof. Since wu,,, is bounded in H'(DD;), in particular u(0) = |[Vu(0)] = 0. The sequence (u,,),
satisfies the hypothesis of Lemmal[L5] so after extraction we may suppose u,, converges in HZ_(IDy)
to some limit v. Let ¢ € C°(]1/2, 1[ R, ) be such that fo s)ds = 1, and

/¢ W (0, 5p)ds

Wo(v, ) :/0 ¢(p) (E(&;H))”S) psN'(v, ps) + R(v, p8)> dp

= /01 {¢(p) (W — N(v, ps) + R(v, p8)> — pd'(p)N (v, 05)} dp.

Then Wy (v, s) may be rewritten as

Since u,, converges to v in HE (ID1) and xu,, xo converges in L'(D;) to xuzo (by Lemma, then
for fixed s:
Wy(v,s) = lim Wy(u,,,s) = lUm Wy(u,sr,),

n—-+o0o n—-+00
and we see the expression on the right-hand side is independent of s (by the monotonicity of W),
so Wy(v,-) is constant. Since W(v,s/2) < Wy(v,s) < W(v,s) for any s € (0,1), this implies
W (v, ) is constant.
By Theorem [19] v is therefore 2-homogeneous. Moreover, v cannot be zero, since otherwise
uy, would be zero in Dy s, for some large enough n by the nondegeneracy Lemma @ which would
contradict the fact that 0 € dSpt(u). As a consequence, by Lemma ﬂ v is equal to one of the

four types of solutions described in - - . - O]

Our goal in the rest of the section is to prove the two following results, on the existence of
blow-ups under some a priori information on the solution.

Proposition 30. Let u € .# (D) such that

) {u=0}ND,|
lim su
r—0 p |Dr|

Then there exists a blow-up of type I or II at the origin.

> 0.

When there is no such density estimate of {u = 0}, we do not know yet whether a blow-up
exists. However, we can prove that there is a nonzero “renormalized” blow-up in the following
sense.

Proposition 31. Let u € .# (D) such that u(0) = |Vu(0)| = 0 and (1,)nen+ a sequence converg-
ing to O such that
lim [[ur, || o,y = +o0.

Then there exists some subsequence ry,, and some nonzero 2-homogeneous biharmonic function
v, such that

urnk 2
—Fr — — VN HIOC(R )
s, N1y Frtoo
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Remark 32. We may now prove that the function defined in (1.7) belongs to .4 (D1) by a blow-up
argument. Indeed, for every small € > 0 consider u¢ € .#(Dy) verifying (u¢,0,u) = (¢,0) on
ODy. Such minimizer exists by standard arguments. Let n € C°(R,R) with n = 1 near 0, then

1—1-
So by the nondegeneracy Lemma u® =0 1in ]D)% for a sufficiently small € > 0 that we fix. Let

r > 0 be the largest radius such that u¢ = 0 in D,, and p € D, N OSpt(uc). Since Spt(u®) has
density at most % at p, then by Proposition u(p+-) admits a blow-up of type I, which must
then be a minimizer.

The proofs of Proposition rely on the structure of W (u,r). We remind that by Theorem
[19] W (u,r) is decomposed as

1
W(u,r) = T—2E(u, D,) +rN'(u,r) + R(u,r),

where N, R are defined in (3.7), (3.9). Since N(u,7) 2 llurll72op,) + I Vurlliz@n,) 2 R(u,7), there
exists some universal constant £ > 0 (which could be made explicit, although we will not need
it) such that for any function u € H*(Dy), r € (0,1):

|R(u,r)| < kN (u,r). (3.18)

The next lemma uses this decomposition of W (u,r) to ensure that for any u € .# (D), u,
cannot be too small compared to u for r close to 1, in a uniform way.

Lemma 33. Let u € 4 (D) such that u(0) = |[Vu(0)| =0, r € (0,1), k the constant from (3.18)).

Then
1—r"

K

N(u,r) > 1r"N(u,1) — W(u,1).

A scale-invariant statement of this lemma is that for any s < r, v € #(D,) such that
u(0) = |Vu(0)| = 0:

5\ - (3)

N(u,s) > () N(u,r) — ——=W(u,r).
r K

This is obtained by applying Lemma [33] to u, with a radius ;.

Proof of Lemma[33. We start from W (u,r) < W(u, 1), (given by the monotonicity from Theorem
[19), and we decompose W (u,r) as:

1

T—QE(u; D,) +rN'(u,r) + R(u,r) < W(u,1).

Using the estimate |R| < kN (see (3.18])), and the fact that the energy F is nonnegative, we get
rN'(u,r) — kN(u,r) < W(u,1)

which may be rewritten as

dr r& T prtl

d N(u,r) < W(u,l)'

We integrate this from r(< 1) to 1:

N, 1) — Y1) (1_1) W(u, 1)

/r-li

which is the result. O
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Lemma 34. There exists o > 0 such that the following holds: let (u™),, be a sequence in .4 (D)
such that

u(”)(o) = !Vu(”)(0)| =0, N(u("), 1) — 400, W(u("), 1) < aN(u(”), 1).

n——+o00 -
Then there exists a subsequence (ng)x>1 and a nonzero biharmonic function v : Dy — R such that

_ — m H2 (D).
||u(nk)||H1(D1) k—)-i—oov m 10C< 1)

Proof. Let (u™) be such a sequence, for a value o > 0 that will be fixed sufficiently small. By
Lemma, |33| we have, for all r € [%, 1},

1—-27"
K

N@™,r) > 27N (u™ 1) W(u™, 1) > 27" N (u™, 1) for a small enough o.
Let M, =2 fll N(u™,r)dr. Then M, > 27""'N(u™, 1) — 400 and by the Cacciopoli inequality

of Lemma m2we have
”u(n)Hill(Dl) S M, < Hu(n)H%{l(Dl)'

It is enough to prove that M 1/24(") converges to some non-zero biharmonic function. Since
this sequence is bounded in H*(IDy), and M, *?u(™ € .#),-1(D1), by Lemma (L5 it admits (after
extraction of a subsequence ny) some limit v in the H2 (D) sense such that v € .#,(ID;) (meaning
v is biharmonic).

We now prove that v is not identically zero. There exists some r, € [%, 1} such that M, =

N(u'™, r,), and by application of Lemma |33 we have, for all 7 € [l 1} (C {%, rn]),

47 2

1—-4"
K

N(u™,r) > 477M, — W(u™, 1) > 47" *M, for a small enough o.

1/2

In particular, ||M;Y2u™|2, (D1 2) is bounded from below by a positive constant. Since the con-

vergence of M;kl/Zu(”k) to v is strong in Hl(Dl/g), necessarily v is non-zero. O

The next lemma is central for the existence of blow-ups: it states that at points where Spt(u)®
has a positive density, W (u,r) controls N(u,r) from above. Since r — W (u, ) is nondecreasing,
this will imply a uniform bound of N (u,r) as r — 0.

Lemma 35. Let 0 € (0,1), there exists Cs > 0 such that for any u € (D) with u(0) =
|Vu(0)| =0 and
[{u# 0} NDy| < (1—0)[D],

we have
N(u,1) < Cs(1 + W(u,1)).

Note that this lemma fails without the hypothesis on the support: we expect u : (z,y) — \y?
to be a solution in . (D;) for any A > 1, but W(u, 1) = 7, whereas N(u, 1) = c¢\? for some ¢ > 0,
so the estimate cannot hold for large enough .

Proof. Suppose that for some sequence of minimizers u(™ verifying this density estimate we have
N(u™, 1) > n(1 +W(u™,1),). In particular Lemma [34] applies for large enough n: up to the
extraction of a subsequence, W converges in HZ (D) to a non-zero biharmonic function
HE(Dyp)
v.
By Fatou’s lemma we have [{v = 0}| > limsup,,_, o, [{u™ = 0}| > 4, which is a contradiction

since, for instance, any biharmonic function is analytic, so its support must have full measure. [J
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We now deduce the proofs of Proposition |30] and
Proof of Proposition[30. Let r, — 0 be a sequence such that for some 6 € (0, %), we have

H{u=0}ND,,|
|ID)7'n|

> 20.

Let 7 = /1 — ¢, such that for any r € (7r,,r,), we have

[{u=0}ND,|

> 0.
D |

Then for every such n, r € (1r,,r,), we have by Lemma
N(u,r) < Cs(1+W(u,r)1) < Cs(1+ W(u, 1)),

where Cjs is the constant from Lemma . We integrate this in 7 € (77, r,):

1
e By ooy S | N sr)ds  5C5(1+ W(w 1)),

and by the Cacciopoli inequality of Lemma , \|tr, || #1(D,) is also bounded independently of n.
So we can apply Lemma to the sequence w,,, and there exists some subsequence u,,, —that
converges in HZ (D) to some v € Myom- Since the density estimate is still verified at the limit,
necessarily v € A U AL O

hom*

Proof of Proposition[3]. By the Cacciopoli inequality of Lemma [I0]

m ds
ooy S | N9 S g
Tn

so there exists some s,, € {%”, rn} such that

||urn||%{l(D1) 5 N<u7 Sn) ri ||u7ﬂnH§'Il(D1) njoo +OO
Since W(us,,1) = W(u,s,) < W(u,1), Lemma |34 applies to u,, for large enough n: up to
extracting a subsequence, we may suppose that wu,, /||us, ||g1(,) converges in HZ (D) to some
nonzero biharmonic function v.

Let R > 2: uy, is well-defined in Dy for large enough n, and we now prove that up to extracting
another subsequence, us, converges to v in HZ (Dg). By Lemma [33| applied to u with the radii
Sn, spr for r € [R/2, R], we have

1-R™"

N(u,s,) > RN (u, spr) — TW(U, SpT) 4

By integrating this estimate in r € [%, R} we get
HuSnH%Il(DR\Dg) S R (N (u, 80) + W(u, 1))

Thus u,, is locally bounded in H'(Dg) for any R > 0: up to extracting a subsequence, we obtain
that u,, /||us, || g1,y converges in H{ (R?) to v.

Next we prove that v is a sum of k-homogeneous biharmonic functions for & € {0,1,2}. Since
v is biharmonic, it admits a decomposition (as in (3.13)):

o (10%) = 5 (a7 4 )

nez
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for some complex coefficients (a,)nez, (bn)nez. Proving v is a sum of k-homogeneous function for
k < 2 is thus equivalent to proving that every coefficient other than ag, by, b+1, bys vanishes.
For any r > 0, we have

Wolo.r) = lim W () _ iy Wol.r)
)

norteo ([t [ 2 (0 noteo ||u5n||H1(]D)1)
w Wiu, 1
< lim sup (1, 57) < lim sup L
n—+00 ||Usn ||H1 (Dy) n—+00 ||usn ||H1 (D1)

= 0 since ||us, || 1 m,) — +00.
By Lemma [21] we have the explicit expression

Wo(v,r) =8r Y H, (rl’""an,r'""an) ,

neL

where H,, is the Hermitian form
Hy(z,w) = |nf’|z]* + 2[n[*(In] = 2)R(Zw) + (In| = 2)(|n|* = 2/n| + 2)lw]*.

Note that H, is positive definite for |n| > 3; using this, we get

Vr >0, 0 >W0 ur) Sy g, (e, w1~ )
In|<2

— 4r-4|b0\2 +2r% (|ar|* + a1 |?) — 2 (R(@ihy) + R(@7b-1))
=72 ([buf* + [b-a]?) + 87" (Jaaf* + [a2l?),
SO a49 = a4+ = 0, and

> H, ( an, T30 ) —4r by |* —r 2 (!b1|2+ |b_1|2).

[n|<2
Now, for any N € Z such that |[N| > 3 we have

0 > WO(va T)
- &

If ay # 0, the highest degree term of the right-hand side is | N|3|ay|?r?Vl, which is a contradiction
as r — +00. So necessarily ay = 0, and the previous inequality becomes

> Hy (r™ay, V720 ) — 4= = =2 ([ba* + b1 ?)

0> (IN| = 2)(IN|* = 2|N| + 2)|by |22 IN=2 — 49=4 by |2 — 172 (|b1|2 + |b_1|2) :
Since | N| > 3, then necessarily by = 0 (otherwise the inequality above does not hold as r — 400).
This ends the proof that v is a sum of k-homogeneous biharmonic polynomials for £ < 2.

Finally, we prove that v is 2-homogeneous. Indeed, for any n € N*, for any p € D 1 by Lemma
applied to u, we have

\WA)|<Cmeg<H>HwJme,

for some universal constant C' > 0. As a consequence, we have for any p € Du:
2

|<>|<0@ngQ|>

Since v is already known to be a polynomial of degree 2, this implies that v is 2-homogeneous. [
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4 Epiperimetric inequality

Our goal is now to prove a quantitative version of the monotonicity formula of Theorems [1§] and
19 In the classical Alt-Caffarelli problem (see for instance [32], or [36, Lem. 12.14.]), this is
based mainly on two observations: first, the derivative of the normalized energy

1 1
W) = 5 [ (V0P +vn) = [

r

with respect to r is bounded from below by WAC(“T’T)T_WAC(”’T), where u" is the 1-homogeneous

extension of u in D,.. The second observation is that for some universal constant n > 0, we have

™

WAC(u, r) < (1-— n)WAC(uT,T) + (b

Here 7 is the energy of homogeneous minimizers. This leads to a differential inequality of the

form

;i (WAC(“’ )= g) = = mr (WAC(“’T) - g) '

When W4C(u,0) > Z, this integrates to an explicit rate of convergence
vr e (0,1), WA%(u,r) — g <5 (WAC(U’ - ;r) .

See [36, Lem. 12.14] for a more extensive discussion on the epiperimetric inequality and on how
to deduce geometric information from this decay.

Neither of these observations is known in our setting: the (2-)homogeneous extension of u in
D, is generally not a valid competitor for u (since the radial derivatives may not match on each
side of dD,, so the 2-homogeneous extension does not belong to H?), and it is unclear whether
the derivative of W (u,r) is bounded from below by w, where u” would be some other
“natural” competitor for u in D,.

Instead of proving a differential inequality on W (u,r), we prove directly the growth rate
estimate

W) = § < =) (W - 5,

for some universal constant n € (0,1), when wu is sufficiently close to some homogeneous solution
of opening © € {m, t;,27}. Here ¢! does not play any particular role and could be replaced by
any constant strictly lower than 1.

We also obtain a control of the variation ||u, — u,||g1(p,) at different scales 0 < s <7 < 1 by

W(u,1) — % This will be enough to obtain the uniqueness and rate of convergence of blow-ups.

Theorem 36. Let © € {r, t1,2n}. There exist constants c; > 0, n € (0,1) such that the following
holds: let u € A (Dy), u € A2, if © € {m,t1} (resp. U € Span(z? + y?, 22 — ¢y, zy) if © = 27)
such that

| @

lu =Tl o) < alllmp), and  W(u,0) >

Then

W(u,e™t) — (;)

<=0 (Wi -3).

and

S
||u — ue*1||H1(]D)1\]D>671) S Cl W(u, 1) — 5
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Similarly to Section [3| it is more convenient to first prove the epiperimetric inequality in
exponential coordinates. In all that follows, a function of 6 will also be seen, by an abuse of
notation, as a function of (¢,6) that is constant with respect to t.

Theorem 37. Let © € {m,t;,2n}. There exist constants ¢¢ > 0, n € (0,1), such that the
following holds: let u € HZ (Co) be a minimizer of G(-,0), assume that there exists b € B if
© € {m,t1} (resp. b € Span(1,cos(20),sin(20)) if © = 27) such that

(4.1)

ol @

[u = bl ey < collbllmey  and  W(u,1) >

Then o
Wi 1) < W) = (W) = § ) + ol e )

Theorem [36] will be obtained as a direct consequence of Theorem [37] A central point in the
statement of Theorem [37]is that the monotonicity formula of Theorem [18§| only gives a control

100wl 72 corer) + 100l 22eoer) < 1 ;

and it is unclear whether ||at“”%2(co\c1) is also controlled by the right-hand side, which explains
the presence of the term ||0;ul|%: c,\c,) in the conclusion of Theorem [37). When u vanishes on a
sufficiently large subset of Cy \ C; we may apply a Poincaré inequality to d;u, whereas the case
where the support of u is close to Cp \ C; will be handled separately.

The proof of Theorem [37] relies on a comparison of the solution u with an appropriate com-
petitor. The construction of the competitor is summarized in the two lemmas below, and their
proof will occupy subsections [.2] to

We recall that Spt(u) designates every point where either u or Vu does not vanish, and we
restrict it to S! for functions only depending on 6.

Lemma 38. Let © € {m,t1,2r}. There exist c,e,C > 0 such that for any v € H*(S'), v €
HY(SY), with {v # 0} C Spt(u) and

(¢,© —¢) C Spt(u) C (—¢,0 +¢) when © € {m,t}, (4.2)
(c,m—c)U(m+¢2m—c) C Spt(u) C (0,2m)  when © = 27, '
there exists U € HE (Co) such that U(0,0) = u(6), 0,U(0,0) = v() and
© 2
G(U,0) < G(u,0) —e | G(u,0) — 3 +C | (Ogv)°. (4.3)
+ st
Here G(u,0) = % [o, ( (Opgu)? — 4(0pu)* + X{u;éO}), since (t,0) — u(0) is constant with respect

to t ; in a way we are comparing the energy of U(t,6) with the energy of the homogeneous
extension (¢,0) — u(0), and the last term takes into account the effect of the boundary condition
0:U(0,0) = v(#) on the estimate.

The support condition (4.2)), and more particularly the case disjunction on the value of ©,
is based on the following observation (see the proof of Theorem |3 . assume u € HE (Cp) is a

b
minimizer of G(-,0), such that Ww is small for some b € B2 with © € {x,t;,27}:
Hl(s!)

o if © € {m, 11}, then up to a translation the support of b is (0,0), and we may prove that

the support of u(t,-) for t € (i, %) verifies the support assumption (4.2)).
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o if © = 27, then up to a translation the support of b is either S or (0,7) U (7, 27); when u
is sufficiently close to b, the support of u(t, -) contains (¢, 7 — ¢) U (7w + ¢, 2m — ¢). Lemma
treats this case under the additional assumption that Spt(u(t,-)) is not S'. The case where
Spt(u) = St is purposefully set aside, and is treated separately by the following lemma.

Lemma 39. Let v € H: (Co) be a nonzero minimizer of G(-,0) such that [Spt(v(0,-))| = 2, then

1

G(v,0) < G(v(0,),0) — 15

(g<v(0> ')’ O) - ﬂ-)—i— + 6”875792)(0’ )“2 - 2”8,51)(0, )”2

The proof of Lemma [38]is broken down into several steps, where we construct competitors for
increasingly complex boundary conditions (u,v):

 In subsection we treat the case where v = 0, and u is a single one-dimensional buckling
mode (see subsection for an introduction of this basis).

e In subsection 4.3 we suppose v = 0, for a general u.
o In subsection we remove the v = 0 hypothesis and prove the full estimate of (4.3)).

Lemma[39]is obtained by a direct comparison with the biharmonic extension in the disk model,
in subsection 4.5
Finally, in subsection [£.6) we deduce the epiperimetric inequality from Lemmas [38 and [39

4.1 Buckling eigenbasis

We will denote by || - || (resp. (-,-)) the L*(S') norm (resp. scalar product). Let (b,),>1 be
an eigenbasis associated to the buckling operator in the segment [0, 7]: in other words it is an
orthonormal basis of H ([0, 7]) for the scalar product (9pb,,, Dgby) = 0pm, such that b, € HZ([0, 7])
and 8§bn = —,uné?gbn where i, is the n-th buckling eigenvalue. The eigenvalues (p,),>1 can be
defined as the n-th positive root of the function

i (1) (s (74) -2 (145)). »

In particular p, = (n+1)? for odd n, and n? < u, < (n+2)? for even n. The first few values are

2t1\ 2
=4, po = <1> ~ 8.183, u3 = 16, uy ~ 24.187, ...
s

and by (0) = \/gsin(ﬁ)i. For any w > 0, we denote

2
w T n
bn,w(8> - \/;bn (we) y Mnw = Elﬁn (45)

Such that b, is a (9, Jp-)-orthonormal basis of HJ([0,w]), such that b,, € HZ([0,w]) and
Ogbn = —pinwOibne. A central point is that (b,,) is not orthogonal for the L?([0,w]) scalar
product ({by,b3) # 0 for instance, since both do not change sign). We will use the following
estimate.

Lemma 40. For any w € (0,27x], for any n > 1, we have

1
1bnwll® S —-
Mo
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Proof. 1t is enough to prove this for w = 7, by change of variable.
When n is odd, we have u,, = (n + 1)? and

ba(6) = \/zl —cos((n+1)0)

n+1
2 _ 1
And so ||b,]]* < n+1) = -
When n is even, the computation is simpler on the interval [—’2’, g} We know that pu, €

(n% (n+2)?) and 0 — b, («9 + g) is a scalar multiple of the function

£u(6) = sin (y/7in0) —

where (3, € R is chosen such that f, (ig) = f! (j:g) = 0, meaning

sin <7T2 ) 5n i COS (W*/_> B, (4.6)

The first condition gives |5,| < 1, so |fu| < 1. Then, using these two estimates,

Iball? = [R5 < 1 i <1
00l ™ [ (msin i) — ) d0 ™ I
O
From the expression , we see that for w € (0, 27], p, = 4 is only verified in three cases:
(I) w=m, n=1. Then we have py » =4, po . ~ 8.187.
(II) w =ty, n=2. Then we have 1,4, ~ 1.955, po4, =4, ps, ~ 7.821.
(III) w = 2w, n = 3. Then we have g9, ~ 2.046, p3 2, = 4, fly2. ~ 6.047.

For © € {m, 1,27}, we will denote

1 ife=m,
3 if © =2,

and the numerical values above give us the following estimate: for any w € (0,27] such that
lw—0|<0.10, n € N*, we have

n<i(0)= ., <3, n>1i(0) = ., > 5. (4.7)

Similarly, if w < 7, then p,,, > 5 for any n € N*.

4.2 Single mode case

We start by proving Lemma [38 under the simplest boundary conditions: v = 0, and w is a single
buckling mode on a segment with eigenvalue close to 4, meaning the first buckling mode (for
angle close to ), or the second buckling mode (for angles close to ¢;), or the third buckling mode
(for angles close to 2m). The proof in each case is exactly the same, so we prove all three at the
same time.
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Lemma 41. Let © € {r,t1,2n}. There exist c,e > 0 such that for any a € R*, w € [© —¢,0 +
c| N (0,27), if one denotes

u(e) = a’bi(@)aw<9)7
then there exists U € HE (Co) such that U(0,0) = u(0), 0,U(0,0) =0 and

G(U.0) < G(u,0) — ¢ <g<u, 0) — 2) . (4.8)

Proof. We denote in this proof

gnorm(Ua O) = g(U7 0) - 2

so that our goal is to find some competitor U such that Guom (U, 0) < Gnomm (4, 0) — €Grorm (u, 0) ..
When G orm(u,0) < 0, this is obvious by taking U(t,0) = u(f) for every t > 0: we therefore
suppose in what follows that Gyorm(u,0) > 0. We let € > 0 to be fixed sufficiently small later, and

Xe(t) =1 —=9¢(1 — (1 +t)e™),

which is positive in R (for small enough ¢), decreasing, with x.(0) = 1, x.(0) = 0, x.(t) —

t——4o00
1 — 9¢ and

+00
/ e (xe(t) — (1 - €)) dt = 0. (4.9)
0
We define dy € R by
W = (1 + 50)@,
and for any § we write
0
$5(0) = bie).e <1+5>

so that u(0) = av/1 + dos,(#). We define our competitor U = U(t, 6) by

U(t, ‘9) = a\/ 1 + 60¢50X6(t)(8).

First observe that U(0,6) = u(f), 9,U(0,0) = 0 (since x.(0) = 1, x.(0) = 0) and U € HE, (Co)
(since xe = 1 —9¢, and x, x? — 0 at +00). Then

+oo
Goon(U0) = [ e {00, + 200000}
0

+o0
+/ &2 {105, U > — 105U + o} dt,
0

SO

2 + 2 H 8t70¢60>(€

+o00
gnorm(U7 O) - (1 - 6)gnorm(u; O) :a2(1 + 60) / 672t {"at,t¢5oxe 2} dt
0
+o0
+(1—a*(1 +50>)@50/ e 2 {x. — (1—e)}dt
0
+00
@14 8) [ e {hadan |~ 4w |+ O3} de
0

+o0
—a®(1+68)(1—e) / e {1195.065, 1> — 41 9pbs, ||* + O30 } dt.
0
(4.10)
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Since |x.| + |xX?| < €, the first line of (4.10)) is bounded by
Ay (1 + 6p)a*e* 53

for some universal constant A; > 0. The second line is zero by our normalization condition (4.9).
Now we estimate the sum of the third and fourth lines, which is equal to a®(1 + &y)F(dy), where

F(6): = / T e (f(0x) — (1— 9 F(8)) dt,
f(8) : = 100.005|1> — 4]|0s]|* + O6.

We first compute f(d) explicitly:

O(1+49) 1 6 2 4 9 2
J(9) =69 +/0 mae"’bi(@)’@ (1 + 6) (1+ 6)289b’ ©)© <1 + 5) d0

1 1
_@5+4Q1+®3_1+5>'

In particular f(0) =0, f”(0) = 40, and there exists C' > 0 such that for any ¢ € [-1/2,1/2], we
have

[£(0) = f'(0)8 — 208%| < C|o]*.

Then
= /0+oo 2 —(1—¢€)f(0)dt=0 since f(0) =0
+oo
= / (O (0) = (L= f(0)dt =0 by

F/(0 D2F1(0) = (1= f"(0)) di

0

— 1(0) / ((1 —9(1— (L4 e e (t) — (L — o)) dt
= 40/0 e ( 91— (1+ t)e_t)e)xe(t)) dt by

45
= —20 (1 — 166) €.
Moreover, for any § € [—1/2,1/2] we can estimate uniformly

FL(6) — F.(0) — F/(0)5 — ~F"(0)8?

€ 2 €
+oc0o
< / e 2t
—Jo

45
F, 10(1-— 2
((0) + 0( 166)65

() — F(0) — £/ (O)0xc — 5 f(0)(6x. | de

+oo
+(1-— e)/ e
0
§A2|5|37

£(6) ~ F(0) — ()5 — 5 £(0)6?] di

for some Ay > 0 that is independent of e: in particular, for e § = we obtain

F.(6) < —5ed® + Aq|oP.
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Going back to (4.10]), we may now bound

+oo
gnorm(U’ 0) - (1 - €>gnorm(u; O) :CL2(1 + 50) / 6—2t {Hat,tgzsﬁox6 2 + 2||8t,9¢60x6 2} dt
0
+ 02(1 + 5Q)F(50)
<(1+ Go)a® (A1€205 — Bedy + As|do|?) .
Thus we may fix a small enough ¢ < min (%, A%) such that for any dg verifying |0y < A the

right-hand side above is negative so
Gnorm (U, 0) < (1 = €)Gnorm (u, 0).
O
In the case © = 27, there is an additional possibility we have to consider here: the support of

u is the union of two disjoint segments of length close to 7, and w is a first buckling eigenmode
on each connected component of the support.

Lemma 42. There exist c¢,e > 0 such that for any aj,as € R*, wy,ws € [m — ¢, 7 + ¢| with
wy +wy < 27, for any B € [0,21 — wy — wel, if one denotes

u(@ _ &1[)170_,1 (6) Zf@ c [O,wl]
agbl’u&(@—wl—ﬁ) zfﬁe [W1+B,W1+5+w2] ’

then there exists U € HE (Co) such that U(0,0) = u(0), 0,U(0,0) = 0 and
G(U,0) <G(u,0) —e(G(u,0) — ), (4.11)

Proof. Again the case G(u,0) < 7 is direct by choosing U(t,0) = u(#), so we assume G(u,0) > 7.
Without loss of generality (up to switching the roles of the two sectors) we suppose that
b > 2“’“%”2 Let Uy, U, be the competitors built in Lemma for ayb;.,, asb; ., respectively.
We let € be the constant from Lemma [41] so that Spt(U;(t,-)) = [0, 7 + (w; — 7)X.(t)] where we
remind x.(t) =1 — 9¢(1 — (1 + t)e™") takes values between 1 — 9¢ and 1. We define
U(t,@) = Ul(t,H) + Uz(t,wl + wa + B - 9)

We claim the support of the two terms on the right-hand side are disjoint: indeed for any ¢ > 0,
we have

Spt(U1<t’ )) = [07 T+ (wl - W)Xe(t)]a
Spt(Un(t,wi + w2 + B — 1)) = [wi + w2 + B — 7 — (w2 — m)xe(t), w1 + w2 + f]
and the condition
T4 (w1 = T)Xe(t) Swi +wp + f =7 — (w2 — m)xe(t)

reduces to
(21 —wyp —wa)Xe(t) > 2m —wy —wy — f.

By our hypothesis on 3, the right-hand side is smaller than 2”‘“%“’2, while the left-hand side is
larger than (1 —9¢)(2m —w; —w,): since € may be chosen smaller than 15, this condition is always
verified. Thus, we have by additivity

g(U7 0) = g<U17 0) + g(UQa 0)
< G(arbrn, 0) + G(abro 0) € (Glarbi,0) = ) = € (Glasbi,0) )
+ +
< G(u,0) —€(G(u,0) — ), by the general inequality x4 +yy > (v +y)4, Yo,y € R.

This concludes the proof. O
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4.3 Removal of higher modes

We now prove Lemma |38 in the case where v = 0, and v is a general function such that Spt(u)
verifies the hypothesis of Lemma [38] We reduce the problem to the single mode case to obtain
the estimate (4.3)).

We first prove some useful computations. Let u € H3([0,w]), written in the eigenbasis (b,,)

as
= Z Unbp, ., (0)
n>1
where (u,),>1 is uniquely defined, and 2,51 pinw|un|* = ||8979u\|%2([0’w]) < oo. For any uniformly

bounded sequence of functions f,, € C*(Ry,R) with f,(0) =1, f/(0) = 0, we let
ufrIn>1 t@ Zunfn - )

n>1
In particular, ut/») € HZ (Cp) verifies u(f")»>1(0,0) = u(f), 04|—ou’N(t,0) = 0.

Lemma 43. There exists some universal constant Cy > 0 such that the following holds: for any
€ (0,27], u € HE([0,w]), (fu)n>1 a sequence of uniformly bounded functions in C*(Ry,R) such
that f,(0) =1, f'(0) = 0, and ul/")»>1 defined as above, we have

+oo
G(ulmn=1 0) < w/ e Xanfayzodt + O Qu —a(fa)us, (4.12)
0 n>1
where
+oo
Or(f) = /0 e {Cof" (1) + 2/(1) + M ()} dt. (4.13)

Moreover, when f, = 1 for every n and [{u # 0} = w, then (4.12) is an equality, and in this

case we have

g(u(l)nZI’O) :g 7+Z/’an_ i

n>1

Proof. We compute directly

+o0 e
g(u(fn)nzl’ 0) :/ 6_2t (/ Xu(fn)n217§0> dt +/
0 st °
o0 i
n / o2t
0

+00 +oo
<w / 672tX3n:fn(t)7é0dt + Z 672tf7/1, (t)f/?/w (t)dt<bn,wa bm,w>unum
0

n,m>1+70

2
Z.f” U’n n,w

n>1

+2

n>1
2

Z fn(t)unaeﬁbn,w dt

n>1

4 Z fn (t)unaﬁbn,w

n>1

“+o00
+2 Z e*” FL@)%dt ul + > (pnw — 4) / e 2 f, () dt u?
0

n>1 n>1

Here we recall the orthogonality properties (Opbn w, Ogbm.o) = dnms (09.00nw, 00.0bm.0) = HnwOn.m,
but (b, ., bmw) is generally not zero; by Cauchy-Schwarz inequality, we have

400 +00 % 2
S ([ 00 Gt < (Z ([ ennra) an,wmun\)
n,m>1 0 n>1 0

< (Z IIbn,wHQ) (Z e prar ui) :
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Denote Cy = Sup,e(9.2x (2@1 ||bn,w||2), C) is finite since by Lemma , 1onwll? S tney = :—z,u;l
which is summable (we recall that p,' = O (#)) Then we identify

—+00
g(u(fn)n21 ) O) S (U/ e_ZtXHn:fn(t)yéOdt + Z Q,un,w—4(fn)u72—b
0

n>1

with an equality in the chain of inequality above when every f, is constant and the measure of
the support of u is w. In this case Qx(1) = %, which concludes the proof. n

The constant function f =1 is clearly not a minimizer of the integral @,(f) for A > 0, since
it does not verify the associated Euler-Lagrange equation. It is however non-trivial whether there
is a function with compact support and quantifiably lower energy ), for every A\ > 1: this is
shown in the following Lemma.

Lemma 44. There exist n > 0, f € C([0,+oc[,[0,1]) verifying f(0) =1, f'(0) = 0, such that
for any A > 1 we have

A(f) < (1 =n)Qx(1),
where Qy is defined in .

Note that the condition A > 1 could be replaced by any condition A > Xy for some Ay > 0.

Proof. 1t is sufficient to prove the result for A = 1, and it implies the result for any A > 1. Indeed,
suppose f verifies the inequality for the value A = 1, since f < 1 and f is not identically 1, then
for some constant 7’ € (0,1) we have

+o0 1—
0 2

/

so for any A > 1,

=@ +0-1 [ etk
<U-ng+0-1>5

A

g

<(I—=nAn)

Now we prove the result for A = 1. Let € € (0,1), T' > 1 to be fixed later, y € C*(R, [0, 1]) equal
to 1 on | — 0o, —1[, 0 on [0, +oo, and

felt)=QQ+e)e ™, for(t) =x(t—T)f(t).
We prove that for any sufficiently small € we have the two estimates:
. 1 2 .. —2T
D)< (1-7¢)am. () Qo) <1+ Q). @14
for some universal constants ¢, C' > 0 (that are independant of 7', ¢). The result is then obtained

by fixing a sufficiently small € such that the estimates hold, and then choosing T' large enough
depending on € such that Q1 (fer) < (1 - éez) Q1(1).
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(i) We compute f/(t) = —e*te™, f/'(t) = (1 — et)e’et. So for some constant C' > 0 we may
bound the first two terms of Q(f) (see ) by Ce*. Then the last term of (4.13) is
estimated by

+o0 +0oo 1 62
/ g%uwﬁ:/ e<WNmeﬁ:20—2+O@0-
0 0

This proves (i) for sufficiently small € (we remind that Q;(1) = 3).

(ii) We compute directly, using the (rough) estimate f, f/, f/ < 1 and Q(f.) 2 1 (for any
€(0,1)):
T

Qu(fer) — Qu(fo) < / e (Co(f!r)* +2(fl2) + (for)?) dt

T-1

S CeizTQ1<fe>7
for some constant C' > 0. So we get the estimate (ii).

This concludes the proof. O
We now prove an analogue of Lemma 44| for negative values of .

Lemma 45. There exists f € C%([0,+oo[,R) verifying f(0) = 1, f/(0) = 0, such that for any
A < —1 we have

Qx(f) < Qx(1),
where Qy is defined in .

Note that in this case Q,(1) = 4 < 0 since A < 0, in particular we have Q(1) < (1 —n)Qx(1)
for any n > 0.

Proof. Define, as in the previous proof, x € C*(R, [0, 1]) equal to 1 on | — oo, —1], 0 on [0, +-00].
We let
fo(t) =et+e

for some e € (0,1) to be fixed. We have f.(0) = 1, f/(0) = 0, and moreover f/(t) = e (1 —e™),
f(t) = e2e~t. Thus

+00 +oo
/ 2 ()2t < €, / 2 f(1)2dE < &
0 0

“+o00 ]_ 1 2
/0 6—2tf€(t)2dt §+ i +@( ) 3 (1+ 3) for small e.

We now fix € € (0, 1) small enough such that the last inequality holds. Let

Jer(t) = x(t =T)[(t)

for some T' > 1 to be fixed. With the rough estimate |f.(¢)| + |f.(t)| + |f/(t)| S 1+t (for small
€), we have for any A < —1:

Q)\(fe,T) - Q (fe) + (Q)\ fE,T

Mis©

-2 3
(s

for some universal constant C' > 0. Thus for a large enough T we have Q\(fer) < 3 = Qx(1). O

) - Q)\(fe))
+o0o
[ et ar -

CT26_2T>

(
+
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We now use Lemma [44] and [45], to prove the Lemma [38]in the case where v = 0. We prove in
fact a slightly stronger estimate, with an additional control on dyu that will be useful in the next
section.

We first introduce some notations: consider u € H?(S') such that Spt(u) # S*. Its support is
a countable union of disjoint intervals (6, 0y + wg)ren of respective lengths

Wy > wi > wy > ... — 0.
We let u*(0) = u(0x + 0)X0<o<w, such that u* € HZ([0,wy]) is decomposed as

ut =" ubb, ., (4.15)

n>1
for some sequence of coefficients (u¥),>1 x>0

Lemma 46. Let © € {rm,t,,2r}. There exist c,e,a > 0 such that for any u € H*(S') that verifies
Spt(u) #S', [¢,0 — ] C Spt(u) C [—¢, 0 + ¢,
there exists U € Hf, (Co) such that U(0,60) = u(), ,U(0,60) =0 and

i(©)
a@,e (UO - Z ugbn,wo)

2

+ > ||0p0uf|? | (4.16)

k>1

G(U.0) < Gu,0) — ¢ (g(u, 0) - §)>+ —a

n=1

where u* is defined from the decomposition of u in (4.15)).

Proof. Let w = |Spt(u)|. Let (6, ws, u”, u") be defined from the decomposition of u as in (4.15)).
By our hypothesis we have |wy — 0| < 2¢ and |wi| < 2¢. We suppose c is sufficiently small so that

lwo — O] < 0.10 and w; < § (see equation (4.7)))

Let now g be the function constructed from Lemma [44] and h the function constructed from
Lemma [45] Denote T > 0 the smallest value such that g = h = 0 on [T, +o00[. We now define,
foranyn>1, k>0,

g(t) if ppe, > 5ie k>1orn>i(0),
fE) = ht) i g, <3ie k=0and n < i(0),
1 if |pnw, — 4| <1lie. k=0andn=1i(0O).

We define the competitor

=2 [ausbn, (6 = 05).

k>0 n>1
By the definition of (f¥), we have for any t > T
U(t,0) = uje)bi©)w (0 — bo).

Denote 1 > 0 the constant from Lemma , € > 0 the constant from Lemma , and U (t,0) the
competitor built in Lemma [41| from the initial data u?(@)bi(@),wm so that

©
g(U 0) < g( bi (©),wos 0) —€ <g(u?(6)bi(@)7w07 0) — 2> .
+
Let then R
if T
Ut 0) = {0 it <
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For any k > 1, since every function (f*),>; vanishes on [T, +oc[, then

+o00 1— 6_2T
/ G_QtXHn:fﬁ;AOdt S T
0

We compute:

G(U,0) = G(U,0) + (6(T, 0) - g(U 0))

S g(“’?(@) bi(e),woﬂ Z Qlln wo |/LL'I7,|2 + Z Q/Ln wo (]‘> |U/1QL|2
n>z(®) n<i(O)
1 —e 2T 12
k>1 n>1

L2 (g(f], 0) — Q(u?(g)bi(@),wo, 0)) by Lemmas ...
_ ©
< g( Z(@ ’L(@),woa 0) —€ 2T€ (g(u?(@)bi(e)vwm 2)

n>1(@) n<i(O)

—or
+ Z ———w+ (1=1) > Q. . (1)[u*]* | by Lemma |41}
k>1 n>1

Denote € = min (6_2T€, e 2T, g) We remind that whenn <i(0), Qy, ., —4(1) <0s0Q,, . —a(1) <

(1 -8)Qu,.,-4(1). We remind also that for any z,y € R, we have z, +y, > (z +y);, which we
will use repeatedly to gather each term. We identify

g<u7 0) - g(u?(@)bz((% wo; + Z Q,un wp ™ |un|2 + Z (2wk + Z Q,un W )|un|2)
n#i(O) k>1 n>1
Then following the estimates above we obtain

©
G(U,0) < g( @)bz(@ )swo ) 0) —¢ (g(u?(@)bi(@%%? 0) — 2)
+

#(1-8-3) 3 QuynsDBP + =9 2 QiR

n>i(© n<z(@)

ur + (1 e D) S Qs runﬁ)

n>1

2 (5

k>1

2 2 (n,k):m>i(0) or k>1

< G(u,0) —¢ (g(u, 0) — @> -~ > Qs (D

We remind for the last line that if (n, k) is such that n > i(©) or & > 1, then pu,,, > 5 so
Qi —4(1) = nop =1 > o, We now conclude the proof with a = gk, since

2 207
Z ank|u Z :unwo|u |2+ZZank|uk2
(n,k)m>i(O) or k>1 n>i(0) n>1k>1
i(©) 2
= 8979 (UO — Z ugbn,wg) + Z H(?g,gukHz.
n=1 k>1
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Next, we treat separately the case © = 27w where the support of u is the union of two disjoint
segments of length close to m. The proof follows the same computations, we have separated the
two for clarity.

Lemma 47. There exist c,e,a > 0 such that for any u € H*(S") such that
le,m— U [m+¢,2m — ] C Spt(u), [1—¢,m+ ¢ € Spt(u), [2m — ¢,2m + ¢] € Spt(uw)

there exists U € H,(Co) such that U(0,0) = u(6), 0,U(0,0) = 0 and

lin

‘2 + H&M (ul — uiblm)

G(U,0) < G(u,0)—€(G(u,0) — ), —a (H(?g,g (uo — u?blwo) ‘2 + > 18,02
k>2

(4.17)
where u* is defined from the decomposition of u in (4.15)).

Proof. Let w = |Spt(u)|. Let (0x,ws, u®, u¥) be defined from the decomposition of u (see (4.15))).
By our hypothesis we have |wg — 7| < 2¢, |w; — 7| < 2¢, and |ws| < 2¢: we suppose that ¢ is
sufficiently small so that |w; — 7|, |ws — 7| < 0.17, and w3 < i7.

As previously, let g be the function constructed from Lemma Denote T > 0 the smallest
value such that g = 0 on [T, +00[. Let

fk(t) _ g(t) if pn., >5ie. E>2o0rn>2,
a 1 if ’ljln,wk — 4‘ <lie. k&g {O, 1} and n = 1.

The last case fi,,,, < 3 never happens in this context. We define the competitor

=3 ) uE b, (0 — 0).

k>1n>1
We remind that from the estimates , we have exactly
U(t,0) = udby o (0 — 0p) + ulby e, (0 — 6,)
for all t > T'. Denote U (t,0) the competitor built in Lemma [42| from the initial data
U(T, - + 6y) = udouble .= = U0y + Ulbyo, (- + Oy — 61),

so that R
g(U’ O) S g(udouble’ O) —€ (g(udouble’ 0) . 7T)+

Let then 3
t,0 ift<T
vt o) = U0) <4
Ut —T.0+0) ift>T

Following the computations from the previous lemma (denoting 1 > 0 the constant from Lemma
, € > 0 the constant from Lemma , we get

G(U,0) =G(U,0) + (¢(U,0) - G(U,0))
<G, 0) + (1=1) > D Quuy —a(Dluyl?

k=0n>1

1—e 2T a2
+Z 2 wk+ 1_ ZQﬂnwk

k>2 n>1

+e (Q(U, 0) — G(udle, 0)) by Lemmas .
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Then, by lemma [41] we have

g(U’ 0) S g(udouble O) . 6_2T€ (g(udouble’ 0) - 7_‘_)+
1_n ZZQﬂnwk |un|2

k=0n>1

1— 672T )
+ Z 2 G + Z QN% wi |un|

k>2 n>1

Denote € = min (e*QTe, e 2, ") and identify

G(1.0) = G*™,0) + Y 3 Qpuy DA + Y (ka £ Q- >|un|2)

k=0n>1 k>2 n>1
Then
_ Ui
G(U,0) < G(u,0) =€(G(w,0) =m), =5 3. Quuua(Dhul’
(n,k):n>1 or k>2
<GW0) - (Gw0) ~m, — 5t X pawubl
(n,k):m>1 or k>2
This ends the proof with a = 3}, since
k : k k
2 2 2
Z Nn,wk‘un‘ = Z Z :“n,wk’un| + Z Z ,un,wklunl
(n,k):n>1 or k>2 k=0n>2 k>2n>1

= Hé?gﬁ (uo - u(l)bl,w()) ’2 + H@g,g (ul - u%bwl)

2
‘ -+ Z Hag,gukHQ.
k>2

4.4 General case v # (

In this subsection, we give the proof of Lemma , by handling general boundary data (u,v)
where v is not necessarily zero. We prove it by reducing the analysis to the case where v = 0.
We first prove a purely technical lemma used below in the proof of Lemma [49]

Lemma 48. For any w € [0.57,2x|, there exists x, € C®°(R4,R) such that x,(t) = 1 in a
neighbourhood of 0, X.,(t) = 0 in [1,+00[, SUD,e(o.5r24] [ Xwllez S 1 and

+o0 1
Vw € [0.57, 27], Vn € {1,2,3}, / te_(““”{i)txw(t)dt = 0.
0

Proof. Let ¢,,,(t) = te= (i)t et t; = i for i = 1,2,3. For any w € [0.57, 27], we have

det ((gnw(tm))1<nm<s) # 0,

since this is (up to a nonzero scalar factor) the determinant of the non-trivial Vandermonde

matrix
2+u$/u3; k
e 1 .
1<k,n<3
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Functions g, depend continuously on w, so we may find some approximation of unity
01,09,03 € C°((0,1)) around ty, ty, t3 respectively such that

(mt(<%igmxﬂam@ﬁﬁ>Kmm<)

Let now h € C*(R,,R) that is equal to 1 in a neighbourhood of 0, and to 0 on [1, +00[, then there
exists continuously defined a1(w), as(w), az(w) € R such that for any w € [0.57, 27|, n € {1,2, 3},
we have

inf >0

w€[0.57,27]

/01 (a1(w)oy + ag(w)oy + az(w)o3) gnw = /01 hgn -
The function x,,(t) = h(t)—a;(w)o1(t) —ag(w)os(t) —as(w)os(t) has all the required properties. [
Lemma 49. Let w € (0,27], u € H*(SY), v € H(S"), with
{0 # 0} € Spt(u) = (0,),
then there exists U € HE, (Co) such that U(0,-) = u, o,U(0,-) =v, U(t,) =u for allt > 1 and
G(U.0) < G(u,0) + C (Byull [950] + 1050]*)
Moreover, if |w — O] < 0.10 for some © € {m, t,2n}, then we have the improved bound

i(©)
69,9 U — Z unbn,w

n=1

G(U,0) < G(u,0) + C (

‘ | 9gv]| + ||3ov||2)

where (up,)n>1 are the coefficients in the decomposition u = 3,5 Upby .-

Proof. For any n € N*, we define
1/3
fuolt) = telst,
Note that f,.(0) =0 and f; ,(0) = 1. Let now x,, be defined from Lemma , such that

/ " e frw(t)xu(t)dt =0
0

forn =1,2,3 when w > 0.57. When w < 0.57 we just set x, := Xo.5-. We define
U(t,0) = Z (Un, + X () frw(t)vn) bpw(8).

n>1

Then U verifies U € H{,(Co), U(0,-) = u, 8,U(0,-) = v, U(t,-) =u for t > 1, and
+o0 2
+/ e dt

0
+oo
s [ e 57t + O Fos) ()0) b
0

2 ’

+§:wmw—4>(Aﬁmzf%manwuwgz%%

n>1

G(U,0) < +2

2
> (Xeofno) () vnbn

n>1

> (Xeofnw) (£)vnObne

n>1

RS

2

Z(un + (wan,w>(t)vn)89,9bn,w —4

n>1

2
}dt

+o00
+ Z (/0 e 2t {2|(wan7w)’(t)|2 + (:un,w — 4)|wan,w(t)|2} dt) 0721

n>1

+ D ( /0 OO6_2t(wan,w)H(t)(wam,aJ)”(t)dt> (Do b} U V.

n,m>1

We handle each of these four lines separately.
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o The first line is exactly G(u,0).

e When w > 0.5m and n = 1,2,3, this term vanishes by the orthogonality condition we
imposed on x,, in Lemma [48] In all other cases we have

+oo +o00
(ﬂ'n,w - 4) / 26_2tXw(t)fn,w(t)dt 5 ,Un,w/ (2+Hn W)ttdt < ,LL1/3
0 0

o Using the uniform bound on ||x,||cz, we have

[ O OF + s = OO} S [ e {107+ st}

0

1
< 1/3+1 1

W

by the definition of f, .

o Similarly, we have

400 ) 400
| e OF s [ LR + FnlF + ol

Sl il Sl
so by Cauchy-Schwarz inequality and using the bound ||b, .| < ., }d/ 2 from Lemma
have
e 2t " 1
(/0 B (wan w) ( )(wam,w) (t)dt) <bn,wabm,w> 5 1/37’1/1/3

We gather the three estimates. First for a general w € (0, 27]:

UnUnm,
G(U,0) — G(u,0) <ZM1/3\unvn|+Zv + > |1/3 1/|3

n>1 n>1 n,m>1 Un.wlmw

2

n>1 n>1 n>1 Unw

< ||899U,H ||89UH + (1 + Z 2/3) Z ‘Un‘z

n>1 Un,w
< 18s0ull 190v]| + [[05v]*

We used the fact that i, 2 75, so u, i/ 3 is summable with uniformly bounded sum in w.
Then, when |w — 6| < 0. 16 for some © € {m, t1,27}, in particular w > 0.57 so using Lemma
we have the stronger estimate:

|V U |
G(U,0) — Z 3 unva + 302+ Y —5 15
n>i(0) n>1 n,m>1 Hn,wlmw

Z Hl/z‘unvnH‘Z + (Z |Un|)

n>i(0) n>1 n>1 an

69,9 (u - Z unbnw) ||891)|| + (1 + Z 2/3) Z |’Un|2

n<i(0) n>1 Unw | n>1

N

AN

3o (u— > unbn,w) 1950 + 1|90l

n<i(0)
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We can now prove Lemma [38 as a combination of Lemma [9] on each interval of the support
of u, and Lemma [46]

Proof of Lemma[38. As in the previous section, we first introduce the decomposition of u on the
connected component of its support: we write Spt(u) as a countable union of disjoint intervals
[0k, O + wy] of lengths wy > wy > we > ... — 0. We remind that either

lwo — O] < 2¢, wy < 2¢,

or
O =2m, |wy— 7| <2 |w —7| <2 wy < 2e
We call (a) the first case, (b) the second case. We let u*(0) = u(fy + 0)Xo<p<w, such that
uf € H([0,wy]). Likewise, we let v*(0) = v(0 + 0)Xo<o<w, € Ha([0,wr]).
We now construct the competitor U as follows: we let T" be the competitor defined in Lemma
from the initial condition u*, v*, U(t,0) = Yiso Uk(t, 0 —0,), and U the competitor defined in
Lemma 46| (in the case (a)) or Lemma 47| (in the case (b)) from the initial condition u. Then we

let
U if 1
U gy = U6 i<,
Uit—-1,0) ift>1.
which verifies U(0,0) = u(0), o,U(t,0) = v(0). We denote c,€,a > 0 the constants from Lemma

, (note that we may always take the minimum between each) and C' the constant from
Lemma [49]

(a) We first suppose we are in the case (a) i.e. |wg — ©| < 2¢, wy < 2¢. Then by Lemma [6] we
have

G(U,0) =G(U.0) + (G(U,0) — G(U,0)) = G(U,0) + e~ (G(T,0) — G(u,0))
ae,e( DY U2bn,wo> + 3 130" |I3e,euk||)

n<i(©) k>1
2

+ > |0p0u”?

k>1

<G(u,0)+C (H@avH2 + 10"

—e % (g(u, 0) — ) —e?a
2/

Now, we bound

89’9 (UO — Z u%bmwo)

n<i(©)

2
02
C|1090°|| |[Da.0 (uo— > ugbmwo) §4—€\|8ng|\2+6*2& oo (uo— > u%bn,wo) ,
n<i(©) a n<i(©)
k k C?e k2, -2 k|
and — Cl|0g*| [ngu"|| < |00 + e a|0pgut|” for k> 1,
SO

2.2
G(U,0) < G(u,0) — e 2e (g(u,()) - @> + <C+ e ) O ||?,
2/, 4a

which prove the result in case (a).
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(b) This time we have

G(U,0) =G(T,0) + (G(U,0) - G(U,0)) = G(U,0) + e (G(T,0) — G(u,0))
ED ||ae,euk||)

1
<G(u,0)+C (naevn? + 3 1100* ] |9p0 (u* — ubbr, )
k=0

©

~t (g0 §) (5o (- o)
+ k=0

‘2 + Z ||8979uk||2) .
k>2

Now, we bound

2
02
C||0pv" || (.0 (uk - > Uﬁbn,w(]) < 4—€||(379Uk||2 + e 2a |00 (uk - > uﬁbn,wo)
n<i() a n<i(©)
for k=0,1
k k 0726 k|2 | -2 k|2
and — Clop"| [19pou®|| < = ~l|0p0"|* + e a |09 u"| for k > 2,
SO
— C?e?
G0,0) < <en + (1= 200(T.0) + (€ + S5 ) lowl?
which prove the result in case (b).
O

4.5 Estimates on biharmonic extensions

We now prove Lemma , which is an analog of Lemma in the case Spt(u) = S*. Our
method in this case is a more elementary construction of competitors: we consider the competitor
corresponding to the biharmonic extension in the disk coordinates. We follow closely the energy
difference between a biharmonic function in D; and its 2-homogeneous extension.

In what follows, for any f € L*(S'), we denote

]' —inb 1
- n 910
zﬂ/gf F(e®)db,

its Fourier coefficients: by the convention we chose we have

1122 0m0) = 27 D leal fII

nez

cnlf]

Proof of Lemma[39 We remind that v being a minimizer of G(-,0) means that
u(re) .= r’v(—log(r),6)

belongs to .# (Dy). Consider @ the biharmonic extension of the boundary data (u|sp,, 0,u|sp, ) in
D¢, which can be decomposed as

U (T@io) = Z (anﬂ"‘*? + bnr|”|) ein97

neZ
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for some coefficients a,,b, (we recall this is called Goursat’s decomposition, also discussed at
(3.13))). As we already noticed in the proof of Lemma , the energy le)l |Aa|* only depends on

the (ay,), coefficients, and more precisely At = 3,,cz 4(|n| + Da,r™e™ so

1
|Aﬂ|2:/ 27r
Dy 0

We may identify

2

dr =167 >_(|n| + 1)]a,|*.

nez

Z A(|n| + 1)7"”‘6’"6

nez

Cn[u] = Cn[ﬂ] =ap + bm
cnlOru] = ¢, [0,1] = (In| + 2)a, + |n|by,

and

SO a, = Cn[aru];|”|5n[u]

aldr] — Infeaful|

E(a;D) = /D (|Aﬂ|2 + Xa;éo) =7m+2r Y 2(|n|+1)

nez

We identify u(e®) = v(0,0), du(e?) = 2v(0,0) — 9v(0,0), so c,[u] = c,[v(0,-)], c,[0u] =
2¢,[v] — ¢,[0:v(0, +)], meaning

E(a;Dy) =7+7>_ 4(n|+1) :

nel

Since u € (D), we have E(u; D) < E(a;Dy), so by Lemma , we get

cn[00(0, )] + (In] = 2)en[v(0, )]

Q(U,O)Sw+7rz4(|n|—|—1) i

nezZ

— 2/ (2 (atv)2 — dvdv + dv? — (09”0)2 + at,GUaOU) (0,-)do.
aC,

¢n[000(0, )] + (In] = 2)cn[v(0, )]

We express everything in terms of Fourier coefficients of v(0,-), d,v(0,-). To simplify notations
we write x, = ¢,[v(0, )], yn = ¢, [0v(0,-)]:
2

G(v,0) —m <7 Y A|n| +1)|yn + (In] - 2)z,,

nez
+ 7Y =8lynl® — 4(n® — HR(Tnyn) + 4(n* — 4)|z, ],
nez
SO
G(v,0) —m <7 Y 4n*(In| — 2)|xn|? + 4n|(In] — 2)R(Tayn) + 4(In] — 1)|yn]*. (4.18)

neZ
We can also express in terms of Fourier coefficients:

G(v(0,-),0) —m = ;Hﬁe,ev(O? ? = 2110pv(0,)[I* = 7 3_ n*(n® — 4)]za|” (4.19)

neL

Here we used the fact that the support of v(0, -) has measure 2. Now we compare the n-th term
of (L18) and (L19):

o if [n| > 2, then we bound 4|n|(|n| — 2)R(Tnyn) < 5n2(|n] — 2)|2,]* + 8(|n] — 2)|yn|?, so
4An*(|n] = 2)[aa]? + 4ln|(In] — 2)R(@ays) +4(In] — 1]yl
< On2({n] = 2)fral? + (12]n] — 20)]y,
< 0.97%(n* — 4)|z,|* + (12n] — 4)|y,|*.

Here the factor “0.9” is sharp for n = 3 in the last inequality.
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o For n =0, then the 0-th terms of (4.18)) and (4.19)) are respectively —4|yo|?, 0.

e For n = +£1, we write
—A)zgq > — ARTIy1) < —=3|rw | + 4y P < (1P(17 — 4) |z > + (12 — 4) |y |*.

Summing every contributions, we obtain

G(v,0) —G(v(0,-),0) < =017 > n*(n®—4)|z.)* + 7> (12]n] — 4)|y. |

neZ\{-1,1} nez
<01 (w S n*(n® - 4)\xn\2) +2m > (6]n] = 2)|yaf?
nez + neL

< —0.1(G(v(0,+),0) = ), +6]3;00(0, )| = 2[00 (0, )%,

which implies the result. [

4.6 Proof of the epiperimetric inequality
As a consequence of Lemma [38 and 39 we obtain the following corollary.

Corollary 50. Let © € {m,t1,2r}. There exist constants c,e,C > 0 such that, if u € HZ (Co) is
a minimizer of G(-,0) that verifies the support condition

(¢,©® —¢) C Spt(u(0,-)) C (—¢,© +¢) when © € {m,t,}
(c,m—c)U(m+¢,2m —c) C Spt(u(0,-)) when © =27,

then

G(0.0) < 6(u(0,,0) ~ ¢ (G(u(0.,0) = 5 )+ Clorau0. oy ~ 20000y (120

Proof. Denote c,¢e,C the constants from Lemma |38, If u verifies the support condition and
Spt(u) # S, then by Lemma [38] applied to u we get

G(u,0) < G(u(0,-),0) — ¢ <g(u(0, ),0) — 2) + C||0 pu(0, ')||%2(S1)
< 0(u(0.9,0) =€ (G(u(0..0) = ) +(C +8) 40, s, ~ 21000,
+

where we used the Poincaré inequality || f||721) < 4[|0sf||72(s1), which is valid since Spt(u(0, -)) #
St

Suppose now that Spt(u) = S! (so in particular we are in the case © = 27), then the result is
directly implied by Lemma [39| (for any € < 0.1, C' > 6). ]

We now have all the tools to prove the epiperimetric inequality. We will make use of the
following interpolation inequality: for any smooth bounded set D C R? there exists ¢(D) > 0
such that for any u € W**(D)(c C*(D)):

1 1
[ullerpy < C(D)||U||12L11(D)||U||13V2,4(D)- (4.21)

This is a consequence of the following classical Gagliardo-Nirenberg inequality applied to f = Vu:
1 1
[f1lzoe () < C(D)||f||i2(D)HfoA/lA(D)'
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Proof of Theorem [37. Let ¢y > 0 be some quantity that we fix (arbitrarily small) later such that

[l = bllareoreny < collblla(sry:

By the Cacciopoli inequality of Lemma [I0] and the BMO estimate of Lemma [I1], we have
lullwaacyres) S lullmenen S Ibllaey-

By the interpolation inequality (4.21]) we then have
1 1 1
lu—=bllere,ves) S llu—="bllF1c,\epllv = blliaae ey S o l0llmis)- (4.22)
1\ €1\¢3 (€\Ca)

We claim that for a sufficiently small ¢g, u(t, ) verifies the support hypothesis of Corollary [50| for
almost every ¢, up to a rotation in §. We denote by ¢ the constant from Corollary [50]

First note that {J;u # 0} C Spt(u), so {Jyu(t,-) # 0} C Spt(u(t,-)) for almost every t. Then
we differentiate whether © € {m,t,} or © = 27.

o © € {m t;}. Suppose without loss of generality that b = b' or b = b'L. Then

. >
ee[lcrylefic] (16(0)| + |0pb(0)]) = 1.

So by the C! estimate of v — b in ([4.22)), we have for a small enough c;:

13
i i >
vie |1 5] it (u(t0)]+ ot o)) 2 1.

As a consequence, (¢, © — ¢) C Spt(u(t,-)) for any t € H, %]

On the other hand, for any disk D =D, . with p € [%, ﬂ X (S'\ [—¢,© + ]), we have

[ull (o) = llu = bl coren) S co-
For a small enough ¢y we may apply Lemma , so u(p) = 0. This implies that for every
te [i, ﬂ, we have Spt(u(t,-)) C (—¢,© + ¢).
« © =27. Up to a rotation (and change of sign) there exists («, ) € R%, such that

b(0) = a — [ cos(20).

In particular

)P + T O)F = o + 5 — 208 cos(20)

> 1-— 0(2)8(29) (o + B)?

2 (1= cos(20)) 10|l 1),

Y

so for any 6 € (¢,m — ¢) U (7 + ¢,2m — ¢), we have [b(0)| + [b'(0)] Z ||b]|gr(s1)- By the C*
estimate (4.22)) we obtain for a small enough cy:

13

-, = i t,0 "(t,0)]) = ||b
4’ 4} ’ BG[C,wa]IUI%W+c,27rfC](‘U( D@D 2 1ol s,

we|
so the support hypothesis of Corollary [50]is verified.
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Let ¢ € C° (H, %[, [0, 1]), such that

9] <1, Al

el
w\m
e

Then
W(u,0) —W(u, 1) = /1 W (u, t)dt > /1 —(t)*W (u, t)dt
= / <—¢(t) G (u,t) — 2¢(t)*0,(Ou, Oyu — 8t7tu>) dt

/ ()" (I19rull” + 20100 0ull” + 195.9ul* = 4l19pul® + [{u(t,-) # 0} - 2G(u, 1)) dt

— 4/ gb ( )) <3tu,at7tu>dt
Since G(u(t,-),t) = 5 (/|0p,0ull* — 4]|0pul|® + |{u(t, -) # 0}]), we may rewrite this as
W(n,0) - Wia, 1) / 612 (10l + 2 Dyoull® + 20 ult, ), 1) - 26w, 1)) b

(4.23)
4 / 6(t) (6(t) + /(1)) (B, Byt

Now we apply Corollary |50 to w(t + -, ) (which verifies the hypothesis for almost every t € [ e 4}
from the previous discussion). The estimate of Corollary |50 . may be rewritten as

©

Glult. ). 1) — e (gw(t, ) - 2) —Gut) 2 —Cllhau(0, ) 2agen) + 210, ) oo,
+

which implies (supposing without loss of generality that € is less that %, so that —%_6 > —2):

Gu(t.0) = 0(01) > 1 (6000) = § ) = 2C0rautt. Moy + 20wt

~
> ¢ (W0 = 5 )+ 2100t — 400,10 - 200000, ) s
We inject this estimate in (&.23):
W(u,0) — W(u,1) >2e¢ (W(u 1) )/ o(t) dt+/ 4¢()?||Opu|*dt
/ O (10l + 2 Droul? = 8| (D1, Bpu)| - 4C|BoulP) dt - (4:24)

4 / o(t) (B(t) + &'(8)) (Oyu, By udt

We have —8¢ (O 4u, Opu)| > —||0; 1ul)* — ||Opul|?, for a sufficiently small e > 0 (which we can assume
without loss of generality). Similarly, we bound

—4o(t) (6(t) + & (1)) (O, ) = —o(t)*[|Opul|* — 8(6(£)* + ¢' (1)) | O *.
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We obtain (for some universal constant C’ > 0):

W(u,0) — Wi, 1) > 2 (W(u, 1) — 2) /0 1 (t)2dt + /0 1 26 (1) | Byu *dt

. (4.25)
- / (6()* + &' (1)) (10koull® + |01, 0u]?) dt.
0
We remind that (b\[;E] =1 and |¢'| S 1, so
2 e
W(U, O) - W(U, ].) 2 g (W(U, 1) - 2) + 2”815U||%2(Cl\cg)
v (4.26)

1
—c [ (10u0ul? + 01l dr
0

for some constant C” > 0. Finally, f \/||f||2L2(Cl\C2) + IV f1IZ2 ey 18 @ norm for H(Co \ C1),
o 3 3
”fH2L2(C%\C%) + HVfH%2(C0\C1) 2 ||f‘|%2(CO\Cl) + ||fo%2(C0\Cl)7

and there is some universal constant d € (0,1), D > 0 such that

@ 1
W(u,0) —W(u,1) > d <<W(u, 1) — 2) + Hatuuip(co\cl)) - 4D/ (H&:,euuz + Hat,tuyp) dt.
0

(4.27)
Using the expression of W'(u,t) (see Theorem [18)), we have
1
4/ (190l + 9uoull?) dt = Wiw, 0) — W, 1), (4.28)
0
so we may replace the last term of (4.27) with D(W(u,0) — W(u, 1)). We obtain
d © 5
W(u,0) = W(u,1) > D+ W(u,1) — St 10wl coneyy | -
which can be rearranged into
d © 5
W(u,1) < W(u,0) — Dri—d W(u,0) — 5t 10wl 22 corer) | -
which is the result. L

We also need the following lemma to control the variation of the blow-up sequence (u,.) by
the variation of W.

Lemma 51. There exist ¢,C > 0 such that, for any v € HE (Co) a local minimizer of G(- ;0),
assume that there exists b € BY . if © € {m,t1} (resp. b € Span(1,cos(26),sin(20)) if © = 27)
such that

1w = bl areoreny < ellbll sy, W(u, +oo0) > 3
then

lu = u(L+ -, Y enen < CyYW(u,0) — W, +00).
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Proof. For any T € (0, 1), we write

2

do

T+1

\Vu(r +1,0) — Vu(r,0)]> do = / 0, Vu(s,0)ds

/ / 10, Vu(s, 0)[*dsdo
Sl T

~ W(u, +o0) by Theorem I

Sl

- 4
Likewise,
T+1
lu(t +1,0) — u(r,0)° df = dyu(s,0)ds de </ / |Byu(s, 0)|>dsdf
St st Jr
/ / Oyu(T / Oppu(s’,0)ds’ dsd@
st Jr
2 [ [0wu(r,0)d + 2/ / 0,.0u(s, 0)|*dsdf
St st Jr
2 [ |8wu(r, 0)|%d0 + Wy, 0) = Wlu, +0)
st 2
SO

/ lu(t 4+ 1,0) — u(r,0)]> dodr < 2/ Oyu(r, 0)2d0dT + W(u,0) — W(u, +oo)'
Co\C1 J ST Co\C1 9

b
When ww is small enough, then by the epiperimetry inequality of Theorem [37| we have
H1(s))

fCO\C1 |Opu)? S W(u,0) — W(u, 1)(< W(u,0) — W(u, +00)), which concludes the proof. O
We now prove the main result of this section.

Proof of Theorem [36. We let v(t,0) = e*u (e‘t”e), so that v is a minimizer of G(-,0). We let
also b € B2 be such that '
a(re’) = r2b(0).

We remind that W(v,t) = W (u,e™") (by Theorem[L9). Let ¢; > 0 to be fixed small enough later.
The bound on [|u — || g1(p,\p,_,) implies

v — bHHl(Co\Cl) < CleHHl(Sl)-

Then for a small enough ¢;, Theorem [37] applies and we have

W(u,e ) < 7}9

=75 + (1 —=n)W(u,1).

Similarly, for a small enough ¢;, we may apply Lemma [51] which implies

C)
lu = el @in,-) S llv = v+ )l eoen < CryfWin, 1) = <.

Since W (u,0) > %, this concludes the proof. ]
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5 Description of flat, angular and isolated boundary points.

In this section, we prove the main Theorems[4] [7] [6] [F] (in this order), and conclude with the proof
of Theorem [3

The proof of Theorem [4| and [7] is based on the epiperimetric inequality and variation control
given by Theorem [36} we will see in subsection this implies an explicit polynomial rate of
convergence of u, to a (unique) limit, given in Proposition

We then prove in subsection e-regularity results near flat boundary points (Proposition
and angular boundary points (Proposition ; assuming u is sufficiently close to a flat or angular
blow-up, we prove that the support of u is a C1® perturbation of the support of the associated
homogeneous solution. This will imply Theorem [6]

In subsection [5.3] we make a conformal change of variable to transform an overdetermined
Stokes equation on a C1® free boundary into an overdetermined elliptic equation on a disk: from
this we obtain the higher regularity of the boundary and Theorem [5

Finally, we prove the main Theorem [3|in subsection by gathering all the previous results.

5.1 Uniqueness and speed of convergence of blow-ups

Proposition 52. Let © € {m,t1,2w}. There exist constants c3,Co > 0, v € (0,1) such that the
following holds: let w € AL if © € {m,t;} (resp. @ € Span(x? + y2, 2% — y*, xy) if © = 27),
u € A (Dy) such that

W 0)> .

|u =Tl gr (o)) < cal[@l| mr(py)-

Then there exists U € M2, such that for any r € (0,1]:
. . Ju =Tl
”Ur — UHHl(ID)l) S CQ min <7“’ HUHHl(D() 1) HUHHl(Dl),
1

and
L _ _1—
17 — @l gy < Collu — a3 o, 1@l i (-

Note that the hypothesis W (u,0) > % is implied by the existence of a blow-up of opening ©
(i.e. type Iif © =7, 11 if © = ¢y, III, IV if © = 27).

In the proof, we will use the following scaling property: for any r € (0, 1), for any u € H'(rD)
for some domain D C R?,

r 2 ullmgny < Nuellmoy < v7°lullm - (5.1)

1
Indeed, this is a consequence of the change of variable ||u,| g1 (py = (fTD rhu? + 7‘_6|Vu|2) ’

Proof. Let co > 0 be some constant that will be fixed arbitrarily small later. Let ¢;, C1,n be the
constants from Theorem [36] By Lemma we have

1 112
W (u.5) < Cllalne,
for some universal constant C' > 0. We define the auxiliary constants

a:<01<1—M>)2, K:Fogwm R g

2C ogl—n)|," "~ 2°
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i.e. K € N is the smallest integer such that (1 — n)%C < a. We suppose ¢, verifies

=3

o< L (5.2)
2
For any k € {0,1,2,..., K — 1}, we have (by the scaling formula (5.1])):
[user = Ul mop, ) = Il (uw— ﬂ)%e"“ |z i\p, 1) since @ is homogeneous
< 8¢*||u — || g1 oy by the scaling (5.1
<700l i (py) by definition of 7
c .
< Ll by assumption (53).

As a consequence, Theorem @ applies to UL, and we get

1 1
Vk=0,1,2,....K — 1, W(u,26k1> _(;)gg_n) (W(u,ek> _@>.

By induction on £ =0,1,..., K — 1, we obtain

oS -w(ubes) S <a(w (o) )

<C(- 77>K||ﬂ||H1(1D>1) by Lemma

< a||ﬂ||§{1(Dl) by definition of a.

We claim now that for any k € N, we have

© Ue—k7 — U - 1
W (u,e™r) < S+ (1= alalfe,), Itemsz — i @nven o —+01\/_Z (1-n)F (53)

2| 121y
We prove this by induction on k: this is verified at & = 0, since we verified W (u,7) < % +
a3 ) and

||u? - ﬂ||1'171(]D)1\]D)e—1)

3 1
<r Co < 501.

@] 71 ()

Suppose now that (5.3)) is verified for some k € N. By our definition of «, we have

7 Cl 01\/5
1_ 2 — —_——
+CI\/_§ <5 t1o =0~

so Theorem |36| applies to u.-»7. This gives the two conclusions of (5.3) for k + 1:
S )
—k—1 —k
W(u,e 7’) . <(1-n) (W(u,e r)—2>

< (1 =)o@l p,

and
|te—r—17 — ﬂHHl(Dl\ﬂ)e_l) [te—r7 — ﬂHH1(1D>1\1D>(,<_1) + [[te-r-17 — ue—kF”Hl(D1\De_1)
1@ 1oy B 1@l 111 (o,
C1 kol J ©
g5+cl¢az<1—n>z+cl W, ek) - o by E3)
c
s;wlle— by (5:3).
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As a consequence, we have for every k£ € N:

ke S) _ _ _
W (u,e™7) < 5+ (1= alalinp,), lluewr —almone, 0 < allm o),
so using again Theorem [36}

k. _
([tte—r7 — Ue%kfl)FHHl(Dl\De_l) < Civa(l - n)? HUHHl(Dl)

and
Hue—kF — Ueg—(k— 1)7“HH1 D1) Z Hu —ky — ue*““*”?H%{l(]]])e,p\ID)e,p,l)
peN
Z e || tug-tetmr — Uef(kwfl)?”%[l(n)l\m _1) by (5.1)
peN ¢
> e ®Cia(l — n)7|a) o,
peN

By
S (X =n)z @l m o),
The quantity ||te—r7 — Ue——1)5|| g1 (py) is summable in k: as a consequence there exists @ € Mom

a limit of u,-x such that for any & > 0:

~ LT
etz — @l oy < D Nterr — Ue-r17 oy S D_(1 = ||U||H1(JD>1) S (L=n)2 [l mw,).
p>k p>k

Denoting v = —log /1 — 1, we obtain, for any r € [0, 1]:
lur = Ul yy S v N6l 2 oy)- (5.4)
Consider now any 7 € (0, 1], and let s € (0,1) to be fixed. Then
lur = Ul oy < llwr =Tl + 18— usll gy + lus = @l )

1 1 — YIla
< (542 = lon + Il

||U—ﬂ||H1<D1)

We optimize this quantity in s by fixing s = ( )3+U (which is smaller than 1 since

1 S 1)7 S0

||ﬂ||H1(D1)

-~ [ — @l o
L e e R 7

We gather this estimate and ((5.4]):

_ : _ v — | g
|ty — @]l g1 py) < min (r”||u||H1(D1), r—g) + [Ju— ull?ﬁ”ml IIUII?ﬁ”m)

mein( "Nl g oy, [T 35 Dl)”“ “H?lymn))
. IIU—ﬂHHl(D) .

< = et n)

S min (r, Tl 1@l 2oy,

with v = %= . Evaluating this at r =1 we get

|l — aHHl(Dl) <lu-— UrHHl(]D)l + [Jur — a||H1(]D)1)
< HU_uHHl D1) + ||U’_UH ]D)l ||u||H1(D1)
S (e2+ad) [l ),

so for a sufficiently small constant ¢, we obtain that @ € .2, (by Lemma 27 the H'(D;)
distance between T AL #2T . is positive). This concludes the proof. O
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As a corollary, we obtain Theorem [7] and [4]
Proof of Theorem[7. This is a direct consequence of the previous Proposition [52) for © = 27. O
Proof of Theorem[], Let u € .#(Dy) such that 0 € Spt(u). By Proposition [52] it is sufficient to
prove the following claims:
(i) In the case liminf, .o W < 1, then there exists a sequence r,, — 0 and w € B[, U
By}, such that u,, converges to . Indeed this implies W (u,0) > £ (with © = 2|Spt(7)ND4 )
and for some sufficiently large n we have

|y, — | 1 (Dy)

<ec
@] 71 () >

where ¢ is the constant from Proposition [52, and this proposition implies the result.

(ii) In the case W (u,0) > , then there exists u € Span(z? +y* x* — y?, zy) and r € (0, 1) such
that
lwr =Tl ) <, el oy

Indeed, by Proposition [52] this implies the result.

The first claim is an immediate consequence of Proposition [30]
Assume now we are in the second case. If some sequence wu, is bounded in H 1(D1) as r, — 0,
then by Lemma , u,, converges to some 2-homogeneous limit v. Since W (v, 1) > 7, necessarily
v is of type III or IV, and we obtain the result.

Assume that |[u, | g1(p,) — +oo instead. By Proposition there exists some extracted

sequence 7, — 0 and some nonzero 2-homogeneous biharmonic function v such that

Uy

™ 5 pin H2 (R?).
Ty noe 0 Hin ()

In particular, for some large enough n we have

tty, = e, 12 0| "

n

— v

1
) = | S C,

HurnHHl(Dl) HurnHHl(Dl)

H'(Dq)

which concludes the proof. O

5.2 CY° regularity of the boundary

We are now ready to prove a weaker form (with only C!*7 bound) of Theorem . We will use the
following interpolation inequalities: for any smooth bounded openset D C Ror R2, 0 < o < B <
1, there exists C' = C(D, , ) > 0 such that for any f € C1¥(D,R):

[fllerpy < Cllfll“ﬁp)llflléig([) (5-5)

[ fllera(n) < CI\chl Hf\lcw (5.6)
a+t1

£ lleramy < ClIF [3+1D)Hngl+é(D (5.7)
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Proposition 53. There exist c3 > 0, a,k € (0,1), with the following property: for any u €
A (D7) such that
lu = '] gy < c3,

there exists a function h € CH® ([—1 l} ,R) such that ||h||Loo([

5% ) < \G/Hu—uIHm(Dl) and

_11
272

Hh“cm([_%é]) S llu— UI”ZI(DI)

and
{(m,y) €Ds : lz] < ;, u(z,y) # 0} = {(x,y) eDs :|z] < ;, y > h(m)}

Moreover, Au € CL% (]D)% N Spt(u)) and Au =1 in D1 N OSpt(u).

3
1

Proof. In this proof, when u,, has a unique limit as » — 0, we write its limit u,,. We let ¢ > 0
be such that |ju — u'|| g1(p,) < €, and € will be supposed arbitrarily small. We define the cone

C={(n,y) eR*:y < —|z|/2}.

The angular opening of the cone C is approximately 0.77, which is strictly larger than 27 — ¢; ~

0.57m. We let )
11
G = {pé OSpt(u) N [—2,2] t(p+C)NDs C {u:O}}.
Note that the square {—%, %r is fully contained in the open disk Ds.

4
We now prove a sequence of claims on G and 9Spt(u), to prove that G is exactly dSpt(u) N

2
{—%, %} and that it is a C® graph (over the x coordinate) for some a € (0, 1) to be defined.

(Claim a) For a sufficiently small €, which we will suppose in the rest of the proof, we have
Ds N3Spt(u) C {(z,y) € R®: [y| < V/e}.

Indeed, let r = Ve, p = (x,y) € ]D)% such that y < —r, then u;m =0in Dy so

1 €
pr o) = (e = ey < Sllu—wllme) < 5 =Ve
so for a small enough e by the non-degeneracy of Lemma @ we have v = 0 in Dy, /5: p
cannot be in the boundary of the support.

Assume now instead that y > r. Lemma [10] gives a bound ||u|gz2m,) S 1, so
1

lu = w'lleooy) S llu— v llwraw

1 1
3) S llu— UIH?{?(D%)HU - Ul”fql(@%)

1
Sl =ullinm,) S Ve

3
4

3
4

by Gagliardo-Nirenberg interpolation inequality. Thus, u(z,y) > %yz — C/e for some
universal constant C'. Since y > /e, then u(x,y) > 0 for a small enough e. This concludes
claim (a).

(Claim b) For any p € Ds N OSpt(u), we claim Hup% — WMy S e Indeed, using Lemma ,
we have a uniform bound

<
HUHCI’%(DWQ ~
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(Claim c)

(Claim d)

(Claim e)

Let p = (z,y) € G, by the claim (a) we have |y| < e, so
H“p,% — uM |y < ||U(m,y)% - U(x’o),éHHl(Dl) + Hu(m),é — |y
lyl + | (U - u1>(m’0)% | 1 (p,) by the Cl’%(]D%) bound
< VeteS Ve
We obtain claim (b).

G is a graph in the variable x € { } by definition two distinct points of G cannot share

272
the same x coordinate, so it is sufficient to prove that for any zy € [—% 5} there exists
Yo € R such that (zg,y0) € G.

To prove this, consider the largest possible value of 3o such that ((z, yo)+C)ND s C {u=0}.
Since g is maximal, there must exist some contact point

g = (,9) € 9 [((x0, y0) +C) N D3| N ASpt(u).

By the claim (a), necessarily |y| < e.
Suppose ¢ is not (zg,yo). Then Spt(u) has Lebesgue density at most % at ¢, so there exists
a unique blow-up u, o that is necessarily of the form
Ugo = sluI 0 IrOtg,g,
where 6y = arctan(1/2), s1,s2 € {—1,+1}. However by the claim (b) we have
lug1 — !l S Ve,

so Proposition [52] applied to u, 1 gives

v

|s1u' o roty,g, —u ||H1 @) S €72

Here 7 is the constant from Proposition [52| This is a contradiction when € is small enough:
as a consequence G is a graph, and it is automatically the graph of a 1-Lipschitz function
(since the slope of C is smaller than 1), denoted

)

For every p € G, u admits at p a unique blow-up of type I, denoted u, o, such that for every
r e (O, %) we have
.1 \7
[t = 0l 11py S mim (e72,7) "
Indeed, the existence of a blow-up of type I is a consequence of Proposition [30] since the

density of the support of u at points of G is strictly less than & 5. The uniqueness and rate of
convergence follows from applying Proposition (52| to u,, 1 which verifies ||up% —aul| D) S

Ze by the claim (b).
||g||cl7ﬁ([7%,%]) 5 ]'7 where 6 2fy+1 (0 ]-)

To prove this, consider p, q two points inG,d:=|p—gql|, and r = A7+, We suppose d is
small enough so that r < ¢ and < 1 . We apply claim (d) above to u at p and g¢:

0

[tp2r — Upollpry) S 77 = d=H

e
||uq,r - Uq,()“Hl(Dl) Srt=d>e.
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By the Cacciopoli-type and higher regularity estimates from Lemma [10] [I2] we have

<1
)N

< Jla=rl o g
H'(Dy) HUP’THCL%(D%) o~

This implies ||uq.0 — upo|| g JDn < dmH, 50 g (the function defining the graph G) is differen-
tiable at every point z € |3, 3], with Ig g WI < (Jz—yl+19(x) — g’ < |z —yl”.

el

o

Then,

oo =t (-4 )

Hup,r - uq,r”Hl(Dﬂ = ‘

(Claim f) {(x,y) €Ds : [z] < %} N dSpt(u) C G. Indeed, suppose that there exists some point

1€ {(w.p) Dy lal < 3} naspt(\G.

4

Let p be a projection of ¢ on G (p may not be unique). Since the y-coordinate of p and ¢
are bounded by /e, we have necessarily |p — q| < /€. Let r = 4|p — ¢|, then by application
of claim (d) to u at the point p with radius r, we have

[tpr — UMl S €72

Let (@,q) = (uw, %). Let G be the graph associated to @ (defined in the same way that
G is defined for u), note that 0 € G (since p € G).

All the above claims apply to @: by claims (a,e) applied to @, we obtain that G is the graph

of a function g € Ch* ({—%, ;D such that ||g||Loo([ 1) < 7. By definition of 7, we have
’2

lg] = %. By claim (a), we have |g,| < €36. At the same time, the origin is a projection of §
on %: this is a contradiction for a small enough e, which proves the claim (f).

Thus, we have proved that

(2,9) €Dy : o] < =L N Spt(u) = { (2,9) €Dy s 2| < 2, y > g(x)
{ ) { ;

4 4

for some function g : [ 2 2} — R that verifies

lgllcra(-a.a) S 1 N9lloe(2.a7y = Ve.

11
2'2

We define a = g, K=

5atz- Dy the interpolation properties ([5.7]), this implies

Iellera(-3.47) S €

Now we prove the Cllo’f‘(]D%) regularity of Au on its support. Let ¢ € Spt(u) N Dy, and let p be

a projection of ¢ on G. We suppose r := 2|p — q| is sufficiently small such that r < %. Then we
may apply claim (d) to u at the point p:

[t — Upoll oy S €72
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Moreover, since p is a projection of ¢ on G, then for a small enough € we have D, 1 C Spt(upo),
where ¢ = TP, Let now x € CSO(D%,]R) a radial function with integral 1 with |V*y| < 1 for
k =0,1. Since Au is harmonic on its support, then

Au(g) = 1] = [ Ay, (§) — Ay (3)] = / (B — Attyo) ¥(- — 3)
(5.8)

= V(upr — tpo) - VX(- — @) S €72
D_ 1

3

Thus Au—1 is harmonic on its support and continuous up to the boundary G, with a homogeneous

Dirichlet condition. Since G has a regularity C*“, then by classical boundary elliptic regularity

we have Au € Cj% (]D% N Spt(u)). O

loc

Proposition 54. There ezist c¢4,Cy > 0, o € (0,1), with the following property: for any u €
A (Dy) such that
lu — M|y < e,

there ewist two functions 0—,0% € C1@ (H, %D such that

167 eve13.37) * 107 heve(z.27) S 1

107 2,27 + 16F e a2y S §/lle = w10,

1
4

and '
{rew € Spt(u) N D

Proof. We denote

\Dy }={re? €Dy \ Dy : 67(r) <6<t +67(r)} .

3
4

1 3
€ = HU — UHHH1(]D)1), SO = |:461, 461:| 5 St1 = I'Ottl (S()),
where roty, is the rotation of angle ¢;. We let € > 0 that will be fixed sufficiently small later. We

let also for any ¢ > 0:
So={pe D3 \Di s dist(p, Sp) < 6, SP = rot,, (S)).

Let ¢2,Ch,~y be the constants from Proposition 52 and ¢, C3, a, k be the constants from Propo-

sition . Let r € H, ﬂ, 0 e {—g, g], then

uH(rew) _ UI<T61‘0> _ _LZ 0 — sin(26)
2t 2 '

Observe the last factor is of the form Oy ,(|0]3), so for any p € {0, ﬂ we get

lure, , — vl oy S A7

Thus,

€
mmy + v, , — oy S e + p%. (5.9)

ltrer o = u'llzr1 1) < Ntrerp = tre, ,

We may fix a sufficiently small 5 > 1 such that, when e is sufficiently small, then

13

Vr e [47 4] ) Hurel,ﬁ - UIHHl(]D)l) < c3.
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We apply Proposition to every r € [i, %} As a consequence, we get that

= . 1
SP2 M OSpt(u) = {te’e W te {4, i]}

) < 1. Moreover, using again (5.9) with p := /e and Proposition , we have
- < 6
W|hqgﬂ)wvg
We define similarly 6 from the rotation u o roty,, and we obtain

_ , 1
Sfl/Q N OSpt(u) = {tel(“*w(t)), te {4, i]}

13
11

with He‘llcm([

with
10" Nene(z,a7) S 1 107 oe g

By the interpolation inequality (4.21]), and Lemmas , :

) S Ve

1
4

1 1
= llerog) S = w0 = sy

=

1
— "2 0y (el ) + a1 o))

™ _—
N|= :

5
< ez,
In particular, for a sufficiently small €, we obtain

oSpt(u) N (Ds \ D) € S50 87/,
and this proves the result. O

We are now ready to prove Theorem [6]

Proof of Theorem[6] Let € = dist g (p,) (u, %ﬁém), which we will suppose to be arbitrarily small.

We let ¢z, Cy > 0, v € (0,1) be the constants from Proposition 52} and ¢4, Cy > 0, a € (0,1)
be the constants from Proposition . By Proposition [52| there exists @ € .., such that

|ur — G| g1 (py) S min(r, €)”

for any r € (0,1). Up to a rotation and a change of sign, we may assume without loss of
generality that @ = u'. By Proposition applied to w, for every r € (0, 1), there exists two
functions 0,0 € CH® ((0, ﬂ ,]R) such that
~(p ) + (7 D <
167 Mz 27y + 167 () llra 22y S 1
167 (r )l oo 2,27y + 107 ()l oo g

for every r € (0,1) and

(5.10)

=

A1) < min (r, €)%,

1 1
1 1

{reie € Spt(u) NDs \{0}} = {7‘6’0 €Ds :r >0, 0~ (r) <0<ty +6’+(7‘)} :

Functions 6. extends to r = 0 with the value 0. We now define the diffeomorphism (seeing it as
a complex-valued function)

Y

‘ ) _ 0T (r)—0~ (1) )
0] (Teze) =re (0+0 )+ t o

so that
o (D% N Spt(uH)> =DsN Spt(u).

We now verify that ® — id is small in a suitable Holder space:
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« By (5.10), we have ||® —id|| o) S 3
e For any z € ID% \ {0}, then by (5.10|) applied to r := 2|z| we have

D () — I| S |afF =5

We used here the interpolation inequality ([5.5)).

e For any distinct z,y € ]D)%, suppose that |z] < |y| < 3|z| i.e. there exists r € (0,1) such

that 3r < |z| < |y| < 3r. We let .
Ty

_ 6 .
p: at+14+7

Then by (5.10) applied with the radius r we have

_ 1B
r—Y
1D0(2) = D2 S (104 e gty + 100 ez ) [
ya=B|T —Y B
< rii \ by (57, (510)
T
= |z —y|’ by definition of 5.

X
6

The second and third point imply [|®/c1.sp , then we may

apply interpolation inequality (5.7]); we let

y S 1. Since |[|[@ — id||L°°(]D)%) S e

1
2

then
||CI) - id”cl,u(@ ) 5 et

1
2

5.3 Higher regularity of the boundary

In the classical Alt-Caffarelli problem, higher order regularity of the boundary is usually obtained
by some form of partial hodograph transform (i.e. seeing the state function u as a coordinate, and
finding a nonlinear, overdetermined elliptic equation verified in this coordinate system), based
on [I8, Th. 2]. This was generalized for elliptic systems in [19], and for higher order systems in
[20]: in particular our boundary condition appears verbatim in [20, Th. 4.2] with n = m = 2,
F(p,u,Vu,..., Vi) = A%u, g(x, M) = Tr(M) — 1. However, in [20, Th. 4.2] u is assumed to
be of class C* up to the free boundary, so we cannot apply it directly. A similar issue for the
Alt-Caffarelli problem (regarding the results from [19]) was pointed out in the appendix of [21].

For this reason, we give an independent proof of higher regularity based on a conformal
transform of the boundary. We find that the Stokes system associated to the biharmonic equation
is conformally transported to an overdetermined elliptic equation, where the additional boundary
condition (from the optimality condition) allows a bootstrap procedure. A similar method was
used for a second order problem in [22].

The key argument is that after a conformal change of variable to flatten the boundary, the op-
timality conditions imply that the pressure (which is harmonic) verifies a homogeneous Neumann
condition, so it is automatically smooth up to the boundary. From there, we treat the system as
a complex-valued linear elliptic equation.
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Lemma 55. Let Q C Dy an open set such that T’ := Dy NIQ is a CH* curve (for some a € (0,1))
that connects two points of ODy. Let u € H*(Q?) such that Au € C°(QUT) and

A?u=0 (Q)
u=|Vul=0 (I
Au=c ()

for some nonzero constant c. Then Dy N OS2 is an analytic curve.

Proof. We identify R?* with C (so vector fields are complex-valued functions) and write the

Wirtinger derivative

@:i(@w—z’ay), a;:;(axﬂay).

Since Dy NI is a C* curve and Awu — ¢ is a harmonic function that verify a (homogeneous)
dirichlet condition on Iy N AN, then Au € CLY(QUT). Let v : @ — Cand p: Q — R two
functions defined by

v = 10zu, Ozp = 10:0.0zu

i.e. p is a harmonic conjugate (uniquely defined up to an additive constant) of the harmonic
function 1Aw, that belongs to Ciye (2 UT). (v, p) verifies the Stokes equation with Dirichlet (or
no-slip) boundary condition

9.0:v =0zp ()
v=20 (I).

Moreover, the condition Aul|r = ¢ gives an additional boundary condition on p and v: since p is
the harmonic conjugate of Awu, which is constant in I', then p verifies a homogeneous Neumann
boundary condition in I', and since d,v = ;Au we have:

1
d,v = —icin I
v=icin

Let @ : D; — Q be a bijective conformal map (that is uniquely defined up to some conformal
automorphism of the disk): by the Carathéodory Theorem [§] (see [28, Th. 2.6] for a modern
reference), ® extends as a homeomorphism D; — €, and we let I” be the reciprocal image of T
through ®. By the Kellogg-Warschawski heorem [37] (see also [28, Th. 3.6], or [28, Prop. 3.4] for
a local version), we have ® € Cu%(D, UTY).

Let

p=pod® v=0v0®

Then p is harmonic and verifies a homogeneous Neumann boundary condition on I (since this
property is transported through the conformal mapping). Thus p is analytic in D; U T".
Then we compute the equation verified by (v, p) in Dy:

0.0 = ' (0.v) o ®, &:p = P (p) o ?,

SO
0:0:0 = |®'[*(0:0zv) 0 @ = |@'[*(3zp) 0 © = D'O:p.

We obtain that v verifies the overdetermined elliptic equation



Since dsp is analytic up to the boundary I, and ' € CIOO’?(]D)l UTY), by standard Schauder theory
(using the first two equations only) we have 7 € Co%(Dy UT). Using the third line, we see
P e CLAIY), s0 P e Ch(D, UTY).

Iterating this, for any k € Ny, if ® € Cl2%(D,ULY), then & € CitH*(D,UTY), so &' | € CLo(I),
which implies ® € CiHM (D, UTY).
Thus, we obtain ® € C>*°(D; UT"). From here on, the analyticity of ® up to the boundary I'" may
be obtained through tracking constants in this bootstrapping procedure, or simply by application
of 20, Th. 4.2] with n = m = 2, F(p,u,Vu,...,Viu) = A%u, g(x, M) = Tr(M) — ¢ to the

function w. O]
From this we obtain the main Theorem [l

Proof of Theorem[J This is a direct combination of Proposition and Lemma [55] m

5.4 Proof of the main result
We may now conclude with the proof of Theorem [3]
Proof of Theorem[3. Let u € .# (D) for some open set D C R?. We define

+ R, the points of D N dSpt(u), with density 1 in Spt(u).

A, the points of D N dSpt(u), with density £ in Spt(u).

N, the points p € D N dSpt(u) such that for some sufficiently small r > 0, we have
Dy, \ Spt(u)| = 0.

Ju is the set of points p € DNOSpt(u) \ (R,UALUN,) such that lim inf, o ||up || 1 m,) < 00.
E,:=DnNosSpt(u) \ (R, UA,UN,UT,)

These sets are a partition of D N JdSpt(u) by construction. Now, we prove the claim of Theorem
case-by-case.

e Let p € R,: by Theorem , u,, converges in H'(D;) as 7 — 0 to some homogeneous
solution of type I. By Theorem [5] applied to w2, for a sufficiently small r, we obtain that
Spt(u) ND, . is, after rotation, the epigraph of some analytic function. In particular, every
point of OSpt(u) N D, is also regular.

o Let p € A,. By the same reasoning, by Theorem [4 and [6] there exists a sufficiently small
r > 0 such that Spt(u) N D,, is the image of the angular cone Spt(u') N D; through
a C17 diffeomorphism (sending 0 to p, 9Dy to dD,,). As a consequence, every point of
OSpt(u) N D, \ {p} belongs to R,, A, is a discrete set where two connected components
of R, join with an angle t; and Au|g, takes opposite signs on each.

e Let p € N,. Then u is biharmonic in a neighbourhood of p. Since biharmonic functions are
analytic, this implies that for a sufficiently small » > 0, dSpt(u) ND,, is an intersection of
zeros of analytic function. Since u(p) = |Vu(p)| = 0, the blow-up u, is well-defined and
non-zero by the nondegeneracy Lemma , and it is a blow-up either of type III (in which
case |Au(p)| > 1) or of type IV (in which case dSpt(u) N D, , = {p} for a sufficiently small
r).

o Let p € J,. By Lemma |29 and the fact that p ¢ R, U A,, v admits a blow-up of type III
or IV, denoted 4. By Theorem [7, we have |Ju,, — @l g1 n,) — 0 as 7 tends to 0. If & was of
type IV, then p would be an isolated point of dSpt(u) and in particular it would be in the
nodal set NV,: thus @ is necessarily of type III.
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e Let p € £,. Since p belongs to none of the sets above we know that p neither has density

s or £ in Spt(u) - meaning by Proposition [30| that it has density 1 in Spt(u) - nor is it

isolated in JSpt(u) - meaning it does not admit a blow-up of type IV - nor does it admit a
blow-up of type III since it would otherwise belong to A, U J,. Since u admits no blow-up
at p, necessarily we have

[wprll 1 ,,) — 00

By Theorem [4 we have necessarily W (u(p + -),0) < m, since otherwise there would be
a blow-up of type III or IV. Finally, since |[u,,| g1 m,) — 400, then for any subsequence
r, — 0 we may apply Proposition to the sequence wu,,, : there is some subsequence

Up, 7y, - .
(n;) such that # converges in HZ_(R?) norm to some nonzero 2-homogeneous
P'n; W H (up,rni)
biharmonic function.

]

6 Quasi-minimizers

We explain here how the method we developed for the energy E(-, D) extends to a more general
setting, with applications to the buckling eigenvalue minimization . We do not attempt to
find the weakest optimality condition that would still imply the main regularity results: for the
sake of clarity we instead give some mild optimality condition that contains the buckling problem.

6.1 Regularity of quasi-minimizers

Definition 56. Let D C R? be an open set, we say u is a quasiminimiser of F(-, D), and we
write

uwe 24 (D),
if for any v € H?(D) such that {u # v} € D, we have

E(u; D) < E(v; D) + [[v = ul|2(p)- (6.1)

More generally, for p > 0 we say u is a p-quasiminimizer of E(-; D), we write u € 24" (D)
if for any v € H%(D) such that {u # v} € D we have

B(u; D) < B(v; D) + ullo — ull 2. (6.2)
This notion of quasi-minimizer scales as follows.

Lemma 57. Let D C R? be an open set, u > 0, r > 0, and v € 2.4"(D). Then u, €
QH™(D/r).

In other words, it is sufficient to prove the minimality condition (6.2)) for some (possibly large)
constant > 0 to know that some rescaling of u is a quasiminimizer in the sense of (6.1]).

Proof. Consider v € H?(D/r) such that {v # u,} € D/r. This means that v = w,, for some
w € H*(D) such that {w # u} € D. By the minimality condition (6.2]) we have

E(u; D) < B(w; D) + pullo — ull 2
After a change of variable, we obtain
E(u,; D/r) < E(v; DJr) 4+ rpllv — w20/
So u, € 24" (D). O
We now explain the different changes to adapt the proofs to quasi-minimizers, following the

sections of the rest of the paper.
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6.1.1 Cacciopoli inequality

Extending Lemma [10| to elements of u € 2.4 (D) is a direct consequence of the quasiminimality

condition (6.1) with v = e~*"«, for any r € (0,1), n € C>°(Dy, [0,1]), t € R. Indeed, this implies
E(uy; D1) = E(e" uy; D) < 7l (" = Dl 2(p,),

so for t — 0" we get

2V3u, : V2 (n'u,) < rlintul|2m)-
Dy

We bound

rlln'urllrzmy < rln*u 2w, since n <1
S| VA(0*u,) || 22,y by Poincaré inequality
SrE+IV') @ Vur”%Q(IDJl) + Hv2(772)u7“”%2(]])1) + H772V2Ur”%2(m>1)-

The rest of the proof follows with the same computation as in Lemma [I0] We obtain

Lemma 58. Letu € 24 (D), r € (0,1), p € [%, 1), then

% + ||lur || i1 (y\D,)
P
||uT||H2(Dp) ~ (1 . P)2

(6.3)

6.1.2 BMO estimate

The BMO estimate is proved similarly to Lemma [TT} we compare u with its biharmonic replace-
ment on any disk, and deduce a BMO bound on Auw.

Lemma 59. Let u € 2.4 (Dy). Then we have

[Vulpmom,) S 1+ ||ullazm,y)- (6.4)

Nl

Proof. For any D,, € D, we let up,, be the biharmonic extension of u in ID,,. Then the
quasiminimality of u gives

/D A= up,, ) < By + [lu— up, 22, -

p,r

We bound |lu — up,, ||li2m,,) < r*|Aw — up,,)|r2m,,) by Poincaré inequality, so by Young
inequality:

/D A= up, ) < Dy + 7

p,r

We divide by the measure of D, ,:

][ A —up, )P S 1412
D

b,

The rest of the proof is the same as the one of Lemma |11} O
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6.1.3 Nondegeneracy lemma

The extension of Lemma [14] to the quasi-minimal context has no major changes.

Lemma 60. There exists € > 0 such that the following holds: let w € 2.4 (D), such that
Spt(u) "Dy # 0, then
[ull 1,y > €. (6.5)

Proof. It is sufficient to prove that when ||u||g1(p,) is sufficiently small, then u(0) = [Vu(0)] =0
(since we may apply this to Up, 1 for p € D%). Let r € (0,1), we have the first (non-linear)
estimate:

||Ur||%{1(m ) S ISpt(u,) N Dgﬁ“%”%}w,qm%) by Holder inequality

[N

< [Spt(u,) N D%ﬁHurH?{g(D, ) by Sobolev embedding H? — W4

3
4

< I8pt(ur) D]z (1 + sl o, by Lemma 8

Then we have an estimate of the area of the support, obtained by the minimality condition applied
to v = (1 — n)u,, where n € CEO(D%) verifies n = 1 in ID)%:

|Spt(u,) N D%\ < /D (Xur£0 = Xo£0)

2

< [ (180 = )P = 18w ) + ], by @0
D -

3
4

S [ (180 - 280780 + rllpe 2o,
D

N

S N7,y + 72 by Lemma 58|

Denoting g(r) = ||ur||§{1(D1), we obtain that for some constant Cy > 0:

Vr>0:D,, C D, we have g (2) < Cy (7”3 +9(7")%) .

_1
Let ag = (4Cy)72, 1o := min (1, Cy 2, ia()), then for any r € (0,7¢), assume ¢(r) < ag, then we

have )
r
g(5) <+ 90 a)
and by induction g (4"“7") < k4'=Fr +47Fg(r) for any k € N*. This tends to 0 as k — +oo.
1

1
Assume ||ul|grpyy < rhag, then |[uy||mmy) < a, so u(0) = |[Vu(0)] = 0. This concludes the
proof. O

From the previous results we can deduce a weaker (but easier to work with) optimality con-
dition.

Lemma 61. There exists QQ > 0 such that for any v € 2.4 (D1) such that 0 € 0Spt(u), for any
re (0, %), v € u+ HZ(D,), we have

E(u;D,) < E(v; D) + Qllull s myy72
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Proof. We assume without loss of generality that F(v;D,) < E(u;D,) (otherwise there is nothing
to prove). By the non-degeneracy lemma we have

[ull sy 2 1. (6.6)

By combining Lemma , we have for any p € D 3,

|u(p)]

p|

1 1
+ [Vu(p)| S “[VU]CO,%(D ) NEE ||u||H1(JD>1)'

3
4

So

_1
| 521y S HWHHI(D%) SrE (6.7)

Then, by the quasi-minimality condition on u we have
E(u;D,) < E(v;Dy) + |lu — v 2,
and we bound the remainder term:

S rP|A(u—v)|| r2(,) by Poincaré¢ inequality
< (I1Aull 2w, + [1A0] 2m,)
<

TQE(U;]D)T)% since we assume F(v;D,) < E(u; D)

|u — |2,

1
S (7"2 + HAUH%Q(DT)) ’

1
7‘3 (1 + ||Aur||%2(]])1)) :

<8 (14 Jullon)® by
< 73 |ull oy by (6).
And so
E(w;D,) — B(v;D,) < [lu—vll2m,) < 72 [l o)
This concludes the proof. O

6.1.4 Sequence of minimizers

For the next lemma, we write (for A\, u > 0) u € 24%(D) if for every D, € D, v € u+ H§(D,,),
we have
Ex(u;Dy,) < Ex(v;Dy,) + pllu — v|| 2, -

Lemma 62. Let A € R, some sequence that converges in C°(Dy) to A >0, u™ a sequence of
[0, 1] that converge to ju > 0. For each n, let u™ € Q,///‘;E:; (Dy) such that

lim sup ||ul™ || g1 (py) < +00.
n—-+00

Then there is a subsequence u™) that converges in HZ.(Dy) to u € 2.4%(Dy), with a strong
LY(Dy) convergence of /\("’C)Xumk);,éo t0 AXu0-

71



Proof. By Lemma (u™),en is bounded in HZ (D;). Consider u a HZ (D;)-weak limit of
(u™),en (after extraction, which we do not write here for clarity), v € H?(D;) such that {u #
v} € Dy, n € C°(IDy) such that n = 1 on Spt(u—wv), then we apply the quasi-optimality condition
o (1 —n)u™ +nu:

Eyen (™ D1) < By (1= n)u™ +50;D1) + ™[ (v — u™) || 12, (6.8)
Following the proof of Lemma [15| with v = u we obtain

lallzr2,y = lim (a2,

for any r € (0,1), thus the convergence u™ — u is strong in HZ2_(D;). Then Lemma [62| for a
general v gives as n — +oc:

Ex(u; D) < Ex(v;D1) + pllv — ull 22y,
sou € 2.4%5(Dy). O

6.1.5 Monotonicity

In this section, we consider a minimizer v € 2.4 (D) with 0 € dSpt(u). We prove that up to
adding a sufficiently large polynomial term to W (u,r), we still obtain an increasing function.

Theorem 63. There exists \g > 0 such that the following holds. For any u € 2.4 (D) such
that 0 € OSpt(u), we let '
(t 69) —e u( 7t+19)

Then the function
1
re(0.3) = W) + Xl

is non-decreasing. More precisely, for any T > 0, we have W (u,e™") = W(v, T) and
d _z 2
p (W, 7) + dollullmne2) < =410 Veovl7c,)-

Since W (u, r) 4+ Aol|u|| 1(p,) /7 is nondecreasing, this means that W (u, ) admits a limit - that
we denote W (u,0) - as r — 0.

Proof. By Lemma [59] we have v € HZ (Co). By a change of variable (see Lemma [16)), the quasi-
minimality of « implies the following: for any 7 > 0, any w € Hj,(Co) such that {v # w} C C,,
we have

Gv,7) < G(w,7) + eQTJ/ e St (v —w)(t, 0)2dtdo.

T

The minimality condition simplifies to
Q(v, 7') § g(w, 7') + €_THU — wHLQ(cﬁe—mdtdQ). (69)

As in the proof of Theorem let 7 > 0, consider the vector field ¢(t,0) = (f(t),0) for some
function f € C*(Ry) with f =0 on [0, 7], || fllwrem,) < 00, ¥ the inverse of ¢ — ¢ 4 ¢ f(t) and
w(t, ) = v((t),0). Then the optimality condition applied for e — 0 gives the condition

—+o00
/ e (2f = f) {Hé‘t,tvll2 +2[000(1* + [|B,00]1* — 4| 0pv]|* + / Xv7é0} dt
0 OCt

+oo
+ 2/ G_Qtf”<8t'U, atﬂg’U)dt
0

—+o00
< —4/ ef {||3ttv||2 + [|0cv]|? }dt+€_T||f3tU||L2(cf,e*2tdtd0)-
0
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By Lemma , we bound || < e%||u||H1(D1). So taking formally f — x;>, (or using the weak
derivative characterization as in the proof of Theorem we obtain

W(0,7) + 4 (|8 + 1000 @) S lallimoye .

So for some sufficiently large \g 2 1, we have

d _z
= (W) + MollulmoyeF) < =4 (0 + o))

The rest follows exactly the proof of Theorem [19] with the additional corrective term. O]

We obtain as a consequence the following blow-up results, that is a combination of Lemma
and Propositions [30} [31}

Lemma 64. Let u € 2.4 (D) such that 0 € OSpt(u), then

o Any converging subsequence of u, as r — 0 converges to a 2-homogeneous minimizer of

E(;Dy).

e Ifliminf, .o W < 1, then there exists some sequence r, — 0 such that w,, converges

to an element of M U M

hom *

e Iflimsup, o U] g1 (p,) = +00 and 0 € OSpt(u), then there evists a sequence r, — 0 such

that W converges in HZ .(R?) to a non-zero 2-homogeneous biharmonic function.
mIlH (D)

Proof. e This is a direct consequence of Lemma [62] and Theorem [63]

o With the same computation as for Lemma , we have for any u € 24 (D), 0 < s <r < 1

N w10
N(u,s) > <7~) N(u,1) = — (W (1) + Nollull o) (6.10)
which implies by contradiction that for any sequence 7, — 0 such that lim sup,, |Spt(u,, )N
D, | < 7, we have

lim sup [|uy, || g1 o,y < 00.

n—-+00

Indeed, otherwise u,, /||wy, || g1,y would converge to a non-zero biharmonic function v, such
that {v = 0} has a positive measure, which is a contradiction.

Since u,, is bounded in H'(D;) and belongs to 2.#™(D;) (by Lemma [57), then up to
extracting some subsequence we may suppose (by Lemma that wu,, converges to some
ve 2.4°(D,) = .# (D), which is non-zero by the nondegeneracy Lemma .

Since W (u, 1) converges to a constant as r — 0, then W (v, r) is constant with respect to r,
so v is a 2-homogeneous element of .# (ID;). Since the density of its support is less than 1,
necessarily

vE MM

hom*

o This follows the same proof as Lemma ﬂ Let A\, = |lu,,

tion A,u,, belongs to ////\’\

;111(]1)1), the renormalized func-
2'(D1): by Lemma @ we may suppose (after extraction) that

e || 20 (Dy)Ur,, converges to v € 24 0(ID;), meaning some biharmonic function v. Function
v is non-zero by the growth estimate (6.10) and we conclude as in Proposition
[
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6.1.6 Epiperimetry

The central cornerstone of the epiperimetry formula is the estimate of Corollary 50} we do not
need to re-prove this result, indeed we can just use the competitor of in the minimality
characterization of Lemma [61]

Theorem 65. Let © € {m, t1,2w}. There exist constants c1,Ci1,\y > 0, n € (0,1) such that
the following holds: let u € 2.4 (D;) such that 0 € dSpt(u), u € 42, if © € {m,t;} (resp.

u € Span(z® +y?, 22—y xy) if © =27), r € (0, %), assume

_ B ©
||UT - u||H1(D1\D671) S Cl||u||H1(D1)7 W(U,O) 2 5
Then, denoting '
Wt () := W(u,r) + MlJul mroyv/r, (6.11)
we have o o
{/V(Iuasi(u7 6717’) o 5 S (1 _ 77) (unam'(u’ 7”) _ 2)
and
. ©
HUT — ue—lTHHl(Dl\De—1) S Cl Wq”““(u,r) _ 5

Proof. We let v(t,0) = e*u(e="*%) and proceed as in the proof of Theorem . We fix 7 =
—log(r). When the ratio

Hur - H“I‘Il(]D)l\]D)e_l)

1@l 12 (py)
is sufficiently small, we obtain (by the same argument as in the proof of Theorem that
(v(t,-), dv(t,-)) verifies the support hypothesis of for almost every t € [7‘ + i, T+ ﬂ
We let ¢ € C°(R, [0, 1]) such that

4 4 3 3
Then following the computations of the proof of Theorem [37, we have

{¢#0}C[r+1,r+3}, ¢ <1, ¢=1in [T+1,T+Q].

T+1
W(v,7) = W(v, 7+ 1) z/ () (10:40]1% + 2[10rv]1” + 2G (v(t, ), 1) — 2G (v, 1) ) dt

4 / ) 60) + (1)) Bvo, Byt

By the minimality condition of Lemma [61] applied to the competitor built in Corollary [50] with
the initial conditions (v(t,-), dyv(t,-)), we have for every ¢ € [7’ + 1,7+ %}:

2

— Qe 2 |ul| )

)
G(v(t,-),t) — G(v,t) >€ <W('U,t) — ) + 2||0sv(t, )||* — 4e |(Oyv, O; 4v)| — 2|0y v(2, -)HQLz(gl)

for some constant C' > 0. Here G is as defined in (3.2). Injecting this in the previous estimate, and
rearranging the terms as in the proof of Theorem [37, we obtain for some constants d, D, C’ > 0:

@ 1
W, ) =W, 7+ 1) >d ((W(U,T +1)— 2) + H@th?{l(co\cl)) — 4D/ (Hawa? + H(?t,thQ) dt
0

- 0/6_% ||u||H1(D1)
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By the monotonicity formula of Theorem [63| (we denote Ag the constant from this result), we have
1
[ (1000l + 0rsol?) dt = Wio,r) = Wior+1) = (1= 4) dllulnouye
0
And so we obtain that for some constant C”:

d C) :
W, 7+ 1) < W(u,T) — g (W(u, T) — 3 + ||8tv||%p(CT\CTH)> + C"||ul| g2y 2.

D+1—
Going back to the disk coordinate, and handling the estimate of ||ug-1, — ur||H1(D1\Deil) as in the

proof of Lemma [5I], we obtain the result. O

6.1.7 Uniqueness and speed of convergence of blow-ups

The adaptation of Proposition 52| to the quasiminimal setting is as follows.

Proposition 66. Let © € {m,t1,2r}, M > 1. There exist constants c3,Cy > 0, v € (0,1) such
that the following holds: let uw € 2.4 (D) such that 0 € OSpt(u), u € AL, if © € {m, t,} (resp.
u € Span(z? + y?, 2% — y* xy) if © = 27), assume

Q) _ _
W(u,0) > X |u =Tl g1 (o)) < eal[T]| 51 (py)-

Then there exists U € M2, such that for any r € (0,1]:
. . lu —Tllmoy\"
|ty — || g1 (py) < Comin (r, ||u||H1(D() 1) 2| i1 (my),
1

and
L _ -
1 = Al ) < Collu =Tl 3 o, 1l i (-

Proof. The proof is the same as the proof of Proposition , by replacing W with W%ast and
the constant c¢;, C; from Theorem |36 by ¢, C; from Theorem O

The e-regularity results near flat and angular boundary point also follow.

Proposition 67. There exist c3 > 0, a,k € (0,1), with the following property: for any u €
M(Dy), T E MT,, UMY such that

hom
lu =l ) < s,
then
o Ifu = ul, then there exists a function h € CH® ([—l 1} ,R) such that HhHLOC([—%,%D <

272
\6/Hu — || g,y and

DS e u![| %y

[llena

11
272
and

{w.y) €Dy ol <35, ule) £0} = {(@) €Dy el < 3, v > b}

Moreover, Au € C& (]D% N Spt(u)) and Au =1 in D1 N OSpt(u).

loc
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o Ifu=u" and W(u,0) > %, then there exists a diffeomorphism ® € C*7 (]D);,]D)

) such that

1
2

»

@(0) = O, D@(O) = ]2, ||@ - idHCLV(]D)l) < CHU, - uHHHl(Dl

and

In the first case, the only difference with Proposition [53|is that Aw is only proved to be C%
(instead of C%*) up to the boundary. This is because we do not know that Awu is harmonic in
Spt(u) anymore.

Proof. We only detail the part that differs (in the proof of Proposition in the quasi-minimal
setting: the regularity of Au up to the boundary. Indeed, starting over from equation (5.8]), we
have

|AU<Q) - 1| = |A(up,r - up,O) <Q)| :

Since u,, € 2.4 (D,) and D; 1 C Spt(u,,), in particular we have for every ¢ € C°(D

32 Y c (j,%vR)7
teR,

[ < [ 1A+ P + e,
D D 2

a,

=
=

q,

This implies that for every such ¢, we have,

°2

[ Bunete| < Slelliao,
D, 4

@3

Since A?up,o = 0 in D 1, we obtain
b 72

A%, — up,[))”LQ(]D)q ) <

l\')\»—l

[N

). By Gagliardo-
)) we obtain

We remind that [|[u,, — upollgip,) S €12, 80 Uy, — Uy is bounded in H4(]D>q7%
. . . . . 2’ 1 4
Nirenberg inequality (interpolating W#°°(DD 1) between H (D, %) and H*(D;, 1

|Au(q) — 1| = |A(up,r — upp) (9]

1 2
S llupr — Up,OHIiTl([D)_ I)HUW’ — Uppo 134(& 1)
435 93
< pis,
This concludes the proof of the Holder regularity of Au up to the regular boundary. O

6.1.8 Boundary decomposition for quasiminimizers

Proof of Theorem[§. The proof is identical to the proof of Theorem[3} we define R, Ay, Ny, Tu, Eu
the same way. Proposition [67] implies the claim on R,,.A4,. The claim on J, is a consequence
of Proposition [66] Finally, the description of &, is a consequence of Lemma [64) and Proposition
66l m
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6.2 Application to buckling eigenvalue

We remind that the definition of A;(£2), for an open set 2 with finite area, is given in (1.4)). We
write ug an (arbitrary) choice of non-zero eigenfunction on 2 associated to A;(£2). Weinberger
and Willms’s argument may be decomposed in the following steps (we remind a detailed proof
may be found in [I7, Prop 4.4] and [2]).

a) If Q C R? has finite measure, C* boundary, and is a critical point of the functional |Q|A; ()
with respect to shape derivatives, then |Aug| must be constant in 0SQ.

b) If Q C R? is a bounded simply connected set and |Aug| is constant on 9L, then Aug +
A1 (Q)ug is constant in 2.

c) If Q C R? is open with finite area such that Aug + A;(Q)uq is constant in €, then A;(Q) >
A1 (%), where Q* is a disk with the same area as €.

These three steps imply that if € is a minimizer of |2|A;(€2) that is bounded, simply connected,
with C? boundary, then 2 must be the disk.

As a direct consequence of Theorem [§, we may lower the initial hypothesis to obtain this in
two ways. We first prove that the first eigenfunction of a minimizers of the buckling eigenvalue
problem (|1.4)) under area constraint belong to the class of quasi-minimizers given in Definition

26l
We remind that since A;(tQ2) = t72A;(Q2), then up to a dilation, minimizing A;(Q2) under an
area constraint on (2 is equivalent to minimizing either |Q2|A;(€2) or A1(Q) + |2] among every set.

Lemma 68. Let u € H*(R?) be a minimizer of E(-;R?) under the constraint [4, |Vul* = 1. Then
there exists T > 0 such that for any p € R?, we have uz € 24 (D,,).

Similar computation may be found in [33] (as well as the existence of such a minimizer,
obtained via a concentration-compactness procedure).

Proof. The function u is a minimizer of the functional
2 |Avf?
R2

We write A := [5, |Aul?. Let v € H*(R?) such that {u # v} C D,, for some disk D, suppose
without loss of generality that
E(v;D,,) < E(u;D,,),

otherwise the quasiminimality condition (6.1]) is directly verified. Then

‘1—/ Vo2 :’/ IVl — |V
R? Dp.r

< lu = vll2@, [ A+ 0) |2,
< 7~2||A(u —v) ||L2(1D>p,r) |A(u + v) ||L2(1D>p,r) by Poincaré inequality

S (HAUH%Q(D,,,T) + ||AU||%2(DP,T))
< p? (||Au||%g(R2) + |Spt(u)|> since E(v;D,,,) < E(u;Dy,).

/ (1t — ) A + )

DP’T

So for a small enough r > 0, we have f]R2 |Vv|? # 0. Then by the minimality of u we obtain

A+ fD (JAv]? — |Aul?)
A+ |Spt < L2
—l—‘ p (U)| =17 fDW (\VU|2 — \Vu|2)

+ [Spt(v)].
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This simplifies to

E(u;D,,) — E(v;D,,) < (A +|Spt(u)] — |spt(u)\)/ (IVul* = |Vo?).

]D)Pv”'

We bound the last term:

/D . (IVal® = [Vof?) = /D Av+u)(v —u)

S AW+ w)llew, ) lv = ullem,,)
1 .
< (HAUHLz(Rz) + |Spt(u)|§) v — ul[z2m,,) since E(v;D,,) < E(u;Dy,).

And A + |Spt(u)| — |Spt(v)| < A + 772, This proves the result, for some sufficiently small 7. [J

Corollary 69. Let Q C R? be a minimizer of Q — A1(Q) among open sets of area 1. Let uq be a
buckling eigenfunction associated to Ai(Q2). Then Q is bounded and ugq satisfies the conclusion of

Iﬂl]gDP]H < 1, then there exists v > 0
p,T

such that D, N Q is either a C* curve, or two CH* curves meeting with an angle t;.

Theorem @ in particular for any p € 02 such that liminf,_

Proof. Up to a dilation, we assume that {2 is a minimizer (among open sets of finite area) of
Q — A(Q) + Q. We assume ug is normalized by [, |Vug|* = 1. This means that ugq is a
minimizer of E(-; R?) under the constraint [5, [Vug|* = 1. By Lemma [6§] there exists 7 > 0 such
that for every p € R? we have

(ug)pr € 24 (D).
By the non-degeneracy Lemma , there exists ¢ > 0 such that for any p € R?, if u(p) # 0 then
/ (|Vug|2 + u?z) > c.

Consider a sequence of disjoint disks (D, 7)i=1,.. n (for some N € N*) such that uq(p;) # 0 for
every 7, then applying the above inequality to each disk we obtain

/ (|VUQ|2 + |UQ|2) Z Ne.
R2

Thus the number N of such disjoint disks is bounded from above, meaning that €2 must be a
bounded set.
We now apply Theorem [§] to (uq)7, which gives the rest of the conclusions. Note that 0f2 is,
a priori, only a subset of JSpt(ugq).
O

Corollary 70. Let Q C R? be a minimizer of Q — A1(Q2) among open sets of area 1. Let ug be
a buckling eigenfunction associated to A1(£2) and assume either that

D, N2t

Q is simply connected and for all p € 09, 1in£1ng L < ﬁ(% 0.715), (6.12)
or
Aug + A1 (Q)ug > 0 in Q and for all p € 092, we have hHl_)lglf W < 1. (6.13)
T D,

Then Q is a disk.
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Proof. We first apply corollary [69} € is bounded, and ug, verifies the conclusion of Theorem [§|

If the first hypothesis is verified, then we know that every point of 02 belongs to R,,,.
Since (2 is bounded and simply connected, then R, is connected. Aug is continuous up to the
boundary with values in {—1,+1}, so by the connectedness of the boundary it is constant. By
maximum principle, the (harmonic) function Aug + A1(Q)ug is constant in : the step c¢) of
Weinberger and Willms’s argument applies and {2 must be a disk.

If the second hypothesis is verified, then every point of 92 belongs to R, LIA,. Assume
there exists some p € A,, then Aug + A1(Q)ug must change sign in any neighbourhood of p.
Indeed, the blow-up sequence (ug),, converges in H*(D;) to a homogeneous solution of type II,
denoted 4, and At = lim, o (Au,, + r*Au,,) changes sign. This contradicts our hypothesis, so
A, must be empty and every point of 0f is regular.

Thus 092 C R, Aug|q extends continuously to J€2 with value £1. Since ug = 0 on 92 and
Aug + A (Q)ug > 0, then Aug + A1(Q)ug = 1 in 92 and harmonic, so it is constant in 2. We
conclude with step ¢) of Weinberger and Willms’s argument described above: € is necessarily a
disk.

O

There are several obstacles to obtain a general proof of the optimality of the disk from this.
First is proving the hypothesis would hold for a general minimizer ; either the simple con-
nectedness should be attained as a consequence of the optimality, from some unknown geometric
argument, or it could be considered as a constraint (in an attempt to prove the optimality of the
disk at least among simply connected sets). If it is considered as a constraint, then our main
Theorem |8 does not apply since we frequently use non-simply connected competitors (for instance
as early as in the proof of Lemma [11] and Lemma [14)).

The density assumption is not obvious either ; although relying on heuristics in some parts,
the optimal set for the drag of Richardson in [31] shows that angular points may occur in optimal
shapes. Even assuming that we work among simply connected shapes, some geometric argument
specific to the buckling problem would be needed to prove that angular points do not occur for
minimizers. The same can be said for the assumption Aug + A1(Q)ug > 0 in (6.13).

Finally, even assuming that 02 is connected, one would need to understand the behaviour of
Aug|sn near junction point (here Auglaq is expected to not change sign) and explosion points
(which are expected to not exist).
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