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Abstract

Let o be a complete DVR of fraction field K and algebraically closed residue
field k. Let A be an o-adic domain which is smooth and topologically of finite
type. Let D be the ring of o-linear differential operators over A and let M be a
D-module which is finitely generated as A-module. Given an o-point of Spf(A)
we construct using a Tannakian theory of Bruguières-Nori, a faithfully flat o-
group-scheme Π which is analogous–in the sense that its category of dualizable
representations is equivalent to a category of D-modules–to the Tannakian
group-scheme (the differential Galois or monodromy group) associated to a D-
module over a field. We show that the differential Galois groupG of the reduced
D-module M ⊗k is a closed subgroup of Π⊗k, which coincides with (Π⊗k)red
when Π is finite, and gives back, in any case, the differential Galois group of
M ⊗K upon tensorisation with K. 1

1 Introduction

The goal of this work is to understand the phenomenon described in Conjecture
8.5 of [11] through the point of view of Tannakian theory. The latter theory
is used not only as a method but as an orientation; one of our goals was to
provide a Tannakian interpretation of the linear algebraic group envisaged by
Matzat and van der Put and therefore be able to call it a differential Galois
group.

Let us describe the problematic loosely in our terminology. Let o be a
complete DVR of mixed characteristic (0, p) with residue field k and fractions
field K. Let A be the ring of power series in one variable with coefficients in
o and convergence radius at least one. For a given differential module (M,∂)
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over A ⊗ K, one can assume that there exists a finite A-submodule M of M
with M ⊗K = M which is invariant under the action of the operators

∂n :=
∂n

n!
.

Call M an integral structure on M . Such M can be reduced modulo the
maximal ideal of o giving rise to a DA1

k
/k-module M0. One then asks:

how to relate the differential Galois groups of M and M0?

The answer proposed by [11] is that (1) there should exist a linear algebraic
group G over o whose generic fibre is the differential Galois group of M and
whose special fibre contains the differential Galois group of M0 as a closed sub-
group. Moreover, (2) if the differential Galois group of M were to be finite,
the closed embedding would be an isomorphism after a convenient change of
the integral structure M (a criticism of this second part is in the Example
of section 6.2.3). The solution would have to go through the construction of
Picard-Vessiot extensions of A.

In this work, we have chosen to concentrate on the highlighted question and
we assume that the module M is fixed throughout. Our aspirations then were:
(a) generalize the above problematic to other o-adic rings (higher dimensions);
(b) use a Tannakian theorem of Bruguières-Nori [2] to construct the group G;
(c) interpret the representations of G in terms of D-modules over Spf A; (d)
give a different formulation, together with a proof, of part (2) of the conjecture.
Note that it is (c) which allows us to call G a differential Galois group.

With the methods we use, (a) poses no problem at all and the generality is
present from the beginning. To achieve (b) we shed some light on the tensor
structure of the representations category of a faithfully flat group scheme over
a PID (section 3). The theorem of Bruguières-Nori constructs a flat group-
scheme starting from a certain o-linear monoidal category and in order to create
a meaningful group-scheme we had to use the directions provided by section 3–
see definitions 10, 21 and 23. Task (c) comes from a careful understanding of [2]
and the construction in part (b) (see Corollary 7 and Theorem 24). To make the
correct statement regarding finite differential Galois groups–goal (d)–we were
inspired by Example 8.6 in [11] and the liberty that the Theorem of Bruguières-
Nori provides. This liberty to which we are referring is the possibility to see the
differential Galois groups as affine and faithfully flat o-group-schemes in place
of linear algebraic groups (a term which is loosely used in [11]) and therefore
detect the likelihood of a non-reduced special fibre (see the example at the end
of section 6.2.3). The result which deals with (d) is Theorem 28.

Of course, since we are starting with a D-module M over A, the angle
here differs from that in [11] where only the generic fibre is required to be
fixed (the problem of a varying integral structure will be dealt with in another
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work [5]). Nevertheless, concentrating on the integral structure and studying
its differential Galois theory per se is a novelty which does not really appear in
the conjecture of loc.cit. (but appears in the tentative solution and in [10]).

Finally we make a few remarks concerning existing ideas around the topic
“reduction of the differential Galois group.” Firstly we point out that Matzat
[10, Thm. 5.4] gave an answer–under certain extra assumptions–to part (1) of
the conjecture in [11]. The construction there is entirely different and is “point-
theoretic” rather than “group-scheme-theoretic”. It has the advantage of being
closer to ordinary Galois theory. Secondly, after this work was submitted for
publication, Y. André called our attention to a theorem of O. Gabber–in the
case of equicharacteristic–which shows that the differential Galois group “can
only diminish after specialization.” (See the Remark (a) in section 6.2.3.) The
proof also works in the mixed characteristic case. This construction has the
advantaged of giving, together with our results, a simple description of the
searched differential Galois group. But it is important to remark that to deserve
the name of differential Galois group one of the two interpretations “Galois
theoretic” or “Tannakian” should be present.

Some notations and standard terminology

modules For a commutative ring Λ, the category of finitely generated Λ-
modules is denoted by Λ-mod. The category of all Λ-modules is denoted
by Λ-Mod. If Λ is instead a co-algebra, then we define analogous notations
for the comodules: Λ-comod and Λ-Comod.

Group theory Let G = SpecR be a group scheme over the commutative ring
Λ. A representation of G will be an R-comodule ρ : M M⊗ΛR such
that M is finitely generated over Λ. A comodule which is not necessarily
f.g. over Λ will be called a G-module.
The category of representations of G will be denoted RepΛ(G); the cat-
egory of G-modules will be denoted Rep′

Λ(G). If G is flat over Λ, then
Rep′

Λ(G) is abelian [6, p. 33]. If Λ is noetherian, the same is true about
RepΛ(G).
The left regular G-module is denoted by (R, ρl). The right regular is de-
noted by (R, ρr).
A representation V of G is faithful when V is projective as a Λ-module
and the homomorphism of group schemes ρ : G GL(V ) is a closed
embedding.
If α : H G is a homomorphism of group schemes, then the functor
induced by α between the categories of representations will be denoted by
res(α).
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2 The results of Bruguières and Nori

The theory of Tannakian categories associates to each neutral Tannakian cat-
egory C over a field κ an affine group scheme G over κ whose category of
representations is naturally equivalent to C. However, the presence of a ground
field is necessary for the theory to work this nicely as one can see, for example,
in the crucial condition EndC(1) = κ (forgotten by Saavedra and explored by
Deligne). In this section we will review and adapt [2] where Bruguières, inspired
by Nori, proposes a Tannakian theory over a ground ring of global dimension
≤ 2.

Unfortunately, Bruguières wrote up his theory without the usual dualization
that passes from a co-commutative Hopf-algebra to the ring of functions of a
group-scheme (but as Bruguìres points out, the role of the dualization is only
justified because we are more used to think of representations of groups than
of algebras). So the task of adapting [2] to the more usual context was left to
us. Our adaptations are minor and were constantly guided by our interest in
stratified sheaves–the reader who wishes to assume that the monoidal categories
here are those introduced in section 4 will certainly understand the formalism
better. In practical terms, the goal is to construct, starting from a monoidal
category C0 over a noetherian ring of global dimension ≤ 2, a group-scheme
whose category of representations is closely related (but not identical!) to C0.

In sections 2.1 and 2.2 we review the main results and definitions given in
[2]. In section 2.3 we give a more classical formulation–group-schemes and
representations–to the results previously presented. For the applications to fol-
low (Definition 23 and Theorem 24) the most important result of this section
is Corollary 7. It is the closest we could get, under the present assumptions, to
the main statement of Tannakian theory over a field [3, Thm. 2.11].

The reader is directed to Ch. 7 of [8] for the concepts concerning monoidal
categories. In order to save words, we shall call a monoidal category what [8]
calls a monoidal symmetric category.

2.1 The monoidal category PΛ and the the monoid
End(T )

Let Λ be a noetherian ring.

Definition 1. 1. The category PΛ has as objects projective limits lim←−i∈I
Mi,

where I is a directed set (small co-filtered category in Maclane’s terminol-
ogy) and each Mi is a finitely generated Λ-module. If M = lim←−i

Mi and
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N = lim←−j
Nj are two objects of PΛ, we have

Hom(M,N) := lim←−
j

lim−→
i

HomΛ(Mi, Nj).

2. We will say that an arrow ϕ : M N is strict if (a) I = J ; (b) we
can find a representative ϕij ∈ HomΛ(Mi, Nj) for ϕ with i = j.

3. The category P∗
Λ is the full sub-category of PΛ whose objects consist of

limits of projective (locally free) Λ-modules.

Some properties of PΛ: (a) The category PΛ is Λ-linear, abelian and
monoidal with the tensor product being:

M2N = lim←−
(i,j)

Mi ⊗Λ Nj .

(b) P∗
Λ is a monoidal sub-category .

(c) The category Λ-mod is canonically embedded in PΛ. This embedding is
exact, Λ-linear and monoidal.

The category PΛ is introduced to support the study of Tannakian reconstruc-
tion. In fact, it is in this category where End(T ) lives. Let us be specific.
Consider C a category and let T : C Λ-mod be a functor. Assume for the
moment that the C is finite: there are only finitely many objects in C. Let

ϕ = (ϕx) ∈
∏

x∈C

EndΛ(Tx).

To ϕ associate

δ(ϕ) ∈
∏

s:x→y

HomΛ(Tx, Ty), δs = T (s) ◦ ϕx − ϕy ◦ T (s), (1)

where s runs over a finite set {si}i ∈ Arr(C) such that any Tu is a linear
combination of some of the Tsi. Now define

End(T ) = ker δ.

So End(T ) is a finite Λ-algebra and every Tx is naturally an End(T )-module.
In fact, we have the commutative diagram

End(T )-mod

forget

C
T

T

Λ-mod

(2)
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All is very simple in this formulation, but this idea is the heart of Saavedra’s
theory of Tannakian reconstruction.

For a category C in general, we have to construct End(T ) as an object of
PΛ. So let I be the directed set (or a directed pre-order in the terminology of
[8, Ch. XI, p. 211]) of all full and finite sub-categories of C. If Ti represents
the restriction of T to one of these categories, we have an object

End(T ) := lim←−
i∈I

End(Ti) ∈ PΛ.

With the monoidal structure 2 : PΛ×PΛ PΛ introduced above, we have
a strict arrow

End(T )2End(T ) End(T )

which turns End(T ) into a monoid (algebra) [8, VII §3, p. 170] of PΛ. Note
that each Tx ∈ Λ-mod ⊂ PΛ is now an End(T )-module and every arrow Ts :
Tx Ty is a morphism of End(T )-modules (the terminology should be self-
explanatory, but the reader can consult [8, VII §4]). If we let End(T )-mod
denote the category of objects in Λ-mod which have a left action of the monoid
End(T ) (we regard Λ-mod as a full sub-category of PΛ), we have obtained a
factorization of T identical to that in diagram (2).

2.2 The main result in [2]

Definition 2 ([2]). i) A category C is said to be monoidal right exact abelian
category over Λ if:
a) C is abelian and Λ-linear.
b) It has a monoidal structure ⊗ : C × C C such that ⊗ is Λ-bilinear.
c) For every U ∈ C, the functor ?⊗U is right-exact (same statement holds for
U⊗?).
d) If I is the identity object of C, then End(I) = Λ.

Theorem 3 ([2], Thm. 3). Let C0 be a monoidal category. Let C be a
monoidal right exact abelian category over the noetherian ring Λ. Let ω0 :
C0 Λ-mod, ι : C0 C and ω : C Λ-mod be monoidal functors.
Assume that

1. Λ has global dimension ≤ 2 (the kernel of a homomorphism between pro-
jective modules is also projective).

2. For each x ∈ C0, ω0x is projective over Λ.

3. ω0 = ω ◦ ι as monoidal functors.

4. ω is Λ-linear, faithful and exact.
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Then
i) End(ω0) has a natural structure of co-commutative bi-monoid (bi-algebra)

in the category P∗
Λ.

ii) Giving the category End(ω0)-mod the monoidal structure arising from
the bi-algebra structure of End(ω0), the functor ω0 : C0 End(ω0)-mod is
monoidal. Also, the forgetful functor End(ω0)-mod Λ-mod is monoidal
strict.

iii) There exists a monoidal, exact, Λ-linear and faithful functor

S : End(ω0)-mod C

which induces a factorization of ι making the diagram

End(ω0)-mod

S
forget

C0 ι

ω0

C ω Λ-mod

commute up to monoidal isomorphism.

The functor S obtained in Theorem 3 is also universal in a sense made
explicit in [2]. As we shall not find any use to this property, we will not review
it here.

2.3 Dualizing: classical Tannakian statements

Let Λ be a noetherian ring.
We now find a different formulation for Theorem 3 which is much more

convenient for our purposes. This formulation will be made possible by the
construction of a monoidal contravariant functor

D : P∗
Λ Λ-Mod.

The definition is immediate:

D : lim←−
i

Mi 7→ HomPΛ
(lim←−

i

Mi,1) = lim−→
i

HomΛ(Mi,Λ).

Lemma 4. The functor D is Λ-linear and monoidal.

Proof. 1. The category (Λ − Mod) is small co-complete; this means that
small co-limits (= direct limits) always exist in Λ−Mod. In [8, Ch. 9 §8;
p. 231] we find that lim−→(i,j)

Mi ⊗Nj = lim−→i
Mi ⊗ lim−→j

Nj.
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2. IfM andN are projective elements of (Λ−mod) it follows that HomΛ(M⊗
N,Λ) = HomΛ(M,Λ)⊗Λ HomΛ(N,Λ). So the natural transformation

D ◦2⇒ ⊗Λ ◦D ×D

is a natural isomorphism.

Hence, D takes monoids (resp. co-monoids) in P∗
Λ to co-monoids (resp.

monoids) in Λ-Mod.
Let A ∈ P∗

Λ be a monoid. Another important property of D is that it
will give an equivalence between the categories A-mod (see [8, VII, §4]) and
the category DA-comod. To see this, we construct a pair of functors from
(P∗

Λ)opp × (Λ-mod)opp × (Λ-mod) to (Λ-Mod)

F1(X,M,N) = HomΛ(M,N ⊗D(X)); F2(X,M,N) = HomPΛ
(X2M,N).

Let us unravel the definitions (for a Λ-module L we denote the dual module
HomΛ(L,Λ) by L∗):

F1(X,M,N) = HomΛ(M,N⊗D(X)) ≈ lim−→
i

HomΛ(M,N⊗X∗
i ), as M is f.g. over Λ

and
F2(X,M,N) = lim−→

i

HomΛ(Xi ⊗M,N), by definition.

Since we are taking X in P∗
Λ, we get an isomorphism

Φ(X,M,N) : F1(X,M,N)
∼=

F2(X,M,N).

It is obvious that Φ is natural in (M,N); in order to check naturality of
Φ we can assume (M,N) fixed and we are left with checking naturality of
Φ(?,M,N), which is straightforward. Therefore, ifM ∈ Λ-mod is an A-module,
we can transport the multiplication map A2M M to a comodule map
M M ⊗ΛDA. It easy to show that this construction gives an equivalence
of categories (below we give a more concrete approach to this minor result):

Lemma 5. Let A be a monoid in P∗
Λ. Then D(A) is a co-monoid in Λ-Mod

(a co-algebra over Λ) and there is a natural equivalence

η : A-mod DA-comod

which is the identity on the underlying category of finite Λ-modules.
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We will now give a more down-to-earth approach to these constructions.
This will be greatly simplified if the monoid A in P∗

Λ is such that

A = lim←−
i∈I

Ai

where each Ai is a finite and projective Λ-algebra and the transition maps
ψij : Aj Ai are all homomorphisms of Λ-algebras (this is the case for
End(T ) and therefore the most interesting). In particular, the category A-mod
is just the direct limit of categories

lim−→
i∈I

Ai-mod.

In this setting, the above lemma is just an application of a well-known fact, see
I-8.6 of [6]. But this assumption is also convenient to study the case where A

has more structure. Assume that A is bi-monoid in P∗
Λ with co-multiplication

∆ : A A2A. Then the category A-mod is endowed with a monoidal
structure which makes the forgetful functor

A-mod Λ-mod

monoidal. The construction is as follows. Let (M,α), (N,β) ∈ A-mod, where
α : A2M M is giving the A-module structure (analogous for β). Define
the action as the composition

A2(M2N)
∆2M2N

A2A2M2N
≈

(A2M)2(A2N)

α2β

M2N

SinceD is monoidal, DA is a bi-monoid in Λ-Mod and the categoryDA-comod
becomes a monoidal category in such a way that the forgetful functor to Λ-mod
is monoidal.

Claim: The natural equivalence η is monoidal.
Proof: This is just a matter of unravelling the definitions. Take M,N as

above. By definition, there is some i0 ∈ I such that M and N are in fact Ai0-
modules. So η(M) and η(N) are in fact A∗

i0
-comodules. Let ρ : M M⊗A∗

i0
and σ : N N ⊗ A∗

i0
be the comodule morphisms. Given x ∈ M , we have

an obvious map ρx : Ai0 M (analogous notation for N). By definition, ∆
is given by a projective system

(∆j : Ai(j) Aj ⊗Aj)j∈I , i(j) ≥ j.

In particular, we have ∆i0 : Ai1 Ai0 ⊗Ai0 for some i1 ≥ i0.
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The A-module structure of M ⊗Λ N (=M2N) is given by an Ai1-module
structure θ characterized in the commutative diagram

Ai1 ⊗ (M ⊗N)
∆i0

⊗M⊗N

θ

(Ai0 ⊗Ai0)⊗ (M ⊗N)
≈

(Ai0 ⊗M)⊗ (Ai0 ⊗N)

α⊗β

M ⊗N.
Hence, the D(A)-comodule structure on η(M2N) is given by

ϕ : M ⊗N M ⊗N ⊗A∗
i1

with

ϕx⊗y : Ai1 M ⊗N, ϕx⊗y(a) = θ(a⊗ x⊗ y), x⊗ y ∈M ⊗N.
If

∆i0(a) =
∑

r

a(1)
r ⊗ a(2)

r , then ϕx⊗y(a) =
∑

r

α(a(1)
r ⊗ x)⊗ β(a(2)

r ⊗ y).

On the other hand, the comodule structure of η(M)⊗D(A) η(N) is obtained
by the composition τ defined in the commutative diagram

M ⊗N

τ

ρ⊗σ
(M ⊗A∗

i0
)⊗ (N ⊗A∗

i0
)

(M ⊗N)⊗A∗
i1
.

(3)

The vertical arrow is

HomΛ(Ai0 ,M)⊗HomΛ(Ai0 , N) HomΛ(Ai1 ,M⊗N), (f⊗g) 7→ (f⊗g)◦∆i0 .

The horizontal arrow of diag. (3) is x⊗ y 7→ ρx ⊗ σy. Therefore

τx⊗y(a) =
∑

r

ρx(a(1)
r )⊗ σy(a

(2)
r ).

By definition, ρx(a(1)) = α(a(1)⊗x) and σy(a
(2)) = β(a(2)⊗y); this proves that

ϕ = τ and hence that η is monoidal. The claim is proved.

Now we can start rewriting the results of section 2.2 in terms of the material
developed in this section. First we have:

Notation: The full sub-category of C whose objects have a dual will be de-
noted by C#. For this notion of duality the reader is directed to the discussion
preceding Proposition 3 in [2] (which follow identically the definition in the case
of tensor categories over a field).
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Theorem 6. Adopt the notations and assumptions of Theorem 3. Assume
furthermore that every element of C0 admits a dual in C0. Then there exits a
flat Λ-group-scheme Π = Π(C0, C, ω), a monoidal, exact, Λ-linear and faithful
functor

S : RepΛ(Π) C

and a commutative (up to monoidal isomorphism) diagram

RepΛ(Π)

S
forget

C0 ι

ω0

C ω Λ-mod

If moreover SpecΛ is connected, then Π is faithfully-flat over Λ.

Proof. The point of duality is to make the bi-monoid End(ω0) into a Hopf-
monoid (that is, a bi-monoid with an isomorphic antipode). This is standard
and the details will be omitted. Let us prove now the statement about the
faithful flatness of

O(Π) := D(End(ω0)).

Clearly D(A) is flat for any given A ∈ P∗
Λ. Let A = End(ω0). We have to

show that given m ∈ Max(Λ), mD(A) 6= D(A). Assume otherwise. Letting
ε : A Λ be the co-identity and ∆ the co-multiplication, it follows from the
equality id = (id2ε) ◦∆ that id ∈ mHom(A,A). Unraveling the definition, we
obtain that, for any i ∈ I, there exists J(i) ∈ I such that the transition map
ψij : Aj Ai satisfies

Im(ψij) ⊆ mAi for every j ≥ J(i).

But ψij is a homomorphism of Λ-algebras and therefore 1Ai
∈ mAi (we silently

exclude the trivial situation); this is in contradiction with the fact that Ai is
faithfully flat over Λ (as SpecΛ is connected, any finite and projective Λ-module
is faithfully flat).

The next corollary is, for this work, the most important consequence of the
Tannakian theory so far presented. The hypothesis iv) and v) below will be
explored later (see sections 3.2 and 4.3).

Corollary 7. Assume that
i) ι : C0 C is full and faithful (we identify C0 with a full subcategory

of C).
ii) Any object of C which is isomorphic to an object of C0 is an object of

C0.
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iii) C0 is an additive Λ-linear category and ι preserves that structure.
iv) The category C# is stable by sub-objects.
v) If α : u v is an inclusion (monomorphism) with v ∈ C0 and

coker(α) ∈ C#, then u ∈ C0.
vi) Any z ∈ C# which is a quotient of an object of C0 is in C0.

Then ω0 induces an equivalence between C0 and the category Rep#
Λ (Π).

Proof. This is essentially contained in [2] but we will give a proof. Since ι
is full and faithful, it is easy to see that ω0 is full and faithful. Since every
u ∈ C0 has a dual, so does any ω0(u), this means that ω0 takes values in the

full sub-category Rep#
Λ (Π).

The hard part is to show essential surjectivity of ω0. It will be a conse-
quence of the following:

Claim: Any W ∈ Rep#
Λ (Π) is a cokernel of an arrow ω0(α) : ω0(x) ω0(y).

Granted the claim, the rest is just abstract non-sense. As ωcoker(α) is pro-
jective, it is easy to see that coker(α) admits a dual in C (or check [2, Prp.
3-(2)]). By assumption vi), coker(α) ∈ C0. The exact sequence

ω(x) ω(y) ω(coker(α)) 0

is just the image sequence of

ω0(x) ω0(y) ω0(coker(α)) 0

via the forgetful functor. Hence ω0(coker(α)) is isomorphic to W in Repo(Π)
and we are done.

The proof of the claim follows from the material of sections 3 and 4 of [2]
(in fact, it is contained in the proof of Prp. 2 of that paper). Let us explain

it from basic principles. If we see Rep#
Λ (Π) as the category of projective Λ-

modules in End(ω0)-mod, then any W as above is the cokernel of an arrow
Eb Ea, where E = End(ω0|D), D ⊆ C0 is finite and E is seen as an
E-module via multiplication on the left. So we only need to show that E lies
in the essential image of ω0. We assume for convenience that every projective
and finite Λ-module is free.

In section 2 of loc.cit., Bruguières introduces a functor

HomC(?, ?) : Λ-modopp × C C

(in the construction C can be replaced by any Λ-linear abelian category) which
satisfies:

1. It is Λ-linear and left exact.
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2. For M free of rank m, HomC(M,x) = x⊕m (note that these two first
properties already tell us how to construct Hom(?, ?)).

3. ω ◦HomC(?, ?) = HomΛ-mod(?, ?) ◦ id× ω.

4. HomΛ-mod(M,N) is nothing but HomΛ(M,N) seen as a Λ-module in the
natural fashion.

Consider the arrow

∂ = ∂0 − ∂1 :
⊕

u∈D

HomC(ωu, u)
⊕

s:v→w∈Arr(D)

HomC(ωv,w);

∂0
u,s =

{

0, if u 6= v
HomC(ωu, ?)(s), if u = v

∂1
u,s =

{

0, if u 6= w
HomC(?, u)(ωs), if u = w

As each ω(u) is free for u ∈ C0, then ∂ ∈ Arr(C0). Because of hypothesis
iv) and v) above ker ∂ ∈ C0. Now property 4 above gives

ω0(∂) = δ :
⊕

u∈D

HomΛ(ωu, ωu)
⊕

s:v→w

HomΛ(ωv, ωw),

where δ is as in equation (1). Regarding each HomC(ωu, v) as a direct sum of
v’s (property 2), we see that the End(ω0)-module structure of ω0HomC(ωu, v)
is the structure of End(ω0|D)-module of HomΛ(ωu, ωv) given by composition
on ωv: (ψw) · ϕ = ψv ◦ ϕ. Hence, ω0(ker ∂) = E and this is what we wanted in
order to prove the claim.

3 Tannakian group theory for faithfully flat

group-schemes over a PID

In Tannakian theory over a ground field, there is a specific condition on the cat-
egory Rep(G) for a representation V of an affine group-scheme G to be faithful.
It asserts that V is faithful if and only if any representation can be obtained as
a sub-quotient of a direct sum of objects of the form V ⊗a⊗ (V ∨)⊗b. Over more
general base rings this condition does not hold any longer even for the most
basic of examples (see the example in section 3.2). By investigating the latter
example, we are led to the understanding which provides the correct definition
over a principal ideal domain (Definition 10 and Proposition 12). Here, correct
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means that with this definition we are able to say when a representation V is
faithful by analyzing the relation of the family

(

V ⊗a1 ⊗ (V ∨)⊗b1
)

⊕ · · · ⊕
(

V ⊗ar ⊗ (V ∨)⊗br

)

; (a1, . . . , ar), (b1, . . . , br) ∈ N
r

with the rest of the category of representations. Of course, this study is carried
in order to say when the group-schemes defined in section 2 are algebraic; in
fact, the characterizations obtained here allowed the discovery of the hypothesis
in Corollary 7 above.

In order to achieve this cognition, we drew inspiration from the pioneering
work of Tannaka–coefficients of representations, section 3.1–rather than from
that of Saavedra. This is one of the most pleasant experiences in Mathematics
when knowledge that seemed obsolete (at least for these algebraic purposes)
comes into use again.

Let G = SpecR be an affine faithfully flat group scheme over a commuta-
tive noetherian base ring Λ. We remind the reader that, by convention, a
representation of G is finitely generated over Λ and the R-comodules which
are not necessarily finitely generated are called G-modules. We will say that a
representation of G is free if the underlying Λ-module is free.

3.1 The space of coefficients

Definition 8. Let (W,ρ) be a free representation of G. Pick a basis {wi} of
W and let ρ(wj) =

∑

iwi ⊗ ρij. The ρij are called the matrix coefficients of ρ
for the basis {wi}. Define the space of coefficients of W , denoted C(W ), as the
Λ-sub-module of R generated by the ρij.

Note that C(W ) is naturally a G-sub-module of (R, ρr).

Lemma 9. Let (U, σ), (W,ρ) be free representations of G.
i) C(U ⊕W ) = C(U) + C(W ).
ii) Each element f ∈ C(U ⊗W ) is of the form Σgihi, where gi ∈ C(U) and

hi ∈ C(W ).
iii) If χ is a character of G, then C(W ⊗ χ) = χ · C(W ); in the second

member of the equality we see the character χ as a group-like element of G.
iv) If there is a surjection U W , then C(W ) ⊆ C(U).
v) C(U∨) is contained in the Λ-module generated by δ−1 · {f1 · · · fd−1; fj ∈

C(U)}, where δ is the group-like element of R corresponding to the determinant
representation of U and d = rk(U).

vi) If W is a G-sub-module of (R, ρr), then W ⊆ C(W ).

Proof. This is all linear algebra. We only prove v) and vi).

14



v) Give U a basis {ui}1≤i≤d so that σ(uj) =
∑

i ui⊗σij . Then U∨ has a basis
{u∗i } such that the comodule map is u∗j 7→

∑

i u
∗
i ⊗ τji, where (τij) = (σij)

−1.

But det(σij) · τij = (−1)i+j∆ij, where ∆ij is a (d− 1)× (d− 1)-minor of (σij).
vi) Let f1, . . . , fm be a basis of W . Let ε : R Λ be the co-identity. As

the composition
ε⊗ idR ◦ ρr : R R⊗R R

is just the identity, it follows that fj =
∑

i ρij · ε(fi).

3.2 Closed embeddings and algebraicity

Definition 10 (Special sub-quotients). Let W be a free representation of G.
A sub-representation W ′ ⊆ W is special if W ′ and W/W ′ are free. A free
representation U is called a special sub-quotient of W if there is a special sub-
representation W ′ ⊆W such that U is a (G-equivariant) quotient of W ′. Lan-

guage: We say that an embedding α : W W ′ is special if the sub-object
Imα is special.

From now on we assume that Λ is a principal ideal domain (PID).

Some properties: Let M1,M2 and M3 be free representations of G. Then
1) If M1 ⊆M2 and M2 ⊆M3 are special, then M1 ⊆M3 is also special.
2) Take M1 ⊆ M2 special and let ϕ : M3 M2 be surjective. Then
ϕ−1M1 ⊆M3 is special.
3) If M1 is a special sub-quotient of M2 and M2 is a special sub-quotient of
M3, then M1 is a special sub-quotient of M3.
4) If M1 ⊆M2 ⊆M3, with M1 ⊆M3 special, then M1 ⊆M2 is special.

Lemma 11. Let (W,σ) be a free representation of G of rank r. Denote by
σ : W W ⊗R ∼= (R, ρr)

⊕r the natural embedding. Let U ⊆ R be a finitely
generated G-sub-module which contains Im(σ). Then σ : W U is special.

Proof. Pick a basis {wi}1≤i≤r of W so that the embedding above is σ : wj 7→
∑

iwi ⊗ σij. We need to check that (W ⊗R)/W has no torsion. Assume that
there is a ∈ Λ such that a

∑

iwi ⊗ fi =
∑

j αjσ(wj) =
∑

i,j wi ⊗ αjσij or, in
terms of matrices:

(σij) ·







α1
...
αr






= a







f1
...
fr






.

Because the matrix (σij) is invertible, it follows that the each αj ∈ Ra∩Λ = Λa
(by faithful flatness). It follows that there is no a-torsion in (W ⊗R)/W .

We are now going to use the notion of special sub-quotients in order to
obtain a way to decide whether a free representation of G is faithful. Let (V, ρ)
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be a free representation of G of rank d. We make some classical constructions
in linear algebra concerning V (the PID hypothesis on Λ is not necessary for
these). Start with the determinant representation δ: it is a free Λ-module of
rank one where G acts via the group-like element δ of R. Define

ΘV (a, b, 1) =
(

1⊕ (V d)⊗1 ⊕ · · · ⊕ (V d)⊗a
)

⊗(δ−1)⊗b; ΘV (a, b, c) = Θ(a, b, 1)⊕c (a, b, c ∈ N).

(We will usually drop the subscript referring to V in the notation). More
generally, one defines:

V a
b =

s
⊕

i=1

V ⊗ai ⊗ (V ∨)⊗bi , a = (a1, . . . , as); b = (b1, . . . , bs) ∈ N
s. (4)

There are natural arrows in Rep′
Λ(G)

θa,b,c : Θ(a, b, c) (R, ρr)
⊕c

defined by arrows

θa,b,1 : (V d)⊗a ⊗ (δ−1)⊗b (R, ρr)

as follows. Take {vi} a basis of V and let {vij} be a basis of V d where, for fixed
i, {vi1, . . . , vid} is a basis of V identified with the original basis {vi}. Hence the
comodule map for V d is

vij 7→
∑

l

vil ⊗ ρlj

and mapping vij to ρij gives the G-equivariant map V d (R, ρr). It is obvi-
ous to extend this to any tensor power (V d)⊗a (R, ρr) because ρr(=comultiplication
on R) is also a homomorphism of rings. It follows that the map θa,0,1 sends a
pure tensor

vI1 ⊗ · · · ⊗ vIa ∈ (V d)⊗a, I ∈ {1, . . . , d} × {1, . . . , d}

to the element
ρI1 · · · ρIa.

Taking the tensor product (V d)⊗a⊗ (δ−1)⊗b means that we are keeping the
basis but changing the coefficients by multiplication by the group-like element
δ−b. So we map the pure tensor vI1 ⊗ · · · ⊗ vIa ∈ (V d)⊗a to δ−b · ρI1 · · · ρIa

instead.
Notation:Let (V, ρ) be a free representation of G. Adopt the following nota-
tions:

SV :=
⋃

a≥1

Im θa,0,1, S′
V =

⋃

a,b≥1

Im θa,b,1 (5)

These are clearly G-sub-modules of (R, ρr). We can now state the most impor-
tant result of this section.
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Proposition 12. Assume that the free representation (V, ρ) is faithful. Then
any free representation (W,σ) is a special sub-quotient of some V a

b (a and b are
multi-indexes and the notation is explained in eq. (4)). Conversely, if any free
representation of G is a special sub-quotient of V a

b , then V is faithful.

Proof. Let r be the rank of (W,σ). We can embed W equivariantly in (R, ρr)
⊕r.

As the representation V is faithful, we have R = S′
V and by tensoring with some

δ⊗b we have W ⊗ δ⊗b ⊆ S⊕r
V . Hence W ⊗ δ⊗b is a special sub-object of some

Im θa,0,r (by Lemma 11). By the Snake Lemma

Im θa,0,r/W ⊗ δ⊗b ∼= Θ(a, 0, r)/θ−1
a,0,r(W ⊗ δ⊗b)

and we see that W is a special sub-quotient of Θ(a, b, r). It is not hard to see
that ΘV (a, b, c) is a special sub-quotient of some V α

β and the first implication of
the proposition follows. Let us prove the converse, which will be a consequence
of:

Claim:Let (X, ξ) ⊆ (Y, η) be free representations and assume that X ⊆ Y
is special. Then C(X) ⊆ C(Y ).
Proof: Since Y/X is free, any linear functional ϕ : X Λ extends to a
functional Φ : Y Λ. Now C(X) is by definition the set of all ξx,ϕ :=
(ϕ⊗ idR) ◦ ξ(x) = (Φ ⊗ idR) ◦ η(x), where Φ is an extension of ϕ to Y ; we are
done.

Now let W ⊆ (R, ρr) be a G-sub-module of finite rank. Choose U ⊆ V a
b

special which has W as a quotient. Then W ⊆ C(W ) ⊆ C(U) ⊆ C(V a
b ) ⊆ S′

V

(Lemma 9). This shows that R = S′
V and the proposition is proved.

Of course, the special sub-quotients are essential to all this as the following
example shows:

Example: Let Λ = Z3[
√
−3]. It is a DVR with uniformizer ̟ =

√
−3. Let

G be the finite etale group scheme Z/3Z. We write

R = O(G) = Λ[x]/(x3 − x)

and let the co-multiplication be

∆(x) = x⊗ 1 + 1⊗ x− 3

2
(x2 ⊗ x+ x⊗ x2).

Consider the character (L, θ) of G given by the group-like element

θ = 1 +
̟

2
x− 3

2
x2.

The dual representation (L, θ)∨ is given by the group-like element

θ−1 = θ2 = 1− ̟

2
x− 3

2
x2.
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Note that the right-regular representation (R, ρr) embeds in T := 1 ⊕ L ⊕ L∨

since T is naturally a sub-representation of (R, ρr) and R/T is killed by 3. In
other words, we note that the map

R T, (1, x, x2) 7→ 3(1, x, x2) = (3,̟(θ2 − θ), 2− (θ + θ2))

is an equivariant embedding.
Any free representation of finite rank W of G is a sub-representation of some

(R, ρr)
⊕r; it follows that any free representation of G is a sub-representation

of T⊕r. But of course, T is not faithful, as the group-scheme G ⊗ F3 has no
non-trivial characters (it is unipotent).

3.3 O(H) ⊆ O(G)

We maintain Λ a PID.

Proposition 13. Let H be another faithfully flat Λ-group and consider a ho-
momorphism α : G H which induces an inclusion of rings α∗ : O(H) ⊆
O(G) = R. We have:

i) the restriction functor

res(α) : Rep#
Λ (H) Rep#

Λ (G)

is full and faithful (the hypothesis on Λ is not used here).

ii) The full subcategory Rep#
Λ (H) is closed under special sub-quotients.

iii) Let U ∈ Rep#
Λ (H) be a faithful representation. The functor res(α) gives

a monoidal equivalence between Rep#
Λ (H) and the full subcategory of Rep#

Λ (G)
whose objects are special sub-quotients of the res(α)(Ua

b ).

Proof. i) Clearly res(α) is faithful and we have to prove that it is full. By dual-

ity, we only need to show that forM ∈ Rep#
Λ (H) the natural mapMH MG

is bijective. Let σ : M M ⊗ O(H) be the comodule map for M and
r(σ) : M M ⊗ O(G) the comodule map for res(α)(M). The proposition
is then an application of the Snake Lemma to the diagram

0 MH M

id

σ−idM⊗1
M ⊗ O(H)

idM⊗α∗

0 MG M
r(σ)−idM⊗1

M ⊗ O(G).

ii) We only deal with the case of special sub-representations, the general
case is entirely analogous. In this situation, given N a special sub-object of
res(α)(M), there is a basis {mi}1≤i≤s of M such that {mi}1≤i≤r is a basis of

18



N . If σij are the matrix coefficients of M , it follows that α∗(σij) = 0 for every
i > r and j ≤ r; as a consequence N is also invariant by the comodule map σ.

iii) Obvious from i) and ii) and Proposition 12.

4 The differential Galois group over o

In this section we define some of the categories we are interested in: str(X/o)
and str#(X/o) (see the end of section 4.1) where X is an affine formal scheme
which is adic and smooth over the complete DVR o. To ease referencing we
have included section 4.1, there we collect some folkloric facts about differential
operators over adic formal schemes. In section 4.2 we show how to give str(X/o)
a fibre functor so that the Tannakian theory of Bruguières-Nori (section 2) is
put into practice. As we are interested in defining the differential Galois group
of M ∈ str#(X/o)–which should be algebraic over the base ring–, we need to
look at certain sub-categories of str#(X/o) whose objects are “dominated” by
M (so that we can copy the Tannakian theory over a field); this is done in
section 4.3 where the main definition made, Definition 23, follows the teachings
of section 3.2 and gives a crucial algebraicity result, Theorem 24, for the Tan-
nakian group-scheme furnished by Bruguières-Nori.

Let o be a complete DVR of residue field k, local parameter ̟ 6= 0 and fraction
field K. We make no assumptions on the characteristics, but in order to make
the theory of differential operators work properly, we need to assume that k is
perfect. This guarantees that all Tannakian differential Galois group-schemes
for stratified sheaves over smooth k-schemes are reduced (see [4, Thm. 11], the
hypothesis that k is algebraically closed is not used there).

We let A be a flat o-adic ring which is topologically of finite presentation (type)
over o:

A = o〈T1, . . . , Tr〉/a,
where o〈T 〉 is the ̟-adic completion of o[T ]. We also suppose that X := Spf(A)
is connected (which is the same as connectedness of SpecA) and smooth over
o. Smoothness is to be understood in the following sense. There exists a
homomorphism of o-algebras

ψ : o〈x1, . . . , xn〉 A

such that the induced morphisms ψ ⊗ (o/̟µ) are etale for each µ ∈ N. This
requirement gives a very simple structure for the ring of o-linear differential
operators DX/o on X (see section 4.1).
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The special fibre of X is denoted by X0 and O(X0) =: A0. The generic fi-
bre (seen as a scheme or as a rigid space) is denoted by X and O(X) =: AK .
We assume that X has an o-rational point ξ : Spf o X: The induced k-
(resp. K-) rational point of X0 is denoted ξ0 (resp. ξK). This point will give
the fibre functor.

4.1 Differential operators

I thank Pierre Berthelot for suggesting the approach on differential operators
given here. The suggestion helped us overcome some needless difficulties and
allowed us to use documented knowledge to support the results. These are
certainly well-known for mathematicians working in Rigid Geometry. We have
limited ourselves in making the definitions and pointing out the conclusions
which will allow the reader to construct more satisfactory knowledge using any
standard text on differential operators (e.g. [1] or EGA IV4).

Let Λ be a noetherian ring which is complete for the a-adic topology. Let
R be a Λ-adic ring, that is, R is a Λ-algebra which is complete for the aR-adic
topology. We further assume that R is noetherian. Let Λµ = Λ/aµ and denote
the base change map Λ-Mod Λµ-Mod by a sub-script (?)µ.

Recall

Definition 14. Let PR/Λ = R⊗̂ΛR and let I be the kernel of multiplication
PR/Λ R. The module of principal parts of order ≤ n of R over Λ, Pn

R/Λ,

is the quotient PR/Λ/I
n+1. It can be seen as an R-algebra in two different ways

via the homomorphisms d1(a) = a⊗ 1 and d2(a) = 1⊗ a.

Assume further that R is topologically of finite type over Λ:

R = Λ〈T1, . . . , Tr〉/b (Λ〈T 〉 is the a-adic completion of Λ[T ]).

Under this condition it is easy to see that Pn
R/Λ is finite over R.

Proposition 15 (EGA IV4, 16.4.5, p. 19). The natural map

Pn
R/Λ ⊗ Λµ Pn

Rµ/Λµ

is an isomorphism. In particular,

Pn
R/Λ = lim←−

µ

Pn
Rµ/Λµ.

For us (and most rigid geometers) a homomorphism of Λ-adic algebras ϕ :
R S is said to be etale if each one of the ϕµ is an etale homomorphism of
rings.
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Theorem 16. Let S be another Λ-adic ring which is topologically of finite type
and let ϕ : R S be an etale homomorphism. Then the natural homomor-
phism

S⊗̂RP
n
R/Λ Pn

S/Λ

is an isomorphism.

Proof. By definition, ϕµ : Rµ Sµ is an etale homomorphism of noetherian
rings: of finite type and formally etale for the discrete topologies. From [14,
Thm. 3.2.3, p.39] the natural homomorphism

Sµ ⊗Rµ P
n
Rµ/Λµ

Pn
Sµ/Λµ

is an isomorphism. Using Proposition 15 the result follows by taking the limit
over µ and from the definition of complete tensor product (EGA I (0,7.7.1), p.
75).

Recall that R is said to be Λ-smooth if there is an etale homomorphism

ψ : Λ〈T1, . . . , Ts〉 R.

Corollary 17. Assume that R is Λ-smooth and adopt the notation above. If
x1, . . . , xs are the images of T1, . . . , Ts, then Pn

R/Λ is free on the basis

s
∏

i=1

(1⊗̂xi − xi⊗̂1)qi , (q1, . . . , qs) ∈ N
s,

∑

qi ≤ n.

In particular, the ring of Λ-linear differential operators over R is the sub-algebra
D of EndΛ(R) (R acts on the left) freely generated over R by operators

∂q =
1

q!

∂q

∂xq
, q ∈ N

s,

where the ∂q satisfy the usual relations

∂qx
r =

(

r

q

)

xr−q; ∂q∂r =

(

q + r

q

)

∂q+r

(see also 2.6 of [1]).

Remarks: (1) On the proof of Theorem 16: We could not find any reference
in EGA supporting the fact that Pn base-changes nicely for etale morphism.
On the other hand the corresponding result for Ω1 ∼= I/I2 (where I is the ideal
of the kernel of multiplication R⊗̂ΛR R) is carefully analyzed in EGA
IV4. As Berthelot points out, if R is known to be Λ-smooth, then Theorem 16
follows from

Gr•I(PR/Λ) ∼= Symm•
R(I/I2)

and the case of Ω1.
(2) We will only be interested in smooth o-adic rings; from the previous

remark, the use of [14] in Theorem 16 could have been avoided.
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The objects of study and important notations:

1. The category str(X/o) will be called the category of stratified sheaves
or modules over X. The objects are finitely generated A-modules M

endowed with a left action of the ring of differential operators DX/o

∇ : D Endo(M )

which is compatible with the left-action of A on D and M . The arrows are
homomorphisms of DX/o-modules and are called horizontal maps. This
category is monoidal and the forgetful functor str(X/o) coh(X) is
monoidal strict [4], [11]. To other formulations of these definitions, the
reader should consult [1]–these will be used in section 6.2.1.

2. The category str#(X/o) will be the full sub-category of str(X/o) whose
objects are flat as A-modules (and hence locally free of constant rank).
That the notation is compatible with the notation introduced in section
2.3 will follow from Lemma 19. For M ∈ str#(X/o) we let M ∨ denote
its dual.

3. Analogous notations are in force for the special and generic fibres of A:
str(X0/k) and str(X/K). The natural monoidal functor

str(X/o) str(X0/k)

will be named r. Note that, since

DX/o⊗o k = DX0/k,

r admits a section str(X0/k) str(X/o) which is the identity on the
underlying categories of A-modules.

4.2 Fibre functor

Proposition 18. The category str(X/o) is an abelian and o-linear. The func-
tor ω = ξ∗ : str(X/o) (o−mod) is faithful and exact.

The proof will make use of the following lemma and its corollary.

Lemma 19. The category str#(X/o) is the full subcategory of str(X/o) whose
objects have no ̟-torsion when regarded as A-modules.

Proof. Let (M ,∇) be an object of str(X/o). By the local flatness criterion [9,
Thm. 22.3, p. 174], M is flat as an A-module if and only if TorA

1 (M , A0) = 0
and M /̟M =: M0 is flat over A0. Now M0 is a DX0/k-module over the
algebraic smooth k-scheme X0 and hence is flat (locally free). The condition
on Tor is precisely the absence of ̟-torsion.
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Corollary 20. The category str#(X/o) is stable under sub-objects: if N ⊆
M is an inclusion in str(X/o) with M ∈ str#(X/o), then N belongs to
str#(X/o).

Proof of Prop. 18. The first assertion is obvious. We now prove that ω is left
exact and hence exact. We can assume that ker ξ = (x1, . . . , xn). Consider an
exact sequence

0 M
′

M M
′′ 0

in str(X/o). We will show that 0 ωM ′ ωM ωM ′′ 0 is
exact by proving that TorA

1 (M ′′, A/(x1, . . . , xn)) = 0. So we set our goal in
proving that TorA

1 (M , A/(x1, . . . , xn)) vanishes for any object M ∈ str(X/o).
If M is in str#(X/o) then we are done. In general we have an exact sequence
in str(X/o)

0 Mτ M Mf 0 (6)

where Mτ is the sub-object of M given by the elements killed by a power of
̟. By Lemma 19, Mf is in str#(X/o) and hence TorA

i (M , N) = TorA
i (Mτ , N)

for all i > 0. We assume now that M is killed by ̟m. Let Mi := ker(̟i :
M M ). We have a filtration of M by sub-objects

0 ⊆M1 ⊆ · · · ⊆Mm = M (7)

and the factor modules Mi+1/Mi are A0-modules. Hence, by general homo-
logical algebra, we will succeed in showing that TorA

1 (M , A/(x1, . . . , xn)) = 0
for all M ∈ str(X/o) if we can show that TorA

1 (M , A/(x1, . . . , xn)) = 0 for
all M ∈ str(X/o) which are killed by ̟. So let M ∈ str(X/o) be such that
̟M = 0. Let Tj = TorA

1 (M , A/(x1, . . . , xj)). We will use induction on j.
Using the exact sequence

0 A
x1

A A/(x1) 0

we see that T1 is the kernel of multiplication by x1 on M . This last group is
certainly 0 as the DX0/k-module M has no (x1 +̟A)-torsion. The first induc-
tive step is taken and we assume that Tj−1 = 0. Let Aν = A/(x1, . . . , xν). We

have an exact sequence of A-modules 0 Aj−1
xj

Aj−1 Aj 0
whose associate long exact sequence gives an exact sequence

0 Tj Aj−1 ⊗A M
xj

Aj−1 ⊗A M .

Again, we see that Tj = ker(Aj−1⊗AM
xj

Aj−1⊗AM ). But Aj−1⊗AM has
a natural structure of DY/k-module, where Y is the smooth algebraic k-scheme

SpecA/(̟,x1, . . . , xj−1),
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and therefore has no xj-torsion. Hence Tj = 0 and we have just proved that ω
is exact.

To show that ω is faithful, we only need to prove that if ωM = 0 for some
M ∈ str(X/o), then M = 0. This is certainly true if M is in str#(X/o), as
in this case M ⊂M ⊗K. In general, using the sequence in eq. (6) it follows
that M = Mτ and M is killed by ̟m. If m = 1, then M is a DX0/k-module
whose fibre at the k-point associated to ξ is zero: it follows that M = 0. The
case where m > 1 is treated using the filtration in eq. (7).

4.3 Special sub-quotients

Definition 21. 1. An embedding V ′ ⊆ V in str(X/o) will be called special
if V ,V ′ and the cokernel V /V ′ are in str#(X/o). We will say that V ′′ ∈
str#(X/o) is a special sub-quotient of V if there is a special embedding
V ′ ⊆ V and a quotient map V ′ V ′′.

2. Given a family of objects F in str#(X/o) possessing 1 and stable by direct
sums, duals and tensor products, we define the category 〈F 〉s as the full
sub-category of str#(X/o) having as objects the special subquotients of
objects in F .

3. Given M ∈ str#(X/o) and a, b ∈ N, write

M
a
b = M

⊗a ⊗ (M ∨)⊗b.

For multi-indexes a, b ∈ N
s, define

M
a
b = M

a1

b1
⊕ · · · ⊕M

as

bs
.

If the family F is given by the M a
b where a, b are multi-indexes, then the

category 〈F 〉s is denoted by 〈M 〉s⊗.

One of the purposes of the above definition is

Lemma 22. Let F be a family of objects as in Definition 21 above. Then
〈F 〉s is stable by direct sums, tensor products, duals and special sub-quotients.

Proof. Given the rigidity of the definitions this result is quite straightforward.
It is obvious that 〈F 〉s is stable by direct sums. Equally obvious is the state-
ment about tensor products, since for E ∈ str#(X/o) the functor ? ⊗ E is
exact.

We now show that 〈F 〉s is stable by taking duals. Start by observing that
an exact sequence

0 E
′′

E E
′ 0
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in str(X/o) with E ,E ′,E ′′ ∈ str#(X/o) gives rise to an exact sequence

0 (E ′)∨ E
∨ (E ′′)∨ 0.

Let E ′ ⊆ E be special and let α : E ′ E ′′ be an epimorphism. Assume that
E ∈ F . The embedding E ′ ⊆ E gives a quotient map E ∨ (E ′)∨ and the
quotient map α gives an embedding (E ′′)∨ ⊆ (E ′)∨. Let V ⊆ E ∨ be the pre-
image of (E ′′)∨. The Snake Lemma shows that E ∨/V ∼= (E ′)∨/(E ′′)∨. Because
(E ′)∨/(E ′′)∨ ∼= ker(α)∨ and ker(α) ∈ str#(X/o) (Cor. 20), it follows that V is
a special sub-object of E ∨ which maps epimorphically to (E ′′)∨. Since E ∨ ∈ F ,
we obtain that 〈F 〉s is stable by duality.

The proof that 〈F 〉s is stable by special sub-quotients is just more of the
same formalism based on Lemma 19 and Corollary 20 and we omit it.

Putting Corollary 20, Lemma 22 and Proposition 18 together, we obtain
that the category 〈F 〉s is under the conditions of Theorem 6 and Corollary
7. Hence, we can make the following definition and take note of the working
properties which follow.

Definition 23 (the differential Galois group over o). Let F be a family of
objects in str#(X/o) which is stable under direct sums, tensor products and
duals. Also, assume that 1 ∈ F . The differential Galois group of F at ω is
defined as the faithfully flat o-group-scheme

Π(F , ω) = Π(〈F 〉s, str(X/o), ω)

given by Theorem 6. If 〈F 〉s = 〈M 〉s⊗, we write Π(F , ω) = Π(M , ω).

4.3.1 Working properties of the differential Galois group

Almost all important results to follow are based on properties arising from the
commutative diagram

Repo(Π(M , ω))
forget

S

〈M 〉s⊗

ω0

str(X/o) ω (o−mod)

(8)

where S is monoidal, exact, o-linear and faithful; ω0 is monoidal, o-linear and
fully-faithful.

As we are allowed to use Corollary 7, the first statement of the important
theorem below follows. From Proposition 12 we obtain the second statement.

Theorem 24. The monoidal functor ω0 : 〈M 〉s⊗ Rep#
o (Π) is an equiva-

lence and the representation ω0(M ) is faithful. In particular Π is algebraic.
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4.3.2 The universal torsor or PV-ring

As the definition of the universal torsor or Picard-Vessiot ring given here is
tentative and will only be needed in the case where Π(M , ω) is finite (in which
case a more responsible discussion is available, see Prp. 34) we will be informal
in what follows.

Let (R, ρl) be the left-regular representation of Π = Π(M , ω). It is a monoid

(an algebra) in the category Ind(Rep#
o (Π)) (all facts used here concerning cate-

gories of inductive limits can be found in SGA 4, exposé I, §8). By means of the
functor S, we obtain an A-algebra BM . This A-algebra is faithfully flat as the
quotient BM /A is flat. By transport of structure, BM is a DX/o-module and
multiplication BM ⊗ABM BM as well as identity A BM are homo-
morphism of DX/o-modules. Furthermore, SpecBM SpecA is a Π-torsor.

From the formalism of Nori [4, 2.3.2(d), p. 701] it follows that M⊗ABM
∼= B⊕r

M

as DX/o-modules.
It is unclear to us whether this is the “correct” object to be regarded since

BM is in general no longer in the category of o-adic algebras.

5 Relation between the differential Galois

group over o and over K

Let M ∈ str#(X/o) and let M ∈ str(X/K) be the stratified module induced
by M on the generic fibre X (for our purposes, X can be seen as an analytic
space or–by the coherence Theorems of Kiehl–as the spectrum SpecA ⊗ K).
Our goal is to compare the differential Galois groups

Π(M ) = Π(〈M 〉s⊗, str(X/o), ω) (obtained by Bruguières-Nori theory, section 4.3)

and

Π(M) = Π(〈M〉⊗, str(X/K), ω⊗K) (obtained by classical Tannakian theory).

This is considerably easier than the comparison result between Π(M ) and
Π(M ⊗ k) in section 6 below; there is a much stronger relation between 〈M 〉s⊗
and 〈M〉⊗:

Theorem 25. Let γ : str(X/o) str(X/K) be the obvious functor. Then
i) The restricted functor γ|〈M 〉s⊗ takes values in 〈M〉⊗.
ii) Given N ∈ 〈M〉⊗, there exists N ∈ 〈M 〉s⊗ with γ(N ) = N .
iii) For N1,N2 ∈ 〈M 〉s⊗, the natural K-linear homomorphism

Hom(N1,N2)⊗oK Hom(γN1, γN2)

is bijective.
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Using the flatness of the o-algebra K and the fact that the construction of
Bruguières-Nori in section 2 is just the usual construction when Λ is a field, we
obtain:

Corollary 26. There exists an isomorphism of K-group-schemes

Π(M) Π(M )⊗K

making the diagram of categories

〈M 〉s⊗
γ

ω0

〈M〉⊗
ω⊗K

Repo(Π(M ))
⊗K

RepK(Π(M ) ⊗K) RepK(Π(M)).

commute.

After [11] the method of proof of Theorem 25 is certainly folklore. It consists
of looking for Banach norms on each stratified module (N,∇) ∈ 〈M〉⊗ in such
a way that

‖∇ (∂q)‖ ≤ 1, q ∈ N
n (see Corollary 17 for notation).

Recall that o〈T1, . . . , Tr〉 has a o-Banach algebra norm ‖·‖ : o〈T 〉 : {0}∪
qN (where ‖̟‖ = q < 1) such that the topology defined by ‖ · ‖ coincides with
the ̟-adic topology. In fact,

̟mo〈T 〉 = {f ∈ o〈T 〉 : ‖f‖ ≤ qm} (m ∈ N). (9)

Every ideal of o〈T 〉 is closed and we can endow

A = o〈T 〉/a

with a o-Banach algebra norm ‖ · ‖A for which the analogue of eq. (9) is valid.
In particular, every finitely generated A-module E has a structure of A-Banach
module ‖ · ‖E : E {0} ∪ qN such that

̟m
E = {e ∈ E : ‖e‖E ≤ qm}. (10)

Let AK be the affinoidK-algebra A⊗oK. For anyA-Banach module without
torsion (E , ‖ · ‖E ) we induce a structure of AK-Banach module on E ⊗K which
satisfies (using eq. (10))

E = {e ∈ E ⊗K : ‖e‖ ≤ 1}. (11)
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Proof of Thm. 25. i) is quite obvious due to the o-flatness of K.
ii) We note that γ is a monoidal functor, therefore γ(M a

b ) ∼= Ma
b (notation

of definition 21). Put M a
b = E and Ma

b = E. Let N ⊆ E be an inclusion in the
category str(X/K). Define the A-module N = E ∩N = {e ∈ N : ‖e‖ ≤ 1},
the norm ‖ · ‖ being the one constructed above. Because A is noetherian and E

is finitely generated, N is finitely generated over A. Equation (11) shows that
N ⊗K = N . As the action of DX/o ( ⊂ DX/K) on E leaves N and E invariant,

we see that N ∈ str#(X/o) (use Corollary 20). Note that, by construction,
E /N has no ̟-torsion; an application of Lemma 19 shows that N ⊆ E is
special. We have proved that any sub-object of Ma

b is in the essential image
of γ. That any quotient of N is also in the essential image of γ follows easily
from the reasoning above and the fact that for N ′ ⊆ N special, the inclusion
N ′ ⊆ E is also special.

iii) Using linear algebra we are left with the verification of the tautological
fact: For each (E ,∇) ∈ str#(X/o), the natural map

E
∇ ⊗oK (γE )∇

(the superscript ∇ denotes horizontal sections) is bijective.

6 Relation between the differential Galois

group over o and the differential Galois group

of the reduced module

This section contains the most important results of this work (Theorem 27 and
Theorem 28). They relate the differential Galois group of M ∈ str#(X/o) over
o with the differential Galois group of M ⊗k ∈ str(X0/k). The inspirations for
the statement of the latter theorems are, of course, Conjecture 8.5 and Example
8.6 in [11]. Understanding the latter is an important step in making the correct
definitions (see the example in section 6.2.3 and also the negative example in
section 3.2).

The proof of Theorem 27 is stimulated by the principle that if the D-modules
over X correspond to representations of a group-scheme, then the D-modules
over X0 should correspond to the representations of the mod ̟ group and
the natural map str(X0/k) str(X/o) should be seen as the restriction of
scalars.

The method of proof used in Theorem 28 (section 6.2.3) is based on Nori’s
theory of inversion of the Tannakian construction applied to D-modules (see
Lemma 34 and [4, 2.3.2]), Grothendieck’s remarkable equivalence and the well-
understood principle that differential equations with finite differential Galois
groups are etale coverings (section 6.2.1).

28



As we already mentioned in the general introduction, the relation between
the angle pursued here and that of [11] is quite strong with one main techni-
cal difference: we see the “integral” (over A) module M as part of the initial
data. As the theorems and the example at the end of section 6.2.3 show, this
assumption has its advantages.

We fix M ∈ str#(X/o) and let Π = Π(M , str(X/o), ω) as in Definition 23.
We will use the notations introduced in diagram (8). Also, let M0 ∈ str(X0/k)
be the reduction of M . Denote the differential Galois group of M0 in the cate-
gory str(X0/k) by Π(M0) (the fibre functor is induced by the k-rational point
ξ0) and put Π⊗o k = Π0. We want to obtain relations between Π and Π(M0):
in section 6.1 we show that Π(M0) is a closed subgroup-scheme of Π0; in section
6.2 we have Theorem 28 which has as a consequence the production of a class
of examples where the closed embedding Π(M0) ⊆ Π0 is an isomorphism.

6.1 A closed embedding

Our goal here is to realize Π(M0) as a closed subgroup scheme of Π0 (Theorem
27 below). This will be achieved, via Tannakian theory, by constructing an
exact monoidal functor

ν : Repk(Π0) Repk(Π(M0))

which is the identity on the underlying category of vector-spaces and which has
a faithful representation of Π(M0) in its essential image. The construction will
use the notion of restriction of scalars in group theory.

Digression: Restriction of scalars [6, Ch. I, 10.1, p. 162] Let G be a
flat group-scheme over o and write G0 = G⊗o k. The restriction of scalars is a
functor

σG : Repk(G0) Repo(G)

which is the identity on the underlying categories of o-modules. It is defined
as follows. For V a representation of G0, let ρ : V V ⊗k O(G0) be the
comodule structure. Since the co-domain of ρ is V ⊗k (k⊗oO(G)) = V ⊗oO(G),
we have immediately defined on the o-module V a structure of O(G)-comodule
and this is the functor σ. Here are some properties:

1. Let V be a free representation of G, then σ(V ⊗ k) is the representation

coker(V
̟

V ).

2. Let b : Repo(G) Repk(G0) be the base change functor. Then b is a
left adjoint of σ and b ◦ σ ∼= id.
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3. Let H be another o-group-scheme and let f : G H be a homomor-
phism. Then σG ◦ res(f ⊗ k) = res(f) ◦ σH .

4. There is a natural isomorphism of functors ⊗Repo(G) ◦ (σ × σ) ⇒ σ ◦
⊗Repk(G0) (because k is a quotient of o). Of course, this means that σ is a
monoidal functor without the property of mapping 1Repk(G0) to 1Rep

o
(G).

End of digression

Define
ν : Repk(Π0) str(X0/k)

as the composition (to repeat: S below is defined by the diagram (8))

Repk(Π0)
σ

Repo(Π)
S

str(X/o)
r

str(X0/k).

Since r takes coker(1
̟

1) to OX0
with the trivial stratification, it follows

that ν is monoidal functor. Note that ν is also exact, since S ◦ σ takes values
in the category of DX/o-modules which are killed by ̟.

Theorem 27. The functor ν above has range in the category 〈M0〉⊗ and in-
duces a closed embedding of Π(M0) into Π0 = Π(M )⊗o k.

Proof. The main point is that the representation U = ω0(M ) of Π is faithful
(Thm. 24), consequently U0 := U ⊗ k is a faithful representation of Π0. Given
V ∈ Repk(Π0), there are representations V ′′ ⊆ V ′ ⊆ (U0)

a
b with V = V ′/V ′′.

Since ν is exact, ν(V ) is a sub-quotient of ν((U0)
a
b ) = ν(U0)

a
b . But

σ(U0) = coker(U
̟

U)

and then

S ◦ σ(U0) = coker(S(U)
̟

S(U)) = coker(M
̟

M ).

It follows that ν(U0) ∼= M0. We have proved that ν(V ) is a sub-quotient of
some (M0)

a
b and this shows that ν has range in 〈M0〉⊗. It is immediate to

see that ν preserves the fibre functors, hence it induces a monoidal functor
Repk(Π0) Repk(Π(M0)) which is the identity on the underlying vector
spaces. By standard Tannakian theory Repk(Π0) Repk(Π(M0)) comes
from a homomorphism of group-schemes; that this homomorphism is a closed
embedding is a consequence of the classical criterion presented in [3, 2.21, p.
139].
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6.2 Finite differential Galois group over o

Take k algebraically closed. We keep the notations of section 6.1 and assume
that

Π is finite.

Under this hypothesis we want to be able to say something more about the
closed embedding

β : Π(M0) Π0

constructed in Theorem 27.

Theorem 28. Under the above assumptions and notations. The closed embed-
ding β induces an isomorphism between Π(M0) and the etale group scheme of
connected components of Π0.

Let us give some explanation about the group-scheme of connected compo-
nents of Π and of Π0 in order to clarify the statement of the above theorem.

The group of connected components of Π, which will be denoted by Π(c)

(the cumbersome notation here is to avoid the notational disaster π0(Π)) is an
etale group-scheme over o which is the co-domain of a homomorphism

q : Π Π(c)

coming from an inclusion of rings O(Π(c)) ⊆ O(Π). This inclusion is obtained
by lifting idempotents from O(Π)⊗ k to O(Π) [13, Prp. on p. 43]. Hence, if

q0 : Π0 Π
(c)
0

defines the group-scheme of connected components of Π0, then q0 = q ⊗o k (in
particular O(Π(c) ⊗ k) ⊆ O(Π⊗ k)).
Lemma 29. The embedding β : Π(M0) Π0 is still a closed embedding
when composed with q0.

Proof. Let Π0,red be the closed sub-scheme of Π0 defined by the ideal of nilpo-
tent elements. It still defines a closed sub-group-scheme of Π0 such that q0|Π0,red

is an isomorphism [15, 6.8, p. 52]. Because Π(M0) is reduced ([11] or [4, Cor.
12]) and finite, it is etale. Therefore β gives a closed embedding of Π(M0) into
Π0,red and when composed with the isomorphism q0|Π0,red we still have a closed
embedding.

Let
α : Π(M0) Π

(c)
0

denote this new closed embedding obtained in the above lemma. The proof
that α is an isomorphism (which is the contention of Theorem 28) will use the
material of sections 6.2.1 and 6.2.2. It will be given in section 6.2.3.
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6.2.1 Etale coverings and monoids in str(X/o)

As the reader can guess, the proof of Theorem 28 will rely on Grothendieck’s
“remarkable equivalence” (EGA IV4 18.1.2, p. 110) and on the well-understood
principle that “etale coverings are stratified sheaves with etale differential Ga-
lois group”. To fill this last principle with mathematical content, we will study
the relation between finite and etale A-algebras and str(X/o) (summarized in
Prp. 31 below).

To understand the following definition, the reader is reminded to consult [8,
VII §3, p. 170] for terminology concerning monoids. It is also important to
bear in mind that an etale morphism of o-adic formal schemes f : Y S is
given by a compatible system of etale morphisms fµ : Yµ Sµ, where the
sub-script (·)µ indicates that we are taking the scheme defined by the ideal ̟µ

(EGA I, 10.6.11, p. 192).

Definition 30. Let Etstr(X/o) denote the full sub-category of commutative
monoids in str#(X/o) whose objects have the property that the underlying
OX-algebra defines an etale covering of X. Objects of Etstr(X/o) are called
etale stratified algebras over X. The analogous definition for X0 is in force:
Etstr(X0/k). Objects of Etstr(X0/k) are called etale stratified algebras over
X0.

We will also use the notations Et(X) (resp. Et(X0)) to denote the opposite

category of etale coverings of X (resp. X0). That is, Et(X) is the category of
finite and etale A-algebras.

Proposition 31. Consider the commutative diagram of categories

Etstr(X/o)

r

Et(X)

Etstr(X0/k) Et(X0),

where the horizontal arrows are just the forgetful functors and the vertical are
the restrictions to the special fibre. Then each arrow is a monoidal equivalence
of categories.

Proof. That the functor Et(X) Et(X0) is an equivalence is Grothendieck’s
celebrated “remarkable equivalence” (EGA IV4 18.1.2, p. 110). Therefore, the
proposition will follow if we can show that the forgetful functors above induce
equivalences. This is an immediate application of Theorem 16:

Claim: Let ϕ : A S be a finite and etale morphism of o-adic algebras.
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Then the A-module S has a stratification {λn}n induced by the commutative
triangle

Pn
A ⊗A S

λn

∼=

S ⊗A P
n
A

∼=

Pn
S .

Under this stratification, the natural arrows ϕ : A S and mult. : S ⊗A

S S are horizontal. Furthermore, the stratification {λn} is unique satis-
fying these conditions.

Proof: It is easy to see that ϕ is horizontal. Let us take care of multiplica-
tion. The arrows λn are, by definition, homomorphisms of Pn

A-modules. The
stratification of S⊗AS is obtained via the canonical identifications (Pn⊗S)⊗P n

(Pn ⊗ S) = Pn ⊗ (S ⊗A S), (S ⊗ Pn) ⊗P n (S ⊗ Pn) = (S ⊗A S) ⊗ Pn. So,
mult. : S⊗AS S is horizontal is an only if λn is a homomorphism of rings.
As the isomorphism of Theorem 16 is an isomorphism of Pn

A-algebras, we are
done.

Now we consider uniqueness. So let εn : Pn ⊗ S S ⊗ Pn define a
stratification of S which allows ϕ and mult. to be horizontal. From what we
saw before, this means that εn is a homomorphism of Pn-algebras and we want
to show that εn = λn for every n. This will be achieved if we show that
εn ⊗ (o/̟µ) = λn ⊗ (o/̟µ) for every µ. In view of Proposition 15 above,
we can assume that ϕ is formally etale (replace A, S and etc by A ⊗ (o/̟µ),
S⊗(o/̟µ) and etc). By hypothesis, ε0 = λ0 = id and we will show by induction
that {εn} = {λn}; assume that we have εn = λn.

Since ϕ is formally etale, the same is true for Pn Pn⊗S and Pn S⊗
Pn. Let πn+1 : Pn+1 Pn be the canonical projection; note that ker(πn+1)
is nilpotent, so by flatness of ϕ, both ker(S ⊗ πn+1) and ker(πn+1 ⊗ S) are
nilpotent. The definition of stratification requires that (S ⊗ πn+1) ◦ 2n+1 =
2n ◦ (πn+1 ⊗ S), where 2 = λ or ε. Hence we have the commutative diagram

Pn+1 ⊗ S
εn◦(πn+1⊗S)=λn◦(πn+1⊗S)

?

S ⊗ Pn

Pn+1 S ⊗ Pn+1

S⊗πn+1

where the dotted arrow ? can be filled either with εn+1 or λn+1. As Pn Pn⊗
S is formally etale, we must have εn+1 = λn+1.

A particularly pleasant consequence of Proposition 31 is:
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Corollary 32. Any automorphism of P ∈ Et(X) commutes with the action of
the differential operators.

In this spirit, the following notation is quite useful:
Notation: Let G be an abstract group. The sub-category of Etstr(X/o)
corresponding to those elements in Et(X) whose spectrum is a G-torsor over X

will be denoted by
Etstr(X/o;G).

Using Proposition 31, the above category is none other than the category of
G-torsors over X.

6.2.2 Associated sheaves

The material here is all standard and folkloric. We use this section mainly to
fix notations needed in section 6.2.3 below.

Let G be a finite abstract group. Let P ∈ Etstr(X/o;G) (see the end of
section 6.2.1 for notation). Define the functor

LP : Repo(G) str(X/o), LP(V ) = (P ⊗o V )G. (12)

Of course, LP composed with the forgetful functor str(X/o) coh(X)
is just the associated sheaf construction of [6, I 5.8, p. 84]. It is easy to
see that LP is monoidal, exact and faithful (exactness and faithfulness follow
automatically from the standard case, see loc. cit). The following easy lemma
will be used later.

Lemma 33. i) Let P ∈ Etstr(X/o;G) and Q ∈ Etstr(X/o;H). Assume
that there is a pair (α,Φ) where α : H G is a homomorphism and Φ :
P Q is an arrow of Etstr(X/o) such that Φ◦α(h) = h◦Φ for all h ∈ H.
Then there is a natural isomorphism ϕ : LP ⇒ LQ◦res(α) of monoidal functors
induced by the pair (α,Φ).

ii) The composition of functors

Repk(G)
restrc. of scalars

Repo(G)
LP

str(X/o)
r

str(X0/k)

is naturally isomorphic to the functor LP0
, where P0 ∈ Etstr(X0/k) is induced

by P.

Proof. i) Let V ∈ Repo(G). Using Φ we obtain an arrow in str(X/o)

P ⊗o V
Φ⊗V

Q ⊗o V.

From the compatibility Φ ◦ α(h) = h ◦Φ we obtain another arrow in str(X/o)

ϕV : (P ⊗ V )G (Q ⊗ V )H
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where H acts on V via α. It is immediate to see that ϕ is natural and monoidal.
From the theory of torsors, we know that ϕV is an isomorphism of coherent
sheaves and i) is proved. The proof of ii) is even easier and we shall omit it.

Language: We shall call a morphism Φ : P Q as in i) above a map
covering the homomorphism α.

6.2.3 Proof of Theorem 28

We will keep the notations fixed in sections 6.1 and 6.2. We will also abbreviate
Π(M0) to G0. As we are assuming that k is algebraically closed, any etale group-

scheme over o or k will be constant; we will identify the group schemes G0, Π
(c)
0

and Π(c) with the constant groups they induce.
If V ∈ Rep#

o (Π(c)) is faithful, then V0 = V ⊗ k is a faithful representation

of Π(c) ⊗ k = Π
(c)
0 and, consequently,

res(α)(V0)

is a faithful representation of G0 = Π(M0) (α is defined by Lemma 29). From

Proposition 13, the functor res(q) induces an equivalence between Rep#
o (Π(c))

and the full sub-category 〈res(q)(V )〉s⊗ of Rep#
o (Π). By Theorem 24 there exists

V ∈ 〈M 〉s⊗ such that ω0(V ) = res(q)(V ); if this choice is fixed, then

ω0|〈V 〉s⊗ : 〈V 〉s⊗ 〈res(q)(V )〉s⊗ = Rep#
o (Π(c)) is an equivalence.

Write
T := S ◦ res(q).

The main idea behind Theorem 28 is that if α : G0 Π
(c)
0 fails to be

an isomorphism, then Proposition 31 will produce a certain factorization of T ;
this factorization will then lead to a contradiction. For the next proposition we
use notation from sections 6.2.2 and 6.2.1. The reader is asked to bear in mind
the definition of ν given in section 6.1.

Proposition 34. The functor T is naturally isomorphic as a monoidal functor
to

LP : Repo(Π
(c)) str(X/o),

where P = T (O(Π(c)), ρl) is seen as an object of Etstr(X/o,Π(c)). The functor

ν ◦ res(q0) : Repk(Π
(c)
0 ) str(X0/k) is naturally isomorphic to the functor

LP0
, where P0 is the object of Etstr(X0/k) induced by P.
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Proof. The second assertion in the statement follows from the first, property
3. (see section 6.1) of the restriction of scalars functor and from Lemma 33.
The first assertion follows from a technique of M. Nori; for the case of a ground
field this is explained in [4, 2.3.2] or in [12, §2], but the proof there applies to
the present case. We will indicate (i) why P ∈ Etstr(X/o,Π(c)) and (ii) which
point of the proof in [4, 2.3.2] needs further attention.
(i) Let R := O(Π(c)). Then the co-multiplication

∆ : (R, ρl) (R, ρl)⊗o (R, idR ⊗ 1)

becomes an arrow in Repo(Π
(c)) and hence we have an arrow T (∆) : P P⊗o

R (the co-domain has the direct sum stratification) in str(X/o). We also have

an isomorphism P⊗P
∼=

P⊗oR, which is induced by the obvious isomor-
phism in Repo(Π

(c))

(R, ρl)⊗ (R, ρl)
∼=

(R, ρl)⊗ (R, idR ⊗ 1).

As P is faithfully flat as an OX-module, it follows that P has the desired
properties.
(ii) Let (V, ρ) ∈ Repo(Π

(c)). In loc.cit. we find the construction of Π(c)-
equivariant maps

τ1 : (V, ρ) ⊗ (R, ρl) (V, ρ)⊗ (R, ρl)⊗ (R, idR ⊗ 1)

τ2 : (V, idV ⊗ 1)⊗ (R, ρl) (V, idV ⊗ 1)⊗ (R, ρl)⊗ (R, idR ⊗ 1)

where

• τ1 is the comodule map for the representation (V, idV ⊗ 1)⊗ (R, ρr) (and
hence just (V, ρ)⊗∆) and

• τ2 is the comodule map for the representation (V, ρ)⊗ (R, ρr).

Nori shows that there exists a natural Π(c)-equivariant isomorphism

θV : domain(τ1) domain(τ2)

with the property that τ2 ◦ θV = (θV ⊗ idR) ◦ τ1. Applying the functor T , we
obtain a commutative diagram in str(X/o)

T (V )⊗P
T (τ1)−id⊗1

T (V )⊗P ⊗R

V ⊗P
T (τ2)−id⊗1

V ⊗P ⊗R

where the vertical arrows are isomorphisms (note that in loc.cit. there is a
misprint: the term “−id ⊗ 1” is missing). The kernel of the lower horizontal

36



arrow is, by definition, LP(V ). The kernel of the upper horizontal arrow will
be T (V ) since by the claim below the sequence

0 V
V ⊗1

V ⊗R
V ⊗∆−V ⊗(idR⊗1)

V ⊗R⊗R
is exact.
Claim:

coker(∆− idR ⊗ 1) is flat over o.

Let Γ be the abstract group defining Π(c), so that R is the ring of functions
Γ o. Assume that there is f ∈ R ⊗ R such that ̟f ∈ Im(∆ − idR ⊗ 1).
Then

̟f(x, y) = g(xy) − g(x), ∀x, y ∈ Γ

and some g : Γ o. Making x = eΓ, it follows that ̟f(e, y) = g(y) − g(e)
and hence γ(y) := g(y) − g(e) ∈ (̟). Since

γ(xy)− γ(x) = (g(xy) − g(e)) − (g(x) − g(e)) = g(xy)− g(x) = ̟f(x, y)

it follows that f ∈ Im(∆ − id⊗ 1); this proves the claim.

Let Q0 ∈ Etstr(X0/k;G0) have the property that

LQ0
: Repk(G0) 〈M0〉⊗

is a tensor equivalence. If P0 is as in the above proposition, then we get a
commutative diagram

Repk(Π
(c)
0 )

LP0

res(α)

〈M0〉⊗

Repk(G0)

LQ0

since, by construction, ξ∗0 ◦ LP0
(ξ0 is the k-rational point of X0) is naturally

isomorphic to the forgetful functor. Such commutative diagram determines a

homomorphism θ0 : P0 Q0 in Etstr(X0/k) which covers α : G0 Π
(c)
0 .

From Proposition 31, we obtain a lifting θ : P Q in Etstr(X/o) covering
α. From Lemma 33(i) we obtain a factorization

Repo(Π
(c))

LP=T

res(α)

str(X/o)

Repo(G).

LQ

(G is the constant group scheme over o lifting G0.)
From the lemma below, such a factorization does not exit unless α is an

isomorphism, therefore we have proved Theorem 28.
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Lemma 35. Let γ : Γ Π(c) be a closed embedding of flat o-group-schemes
which is not an isomorphism. Then the functor T : Repo(Π

(c)) str(X/o)
cannot be factored into T = T ′ ◦ res(γ), where T ′ : Repo(Γ) str(X/o) is
exact, o-linear and monoidal and ω ◦ T ′ is naturally equivalent to the forgetful
functor.

Proof. The reader is asked to bear in mind that we have obtained an equivalence
ω0|〈V 〉s⊗ : 〈V 〉s⊗ Rep#

o (Π(c)) such that ω0(V ) = V , with V a faithful
representation of Π(c).

Because γ is a closed embedding which is not an isomorphism, there exists
a pair (W ′,W ) of finite and free o-modules such that:
1) W ′ is a proper sub-module of W .
2) W has a structure of Π(c)-module such that W ′ is not stable under Π(c)

but is stable under Γ.
Let W ∈ 〈V 〉s⊗ be such that ω0(W ) = W in Rep#

o (Π(c)). Because γ is

a closed embedding we have 〈res(γ)(V )〉s⊗ = Rep#
o (Γ) (Proposition 12); as a

consequence the functor T ′|Rep#
o (Γ) takes values in 〈V 〉s⊗. So the image of the

inclusion W ′ ⊂ W by T ′ is an arrow T ′(W ′) W of 〈V 〉s⊗. Applying ω0

to the latter, we get a structure of Π(c)-module on the o-submodule W ′ of W
(ω ◦ T ′ is the forgetful functor) which is Π(c)-equivariant (W has the structure
of Π(c)-module with which we have started). This is a contradiction and the
lemma is proved.

Example: The Dwork equation Let o = W [̟], where W is the ring of
Witt vectors over Fp and ̟ is the uniformizer satisfying the equation ̟p−1 =
−p. Take A = o〈x〉. Then DX/o is the sub-algebra of Endo(A) generated by
the operators

∂nx
m =

(

m
n

)

xm−n.

Define (L ,∇) ∈ str#(X/o) by L = A ·e (free of rank one) and ∇(∂n)e = ̟n

n! e

(usually one should put a sign). As is well-known, there exists f ∈ o[[x]] such
that ∇(∂n)(fe) = 0 for all n > 0; the power series f is an analytic function on
the “open” disk D(0, 1−) and g := fp ∈ o〈x〉. In particular,

L
⊗p ∼= 1.

Let Π = Π(L ). It is well-known (and easy to see) that the differential Galois
group on the generic fibre is the etale group scheme Z/pZ. From Corollary 26,
Π = Π(L ) is of rank p over o. Since Π has a faithful character ω0L (Theorem
24) which is of order p, we have Π ∼= µp,o. Therefore, the fact that the stratified
module over the affine line in positive characteristic induced by L becomes
trivial is explained–in accordance with Theorem 28–by the non-reduced nature
of the group Π⊗ k.
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The Dwork equation also helps us understand why the second part of Con-
jecture 8.5 in [11] cannot be unconditionally true (at least in the setting pre-
sented here). For if N ∈ str#(X/o) is such that N ⊗K ∼= L ⊗K, then N has
rank one and the least difficult part of the “differential Abhyankar conejcture”
[11, Thm. 7.2(1)] asserts that the differential Galois group of N ⊗ k is trivial
as well (this group is a subgroup of Gm,k). A substitute for the conjecture
together with a proof will appear in [5].

Final remarks: (Made after submission.) (a) Let M ∈ str#(X/o). Then
we have a canonical closed embedding Π(M ) GL(M), where M = ωM =
ξ∗M . Let I ⊆ O(GL(M)) be the ideal defining this closed embedding. Since
O(GL(M))/I is flat over o, it follows that I is the contraction of its extension to
O(GL(M))⊗K. As the induced closed embedding Π(M )⊗K GL(M)⊗K
is just the natural closed embedding ofK-group-schemes Π(M⊗K) GL(M⊗
K), it follows that Π(M ) is the closure of Π(M ⊗ K) inside the o-group-
scheme GL(M). In this setting, Theorem 27 above was obtained by O. Gab-
ber and published in [7, Thm. 2.4.1, p. 39]. (In loc.cit the base DVR is of
characteristic zero, but the proof can be translated to our situation.) More
precisely, Katz proves the following: Let Igen be the ideal of the closed em-
bedding Π(M ⊗ K) GL(M ⊗ K). Then the ideal I0 ⊆ O(GL(M ⊗ k))
induced by Igen ∩O(GL(M)) is contained in the ideal of the closed embedding
Π(M ⊗ k) GL(M ⊗ k).

(b) It has been brought to our attention the existence of [16] which deals
with “Tannakian” categories over valuation rings. Although a few points in
the present work could be facilitated by the results and ideas there, the central
Corollary 7 is missing (as it is missing in [2]).
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