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Objectives
• Improve the understanding of Tsallis entropy.
• Contribute to the microscopical foundations of non-extensive statistical
mechanics.
Non-extensive statistical mechanics is a generalization of usual statistical mechanics
where Boltzman-Gibbs-Shannon entropy is replaced by Tsallis entropy.
The
corresponding equilibrium states (q-Gaussians) present polynomial tails and have
been observed in several contexts.

Tsallis entropy describes the growth of qmultinomial coefficients
Let (p1, ..., ps) be a probability distribution. It is well known that
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where H1 denotes Shannon entropy: H1(p1, ..., ps) = − i=1 pi ln(pi).

Let {Xi}i≥1 be a collection
of independent random variables, such that

θq i
Xi ∼ Bernoulli 1+θqi , for each i. (Remember that q is a fixed prime power;
θ > 0 is a real parameter.)
Let us define a stochastic process {Vi}i≥0 such that each Vi is a vector
subspace of Fiq , as follows: V0 = 0 and, at step n, the dimension of Vn−1
increases by 1 if and only if Xn = 1; in this case, Vn is picked at random
(uniformly) between all the n-dilations of Vn−1. When Xn = 0, one sets
Vn = Vn−1.
The n-dilations of w ⊂ Fn−1
(subspace) are
q
Diln(w) = { v ⊂ Fnq | dim v − dim w = 1, w ⊂ v and v 6⊂ Fn−1
}.
q
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One fixes a sequence of linear embeddings F1q ,→ F2q ,→ ... beforehand, and identifies
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where H2 is Tsallis 2-entropy [1], [2]: H2(p1, ..., ps) = 1 −

n
While the multinomial coefficient k1,...,km counts words with symbols
 n 
S = {σ1, ..., σs} such that σi appears ki times, its q-generalization k1,...,ks
q
P
i
n
counts flags of vector spaces V1 ⊂ ... ⊂ Vs = Fq such that dim Vi = j=1 kj .
(We suppose everywhere that q is a prime power; Fq is the field with q
elements.)

Non-additivity has a combinatorial counterpart
Let (p0, p1) and (q0, q1) be probability
distributions.
The flags V00 ⊂


n
V01 ⊂ V10 ⊂ V11 = Fnq counted by p0q0n,p0q1n,p
can be determined
1 q0 n,p1 q1 n q
by an iterated choice of subspaces, whose dimensions are chosen
independently: pick first a subspace V0 ⊂ Fnq of dimension p0q0n + p0q1n =
n
p0n (there are p0n,p
of those) and then pick a subspace of V00 ⊂ V0
1n q
of dimension q0 dim V0 = q0(p0n) and another subspace V10 ⊂ Fnq/V0 of
dimension q0(n − dim V0) = q0(p1n). This corresponds to the combinatorial
identity
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Applying n22 ln(−) to both sides and taking the limit n → ∞, we obtain
H2(p0q0, p0q1, p1q0, p1q1) = H2(p0, p1) + H2(q0, q1) − H2(p0, p1)H2(q0, q1).

(5)

I have proved that:

I have proved that



Dynamics: a stochastic process that generates
vector spaces

(4)

Fnq

has dimension k, then P (Vn = v) =
n θk qk(k−1)/2
• P (dim Vn = k) = k q (−θ;q)n .
In other words, Yn := dim Vn =

Classical model: a set S = {σ1, ..., σs} of possibles states of a particle
(spins); the configuration of n independent particles or history of a single
particle up to time n (trajectory) is represented by a vector x ∈ S n.
Proposed generalization (q-systems): the configuration of n particles
(or a trajectory at time n) is described by a flag of vector spaces V1 ⊂ ... ⊂
Vs = Fnq.
The type (k1, ..., ks) of a classical configuration correspond to the
frequencies of appearance of each symbol; their q-analogue is the
collection (k1, ..., ks) that determines the dimension of the subspaces
in


n
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the flag. The corresponding multinomial coefficient ( k1,...,k
or
k1,...,ks q )
s
counts the number of configurations of type (k1, ..., ks).
This allows us to interpret the maximization of H2(p1, ..., ps) as a limiting version
 n 
of max k1,...,ks (taking ki in such a way that pi = limn kni ). Therefore, we obtain a
q
combinatorial interpretation for the maximum entropy principle involving H2.

i=1 Xi

follows a q-binomial law.
Qn−1

We have used here the q-Pochhammer symbols (a; q)n := i=0 (1 − aq i), with (a; q)0 =
Pn n k k(k−1)/2
1. The Gaussian binomial formula [3, Ch. 5] implies that (−θ; q)n = i=0 k q θ q
.

The q-binomial distribution concentrates around
its mean
As n tends to infinity, the probability distribution of Yn concentrates
Pn θqi−1
strongly around the expected dimension kn := EYn =
i=1 1+θq i−1 (see
Figure 1). Therefore, there is a notion of “typical subspace”, whose
dimension is close to kn: with high probability, Vn gives one of these
subspaces.
n
In the “classical case”, one considers random
binary
sequences
(Z
,
...,
Z
)
∈
{0,
1}
n
1
Pn
such that each Zi ∼ Bernoulli(p). Then Wn =
i=1 Zi follows a binomial distribution
with parameters (p, n), which concentrates around its expected value pn as n → ∞. The
“typical sequences” of length n have approximately pn ones, with high probability. This
idea is very important in the work of Shannon and was later refined by the so-called type
theory [4, Ch. I].
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Figure 1: Probability P (Yn = k) as a function of k, for n = 100 (left) and n = 1000 (right), when q = 3 and
θ = 5 × 10−5.
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