
Soergel bimodules



Ain : understand Sergel's categorification theorem

1. Categorification
1. 1. The idea of categorification

Caterogrification ICrane-Frenkel] : replacing set-theoretic notions

by their corresponding category - theoretic analogues

* we get a richer structure and deeper relations hidden
in the initial object
* all the initial information keep accessible via an inverse

process of "decategorification"

categorification
-

set-theoretic
- category-theoretic
decategorification

Babyexamples : 111 (IN+, :) is categorified by Vectir

- dim (VOW) = dim (V) + dim (WI
N Vectir
E-

dim dim (Vow) = dim (V) . dim (W)

(2) Laurent polynomials EIV ,
v-"I are categorified by (bounded

complexes of graded spaces :

V .... vid, vit -> ...
mus XIV)= gdie vi



where gaim [Vn)= dim V

(3) The homology of a CW-complex X obtained by gluing Ki

cells of dimension i In is a categorification of its Euler cha-
racteristic :

Ho(x) > X(x) = Hi(x)

#
To categorify an algebraia-

a suitable category
structure we need : -> a

way to decategorify the
information in a category

Grothendieck
group

1
.
2

. Grothendieak group

A essentially small additive category

Def K* (1) is the free abelian group generated by isomorphism
classes of objects ofA module the relations

Ix@Y1 = IXI + [4]
,

XX
,
YeOb(A)

· Additive fuctors F : 1 -> B induce
group morphisms

IFI : k* (1) -> k* (B)

IXI > [F (x)I

· If A is monoidal
,
K* /A) is a ring

with multiplica-
tion given on generators by

IXI . IYI := IX Y I



and extending by additivity.

Examples (1) K
* (Vect) = E

,

via IXI - dim X
.

(2) k
* (Veatir) = 201

·

Indeed
, for Ve Vectic ,

we have

IvI + IVI = [Vo = [I IVI = 0

(3) R commutative
ring , R-fuodz category of finitely gene-

rated graded R-modules. Then
,

K*CR-food) = EIv .
v-I

via /grading shift
IRIL 1

.
IRId)I d

Im=Ru :I ↳ degmi

I
homogeneous basis

* If the category I "behaves well" wot decompositions .

K* (1)

has a vice basis

Def (1) An object X is indecomposable if

XXi => Fi + 1 st
.
XEXi and XjEO for itj

(2) I has the Krull-Schmidt property if every object has a de-

composition into direct sum of indecomposable objects which is

unique up to isomorphism and permutation of the factors.

The If I has the KS property , ther

CISI : Seob(1) indecomposable)
is a basis of KP(1)



Example In R-fmody , we have

M = RuiR) deg wil
Hence

,
(IR(d) [Ydez is a basis of K

* CR-food) ,
which is

identified with [vez via KP(1) =ZIv
,
v-I.

1. 3. Towards a categorification of Hecke algebras

Reminder : Hu
,
is the EIV

, V-II-algebra given by generators
-

Te
.....

In and relations

Ti = (v2-1) Ti + v
- 2

,

TiTj = TjTi for li-jl2 ,

Ti Tite Ti = Tit , Ti Titi
.

We set Twi = Ti
..... in for a reduced expression sin---sim of we

-> Sut
,

which is well-defined by Matsumato's and the braid re-

lation
.
This gives rise to the standard basis (ToYwese, of Hut.

Remark We have Ti . (v Ti + v2-1) = 1 so all basis elements

are invertible.

Pet. The ring homomorphism
d : Hue -> Hur

,

VI V"
.

Too m (To .. ) "

is called the Kazhdon-Luszting involution.

Note that

divTitul = v"TerTe + Ver +V=En



Thu For
every we Su ,

there exists a mique self-dual element

bot Hat St
.

Ju = vew) .Tw how Twi

The set 46w : we Sub is a EIv , v"l-basis of Hur , called the

Kathdau-Lusztig basis
.

Using this basis , the relations in the definition of the tecke

algebra transform into

63 = (v + v - 1) bi,

bibj = bjbi , for li-j) 2,

bibitibi + bix = bitbibit + bi

This presentation is known on the Kazhdon-Lustig presentation.

Let 2 : Hare-> EEr
.
-"I be the EIv .

v-l-linear map given by

ElTe) = 1 : ElTw) = 0
,

w = C

Def The standard form of Hur is the pairing of E-modules

2
.
7 : Har * Har -> EIv. v-I , (x , y) = E(d(x(y)

Proposition It is the unique paring satisfying :

(1) semi-linearity : (ax
, y) = (x

, y) and (x
, ay) = a(x , y)

for at ↳Iv , v-I ;

(2) bi is self-adjoint i
. e . (xbi

, y) = (X , y bil and (bix , y) = ( , diy) ;



(3) for any increasing sequence i.. -< id ,

(1
,

6
: 1 = vd ,

where

I is the corresponding element of Su

Motivation : we are going
to construct a category 52 st :

-> S2 has the KS property :
-> indecomposables induce the KL basis ;

-> the standard form describes the graded rank of hour-sets.



2. The category of Soergel bimodules

2
.
1. Gradings and shifts

Set R= IX 1 , ....
Xm+ I

, deg (xi) = 2 .

(char + 2).

We work in the category R-modz-R of graded R-bimodules

that are finitely generated as both left and right modules

-> Objects : M= M" st
.

RM'sMi and M'reMits
-

decomposition as a group
-> Mahisms : f : M + N st

. f(Mile Ni

M M(1)
· Edingshift : automorphism i :

Mi-97 M2

(1) : R-mode-R-> R-modz-R Mo -Lego Mi

M=M > M(1)=Mi Meg-2
Mo

jez

↳ applying it ne E times : MINI" = Murj

· Category with shift I me graded category ggr
ma

enriched over graded -modules

-> Objects : the same as G
st
. Homily

,
710 Hom" (X

,
7) = Hom (X ,

z)

-> Morphisms : Hourger (X , 4) := Home (X ,
Y (n))

g
me Composition X ( - y(n)

,

y - z(k)

=> X (,y(n) - z(k+ n)

mus Identity : idxe Hous (X ,
X)



· Conversely ,

Graded category Im category with shiftest
-> Objects : pairs (X

.
n) =: X (m)

,
X - 06(6)

,

me E
.

-> Morphisms : Hough (X(n) , 4(m)) : = Hous
-*

(X
, 4)

* Grotherdieck group of a category with shift :

3additivecategory
Natural action EIVGKS

~. [x] = [x (1)I

v" IXI = [x= 1)I

Remark (n) is additive
,
so if X= Xi

,

the X(n)= Xin)
.

In particular , X indecomposable => X (n) indecomposable
Lemma If the degrees of Endg(x) := Hous (X , X(n)) are doon-
-

ded below ,
then XEX(n) implies n= 0 or X=0.

Proof Suppose nF0 and XEX(n)
.

Then,

X)-n) = (X(n))(- n) = X(0) = X ,

X = X( =n) = (X(In)) (In) = X( =2n)

and by induction , XEX(Kn) KeZ
.

Choose K st
.
Kn is less

S

than the minimal degree of Endj (5) , then the iso
.

XEX(Kn)

lies in Home (X
, X(kn)) = 201 ·

Hence X =0. #



Covellary If I has the KS property and the degrees of Endi(x)
are bounded below for each XtG ,

then K* (6) is a free ETv ,
v
- 17

- module with basis the orbits of shifts of isomorphism classes

of indecomposable objects of S.

Proof By the remark
,
X indecomposable => X (n) indecomposable

and
, by the lamma ,

IXI + IX(ull. E

2. 2
. Invariant polynomials and Demazure operators

Sur . C R = IRIX1, .... Xu+, I by permutation of the variables

R &R set of si-invariants - by restriction ,
each R-di-

module is also an R"-dimodule

↳ Nation : · MON : = MORN (also MN : = MonN)

· MoiN : = MORi N

Def For each i= 1
, ...,
n

,

we have a graded map
Gi : R -> R- 2)

Equivalently , we can
f f - Si(f) take Fi(f) = f + Xi+Gi(f)

Xi - Xi+ 1

u we will use this later

T

Lemma RERIOR"(-2) as R"-dimodulesI
Prof For feR ,

set Pi(f) = f-Xidi(f). Then ,

SP(f) =
Xi - f - Xi+ if - Xif + Xisi(f)

= Si(f) - Xi+ :bi(f) = Si(Pi(f))
Xi - Xi+ 1 a

I Xi+· Silf)



so PilfleR" and f = Pi(f) + Xidi(f) .

Hence
,

f - (Pi(f) , bi(f))

is an isomorphism of inverse (g .
h) g + Xih. Il

Remark A basis of homogeneous elements of R is 41
.

X : /

2. 3. Bott-Samelson bimodules

For i = 1,
...,
n

,

set Bi : = RQi R(-1)

Def The Bott-Samelson dimodule corresponding to a (not ne-

cessarily reduced) word w = Si- - . Sir is defined to be

BS(w) = Bi ... Bir

Remark (1) If M .
N are graded dimodules , then MON is al

-

so graded ,
with (MON) "given by the image of

& M'GENS
j+k = i

in MQN.

(2) M(n)@N = MON(n) = (MON)(n) (canonical identifications)
In particular ,

BS(w) = RQi , . - - ①in R(l(w))

Example IE2) B(s , S) = Ro . ROR(2) and X72 xyzxis
an element of degree 16.



Leuma BS dimodules are graded free of finite rank as left

Cresp . right) R- modules , only preserves
the leff R-mod structure because

Pi and bi are not R-linear
f

Proof Bi = ReiR(1) = Rai (ReRi-21)(1) = R(1) R(-1)

The tensor product of bimodules which are free of finite rank
as left R-modules is also fofr as left R-module #

Explicitly , &(g + deg(f) - 1 eg(g) + deg(f) + 2 - 1

fag = fo ; (Pi(g) + Xidi(g) = Pi(g)f0 : 1 + bi(g)f0ixi

Joig = (Pi(f) + Xid:(f))eig = 10 : Pi(f(g + Xi@ : 0 : (f)g

· Polynial forcing relations
10g = Pilg)0 : 1 + bilgleix :

& fai1 = 10 Pi(f) + Xi@i &:(f)

↳ when we force a non-invariant polynomial across a tenr
sor product we left a 1 and a Xi (or Xixi) behind

-

Leuma Bi Bi Bi(1)Bi(-1)= these are not BS dimodules !!

Proof BiBi = ReiROiR(2) by construction . Using the

polynomial forcing relations , we can write foghe BiBi as

Jogeh = Pilglfe10h + bilgifexih degl + D(g) - 2
Then

, Jegeh > (Pilghfeh , Gilg)f0h) is an R-dimodule iso
.

aI

of inverse (fehe , fohr) 1 . 010h + frexie ha #

I &
in B: deg = D(g) +D(f)+ DIhl -1 deg = D(g) - 2 + D(f) + D(h) -1



Corollary A spanning set of BiBi as R-bimodule is

(10101
,
10x01}

Lemma A spanning set of Bi Bj , itj , is 4101014.-

Proof same as above ,

but now the Xi lor Xixi) left behind can

be slided to the right. #

Corollary (1) Bi Bj , itj , is indecomposable .

(2) Bi E Bj , itj (Bi Bi is not indecomposable but Bi Bj is

Similarly , for Jogehok - BiBitBi , we have

-
Jeghek = fagPh)k + fgX Bihk

= PilgIf11Ph)K + Dilg)fX1PCh)K

+ Pi(xig)f0110: (h/k + Gilgxi)fX100: (h)k

so a generating set for BioBitBi is (1010101 ,
Loxi01e14.

Def Category S2, of Bott-Samelson dimodules

-> Objects : BS bimodules

-> Morphisms : House
,

(B
, B') = Hom(B,Bl

↑
V

morphisms are homo-
Remarks (1) St1 is a graded category.

geneous of all degrees

(2) SC , lies in R-molf-R and not in R-Wolfe-R



(3) All the lemmas and corollaries above do not hold in SCe
,

since we do not have direct sums and grading shift

↳ we need to enlarge Se to include :

-> grading shifts > category with shift
-> direct sums > additive envelope
=> direct summands u> Karoubi envelope

2. 4
.

Additive and Karoudi envelopes

Additive envelope

preadditive category 6 m> additive envelope 8

-> Objects : formal finite direct sums (ilies .
Xi + Ob(6)

-> Mais : Hom +((Xi)i
, (4)j ) =0 Hous ( , 4)S

-

matrices of morphisms
↳ composition is given by the usual product of matrix

Clearly 5
*
is additive and>

*

Universal property If D is an additive category and F : S->

-> D is a pre-additive functor , then 71 additive functor F* :
& -> O st

. the following diagram is commutative

6 F

-



Lemma If 6 is a full subcategory of an additive category D,

then
-

go is equivalent to the full subcategory 6' of O consisting of fi-
wite direct sums of objects of D.

Prof F :* -> 6' , Kilies OX: is essentially surjective
and by definition by the up of 41 and T

↓ ↓

Hourgo ((Xili , (4j ); ) = Homp(Xi , 4j) = Hous (0Xi, )i
,j

so F is an equivalence of categories . #

Remark If G is monoidal with shift , then so is 88
-

Karoubi envelope

Defluma An additive category C is Karoubian if the for

llowing equivalent conditions hold :

(i) every idempotent endomorphism has a kernel ;

(ii) every idempotent endomorphisme : X -> X splits ,

i.
. e.,

there is a factorization X =Y X of est. Hoizidy;

(iii) every idempotent e: X -> X is the projection onto E of

some decomposition XEYZ .

Idea : idempotents are projectors ms a category is Karantian

if it contains all direct summand us we add them to cour-

trust the Karoudi envelope .



Def Karondi envelope Kar (6) of an additive category 6 :

-> Objects : (X ,
e) with X-Ob(5) and e : X-> X idempotent

-> Mahiscs (X ,
e) -> (4, ) : X& 7 st foe = f = eof

i
. e
., f sends the image of e to the image of f and al

the other factors to 0

↳ in particular , for (x ,
e) # (X

,
e)

, foe = f = cof

so idexe = e.

Lemma Kar(6) is Karoubian think of this as f : ime - ire
- -

Proof Let (
,
2) = (X

,
et be au idempotent in Kar(6) , i . e.,

f = f and foe = f = eof. Ther ,

(e -f)2 = e- - ef - fe + f2 = e - f

so (X
, e-fleKar(6) .

Moreover
,
we have an isomorphism

(e-f . 7)
(X

,e) *
(e-f0f

> (X
,
e -f)0(X , f)

so I splits (it is the projection outo (X . 1))
.

/

The intial category embeds into Kar(5) via X+ (X
,
idx)

Universal property If D is Karonbian additive and F :-

-> D is additive
,

then 71 Kar(F) : Kar(s) -> D st .

# D

-
Kar(3)

Kar(F)



Leaura If S is a full subcategory of a Karobian category D.
then Kar(6) is equivalent to the full subcategory I of D

consisting of all direct summands of objects of S.

Proof If e : X -> X is an idempotent , then it is the projection
onto a direct factor of X .

We define F : Kar8 -> I by

(X
,
e)> 1 and the identity on morphisms. Then,

Homvariss ((X ,
e)

,
14

,

ell)

= (f-Houp(X ,7) : I maps t into tand the other factors to 03

= Homb (Z .
Z) = Homj 17 , 2)

finitely generated free #

↓ finitely generated
↓

Example Given a ring R .
Kar(R-food) = R- proj projective.

Thu Let S be a graded category .
Under extra assumptions that-

hold in R-Wolfz-R , Kar (Gh) is Krull-Schmidt.

2 . 5. Soergel bimodules and categorification

Recall that SG, is a graded category with

House, (B ,
B') =

Hom IB
.
B

R-molfe-R

Ref Soergel category St : full-subcategory of R-molfz-R ob-

tained as :

Grading
5

additive envelope
* S22

Karouli envelope se



Remarks (1) By construction , objects are direct summands of
-

finite direct sums of grading shifts of BS dimodules; mor-

phismes are homogeneous of degree 0
calso right)

(2) Soergel himodules are graded free of finite rankaftR-mod.

(3) SC is an additive
,
Karoudian

,

monoidal category with shift
s KP(92) is a Iv

, v-l-algebra free as ETv .
V"I-module

· SC is generated as an additive monoidal category by grading

shifts of the Bis ,

i = d
.....
n
,
which satisfy :

Bi Bi E Bi (1) Bi (-1)
,

Bi Bj Bj Bi, li-j132 ,

(Bi Bit,BieBit (Bit, Bi Bit) e Bi

·These relations categorifies the KL presentation of Hu so

Hu -> k* (S2)

bi > IBil

is a well defined surjective homomorphism of EIr , v-l-algebras.

· Taking the Karondi envelope may
add new indecomposables and

enlarge the Grotherdieck group

The ISorgel , 20061 Given any reduced expression w of we Su ,
the Bott-Samelson dimodule BS(E) contains

up
to iso. a uni-

que indecomposable summand Bo which does not occur in



BS(W')
, for any expression w' of we Sur with ((0) < 1(w) .

In addition, Bu does lup to iso
.
I not depend on the reduced

expression W and the map

Sn+ 1 * E > Lindecomposable 3
Sorgel bimodules/E

(w
.
n) > Br(n)

is a bijeation.

Using this classification ,

the basis elements of K* (59) can be

written in symbols of K* (SC2) by a triangular matrix . Using this,

Soargel proved :

Thu . ISoergel's categorification them ,
2006I

E : Hu+ c > k(52)

6 : > IBil

is an isomorphism of EIv , v-I-algebras

The inverse of E is called the character map .

It was not ex-

plicit in Soergel's proof.

Im [Soergel's conjecture , Elias-Williamson , 2014I

ch (IBwI) = bo
finitely generated graded free R-mod
↓ Xgrk

Finally , note that K* CR-fuodz) EX .

Since Sorergel dimo-

dules are fggf as lelt R-modules , so are the Home-spaces.



since finitely generated graded free , only a fir
Particularly ,

wite number of hou . comp .

BI are = 0

↑

House (B ,
B') := House (B

,
B'n

lies in R-fmody so the functor

House (-1-) : SexSe-> R-fmodz

categorifies a semilinear form

Har * Har , -> EIv ,
v -I

(IBI
,
[BI)2> grk (House (B , i')

This semilinear form verifies all the conditions characterizing

luniquely) the standard form (-
,
-) of fus , so :

Thu (Soergel , 2006)

grk (Homisa (B ,
B')) = (ch(B)

,
ch(B')


