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Plan of talk:

1. Mathematical context

2. Motivation: HOMFLY formalism and the Turaev coproduct
3. Line defects in skein theory

4. HOMFLY parabolic restriction

5. The HOMFLY skein bialgebra
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Cobp,n—1 is a category with:
® objects: (n— 1)-dim. closed manifolds;

® morphisms: diffeo. classes of compact oriented/framed n-dim.
cobordisms between them.

o Extended TQFTs

e Categorified TQFTs
® Defect TQFTs
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algebraic data of a rigid monoidal category C.

v w

%f\ o FixQy"RzZ" > vew'

Xy z

Additional structure on C is reflected diagrammatically:

h O Joyal-Street, Reshetikhin—Turaev, Shum

® pivotal ~~ rotations and closed comps.

¢ braided ~~» 3-dim. diagrams

® ribbon ~~ isotopy

In any case, we obtain an evaluation functor ev¢: Free(C) — C.
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We can go from local to global by gluing pieces together.

String nets
S framed/oriented surf., C rigid/pivotal

(Levin—Wen, Kirillov, Runkel)

Skeins
M oriented 3-manifold, C ribbon

(Turaev, Przytycki, Sikora, Yetter,
Walker, Johnson—Freyd, Cooke)

SkModc(M; X) = spamy{l'c — M}/(kerevg)R

Theorem (Walker)

String nets and skeins are compatible with cutting/gluing, so they
yield 2- and 3-dim. TQFTs, respectively.
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The prototypical example of ribbon categories are categories of
representations of quantum groups.

— C = Rep, GLy

\/\ x (a-a7) I I HOMFLY
¢ relations
Pl O-va

[Deligne, Brundan] Replace N with a variable t ~~ Rep, GL¢
- +

® objects: confs. of oriented points;
; ® morphisms: iso. classes of framed

oriented tangles, modulo HOMFLY.

++ - -
Universal version of Rep, GLy ~~ spy: Repy GL: — Rep, GLy
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T
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b
A

(

Product: stacking cylinders and rescaling
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N
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S oriented surface ~» HOMFLY skein algebra SkAlggy,(S)

(C \/\ - x = (q—q‘l)T T

< p-] O
Product: stacking cylinders and rescaling

Specialiseat t =0  ~~  #4(S5)

Theorem (Turaev '91)

For any oriented surface S, there exists a coproduct

A:Hg(S) = He(S) @ He(S)
turning Hq(S) into a bialgebra.
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? Representation theoretic interpretation of the coproduct
Inspired by Jaeger's formula for the HOMFLY polynomial:

resm,n

Repy GLmn Repq(GLm x GLp)
& - L

® the restriction functor is not braided ~» multiplicativity of A?

? Lift to the entire HOMFLY skein algebra

p-l O

? Compatibility with cutting and gluing surfaces

® extension to the entire HOMFLY skein category

v" Approach: defect skein theory and parabolic restriction
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Codimension-1: a central algebra A £, B is a monoidal category
C together with

H: B XA —C

H: B R A — Zp,(C) o~ .
o:(C) {’yf:H(x)®——>—®H(x)

ject
projec Y — C

T H(z) H(y)

Theorem (Brown—Jordan '25, GG '26)

This is invariant under stratified isotopies and yields a well-defined
evaluation functor for stratified graphs locally around a surface
defect.
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® ribbon category A = commutative ring A
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® A-centred (C, D)-bimodule £ = (C, D)-bimodule L with compatible

action of A 15 /27



16 / 27



He(y)

D
project )
Hp(f)
©
Hp(z)

16 / 27



project

He(y)
D
ot
Hp(f)
©
Hp(z)

He(y)> €

project .
My.e

ide < Hp(f)

(> Hp(x)

16 / 27



project

He(y)
D
ot
Hp(f)
©
Hp(z)

He(y)> €

project .
My.e

ide < Hp(f)

(> Hp(x)

16 / 27



He(y) He(y)vt

D
project ot project it L
Hp(f)
ide < Hp(f)
C
Hp(x) (> Hp(x)
Theorem (Brown—-GG-Jordan—Vancraeynest '26) Ds

There exists a well-defined full evaluation functor ﬂ
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He(y) He(y)vl
D
He(f) He(f)>ide
ject iy ject
projec g projec - L

Hp(x) (> Hp(x)

There exists a well-defined full evaluation functor ﬂ
D1
eve: Rib%*(L) = £ “

for graphs in a stratified cylinder. Dy

Proof: invariance under the choice of the stratified isotopy

representative.
16 / 27
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The notions of skein algebra and skein category extend to
decorated surfaces.

T @ 1 S decorated surface ~» SkCats(S)
® objects: configurations of framed
colored points;
® morphisms: iso. classes of stratified
graphs modulo local relations.
v Composition = vertically stacking
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GLn | = _( GL,| 0
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Restriction functors:

RepgP: it
[ \
res Jt*
Rep,GL; ; Rep, L

HOMFLY category Rep,GLt ~ interpolating version of Rep,GLy
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In Rep,P:

— three generating objetcs: Viin, Vi, Vi
— non-split short exact sequence: 0 — V, —» Vipip — V, — 0
— faithful restriction functor j*: Rep,P — Rep,L

Interpolation: category Rig(P) with generating colours l, H, B

XX

ev: Rig(P) — Rep,L.  ~ |Rep,P; = Rig(P) /ker ev

® not braided 4
® not pivotal — 4 7
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rest

RepyGL;

Theorem (GG’ 26)
1. There is a lift

Vecty

GLt

GL;

L

t; ® T¢: RepyGL: X RepqL]fop — Zpr(RepyPr)

turning Rep, P+ into a (Rep,GL¢, RepyL)-central algebra.

Py

2. The (Rep,Lt, Rep,Pt)- and the (Rep,P¢, Rep,GL¢)-bimod.
structures on RepyLt are centred by the braiding of Rep,L:.
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S framed surface with 0S # 0 ~~» decorate it so that Sp = S

Theorem (GG '26)

We have an isomorphism of vector spaces

SKEf(S) = SkAlgy, (S) ® SkAlgey,.(S).
Acting on the empty diagram induces a coassociative coproduct

AfZ SkAlgGLt(S) — SkAlgGLt(S) (%9 SkAlgGLt(S)
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