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1 Idea and definitions
We begin with a family (Epighpqo of R-modules equipped with maps

diq : Eig-Ejq St
. digodig = 0

Since columns are chain complexes , we can construct a new family(Epigpiq

by taking homologies , i. e .,

E = Ker(di)/im (di ,q
and we define (somehow) new differentials

di . g : Epiq- E-1
, 9

that make rows into chain complexes · Repeating this process ,

we will have a far

milyLEpiq4pgso at each step, that we endow with differentials
dig : Epig -> Er , q-1

Example r = 2 ("andpage") v = 3 ("3rd page")
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The
maps leaving and entering Edo and Eso are both O

,
so

Esker(d/im(d) =E : E

E =
Ker (do)/im (d

.

-1) = En =: Eas

As r increases
,
more and more entries stabilises (Epig stabilises at least at r =

p
+ q + 2 ,

and often earlier) , so we can regard each Epig as an approximation of Epig.



Definition A (first quadrant homological) spectral sequence is a collection of R-

modules (Eparso together with maps
dq : Eig- Er

p
- r

, q+ r - 1

such that

(i) dir , que· di19 = 0 ;

(ii) Er
Ker (d)/im (d, que

In any spectral sequence , the (p.q) entry eventually stabilises .

We denote the

stable value of Fig by Epig.

Definition A spectral sequence Eiq is said to
converge

to modules the (written

Epg = Hpeq)
, if there exists a filtration
8 =HiHiHc - - - HHH = H

such that

H
P

/EpinpE ?
+

H

We have the following picture :

-> Hi < ... > HecH! ...
*

>
n

0 Hi Hu H

u L
-

-

En Erin-- Epin-p Edi

so the stable modules Epimp are the graded pieces of
the R-module Hu

.

Definition A spectral sequence is said to collapse at E
*

(rc
, 2) if there is exactly

one nonzero row or column in Epiq4y , 940.

If (Ejq) collapses at 2
,
we can read the ter off : it is the unique nonzero

&
Eig with p+ q= n . we require 2

,
2 so that all differentials have domain

and codomain in different rows ,
hence they are 0 and

the nonzero column/row gives the limit term.



2 Exact couples and double complexes
L

Definition An exact couple is a triangle
I
M

>D
such that D

.
E are bi

j
E
- P

graded modules and the triangle is exact at each vertex.

Recall that a filtration of a complex /C ,
d) is a sequence (F *C)pez of goaded sub-

: : :

modules such that 11 1) N/
d d

CP- CP- Ci--. ->
n

-> -> --- .

+ 1 U n- 1

... [FP"CIFPC[Fi
*

CE ...
11 M/ el

d P
d

P

and
--- -> Cin

+

-> C
W

-> C
n-1

-> ---

d : (F"((n -> (FiC) n 1
.

ul 11 11

d d
--- ->C -> (4

+ 1

->ci ->---
n

11Notation ( : = (FPC)
:

v :
1

Proposition 1 Every filtration (FYC(per of a complex induces an exact couple
> DPr
=

j

with degla) = (1,-1) , deg(B) = 10,0) and deg (8) = (-1 , 0).

Proof For each pet , we have a short exact sequence
P
- 1

P
1 T

0 -> (" -> (i- (
P

/* - o

which induces a long exact sequence in homology :
ex

- 1

->
... -> Hp+q(( ** )

·

Hp+g((
+) > Hp+q((

*

/(p - 1) + Hp+qu((+") - ...

We get an exact couple (E
,
D
,
2

. B .
U) with :

Dpiq: = Hp+q((t) , Epiq : = Hp +q((
*

/(P +)

L : = 1a
, Bi= Ha ,

V: = 0 #

D((a .a) D
Proposition 2 If X(c

,c) SELB(6,
6)
is an exact couple , then d' = B . 5 : E-E is a di-

fferential and there exists an exact couple
D2
< (a)

> D
2

with EEH(Ed.
U2(

,
2) -EL B16-a .

6 -a)



Proof (sketch) One sets D2 : = im a = D, a : = X(
,

B2 : D2 E
,

2

yeDig [B(" (ys)I -> Esp + b-a , q+ 6 -al

82 E
*
-> D? [zIE Epiq > 8(z) -> Dp+apec

and check that everything is well-defined and yields an exact triangle .

E

The exact couple (E? D2 <BU2) is called the derived exact couple.

Iterating the process , we
a family /Enq of R-modules together with differen-

tials d : E-> E" of bidegree (-r , r-1) such that E" = H(Ed)
.

Theorem 3 Let (C
,
d) be a chain complex.

(1) every filtration (F"Clyez yields a spectral sequence (Epepaiso ,

constructed

by taking iterated derived exact couples;

(2) if the filtration is bounded
,
then the associated spectral sequence conver-

ges to the homology of (C ,
d) :

Eig = Hp +q(C) .

:
::

+↓ ↓
d'

S-We now apply this theory to the particular case of - - Mp++ Mpig Mp+,
...

double complexes. A double complex is a bigraded
↓

d'
↓ ↓

d"
-... Musiq MpqMpr , q

*...

module M = (Mpglpigez together with differentials ↓ dd ↓d" ↓
-

-[d'd" : M - M of bidegree (-1 ,0) and (0-1) , respect ... Mpig Mp. q1 <Mprq
↓

tively ,

and such that ! :
Tot(M)

p+q

dique diq + dip- ,go d , q
= 0

.

Definition The total complex Tot(M) of a double complex M is the complex
Tot(Min= Mp . q



with differentials D: Tot(M/n -> Tot(M)n- given by

Du= (dqd

It is straightforward to check that (Tot(M) , D) is a chain complex . Associated to

it
,
we have two filtrations :

O 000

(i) the vertical filtration is given by !
( *F"Tot(M)n= Mini ;

·
Min en

6

X = P

Mn-q . f
O & O

(ii) the horizontal filtration is given by : gi J = 9---------

O o &

O 00 &(* F* Tot(M))
-

= j Majj
... &

&

If (M ,
d) is a first quadrant double complex ,

both filtrations are bounded
,
so we

have
Fr EHprq(Tot(M) and FEpiq => Hp +q(Tot(MI) .

3 Homology of a group with coefficients in a chain complex

Rinder. Let 6 be a group
and F the standard lor

any
other projective

resolution of E over EG
.

We define the homology groups of G
to be

Hi(G) : = HilFo)
,

is 0. coinvariants : F/gx -x)
A-

A basis of En is given by the elements of the form [g . /gl - - - IgnI with gi
-> G

,
and the differential is 0= -1) di : En - Fun

,
with

i = 0

d : [gel-- - Ign]=Eggig, cSiS
[g . l ... Ign- · I , i = n

.

In low dimensions
,
Fo Looks like (Folz E (Fo),

,
with Igt =

= IgI-Ighl + thI

Ho (6) =E and He(f) = 6/56
,
GI

.



Definition Let (Cn)no be a chain complex of EG-modules. The homology
of G with coefficients in Cas

# (0
,
C) : = H+ (F*C)

,

where F is the standard (or any projective) resolution of E over EG.

Note that FQoC = Tot)FpOzCq)
,
so we have two spectral sequences

*

Epig

and
*

Eiq converging to H(G ,
C)

. complex obtained from Capplying
Hq(f, -) dimension-wise

Proposition 4 (i) FEq = Hq(Fp &(e) = FpecHa(e) and Epig = Hp(6 , HqC)↓
(ii)

*

Epiq = Hq(F() = Hq(0 , (p) and
=

Eiq = Hp(Hq(G, (e)) .

Prof Construct the exact couple as in Prop .
1 and compute its derived cor

ples as in Prop .
2. #

chain complex concentrated at 0
~
V

Example Suppose that each (p is acyclic ,
i
. e
., HilG , (p) = 0 for iso le

. g.

free or projective EG-modules) .

Then
, by (ii) ,

E'is concentrated in q = 0,

i. e
.,
the spectral sequence collapses and we have

Hp(G ,
C)

* Epo = Hp(Ho(G ,
Cal) = Hp(C) .

Theorem 5 (Hochschild-Serve spectral sequence) For any group
extension 1-> H +

-> G -> Q - 1 and
any

G-module M
,
there is a spectral sequence of the

form
EPq = Hp (Q , Hq(H ,M)) => Hp+q(G .

M)
.

Proof For such
group

extension
,

the Q-modules (p = /Fp Q Min are acyclia so we
-

can apply prop .
4 (i)

,

the
previous example and the fact that

#* (6 , M) = H((a) and H(H
,
M) = H+ (C)

.

#



Corollary 6 Under the hypothesis of thm .

5
,
there is an exact sequence

↓ (G
,
M) -> Hz(Q ,

MH) + Hi(H
,
Mia -> Hi (G , M) -> H . (Q ,

MH) + o
.

Proof By the previous thes and the very first example of these notes , we have

② E. E = Hi (6 , M)> HelG
,
M)

,

③E = E =
Hilf

,M)/Ed
,a

/
stabilises at page

3

① Ei =E = Ker(d) E
,

where d : Eco -> Es
. Putting all these together we get an exact sequence

Q ②
0 -> Ei-E Est H

,
(6

,
M) E E -0.

But now we have that

E = Hz(Q
,
Ho(H

,
M)) = Hi(Q , Ma)

,

Es = Ho(Q
,
H
.
(4

,
M1) = H e

(H
,

M) a

Ei =E = H
.
(Q

, HolH ,
Mil = H ,

(Q
,
Ma)

,
E = Es = Ha (G ,M)/Es

and the claim follows. #

Example Let G be a finitely presented group , then GECF)/(R)
,

with R = WIF)

finite sets ,

IF1 = n
.

IRI = m. We have a group extension

o -> <Ry - (5) - 6 -> 0

Applying cor . 6 with M = Q (trivial action of G) , we get

H ((F)
,
Q) +> Hz (G

,
Q) +> H . (E)

,
&10 -> H

. ((F)
,
a) -+ H. (6 ,

Q) + 0
.

Note that :

* Hz ((F)
,
Q) = 0

,
since (F) is free Chence Hi ((F)

,
Q) = 0

,
i >2) ;

* He ((FY
, X) * (F)* Q = zx = Q (*)& trivial module

* H . (R)
,
Qa = Ho (G ,

Hi(R)
,
Q) *Ho1G

,

(RY** Q) = KEY** Q)o .

But

the action of G on (E(*** is trivial (in the bar resolution glix]eq) =

= [gxg"[Qq = [x[0q)
,

so HiKRY
,
Q)o =*

"

,

k = m

The sequence above
thus yields :



0 -> He(f
,
Q) ->

"
-> -> H

,
(G

,
Q) -- 0

.

This
proves

that dim He (6
,Q) = me .

4 Equivariant group homology
A G-complex consists of a CW complex X together with an action of G that

permutes the cells .

We will
say
that X is acyclic if Hx(X) = Ho(pt).

Definition Let X be a G-complex and ((X) . its cellular chain complex .

We

define the equivariant homology of 16 , X) as

H (x) = = He (G
,
((X))

.

Moreover
, if M is a G-module

, we set

H (X
,
M) : = Ho(G

,

((X)@M)
.

Example i) If X = pt . the

H (X
, M) = He (G , ((p+ (xM) = H+ (6 ,

M)
.

ii) If G is the trivial group ,
the standard resolution is trivial hence

HE (X
, M) = H+ (G ,

((x) * M) = H + (((x)xM) = H+ (X , M) .

Proposition 7 If X is acyclic ,
then there is a canonical isomorphism

H (X
,
M) => H

+
(6

, M)
.

Proof For
any G-complex X

,
the unique map X-> pt . induces a canonical map

HE(X
,
M) -> H

* (G
,
M) .

By Thu
.

3 and Prop .
4 (i)

,

we have a spectral sequence
=

Eig = Hp (6, Hq(X ,M1) => HpEg(X ,M) .



But
,
since X is acyclic , Hq(X ,M)EHqlpt ,M) , and we have

Hp(G , Hq(X ,
M)) => Hig(X ,

M)

SI

Hp (6 , Hq(pt , M1) => Hitg(pt . M) = Hp+g (6 ,
M)

.

An isomorphism on the second
page

induces an isomorphism on the limits
,
so

the canonical
map

above is an isomorphisme . #

Let X be a 6-complex and o a p-cell of X
.

We set

Go : = (g + G) go = 04 .

Let to be the orientation module associated to o
,
i. e .,

to it is an

infinite cyclic group whose two generators correspond to the two orientations of
o with a Go-action given by the orientation character

Xo (g) =
+ 1

, if g preserves
the orientation of o,&

-1
,
otherwise.

Set Mo : = Zo & M
.
This is just M with Go-action twisted by Xo .

We have

p(x)M = Zo * M= OMIndM
oXp ma of 2p

goam ge(00m)

Lemma 8 (Shapiro's lemmal If HEG and M is an H-module , then

H (H
,
M) = H(G

,
IndiM)

Proof Let F be a resolution of E over . EG. Restricting to EH ,
F is also a

projective resolution of E over EH
,

so

H
* (H

,

M) = Hy (FzM)

= H* (F* zg(zGez MI)

= Ha(F *zoIndiM) = He(G
,
IndiM) #



By Shapiro's lemma and the decomposition of ((X,M) above , we get

Ha (G
, (p(X ,M)) = HqlGo .

Mol
o-

p

so the spectral sequence from Prop . 4 (ii) has the form
*

Exig= Hp(00 ,
Ma = Hiq(X ,M) .

If the complex is acyclic ,
we can now apply Prop .

7
.

to get

Ep= Halo ,
Mo = HpqG

This provides a computational tool for the homology of groups , using acyclic spa
as on which G acts.


