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Preface

For almost 20 years Chih-Han Sah and I worked together on various as-
pects of Hilbert’s Third Problem and in particular its relation to homo-
logical algebra and algebraic K-theory. We often talked about writing a
boaok on this subject and the development in this area since Han’s book
from 1979, but we always got sidetracked by some interesting problem
and the plans never materialized. After Han’s untimely death in 1997
his large collection of mathematical books were donated by Analee Sah
to the Nankai Institute of Mathematics in Tenjin and professor S.-S.
Chern kindly asked me to visit this institute and to give a series of lec-
tures on the above topic. Professor Chern also suggested that I write
up these lectures which I gave during my visit to Nankai University in
the fall of 1998. These notes are far from the grand project which Han
and I had talked about. But I hope they will give an impression of the
great variety of mathematical ideas which are related to the seemingly
elementary subject of scissors congruence.

I am very grateful to professor Chern and director X. Zhou of the
Nankai Institute for a wonderful stay in China. Also I would like to
thank the audience to my lectures, especially J. Pan, W. Zhang and
F. Fang for their interest and kindness. Furthermore | want to thank
M. Bokstedt, J.-L. Cathelineau, J.-G. Grebet and F. Patras for valu-
able comments and corrections. Special thanks are due to Karina Tho-
rup Mikkelsen for typing the manuscript of these notes and to S. Have
Hansen for helping with the drawings and other Latex problems. Fi-
nally T would like to acknowledge the support of the Danish Natural
Science Research Council and Aarhus University.

Aarhus, August, 2000, Johan Dupont
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CHAPTER 1

Introduction and History

It is elementary and well-known that two polygons P and P’ in the
Euclidean plane have the same area if and only if they are scissors
congruent (s.c.),i.e. if they can be subdivided into finitely many pieces
such that each piece in P is congruent to exactly one piece in P'. In
this form the problem was explicitly stated and solved by W. Wallace
(cf. [Wallace, 1807], [Jackson, 1912]) but I believe it was known to
the ancient Greeks or Chinese. In fact it originates from an attempt to
give an elementary definition of “area”: Given a line segment of unit
length “1” one wants the following.

THEOREM 1.1. Any plane polygon P is s.c. to a rectangle with one
side of length 1. Hence the length of the other side measures the area.

Proof: By triangulation of P it is enough to take P a triangle. By the
following figure it is s.c. to a parallelogram:

0
L/

Another figure shows a s.c. to a rectangle

1



2 Scissors congruences, group homology and characteristic classes

[] [

\/

However using this step backwards we can adjust the distance between
the “other 7 parallel sides until it is of unit length.

Finally use the previous step to obtain the desired rectangle. O

As for the corresponding problem in Euclidean 3-space, C. F. Gauss
mentions in a letter [Gauss, 1844]| that the proof that two pyramids
with the same base and height have the same volume, uses “exhaustion”,
i.e. subdivisions of the polyhedra into infinitely many pieces, and he
asked for a proof using only finitely many pieces.

Two pyramids with the same base and height.
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However Hilbert did not believe that this was possible and suggested
as the 3rd problem on his famous list presented at the International Con-
gress in Paris 1900 the following: Find two polyhedra with the same
volume and show that they are not s.c. This was in fact done already
in the same year by M. Dehn (see [Dehn, 1901]) who showed that the
regular cube and the regular thetrahedron of the same volume are not
s.c. A somewhat incomplete proof along the same lines was already pub-
lished by R. Bricard [Bricard, 1896]. In modern formulation Dehn’s
proof is most elegantly given in terms of the Dehn invariant D which
takes values in the tensor product of abelian groups RQZ? (R/Z). This is

defined for a polyhedron P by the formula
(1.2) D(P) =) _£(4) @ (§(A)/x)
A

where A runs through the collection of all edges of P and where £(A) is
the length of A and (A) is the dihedral angle of P at A.

Dehn did not know tensor products (introduced by H. Whitney in
[Whitney, 1938]); he argued directly on the relations between the oc-
curring side lengths and dihedral angles. In terms of the Dehn invariant
we can rephrase Dehn’s theorem as follows:

THEOREM 1.3. a) If P and P’ are s.c. polyhedra in Euclidean
3-space then D(P) = D(F'").

b) If C is a cube and T is a regular tetrahedron then D(C) = 0
whereas D(T) # 0.

Proof: a) can be proved directly (for a proof see e.g. [Boltianskii, 1978]
or [Sah, 1979]). But it also follows from the results of chapter 5 below.
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b) Since in C all dihedral angles are 7/2 and thus a rational multiple
of 7 it follows that D(C) = 0. As for the regular tetradron T elementary
trigonometry yields that all dihedral angles are ¢ = Arccos1/3 , so that

D(T)=6{@¢/T

where £ is the common length of the edges. Considering R as a rational
vector space we just have to show that ¢/n is irrational. For this we
use the formula

cos(k+ 1)¢ + cos(k — 1) = 2coskpcos ¢

to show by induction on k > 1 that cosky = ai/3" where a; is an
integer not divisible by 3. O

It is now an obvious question if the s.c. class of a polyhedron
is determined by its volume and Dehn invariant. This was answered
affirmatively in 1965 by J. P. Sydler who proved the following (see
[Sydler, 1965] or [Jessen, 1968]) :

THEOREM 1.4. Iftwo Euclidean polyhedra P and P’ satisfy Vol(P) =
Vol(P') and D(P) = D(P') then P and P’ are s.c.

We shall sketch a proof of this using homological algebra in chapter
6. In fact, it is the main theme of these lectures to show the relationship
between Hilbert’s 3rd Problem and questions in modern homological
algebra and topology. First let us formulate the problem more generally:

Forn>1let X = X" = E™, 5™, H" denote respectively Euclidean,
spherical or hyperbolic n-space. Also let I(X) denote the group of
isometries of X. A geometric n-simplex A C X is the geodesic convex
hull A =|(ao, - -+, a,)| of n+1 points ag, - -, a, € X in general position
(i.e. not lying on a hyperplane). In the spherical case we assume that
Gg, - -, Gy all lie in an open hemi-sphere. The points ag, - -- , a, are the
vertices of A. A polytope P C X is any finite union P = U;c:l A; of
simplices such that A;NA; is a common face of lower dimension if 7 # j.
If P, P, P, are polytopes such that P = P, U P, and P, N P, has no
interior points then we will say that P decomposes into P; and P; and
we shall write P = P, II P,.
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DEFINITION 1.5. Let G C I(X) be a subgroup. Two polytopes
P, P’ are called G-scissors congruent denoted P ~ P if P =15 P,

P = HlePi’ and P, = ¢;P; for some g1,---,gx € G.

Generalized Hilbert’s 3rd Problem. Find computable invariants
which determine when two polytopes are G-s.c.

We shall mainly take G = I(X) and just write ~ for I&)' In view

of Sydler’s theorem it is natural to ask the following question raised by
B. Jessen [Jessen, 1973];
[Jessen, 1978]:

Non-Euclidean Hilbert’s 3rd Problem. Do volume and Dehn in-
variant determine the s.c. classes of polyhedra in spherical or hyperbolic
3-space?

Let us reformulate the general problem in algebraic terms

DEFINITION 1.6. The scissors congruence group P(X,G) (for G =
I(X) write P(X)) is the free abelian group on symbols [P] for all poly-
topes P in X, modulo the relations:

i) [P]—[P]-[P"] for P=PHP"
ii) [¢P]—[P] for g€G@.

Note that [P] = [P'] in P(X,G) if and only if P and P’ are stably G-
s.c., that is if there exist polytopes @ and @’ such that PII Q ~ P

with Q' = gQ for some g € G.

However if G acts transitively on X it is a theorem of V. B. Zylev
[Zylev, 1965] (see e.g. [Sah, 1979] for a proof) that stably G-s.c.
implies GG-s.c. Hence the Generalized Hilbert’s 3rd Problem can be
reformulated as the problem of determining the s.c. groups P(X,G).
We shall see that this is closely related to the problem of determining
the homology of the group G:
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Recall that for any group G and M a (left) G-module the group
homology H,(G, M) is the nth homology group of the chain complex
C«(G, M) which in degree n has generators of the form

[gl“gn]®37, gla’gnecs reEM
and where the boundary map 0 : C,,(G, M) — Cp,_1(G, M) is given by

n—1

(g1l -gn) @ z) =[ga| ---|gn] @ g7 '@ + > _(=1)'[g1] - - gigisa| - -gn] ® @

i=1
+ (1) |gn-1] @ 2.
That is
ker[0 : Cp(G, M) = Cp_1(G, M)]
im[d : Cpt1(G, M) = C,(G, M)]”
As an example of the relation between s.c. and homological algebra

we shall prove the following result from [Dupont, 1982] (H.(G) =
H.(G,Z)):

Ho(G, M) =

THEOREM 1.7. There are exact sequences of abelian groups:

a)
0 — Hy(SO(3),R% 5 P(E®/2(E®) B RQR/Z —
— H;(SO(3),R* — 0
b)

0 = Hs(S1(2,0) 2 P(H®) B R R/Z — Hy(SI(2,C)~ — 0

c)

0 — H3(SU2) 2 P(S*/Z B RO R/Z —» Hy(SU(2)) — 0

Notation: In a) Z(E?) is the subgroup generated by all prisms (i.e. a
product of a line segment and a plane polygon). In b) ~ indicates the
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(-1)-eigenspace for the involution induced by complex conjugation. In
¢) Z C P(S?) is generated by [S7).

We remark that by theorem 1.1 the volume in the Euclidean case
gives an isomorphism Z(F?) = R. Hence by theorem 1.7 Sydler’s the-
orem is equivalent to Ho(SO(3),R% = 0. We shall return to this in
chapter 6. In the non-Euclidean cases b) and c¢) the volume gives rise to
cohomology classes for the discrete groups underlying SI(2, C) respec-
tively SU(2). These are in fact equivalent to a secondary characteristic
class defined by Cheeger-Chern-Simons (see [Chern-Simons, 1974]
and [Cheeger-Simons, 1985)) for bundles with flat structure groups.
We shall investigate this in chapter 10 and 12. Furthermore in chapter
9 we shall see that the homology groups in b) and c) are computable in
terms of algebraic K-theory of the field C of complex numbers, and we
thereby reduce the non-Euclidean Hilbert’s 3rd Problem to a well-known
difficult Rigidity Problem.

The last 3 chapters (13-15) continue the study in chapter 9 of the ho-
mology of the general linear group in terms of groups similar to scissors
congruence groups but based on projective configurations.

For further information on the history and background of Hilbert’s
3rd Problem we refer to the survey [Cartier, 1985] and the books
[Boltianskii, 1978], [Hadwiger, 1957], [Sah, 1979].



This page is intentionally left blank



CHAPTER 2

Scissors congruence group and homology

In this chapter we shall investigate the s.c. group further, and in partic-
ular we shall give it a homological description in general. As before let
X = X" beeither E™, S™ or %", and let 1(X) denote the group of isome-
tries of X. Thus E™ is the affine real n-dimensional space over the vector
space R” and I(E™) = E(n) is the Euclidean group E(n) = T(n) x O(n)
where O(n) is the orthogonal group and T'(n) 2 (R", +) is the additive
group of translations

Tn)={t, |veR” ; t,(z)=a+v,zeR}
As usual
S"={xeR™ |23+ 22+ -2l =1}
and I(S™) = O(n + 1). Similarly
H" ={z e R"" | —2d +22... 422 = —1, 25 > 0}
and I(H™) = O*(1,n), the subgroup of O(1,n) keeping H" invariant.

Occasionally we shall need also the upper halfspace model or the disk
model for the hyperbolic space.

As before let G C I(X) be a subgroup and P(X,G) the G-s.c. group
for X. The following is obvious from the definition:

ProrosiTIiON 2.1, a) Suppose H 4 G is an invariant subgroup.
Then the canonical map P(X, H) — P(X, G) induces an isomor-
phism

P(X,G) = Ho(G/H, P(X, H)).
b) In particular
P(X,G) = Ho(G, P(X))
where P(X) = P(X, {1}).
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As an example let us show the following theorem often attributed
to C. L. Gerling (see however [Sah, 1979, Remark 4.2]): Let I (X) C
I(X) be the subgroup of orientation preserving isometries.

THEOREM 2.2. The natural map
P(X, IT(X)) = P(X, (X)) = P(X)

s an isomorphism.

Proof: Since I*(X) is a normal subgroup of index 2 we get
P(X) = Ho(Z/2,P(X, I (X))

where the action by the generator ¢ of Z/21is induced by any reflection in
a hyperplane. Since P(X,IT(X) is generated by n-simplices it suffices
to show for an n-simplex A that

(2.3) gla] =[A]

Let A =|(ag, ...,ay)| and let {U;;}ic; be the collection of hyperplanes
bisecting the dihedral angles at the codimensional 2 faces |(ao,...,
Qiy .oy Gjy...,0y)|. By elementary geometry these hyperplanes inter-
sect in a single point ¢, the “inscribed sphere center”. (Notice that this
exists also in spherical and hyperbolic geometry.) Also let ¢; be the or-
thogonal projection of ¢ onto the ¢th (n—1)-face of A. The reflection r;;
in U;; clearly fixes ¢ and interchanges ¢; and c; so that the two simplices

Az’j = |(c,ci,a0,...,ai,...,&j,...,anﬂ
and
Ajz' = |(c,c]~,a0,...,&i,...,aj,...,an)|

are congruent (see fig.)
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Since

(2.4) A=TJ(ay11A)
1<j

and

glagl=1Az], i #7,
we get in P(X,IT(X))
glA] =D (g[Ai] + g[A5]) = D _([A5] +[Ai]) = A
i<j i<y
so that Z/2 acts trivially on P(X, IT(X)).
COROLLARY 2.5. P(X) is 2-divisible.

Proof: By (2.4) we have in P(X)
[A]=)[Ag)+[A5] =2 [Ai]
i<y i<y
so that [A] is divisible by 2 in P(X).

11

O

Remark: As we shall see later, P(E™), P(S?) and P(H?) are vector
spaces over R whereas P(S3) and P(#?) are rational vector spaces. It
is not known for P(S™) and P(H"),n > 3, if these groups are p-divisible

for p #£ 2.

Proposition 2.1 b) is just a reformulation in homological terms of
the relation ii) in the definition of P(X,G). We shall now see that also
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the relation i) is a homological one. In fact we shall interpret P(X) as
a homology group. Let C,(X) be the chain complex where a generator
or stimplex in degree k is a (k+ 1)-tuple o = (aq, . .., ax) of points in X.
In the case of X = 5™ we assume furthermore that all (ag,...,ax) are
contained in an open hemi-sphere. For & = n and «ag, ..., a, in general
position o defines a geometric n-simplex |o| as the geodesic convex hull
of the vertices, and ¢ is called proper in this case. The boundary map
in C(X) is just given by

(2.6) dag, ..., ax) = Z(—l)i(ao,...,&i,...,ak)

Now the idea is that for k = n + 1 the identity

n+1
(2.7) > (=1) (a0, - -y dtiy - -5 Ong)
1=0
represents a subdivision in two different ways of the polytope which is
the convex hull of (ag, ..., an+1). (See fig. for 3 cases in the plane.)
@ @
“
4
% ) o
Y q 4

It may happen that one of the vertices of & lies on a geodesic sub-
space spanned by some of the other. In that case some of the simplices in
(2.7) are contained in a hyperplane and thus contributes zero in P(X).
In general we define a filtration on C.(X)

(2.8)
0=Cu(X) T CCAX)°C - CCuX)P C - CCu(X)" = Cu(X)
where o = (ag, ..., axr) € Cx(X)?P if it is contained in a p-dimensional ge-

odesic subspace. This filtration is called the dimension or rank filtration
and mn-simplices of filtration n — 1 are called flat.
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Now choose an orientation of X (usually the canonical one) and for
a proper n-simplex ¢ = (ao,...,a,) put £, = +1 or —1 depending on
the orientation by the ordering of the vertices compared with the given
orientation of X. Then there is an obvious map

(2.9) @ Cn(X) = P(X)
defined for ¢ = (ao,...,a,) by

gollo|] if o is proper
plo) = ;
0 otherwise,

THEOREM 2.10. ¢ : Cp(X) — P(X) induces an isomorphism
ot Ho(CL(X)/CL(X)"Y) 2 P(X)

Sketch proof. Since for o € C,(X) clearly do € C.(X)*~! we just have
Ho(Co(X) /C(X)™) = ColX)/ [CalX)™™ + 0Cn41 (X))

By definition ¢ maps C,(X)™ ! to zero. To see that ¢ also maps bound-

aries to zero we use a topological argument: Let A* C R*t! be the

standard simplex A* = |(eo, ..., ex)| where {eo, ..., ex} is the canonical

basis. Then any k-simplex o = (aqo, ..., ax) gives rise to a continuous
map f: A* = |o| C X. Explicitly in the Euclidean case

k
ft)=a(t) =) tia; fort=(to,...,t) € AF
i=0

whereas in the spherical respectively the hyperbolic casges
fo— a0 a(t)
Via(t),a(t)), Vv —(a(t),a(t))_

where (z,2), = ez +2?+---+ 2%, = +1, in the surrounding R**!. In

respectively  f(t) =

particular for any (n+1)-simplex ¢ = (aq, .. ., ¢n+1) We get a continuous
map
n+1
f : 3An+1 - H |(a07"-7di7"'7an+1)| g X
=0
of degree zero. If 7; = (ag,...,@;,...,an41) is proper then e, = (1)
or (—1)**! depending on f restricted to |(eo, .- ., &, ..., €,)| being orien-

tation preserving or reversing. Now we subdivide each proper simplex
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|7il by the hyperplanes supporting the other ones and we thus get a
subdivision of the image of f such that in the sum

> (=Dienlml = ¢(80)
T; proper

each piece occurs with multiplicity zero. Hence ¢(0dc) = 0. It follows
that ¢ induces a well-defined map @, which is clearly surjective. To
show injectivity one can construct an inverse map using the simplicial
approximation theorem. We refer to [Dupont, 1982] for details. For
an alternative inductive argument see [Morelli, 1993]. O

Notice that the map ¢ is equivariant with respect to the natural
action of J(X) on P(X) and the “twisted” action on C,,(X) given by

glao,-..,a,) = det(g)(gao, . ..,9a,), g€ I(X),

where det(g) = +1 or —1 depending on g being orientation preserving or
orientation reversing. In general for M any I(X)-module let M* denote
the module with the original action by g multiplied by det(g). With
this notation we now conclude from proposition 2.1 and theorem 2.10:

CoRrOLLARY 2.11. Let G C I(X) be a subgroup and fiz an orienta-
tion of X. Then there are natural isomorphisms

P(X,G) =Ho (G, Ha(Cu(X)/Cu(X)" 1))
2 Hy, (Ho(G, [Co(X)/Co(X)"™'T))

For later use, let us introduce the polytope module
(2.12) Pt(X) = H,(Cu(X)/Cu(X)" 1)

where g € I(X) acts by g(ag,...,a,) = (gao,...,9a,). Hence as an
I(X)-module

(2.13) P(X) = Pt(X)*
and we reformulate corollary 2.11 as
(2.14) P(X,G) & Ho(G,Pt(X)").

In the spherical case it is also useful to consider the chain complex

C.(8™) where we have dropped the restriction that the vertices (ay, - . ., ax)
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of a k-simplex should lie on a hemi-sphere. Then we introduce the Stein-
berg module

(2.15) St(S™) = Hn(Cu(S™)/Cu(S™)™ )
and in the Euclidean and hyperbolic cases we just put
(2.16) St(E™) = Pt(E™) , St(H")=Pt(H").

In the next chapter we shall give a different description ot these I(X)-
modules.

Note. Cohomological arguments in connection with s.c. appeared al-
ready in [Jessen-Karpf-Thorup, 1968]. A systematic use of group
cohomology was made in [Sah, 1979] inspired by remarks of D. Sulli-
van. The interpretation of the s.c. group as a homology group (corollary
2.11) comes from [Dupont, 1982], but the geometric content of theo-
rem 2.10 that 73(X ) is generated by simplices modulo the elementary
subdivisions represented by (2.7) was known previously to B. Jessen and
A. Thorup (unpublished note by Thorup). In fact they proved that it
suffices to use only “simple subdivisions”:

|(a0, sy a'n.)l - l((lo, ceeyQp_1, an+1)‘ nl 1(“07 ceeyOp_2,0n, a’?‘b+1)i
where a4 lies on the edge (an-1,4a,). Note by the way that the s.c.
group which was introduced by Jessen in 1941 (c.f. [Jessen, 1941]) is

really the K-group in the sense of algebraic K-theory for the category
of polytopes.
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CHAPTER 3

Homology of flag complexes

In this chapter we shall investigate the Steinberg and polytope modules
further and in particular we shall establish some exact sequences relating
these modules in different dimensions which are useful for inductive
arguments later. First let us give another interpretation of the Steinberg
module as the homology of a complex of flags of subspaces. The idea
is that a geometric n-simplex in X is determined by its supporting
hyperplanes (i.e. the subspaces spanned by its faces of codimension
1) at least in the case of X = E™ or H". By a subspace of X we
mean a geodesic subspace U of a certain dimension p such that U is a
mode] for the geometry in that dimension. In E™ a subspace is an affine
subspace, in H™ respectively S™ it is a hyperbolic respectively spherical
subspace. In our models for H™ and S™ these are just intersections with
linear subspaces of the surrounding R**!. Note in particular that a 0-
dimensional spherical subspace consists of 2 antipodal points. If A C X
is any set, then by spanA we mean the smallest subspace (in the above
sense) containing A. E.g. in the spherical case span{a} = {+a} for
a€S™

Next recall that a simplicial set is a sequence of sets of simplices S =
{Sp;p = 0,1,2,...} together with face operators e; : S, — Sp—1,1 =
0,...,p, and degeneracy operators n; : Sp = Sp41,J =0, ..., p, satisfy-
ing the identities.

(3.1) gi€; = €516, t<J; mn; =410, <7,
and

Nj-1€4, <]
(3.2) €15 = id, 1i=7, 1=7+1

Ni€i-1, t>7+ 1

17
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Our main example is the following:

DEFINITION 3.3. a) The Tits complex T(X) is the simplicial set
where a p-simplex ® is a flag ® = (Up D --- D U,) of proper (i.e.
U; # X,0) subspaces with face and degeneracy operators given
by

Ui 2 ...Up)
UiDU;j 22 Up)

S
Il
S
v 1Y
U U

b) Aflag ® = (Uy D - D Up) is called strict if U; has co-dimension
t+1,i=0,...,p,and p+ 1 is called the length of ®.

For a simplicial set S the (reduced) integral homology groups are the
homology groups of the (augmented) chain complex C,(S), where C,(S)
is the free abelian group on S, and the boundary 0 (and augmentation
€ :Co(S) — Z) is given by

p

8(0):2(—1)’@(0) . 0eC(S) , p=1,2,...,

e(o)y=1 , o€ Co(S).

(3.4)

With this notation we have:

THEOREM 3.5. Let H,(T (X)) denote the reduced integral homology
of T(X). Then

a) Hi(T(X)=0ifn>1landi#n—1
b) There are natural isomorphisms
St(X%) = Z and St(X™) = H,_(T(X)), n>1.
¢) In b) St(X™) is identified with the following subgroup of%Z((I)),

where ® runs through all strict flags of length n: Here x =) 4 ¢
lies in St(X) if and only if for all it = 0,...,n — 1 and all fized
Uo2---DUiz1 2Ui41 2 -+ 2 Up—1) we have

Z L(UgD--DUp—1) = 0.
U;
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For the proof we consider for each subspace U C X the chain com-
plex C,(U) which in degree ¢ is the free abelian group with generators
all (g4 1)-tuples of points in U and with the boundary given by formula
(2.6) (so that C.(U) = C.(U) in the Euclidean and hyperbolic case).

Z, g=0

LEMMA 3.6. Hq(é*(U)) = {0 otherwise

Proof: We augment C’*(U) to Z by € : Co(U) — Z given by e(ag) = 1
and observe that the sequence
LSS B S o0
is exact. In fact if we choose a base point ug € U we get a chain
contraction s, : Cq(U) = Cy41(U) defined by
Sq(@o, - -+, aq) = (uo,@0,.--,a4), ¢ >0, and s_1(1) = (uo).
Then it is easy to check that
0s+sd =id

which proves the exactness. a

Proof of theorem 3.5 Consider the bicomplex (cf. Appendix A)

3.7 A, .= & C.(U,), p>0,
(3.7) P T Uamatn) (Up), P2
augmented to C,,(X)™~! by the obvious inclusion maps C,(Up) C Cu(X).
Here the “vertical” differential is 0" = (—1)?9 in C4(U,) and the “hor-
izontal” differential is @ = Y-F_ (—1)cix. Then the sequence

0 Co(X)" " = Agu & 4, & -
is exact. In fact we define s, : A, . — Apy1« for a simplex o C U, by

p+

sp(0(vy2-20,)) = (1) oW, 00,00,), P=-1,0,1,...,

where U, = span(o), and it is straightforward to check that
d's+s8' =id
It follows that the homology of the total complex (A, d + 8”), where

Ar= & Ap,, is given by
p+g=k

H(A) = H(C(X)™).
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By the exact sequence
0= CuX)" 5 Cu(X) = Cu(X)/Cu(X) =0
and lemma 3.6 we also have

Hy,_y (Co (X)) = Hy(Cu(X)/C(X)"7H).

On the other hand lemma 3.6 also glves an exact sequence

0 Cyp(T(X)) = Apo & Ay & Ayp & -

where

X)) = A
Cp(T(X)) S (Uo o0,

is the p-th chain group for 7(X). Also 0" clearly induces the boundary
map on Ci(7(X)) so that we obtain

H(A,) =2 H(T(2)).
It follows that we have an isomorphism
Hy(Co(X)/Cu(X)™) 2 Hya (T(X)), k2> L

Here the left hand side is clearly zero for k& < n whereas the right hand
side is zero for k > n since T(X) contains only degenerate simplices
in these dimensions. This proves a) and b). For c¢) we observe that
H,(T (X)) is computed by the chain complex CN(7(X)) with only non-
degenerate generators, i.e. in degree n — 1 we have only strict flags, and
hence

Hooa (T(X)) = ker(8 s 2y (T(X)) — CI,(T(X).
But here d(z) = 0 if and only if £;(z) =0, ¢=0,---,n—1,since g;(z)
and ¢;(z) involve flags of different types for i # j. |

Remark: The isomorphism in theorem 3.5 can be explicitiy described
as induced by the map

h:Cn(X) = Cnet(T(X))

given by
(3.8) h(ag,- .. an) =Y sign(x)(U§ 2 - 2 UL,
where 7 runs through all permutations of {0,...,n} and

U;r = span{a,r(]-_H), .- °va7r(n)}'
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Note that this map is equivariant with respect to the natural action by
I(X).

Example:

U/) Ub

ap Uﬁ U U‘ — .
: = span{ag, 4;, az}

h(ao, a1, az) = (Uy O az) — (U D a1) + (Uj D ao) — (Ui D az) +
+ (Us D a1) — (Us D ao)

The corresponding theorem in the case of the polytope module for
X = 5™ is a little more complicated since the topology of the sphere
interferes. Thus a geodesic subspace U C X of dimension p is a p-sphere
and if we consider the chain complex C,(U) C C,(X) as in chapter 2
where all vertices of a simplex in U lie on an open hemisphere then the
analogue of lemma 3.6 is

Z g=0o0rp
(3.9) H,(C.(U)) = {0 otherwise.
In fact, as mentioned in the proof of theorem 2.10 a simplex o =
(ag,...,aq) in U gives rise to a singular ¢g-simplex f, : A? — U and
one shows (cf. proposition A.21) that the inclusion C.(U) — C3"™8(U)
into the singular chain complex induces an isomorphism in homology.
Let us write O(U) = H,(U) =2 Z and call it the orientation module for
U since an isometry g of U induces multiplication by +1 depending on
g being orientation preserving or not. Thus O(X) = Z in our previous
notation. Also we put O(@) = Z. Finally for U C X a p-dimensional
subspace let U+ denote the subspace perpendicular to U. We can now
state the analogue of theorem 3.5 for the polytope module. We refer to
[Dupont, 1982] for the proof.
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THEOREM 3.10. Let X = S™,n > 0. Then

1) Hy(Cu(X)/Cu(X)*™ 1) =0 for ¢ # n.
ii) There is a filtration of I1(X)-modules

0COX)=F 1 CFRC-CFC:CF,=Pt(X)
and natural isomorphisms
Fo/Fpey 2 @PSHUP) @ O(UPY), p=0,1,2,...,n.
Ur

where UP runs through all p-dimensional subspaces of X .
iii) In particular

PH(X)/Fy_y 2 St(X).

Remark: Geometrically F), is generated by chains of the form a join of
a p-simplex in UP with a triangulation of the sphere U”L, where UP and
UP" are perpendicular subspaces of dimension p respectively n — p — 1.

The Steinberg and polytope modules give rise to some useful exact
sequences relating these to the corresponding ones in lower dimensions.
For the Steinberg modules we have in all 3 geometries:

THEOREM 3.11. Let dim X = n. Then there is a natural eract
sequence of I(X)-modules

0 St(X) %5 P sur) S @stwr?) - ...
Un-1 Un—2
S EPSHUY) S Z— 0
UO

where UP runs though all p-dimensional subspaces of X.

Remark: Here d : St(UP) — @p-1 St(UP™!) is induced by sending a
strict flag (Up D -+ D Up—y) for UP to the flag (Uy D -+ D Up_y) for
UP~1 = Uy. Also St(U°) = Z(U°) and ¢ is the augmentation £(U°) = 1.
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Proof: First notice that by the proof of theorem 3.5 we have for U a
p-dimensional subspace

St(U) i=p

0 otherwise.

H(C.(U)/Cu(U)™h) = {

It follows that the spectral sequence for the filtration F,Cy(X) = C,(X)?
has

B, = F,Cu(X)/Fpoi Cu(X) 2 @ Cu(UP) /Cu(UP)P

and hence
1 @UP St(Up)7 g=0
By = €D HsalC.07)/C (7)) = {07 oy
2 _ o0 . .
It follows that E; = EPS. But by lemma 3.6 this is zero except for

p = ¢ =0 where it is Z. Hence we get an exact sequence

dt d! dl
0 E gD E 1o 2 Ej g SZ—0

which is just the required sequence. O

For the polytope module in the spherical case we get in a similar
way using theorem 3.10:

THEOREM 3.12. Let X = S™,n > 0. Then there is an ezact se-
quence of I(X)-modules

0—z' 5 Pr(X) 5 @ Pyt S P PrU™?) —
Un—1 Un=—2

& PPHU) S Z—0
UO

where UP runs through all p-dimensional subspaces of X.

Remark 1: The inclusion ¢ : Z! — Pt(X) is just the natural map
Z' 2 H,(Cu(S™) = Hn(Cu(S™)/Ci(S™)"1) = Pt(S™).

The generator on the left is sent to the polytope consisting of the whole
sphere (suitably subdivided).
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Remark 2: For X = S° the sequence reduces to the exact sequence of
O(1) = {£1}-modules:

0 Z 5 Pt(S) -2 =0
Finally there is in the spherical case an exact sequence combining
the Steinberg and polytope modules. For U C X = S” a subspace of

dimension p < n and {zxe} a pair of antipodal points perpendicular to
U there is a suspension homomorphism

Y : PtU) = Pt(V)!, V =span(U U {xe}),
given by the formula
Yu((ag,...,ap) ® 0) = [(€,a0,...,ap) — (—€,aq,...,a,)] ® (e x o).

Here we use the notation Pt(U)! = Pt(U)®O(U) and for 0 € O(U) = Z*
a generator we let e *x 0 be the generator of O(V') determined by e and
o. This suspension extends to a map

v :PU)@S(UY) - @ PyV) @StV
dim V=p+1

in a straightforward manner (notice that a strict flag occuring in St(U+)
ends with a pair of antipodal points perpendicular to U). In particular
for U = 0 we have

S:St(X) = PHU) o (U™
UO

and together with the map
h:Pt(X) — St(X)

given by the formula in (3.8) we obtain the following theorem wich we
state without proof:
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THEOREM 3.13. For X = S™ n > 0, there is an exract sequence of
I(X)-modules
0 St(X) B PHUY) @ SHUY 5 ..
Uo
PPy Ury @ st B L

Up
B @ Py U @ StUM) B Py(x)t D (X))t - 0,
Un-1

Note: Exact sequences like the one in theorem 3.11 are called Lusztig
eract sequences in analogy to those constructed in [Lusztig, 1974].
However, similar sequences were known by J. Karpf (unpublished Msc.
thesis, Copenhagen University,1969).
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CHAPTER 4

Translational scissors congruences

In the Euclidean case X = E™, the group T'(n) of translations is a
normal subgroup of the group of all isometries with the orthogonal group
O(n) as quotient group. Hence by proposition 2.1

(4.1) P(E™) = Ho(O(n), P(E", T(n))).

In this chapter we shall study P(E™,T(n)) in more detail, and in par-
ticular we shall find necessary and sufficient conditions for translational
s.c. (the Hadwiger invariants). More generally let us consider a field F
of characteristic 0 and V' a vector space of dimension n over F. The
group of translations of V is just the additive group of V acting on V
by t,(z) = z+ v, z,v € V. Again C,(V) denote the chain complex
over Z of tuples of elements of V' and in view of corollary 2.11 we want
to calculate the translational scissors congruence group defined by

(4.2) Pr(V)=H, (C*‘(/V) /C*(“//)n_ ) , % = Ho(V,Cu(V)).

Now C.(V) is just the homogeneous “bar complex” for the additive
group of V. Let us recall a few facts about group homology :

For (G, ) an arbitrary group and Z[G] the group ring the homoge-
neous bar complezr is the complex C,(G) with generators in degree ¢
any (¢ + 1)-tuple (ag,...,a,) and with the usual boundary map

q

dao, .- ag) =Y _(=1)(ao, .-, di,-..,ag)

=1
This is a complex of left Z[G]-modules by the action
g(ao,...,aq) = (gao,...,9aq4), ¢g€G,

27



28 Scissors congruences, group homology and characteristic classes

and it is a resolution of the trivial G-module Z via the augmentation
e :Co(G) = Z, e(ap) = 1. Sometimes we shall use the inhomogeneous
notation: Let B,(G) be the complex with generators in degree ¢ of the
form golg1 | -] 94), 9: € G, and boundary map given by

d(golgr | -+~ | 94]) =g0g1{g2 | -+ | 94) + Z )golgy | -+ | gigi1 | - -]

+ (=1)%golg1 | ---gq—1]-
Here the G-action is given by

9(golgr | -+~ | 94)) = 990lg1 | -+ | gg-1]
and the augmentation € to Z by £(go[-]) = 1. Actually C.(G) and B.(G)
are isomorphic via the bijection (ag,...,aq) <> golg1 | - -+ | g4] where
ao = go, @1 = god1, ,aq:go...gq.

For a right G-module N the homology of G is by definition H.(G,N) =
H(N @z B«(G)), so for M a left G module Ho (G, M) = H.(G, MOp),
where MOP has the right G-action zg = ¢~ 'z, = € M, g € G. Equiva-
lently it is the homology of the complex B,G ® M with ByG = Z and

for ¢ > 0 generated by symbols [g1 | ---| g4 ® 2, 91,...,9, € G,z € M,
and with boundary map
o] 19D @2)= (g2 |g) @97 e+
g—1
(4.3) +Y g1 |- gigisa |-+ | gl @2
=1
+(=DYgr |- gg-1]® 2.

Notice that

(44)  Ho(G,M)=M/{z— gz |z e MgeG}=G\M = %
For M = 7Z the trivial G-module we write
H.(G) = H.(G,Z) = Hi(B.(G)) = H.(G\C.(G))

For G and G’ two groups we shall need the FEilenberg-Zilber map of
G x G'-modules:

EZ : B,(G) ® B.(G") = B.(G x G')
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given by
EZ(glgi |- 1 9] @ 9 [0p41 |+ | 9p4))
= sign o (9,9)[ho1 |+ | Bofpay)]

where (h1...hpsq) = ((91,1) -5 (9 1), (1, 9p11)s - - - (1, 954,)) and o
runs through all (p,q) shuffles of 1,...,p+ ¢. For M resp. M' G -
resp. G-modules EZ induces an x-product

Xt Ho(G, M) @ H.(G',M") "3 H,(G x G',M @ M),

and by the Eilenberg-Zilber and Kiinneth theorems we get an exact
sequence

0— H.(G,M)® H.(G'\M") 5 H,(GxG',M x M') -
— [Tor(H.(G, M), H(G',M))]_, = 0

where the subscript —1 indicates that in degree k the indices add up to
k—1.

(4.5)

Now suppose (A4, +) is an abelian group. Then +: AX A — Ais a
homomorphism and we define the Pontrjagin product as the composite

(4.6) A Hi(A) @ Hi(A) S Hipi(Ax A) 53 Hiyj(A).
This makes (H.(A),A) into a graded ring.

PROPOSITION 4.7. Let A be an abelian group. Then

i) Ho(A) = Z and there is a natural isomorphism A = Hq(A).
ii) If A is torsion free then the A-product defines a natural isomor-
k
phism AE(A) = AE(H (A)) 55 Hi(4), k=0,1,2,....
iii) If A is a divisible group then A = A/T®T, where T is the torsion
subgroup of A, and we have an isomorphism

Hi(A) 2 A§(A/T) & Hi(T)

Proof: 1) The first statement is obvious from (4.4), and for the second
we notice that

Hy(4) = By (4) /0B, (A4) = Z{A}/{la]+ [5] - [a+ V] | a,b € A},
so that the natural map A — H,(A) sending a to [a] is an isomorphism.
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ii) Since both sides of the equation commutes with direct limits it
is enough to consider A a finitely generated torsion free abelian group,
that is, A ¥ Z & --- PO Z in which case it follows from the Kiinneth
isomorphism (4.5).

iii) This similarly follows from (4.5) and the observation that
N5(A/T) 2 AG(A/T)

since A/T is a uniquely divisible group, i.e. a rational vector space.

Remark: Notice that the isomorphism in ii) is explicitly given by
sending ug A -+ A ug € AE(A) to

(4.8) up A Aup =Y signo[ugr | - | ugi]
g
where o runs through all permutations of 1,...,k.

We now return to the computation of Pr(V) for V an n-dimensional
vector space over a field F' of characteristic 0. First notice that by
proposition 4.7 we have a natural isomorphism for U C V any linear
subspace:

(4.9 M) 2 e () k=0,
where we have used the isomorphism C,(U) & B(U) given by
(o, ..., xx) € zolug | -+ | ukl
with
Ty =To+ U1, Tg = To+ Uy + U2y .., Tk = To + U +ug + -+ ug.

Geometrically the element given by (4.8) corresponds to the k-fold cube
[ur] A -« - A [ug] where [u;] = (0, w;) € C1(U).

For the computation of the homology group in (4.2) we now proceed
as in chapter 3. We let 7 (V) be the simplicial set where a p-simplex ® is
aflag ® = (Uy O - - D U,) of proper linear subspaces of V, i.e. different
from 0 and V. Notice that for V = R"™ there is a natural bijection
T(V) = T(S™"1), in the notation of chapter 3, given by intersecting the
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subspaces with S™~!. We now consider the bicomplex 4, , for p,q > —1
given by

A _ ‘/\C’*(V), ) p = —1
& @(}—_—(UOQ.,,;)UP) Up\c*(Up)7 P = O, 1, 2, .

where C.(U),U € V, is the chain complex C,(U) augmented in the
usual way to C_;(U) = Z. Also the boundary maps & and 8" are
induced by the corresponding maps in the proof of theorem 3.5. Again
the homology with respect to & vanishes for p > 0 and we conclude
that the total complex has homology

Hi(AL) = Hep (VACL(V)/VAC.(V)™Y),  k=-1,0,1,2,...

Thus we get a spectral sequence converging to H(A.) with

" Du,o..ov, Hx(Up) p=0,1,2,...

where, by (4.9) above H,(U,) = Ao(Up)y g > 0, and zero for ¢ = 0, —1.
We therefore get

o o ATV ) 0> 0
P 0 g=0,-1
where A{)(g) denotes the local coefficient system on 7 (V) given by
o8 @a2-20,) = M (Ur)

and where the chain groups are augmented to C_l(T(V),/\?Q(g)) =
NG(V).

However, the spectral sequence degenerates from the E2-level as we
shall now see: Choose a positive integer ¢ > 1 and let p, : V = V
be multiplication by a. The translation ¢, : V — V by v € V clearly
satisfies

Hq Oty =ty O fg
and it follows that u, induces an endomorphism of the double complex
A, s and hence of the spectral sequence commuting with the differen-
tials. However it is easy to see that the induced map on E;’q is just
multiplication by «? and since d" : E] . — E7 it follows that

—rq+r—17
d” = 0 for » > 2. We have thus proved
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THEOREM 4.10. a) H(V\C.(V)/V\C.(V)*™ 1) and in particu-
lar Pr (V') are vector spaces over Q.

b) There is a splitting into eigenspaces for the endomorphism p,
with eigenvalues a%, ¢ =1,2,...,n:

Pr(V) 2 @D Huegut (T(V), A (8)),

and the splitting is independent of choice of integer a > 1.
c) Hy(T(V),A§(g)) =0 forp<n—-g~1,¢>0.

Remark: The spectral sequence gives rise to a filtration F,Pr(V), p=
-1,0,1,..., n — 2, such that F,/F,_1 & NP(T(V),/\gD(g)) with p+¢ =
n — 1 which corresponds to the a?-eigenspace for p,. It follows that any
element z € F,Pr(V) has a unique decomposition

(4.11) T=Tq+ Top1+--.

such that z; has “weight 7, that is, is in the a‘th eigenspace. We will
now get a geometric interpretation for this filtration.

Definition:

a) A k-fold prism x € Pr(V) is an element of the form

z=[or | fva A | v A A i | | ]
where ¢; + -+t =n and vy,...,v, € V.
b) Let Zx(V) C Pr(V) be the subgroup generated by all k-fold
prisms.

PROPOSITION 4.12. Z(V) is the sum of eigenspaces of weight > k.
That is, Z,(V) = Fr—kp—1Pr(V).
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Proof: Every element has weight at least 1 so at least Zp(V) & F_k_1.
For the other inclusion it suffices by induction to prove that every el-
ement of weight > 2 lies in Z5(V). For this consider the Alezander-
Whitney map

and notice that the composite
m: B.(V) 2% B, (V)@ B.(V) T B.(V x V) B B.(V)

is chain homotopic to the map po. Since this chain homotopy is natural
in V it preserves the “rank”-filtration and hence m and po induces the
same map on Pr(V). We conclude that

k
(4.13) palvr |- Lok) =D Jfor |-+ L o] A fwgan | -] o]

7=0
and hence
(52 = 2)[or | -+ | v € Za(V),
It follows that if € Pr(V) has weight ¢ > 1 then

po(z) — 2z = (29— 2)z € Z2(V)
so that z € Z2(V). O
The main result on the structure of Py (V') is the following reformula-

tion of a theorem of [Jessen-Thorup, 1978] and [Sah, 1979] which we
shall state without proof (cf. [Dupont, 1982] and [Morelli, 1993)):

THEOREM 4.14. For V a vector space of dimension n we have

a) Hy(T(V),Ap(8)) =0 forp+q#n—1,p> -1, >0.
b) The natural map p : Ny(g) — A%(8) induces isomorphisms

pet Hog 1t (T(V), AY(0)) = Hy_y 1 (T(V), N (9))
forg=1,2,....

Analogous to theorem 3.5 we now have:
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COROLLARY 4.15. There is a natural isomorphism

Pr(V) = épw)
g=1

where DU(V) = H,(T(V),A:(g)),p=n—q—12> 0 is the F-subspace
DIV) =

e < @ A%(UP)Q‘Z:EUOD“'DII‘DUP = 0’ i :07---,10
$=(Uy>-2Uy) .

and D™ = Ng(V).

Remark: Notice that AL (U,) is 1-dimensional so if we choose a volume
function v € AL(Uy) for each strict flag & (vy € AR(V™) for the
“empty” flag) then for z € Pr(V) the component z¢ € AI(U,)s is
determined by the corresponding Hadwiger invariant Hg defined as the
composite

Pr(V) = @ DUV) =8 (U)o 3 F
q

Theorem 4.14 thus contains the statement that the Hadwiger invari-
ants determine the translational scissors congruence class. But it also
expresses the relations between them. This will be useful in the next
chapter. Geometrically the Hadwiger invariant Hg corresponding to the
strict flag ® = (Ug O - -+ D Up) and volume function vg is defined on a
simplex 0 = (ag, . ..,a,) € V\Cp(V) as follows: o is called incident with
®, written o||® if for some permutation 7, U = span{ar(it1),-- -, Gn(n)}
are parallel to U;,: = 0,...,p. Then

(4.16) Hy(o) = 2 SIENT Vg (Ar(ig1), .-+ Gn(n)) fOro | ®
0 foro ff @

where vg(@r(i41); - -5 @r(n)) denotes the (signed) volume in Uy corre-
sponding to vg.

EXAMPLE 4.17. For z = [A] a simplex A = (ao, a1, as,a3) in E?
and ¢ = 1, the components z¢ for each pair ® = (Up D Uy) of a plane
and a line incident with A can be read off the following figure:
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Finally let us state the following Lusztig exact sequences. The proof
is similar to the one for the Steinberg modules in chapter 3 (for details
see [Dupont, 1982]):

THEOREM 4.18. Let V be a vector space of dimension n over F.
Then for q = 1,2,...,n there is an exact sequence

0-DUV) S @D S S P DUt -
Un—1 Uq+1
= D AFUT) = AR U) =0
U4
where § : DI(UY) - ’Dq(Ui‘l) is induced by sending a strict flag (Up D
c+D Uiger) in Ut to (Uy D+ -+ D Us_g—1) in U1 = Up.

Remark 1: Similarly to the “suspension sequence” theorem 3.13 we
have another exact sequence (see [Dupont, 1982])

(4.19)
0 — DI(V) = P ALUY) @ St(V/UY) = P ALUH) @ St(V/UTH) —
Uq Ug+l
== @@ AL 5 AL(V) =0
Un-1

where for W an m-dimensional vector space St(W) = H,,_o(T(W), Z).
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Remark 2: Notice that all these sequences are sequences of Gl(V)-
modules. We shall use this in the next chapter.



CHAPTER 5

Euclidean scissors congruences

Now let us return to the case X = E™ and G a subgroup of E(n), the
group of Euclidean isometries, and we want to study the scissors con-
gruence group P(E™ G). In particular in dimension 3 we shall establish
the exact sequence a) in theorem 1.7. Let us assume that G contains
T(n), the group of translations and let G = G/T(n) C O(n). Hence by
proposition 2.1

(5.1) P(E",G) = Ho(G, Pr(R")")
and by corollary 4.15 we have a natural isomorphism
Pr(R™" = P DUR"".
g=1

Notice that we have twisted the action on the right hand side of (5.1)
in view of corollary 2.11. Hence by (5.1)

(5.2) P(E",G) = é Ho(G, DI(R™))

g=1
COROLLARY 5.3. Suppose G contains —id. Then
P(E™,G) = EB Ho(G, DI(R™))

g=n (mod 2)

Proof: Clearly —id acts as the identity on the Tits-complex 7 (R")
and hence as (—1)7t" on D?(R")'. Hence, if ¢ # n mod 2, the group
Ho(G,DI(R™)?) is annihilated by 2 and is therefore 0 since it is a rational
vector space. O

Remark: In particular corollary 5.3 applies for the group generated b
group g y
all “point reflections” (or “symmetries”), i.e. by isometries of the form
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Sp,p € E™, given by
Sp(z)=p—(z—-p)=2p—2z, z€R"
For example in the case of n = 2 we then have
P(E",G) = Ho(G, D*(R?)) = A (R?) =R

and the isomorphism is induced by the area function.

Before we proceed we need two simple but useful lemmas about
group homology. The first generalizes the use of -id in the proof above
and is referred to as the “Center kills lemma”:

LEMMA 5.4. Let M be a (left) R[G]-module (R any commutative
ring) and let v € G be a central element such that for some r € R, vz =
re, Yo € M. Then (r — 1) annihilates H,(G, M).

Proof: For v € G any element there is an induced endomorphism +. of
H.(G, M) given by inner conjugation by v in G and the action on M.
Explicitly in terms of the bar complex B,.G @ M,

(g1l - -9 @ ) = [ygrr |- - Jrgy ] @ e

and the chain homotopy to the identity is given by
q

s(lgal .- lga) @ 2) = Y _(=V)'[qal .. lgily  fvgiry ™ - vgey M @
1=0

Hence if v € G is a central element acting on M by multiplication by
r € R then

gl 19 @) =[g1 |- [ g] @72
induces both the identity and multiplication by r in homology. This
proves the lemma. O

The second lemma relates the homology of a group with that of a
subgroup and is usually called “Shapiro’s lemma”:

LEMMA 5.5. Let H C G be a subgroup and M a (left) R[G]-module
(R a commutative ring). Then there is a natural isomorphism

H.(H,M) = H.(G, RG] (X) M)
R[H]
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Proof: The inclusion H C G induces a commutative diagram of chain
complexes with vertical isomorphisms:

B.(H) @pg) M — B.(G) ®ric) RIG] @ri M

B.(H)®r M B.(G) ®r (R[G) @r M)

[Here B.(H) and B.(G) are considered as right modules via the inver-
sion map.] Since B,(G) is a chain complex of free R[H]-modules the
horizontal maps above induce a homology isomorphism by the compar-
ison theorem (See e.g. [MacLane, 1963, chapter III §6].)

=~ B.(G) @i M

Remark: An explicit inverse is given on the chain level as follows:
Choose representatives for the cosets G/H and for g € G let § € G
denote the representatives of gH, that is, §1 = §2 & gl—lgz € H. Now

define p : B, (G) ®(RIG] gy M) — B(H) ®p M by
p(lgr | g2 |-+ | gg]®g®) = [§7 9151 | 21—19222 |- 2(;—}19q2q]®(g—19)x

where Zj:gj'l...gl_lg,jzl,...,q.

Now let us return to the calculation of the scissors congruence group
P(E™ = P(E™ E(n)). By corollary 5.3
(5.6) P(EM= @  Ho(O(n), DR

g=n (mod 2)

Here Ho(O(n),D*(R™?') = Ho(O(n), Ag(R")) = R and the isomor-
phism is given by the volume function. For the calculation of the other
summands in (5.6) the Lusztig exact sequences in chapter 4 relate the
homology of O(n) for the module D(R™)* to the homology for the mod-

ule AL (R™)? via the homology groups for smaller orthogonal groups.
Thus for the other terms in the sequence in theorem 4.18 we have

LEMMA 5.7. Forn> (> ¢
a)
H, (O(n),

&b ”D"(U")] ) > H,(0(6), DY(RY") (X) H.(O(n — £),Z).
Ue

Z
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b) In particular this vanishes if £ Z n (mod 2).
Proof:

a) As O(n)-modules

(v
Ut

Hence a) follows from Shapiro’s lemma (5.5) and the Kiinneth
theorem (4.5).
b) clearly follows from a) and the “center kills” lemma (5.4) applied
to the element v € O(£) x O(n — £) given by
(

~z[0(m)] & DRH @z’

Z[O(£) x O(n—1)]

7(x17" ) Ty, - —Ze41, - _'T’n)

Now let us apply this in low dimensions:

EXAMPLE 5.8. n =1,2. By (5.6) we obtain
P(E') 2Ho(0(1), Ax(RY)") =R,
P(E®) 2Ho(0(2), A&(R?)") =R,

and the isomorphisms are given by the “length” and “area” functions
respectively.

EXAMPLE 5.9. n=3:
P(E®) 2Ho(0(3), D'(R%)) ® Ho(O(3), AR(R?))
~Ho(0(3),P'(R%)") ® R

where the projection onto the last summand is given by the volume
function. Note also that by proposition 4.12

D' (R®)" = Pr(R%)/Z2(R?)

where 25 (R3) is generated by products of 1- and 2- simplices, i.e. by
prisms. Hence the sequence a) in theorem 1.7 follows from the following:
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THEOREM 5.10. There is an exacl sequence

0 — Ho(0(3), (R*!) — Ho(O(3),P'(R*") - R@z R/Z —
— Hi(0(3), (R)Y) =0
Furthermore the composite map
D : P(E® — Ho(0(3),P'(R*") - R®zR/Z

18 the Dehn-invariant.

Proof: We split the Lusztig sequence (4.18) into two exact sequences

(5.11.a) 0— DR - PP (U*) = K =0
U2

(5.11.b) 0+ K-> PUu' -R*~0.
Ul

Then by (5.11.a) and lemma 5.7 b)
Ho(O(3), D'(R?)") = H1(0(3), K°)

and
Ho(O(3),K*) =0
Also
H.(0(3), | U"| ) 2H.(0(1), (R)") ) H.(0(2),Z)
Ul Z
>R (X) H.(0(2), Z")

By proposition 4.7, iii)
H,(SO(2),Z)/Torsion = Ap(SO(2)/Torsion ) = AG(R/Q)

where we have identified a rotation of angle § with /27 € R/Z. Here
the action of O(2)/SO(2) = Z /2 is induced by 8 — —8. In particular

TN\ [R®uR/Z) i=1
or)-{;

H, <0(3), o
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We now obtain the desired exact sequence from the exact sequence
(5.11.b). We leave the identification of the Dehn-invariant as an exercise
[note that there is a factor 3 which however is immaterial for exactness.]

O

Thus we have established the exact sequence a) in theorem 1.7.

Hence we have proved the following reformulation of Sydler’s theorem
(1.4):

COROLLARY 5.12. D : P(E3)/Z(E®) — R®,R/Z is injective if
and only if H2(0(3), (R%)*) = 0.

EXAMPLE 5.13. n = 4:
P(E*) 2Ho(0(4), D*(RY)") @ Ho(O(4), A (RY)")
~Ho(O(4), DERYHY) O R

where again the projection onto the last summand is given by the volume
function. For the calculation of the first summand we again consider
the appropriate Lusztig sequence (4.18) and similarly to theorem 5.10
we obtain an exact sequence

(5.14)
0 — Ha(O(4), AL (RYY) = Ho(O(4), DX(RY?) — AR (R ®R/Z—>

— H1(O(4 ),(R‘l) )= 0
Also one checks that (except for a factor %) the composite map
D :P(E*) = Ho(O(4),D*(RY") = AR(R/Z)2RQR/Z
is the Dehn invariant, i.e. for P a 4-dimensional polytope,

(5.15) Z Area ( (A)/m

where A runs through all 2—d1men51onal faces of P with area Area(A)
and dihedral angle 8(A). For the computation of the homology groups
in (5.14) we note that by the Kiinneth theorem,

H;(SO(4), Ak (R*) 2H,(Spin (4), Ay ® A_)
gHi(S-I-a /\+) ® H,'(S_, /\—)) for ¢ <2,

where Spin(4) 2 Sy x S_ with Sy =~ Spin(3) and AL(R?) = AL @ A_.
Here Ax = R3 and Sy acts via the usual action of O(3) on Ay but
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trivially on Az so that in particular Hy(Sx,Ag) = 0 since Spin(3) is a
perfect group. Furthermore change of orientation interchanges S, and
S_ (respectively Ay and A_). It follows that for ¢ <2

Hi(0(4), A& (RY)') = H;(SO(3), R%) = H;(0(3), (RY))

(since O(3) = SO(3) x {£1}). If now we let Z(E?) C P(E*) be the
subgroup generated by products of 1- and 2-simplices it is easy to see
that Vol : Z(F*) — R is an isomorphism, and we conclude the following:

COROLLARY 5.16. D : P(EY)/Z(E*Y) - R, R/Z is injective if
and only if H2(0(3), (R%)?) = 0.

Thus we have proved the result of [Jessen, 1972] that Sydler’s
theorem is true in E* if and only if it holds in E3.

ExaMPLE 5.17. n = 5: As before
P(E®) = Ho(O(5), D' (R)) & Ho(O(5), D*(R%)") & R.

Again the projection onto the last summand is just the volume function
and one can show that the middle summand is detected by a Dehn-
invariant similarly as above. There is also a generalized Dehn invariant
associated to the first factor but the kernel of this involves the compu-
tation of H4(SO(5), R%) which seems rather difficult.

Remark: It follows from the above calculations that (granted Sydler’s
theorem) there are isomorphisms

P(EY) 2 P(E?), P(E%)=P(EY)
and in both cases the isomorphism is given by multiplication by the
1-simplex A! of unit length. It is a question by B. Jessen if in general
this gives an isomorphism P(E?*™+!) — P(E?™+2). More specifically
he asked if a 6-dimensional polytope is scissors congruent to a product
of a 1-simplex and a 5-dimensional polytope (cf. [Sah, 1979, chapter
7]). Notice that in terms of the decomposition (5.6) the multiplication
map with A' induces a well-defined map DI(R™)* — DITH(R"+1)! for
all n and ¢ = 1,...,n. A more general question is if this induces an
isomorphism on the level of Hy(O(n),—). This is known to be true for

=n and ¢ = n — 2 for all n (see [Dupont, 1982]).
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CHAPTER 6

Sydler’s theorem and non-commutative
differential forms

We will now sketch a direct homological proof of the vanishing result
H,(SO(3),R* =0

and thereby prove Sydler’s theorem (1.4) and the corresponding result
in E* (cf. corollary 5.16). We refer to [Dupont-Sah, 1990] for the
details. Another proof has been given by [Cathelineau, 1998].

There are two main ingredients in our proof: One is the following
general vanishing theorem for which we defer the proof to chapter 9
(theorem 9.11).

THEOREM 6.1 H;(O(n), Aj(R™) =0 ifi+j<n, j>0.

Note that this does not directly give the desired vanishing for n = 3
and j = 1 since the coefficients are untwisted (so that in this case the
homology vanishes trivially by “center kills”). Indeed we shall use the
case n = 4 and j = 2 for our proof.

The other ingredient is the calculation of the Hochschild homology of
the real quaternions H considered as an algebra over Q together with the
formulation of this homology in terms of non-commutative differential
forms (due to M. Karoubi [Karoubi, 1986]). But first let us recall for
A any commutative algebra over Q with a unit element the notion of
Kdhler differentials Q%,n =0,1,2,...: Let I(A) CA® A(= AQgA)
be the kernel of the multiplication map

ARA— A
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and put QY = I(A)/I(A)?% where I(A)? is the two sided ideal in A @ A
generated by the image I(4) @ I(A) — I(A). Then QY% = A and

no= A%(QY),n = 1,2,---. Furthermore for ¢ € A we let da € QY
denote the image of 1® a+a®1 € A® A. In this notation we shall
prove:

THEOREM 6.2. a) Hi(SO(3),R% = Q} and in the ezact se-
quence of theorem 1.7, a) the last map corresponds to the map
J:ROR/Z— Q]%g gien by

dcosf

i®b =/
J(t@6/m) sin 8

b) H(SO(3),R?3) = 0.

Remark: The statement in a) determines the image of the Dehn-
invariant as the kernel of J and is a reformulation of a classical result
of [Jessen, 1968].

In the following A is a general associative (but not necessarily com-
mutative) algebra over Q and all tensor products are over Q unless
otherwise specified. Recall that the Hochschild homology H H,(A) of
A is the homology of the chain complex (A*,b) which in degree n is
A(H) — AQAR---Q A (n + 1 factors) with boundary map b given
by

n—1
b(ao® - ®ay) =Y (1) a0 ® - @aitiy1 @ @ an+
(63) =0
+ (*1)nana0 Q- ®p_y.
That is

HH,(A) = H,(A*,b).
However A* is a simplicial abelian group with face operators
€1 A®(Tt+1) - A®n
given by

aWw® Qa1 ® - Qan, 1=0,...,n—1,

E; n) =
(a0 ® -+ & an) {an%@...@an_l, i=n
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and we consider the set of non-commutative differential forms
n—1
Qn(A) = [ ker(e:), Qo(A) = A
1=0

Then b | Q,(A) = (-1)"¢, and it follows (see e.g. [May, 1967, theorem
99.1]) that

(6.4) HH,(A) = H,(Q(A),b).
Notice that Q.(A) is a graded algebra with the multiplication
(@® - @an)(bo® - @bn) =@+ Qarbo® -+ @ bp,.

Againfora € Aweputda=1Qa—a®1 € Q;(A) and it is easy to see
that

Qn(4) = A0 (4/Q)®---© (4/Q)
via the map
w=uapday...da, =——aRa Q - -Q ay.
We can then extend d : Q,(A) = Q,41(A) for all n by
d(apday . . .da,) = dagda, .. .day,
such that in general
d(w- ') = (dw)w' + (—1)%8%w - du'.
That is (Q.(A4),d) is a differential graded algebra. In this notation b :
Q,(A) = Q,_1(A) is given by
b(wda) = (—1)"(aw — wa)
and we put
I,(A) = ker(b: Q,(A4) = Q-1 (A))
B,(A) = im(b : Q1 (4) > 2u(4))
so that
HH,(A) 2 I,(A)/B,(A).

If A is commutative then HH,(A) = I;(A)/B1(A) = Q) is the set of
Kahler differentials defined above and the usual shuffle product defines
a map

v: Q4 — HH,(A).
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For A = K a field we quote without proof the following well-known
theorem of [Hochschild-Kostant-Rosenberg, 1962].

THEOREM 6.5. If K is a field of characteristic 0 then
HH, (K)=Q%, for alln,
via the map .

COROLLARY 6.6. The inclusion of Q-algebras R C H induces an
isomorphism

Op = HH,(R)= HH,(H) for all n.

Proof: By the Kiinneth theorem
HH,(H) 2 HH,(Hy) @ H H.(R)

where Hy = spang{1,7,4,k} is the quaternion algebra over Q so that
H =2 R® Hy . Hence is suffices to show that HHo(Hy) = Q and
HH,(Hy) = 0 for n > 0. However Hy ® Hy = M4(Q) the full 4 x 4
matrix algebra over Q and since Hochschild homology is a Morita in-
variant (see e.g. [Kassel, 1982]) we conclude again from the Kiinneth
theorem that

HH,(Hy) ® HH,(Hy) = HH,(M4(Q)) = HH.(Q) = {
which implies the desired conclusion. O

Next let us return to the calculation of H,(SO(3), R®) but reformu-
lated in terms of quaternions: As usual

Spin(3) = Sp(1) = {g e H| 9§ =1}
and the double covering p : Spin(3) — SO(3) is given
pa)(v) = qvg, g€ Sp(l) vespan{i,jk} CH
Similarly (as mentioned in chapter 5 with different notation) Spin (4) =
Si x Sy with S; 2 Sp(1),7=1,2, and o : Spin(4) — SO(4) is given by
o(q1,42)(v) = g1vq2  q1,92 € Sp(1) veEL

We extend this to o : Pin(4) — O(4), where Z /2 interchanges the factors
and acts on H by the quaternionic conjugation v — ©. Now theorem
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6.1 for n = 4 can be reformulated (using the Hochschild-Serre spectral
sequence for the double covering o):

(6.7) Hy(Pin(4),A§(H)) = 0 for £=0,1,2.

Here Aé(H) >~ (H @ H)~ the (-1)-eigenspace for the involution 7(ap ®
a1) = 41 ® ao via the map ag A a; & %(ao ® 41 — a1 ® Go). This
isomorphism is Pin(4)-equivariant if the action on H ® H is defined by

7(q1,q2) (a0 @ ar) = qra0d2 ® ¢201G1, g1, g2 € Sp(1),
and Z/2 acts by ap ® a1 — Go ® a1. Next the map
80@(—61)!H®H—)H@H

sending ag ®a; to (agay, —ajag) is Pin(4)-invariant for the action above
on the left and the action

(415 g2) (v1,v2) = (p(q1) (v1), p(g2) (v2))

and Z/2 acts by (v1,v2) — (=01, —01). Also we let 7 act on the right by
7(v1,v2) = (¥2,02) and denote the (+1)-eigenspaces for this involution
by upper indices +. Since HHo(H) = HHy(R) = R = H* we get an
exact sequence of Pin(4)-modules

(6.8) 0 L(H)™ > HH™ "2 H eH —0
where H™ = span{i, j, k}. Here we have for 0 < £ < 2:

H,(Pin(4), B~ @ H™) & H,(Spin(3), H") = H,(SO(3), R%).
Hence by (6.7)

He(SO(3),R®) = Hy_y (Pin(4), H(H)™) £=1,2,
and therefore theorem 6.2 is equivalent to
THEOREM 6.9. a) The natural map
L(H) - HH(H) = HH;(R) = Q%
induces an isomorphism
Ho(Spin(4), (H)™) & Q%

and Pin(4)/Spin(4) = Z/2 acts trivially on this.
b) H;(Spin(4), L(H)~) = 0.
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Proof: (Sketch). First we extend the Spin(4)-action on Q;(H) C H® H
to all of (Q,(H),b) using the isomorphism
Q. (H) = O, (H) @ (H/Q)®(").
We thus define
(91, 92)(a0) = p(g2)(a0) for ag € Qo(H),

and
&(q1,q2) (wdaz . ..dan) = 6(q1, ¢2) (w)d(p(q1)(az)) - . . d(p(q1) (an)),
for n > 1. Similarly we extend the involution 7 by
7(ao) = ao for ap € Q(H), 7(aodar) = —(da)ao
and for n > 2
T(wday .. .day) = —(—1)%(”_2)(n_3)7(w)ddn ...dasy.

With these definitions 7 commutes with the Spin(4)-action and the
boundary map so that in particular Q,,/,(H) and B,(H) split into
(£1)-eigenspaces for 7 as Spin(4)-modules. The following lemma is
straight forward.

LEMMA 6.10. i) Spin(4) acts trivially on HH, (H)(= Qf).
ii) On HH,(H) the involution 7 is 7 = (—-1)"id.
iii) For Sy C Spin(4) acting on Q,(H) we have

R n=0
Ho(S2, Q2 (H)) = {0 ,];Z: n>0

With this we can now prove part a) of theorem 6.9: We consider the
exact sequences of Spin(4)-modules

(6.11) 0—-By(H)” - L(H)~ - HH,(H)” -0
(6.12) 0 = L(H)™ — Qu(H)~ 3 Bi(H)™ —0
Here (6.11) gives the exact sequence
— Ho(Spin(4), B1(H)™) = Ho(Spin(4), [,(H)™) —
— Ho(Spin(4), HH;(H)™) —» 0

where the last term is isomorphic to Q by lemma 6.10, i). But the
first term is 0 by the sequence (6.12) together with lemma 6.10, iii) for
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n = 2. This proves a) except for the identification of the map .J which
follows by direct checking of the maps involved. For the proof of part
b) we again obtain from (6.11) the exact sequence

(6.13)  H;(Spin(4), By} — Hy(Spin(4), I]) — Hy(Spin(4), HH)

where the last term vanishes by lemma 6.10, i) since Spin(4) is a perfect
group. It remains to prove that the first term in (6.13) vanishes. Now
(6.12) yields the exact sequence

(6.14)  Hy(Spin(4),95) 25 Hy(Spin(4), By ) — Ho(Spin(4), I;)
where the last term is zero since by lemma 6.10, ii) I; = B; , hence

Ho(Spin(4), 93) %5 Ho(Spin(4), 1;)
is surjective with the first group equal to zero by lemma 6.10, iii).
It follows that the first term (and hence all terms) of the sequence
(6.13) vanishes if just b. = 0 in the sequence (6.14). This is shown
in [Dupont-Sah, 1990], and thus we end our outline of the proof of
theorem 6.9 and equivalently of theorem 6.2. O

Thus except for the proof of theorem 6.1 we have ended the proof of
Sydler’s theorem and this also ends our treatment of Euclidean scissors
congruences.
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CHAPTER 7

Spherical scissors congruences

We next turn to the study of scissors congruence in spherical space,
that is, we want to calculate the scissors congruence group P(S"),n =
0,1,2,... . Recall from chapter 2 (corollary 2.11) that

P(S™) = Ho(O(n + 1), Pt(S™))

Let us first calculate this in low dimensions to illustrate the homological
approach:

EXAMPLE 7.1. n = 0 : Pt(S%)! is clearly a free O(1)-module with
one generator (1) so that

P(S°) = Z and H;(0(1),Pt(S%!) = 0 for i > 0.
Note that theorem 3.12 in this case reduces to the sequence
0—>Z—Pt(S) = Z'—0
which gives the exact sequence at Hy-level:
02Z—P(S% —2Z/2—0.

Here the generator in the first group goes to (1) — (=1) = 2(1) in
P(8% = Ho(O(1), Pt(5°)").

EXAMPLE 7.2. n = 1: Theorem 3.12 provides the following short
exact sequences

(7.3,i) 0 =2 — Pt(SY - Ko — 0
i
(7.3,ii) 0 =Ko — [@ Pt({U%| = Z'—0
Uo
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with

H; <0(2), [ P+(U°) ) =~ [,;(0(1) x O(1), Pt(5%)' @ ZY)

Z/2, forieven
0, for ¢ odd .

(12

Hi(O(l), Zt) it {

By (7.3,ii)
H;(0(2), Ko) = H;1+1(0(2),2%)/Hi+1(0(1),2), i=0,1,2,...,
and (7.3,1) gives the exact sequence
v Hiy 1 (0(2), Ko) = Hi(0(2),Z) — H;(0(2), Pt(SHY) —
— H;(0(2), Ko) & H;i—1(0(2),Z) — ...

In particular using the Hochschild-Serre spectral sequence for the ex-
tension 1 — SO(2) — O(2) — {£1} — 0 one has

H,(0(2),ZY) = R/Z fori=0

H;(0(2), Ko) = {0 for 1 = 1.

Hence Ho(O(2),Z) = Z injects in P(S!) with quotient R/Z so indeed
P(S!) = R given by the “length” function. Notice that Z C P(S?) is
generated by [S']. Notice also that by the above calculation the map

Z/2%= H,(0(2),Z) — H1(0(2), Pt(S")")

is surjective so the latter group has at most order 2.

For the calculation of P(S™) in higher dimensions let us first show
the general result of C.-H. Sah [Sah, 1981] that P(5?™) = P(§?m~1)
for m = 1,2,... . To prove this we consider first the suspension map
considered in chapter 3 and which clearly induces a map

S P = P(ST), n=1,2,....

For this we have
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THEOREM 7.4. a) There is an exact sequence

— H1(O(n + 1), Pt(S™)") I3 H,(O(n + 1),5t(S™)") = P(S™ 1) 5 P(s™)
b Ho(O(n +1),St(S™)!) — 0
b) In particular
T:PSPY 5 PST™), m=1,2,....

is surjective with kernel consisting of elements of order at most
2,

Proof: a) Let us split up the suspension sequence (theorem 3.13) into
exact sequences

(7.5,0) 0 — Ko — Pt(S™)! 55 St(S™)! = 0
(7.5,ii)
P Pe(U™?) @ St(U™H) X P Pt U @SLU™ ) = Ko — 0
Un—2 yUnrn-~1
where

H, (O(n +1), P PUUH ® St(U”'“))

Un—(

= 1, (0(n - £+1) x 0(0), PHS™ ™)' & s6(5°Y), =12

By (7.5,i) we get the exact sequence
b8 H (O(n + 1), 8t(S™) = Ho(O(n + 1), Ko) — P(S™) —
— Ho(O(n +1),St(S™)%) — 0

so it suffices to identify Ho(O(n+ 1), Ko) with P(S™1). For this (7.5,ii)
yields the exact sequence

(7.6)
P(S™) @ Ho(O(2),St(SY)) 3 P(S™1) = Ho(O(n + 1), Ko) — 0
But by theorem 3.11 we have the exact sequence of O(2)-modules

0 — St(S") - P ST =+ Z—0
o
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with

H.(0(2), PSt(U°) = H.(0(1) x O(1),2)
Uo

which is a 2-torsion group in all dimensions bigger than 0. Since the
inclusion O(1) X O(1) — O(2) induces an isomorphism in homology in
dimension 0, and is surjective in dimension 1 it follows that

Ho(0(2),St(SY)) = 0.

Hence the first group in the sequence (7.6) is zero which shows the
required isomorphism and ends the proof of the first part.

b) By “center kills” for —id € O(n + 1) all Ho(O(n + 1), St(S™)?)
is annihilated by 2 for n odd. But by Gerling’s theorem (corollary 2.5)
P(S™) is 2-divisible, hence by the sequence in part a) it follows that
Ho(O(n 4+ 1),St(S™)*) must be zero. O

Notice that & = 2¢ : P(S™') — P(S™), where for P an (n — 1)-
dimensional polytope

c[P] = [eny1 * P,

the cone on P with cone point e,4; = (0,...,1). We then conclude
Sah’s Cone Theorem:

COROLLARY 7.7. The cone map ¢ : P(S*™~1) = P(§™™),m =
1,2,..., is an isomorphism.

Proof: Since ©(z) = 2¢(z) = ¢(2z) for all z € P(S?™~!) and since T
is surjective also ¢ is surjective. Now suppose ¢(z) = 0. Then since
P(S*™~1) is 2-divisible by Gerling’s theorem z = 2y for some y €
P(5*™=1) and

0= c(z) = 2¢(y) = X(y)
so that y has order 2, that is, x = 0. O

Remark: [Sah, 1981] actually produced an inverse by the “Gauss-
Bonnet” map e : P(S™) — P(S™"!) given for a spherical simplex A by
the “alternating angle sum”

e(8) =) (- F[6(F, A)]

F
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where I runs through all non-empty faces of A (including A). Here
6(F, A} is defined by choosing an interior point « € F and taking the
(n — 1)-dimensional spherical polytope formed by the closure of the set
of all interior unit tangent vectors in A with origin at z.

EXaMPLE 7.8. P(S?). By corollary 7.7 and example 7.2 we get an
isomorphism P(S?) = P(S') = R given by the area function.

For P(S3) we now turn to the proof of the exact sequence c) in the-
orem 1.7. We use the same strategy as in example 7.2. In higher dimen-
sions the exact sequence in theorem 3.12 gives rise to a “hyperhomology”
spectral sequence (cf. Appendix A) converging to H,(O(n+1),Z") with
E;,n-i—l = H,(O(n+1),Z) and for ¢ < n:

o H(0(q+ 1) x O(n — g), PA(S" © 2

E;’q:Hp( (n+1), P(U9)

(7.9) = @ H;(O(g+ 1),Pt(S9)") ® H;(O(n — q),Z"
i+j=p
P P Tor(Hi(O(q+1),Pt(S)"), H;(O(n ~ q), Z'))
i+j=p—1

by Shapiro’s lemma and the Kiinneth theorem. We note the following
easy facts:

ProrosITION 7.10. a) E] , =0 outside 0 < g <mn+1.
b) If¢g#n mod 2 then 2E7 = 0.

c)

Z]2 g=0
Eg,q = P(Sn) g=n
0 otherwise.

d) El,2 H,(0O(n), 2.

Proof: a) is obvious.

b) follows from (7.9) and “center kills” for the element (—id,_,) €
O(n - q).



58 Scissors congruences, group homology and characteristic classes

¢) By (T9) wegetfor0<g<mn:
Ey,=P(S9/2P(S) =0
by Gerling’s theorem. Since Ej, ., = Z, Ej,, = P(S™) and since d' :
Z — P(S™) sends the generator to [S™] with non-zero volume we get
E3pni1 =0, Ef, =P(S")/L.
d) follows from (7.9) and example 7.1.
EXAMPLE 7.11. n = 3. The El-term is as follows:

4 Z
3| P(S?
2 0 2-torsion | 2-torsion
1 0 Eil E%,l
0] Z/2 | 2-torsion | 2-torsion | 2-torsion
0 1 2 3
where

(7.121))  E{; = Hi1(0(2) x O(2), Pt(S")* ® Z°)
>~ P(S1) @ H(0(2), ZY) @ Hi(0(2), Pt(S")") ® Z/2
(7.12i)  Ej; = Ha(0(2) x O(2),Pt(S")* ® Z9).

In (7.12,i) the first term is isomorphic to R® (R/Z) and the second
term has at most order 2 by example 7.2. Furthermore d* : P(5™)/Z —
R ® (R/Z) is identified with the Dehn-invariant. Similarly one shows in
(7.12,ii) that Ej ; is annihilating by 2. Hence we conclude the following:

ProposiTION 7.13. There is an exact sequence
H3(0(4),Z%) - P(S*)/Z B RQR/Z— Hy(0(4),ZY)

where the kernel of the first map is annihilated by 8 and the cokernel of
the last map is annihilated by 4.

Remark: Since the double covering group Pin(4) of O(4) has the form
Pin(4) = (S1 x S2) X (Z/2) with S; = Sp(1) = SU(2) as explained in
chapter 6, one conclude that

H;(0(4),Z% = H;(SU(2),Z) @& 2-torsion, for 7 < 3.
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Hence we have established the exact sequence ¢) in theorem 1.7 except
for the kernel of the beginning map and the cokernel of the end map,
which may & priori be groups annihilated by 8 respectively 4. One can
get rid of these 2-torsion groups by a closer analysis of the above spectral
sequence using the group Pin(4) all the way through. Alternatively one
can use a different description of P(S™)/LP(S"!) as we shall now
indicate.

As in chapter 3 we let C.(S™) denote the chain complex of all tuples
of points in S™. Then one can prove the following:

THEOREM 7.14. For n > 0 there is a natural isomorphism
P(S™)/EP(S"1) 2 Hn(SO(n + D\Ci(S™).-

Proof: By Gerling’s theorem P(S") = P(S™,SO(n + 1)) and as in the
proof of theorem 7.4 we obtain an exact sequence

P(S™ 1) = Ho(S(O(n) x O(1)), Pt(S™™1)) 5 Ho(SO(n + 1), Pt(S™))
2 Ho(SO(n + 1),St(S™)) — 0

where S(O(n) X O(1)) = SO(n+ 1) N (O(n) x O(1 ) That is,
P(S™)/SP(S™ 1) = Ho(SO(n + 1

)
N Cu(5™)  /C.(S™
:H”<50(n+1)/s (n-}-l))

and we claim that the map

Hr (%) —H (so n+ 1) soinJ:ll)
~ P($")/SP(5™Y)

is an isomorphism. An inverse is provided by the composite map in the
diagram

Ho(O(n+ 1), SU(S™)) —== H, (G /S8

|

PS™/SP(S™Y) H, (5)

h
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where the right hand vertical map is induced by sending a chain ¢ to e—¢’
with ¢’ the mirror image of ¢. We refer to [Dupont-Parry-Sah, 1988,
§5] for the details. O

Remark 1. The hyperhomology spectral sequence for Spin(4) =
51 x Sy acting on C(S?) gives similarly to proposition 7.13 the following
exact sequence (see again [Dupont-Parry-Sah, 1988, §5] for details):

(7.15)
0 = Q/Z — H3(SU(2)) = P(S*)/SP(5%) LR/ZQ R/Z
s Hy(SU(2)) — 0

where Q/Z is the 3rd homology group of the subgroup of U(1) C Sp(1) =
SU(2) consisting of the roots of unity. Comparing this with the sequence
in proposition 7.13 gives the exactness at the beginning and end of the
sequence ¢) in theorem 1.7.

Remark 2. A [une in S™ of angle 8 € [0, 27] is a polytope of the form
L(6) = closure {z € S™ [ (¢1,%2) = (rcosu,rsin u), r>0,0<u<8b}

i.e. the join of an arc of length 6 with S"~2. L(6) is called a rational lune
if 0/2r is rational. Clearly Vol(L(8))/ Vol(S™) = /2x so in particular
for L(#) a rational lune [L(6)] represents 8/2r € Q C P(S™). Note
that L(27/q) is a fundamental domain for the cyclic group of order
g generated by the rotation of angle 27/¢ in the (z1,22)-plane. It is
shown in [Dupont-Sah, 1982] that any spherical polytope which is
the fundamental domain for a finite subgroup G of O(n + 1) is scissors
congruent to a rational lune i.e. to L(27/|G]).

Remark 3. In the spectral sequence (7.9) there is an edge homomor-
phism
o: Hy(O(n+1),2") = ESS, C ES,, = P(S™)/Z.

To describe this explicitly on the chain level we consider both the bar
complex B,(O(n+1)) and the chain complex C,(S™) as chain complexes
of Z[O(n+1)]-modules augmented to the trivial O(n+1)-module Z and
since Cx(S™) is (n — 1)-connected we can extend the identity Z — Z to
a chain map of O(n + 1)-modules

G :Bi(O(n+1)) = Ci(S™) for i < n.
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After tensoring with the O(n+ 1)-module Z' we get the desired map on
the chain level

Bn(O(n +1)) @go(ns1y 2" — Cn(S™) Qzo(ns1y &'

[Ca(S™)/Ca(S™)" M Rzi0(nt1y L'

For the case of the spectral sequence associated to the sequence in the-
orem 3.11

El, = Hy(O(g+1) x O(n — ¢),St(S?)" @ Z') = Hpy(O(n+ 1),Z")

the corresponding edge map

g: Ha(O(n+1),ZY = E}, = P(S™)/SP(S™Y)

~H, ([C*(S”)/C*(S”)”l] (%) Zt)
)]

Z[O(n+1
is given on the chain level by choosing zo € S™ and putting

g1l - - .1gn) = (20, 9170, 9192%0, - - -, g1 - - - gnTo)-
We shall return to this in chapter 10.
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CHAPTER 8

Hyperbolic scissors congruence

We now turn to the case of hyperbolic geometry. In particular in this
chapter we shall obtain the exact sequence in theorem 1.7, b). It is con-
venient to use various models for the hyperbolic n-space H"™ depending
on the situation and we shall once and for all refer to [Iversen, 1992]
for the identification between them. In chapter 2 we considered the
“quadric” model but we shall also make use of the “disk” model

D" ={z = (z1,...,2,) | |z] < 1}
or the “upper half space” model
R} ={z = (z1,...,2,) | 2o > 0}

which are the Riemannian spaces with the metric given by

ds® =4(1 - |z]*)7! Zdz;’ for D",
ds* =(1/z2) Zdzf for RY.

For the study of polytopes it is necessary to know the geodesic sub-
spaces in each model: In the “quadric” they are just the non-empty
intersections with linear subspaces. In the “disk” or “upper half space”
they are the non-empty intersections with spheres or hyperplanes in-
tersecting the “boundary” at 90°. The set of boundary points JH" is
in the case of D™ visibly the (n — 1)-sphere S™~! and in the case of
R%, OM™ = (R"™! x 0) U {oco}, and points on the boundary are usually
called “ideal points”. We shall also use the notation H = H" U OH".

Also let us denote the group of isometries for H™ by G(n). As
mentioned in chapter 2, G(n) 2 O'(1,n).

63
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Let us now try to compute the scissors congruence groups P(H").
For n = 1,H! and E' are isometric via the exponential map; hence
P(H') = R and again the isomorphism is given by the “length” function.
For n > 1 we could of course proceed as in the previous chapter and try
to calculate the hyperhomology spectral sequence for the Lusztig exact
sequence in theorem 3.11. However it is convenient to make use of the
geometry of the boundary OH"™ as follows:

First notice that it makes good sense to consider polytopes where
some of the vertices are allowed to be ideal points and we get in this way
a scissors congruence group P(H"). Note however that Zylev’s theorem
(cf. the remarks following definition 1.6) that stable scissors congruence
implies scissors congruence, does not hold in this case:

EXAMPLE 8.1. In the upper half plane model for #? consider the
triangle A bounded by two vertical lines going to the vertex co and a
half circle perpendicular to the boundary (see figure). If we bisect the
strip between the lines and draw the half circles intersecting each piece
at the same angles as in A we obtain a scissors congruence

ATTA~ADP
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where P is a polygon with only finite vertices. Hence in the scissors
congruence group [A] = [P] but since A has one ideal vertex A and P
cannot be scissors congruent.

We would also like to define a scissors congruence group P(0H")
where only ideal vertices are allowed; but here it is less clear how to
define scissors congruence since cutting with a hyperplane invariably
introduces finite vertices. However notice that theorem 2.10 remains
valid also for X = H™ so that (given an orientation of H" - e.g. the
canonical one) we get an isomorphism

(8.2) P(H") 2 Ho(G(n), Ho(Cx(H")/Co(H")" 1))

where C\, (") denotes the chain complex of all tuples of points in H™
with the rank filtration C(H"™)?,p = 0,1,2,.... We can therefore simply
define

(8.3) P(OH™) = Ho(G(n), Ho(Cu(OH™)/C(OH™)™ 1))
where C,(0H™) are defined in the obvious way but only allowing points
on OH™.

Explicitly P(0H™) is the abelian group with generators (ao, . .., @)
with a; € OH"™, and relations:

(8.4,1) (agy...,a,) =0 if {ao,...,a,} lies on a hyperplane,

n+1

(8.4,ii) Z(—l)i(ao, cey iy an) =0 for ag,...,an41 € OH"
1=0

(8.4,iii) (gag, ..., ga,) = det(g)(ao,...,a,) g € G(n).

We now have the following:

THEOREM 8.5. a) The inclusion H" C H™ induces an isomor-
phism v, : P(H") = P(H") for n > 1.
b) There is an ezact sequence
Hy(O(n),St(S™ 1)) = P(OH™) = P(H") — Ho(O(n),St(S™ 1)) =0

¢) In particular for n odd P(OH™) — P(H") is surjective with kernel
consisting of elements of order at most 2.
d) Also for n > 0 even there is an isomorphism

P(H™)/im(P(OH™) = P(H™)) = P(S"1)/ZP(S"?).



66 Scissors congruences, group homology and characteristic classes

Sketch proof. ¢) and d) clearly follows from b) together with “center
kills” and theorem 7.4. Let us sketch the proof of a) - the proof of b) is
similar. Similarly to the isomorphism in theorem 3.5

(8.6)  P(H") = Ho(G(n),SUH™)'), StH") = Hper (T(H"), Z)

we have

(8.7)  P(H") = Ho(G(n),SU(H™)?Y), St(H") = H,_(T(H"),Z),

where ideal points are allowed in the Tits complex for T (H™). Also for
p € OH™ we have a Tits complex T (H", p) of flags ending in p, and we
consider

St(,}:[na p) = gn—? (T(ﬂna P): Z)
as a G-module, where G, C G/(n) is the isotropy subgroup at p. Then
one shows that there is an exact sequence of G(n)-modules

0 — St(H") = St(H™) = @ St(H",p) =0
pEIH™

from which we obtain the exact sequence

P st p)

t
P(H™) B P(H") —
pEIHT

)

o= Hy (G(n),

(8.8)

@ St (%", p)

pEOH

- Ho (G(n),

Here by Shapiro’s lemma

H; (G(n),

and in the upper half space model there is a 1-1 correspondence between
the geodesic subspaces through oo and the affine subspaces of the bound-
ary R"~1. Hence St(H",00) 22 St(E™!) and via this isomorphism G,
acts as the group of similarities

Goo 2 8Sim(n—1) = T(n—1)xSimg(n—1), Simg(n—1) = O(n—-1)xRX
Hence a) follows from the sequence (8.8) and the following claim:

(8.9) H.(Sim(n),St(E™*) =0 for n > 0.

@ St(H", p)

pEAH™

) = Hi(Goo, SHH", 00)')
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To show (8.9) one uses the Hochschild-Serre spectral sequence of the
extension
1 — T(n) — Sim(n) — Simg(n) — 1

with E?-term H,(Simg(n), H.(T(n),St(E™))!). However by the argu-
ment of chapter 4, H.(T'(n),St(E™))?) consists of rational vector spaces
on which the dilatation u, by a positive integer a acts by multiplication
by a? for ¢ > 0. Hence by “center kills” the E?-term vanishes which
proves (8.9), and ends the proof of a). The proof of b) is similar (but
easier) and we refer to [Dupont-Sah, 1982] for the details. O

Now let us return to P(H") in low dimensions:

ExAMPLE 8.10. n = 2: By theorem 8.5 we have P(H?) ~ P(H?)
and there is an exact sequence

(8.11)
Hi(0(2),8t(51)Y) = P(aH?) = P(H?) — P(SY)/EP(S°) — 0.

Now in the upper half plane model %% = R U {oo} and G(2) &
PSI(2,R) x (Z/2), where g € PS1(2,R) acts by

g(z) = (az+b)/(cz+d) for z€RU{cc}, g= < ‘z Z)
and Z/2 by multiplication by £1. Since P(dH?) is generated by all
triples of points on dH? and since PSI(2,R) acts transitively on such
triples it follows from (8.4) that P(9H?%) = Z. By example 7.2 the first
term in (8.11) has order at most 2 and P(S')/EP(S°% = R/Z~; hence
we obtain that

0—=Z—>PH)-R/Zr =0
is exact. From this it clearly follows that the “Area”-function provides
an isomorphism P(#?) % R.

For n = 3 theorem 8.5 gives that P(H?) 22 P(#?) and the inclusion
OM® C H3 induces a surjection P(OH3) — P(H?3) with kernel consisting
of elements of order 2. As we shall see later P(9#3) is actually torsion
free so that indeed P(dH3) = P(H3) = P(H3). In the upper half
space model we identify the boundary with the Riemann sphere 01> =
CU {oo} and G(3) = PSI(2,C) X Z/2 acts by

o(z)= 0 g (fj I;) € SI(2,C)

cz+d
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and the generator of Z/2 acts by z — —Z. Now it is convenient to
consider coinvariance with respect to the subgroup PSI(2, C), that is, we
define an abelian group P¢ with generators (ag, . . ., a3), (a; € CU{c0})
modulo the relations

(8.12,) (@o,...,a3) =0 if a; = a; for some 1 # j.
(8.12,ii)
4 .
Z(—l’(ao, oy @iy ...y aq) = 0 for all 5-tuples of distinct a;’s.
1=0
(8.12,ii1) (ag,...,as) = (gag,...,ga3) for g € PSI(2,C).

Now, up to the action of PSI(2,C), each (ao,...,a4) is determined by
the cross-ratio
g —dz2 o

= Do = C-{0,1}.
P a) = 008 BB g g

Indeed, for this z,
(agy...,a3) = g(00,0,1,2) for some g € PSI(2,C).

With this motivation we introduce

Definition: Let F' be any field. Then Pr is the abelian group with
generators {z},z € F — {0,1} and defining “five-term” relations:

(8.13)
{z1} —{z} +{z2/a1} {1 = 22) /(A= 2)} +{(1 - 27") /(1 - z7 ")} =0
z1,29 € C—{0,1}, z1 # 29.

Remark: This relation is just a reformulation of (8.12,ii). When F'is
algebraically closed one deduces the following relations for z € F—{0, 1}
(cf. [Dupont-Sah, 1982, lemma 5.11])

(8.13,ii) {2} +{z"1}=0
(8.13,iii) {z}+{1-2}=0.

We can then introduce the symbols {0} = {1} = {oo} = 0 and (8.13),
1)-iii) remain valid for z; € F'U {oo}.

When F'is algebraically closed one can prove a useful generalization
of (8.13) known as “Rogers’ identity” which we shall now describe: Let
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f,g € F(t), the field of rational functions and write

f#) = a]J(ei = )% —bH

7

where d(7), e(j) € Z and «; € F distinct and ﬂj € F distinct. Put

*g_Zd o lﬂ]}ePF

where the sum extends over 4, j with o5, 8; € F—{0} and the expression
is 0if f,g € F. We refer to [Dupont-Sah, 1982] for the proof of the
following;:

THEOREM 8.14. Let F' be algebraically closed and let f € F(t).
Then the following holds in Pr:

F7x (1= 1) ={f(0)} = {f(c0)}.
Remark: For f(t) = c¢(a—t)/(8—t) one checks that (8.14) is equivalent
to (8.13) with 2y = ¢,z = ca/p.

COROLLARY 8.15 (“The distribution identity”). Let I’ be algebraic-
ally closed of characteristic 0. Let n € N and ( € F' a primitive root of
unity. Then for z € F arbitrary the following holds in Pr:

(") =03 (¢}

7=0
Proof: Yor f(t) = (1-t")/(1-2") = <H7=_01 (¢t - t)) /(1 —2") we have

3=0

1-f@)=(0"-2"/1-2") = (1:[(2@ - t)) /(2" = 1),

and (8.15) follows from (8.14), since
{£(0)} = {f(00)} = {(1 = 2") 7"} ~ {oo} = {z"}.

From this one deduces (cf. [Suslin, 1986], [Suslin, 1991])
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THEOREM R8.16. For F algebraically closed of characteristic zero Pg
s uniquely divisible.

Sketch proof. That Pr is divisible is obvious from corollary 8.15.
To prove unique divisibility one must prove that for n € N, and ¢ a
primitive n’th root of 1,

{w/n =Y (Cu'l")
7=0

is well-defined, i.e. respects the relation (8.13). In general this is
rather complicated and uses more algebraic geometry. We refer to
[Suslin, 1986] for the details. For n = 2 however the proof is rather

simple: We must show that {z}/2 = {23} + {—z2} satisfy the identity
{21}/2 ={z}/2+ {z/21}2 - {(n - 1)/(a - 1)}/2+
iz -1/ - 1)}/2=0

for z1,29 € F — {0,1}, 21 # 22. For this we write z; = w?,i = 1,2, and
consider

(8.17)

(t—al)(t—ag) Wo 14 wq

t) = —w , O] = —,qg = .

1@ Y= 1)(t+ ag) YT T T - wy

Direct computation shows that 1 — f(¢) has simple zeroes at #(w3 —

1)%/(wf - 1)% and simple poles at 1 and —as. Using the fact that
{-1} =2({7} + {—i}) = 0 in Pr we conclude from theorem 8.14:

{w} = {-wi} ={(z;" = 1)/(2y)}/2 = {(z2 = 1)/ (=1 = 1)}/2 -
= {wi/wa} = {=(w1 — 1)/ (w2 = 1)} = {~ (w3’ +1)/(wi" ~ 1}.

Now replacing z;, 29 by —wq, wy in (8.13) and adding the result to the
above equation gives (8.17). O

COROLLARY 8.18. There are canonical isomorphisms of rational vec-
tor spaces

PH?) =2 PH?) = P(OH?) = P
where P is the (—1)-eigenspace for {z} — {z}.
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Proof: Comparing (8.4) and (8.12) we get
P(IH?) = Pe/span{{z} + {z},{r} | z € C,r € R}.
However
{r} =2 ({r¥} +{-r%})

so that the last group equals Pc/span{{z} + {z} | z € C} = P since
Pc is 2-divisible. This proves the last isomorphism in (8.18). Since
P(OH?) — P(H?) is surjective with kernel annihilated by 2 and since
P(OH3) is torsion free the middle isomorphism is proved. |

For Pc there is an exact sequence similar to b) in theorem 1.7. This
is a reformulation of a result of D. Wigner and S. Bloch (unpublished,
cf. [Bloch, 1978)):

THEOREM 8.19. Let F be algebraically closed of characteristic 0.
Then there is an exact sequence

0= Q/Z — Hs(SI(2, F)) % Pr D AG(F* /ur) — Ha(SI(2, F)) — 0.

Here Q/Z = Hs(up,Z) where ugp C F* is the group of roots of unity
and the first and last map is induced by ( — ( g C(—)l ) The map
o is given by o([g1lg2]g3]) = {00 : g100 : 19200 : g1g29300} € Pc.
Also A is given by A(z) = 2 A (1 — z) and the last map sends a Ab to
(a]b] — [bla),a,be F* C SI(2, F).

Proof: We consider the action by G = SI(2, F) on P}(F) = FU{oo} as
before which induces an action on the chain complex C, = C«(P!(F))
of (k+1)-tuples in degree k, (ao, . . ., ax),a; € P1(F), of distinct points.
Since F'is infinite it is easy to see similarly to lemma 3.6 that the chain
complex is acyclic, and since G/{%1} is exactly 3-transitive on P!(F)
we have that C}, is induced from {1} C G, for £ > 2. Hence for £ > 2
we have

Z[G*?,  i=0,
Hi(G,Cy) = Z/2[G*"?], iodd
0 i even > 0.
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Furthermore for £ = 0 and 1 the isotropy subgroup is

{( aﬁ)m;&o} for k = 0,
T:{(g a91>|a7$0} for k = 1.

Hence, by Shapiro’s lemma, “center kills” and proposition 4.7,

B

o

Hi(G,Co) = Hi(G,Cy) = Hy(F*,Z) = Ny (F* Jur) ® Hi(up, Z).
The hyperhomology spectral sequence (Appendix A)
Ezl>,q = Hy(G,Cy) = Hpiq(G)

thus has the following E!-term

4 | Ho(G,Cl4)

3 | Ho(G,C3) 2-torsion 0 2-torsion

2 Z Z/2 0 )2

1 Z F* o ANFX[up) N(FX[up) ® Q/Z

0 Z FX  ANX(F*/ur) N(F*/ur) © Q/Z
0 1 2 3

with generator for ¢ = 0, 1, 2 being respectively (o0), (00, 0) and (o0, 0, 1).

. 0
Since w = ( 1 0

and 0 it is easy to compute d! and we get for E?:

> induces z = —z~! in FX and interchanges oo

31 Pc 2-torsion 0

210 0 0

1] 0 0 N(F*XJur) Q/Z

0| Z 0 N(F*/ur) Q/Z
[ 0 1 2 3

Here we claim that E3% = 0, i.e. that the natural map

N(F* [up) = E3; — E5y = Hs(G, Z)/(Q/Z)
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vanishes. To see this we split the chain complex C, into exact sequences,

02> 2Zg—>Co—Z—0
0221 =2Ci—=Zy—=0

etc., and the map above is the composite

—1
E2, = Hy(G,C1) — Hao(G, Zo) = Hs3(G,Z)/Ha(G,Co)

But the first map sends the generator (co,0) to (0) — (c0) in Zy and
the element w above acts as (—1) on this but induces the identity on
Hy(T) = A2(F*/u). Hence the image is annihilated by 2 and is there-
fore 0.

The exact sequence in theorem 8.19 now easily follows from the
above E%-term. It is straight forward but somewhat tedious to iden-
tify the maps in the sequence (actually strictly speaking A should be
multiplied by 2) and we just refer to [Dupont-Sah, 1982] for the de-
tails. o

Remark 1.  We now obtain the exact sequence b) in theorem 1.7
simply by taking the (—1)- eigenspace for complex conjugation in all
terms of the exact sequence in theorem 8.19 for FF = C. Thus we have
a natural identification

R® (R/Z) = A2 (CX)~

via the map r ® 6/27 — —e" A eie, and it remains to check that the
Dehn-invariant is given by 2A~. This can be done by comparing the
spectral sequences for the Lusztig exact sequences for both H™, H"™ and
OH™. Alternatively first notice that via P(9H?) = P the symbol
{z} = [(00,0,1,2)] represents the totally asymptotic 3-simplex with
dihedral angles a, 3,7 at 3 pairs of “opposite” edges such that o =
Arg 2z, = Arg(l — z) and o+ S+ v = 7. By an easy calculation
A {z} € R® (R/Z) is then given by
D(0,0,1,2)=2A"{z} =2A(1-2)—ZA (1 - %)

In fact, as observed by W. Thurston (unpublished) the formula (1.2) for
the Dehn-invariant makes sense also for a polyhedron with ideal vertices
if just we delete a horoball around each of these and if for A an edge with

such a vertex the length £(A) is measured only up to the horosphere.
The indeterminacy in this definition vanishes since the sum of angles at
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edges ending at an ideal vertex is a multiple of m. With this definition
one then checks the formula above for D(o0,0,1, z). Again we refer to
[Dupont-Sah, 1982] for the details.

Remark 2. Similarly to the spherical case the hyperhomology spectral
sequence for the Lusztig exact sequence for H" (theorem 3.11) has the
form

1 ¢ ¢ t t
B, = H.(G(p) x O(n — p), StH") ® Z%) = H.(G(n), Z)
and in particular we get an edge homomorphism
o: H,(G(n),Z") — Eg, C Eéyn =P(H")

and again this is described on the chain level by the same formula as for &
in Remark 3 following theorem 7.14. For n = 3 it agrees in Py = P(H3)
with the component ¢~ of the map o in theorem 8.19. However the
component o7 is not in any obvious way related to “oriented” hyperbolic
scissors congruence since by Gerling’s theorem (theorem 2.2) P(H") =
P(H",S0'(1,n)). As we shall see in the next chapter P is rather
closely related to P(S®). In this connection observe that if a polytope
P C 'H"™ is the fundamental domain for a discrete co-compact group I' C
SO*(1,n) then Mr = T'\'H" is an oriented manifold and the fundamental
class defines a canonical element [Mr] € H,(Mr) = H,(TI') and hence
by the inclusion I' € SO'(1,7), [Mr] € H,(SO(1,n)). It is straight
forward to check that o[Mr] = [P] € P(H"). That is, for n = 3, we
have o~ [Mr] = [P] € P(#?). But it is not clear how to find ¢*[Mr] in
terms of P C H3.

Remark 3. In contrast to corollary 7.7 there is no easy way to
relate P(H*™~!) and P(H*™). A substitute is theorem 8.5,d) which
reduces the calculation of P(H*™) to im(P(OH*™) — P(H?™)). The
first question here is to determine this latter group for m = 2.

As a last remark let us note the following consequences of theorems
8.16 and 8.19 (cf. [Suslin, 1991], [Sah, 1989]):

COROLLARY 8.20. a) For F algebraically closed Ho(S1(2, F)) is
a rational vector space and H3(SL(2, F)) is the direct sum of a
rational vector space and Q/Z = Hz(up).

b) P(H?) is a uniquely divisible group, i.e. a rational vector space.
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Remark: We shall show that also P(S3) is a Q-vector space in the
next chapter (corollary 9.19).
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CHAPTER 9

Homology of Lie groups made discrete

At this point it must now be clear that there are needed some homology
calculations of the isometry groups for the 3 geometries and related Lie
groups considered as discrete groups. This subject was first considered
in connection with the theory of characteristic classes for foliations (see
e.g. [Kamber-Tondeur, 1968], [Cheeger-Simons, 1985]). It has
also been investigated for the case of classical algebraic groups in con-
nection with algebraic K-theory in particular by A. Suslin. We shall
skip many proofs, which are rather long. However some of the meth-
ods are closely related to the ideas used in the previous chapters. An
example of this is the following stability theorem of [Sah, 1986]:

THEOREM 9.1. Consider the unitary group G(p,q) = U(p,¢,F) €

Gl(p+ ¢q,F), F = R,C or H, of matrices preserving a Hermitian form
of signature (p,q). The map induced by the inclusion

Hi(G(p,q)) = Hi(G(p, g+ 1))
is an isomorphism for i < q and a surjection for i = q.

For the proof let us assume for convenience that F = R and p = 0,
that is, we shall show that

H;(O(n)) = Hi(O(n +1))

is an isomorphism for ¢ < n and a surjection for : = n. As in chapter
7 let us consider the chain complex C,(S™) of O(n + 1)-modules. The
main step in the proof of theorem 9.1 is the following lemmay;

LEMMA 9.2. H;(O(n 4+ 1)\C«(S™)) =0 for 0 < i < n.

77
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Proof: As hefore consider the rank filtration C,(S™)? C C.(S") and
observe that the natural inclusion i : $"~! C S™ gives an identification

(9.3) W\CL(S™) = O(n + INC(S™)".

Furthermore the cone construction with the canonical basis vector e, 41 =

(0,...,1) € S™ defines a chain homotopy s between ¢, and the zero map
s(@agy .- -yan) = (€nt1,80,--.,8k)y Qoy--.,0p € snt

Hence by (9.3)
H;(O(n+1),C(S") =0 fori<n-1,

and the pair (S™, S™™1) gives an exact sequence
C*(Sn) Sn n—1
H, | ——%
0= <O(n+1))—> ( n+1 On+1 )

However as in the proof of theorem 7.14
Sn n—1
( O(n+ 1 O (n+1) ) -
Ho(O(n +1)/SO(n + 1), P(S™)/EP(S™1))

and hence this is annihilated by 2 since the action is the untwisted one.
However P(S™) is 2-divisible, hence the above group vanishes which
proves the lemma by the above exact sequence. ([

Proof of theorem 9.1. Since C,(S") is acyclic by lemma 3.6 we get
a hyperhomology spectral sequence

E, = Hp(O(n+1),Co(5™) = Hpiq(O(n + 1), Z).

Let us prove the theorem by induction and observe that it is true for
n = 1. In the above spectral sequence we then have by Shapiro’s lemma
and the induction hypothesis that

1o CalSY)
P4~ Olg+ 1)

and for ¢ = n — p the coefficient group is either H,(O(n)) or Hy(O(p))
mapping surjectively to H,(O(n)). Hence by the argument of lemma

® Hy(O(n)) forg<n-p, p<mn
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9.2

EQ o HP(O(n)) qg= 07
b 0 0<g<n-—p.

(A careful inspection of the coefficients is needed for ¢ = n — p cf.
[Sah, 1986]). From this it follows that H;(O(n + 1)) = H;(O(n)) for
i< nand Hy(O(n+1)) is a quotient of H,(O(n)). This establishes the
induction and ends the proof of the theorem. O

For D a division ring with infinite center (e.g. D = R,C or H) one
can use the same kind of arguments as in the proof of theorem 9.1 but for
the action of Gl(n+ 1, D) on D"*! — {0} and one obtains the following
result due to A. Suslin (see [Sah, 1986, appendix B] for details of the
proof):

THEOREM 9.4. Let D be a division ring with an infinite center.
Then

a) H;(Gl(n,D)) = H;/(Gl(n + 1, D)) is bijective for i < n.
b) The inclusion Gl(1,D) x --- x Gl(1,D) — Gl(n,D) induces a

surjection
Hy(GI(1, D)) & - - ® Hy(GI(1, D)) >

H,(Gl(n, D))
im(H,(Gl(n — 1), D) — H,(Gl(n, D))

Remark 1. For D = F an algebraically closed field Gl(n,F) =

Sl(n, F) x F*. Hence a) is true also for Gl(n) replaced by Sl(n) in this

case. Furthermore it follows from b) in the same case that for n > 2 the
-1

map Sl(r — 1) x Gl(1) — Sl(n) sending (g, A) — ( A 0 g ?\ ) induces

a surjection on I,,. We shall return to this in chapter 13.

Remark 2. For D = F an infinite field [Suslin, 1984] identi-
fied the quotient H,(Gl(n, F)) /im(H,(Gl(n — 1, F) — H,(Gl(n, F)))
with a direct summand KM (F), the “Milnor K-group”, or the “de-
composable part” of the algebraic K-group of D. Quillen K,(F) =
(B Gl(oo, F)*),n > 0. Notice that K{(F) & FX = H;(Gl(n, F))
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for all n > 1. Also for F algebraically closed it follows by the Hurevicz
theorem together with theorems 9.4 and 8.19 that for n > 2:

(9.5)

Ky(F) = K3'(F) = Hy(SI(n, F)) 2 AZ(FX)/{z A (1 - 2) | z € F = {0}}

Similarly (cf. chapter 15 or [Sah, 1986, appendix B]), again for F
algebraically closed,

(9.6) Ks(F) = Hs(Sl(n, F)) = H3(S1(2, F)) ® K}/ (F), forn >3,

so that there is a natural identification of H3(SI(2, F)) with K3(F)irdec
the “indecomposable part” of K3(F). As we shall see these results are
particularly important for the study of scissors congruences in spherical
and hyperbolic 3-space.

For the Euclidean group E(n) = T'(n) x O(n) the statement analo-
gous to theorem 9.1 is the following

THEOREM 9.7. The inclusion map O(n) C E(n) induces injective
maps
Hi(O(n)) = Hi(E(n))
for all 1.

This map is surjective, hence bijective for i < n.

For the proof we again analyze the spectral sequence for the action of
E(n) on the acyclic complex C,(E™) of all (k+1)-tuples (“k-simplices”)
(ag, . ..,ak) of points in E™ and we notice that the isotropy subgroup of
a point is just O(n). Theorem 9.7 therefore follows in the same way as
for the proof of theorem 9.1 just we prove the following:

LEMMA 9.8. E(n)\C«(E™) is n-acyclic.

Proof: For this let us consider the subcomplex C£*"(E™) of “generic”
simplices (ag,...,ax) with vertices in general position , i.e. for every
p < n there is no subset (a;,...,a;,) contained in a (p—1)-dimensional
affine subspace. Then the lemma clearly follows from the following to
properties of the natural map

bt H(E(m\CE(E™)) = Hi(E(n)\CA(E™)) :
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(9.9,1) 14 18 the zero map for 0 < k < n,
(9.9,ii) ix 18 a surjection in all dimensions.

To see this recall that the identity: C,(E") — CL(E™) is chain homo-
topic to the “barycentric subdivision” sd : C,(E") — C.(E") defined
inductively on a simplex o = (ao,...,ax) by
(9.10) sd(0) = ¢, * (sd(00))
where ¢, is the barycenter of ¢ and

co * (boy ..., 01) = (¢s,b0,...,01).
Now, if o is a generic simplex of dimension < n then in (9.10) we let ¢,
denote the circumcenter of o i.e. the unique point in span(c) having
equal distance from all the vertices ayg,...,ar. With this construction
i: CE"(E™) — CR(E™) is chain homotopic in dimensions & < = to
sd : CE"(E™) — Ci(E™) where

sd(o) = Z +(Cops---»Cop)
o=0¢ D0k
However in this sum the terms where ox_1 = (a;,a;), 0% = (a;) cancel
with the terms where ox_1 = (a;, a;), ok = (a;) since they are congruent
by the reflection in the hyperplane bisecting (a;, ;) and since they occur
with opposite signs. This proves (9.9,i). For (9.9,ii) we have a similar
construction of a subdivision operator sd : Cx(E™) — C£"(E™) by the
formula (9.10) but this time we choose as ¢, some point in general
position to previous choices of ¢, for 7 C o. J

As an application we can now prove the vanishing result needed in
the proof of Sydler’s theorem (theorem 6.1):

THEOREM 9.11. Hp(O(n), Af(R™) =0ifp+g<mn, ¢>0.

Proof: The Hochschild-Serre spectral sequence for the extension
0—-T(n)—> E(n) > 0(n)—>1
has
E}, = Hy(O(n), Hy(R™) = Hpye(E(n)),
and by proposition 4.7, ii), we have H,(R™) 2 A(B(R”) for ¢ > 1. Asin
chapter 4 the dilatation p, : R — R" by a € N gives an endomorphism

commuting with the differentials d" : Ef  — E/_. . _,. Again p,
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induces multiplication by «? on /\E’Q(R”) so that d” = 0 for » > 2. Hence .
for p+ ¢ = k < n we conclude from theorem 9.7:

k
Hi(O(n)) = Hi(E(n)) 2 H(O(n)) & @D Hug (O(n), AG(R™))
g=1
from which the theorem clearly follows. [

For the group O'(1,n) of isometries of hyperbolic space we have the
following result of [Bokstedt-Brun-Dupont, 1998] similar to theo-
rem 9.7:

THEOREM 9.12. The inclusion map O(n) C O(1,n) induces an
isomorphism H;(O(n)) — H;(O'(1,n)) for i < n and a surjection for
t=mn.

The proof of this theorem follows the same strategy as the proof of
theorem 9.7 and similarly we must prove

LEMMA 9.13. O(1, n)\Cu(H™) is n-acyclic.

However for the proof of this we encounter the difficulty that a
simplex (ao, ..., ax) in H* with the vertices in general position need not
in general have a circumcenter as seen in the figure below of a triangle
in #? where two of the bisecting normals do not intersect.

On the other hand if we subdivide the simplices the geometry gets
closer to the Euclidean one which makes the existence of circumcenters
likely for the smaller simplices. However the usual barycentric subdi-
vision does not work since it creates “long and thin” simplices. The
solution is to use the so-called “edgewise subdivision” of the standard
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affine simplex AF and use the usual parametrisation of a hyperbolic

simplex o = (aog, ..., ak) as in chapter 2:
a(t)
f-(t) = . a(t) =alte, ..., tk tia;,
—(a(t), a(t))_ Z
t € Ak C RF,

to transport the subdivision to #* C R™*!. Now lemma 9.13 follows
similarly to the proof of lemma 9.8 from:

LEMMA 9.14. There is a O'(1,n)-equivariant chain map Sdyn :
C(H") — C.(H™) chain homotopic to the identity such that for any
generic k-simplex o,k < n, there is an integer M such that every sim-
plez in (Sdyn)™(c), for m > M, possesses a (unique) circumcenter in
span o.

We refer to [Bokstedt-Brun-Dupont, 1998, theorem 3.3.1] for
the proof of this lemma. Let us just give the description of “edgewise
subdivision” Sd : C.(E™) — C.(E™). Then for any affine simplex 7 =
(zoy...,zk) in E™ k < n, it turns out that each simplex in Sd(r) is
contained in |7| so that we can define for o a hyperbolic simplex as
above

Sdun(0) = (f;)-(Sd(AF))

where we have used the following notation: For {e;} the standard basis
of R™

AE=(0,e1,e1+ €z, . 614 -+ ex) = (do, . -, d)

is the “standard” k-simplex in E™. Hence with f, as defined above we
put

(th> fU to, .. t) t:(toa"'7tk)€Ak7

and

(fo)x(@o, - k) = (S (20), -, fo(an)), =i € |Ag].

For the construction of Sd we identify as in chapter 4, C,(E™) with the
bar complex B.(V),V = R", via the identification

(2oy .., 2k) € Cu(E™) & uolu1] ... |ug] € B«(V)
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where
To = Uy, X1 =1Ug+ Uly-.., Tk =1Ug+ U +" -+ Uk
In particular the standard k-simplex above is just
AS = 0[61|62. e |ek],
that is as a set
AE={(s1,82,...,56,0,0,...,0) | 1> 55 >85>+ > s, >0}

As usual, we shall identify a simplex vo[vy|vz|. .. |vg] with the affine map
A’g — V sending 0 to vp and e; tov;, ¢=1,2,...,k.

DEFINITION 9.15. The edgewise subdivision is the chain map Sd :
B.(V) — B,(V) given by the composite

sd: B.(V) D B,(v) Y B.(v) B.(v x v) & B.(v)

with the following notation: (3). and (+) are induced by the homo-
morphism

1
V5V respectively V xV Hv
lev (v, w) — v+ w,
AW is the Alexander-Whitney map (cf. [MacLane, 1963, chap. VIII

§9 exercise 1]

k
AW (volvs| ... 1) = wolvr] - |up] ® (vo+ - -+ vp) [vpga | - . |vi]

p=0
and E'Z is the Eilenberg-Zilber shuffle map (cf. chapter 4):
EZ(vo[v1] .. -|vp) ® wolws| ... |w,]) = signo (vo, wo)[uer] - - - Juok]

(4

where o runs through all (p, ¢)-shuffles (cf. MacLane up cit.) and where
u; = (v;,0) fori=1,...,pand u; = (0, w;) fori=p+1,...,p+qg=k.

Remark: As noted in chapter 4, EZ(vo[v| .. .|v,] @ wolwn|...|w,]) is
represented geometrically by a triangulation of the (p, ¢)-prism

vo[v1| .. .[’l)p] X wg[w1| .. lwq} g V x V.
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Hence, in the notation of that chapter
volvi| . . . Jup]Awolw] . . . |we] =det (4)+EZ (vo[v1] .. |v,]@wolwy] .. . |w,])
corresponds to a triangulation of the polytope

volvi| ... |vp] + wolwi| ... Jwy] CV

(the “Minkowski sum”). In particular

Ao AW (vo[vy] - . .|vk]) Zvo O] |op) A (vo + - vp) [Vpta] - UE]
p=0
corresponds to (a triangulation of) a decomposition of the simplex

2v0[2vy]| . . . |2vg] into prisms (cf. proof of proposition 4.12 and the figure
below). It follows that

Sd(vol[v1] - .. |vk]) =

k
9.16 1 1 1 1 1 1
( ) E 51)0 [Evll...|§vk] /\§(vo+---+vp) [Evp+1|...]§vk}

p=0
is a triangulation of vo[vy]...|vk]-
Aeprepie 3)
epraprey Lt
eprgyr | Y
L L J
Ao AW(A%)

If we now identify the chain complex of affine simplices C,(Ag) of
A} with the corresponding subcomplex of B.(V), then we obtain the
following lemma, which follows easily from the above discussion (cf.
proof of proposition 4.12).

LEMMA 9.17. 1) Sd defines a chain map
Sd : CL(Af) = Ci(Af)

ii) Sd is natural with respect to affine maps
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iii) There is a natural chain homotopy of Sd to the identity, again
natural with respect to affine maps.

iv) All simplices in SA(Af) are isometric to AL by a permutation
of the basis vectors {¢e;} followed by a translation by a vector of

the form % (ei, + -+ €;).

The last statement in this lemma makes it possible to control in a
uniform way the “shape” of the simplices occurring in the corresponding
subdivision Sdyn (o) of a hyperbolic simplex. For details we refer to
[Bokstedt-Brun-Dupont, 1998] (where however Sd is defined in a
different but equivalent way). This ends our outline of the proof of
theorem 9.12. For our applications to scissors congruences let us state
the following.

COROLLARY 9.18. a) The inclusion O(3) C O'(1,3) induces an
isomorphism Hp(O(3)) 35 Hy(0Y(1,3)) for k < 3.
b) The inclusion SU(2) C SI(2,C) induces an isomorphism

Hy(SU(2)) S Hy(SI2,0)F, k<3,

where + indicates the invariant part for the involution induced by
complex conjugation.

Proof: a) By theorem 9.12 the only problem is the injectivity for k = 3.
But by the diagram induced by inclusion maps

H3(0(3)) — H3(0(1,3))

|

(
H3(0(4)) — H3(0(1,4))
it suffices to show that 7 : SO(3) — SO(4) induces an injection. But

writing SO(4) = (Sy x S2)/{£1} as in chapter 7, we get a splitting of ¢
by the projection onto the first factor.

b) By the Hochschild-Serre spectral sequence we now get an isomor-
phism

Hi(Pin(3)) - Hg(Pin(1,3)) for k <3.
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Now the result follows from the isomorphisms Pin(3) & {£1} x SU(2)
and Pin(1,3) = S1(2,C) x {1, 7} where 7 is the involution on SI(2,C)
given by 7(¢9) = (g*)™!, together with corollary 8.20. Notice that the

0 1 .

10 >) to the involu-
tion g — g so in homology these involutions have the same invariant
parts. O

involution 7 is conjugate (using the matrix

COROLLARY 9.19. a) H2(SU(2)) is a rational vector space and
H3(SU(2)) is a direct sum of a rational vector space and Q/Z =

Hs(uc).
b) P(S?) is a rational vector space.

Proof: a) clearly follows from corollary 8.20. b) now follows from the
exact sequence theorem 1.7, c¢) together with a) and the fact that Q/Z C
H3(SU(2)) is mapped by o to the group of rational lunes in P(S%)/Z
(cf. remark 2 following theorem 7.14). O

In view of corollary 9.18 and the similarity of the sequences in theo-
rems 1.7, ¢) and 8.19 it is natural to expect some relation between P(S3)
and ’PE, the invariant part of Pc by complex conjugation. We shall
briefly describe this relation referring to [Dupont-Parry-Sah, 1988,
§5] for details. First observe that the Hopf map of S® C C? to the
Riemann sphere P!(C) = S§% is U(2)-equivariant. By comparing the
spectral sequences for U(2) and SO(4) we get the horizontal map in the
following diagram to be an isomorphism,

Ha(U(2)\Cu(5?)) ———— H3(SO(4)\C4(52)) 2 P(S%)/=P(S?)
Hopf map -
[postmer

H3(S1(2, O\C+(8%) = Pc

thus defining the map £. Note that we have used theorem 7.14. Further-
more consider the subgroup P(S!) xP(S?!) C P(S3) generated by all or-
thogonal joins of arcs on S, i.e. simplices of the form (ag, a1, az, az) with
span{ag, a1} orthogonal to span{asy, az}. Then using corollary 9.18 one
proves the following (cf. [Dupont-Parry-Sah, 1988, theorem 5.15]:
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THEOREM 9.20. There is an exact sequence
0= P(SY) « P(SY) = P(S) 5 PE B AZ(RY) — 0

where Ag({z}) = |z|A |1 — 2 |.

We shall return to this relation between P(S2) and P¢ in chapter
11.

As in corollary 9.19 we are interested in the structure of the homol-
ogy groups, e.g. if they have torsion or are divisible. In this context we
should mention the following conjecture of E. Friedlander and J. Milnor
(cf. [Milnor, 1983]; see also [Roger, 1975]): Recall that for an arbi-
trary group G the homology H,(G) which we have considered above is
in a natural way identified with the singular homology of its classify-
ing space. For G a Lie group let us denote the classifying space of the
underlying discrete group by BG? to distinguish it from the classifying
space BG in the topological sense. Thus H.(BG?,Z) = H,(G,Z) in the

above notation. We can now state:

The Friedlander-Milnor Conjecture (FMC). The canonical map
BG?% — BG induces an isomorphism of homology with mod p coeffi-
cients p > 0.

The point of this conjecture is that the homology of BG is rather
well understood for most Lie groups in particular for the classical ones
and hence makes it possible to calculate H.(G,Z/p),p > 0. By the
Hochschild-Serre spectral sequence it is easy to see that the FMC is
true for a Lie group G if it is true for its connected component Gg.
Similarly FMC is true for a connected Lie group G if and only if it is
true for its universal covering group.

EXaMPLE 9.21. G = R. By proposition 4.7, H.(R) = AH(R)
is a rational vector space hence by the universal coeflicient theorem
H.(R,Z/p) = 0. On the other hand the classifying space in the con-
tinuous topology BR is contractible since R is contractible; hence also
H,(BR,Z/p) = 0 and we have thus proved FMC in this case.
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By induction it is now straightforward to establish FMC for all solv-
able Lie groups and in fact reduce the problem to semi-simple groups.
For the classical groups let us quote without proof the following deep
result of [Suslin, 1986], [Suslin, 1991]:

THEOREM 9.22. FMC is true for Gl(n, F) and Sl(n, F), F = R,C,
in the stable range given in theorem 9.4, i.e. for H; with i < n.

CoROLLARY 9.23. H3(Sl(n,C)) = Hs(uc) ®Q-vector space for n >
2. Here H3(uc) = Q/Z.

Proof: We have noted the last statement before in theorem 8.19. For the
first statement observe that by (9.6) we can take n > 3 and we observe
that BSl(n,C) for n > 2 is 3-connected with Hy(BSl(n,C)) = Z. In
fact the generator is dual to the second Chern class ¢ for complex vector
bundles. Hence by theorem 9.22, also H;(Sl(n,C),Z /p) = 0 for i < 3
and H4(Sl(n,C),Z/p) = Z/p. But since Hz(uc) C Hs(Sl(n,C)) already
gives rise to a copy of Z/p in H, there can be no other torsion factors
in H3(Sl(n,C)). Since H3(Sl(n,C)) is p-divisible by the exact sequence
for the coefficient sequence Z 2 Z — Z/p, the result now follows. [

Remark 1 [Suslin, 1983] has also proved that if ¥ C C is an alge-
braically closed subfield then the inclusion Sl(n, F) — Sl(n,C) induces
an isomorphism of homology groups with finite coefficients in the stable
range. Hence corollary 9.23 is valid also for C replaced by F.

Remark 2. FMC is also known in the stable range for other families
of classical groups e.g. the orthogonal groups O(n, n) (see [Sah, 1989]).
However except in dimensions < 2 (where it is verified for almost all sim-
ple groups, c.f. [Sah, 1989]) little is known for compact simple groups.
Corollary 9.19 shows FMC for SU(2) in dimensions < 3 and hence by
theorem 9.1 in the same dimensions for the families Spin(n), SU(n) and
Sp(n) (if we use the coincidences of groups of low dimensions in these
families). Finally note that by theorem 9.12 FMC is true for O(n) in
the stable range 7 < n if and only if it is true for O'(i, n) in the same
range and one could hope gradually to reduce it in the same manner to
the known case of O(n, n).
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Remark 3. For the purpose of calculating scissors congruence groups
FMC gives however, even if true, no information about possible Q-vector

spaces in H,(G) and these can be quite large as seen already in example
9.21.



CHAPTER 10

Invariants

Historically the notion of scissors congruences occurred in connection
with the concept of “volume”, but in the above homological treat-
ment of the hyperbolic and spherical case the volume occurred very
rarely. The reason is that basically the problem of scissors congru-
ence is an algebraic one whereas “volume” in the non-Euclidean case is
given by transcendental functions. This was observed by B. Jessen (cf.
[Jessen, 1973],[Jessen, 1978]) who stated the non-Euclidean Hilbert’s
3rd Problem (see chapter 1) but nevertheless found a positive answer
unlikely. We shall return to this in the next chapter. In this chapter
we shall relate “volume” in 3-dimensional non-Euclidean geometry to
the invariants for flat S1(2, C)-bundles introduced in differential geom-
etry, the Cheeger-Chern-Simons classes (cf. [Chern-Simons, 1974],
[Cheeger-Simons, 1985]). We shall also give formulas for these in
terms of the dilogarithmic function . Also we shall see that we get
some further invariants for s.c. if we twist the Cheeger-Chern-Simons
invariants with a field automorphism of C.

First let us summarise our results so far about 3-dimensional non-
Euclidean scissors congruences in the following 2 exact sequences (the-
orem 1.7 and corollary 9.18)

(10.1,—)

0 = H3(S1(2,0)” 3 P(H®) B RQR/Z— Hy(SI(2,C))~ — 0
(10.1,4)
0 5 H3(S1(2,C)F 3 P(S%/2 3 R R/Z — Hy(SI(2,C))* — 0

Also let us recall from corollary 9.23 that the only torsion occurring
in the homology groups in (10.1,%) is a copy of Q/Z = Hs(uc) C

91
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H3(S1(2,C))*, and everything else are rational vector spaces. We shall
indicate a proof of the following:

THEOREM 10.2. The second Cheeger-Chern-Simons class C, for flat
SI(2,C) bundles is the homomorphism Cy : H3(S1(2,C)) — C/Z given
by

A 1 )
(Cq,2) = 53 (Volss oo(z4) + %Voly3 ocr(z_)) .

Remark: Note the 1/2 in the hyperbolic case. We shall explain this
below.

First let us discuss the Cheeger-Chern-Simons classes more generally
for flat Gl(n, C)-bundles. We shall restrict to this case although much of
the discussion is valid for other Lie groups. Let E — M be a principal
Gl(n,C)-bundle with a flat connection A. Then by classical Chern-
Weil theory (see e.g. [Dupont, 1978]) the k-th Chern class ¢x(FE) €
H?(M,Z) goes to zero in H**(M,C) since it is represented by the k-
th Chern polynomial Cy in the curvature form of A. Hence by the
Bockstein exact sequence

o HY¥ (M, 0/2) B B ML ) — BP0, 0)

it follows that cx(F) is in the image of the Bockstein homomorphism 5.
The k-th Cheeger-Chern-Simons class which were originally defined in
[Chern-Simons, 1974] or [Cheeger-Simons, 1985], gives a canoni-
cal choice
Cx(A) € H*Y(M,C/Z)

such that —ﬂ(C’k(A)) = cix(£) (cf. chapter 12 below). Since a flat
bundle is determined by the holonomy representation of the fundamen-
tal group into Gl(n,C)?, it follows that the classifying space for such
bundles is B Gl(n,C)°. In this way we obtain a universal class

Cr € H*¥Y(BGI(n,C)°,C/Z) = H*~(Gl(n,C), C/Z)
= Hom(Hyk-1(Gl(n,C)),C/Z),
Here for G any group and M a trivial G-module
H*(G, M) =H (Homz)(B.(G), M))

=H (Homz(B.(G), M))
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with (B.(G), ) the bar resolution as in chapter 4.

Now let G be a Lie group (e.g. G'= Gl(n,C)) acting on a manifold
V' (on the left) and suppose that V' is (¢~ 1)-connected for some integer
g. Then the chain complex C;"8(V) of smooth singular simplices in V
is in a natural way a chain complex of (left) G-modules, and since it is
(¢ —1)-acyclic we can find a chain transformation o of G-modules up to
level ¢:

o e
) X L”
L CYH(V) ~5— CI(V) 5= GV

(cf. [MacLane, 1963, chap. IIlI thm. 6.1]). Furthermore, any two

such chain transformations are chain homotopic up to level ¢g—1. Given

o as above we define for each G-invariant complex value p-form w on V

with p < ¢ a cochain J(w) € Hom(B,(G),C) by the integral

(10.3) )l = [

ofg1].-.|gp]

The following proposition is a straightforward application of Stokes’
theorem:

PROPOSITION 10.4. Suppose w is closed and for p = q that it has
integral periods, i.e. [ w € Z for z € C3™8(V) a cycle. Then

i) The cochain §(w) is a cocycle for p < q and a cocycle mod Z for
p = q. Furthermore it is a coboundary if w = dw' for &' another
G- invariant form.
ii) The cohomology class of J(w) in HI(G,C) for p < ¢, respectively
HY(G,C/Z) for p = q, is independent of choice of 0.
iii) If furthermore HY(V,Z) = Z and w respects the generator, then

-B([))) € H*Y(G,Z) = H*T(BG’, Z)
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is the obstruction (q+ 1)-cocycle to the existence of a lift 4 in the
diagram
EG XG Vv
v 7

r

BG® BG
where EG — BG is the universal G-bundle.
iv) (Naturality) Suppose ¢ : G' — G is a Lie group homomor-
phism and ® : V' — V a p-equivariant differentiable map (i.e.
®(g'v') = o(¢")® (V') for ¢’ € G', v/ € V'); then

8(0"w) = ¢"I(w).

Now return to G = Gl(n,C) and let us take
V =Gl(n,C)/Gl(k - 1,0

which is (2k — 2)-connected and has H**~1(V,Z) = Z. Here V is the
complexification of the compact homogeneous space U(n)/ U(k —1) and
hence the generator of the (2k — 1)th cohomology group can be rep-
resented in the de Rham cohomology by a complez valued G-invariant
form wg. Thus proposition 10.4 yields a cochain J(wy) with values in
C/Z and satisfying

(10.5) —B([3(wk)]) = ¢k

where ¢, € H¥(BGIl(n,C)°,Z) is the pull-back of the universal kth
Chern class. In view of (10.5) it is not surprising that in fact

(10.6) [d(wr)] = Cx € H¥~1(BGl(n,C)°, C/Z).

For a proof of this, which uses the de Rham theory of differential forms
on simplicial manifolds, we refer to [Dupont-Kamber, 1990, thm.
5.3].

Remark: The formula (10.3) for J(w) involves a choice of the transfor-
mation o. In the case of V. = G/K a symmetric space of non-compact
type, i.e. G semi- simple with maximal compact subgroup K, a canon-
ical choice for o (with ¢ = oo) is provided by letting o[gq]...]|g,] be
the so-called geodesic simplex A(gy,...,g,) defined inductively as the
geodesic cone on g1A(ga,...,9p) With cone point o = {K} (see e.g.
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[Dupont, 1976]). Note that a different choice of cone point will give
a different but cohomologous cocycle. We shall use this construction in
the case of G = Sl(2,C) acting on H>.

Proof of theorem 10.2.  As for the real part ReC} it suffices to
check the value on

H3(SU(2)) = H3(S1(2,0)*

In this case the formula
- 1
(ReCy, z) = 5.3 Volgs (0(2))

clearly follows from the definition in proposition 10.4 since for G =
SU(2) acting on S® in the usual way
(10.7) ReCy = J(wy |g2) and wy |gs= vgs/ Vol(S®) = vgs /2%,

where vgs denotes the volume form on S® (cf. Remark 3 at the end of
chapter 7). To determine the imaginary part we take as model for the
hyperbolic space H> the upper half space in the 3-dimensional subspace
of the quaternions H spanned by 1,%,7:

H ={z =21+ xsi+ 23] | 71, 72,23 €R, 23>0},
and S1(2,C) acts on #® by the usual formula

g(z) = (az +b)(ce +d)~"  for QZ(Z Z)

where C C H is spanned by 1 and 4. In particular the map ¢ : S1(2,C) —
H3 given by

9(9) = 9(j) = (aj +b)(cj + )"
gives an equivariant map (with respect to the left action) inducing a dif-

feomorphism SI(2,C)/ SU(2) ~ H>. Now the formula for the imaginary
part

- 1
(ImCy, 2) = m(Vole(a(z))
clearly follows from the following lemma which is checked by direct

calculation (cf. [Dupont, 1987, lemma 3.4]).

LEMMA 10.8. Let vys be the volume form on H® then Im(wz) and

(1/4w?)q*vys are cohomologous in the complez of real left invariant
forms on S1(2, C).

O
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In chapter 8 we made the identification
P(H?) = P(OH?) 2 Pg
and in these terms o : H3(SI(2,C)) — P¢ was induced by

a([g1l92l93]) = {=}
where z is the cross ratio for the simplex (0o, g100, g19200, g1929300) in
OH3. By taking o = oo in the construction of geodesic simplices (cf.
remark following proposition 10.4) we see from lemma 10.8 that Im C,
is represented by the cocycle

(Im Cs, [g1]g2]93]) = Vol(00, 9100, g19200, g1929300) /47>

Now for a hyperbolic simplex with vertices (00,0, 1, 2) it is a classical
calculation that

Vol(0, 0,1, 2) = D(2)
where D is the Bloch- Wigner function defined for all z € C— {0, 1} by
the formula

(10.9)  D() = arg(l — ) log |2] — Im /0 @th.

(cf. [Bloch, 1978].) In this formula the integral is carried out along
a path starting with the interval [0, %], and the arg and log functions
are branches along the same arc. Then the indeterminacy of the first
term cancels with the one of the second, so that D(z) is well-defined.
We note that

(e} n

? log(1 —t) . z

n=1
is the dilogarithmic function introduced by Euler (cf. [Lewin, 1981].)
We have thus proved

THEOREM 10.10. ImC; € H3(S1(2,C),R) is represented by the co-
cycle

(Im Cy, [g1]92]93)) = D({c0 : g100 : g19200 : g1g2g300})/4m?

We want to extend this formula to be valid also for the real part.
This we do in terms of the exact sequence in theorem 8.19 for ' = C
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by defining for = € C — {0,1} the following expression p(z) € AZ(C)
analogous to (10.9):

(10.11)

logz log(l - z) 1 “(log(l1—1t)  logt
=-—A . 1A
P(2) 271 271 + (271)? /0 ( t + 1- t) dt

Here again the indeterminacy of the first term cancels out with that of
the second if the integral and the branches of the logarithms are taken
along the same paths. We can now state (cf. [Dupont, 1987]):

THEOREM 10.12. i) p defines a well-defined map Pc — A5(C).
ii) The following diagram with ezact rows commute:

A

H;3(S1(2,C)) ——Pc - AZ(CX)
j2C'2 | Lp ‘
0 C/Q 1Aid /\%(C) ene /\%(CX )

where o and X are given as in theorem 8.19 and e(v) = exp(2miv)

forv e C.

Proof: We shall not give all details of this; but first we notice that

theorem 10.10 shows that poo and (1Aid)o(2C5) agree on H3(S1(2,C))~.

In fact the inclusion R — AZ(C)~ sending r — 1 Adr is split by the map
1

p~ given by p~ (u A v) = 5;(@v — vu) and one checks that

p~ o p(z) = —(2ri)2(D(z) = D(1 - 2)) = D(2)/2”.
Hence by theorem 10.10
p~ o p(o(2)) = D(o(2))/2n* = 2(Im Cy, z) for z € H3(S1(2,C)).

To show that poo and (1Aid) o (2C3) agree on H3(S1(2,C))* we next
reduce the problem to SI(2,R) by the following

LEMMA 10.13. The inclusion S1(2,R) C Sl(2,C) induces a surjec-
tion

H3(S1(2,R)) — H3(S1(2,C))*

Remark: This map is also injective cf. [Sah, 1989].
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Proof: By theorem 8.19 and a similar sequence for SI(2,R) acting on
P!'(R) we get the following commutative diagram with exact rows:

s Hs(SI(2,R)) P —2 AL(R)

| —

= Ha(SI(2, Q) — P = AZ(CX) Y —— H(SI(2,0))* —

In this diagram
AG(C)T 2 AZ(R¥) @ AZ(U(1))
and similarly A% splits into
AT = A ® Aygy)
where Ay() is given by

z 11—z
Au)(2) = —= A

2l 1 =2

To show the surjectivity of the vertical map on the left it suffices to
show that Ay(;) induces an isomorphism

A
PE/PR = AZ(U(D)
This is simply done by constructing the inverse v : For e, e ¢ U(1)
with 0 < a, 8 < 27,
v(e'® A ef) = {2}
where z € C is the intersection of the two lines through 0 respectively
1 and making the angle a respectively § with the real line (see fig.).

z

o B

0 1

For o = B+, we put of course v(e** Ae¥) = 0. Clearly v is alternating
since in Pg

v(e® Ae?) = {1 -2} = —{z}.
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It remains to show that v is bi-additive in « and #. This requires
another application of the identity in theorem 8.14 for a suitable rational
function. We refer to [Dupont-Parry-Sah, 1988] for the details. O

To finish the proof of theorem 10.12 we give a formula for P, =
C2|H3(S1(2,R)) in terms of Pg and the following function:

w2 1 [*[logt log(l-t)
L(w)__F_i/o (1_t+ t )dt

= 756—+ —+ (log @) (log(1 - 2))

for 0 < z < 1 and L(0) = —%, L(1) = 0. Without the constant

term this function is called Rogers’ L-function. It is a classical fact
that this function satisfies the following identities (cf. [Coxeter, 1935],
[Lewin, 1981]).

(10.14,1) L(z)+ L(1-2) = —% = L(0)
(10.14,i) L(z) - L(y) + L (%) "y (1 = z:> +L (1 ~ Z) =0

for 0 < y <z < 1. Then we extend L to R4 by
L(z) = -L(1/z), z=>1,
and use (10.14,i) to define L(z) for < 0. It is now clear from definition

(8.13) that L induces a well-defined homomorphism L : Pg — R/Z(7?)
and we now have the following real version of theorem 10.12:

THEOREM 10.15. The map (1/47?)Loo : H3(SI(2,R)) — R/Z(1/4)
represents the reduction mod 1/4 of the Cheeger-Chern-Simons class
P, associated to the first Pontrjagin polynomial.

With this theorem it is rather straightforward to deduce theorem
10.12 in view of lemma 10.13. We refer to [Dupont, 1987] for the
details of the proof. The main idea is to lift P, to the universal covering
SI(2,R)™ where this class can be represented by a real valued cochain
via proposition 10.4 and where we again integrate the volume form over
some simplices in SI(2,R)™ considered as a cylinder over the hyperbolic
plane.
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Remark 1. We must reduce mod 1/4 in theorem 10.15 since o :
H;3(S1(2,R)) — Pg factors through Hs(PSI(2,R)) and

ker (Hs(S1(2,R)) — H3(PSI(2,R))) = Z /4.

It should however be noted that in fact L gives an explicit cochain
representing Py € H3(Sl(2,R)™,R), where P, is the unique lift of P
corresponding to a continuous cochain on Sl(2,R)~. For a discussion
of this see [Dupont-Sah, 1994], which also contains a homological
proof of some interesting identities involving the function L which has
occurred in connection with conformal field theory.

Remark 2. Theorem 10.12 only gives a formula for C; with C/Q
coefficients. However for the restriction P, to SI(2,R) theorem 10.15
gives an explicit lift with R/Z () coefficients (cf. also remark 1 above).

A similar direct lift for Cy has been given by [Neumann-Yang, 1999].

Remark 3. Theorem 10.12 is the analogue of the tautological formula
for C; € HY(GI(1,C),C/Z)

N 1 N
Cilg) = 5-log(g), g€GI(1,C) =C".

The formula for Im C, in theorem 10.10 is due to Bloch and Wigner
(unpublished cf. [Bloch, 1978]). Similar formulas for Im C3 has been
obtained by [Goncharov, 1995] and [Hain-Yang, 1996].

Returning to the general Cheeger-Chern-Simons class as defined by
(10.6)

Cr = [J(wr)] € H*Y(Gl(n, C),C/Z) = Hom(Hqk—1, (Gl(n, C)), C/Z)

we notice that it is given by integrating the form wy over some simplices.
In general this gives transcendental functions in the variables of the ver-
tices similarly to the dilogarithmic function considered above. However
H,(Gl(n,C)) is a purely algebraic object on which a € Gal(C/Q), the
group of field automorphisms, acts by

afg1) .. lgq) = [ag1] .. .|lagg), g¢i € Gl(n,C).
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Hence we get a priori new invariants by composing Cr with o (cf.
[Cheeger, 1974]). That is, we define C}' the twisted Cheeger-Chern-
Simons invariant by

(€8 lol- - lgzr—1]) = (C, [agil - .Jagak-1]),  gi € Gl(n, C).

This procedure has been used very successfully by A. Borel in his famous
calculation [Borel, 1977) of H,(SI(K, ), Q) for K C C an algebraic
number field, where

Sl(co, K) = lim Sl(n, K)

n—ro0

under the natural inclusions Sl(n, K) C Sl(n + 1, K). Borel actually
only needed the Galois-twisted r{, o € Gal(C/Q), where 7}, is the Borel
requlator given by

(10.16) ri = Im Cy, € H*~Y(Gl(n, C),R).

Notice that since K/Q is assumed to be a finite extension there is
some other finite extension L D K containing all the fields o(K), o €
Gal(C/Q). Hence the restriction of C{ and r only depends on the
image of « in the finite group Gal(L/Q). For &1 < kg < -+ < k; and
ay,...,a € Gal(L/Q) we therefore obtain the product of the cohomol-
ogy classes

rett = et @@ rpt € B tR=(S](n, K) R®Y)

(R®12R®Z"'®ZR)- B )
In particular for the algebraic closure Q of the rationals, i.e. Q =
lim- K, with [K : Q] < co the above set of invariants gives a homomor-

phism, the regulator map:
r:H,(Si(e0,Q) = lim [] Hom(Z[Gal(K/Q)],R®)
(10.17) K lki<<k
r=(ry % (2)), 2z € Hy(Sl(o0,Q)).

We can now state the following consequence of Borel’s theorem (the
original is much more precise):

THEOREM 10.18. The regulator map r induces an injective map on

H,(S](c0,Q), Q).
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Remark: Since by Suslin’s result (theorem 9.22 and the following re-
mark 1) the torsion is determined by the topological classifying space
B Sl(o0, C), we therefore have complete invariants to detect H.(Sl(co, Q)).

Let us mention an application of Borel’s theorem 10.18 to hyperbolic
geometry. As in remark 2 at the end of chapter 8 an oriented compact
hyperbolic manifold has the form M = T'\H" for a co-compact discrete
subgroup I' C SO(1,n), and thus determines a fundamental class [M] €
H,(SO(1,n)). Also it is a well-known consequence of the Weil rigidity
theorem that I' can be chosen algebraic, i.e. inside SO(1,n, QN R) (cf.
[Raghunatan, 1972, chap. VI, prop. 6.6]). By the inclusion

SO(1,7,QNR) C Sl(n+1,QNR) C Sl(n +1,Q)

we can evaluate our characteristic classes on [M] and in particular the
image of [M] in H,(Sl(co,Q), Q) is determined by the regulators

P (M) = (5 [M]) € R®!
for 2(k;y + ---+ k) — 1 = n. Notice that for n = 4k — 1 we have

rok(M) = 0 and it is shown in [Dupont-Kamber, 1993, cor. 5.7] (cf.
[Yoshida, 1985], [Neumann-Zagier, 1985]) that

(M) = (=1)"Ae(Cax, [M])  mod Q
where 7(M) is the Atiyah-Patodi-Singer n-invariant and
Ak = 22k(22k_1 — 1)B/(2k)!

with By the kth Bernoulli number (cf. [Hirzebruch, 1966, chap. I,
sect. 1.5]). Hence we obtain the following curious result:

COROLLARY 10.19. If two compact oriented hyperbolic manifolds
M and M, of dimension n = 4k — 1 have equal regulators, i.e. if

T.le.....-kall (Ml) — 7‘2‘11.-....;;l (M2)
for all k; > 1 and o; € Gal(C/Q) then

Remark: Notice that if M;,j = 1,2, are defined over a number field K
such that one of the Galois transformations o; satisfies a;(K NR) C R
a0y

then T s ooh (M;) = 0. Hence the condition is trivially fulfilled unless all
a; are not of this type.
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Let us also mention without proof another remarkable geometric
result on the Cheeger-Chern-Simons classes, the Bloch conjecture proved
by [Reznikov, 1995]:

THEOREM 10.20. If T' = m1(X), X a smooth complex projective
variety and ¢ : ' — Sl(n,C) a representation, then ¢*Cy = 0 in
H*-Y(T, C/Q).

For 3-dimensional scissors congruences Borel’s theorem is particu-
larly useful in degrees £ 3: Here there is only one regulator namely
r9 since 7y = 0 when restricted to Sl (by definition). In this case we
conclude from theorem 10.18 and corollary 9.23 (or rather the corre-
sponding result of Suslin for Q instead of C):

COROLLARY 10.21. i) Hy(SI(2,Q)) = 0.

ii) A complete set of invariants for H3(SI(2,Q)) is given by the
twisted Borel regulators {r$;a € Gal(Q/Q)} together with the
Cheeger-Chern-Simons invariant Re Cs.

Proof: Since by (9.5) and corollary 8.20, H2(S1(2,Q)) = H(Sl(c0, Q)) is
a Q-vector space and since ry is a 3-dimensional class i) clearly follows.
Similarly by (9.6) and i) above H3(SI(2,Q)) = H3(Sl(c0,Q)) and by
corollary 8.20 and theorem 10.18 it remains to show that the torsion
group H3(ug) = Q/Z is detected by ReC;. But this clearly follows
from the formula in theorem 10.2 since the image by ¢ of 1/¢ € Q/Z
corresponds to the rational lune L(27/q) (cf. remarks 2 and 3 at the
end of chapter 7). O

Let us summarize the consequences for scissors congruences: Sup-
pose that P;, P, are two spherical respectively two hyperbolic polyhedra
such that D(P;) = D(P;). Then by the sequences (10.1,%) we obtain a
unique “difference element” d(Py, P;) € H5(SI(2,C))* such that

a(d(Py, P)) =[] - [P]
in P(S3)/Z respectively P(#3). Hence we have the following:

COROLLARY 10.22. Let Py and P, be two spherical respectively two
hyperbolic polyhedra with all vertices defined over Q, the field of algebraic
numbers. Then Py and P, are scissors congruent if and only if
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i) D(Pl) = D(Pz)
ii) Vol(Pl) = Vol(Pg) ~
i) r$(d(P, R)) =0 Vo€ Gal(Q/Q), az#id.

Remark 1. We have excluded o = id in (iii) since it is listed separately
in (ii). Note that even in the spherical case only hyperbolic volumes
enters in (iii). In fact by theorem 10.2, r§ is given by

1
r5(z) = P Volys oo((anz)-) =z € H3(SI(2,C))
where

ez = (x2) 4 + (x2) -

is the decomposition in the +1-eigenspaces in (10.1,£). The spherical
volume function is only used to distinguish the rational lunes.

Remark 2. As mentioned above a 3-dimensional compact hyperbolic
manifold has a presentation as ['\H#3 for I' C SI(2,C) a lattice defined
over an algebraic number field. Hence the fundamental domain for such
a lattice is an example of a polyhedron with zero Dehn invariant for
which corollary 10.22 applies. We shall give more examples in the next
chapter.

Returning to the Galois action we note that this does not make sense
in general for a polyhedron. This is the reason why we had to express the
Galois action in corollary 10.22 using the “difference element”. However
the Galois action clearly makes sense in Pc by

a.{z} ={az} for ze C-{0,1}, o« € Gal(C/Q).

But unless o commutes with complex conjugation it does not necessarily
keep the (£1)-eigenspaces invariant. We shall see examples of that in

the next chapter. Here we just notice that we get an extension of 2C§‘
to Pc by defining for o € Gal(C/Q)

(10.23) p*(2) = pla(z)), z€C-{0,1}.
Similarly we have D% : Pe — R defined by
D*(z) = Dla(2)),  z€C-{0,1},

and we conclude:
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THEOREM 10.24. a) Let z1,...,21 € Q= {0,1}. Then the rela-

tion
Y fz)=0

holds in Pg, i.e. is a consequence of the relation (8.13), if and
only if

(i) Z Mz} =0
(i) Zp(az,-) =0 VY€ Gal(Q/Q).

b) Furthermore if all z; are real algebraic numbers then the relation
>z} = 0 holds in Py if and only if (i) and (ii) hold together
with

(iii) Z L(z)=0 mod 72,

Remark 1. We use here that H3(SI(2,R)) — H3(SI(2,C)) is injective
cf. [Sah, 1989]. Again (iii) is only needed to determine the Q/Z com-
ponent. Also in the real case there is another version with L lifted to R
in (iii) (cf. remark 1 following theorem 10.15).

Remark 2. If in theorem 10.24 all z; and all their Galois conjugates
az; are real then (ii) is clearly fulfilled. Hence already (i) implies that
Y>:{#} = 0 holds in Pg modulo the torsion group. In particular we
immediately get in this case

ZL(Zi) =0 mod Qr?

ExaMPLE 10.25. Let o = 1(+/5 — 1), then we claim that
{6} = 2{0'°} + 15{0*} in P mod torsion .
By the remark 2 above it suffices to show that
A(0®) = 2X(¢'%) + 15A(c*) in AZ (RX).

For this one first shows by iterated use of the equation 624+ —~1 =10
that

A(=01%) = 15\ (—0c?).
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Hence
AMe®) =200 A (1 — 0'%) 4200 A (1 +01°) = 2X(0!°) + 30\ (~0?)
= 2X(0!%) + 15\ (0
since A(0?) =20 A (1 —0?%) =20 Ao = 0. In particular we have proved
15L(0%) + 2L(0%) — L(c?®) =0 mod Qr?.
It is a classical result of [Coxeter, 1935] that this multiple of 7% is

—7— 5= ‘;’g’ The above identity in Pc can also be proved using

Rogers identities (theorem 8.14).

Remark 3. One could hope that the invariants p® in (10.23) would
detect all of Pc. However as we shall see in chapter 12 the set of these
invariants does not give more information than the set of D*’s. Hence
the question is really if the natural map H3(SI(2,Q)) — H3(Sl(2,Q)) is
an isomorphism. This map is known to be injective; the surjectivity is
often called the “Rigidity Conjecture” (cf. [Sah, 1989]).



CHAPTER 11

Simplices in spherical and hyperbolic 3-space

As mentioned in the previous chapter it does not make sense in general
to take the Galois transformed of a spherical or hyperbolic polytope. On
the other hand a Galois transformation 7 € Gal(C/Q) clearly induces
an automorphism 7, of H.(SI(2,C)) or Pc. In this chapter we shall
consider a simplex in spherical or hyperbolic space and in favourable
cases T applied to the coordinates of the vertices will result in another
simplex in one of these geometries - but not necessarily in the same
geometry as that of the given simplex.

In order to ensure that this Galois action is compatible with the
induced action on the appropriate homology group we consider the ge-
ometry of the complex sphere

Sg={zeC |2 4+2{4+ - +22=1}
with the action of the orthogonal groups O(n + 1,C), and we observe
that

S"=SENR™ H™ = SZN (Ry @ iR™).
Similarly to the construction in chapter 3 we again have a Tits-complex
T (Sg) of non-degenerate subspaces. That is, we require the subspaces

to be of the form U = SgnV,V C C**! a linear subspace which is
non-degenerate for the quadratlc form. Again with

St(S¢) = Hr-1(T(S¢), Z)
we get a Lusztig exact sequence
(11.1)  0-St(SE) ~ EP SHU™™") = - > PSt(U%) - Z — 0.
Un-1 uo
We now simply define
P(SE) = Ho(O(n + 1,C), St(SE)")

107
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and similarly to the computation in example 7.11 we obtain in the case
n = 3 the following exact sequences

0— Q/Z — H3(0(4,C),ZY) — P(S2) = C* @ C* —
— H,(0(4,0),Z" — 0.

Again since Spin(4, C) = S1(2, C)xS1(2, C) and the Z/2factor in Pin(4, C)
acts by permuting the factors we get by Kiinneth’s theorem

H:(O(4,0), Z%) = Hy(SI(2,C)), i< 3.

(11.2)

Now using the isomorphisms (theorem 7.4,a) and (2.14))
P(S%)/EP(S?) 2= Ho(O(4), St(S°)")
P(H?) = Ho(O'(1,3), St(H*)")

and comparing with our sequences (10.1,4) we get the following commu-
tative diagram with exact rows and with injective maps in the columns:

(11.3) 0 — Q/Z — H3(S1(2,0))t —== P(S3)/=P(S?)

0 — Q/Z — H3(SI(2,C)) —= P(S2)

|

Hs(S1(2,0))” — P(H?)

0

Thus a Galois transformation 7 induces an endomorphism of the groups
in the middle line of the diagram (11.3). Notice that the group Q/Z =
pe is the multiplicative group of unities but the induced action by 7 is
given by 72. Notice also that the inclusions on the right side of the dia-
gram are induced by the inclusions R* C C* respectively R & iR®> C C*
or the other real subspaces obtained from these by the action of the
group O(4,C). The Galois transformation 7 can of course map an ele-
ment in the image from P(S3) into another such element or map it into
an element in the image from P(#3) or vice versa. But it may very well
happen that the Galois transformed of a spherical or hyperbolic polyhe-
dron is neither in the image from the top or the bottom in the diagram
above. We shall study this more closely in the case of simplices using
their Gram matrices. Let us briefly review this parametrisation of the
set of simplices in spherical and hyperbolic geometry of any dimension
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n > 1. There is a similar construction in the Euclidean geometry, but
we shall not discuss that case.

For ¢ = %1 our model for the spherical respectively hyperbolic ge-
ometry is the conic surface in R™*!

St ={z e R""" | {(z,2). =¢, and 79 > 0if e = —1}
where (-, ). is the symmetric bilinear form

(z,Y)e = exoyo + T1y1 + -+ TnYn, =,y € R

In the spherical case the vertices of a simplex A is a set (vp, ..., v,) of
n + 1 R-linearly independent unit vectors. We can then define, in a
unique way, a dual simplex A* with vertices (uo, ..., u,) according to
the following rules

(11.4) (ui, v+ =0, 1#7, (u;v)+ <0, (uju)s =1
The spherical simplex A is then given by the set
A={veR"™ | {(v,0)y =1,(v,u)y <0, i=0,...,n}.

The (n + 1) x (n + 1) matrix G(A) = ((u;, u;)+) is called the Gram
matriz associated to the spherical n-simplex A, and it has the following
properties:

(115) A = (A%)* and G(A*) = ({05, 07)+).

(11. 6) G(A) is a real symmetric (n+ 1) X (n 4+ 1)-matrix.

(11.7) G( ) has diagonal entries equal to 1.

(11.8) For 0 < i # j < n+ 1 the (4,j)-th entry of G(A) is equal
to —cosf;; where 6;; = the interior dihedral angle between the
codimensional 1 faces opposite (v;,v;).

(11.9) Permutation of the vertices of A corresponds to simultaneous’
column and row permutations of G(A).
(11.10) The n x n principal minors of G(A) are positive definite.

(11.11,4) detG(A) >0
In the case of A a hyperbolic n-simplex the vertices (vo,...,v,)
satisfies

(11.12) (vi,vi>_ = -1 and vip = —(v;,e0)— > 0.
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Again the dual simplex A* with vertices (ug, ..., u,) is given by (11.4)
with (—, —) replaced by (—, —)_ and again
A={veR"™M|(v,0)_=-1, (v,w). <0, i=0,...,n}

Also the Gram matriz G(A) = ({u;,u;)—) has the properties (11.5)-
(11.10) whereas (11.11,+) is replaced by

(11.11,-) det G(A) < 0.
Note however that A* in this case is not a hyperbolic simplex since the
vertices u; satisfy (u;, u;)— = 1 and thus are “ultra infinite”.

ProPoOsSITION 11.13, +. Suppose G = (g;;) is a real (n+1) x (n+1)-
matriz satisfying (11.6), (11.7), (11.10) and (11.11,+). Then there is
a spherical n-simplex A, unique up to isometry with G(A) =G.

Proof: The matrix G defines an inner product on an abstract R-vector
space of dimension n + 1 with basis {uo,...,u,}. By change of basis
this is isomorphic to R™"*! with the inner product (-,-)4 since G is
positive definite. Now the vertices (v, ..., v,) of A are determined by
the condition (11.4). O

Remark: Given a spherical simplex A with vertices (vo, ..., v,) We can
decompose the n-sphere into 27t! simplices with vertices

(Eovo, €101, .. .EnUy) Where &; = £1.

The corresponding Gram matrix for each of these is obtained from G(A)
through simultaneous multiplication of the ith column and ¢th row by
¢;. Notice that for AL = |(vg, ..., —v;,...,v,)| the union A Il Al form
a suspension (cf. chapter 3) of the (n — 1)-simplex in the orthogo-
nal complement of span{v;} whose dual (n — 1)-simplex has vertices
(uo,...,ﬁi,...,un).

In the hyperbolic case we have:

PRrRoPOSITION 11.13, —. Suppose G = (g;;) is a real (n+1) x (n+1)-
matriz satisfying (11.6), (11.7), (11.10) and (11.11,—). Then there is a
set of signs (o, . ..,€n),€; = £1, unique up to simultaneous multiplica-
tion by £1, and a hyperbolic n-simplex A, unique up to isometry, such
that G(A) = (52'92']'6]‘).
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Proof: We proceed exactly as in the proof of proposition 11.13,+. How-
ever in order to ensure condition (11.12) we may have to replace u; by
—u; thus multiplying the ith row and ith column of the Gram matrix
by —1. O

Remark 1. In view of proposition 11.13, — and the remark following
proposition 11.13,4 we will say that two symmetric matrices G = (g;;)
and G’ = (g};) are “equivalent modulo (even) sign changes” if for some
vector (€g,...,6n),& = £1, ([Timg& = 1),
9ij = €igije; ¥4, ]

We have thus shown that the equivalence class modulo even sign changes
of areal (n+1) X (n+1)-matrix G satisfying (11.6), (11.7), (11.10) and
(11.11,4) determines a well-defined element [A] € P(S")/EP(S*1)
and an odd sign change replaces [A] by —[A]. If G satisfies (11.6), (11.7),
(11.10) and (11.11,—) there is a unique hyperbolic simplex A given as

in proposition 11.13, — and we associate to G the element ¢[A] € P(H™)
where € = [[. ¢;.

Remark 2. If we allow the hyperbolic simplex A to have some (or all)
vertices on the boundary K™ then the associated Gram matrix satisfies
conditions (11.5)-(11.9), (11.11,—) and the following condition in place
of (11.10):

(11.10, -)
All (n+ 1) x (n + 1) principal minors are positive definite, and all

n X n principal minors have non-negative determinant. .

Again proposition 11.13, — holds in H" if we replace condition (11.10)
with (11.10, —).

In the following we assume n = 3. Returning to our diagram (11.3)
it follows from the remark 1 above that up to even sign changes a 4 x 4
real matrix G satisfying (11.6), (11.7),(11.10) and (11.11,+) or (11.11,~)
determines in both cases a well-defined element €[A] € P(S2),e = +£1,
where A is a spherical or hyperbolic 3-simplex. Hence if 7 € Gal(C/Q)
is a field automorphism then e7.[A] € P(SR) is also well-defined, but the
corresponding matrix 7G need not be the Gram matrix of a spherical
or hyperbolic simplex. On the other hand if it is a Gram matrix, i.e.
satisfies our conditions above then the associated element in P(S3) is
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clearly e7.[A]. Notice that the Galois action is compatible with the sign
changes. Let us summarize our discussion in the following:

THEOREM 11.14. a) Let G be a real 4 x4-matriz and 7 € Gal(C/Q),
and suppose that both G and TG are spherical or hyperbolic Gram ma-
trices, i.e. satisfy (11.6), (11.7), (11.10) and detG # 0. If e[A] and
€"[A7] denote the corresponding elements in P(S) given by the propo-
sitions (11.13,+), then

T(e[A]) = €7[AT].

b) In particular, suppose for z € H3(S1(2, C))* that the image o(2) €
P(S*)/SP(S?) (respectively P(H3)) is of the form

o(z)=> &ilAl]
with each A; given as in a). Then
o(ru(2)) = ) _€f[A]]

where each term is an element in P(S3)/XP(S?) or P(H?).

a

Remark: Note that in b) each simplex A7 may be spherical or hy-
perbolic (depending on the sign of the corresponding Gram matrix)
independently of the type of A;.

DEFINITION 11.15. A (spherical or hyperbolic) n-simplex A is called
rational if all its dihedral angles §;; are in Q.

Remark: Notice that if § € Qn then cos6 = (( + ¢71)/2 for ¢ an mth
root of unity for some m. Hence for any 7 € Gal(C/Q),

T(cos8) = (r(¢) +7(¢)7)/2,
where 7(¢) is again an m-th root of unity. Hence if G is the Gram

matrix of a rational simplex A then 7G again satisfies (11.6), (11.7)
and det(7G) # 0. Hence we only have to check (11.10) in order for 7G
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to be another Gram matrix. In that case the corresponding simplex A7
is again rational and A7 is spherical or hyperbolic depending on the
sign of det(7G). In the 3-dimensional case notice also that a rational
simplex A has zero Dehn-invariant so that [A] defines an element in
H3(S1(2,0))*. In particular we shall study the following case:

DEFINITION 11.16. An orthoscheme A = A(a, ,7) is a (spherical
or hyperbolic) 3-simplex with 3 perpendicular faces such that the Gram
matrix has the form

1 =« 0 0
G(O[,,@,’)/)‘—: 0 -—b 1

where ¢ = cosa, b=cosfl, c=cosy, O0<a,vy<7/2, 0<f<
.

The matrix (11.16) satisfies (11.10) if and only if

2

cos? B < sin?a,sin?y, thatis, 0<a,y<7/2<a+p,p+7.

Also
det G (o, 8,7) = sin? & - sin? v — cos? 3.

Thus, G(«, 3,7) is the Gram matrix of a spherical orthoscheme if and
only if

(11.17,4) cos? 3 < sin?a -sin?y

whereas it is the Gram matrix of a hyperbolic orthoscheme if and only
if

(11.17,-) sin? a - sin? v < cos? B < sin? @, sin? 7.
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It is easy to see that every simplex can be decomposed into orthoschemes
[project one vertex perpendicularly onto the opposite face and its edges].

In particular this reduces the calculation of the volume of a simplex to
that of an orthoscheme. Already Lobachevsky and Schlifli calculated
the volume of an orthoscheme in terms of certain analytic functions of
a, B, (cf. [Coxeter, 1935]). However notice the following particularly
simple casge:

ExAMPLE 11.18. The spherical orthoscheme A(7,8,7),0 < 8 <
7. Taking the double we clearly get a cone on a triangle with angles
(%,%,0). Hence the union of 4 copies is s.c. to the lune L({), so by the

unique divisibility of P(5%),A(%, 8, %) is s.c. to L(8/4). In particular

Volgs (A (ﬁ,ﬁ.f)) = I volg((8) = L - £ Vol (57

279 4 ~ 19
1 3 o pPm
:—-—-2 = —.
127 7 T

Note also that the Dehn-invariant is given by
T T s
p(a(pag))=gesr

and that this is zero if and only if 3 is a rational multiple of 7.

In this context let us mention the following question raised by J.
Cheeger and J. Simons (1973, cf. [Cheeger-Simons, 1985]):

Rational Simplex Problem. Is the volume of a rational spheri-
cal simplex a rational multiple of 72?

Clearly each of the simplices A (12’—, 8, %) in example 11.18 for § € Q7
has volume in Q7% simply because it is s.c. to a rational lune. And so are
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all other rational simplices for which the volume is known to be a ratio-
nal multiple of 72 (cf. [Dupont-Sah, 1999, remark following lemma
4.2]). On the other hand rational orthoschemes (i.e. orthoschemes
Ao, 8,7) with o, 8,7 € Qr) are very often not s.c. to rational lunes
as we shall now see (cf. [Dupont-Sah, 1999]):

THEOREM 11.19. Let G = G, 3,7) be the Gram matriz of a ra-
tional orthoscheme A of spherical or hyperbolic type.

a) For 7 € Gal(C/Q), the Gram matriz 7(G) determines again a
rational simplex A7 of spherical or hyperbolic type.

b) In particular for A spherical it is scissors congruent to a rational
lune if and only if

det(r(G)) >0 V1€ Gal(Q[e™®, e, eM]/Q)

c) Suppose p,q are distinct prime numbers with 1/6 > 4/q+ 1/p.
Then there is a spherical orthoscheme A = A(a, 8, a) with €
and P of order 2p respectively 2q and a Galois automorphism
T such that A7 is hyperbolic. In particular A is not scissors
congruent to a lune.

Proof: a) Notice that the matrix G = G(e, 3,7) in definition 11.16 has
positive definite minors corresponding to the (2,2) and (3,3) entries, and
that this property is preserved by the Galois action. It follows that the
real symmetric matrix 7G cannot have signature (2,2) and therefore
determines a spherical or hyperbolic simplex depending on the sign of

det(7G).

b) By a) and theorem 11.14 the spherical simplex A defines an
element z € H3(SI(2,Q))T such that
o(rz) = [AT] € P(S?)/S(P(S?), Vr € Gal(Q/Q).

Hence all the Borel regulators {r]} vanish on z, so that = € Q/Z =
H3(pg), and hence A is s.c. to a rational lune by corollary 10.21.

c) First let us note that the second statement follows from the first.
In fact, since Volys (A7) # 0 it follows that [A7] € P(#3) has infinite
order and hence the same is true for [A] € P(S3)/Z(P(S?)).
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As for the construction of A = A(a, F,a) we just have to satisfy
(11.17,4), that is, the inequality

cos? 3 < sin a; equivalently , 0 < | cos 3| < sin’ .

Since ¢ > 3 and p > 5 we can choose § and « so that /3 < § < 27/3
and 7/4 < o < 37 /4, that is,

1
0 <|cosf| < 5 < sin? a.

In order to find 7 we observe that since p and ¢ are distinct odd primes,
the corresponding cyclotomic fields of 2pth and 2¢th roots of unity are
linearly disjoint. Thus, we can find Galois automorphisms carrying
exp(ier) and exp(:f3) independently to arbitrary 2pth and 2g¢th roots of
unity exp ia’ and expi3’. That is, we must find o/ and 3’ satisfying the
following inequalities:

4 2

sin o/ < cos? ' < sin?d/.
We begin by taking 0 < o/ < /6 so that 0 < sina’ < 1/2. We then

have
sin(a//2) —sin? o/ = sin(a//2) - [1 — 2cos(e//2) - sin a’] > 0.
In other words it is enough to find ¢/ and §’ so as to satisfy
0<d/2<|n/2~ 8 <a <n/6.

By our assumption p/6 — 4p/q > 1 and thus we can find an integer ¢
so that 4p/¢ < t < p/6. We take o/ = tn/p so that o/ < 7/6 holds.
Between o’ and o//2 we have an angular interval t7/2p > 27 /q. Since
the primitive 2¢-th of unity together with —1 are uniformly distributed
around the unit circle with successive angular gaps of 27/¢, we may
invoke Dirichlet’s Box Principle to find 3 so that |7/2 — 3| falls strictly
between o'/2 and . The strictness is a consequence of the fact that p
and g are distinct primes. We note also that 3’ could not be equal to 7 so
that exp if’ is a primitive 2qth root of unity. The Galois automorphism
T taking expio and exp i to expia’ and expif’ is now of the desired
form. g

Remark: There are also other examples of spherical orthoschemes
with a hyperbolic Galois conjugate apart from the infinite family con-
structed in theorem 11.19 c¢) above. Thus the spherical orthoscheme
A(37/5,7/3,37/5) has the hyperbolic conjugate A(n /5,7 /3,7 /5) which
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is the fundamental domain for the hyperbolic Coxeter group correspond-
ing to the diagram (cf. Bourbaki, Groupes et algébre de Lie, chapter
V, p. 133)

As a consequence of the above theorem we get the following relation
between the Non-Euclidean Hilbert’s 3rd Problem (cf. chapter 1) and
the Rational Simplex Problem mentioned above:

CoROLLARY 11.20. Suppose that the s.c. classes of 3-dimensional
spherical polyhedra are determined by the volume and Dehn invariant.
Then the volume of a rational spherical orthoscheme A is an irrational
multiple of ©2 if and only if it has a hyperbolic Galois conjugate. In
particular this holds for the infinitely many simplices in theorem 11.19,

c).

a

Remark: In other words, each of these orthoschemes with a hyperbolic
Galois conjugate provides a negative answer to either the Rational Sim-
plex Problem or the Non-Euclidean Hilbert’s 3rd Problem. In any case
let A be one of these simplices and let L = L(6) be the lune with the
same volume. Then A and L are not s.c. and thus provides a spherical
analogue to the question asked by Hilbert in the Euclidean case. For the
construction of a similar pair of hyperbolic polyhedra which are not s.c.
but have the same volume we refer to [Dupont-Sah, 1999, theorem
1.3].
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CHAPTER 12

Rigidity of Cheeger-Chern-Simons invariants

In chapter 10 we showed that the s.c. classes of polyhedra defined
over the field of algebraic numbers are determined by the volume, the
Dehn invariant and the twisted Borel regulators {rg | o € Gal(Q/Q)}.
Now these are only the imaginary parts of the twisted Cheeger-Chern-
Simons invariants {C'§} and one could hope that the real part would give
some further information on the s.c. classes of all polyhedra, especially
since we are twisting with the larger group Gal(C/Q). However in this
chapter we shall show that this is not the case. In general, similarly to
the definition in (10.17) we consider the tensor product

Cor=Cyle —eCh ¢ H2kt+k)=L(G](n, C), (C/Q)®)

where k1 < --- < kjand oy, -+, oy € Gal(C/Q). Note that we only need
to take coefficients in C/Q since the torsion is determined by Suslin’s
theorem 9.22. With this notation we shall show the following.

THEOREM 12.1. For k > 1, the twisted Cheeger-Chern-Simons in-
variants C} : Hyp_1(Gl(n,C)) = C/Q, a € Gal(C/Q), satisfy:

i) For all Z € H,(Gl(n,C)) there ezists Z' € H.(Gl(n,Q)) such
that

Crrron(z) = CRriai(Z")
for all a; and all k; > 1.

ii) Ifa,B € Gal(C/Q) have the same restriction to Q then C¥ = C'f
iii) If Z1,Z2 € H(Sl(n,C)) satisfy

o (Z1) = 1} P (Z2)
for all twisted Borel requlators ral a’ (cf. 10.17), then also
Cﬁ’ w2 = C,fll.'.'.}co:' (Z2)

119
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for all o; and all k; > 1.

The proof of this theorem uses some of the same ideas used by
[Reznikov, 1995] in his proof of the Bloch conjecture (theorem 10.20).
The main ingredient is the rigidity property for the Cheeger-Chern-
Simons classes. For this let us first recall the original construction of
these:

Let E — M be a principal Gl(n, C)-bundle with a flat connection A
and let Z C M a (2k — 1)-cycle. Since the odd-dimensional homology
of B Gl(n,C) vanishes one can choose an embedding of bundles

E Cc E
[
M Cc M

(i.e. E is the restriction of £ to M) such that Z = dX for some chain
X C M. Also choose A a connection on E extending A. Then by
definition the evaluation of C(A) on Z = dX is given by

(12.2) (Cr(A / Ci(F

where F’; is the curvature form of A and Cy is the kth Chern polynomial.
It is straight forward to show that the reduction mod Z of the expres-
sion in (12.2) is independent of the various choices. With this definition
it is now easy to prove the following (cf. [Cheeger-Simons, 1985]):

TueoreM 12.3 (Rigidity). Let E — M be a principal Gl(n,C)-
bundle and let {A; | 0 <t < 1} be a smooth family of flat connections.
If k> 1 then

<Ck(A1)’ Z> = <Ck(A0)7 Z>
for Z any 2k — 1-cycle in M.

Proof: For this put I = [0,1] and apply (12.2)to M = M xI,E=ExI
and M replaced by M x{0,1}. Then the family {A,} of flat connections
on I defines a connection A in E with curvature form

Fi=dA+AnA= dt/\aa—?
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so in particular Fj =0 for k£ > 1. Taking X = Z x I in (12.2) we get
(Ck(A1), Z) = (Ck(Ao), Z) =(Cr(A), 0X)

=/XCk(F')=

In the following we put G = Gl(n,C) and we shall reformulate
theorem 12.3 in terms of the homomorphism

Ok : sz_l(G) — C/Z

d

where B

H.(G) = H(B.(G)) )
is given by the bar complex as in chapter 4. A chain in B, (G) is a finite
sum

(12.4) Z= Znu gfl..lg¥), m€Z, gf€G,

and Z is a g-cycle 1f (?Z = 0, that is

(12.5) ZZ )'meilgtl .- lgy] =

v=1 1=0
where ¢;, i=0,...,q, are the usual boundary operators
[g2] - - - |94, fori=0

gilg1] .. 19q] = < lg1] - - - 19igis1| - - . gq), for 0 <i< g,

l91] - - -1gg-1], for ¢ = q.

Given a cycle Z the finite set of group elements {g!} generates a
subgroup I' C G which we consider as an abstract discrete group. Then
the expression (12.4) clearly defines a cycle Zr € By(T) such that the
inclusion fy : I' — G takes Zr to Z. Now f determines a flat connection
A on the associated Gl(n,C)-bundle over BI' and clearly

(12.6) Cr(2) = (Cx(A), Zr).
On the other hand fy is a point in the representation variety defined by
R(T') = Hom(I', G)
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This is well-known to be an affine algebraic variety defined over Q (cf.
[Raghunatan, 1972, chapter VI]). An arc fi,t € [0,1], in R(T") deter-
mines similarly a family of flat connections. Hence by theorem 12.3 we
get for each 2 € Hyp—1(I'), k > 1, that the function on R(I") defined by

(12.7) f = Cr(fu(2))

is constant on each arcwise connected component of R(I'). In particular
since

R(T) = R(T)o U+ U R(T)n
is a finite union of irreducible components over Q and since each R(I');
is arcwise connected by a theorem of Lefschetz (cf. [Lefschetz, 1953,

p.97] or [Mumford, 1976, I, Corollary 4.16]), we conclude the follow-
ing:

COROLLARY 12.8. For z € Hy,—1(I'), k > 1, the function on R(T)
defined by (12.7) is constant on each irreducible component R(T');. [

Proof of theorem 12.1. i) Continuing the notation above let us
assume fo € R(I')o. Then by Hilbert’s Null-Stellen Satz there is an
algebraic point f' € R(I')yg. Consider the associated cycle

Z' = fu(Zr) € B,(Gg)

We shall show that if 2(ky +---+ k) -l =¢,k; > 1, and ay,...,0q4 €
Gal(C/Q) then

(12.9) Can (2 = CRrig(2).
The diagonal A : T' —» I' x --- x T (I factors) has an induced map in
homology with rational coefficients such that

A(Zr) =Y 2, @@z a, € HT,Q).
Hence by definition
CRli (@) =Y Cn(onfou (1) @ -+ @ Ciy (i, fou(4))
and similarly for C’,fll_:',g’(Z') with fo replaced by f’. But since f’, fo €

R(T")o also a;(f’) and o;(fo) both lie in the same irreducible component
of R(I') so by corollary 12.8

Cki(o‘i.fo* (2:)) :éki (a:(fo)«(2i)
=Ch, (@i (f)u(2)) = Cr(, fi(2))
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which proves (12.9).
ii) clearly follows from i).

iii) also clearly follows from i) together with Borel’s theorem 10.18.
O
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CHAPTER 13

Projective configurations and homology of the
projective linear group

For the study of the structure of the scissors congruence groups in spher-
ical and hyperbolic 3-space a basic ingredient was the exact sequence in
theorem 8.19 relating the homology of SI(2, F), F' a field of characteris-
tic 0, with the group Pr generated by cross-ratios of four points on the
projective line P1(F). In the remaining chapters we shall outline a sim-
ilar program for studying the homology of the projective linear group
PGl(n+ 1, F) in terms of configurations of points in projective n-space
P™(F). This goes back several years to unpublished work together with
C.-H. Sah (cf. [Sah, 1989, problem 4.12]) but it was never completed.
In the meantime it has been bypassed by the work of A. Goncharov (cf.
[Goncharov, 1995]) and others (see e.g. [Beilinson et. al, 1991],
[Cathelineau, 1993], [Cathelineau, 1995]).

In the following chapters the field F is assumed algebraically closed
for convenience and we put G = PGl(n + 1), ') which clearly acts on
the projective n-space P* = P"(F) = P(F"*!). For a linear sub-
space V C F™¥l P(V) C P" denotes the corresponding projective sub-
space, and P({0}) = 0. Also for convenience we consider all chain com-
plexes with Q coefficients. Furthermore we change the notation slightly
and let C'.(P™) denote the alternating chain complez of formal Q-linear
combinations of projective configurations , i.e. (g+ 1)-tuples of points
(ag, ..., aq),a; € P*, with the identifications for any permutation x:

(13.1) (a,r(g), ceey aﬂ(q)) =signm (aog,...,a,).

125
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In particular (ag,...,a,) = 0 if a; = a; for some i # j. The boundary
map is given by the usual formula

q

(13.2) dao, ..., ag) =Y _(=1)"(ao, -+, s, - - -, ).

1=0

Also let € : Co(P™) — Q be the augmentation and let C,(P") denote
the augmented complex with Q in degree —1. Again C,(P") is an
acyclic chain complex of Q[G]-modules and we shall study the associated
hyperhomology spectral sequences (cf. appendix A). However we shall
organize the analysis of this in a convenient way taking into account the
geometry of P".

In general for N, any chain complex of (left) Z[G]-modules we con-
sider the hyperhomology
(13.3) H (G, N,) = H,(G\(B«(G) ® Ny))

where we are taking the homology of the total complex and where B, (G)
is the bar complex as defined in chapter 4. If N; = 0 for 7 # 0 then
clearly

(13.4) H(G,N,) = Hy(G, No).

For a chain complex N, and [ € Z let N,J{] = N,_; with the boundary
map multiplied by (—1)!. Then from (13.4) and the exact sequence

0 — Q[-1] = C.(P™) = C,(P™) = 0

we get a natural isomorphism

(13.5) H,(G,C.(P")) =2 Hi(G,Q), forall k.

We next define a filtration of C\(P") by Q[G] modules

(13.6) Ca(PYY=Fpu D Fp1s2 - 2F0 2F_14=0

as follows. A configuration (ao,...,a4),a; € P", is called decompos-

able at level p if there is a direct decomposition of F**! into non-zero
summands

(13.7) P =Vo®- @ Vo

such that a; € P(Vp) U---UP(V,—p) forall j =0,...,¢. If p=0 then
the P(V;)’s are just single points in which case the configuration either
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has repetitions i.e. represents 0 in C,(P"), or ¢ < n and (ag, ..., a,) is
an independent set of points. We now let

Fpu = TpCu(P™) C Cu(P™)

be the subcomplex generated by configurations which are decomposable
at level p. In particular

(13.8) Cindep(pry — F4C, (P")

is generated by the independent configurations. We also have the corre-
sponding augmented complexes JFp ., CirdeP(pn) | with Q in degree —1.
Finally for V C F"*! 3 linear subspace we put

(13.9) Tpx(V)=Cu(P(V))NTFp s

and similarly for the augmented complexes.

The filtration JF,, is clearly stable under the action by PGl(n + 1, F)
and therefore gives a corresponding filtration on Cy(P") ®@z[g] B«(G).
Hence by (13.5) we obtain a spectral sequence

(13.10) E; .= Hyy(G,Q)
with
(13.11) E)  =Hp (G, Fpu/Tp14)

Now if a configuration is decomposable at level p but not at level p—
1, then, in the decomposition (13.7) above the subspaces V; of dimension
bigger than 1 are unique up to permutation (being spanned by a subset
of the configuration). Let us arrange these Vi, Va,..., V} according to
non-decreasing dimension 2 < n;+1<ny+1<--- < ng+1,andlet Vp
denote a complement to Vi ® Vo, @ - - - @V}, containing the 1-dimensional
summands. Then our configuration ¢ has the form

0= (a0, ..., Gqp, -y Qgotqrs -« > Ggot-tay)
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with (ao, ..., aq,) independent in P(Vp) and (ag;11,- .., @, ) indecom-
posable in P(V;41),i=0,...,k — 1. It follows that
(13.12)

Fpu/T1p = @D [CEUR(P(W) @
Vig-- @V CFnt!
® (Fryw(V1)/Frim10) @ -+ @ (T u (Vi) /Ty, L) | K]
where the sum is taken over all direct sums as above and where
Vo=F /(@@ Vi)

has dimension ng+1 > 0 (so that C"4*P(P(Vg)) = Q[-1] for ng = —1).
In particular for the decomposition

Frno — Fn1+l DB Fnk+1

the stabilizer for the action by Gl(n + 1, F) is the semi-direct product
of the subgroup of matrices of the form

go 0
-9 .
g € Gl(ni+1,F),i=0,....k,

0 9k
with the group of permutations of the blocks of equal rank. As before,

using the ”center kills” and Shapiro’s lemma (lemmas 5.4 and 5.5) we
can now summarize our discussion in the following

THEOREM 13.13. For G = PGl(n+1, F) there is a spectral sequence
E7 . converging to H,(G,Q) such that Ej , = H(G, cindep(pryy and for
p>0,

= @ G, e
®H(G(n1),C*(P”‘)/?nl—l,*)®~~-®H(G(mc)1C*(P”’f)/'fnk—l,*) (k]
where the sum is taken over all ng, ..., n; satisfying

—1<mng,1<ny <---<mpy, mot--+npt+k=mn, ngtk=n-p.

Here G(n;) = PGl(n; +1,F),1=0,...,k, and ® indicates taking
coinvariants for the induced action by the group permuting the factors
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G(n;) of equal rank (multiplied by the sign of the corresponding per-
mutation of the standard basis).

By theorem 13.13 we are left with 3 problems:

(13.14.i) Compute H(G, C"P(pmY).
(13.14.ii) Describe H(G,Cy(P™)/Fn-14)-
13.14.iii) Determine the differentials in the spectral sequence.

For the remainder of this chapter we shall deal with problem (13.14.)
and defer the other two problems to the next chapters. A direct ap-
proach is the usual hyperhomology spectral sequence

"EL = H(G,CP(P")

with
(13.15) "By, = Hy(Hp(G,CIP(PY))).
Here
”E;,q — Hp (G, C;ndep(Pn))
(13.16) _ JH(Gery - eq41) ®Qen, - 6g41), < m
0 q>n

where G(ey,...,e441) € G = PGl(n+1, F) denotes the stabilizer of the
standard independent configuration (ey, ..., eq41)-

Again using “center kills” we get for ¢ < n
"Bl = H((FX)™ x Gl(n~ ¢, F))/F*) &) Altgp
A(SPERY|

where &, is the symmetric group acting by permuting the (¢ + 1)
factors of F* and where Alt,;; is the usual sign representation. As
before ugp C F* is the group of roots of unity and since F' is algebraically
closed FV = FX /up is a uniquely divisible group, i.e. a rational vector
space. Let us summarize

ProrosITION 13.17. The spectral sequence

”EI* = H, (G, Cindep(Pn))
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has "E} =0 for ¢ >n, and for ¢ <n
"B, = HL(((F)™ % Gl(n — ¢, F))/F¥) ) Altgs

Z[Sq+1]
N {(/\*((FV)HI) ®si,, Altos1 ) © H(PGl(n — g, F)), q<n
LA* (((Fv)n+1/FV)) ®Z[Gn+1] Alt, 41, qg=n.

Furthermore "d* : "E} , — "E} _| is the symmetrization of the map
induced by the inclusion

(FX)* 5 Gl(n— ¢, F) = (FX)1 x Gl(n— g+ 1, F)

Ay O
()\0,...,)\(1,9)}—)(Ao,...,Aq_1,< Oq g))

Remark: The last statement is straight forward from the formula
(13.2) for the differential. Thus to calculate the ”E?-term we need
some representation theory of the symmetric group.

Sending

ExaMpLE 13.18. "E2_ = 0for all p. In fact proposition 13.17 gives
a diagram

"EL, S NUENV T EY) Qi g0 Altnts
r/dl
"Bl = A ((FY)M T FY) Qgpe, Alt

in which the symmetric group in the second line acts only on the first n
coordinates and “d* is just the symmetrization of the identity. It follows
that ”d! is injective, hence E2 = 0.

ExampLE 13.19. "EZ,, ;. First notice that
By = A ) @ Al
Z[Sn)
and similarly to example 13.18 it follows that the kernel of
. gl
”dl . "En+1,n—1 - ”E7]1:+1,7’L—2
is contained in

(FV)/\(n—l) /\/\Z(FV) o Sn—l(FV) ®/\2(FV)
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where S! denotes the I-th symmetric power. It follows using the diagram
in example 13.18 that

1
E721+1,n—1 g [Sn_l(Fv) & /\Q(Fv)] / dl(”Eé-H,n)
is the kernel of the composite map in the diagram

SPHFYY @ A2 (FY) —=— AP ((FY)" M/ FY) Qge,) Altn

T |

ANFH(FYYHFY) Qe Altnt

where the vertical map is the natural projection.

On the other hand it is straightforward using the exact sequence
0— FY — (FY)"t — (FY)"*Y/FY -0
and the fact that

AF(FVynt! ® Al 2

L[Sny1]
0, fork<n-1
S™(FVY) fork=mn

SHHEVY @ AH(FYY@ S™HFY), fork=n+1
to show that there is a natural exact sequence
0— FY @S™(FY) = S (FV) P A (FY) @ S* 1 (FY) —
= ATTL(FV)MFYY Q) Altngr — 0.
Z[Sny1]
Comparing this with the above we find that
E'r21+l,n—1 g im [77 :FY @ Sn(Fv) - /\2(Fv) ® Sn_l(Fv))]
_ T(?,n—l) (F\/)

where 7 is the map given by

n(a0®(alo---oan)):Z(ao/\ai)®(alo---odio---oan)

7
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and where T(27=1) denotes the Schur functor associated with the par-
tition (2,n — 1) (cf. [Akin-Buchsbaum-Weyman, 1982]). Since

Ef’q = 0 for ¢ > n we have thus proved the following:

COROLLARY 13.20. There is a natural projection

Pn :H2n (G’Cindep(Pn)) — zj-lm—l
C TEr=D(FY) C A(FY) @ ST (FY)

(2,n—1)

where T is the Shur functor associated with the partition (2,n—1).

There is an alternative inductive approach to the computation of
H (G, C™P(Pn)) which we shall now describe. For {z_,,...,2_1} an
independent set of points in P let

inde n inde 7
Cq p(P ){x_p,...,x_l} _C_ Cq d p(P )

be the subcomplex generated by (¢ + 1)-tuples (ao,...,a,) such that
{z_p,...,2_1,00,...,a4} is an independent set. Also let the associated

augmented complex be denoted by C’i“dep(P"){x_pw’x_l}. Notice that
there is a natural projection map
(13.21)

7 ¢ Cindep(pmy y — Cirdep(P(F™! /spanf{z_p, ..., z_1})).

{z—pynz_1

We now have the following.

ProPosITION 13.22. i) There is an exact sequence of G-modules
(G =PGl(n+1,F))

0 — Cindep(Pn) &) @ C«indep(Pn){x‘l}[l] __b_l_>
{z_1}
“inde i bp
et PR o I

{Qf_p,...,l‘._l}

RN EB C’indep(Pn){x_n_hm’x_l}[n +1]—0

{z—n—ly-"y"’?—l}
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ii) The projection m in (13.21) induces an isomorphism

H (G, @D Cindep(p7) {x_,,,...,m_l}) ~

MUEY @ H (PGI(n— p+ 1), CIP(Pm7)), p<n
A ((FY) L FY [-1], p=mn+1.

Gnt1

Proof: i) The boundary map b, is given by
g
bp(ao» ceey aq){a:_p,...,x_l} = Z(—l)l(am vy &i’ ceey a’q){ai,x_p,...,a:_l}
=0
for p = 0,1,2,... and it is easy to see that bo b = 0. Also we have
contracting homotopies s,,p= 0,1, ..., defined by sop = 0 and for p 2 1,
P

Sp (a01 SRR aq){z_p,...,z_l} - § (xia a0,y - - -y aq){z_p,...,i_,-,...,x_l}
i=1

It is easily checked that
bp—108, +sppr10bp,=(p+g+1)id, p=0,1,...,

which shows that the sequence is exact.

ii) As usual this follows using Shapiro’s lemma and the ”center kills”
lemma (lemmas 5.4 and 5.5). O

Remark: Note that by the exact sequence
0 — Cirder(Pny 5 CL(P") — C,(P™)/CirdeP(P*) - 0
we get a natural isomorphism
H;(G, G0 (P)) 2 H o (G, CL(P™) [Cinw (P)).
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CHAPTER 14

Homology of indecomposable configurations

We next turn to problem (13.14.ii), that is, we want to study the hyper-
homology H (G, C(P")/Fn—1,x) for the group G = PGl(n+1, F) acting
on the alternating chain complex of projective configuration modulo all
decomposable configurations.

Again in this chapter all chain complexes have rational coefficients
unless otherwisge specified.

LEMMA 14.1. A configuration is indecomposable if and only if its
isotropy subgroup of PGl(n + 1, F') is finite.

Proof: The isotropy group of a decomposable configuration clearly con-
tains (F*)2/F* & [* which is infinite. Let us show the converse. It
is clearly enough to show that if a projective transformation g keeps an
indecomposable configuration ¢ pointwise fixed then ¢ = id. Since ¢
is indecomposable it must contain an independent set of n + 1 points
which, by a change of basis, we can assume to be the standard basis
{e1, .. eny1} of F*1 1t follows that g is given by a diagonal matrix
and in particular keeps P"~! = span{ey,...,€,} invariant. Let o’ be
the projection of o — {e,41} on P*~!. Then we have two cases: 1) ¢’ is
indecomposable in P"~!, or 2) ¢’ is decomposable in P"~1. In case 1)
we may assume by induction that g fixes every point of P*~! and since
o is indecomposable it must contain a point in P* — (P"~! U {en41})
which is also fixed. Hence g = id in this case. In case 2) we have a
non-trivial decomposition F* = Vi@ ---@V,, r > 1, such that ¢’ is con-
tained in (J;_, P(V;), and such that o/ = P(V;) N ¢’ is indecomposable
in P(V;). Again by induction we may assume g|P(V;) =id, 1 =1,...,r.
Now for each 7 the original configuration & must contain some point
outside P(V;) and projecting to a point of o/, since otherwise o would
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be contained in P(V; @ ---® V@&V, & span{e; }) U P(V;). Since ¢
fixes these points it now follows that g = id on all of P". O

It follows that with rational coefficients the hyperhomology spectral
sequence for C,(P™)/F,—1 4 collapses and we obtain the following:

COROLLARY 14.2. With rational coefficients there is a natural iso-
morphism

H(G,C(P™)/Fn-14) = H(C.)
where C, = G\C«(P™)/Fn=1 - O

Let us put for short
(14.3) Pl =PHF) = H(C.) = HG\Ci«(P")/Fn-1.4)-
ExXAMPLE 14.4. For n = 1 we clearly have (cf. chapter 8)
PYUF) = 0, f0r2'§2,
Pr  fori=3.

Notice that in degree 3 any configuration is a cycle so that, up to the
action by PGI(2, F) the generators are in standard form given by

{z} = (e1,€2,€1+ €2,2€1 +€3), z€ F—{0,1}.

EXAMPLE 14.5. In Pz ., we have a similar family of cycles: A
2(n + 1)-gon is a configuration (ao,...,a2,+1) such that az;41 lies on
the line through ag; and agiy2,¢ = 0,...,n, (cf. figure below). Up to
the action by PGl(n + 1, F') it has the standard form

{2z} = (e1,e2,e1+ €2,€3,€1 + €2+ €3,...,en11,61 + €3+ + €nq1,
zey+ex+--+eny1) z€ F—{0,1}

<>

n=1 n=2 n=3
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That a 2(n + 1)-gon is a cycle (rationally) follows easily from the fol-
lowing lemma whose proof we leave as a simple exercise in projective
geometry.

LEMMA 14.6. Let U C P™ be a hyperplane and (ag, a1) and (af, a})
two pairs of distinct points outside U. Then there is a projective trans-
formation g € PGl(n + 1, F) with gag = af, ga1 = a} and fizing every
point of U, if and only if the lines through (ag,a1) respectively (ay, al)
intersect U in the same point O

PROPOSITION 14.7. Let C, = G\Cy(P")/Fp—1.4-

i) If a configuration o has all but at most 2 points lying on a hyper-
plane then 20 = 0 in C,. In particular P]' =0 for t <n+ 1.
ii) If o € Cony1 is @ 2(n+ 1)-gon then 20 is a cycle.

Proof: i) If ¢ has at most one point outside a hyperplane then it is de-
composable. If ¢ = (ay, ..., aq) with as,...,a; € U, U a hyperplane and
ap # a; outside U then by lemma 14.6 we can find g € G interchanging
ag and a;; hence

o = (ag,...,a4) ~ (a1, ag, az, . ..,aq) = —0.

ii) follows since any face of a 2(n + 1)-gon has the form considered
in i). a

Remark: We would have liked to prove that i) P* = 0 for ¢« < 2n, and
ii) P3,,, is generated by 2(n 4 1)-gons. However we have only been
able to show the first statement for n < 3 and the second for n < 2 (cf.



138 Scissors congruences, group homology and characteristic classes

corollary 14.15 below). This is contained in a general result, which we
show below (theorem 14.9).

DEFINITION 14.8. a) A configuration o in C(P") is called a k-
wedge, k = 1,...,n — 1, if there are projective subspaces U and
V of dimension n — 1 respectively k, such that i) ¢ CU UV and
i) #gonUNV = k.

b) A configuration o in Cy,41(P") is called a corner if there are 3
hyperplanes Uy, U;, Us such that i) o C Uy U Uy U Us, i) #oN
UinUpnNUs=n-2,and iii)) #cNU; NU; =n — 1 for ¢ # j.

Remark: The following figures are examples of corner configurations
for n = 2 and 3. Notice that for n = 2 a corner with at least 3 points
outside a line is necessarily a 6-gon.

Uz

u U,

n=2 n=3

Notice that the above configuration for n = 3 is not a cycle.

We can now state the following general results.

THEOREM 14.9. Let Cy, = G\Cu(P")/Fn-1,x and Py = Hi(C,).
Forr =0,1,2,..., there are explicit chain maps f" : C, — C. satisfying
the following:

i) fO=id and fr|C; = frYC; fori <n+r—1.

ii) f" is chain homotopic to fr~1,r=1,2,....

i) If c € Ppy,, r < n—1, then f'(c) is a linear combination of
r-wedge configurations.

iv) If c € P, n > 1, then f*(c) is also a linear combination of
(n — 1)-wedge configurations.

v) Ifc € P} .y then frt1(c) is a linear combination of (n—1)-wedge
or corner configurations.
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Proof: (Sketch). As a start let us define f! and its chain homotopy s
to the identity. Let us define f!(o) for ¢ = (ag,...,aq),¢ > n+1, a
configuration of points a; € P™ which we shall assume in general position
for convenience. Let I = (ig,...,%,41) be a sequence of n + 2 distinct
numbers from {0,...,q} and put I’ = {io,...,%-1}, 1" = {in,tnt+1}

Let a! = a!(I) be the intersection point between the hyperplane
span{a; | i € I'} and the line {a; | ¢ € I"”}. Furthermore given j € I put

. a, v#j, v=0,...,q,
R

With this notation we define

th(o) = Z(al,ao, evy )

1
and
n+1
g (@)=Y (ap,..-,a}).
I j=0
Then
(14.10) dot' () +t'od(o) = Nyo — g'(0)

where N, > 0 is the number of sequences I as above. We now define
for o € C,

Plo)= 500+ (5 - 7 ) 1 0000)
and
sL(0) = Niqtl(a).

From the identity (14.10) we now conclude
Qost+stod=id—f!
and hence also
d—0o0fl=00s'00=0-flod.

It follows that f! is a chain map chain homotopic to the identity and
furthermore iii) for r = 1 clearly follows from the above construction.
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For general r > 1 we similarly first construct maps ¢" and ", r =
1,2,..., such that for o € C,
(14.11) Qdot'(o)+t"0d(0) = Ngg’"l(a) -g"(0), r=1,2,....

for suitable positive integers N;. Then the chain maps f and chain
homotopies s",r = 1,2,..., are defined successively using (14.11) such
that

1
(14.12) (o) - ﬁg’”(a) = some function of Jo.

q
For the definition of ¢"(¢) for o = (ag,...,a4),9 > n + r, we again
assume (ao, ..., aq) in general position for convenience. Again let I =
(0, .. -, intr) be asequence of n+r+1 distinct numbers from {0, ..., ¢}
and let J = (j1,...,J,) a subsequence of I satisfying

(14.13,) i € {ioy - erinpr)y k=1,...,m
Furthermore suppose we have a partition I = I' U I” satisfying

(14.13 1) d0,...,0n1 € I'y inyee-yingk € I”, if k< min(n—1,7),

(14.13,iii) donts—1 € I'ifanonlyif j, € I', s=1,...,r—n.

(In our case (14.13,iii) is only used for s = 1,2.) With this notation we
define inductively for r = 1,2,...

al, =al(I'' 1", J)

= a:-‘/_l(], - {ir}’I” - {zr},J - {jr}), for v # jr, v = 07 b "q’
and
of =af (I'1",J) =
span{a; | i € I';i % ji,...,4r—1} Nspan {a; | i € I",i # j1,...,Jr_1}.
Notice for the definition of a7 that {a; |7 € I,j # ji,...,Jr-1} consists

of n+2 points so that the intersection point exists and is unique. Finally
¢" is defined by

(14.14) g(e)= > (ap,...,ap).
(II’III’J)

The maps t" are defined in a similar way. We shall omit the details as
well as the checking of formula (14.11). For the proof of the statements
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iii)-v) in the theorem we first observe that by (14.12) the maps f" and ¢"
have the same image when restricted to the set of cycles in C,. Hence by
(14.14) it suffices to check that the configurations ¢” = (ag, . . ., ay) have
the desired properties. Thus for iii) we just observe that the subspaces

U' = span{ai,,...ai,_, }, U’ =span{ai,,..., i, }

have dimensions n — 1 respectively r and satisfies

) a, eU'UU" " forally=0,...,n+r,

T r / "
i) af,...,a; €U'NU",

so that ¢” is an r-wedge as claimed.

For the statement iv) we have two cases: 1) j; € I',2) j; € I”. In
the case 1) j; € I’, we put

U’ = span ({aio, ey @4, Qon ) — {CL]'I}) , U" =span{a;,,...a;, ,}

and observe that

i) a? e U'UU" for all v =0,...,2n,
i) a%,...,a} €U'NU"

J2?

so that again ¢ is an (n — 1)-wedge in this case. In case 2) j; € I”, we
similarly get an (n — 1)-wedge lying on U’ U U” with

U' = span{aiy,...,ai,_,}, U" =span({ai,,... a5, }—{a;}).
Finally for statement v) we have 4 cases:

la) ji,je €I’y 1b)j1 €1',jpe 1",

2a) reI",j2 €1’y 2Db) ji,j2 €1

In the cases 1a) and 2b) the configuration ¢"t! is again an (n — 1)-
wedge, whereas in the cases 1b) and 2a) it is a corner. Let us just show
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this in the case 1b) j; € I’ jo € I”. Then we put
U/ :Spa‘n ({a’im T 'ain—l ? ai2n} - {ajl })

Uy =span{a;,,...,ai,,_,},
U2 = 8pan ({ainv sy Qipy g ai2n+1} - {a’jz}) .
Then the configuration ¢! satisfies

D atl e U'UUIUUY, v=0,....2n+1,

mwﬂwwyjewnmnm
ﬁﬂMmM“EWN] ot € U'nUy, and of*' = s € U1 NU”
for some [ € {iy,..., 09, 1,12n+1} {J2y s Jnt1}-
This shows that o™*! is a corner configuration as claimed. |
COROLLARY 14.15. i) Py =0 for ¢ < 2n if n < 3 and for

g<n+3ifn>3.

ii) Pl andP? are generated by the configurations {z},z € F—{0,1},
defined in example 14.5.

iii) P2 is generated by the cycles

{f4(0) | o = (ao, .. .,a7) any configuration }

where f* is the chain map in theorem 14.9. In particular every
cycle is a linear combination of 2-wedge or corner configurations.

Proof: 1) If o € Cpyr(P™) is an r-wedge with r < min(3,n— 1) it is easy
to see that o has at most 2 points outside a hyperplane hence represents
zero on Cyy, by proposition 14.7,i). Similarly for o € C2,(P") an
(n — 1)-wedge for n < 3. Thus i) follows from theorem 14.9 iii) and iv).
ii) Since, as noted in the remark following definition 14.8, a corner
configuration in P? is either a 1-wedge or a 6-gon, each term in (o) is
a cycle by proposition 14.7,ii). Hence the statement for P2 follows from
theorem 14.9,v). Similarly for P° the chain map f* is zero in degrees
< 6 and hence maps to the cycles in degree 7. Statement iii) is now
obvious from theorem 14.9,v). O

Remark: As in the case of scissors congruence groups PP can also be
expressed in terms of the homology of a Tits complex 7(P"). In this
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case a subspace is just a union U = P(V;)U---U P(V}) C P" such that
/1@ - Ve C F™ s a direct sum of proper linear subspaces (that is
V; # 0, F™1) and a flag is just a decreasing sequence of such subspaces
ordered by inclusion. Then by the usual bicomplex argument we get a
natural isomorphism

(14.16) P& Heoy (G,CL(T(PY)))

where C(7(P™)) denotes the augmented chain complex for 7 (P"). We
shall however not pursue this point of view.
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CHAPTER 15

The case of PGI(3, F)

As for the problem (13.14.ii1), i.e. the problem of determining the differ-
entials in the spectral sequence, we shall restrict to the casesn = 1,2. In
particular for the case n = 2 we shall relate the homology of PGI(3, F')
with the homology groups P? of configurations in the projective plane.
Again all chain complexes and all homology groups have rational coef-
ficients.

For n = 1 we just recapture the results of chapter 8. In fact, for
the action of G = PGI(2, F) on the projective line P! the filtration
F,C.(P') has only two terms

Cindep(ply — 3,C,(PY) C F,C.(PY) = C.(PY)
and by corollary 14.2,

0 t=10,1,2
H1 G,:T 3' — 9 Pt B
( 1/ 0) {,Pé = Pg, i=3.

Furthermore by proposition 13.22 we have

AYFV) i even

p A~ Al V2 v©2
Hi(G,J0) = A ((FY)?/FY) _{0 i odd .

The spectral sequence then reduces to the exact sequence for the pair

(Fy, Fo), ie. for k=1,2,... we have the exact sequences
(15.1)
0 > Happ1(PGL2, F)) = Pleyy & AZH(FY) o Hay(PGI(2, F)) =
— Pa — 0.

145
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Since P} = 0 this agrees with the exact sequence in theorem 8.19, and
in particular the differential d* on P3 is given by

(15.2) d'({z}) =2:A(1-2), z€F-{0,1}.

We next turn to n = 2, i.e. in the following G = PGI(3, F) acts

on the projective plane P%. Also let us write Cinder C'i"dep(PQ). We
then have the following result relating H.(G) and the groups P} in low
-dimensions:

THEOREM 15.3. Let G = PGI(3, F).

i) The row and column in the diagram below are exact sequences
SE(AZFY)

|

. . 2 .
Hy(G, CMP) — Hy(G) — PE L= H,(G, CMP) — Hy(G) — 0

)

Pi®FYQP;

I

A3 (FY)

|

H3(G)

L

Hs(PSI(2, F))

|

0
ii) Ho(G) 22 Ho(PSI(2, F)).
iii) A2 is given by
A{z} = (0,62®{2}), zeF-{0,1}
iv) b | P} agrees with d' in (15.1) and b, | F¥ @ P} is given by
bu(wA{z})=wAzA(1-2), z,weF-{0,1}.
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Proof: 1) The filtration F,C(P?) has 3 terms
CirdP(P?) = Fo C Fy C Fo = Cu(P?)
But in the spectral sequence in theorem 13.13, Ell* contains the factor
H(G(0),CP(P%)) =0

so that Ell’* = 0. It follows that the spectral sequence reduces to the
exact sequence for the pair (Fq, F1) such that

(15.4) H(G, %) « H(G, %) = H(G,C}r4P).
This clearly gives the exact sequence
(15.5) -+ — H(G,C"P) & H(G) — P? it H,_(G,Crdery

For the computation of H(G, C’indep) we use proposition 13.22 and note
that

(15.6)
H (G, 6C(PY) ,_y) = A° (F¥) & H(PGI2, F), CI(P))
> A" (FY) ® PH-1]
by the last remark in chapter 13. Also note that

. * V)2 .
H (G, @Cindep(PQ){z‘_z,l‘_ﬁ) EA—((GF—)_) ® H(PGl(l), C:‘“dep(PO))
2
Q.
Finally a straightforward calculation gives
(15.7)
Q 1 =0,
A ((FVY3/FV) 0 i=1,
Hi(G, 8Qu_googo) = — a2 =4 .
( ®Q{$—37 -2 —1}) 63 Al (FV), ;= 2’ 3’

ST(A2(FY)), i=4,

where 5% denotes the symmetric square.

It follows that the exact sequence in proposition 13.22, i) for n = 2
gives rise to the following exact sequence:

Ai—l((FV)S/FV) .

(15.8) — Hi(G,CPP) = [A*(FY) @ Pl], — S
3
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Since P? = 0 for i < 4 we obtain the horizontal exact sequence in
theorem 15.3 from the sequence (15.5) which also gives
(15.9) H(G,CP) 5 Hi(G) fori 3.

The exact sequence (15.8) in low dimensions together with (15.7) clearly
reduces to the vertical exact sequence in theorem 15.3 except for ¢ < 3
where we obtain the sequence

, by ;
— N3(FV) — H3(G, CndPy — P 5 A2(FV) — H, (G, CM9P) — 0.

ig ig

H3(G) Hy(G)

Comparing this with the sequence (15.1) we get the lower part of the
vertical sequence in theorem 15.3 i) as well as the isomorphism in the-
orem 15.3 ii).

The identification of the maps A? and b, is straight forward from
the definition. O

Remark 1: The results on Hy and Hj are special cases of the stability
results of [Suslin, 1984] (cf. also [Sah, 1986],[Sah, 1989]).

Remark 2: In the diagram in theorem 15.3 the composed map
S*(A*(FY)) = Ha(G)

is induced by the natural inclusion (FX)4/F* — G. In general let
H, (PGl (n + 1, F))%Fc denote the image of the map induced by the
inclusion (F*)"*!1/F* — PGl(n+1, F). Then we extract from theorem
15.3 together with (15.1) the following exact sequence

0, _Ha(PSI2 F)) H,(PSI(3, F))
(15.10) 7 Ha(PSI(2, F))dee 7 T, (PSI(3, F))des
: FY @ P} by 3.

T el e F-{0,1))
Similarly let
A =ker(H4(G,CPP) 5 Hy(G)) N
Nim(S2(A2(F*)) = Hy(G, Cindery),
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Then we extract from theorem 15.3 another exact sequence
(15.11)

Hy(G, C™P) 5 Hy(PGI(3, F)) — ker(P2 Y5 FY @ Py =5 A 5 0.

It is instructive to compare the exact sequences (15.10) and (15.11) with
the hyperhomology spectral sequence for C,(P?).

Let us end with a few remarks on the homology calculations in the
general case of G = PGl(n + 1, F). Our discussion above for n = 2
suggests that we start with the exact sequence in proposition 13.22. In
fact, if we replace the 0-th term in the exact sequence by C’l"deP(P") we
get a resolution of the complex Q[—1], and together with the last remark
of chapter 13 we obtain a hyperhomology spectral sequence in the 4th
quadrant of the following form (actually rather in the 2nd quadrant for
the transposed indices):

(15.12) El_,= H_»(PGl(n+1,F)), 0<p<n+1,p<]

where

(15.13)
1
E*v_p =
2D @ H(PGI(n — p+ 1, F), Cu(P™?)/CIP)[p] p < n,
/\'g(FVYH'l/FV) .
Gn+1 [n+1]7 p——n+ 1.

In 15.13 the complex C, (P""’)/CLndep is filtered by the filtration F, k =
1,2,...,n — p, defined in chapter 13 and hence the corresponding spec-
tral sequence eventually reduces the calculations to the groups P[* stud-
ied in chapter 14. Notice that the vanishing results in corollary 14.15
shows that in (15.13) we have El{_p = 0 at least for [ < n. Hopefully

Elf_p = 0 for [ 4+ p < 2n, but this we can only prove for n < 3. In any

case the line | 4+ p = 2n + 1 is particularly interesting since E%n—p-}-l,—p

involves P;(:ﬁp)-}-l where the 2(n — p+1)-gons from example 14.5 occur.
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APPENDIX A

Spectral sequences and bicomplexes

We collect a few facts about spectral sequences, which we are using. As
a general reference see [MacLane, 1963, chapter XI].

Let R be a commutative ring with unit and (Cy, d)(* > 0) a chain
complex of R-modules. Suppose we have given a filtration F, = F,C\
of chain complexes

0C FyCu CRC,C---CFC.C--CCh.

We shall always assume that this filtration is finite in each degree. Then

there is an associated spectral sequence {E;’q}, r=20,1,2,...,00, that
is, a sequence of bigraded chain complexes with differentials

(A.1) A" By o= By rgyra

such that

Byt = ker d' /4" (B} 1)

Here p,q > 0, and if for each k there exists a t such that F;C; = C; for
i < k then dy , =0 forr >t and p+ g <k, so that

1 2 o)
(A.2) B = Ezt?j-; == Epy
In fact
(A.3) Eg,q = FpCpiq/Fp-1Cp4q

and d" is induced by 0 restricted to the submodule consisting of elements
z with 8z € F,_,. In particular

(A.4) E;,q = Hpyo(Fp/Fp-1)
1. pl 1
and d* : Ep,q — Ep~1,q

0— Fp__l/Fp_2 — Fp/Fp_g — Fp/Fp_l —+0

is the boundary map in the exact sequence

161
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Furthermore E" converges to H(C,) denoted E] = H(C,), that is,
there is an induced filtration
(A.5) Ey(H(C.) = im(H(F, ) » H(C.)
such that
0C FoH. C -~ C FH, C--- C H(C.)
and there is a canonical isomorphism

(A.6) Eﬁf’q = FpHp+q/Fp—1Hp+q

A particular case is the spectral sequence for a bicomplez (“dou-
ble complex”). Thus let C,,,p,q > 0, be a bigraded R-module with
boundary maps

(A.T) :Cpg—Cporg 0":Cpy— Cpyot

such that

(A.8) 2'9'=0, 990" =0, 990"+9"9'=0.

Then the total complex C, with

(A.9) Co= @ Cpy and 9=0+0"
ptg=n

is a chain complex with two filtrations

(A.10) FpCrn =@ Crnot “FyCn=EP Crin
k<p k<q
with associated spectral sequences {‘E;’q, ‘d"} and {“E;’q7 “d"} both
converging to H(C,). Here
(A.11) By, =Hy(Cpx,0"), “E}, =Hy(Cyg,0)

and

(A12) ‘Bl = Hy(Hy(Cond), ), “El, = Hy(Hy(Csr0),d").

Remark: In (A.11) and (A.12) we have transposed the indices of the
“second” spectral sequence in order to have the notation agreeing with
the spectral sequence above for a filtration. In applications however, e.g.
for the “hyperhomology” spectral sequence (cf. (A. 26-28) below) we
shall keep the indices of the bicomplex in the notation for the spectral
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sequence and just remember to change the direction of the differentials
and the filtration accordingly.

In applications very often one of the spectral sequences collapses
from the E2-term (i.e. d” = 0 for » > 2) so that this determines H(C\).
For example

ProposITION A.13. Suppose that for each ¢ = 0,1,2,..., we have
H,(C.q) =0 forp > 0. Let C_y, = coker[d' : C13 = Co,ql. Then
the “edge map” e induced by the projection Cp, = Copn — C_1n i5 @
homology isomorphism

ex: H(C) S H(C_y.,8")

Proof: By (A.12)

“EZ — 0 lfp >0
ke Hq(C—l,*) lfp =0
w2 _ wpr
and so “E; = “E;  for r > 2. Hence
Hn(Co) = By = Hu(Co1)

and it is straight forward to check that the isomorphism is induced by
e above. O

Very often bicomplexes are used in connection with the “comparison
theorem” to show that certain maps are homology isomorphisms. First
let us state it for filtrations:

ProprosITION A.14. Let C,,C, be two chain complezes with filtra-
tions F of C. and F of C, as above (i.e. finite in each degree). Let
f: Cy = Cy be a chain map such that fE, C Fp,p =0,1,2,....
Suppose further that for some t > 1 the induced map of spectral se-

quences f* : Ezt,’q — E;,q is an isomorphism for all p,q. Then also

fo t H(C\) = H(C\) is an isomorphism.

Proof: It follows by induction that all f*: E} — E';q, s > t, are iso-
morphisms. Hence also f* : EX — E;,’fi] is an isomorphism. Therefore
by (A. 6) we have isomorphisms

fe: F,H(CL)/Fpes H(CY) S F,H(CL)/E,_yH(C,) for all p=10,1,2, ...
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Now by induction on p and the “five-lemma” f, : F, H (C.) — F,H(C\)
are isomorphisms for all p. Hence the proposition follows since the
filtration is finite in each degree. O

COROLLARY A.15. Let {Cp o}, {Cp},p,q > 0 be two bicomplezes
and f : Cyx — Ci a map of bicomplezes, i.e. f commutes with ' and
0". Suppose that for some t > 1 the induced map of spectral sequences
ftiEL  — ‘El is an isomorphism. Then also f. : H(C.) = H(C.)
is an isomorphism.

COROLLARY A.16. Let f : Cy\ — C'*,* be a map of bicomplexes as

above. Suppose that for each ¢ > 0, Hy(Cyg) = 0 and Hy(Ck4) = 0 for

allp>0. Lete: Cy, = C_1, and € : Cy, = C_4 4 be the edge maps as
in proposition A.13. Suppose further that for each p > 0 the map
(A.17) fu i H(Cpu, 0") = H(C,uy 0")

is an isomorphism. Then there is a commutative diagram of isomor-
phisms

H(C.) —5— H(C)

H(Co1.) =5~ H(Co1)

R

Proof: This follows from corollary A.15 with ¢ = 1 together with propo-
sition A.13.

Remark 1: If C,, . = 0 and C_'p,* = 0 for p > 1 then the above corollary
is just the “five lemma” for the long exact sequences associated to the
diagram with exact rows

Q) =— C—l,* CO,* Cl,* 0

ool

O\—C_l,* C_'O,* C_'ly* 0

Remark 2: We will sometimes use spectral sequences and bicomplexes
with different gradings. The above theorems are then still valid when
suitable adapted.
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Now let us apply the above for the calculation of the chain complex
C.(X) considered in chapter 2. In general for X any set let C\,(X)
denote the chain-complex where a k-simplex, £ = 0,1,2,..., is any
(k + 1)-tuple (ag,...,ar),a; € X and the boundary map is given by

(A.18) dNag, . ..,a,) = Z(—l)i(ao, ce by ak).

Recall that by lemma 3.6 we have

PROPOSITION A.19. For X any set the complex C,(X) is acyclic.

Now let X be any Riemannian manifold and suppose that there is a
§ € Ry U {oo} such that every point p € X has a normal neighborhood
U, which is geodesically convez (See e.g. [Helgason, 1962, chapter I,
§9]). That is, for each p € X the exponential map exp, is a diffeo-
morphism from the open ball of radius ¢ in 7T, X to U,, and whenever
¢,¢' € U, there is a unique geodesic from ¢ to ¢’ contained in U,. In
particular § exists if X is compact (e.g. § = 7/2 for X = S"). Also
if X is a complete simply connected manifold of non-positive sectional
curvature then we can take § = oo (e.g. for X = E” or H"). Now let
C?#(X) denote the subcomplex of C,(X) of simplices (ao, ..., ar) such
that all ag,...,ar are contained in a normal neighborhood of radius 4.
In particular C°(X) = C,(X). There is a natural map of C¢(X) to
the singular complex C5"8(X), where a k-simplex is a continuous map
f : A¥ — X with the usual boundary map. Thus let i(ag,...,ax) = f
be the map constructed inductively as the geodesic cone on the face
i(ay,...,ar) with cone point ag. Then

(A.20) i:C(X) — CoMe(X)

is clearly a chain map (we have used a different but equivalent construc-
tion in the classical geometries above, cf. proof of theorem 2.10).

PROPOSITION A.21. The map i induces an isomorphism

i s H(CJ(X)) = H(CI"(X)) = H.(X, Z)
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Proof: Let U = {U,,j € J} be the covering of X by all normal neigh-
borhoods of radius é. Consider the two bicomplexes

Apqg = @ Cg(Ujoﬁ"'ﬂUjp)

(j01-~‘7jp)
lezw = @ C;ing(Ujo N---NUj;,)
(jOY"'ij)

where we take the direct sum over all (p+ 1)-tuples of elements of J.
In both bicomplexes 3" = (—1)P0 where 0 is the internal differential in
C? respectively C5™ and

P
0= (1) ek
k=0
where ¢4,k = 0,...,p, are induced by the inclusions

UpN--NUj, U0 ---NT; NN UG
Now each C3(Uj,N---NU;,) = Cu(UjoN- - -NUj,) is either 0 (if U;,N---N
U;, = 0) or acyclic (if U;, N---NUj, # 0) by proposition A.19. The same
is true for Cii"g(Ujo N---NU;,) since U;, N---NU;, is geodesically convex
and hence contractible if it is non-empty. It follows that ¢ : 4, , = A,
induces an isomorphism

(A.22) bt H(Apa, 8") o H(Ap ., 0"), p=0,1,2,...

Now put
Ay =CX), A_j.=C5m8(Y)

where the latter denotes the subcomplex of C’iing(X) generated by sim-
plices contained in a neighborhood from /. Then there are natural
maps

O :Aos— A1 and 9 Ag. — A_q.
extending the bicomplexes to p > —1, and also 7 : A, . — /L,* extends
in this range. By corollary A.16 and (A.22) above it suffices to show
that

(A.23) H,(A.q) =0and Hy(Asy) =0 VYp>—1,¢>0.
In fact, then we conclude that

iv: H(CH(X)) 2 H(CI5(u)
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is an isomorphism, and the latter is isomorphic to H(Cy"8(X)) by the
excision theorem for singular homology (see e.g. [Spanier, 1966, chap-
ter 4, §4]). To prove (A.23) let us do it for A, .; the proof for A., is
similar. We define a chain homotopy

Sp:Apg = Apr1,y p=-1,0,1,...

as follows: For ¢ = (ag,...,q,4) € C’g(X) choose U;, € U such that
a; € Uj,,i=0,1,...,¢, and define s, restricted to C3(U;, N---NU,,)
by

$5(Tjo.in) = Ty € CL(U;, N---NU,), p=-1,0,1,...
Then one checks that
d'sp+ 8,10 =id, p=-1,0,1,...
which proves that Hy(A.,) = 0,Vp > —1,Vqg > 0. This ends the proof.
O

Another useful application of bicomplexes is the hyperhomology spec-
tral sequence for a chain complex (N, ) of (left) R[G]-modules for G
a group and R a commutative ring with unit. Assume for convenience
that N; = 0 for ¢ < 0. As in (13.3) we define the hyperhomology by

(A.24) H, (G, N.) = H,(G\(B«(G) ®r N.))
i.e. the homology of the total complex of the bicomplex
(A.25) Apq = G\(B,(G) ®r Ny),

where (B.(G),0g) is the bar complex defined in chapter 4. Then the
“second” spectral sequence in (A.11-12) gives (with transposed indices)
a spectral sequence

(A.26) E;’q = “E;,p = Hp (G, N,)
where

(A.27) E, = H,(G,N,)

and

(A'28) Ez,q = HQ(HP(Gv N*)7 a*)
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COROLLARY A.29. Suppose the complex N, is acyclic with Hy(N.) =
M. Then there is a natural isomorphism

H,(G,N,) = H,(G, M)

In particular the hyperhomology spectral sequence (A.26) converges to
H.(G,M).

Proof: The bicomplex A, , in (A.25) has for all p,
Hq(Ap,*)‘—:{ (By(G) @ M)

0 g > 0.
Then the statement of the corollary follows from proposition A.13. [J
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