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Abstract. We prove that the action of any non-trivial normal subgroup of
the mapping class group of a surface of genus g ě 2 is almost minimal on the
character variety Xpπ1Σg,SU2q: the orbit of almost every point is dense.

1. Introduction

For every g ě 2, let π1Σg denote a fundamental group of a compact, connected,
orientable surface of genus g, and ModpΣgq its mapping class group. In [6], Gold-
man proved that ModpΣgq acts ergodically on the character variety Xpπ1Σg,SU2q,
and subsequently, Previte and Xia [12] proved that for every conjugacy class of rep-
resentation ρ : π1Σg Ñ SU2 with dense image, the orbit ModpΣgq ¨ rρs is dense in
Xpπ1Σg, SU2q.

Goldman then raised (see [7]) the question of whether smaller subgroups of
ModpΣgq still act ergodically on Xpπ1Σg, SU2q, and with Xia he proved [8] that
when Σ is a twice punctured torus, the Torelli group acts ergodically in the relative
SU2 character varieties. This question was addressed by Funar and Marché [4], who
proved that the Johnson subgroup, generated by the Dehn twists along separating
curves, acts ergodically on this character variety. Provided g ě 3, Bouilly (see [1])
gave a simpler proof that the Torelli group acts ergodically on this character variety,
and in fact on the topological components of the character variety Xpπ1Σg, Gq for
any compact Lie group G.

In this note, when a group Γ acts on a topological space X endowed with a Radon
measure µ, we will say that the action is almost minimal if the orbit of almost every
point is dense. We say the action is minimal if every orbit is dense, and ergodic if
for every measurable Γ-invariant set U , either U or its complement has measure 0.
These two latter properties are independent in general, while both imply almost
minimality.

The main result of this note is the following.

Theorem 1. Suppose g ě 2. Let Γ be a non central, normal subgroup of ModpΣgq.
Then the action of Γ on Xpπ1Σg, SU2q is almost minimal.

When g ě 3, the centre of ModpΣgq is trivial, while if g “ 2 this centre is
isomorphic to Z{2Z, and generated by the hyperelliptic involution. The hypothesis
“non central” simply rules out the cases when Γ is trivial or equal to this central
Z{2Z subgroup. Thus Theorem 1 applies, for example, to every term of the lower
central series of ModpΣgq.

The mapping class group ModpΣgq is generated by Dehn twists, while the Torelli
group is generated by products of the form τγτ

´1
δ where pγ, δq is a pair of cobordant

simple curves. Bouilly’s approach to the ergodicity of the Torelli group uses the idea
that, for almost every conjugacy class of representation rρs and for every bounding
pair pγ, δq, the product τγτ´1

δ acts as a totally irrational rotation along a torus
1
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immersed in the character variety Xpπ1Σg,SU2q. Thus, for an appropriate sequence
of powers, τNγ τ

´N
δ approximates the effect of the Dehn twist τγ . This reduces the

ergodicity properties of the Torelli group to those of the whole mapping class group,
and these are well understood.

The key lemma in the proof of Theorem 1 is Lemma 7 below. It consists in
extending Bouilly’s trick to the case when γ and δ are no longer disjoint. We
manage to control the action of τnγ τ

´n
δ for some sequences of integers n dictated by

classical theorems in Diophantine approximation theory.

2. Proof of Theorem 1

We first set up some notation.

2.1. Notation and reminders. The space Hompπ1Σg,SU2q of morphisms from
π1Σg to SU2 is naturally endowed with the product topology and the character
variety Xpπ1Σg,SU2q is the quotient of this representation space by the conjugation
action of SU2. From now on we will denote it simply by X.

The mapping class group ModpΣgq “ π0pDiff`pΣgqq is, by the Dehn-Nielsen-Baer
theorem, isomorphic to an index two subgroup of Outpπ1Σgq. It acts naturally on
X, by setting, for φ P AutpΣgq and rρs P X, φ ¨ rρs “ rρ ˝ φ´1s: this descends to an
action of Outpπ1Σgq.

The mapping class group is generated by the Dehn twists: when γ Ă Σ is a
simple closed curve, we denote by τγ the Dehn twist along γ; see e.g. [3, Chapter 3]
for a definition, and numerous properties. Given such a curve, we may choose
a representant in π1Σg: such a representant is well defined up to conjugacy and
up to passing to the inverse. Yet, we will often use the same notation, γ for the
corresponding elements of π1Σg.

For every element A P SU2, we will write θpAq “ 1
π arccosp1

2trpAqq P r0, 1s. Note
that this is also invariant by conjugation and by taking the inverse. Thus, when γ
is an unoriented closed curve, or an element of π1Σg, we also define θγ : X Ñ r0, 1s
by θγprρsq “ θpρpγqq. This function is continuous, and smooth on θ´1

γ pp0, 1qq.
It is well-known that the subspace of irreducible representations in X forms a

Zariski open subset X irr, which is the smooth part of X. Moreover, there is a
ModpΣgq-invariant symplectic form on X irr and the Hamiltonian flow of θγ on X irrX

θ´1
γ pp0, 1qq, denoted by Φt

γ is 1-periodic. This flow can be extended to θ´1
γ pp0, 1qq

and it satisfies the crucial identity τγprρsq “ Φ
θγprρsq
γ prρsq for all rρs P θ´1

γ pp0, 1qq.
We refer to [5] for all these facts.

2.2. Simultaneous Diophantine approximation. In the following definition,
and subsequently in this note, for all x P R{Z we will denote by |x| its distance
to 0 in R{Z.

Definition 2. A pair px, yq of irrational elements of R{Z will be said appropriately
approximable if there exists a strictly increasing sequence pqnq of integers such that
qnx converges to 0 faster than 1

qn
(i.e., |qnx| “ op 1

qn
q) and qny converges to y in R{Z.

A classical theorem of Khinchin [11] states that if pψnq is a decreasing sequence
of real numbers and if

ř

ψn diverges, then for almost every x there are infinitely
many integers q such that |qx| ď ψq. In particular for example, for almost every x,
there are infinitely many integers q satisfying |qx| ď 1

q ln q .
Now, a classical theorem of Hardy and Littlewood [9, Theorem 1.40] states that

for every strictly increasing sequence of integers pqnq, for almost every y P R{Z the
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set tqny, n ě 0u is dense in R{Z. In particular, for almost every y, the number y is
an accumulation point of the sequence pqnyq.

These two theorems together imply the following observation.

Observation 3. The set App Ă pR{Zq2 of appropriately approximable pairs has full
measure.

We continue with some preliminary observations concerning mapping class groups
and character varieties.

2.3. Preliminary observations. In the next statements, we denote by P the set
of pairs pγ, δq of isotopy classes of non-separating and non-isotopic simple curves.

Observation 4. Let γ Ă Σg be an unoriented, non-separating simple closed curve.
Then there exists ϕ P Γ such that pγ, ϕpγqq P P .

Proof. Since Γ is not central, and since ModpΣgq is generated by Dehn twists along
non-separating curves, there exists a non-separating simple closed curve δ, and ψ P
Γ, such that ψ and the Dehn twist τδ do not commute. There exists φ P ModpΣgq

mapping δ to γ, so φτδφ´1 “ τγ . Now ϕ “ φψφ´1 is in Γ since Γ is normal, and ϕ
does not commute with τγ ; this implies the statement. �

For every pγ, δq P P , we denote by Indpγ, δq the subset of X consisting of those
rρs such that pθpρpγqq, θpρpδqqq P App. As we will see below, this condition gives
some independence of the traces of ρpγqn and ρpδqn for n large.

Observation 5. Let pγ, δq P P . Then Indpγ, δq has full measure in X.

Proof. Consider the map Θ “ pθγ , θδq : X Ñ r0, 1s2. We want to show that Θ´1pAppq
has full measure in X. If Θ is a submersion at rρs, the implicit theorem implies that
Θ´1pAppq has full measure locally around rρs. Hence it suffices to show that Θ is
a submersion in a dense Zariski open subset of X. Consider the Zariski open set
U “ Θ´1p0, 1q2: it is well-known that dθγ and dθδ are smooth non-vanishing forms
on U . If γ and δ are disjoint, Θ can be extended to a system of action-angle coordi-
nate, which implies that Θ is a submersion everywhere in U , see for instance [10]. If
γ, δ do intersect, then it is known that their Poisson bracket does not vanish identi-
cally, see for instance [2, Corollary 5.2]. As X is irreducible, it follows that dθγ , dθδ
are linearly independent in a Zariski-open subset of U , proving the lemma. �

From the Observation 5, it follows that the set

Ind “
č

pγ,δqPP

Indpγ, δq

has full measure in X. It is obviously ModpΣgq-invariant, and for any rρs P Ind and
any non-separating simple curve γ, we have θγpρq P p0, 1q; in fact θγpρq is irrational.

2.4. The proof. Since the action of ModpΣgq on X is ergodic (by Goldman [6]),
the set

D “ trρs ; ModpΣgq ¨ rρs is dense in Xu
has full measure in X. In fact, this set is known explicitely from the work of Previte
and Xia [12]; it is the set of those rρs such that the image of ρ is dense in SU2. Thus,
the set DX Ind also has full measure, and Theorem 1 will follow from the following
statement.

Proposition 6. For all rρs P D X Ind, the set Γ ¨ rρs is dense in X.

The proof resides on the following lemma.
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Lemma 7. Let γ be a non-separating simple closed curve and rρs P Ind. Then
τγ ¨ rρs is in the closure of Γ ¨ rρs.

Proof. Consider an element ϕ P Γ as in Observation 4 and set δ “ ϕpγq. We observe
that for any n P N, τnγ τ´nδ “ τnγ ϕτ

´n
γ ϕ´1 belongs to Γ.

Write α “ θδpρq and β “ θγpρq. As α P p0, 1q, the twist flow pΦs
δqsPR{Z is well

defined on Φt
γprρsq for all t in a neighborhood I of 0 in R{Z. We set F pt, sq “

Φs
γΦ´tδ prρsq for pt, sq P I ˆ R{Z. From the identity τγ “ Φ

θγ
γ , we get for all n such

that nα P I
τnγ τ

´n
δ rρs “ F pnα, nfpnαqq

where fptq “ θγpΦ
´t
δ prρsqq. As β P p0, 1q, the function θγ is smooth at rρs hence

f is smooth at 0. To prove the lemma, it is sufficient to show that one has
pnα, nfpnαqq Ñ p0, βq for a sequence of n’s going to infinity.

Since pα, βq P App, there exists a sequence pqnq of integers as in Definition 2. We
have qnα Ñ 0, so we consider the Taylor expansion of f at 0: since |qnα| “ op 1

qn
q,

this gives

fpqnαq “ fp0q ` op
1

qn
q,

so qnfpqnαq “ qnβ ` op1q. Now, qnβ tends to β, by Definition 2. �

We are ready to conclude the proof of Theorem 1.

Proof of Proposition 6. Recall that DXInd is ModpΣgq-invariant. Let rρs P DXInd
and let γ1, γ2 be two non-separating simple closed curves. By Lemma 7, there exists
a sequence pϕnq of elements of Γ such that ϕn ¨ rρs Ñ τγ2 ¨ rρs. For all n, we may
apply Lemma 7 to ϕn ¨ rρs, and now we can apply a diagonal argument to show that
τγ1τγ2 ¨ rρs is in the closure of Γ ¨ rρs. We proceed by induction: for all rρs P DX Ind,
and all curves γ1, . . . , γn, the representation τγ1 ¨ ¨ ¨ τγn ¨ rρs is in the closure of Γ ¨ rρs.

We notice1 that Lemma 7 works equally well for τ´1
γ instead of τγ , hence we

deduce that the whole orbit ModpΣgq ¨ rρs (and hence, also its closure) is contained
in the closure of Γ ¨ rρs. As rρs P D, this implies that Γ ¨ rρs is dense in X. �
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