REIDEMEISTER TORSION OF TWO-BRIDGE KNOTS AND
SIGNATURES OF TQFT

JULIEN MARCHE AND SEOKBEOM YOON

ABsTrRACT. We establish an explicit relation between the adjoint Reidemeister
torsion of the two-bridge knot K (p, q) at any parabolic representation and the
Frobenius algebra governing the signatures of SU-TQFT vector spaces at the
root ¢ = exp(imq/p). As applications, (a) we prove that the inverse sum of
torsions is constant (i.e., independent of p and ¢); and (b) we show that along

a+bn
c+dn
same asymptotic behavior as the Verlinde formula.

sequences of roots of the form (, = exp (in

), the signatures have the
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1. INTRODUCTION

Let p and ¢ be coprime odd integers satisfying 0 < ¢ < p and denote by K(p, q)
the two-bridge knot with these parameters. Independently, setting ¢ = exp(imq/p),
one can consider the SUs-TQFT with defining root {. For any genus g, it gives a
Hermitian vector space V¢(Sy) endowed with a projective unitary representation of

Date: November 17, 2025.



2 JULIEN MARCHE AND SEOKBEOM YOON

the mapping class group Mod(S,;). This article establishes a tight relation between,
on the one hand, the space of parabolic SLy(C)-representations of 71 (53 \ K(p, q))
and the adjoint Reidemeister torsion, and, on the other hand, a Frobenius algebra
governing the signatures of the various vector spaces V¢(Sy). It completes the
work initiated in [Mar23] and provides applications both to the computation of
the Reidemeister torsion itself and to the study of the asymptotic behavior of the
signatures for a sequence (,, of roots converging to a given root (.

In both the introduction and the main part of the paper, we have tried to sep-
arate, as much as possible, the knot-theoretic aspects from the TQFT aspects for
the reader’s benefit. Before proceeding further, we caution that our proofs are com-
putational in nature: we do not yet have a conceptual explanation for the relations
we uncover. Finding such an explanation remains an interesting open problem.

1.1. About two-bridge knots. We denote by X the set of conjugacy classes of
irreducible representations p : 7 (S% \ K(p,q)) — SL2(C) which send any (hence
every) meridian to a non-trivial matrix with trace 2. This set is a finite affine
algebraic set defined over Z, hence its coordinate ring Q[X] is a finite commutative
Q-algebra. Riley showed in [Ril72] that it is semi-simple.

Given [p] € X and any n > 1, we define p,, to be the composition of p with the
(n + 1)-dimensional irreducible representation of SLy(C). We refer to p = p; as the
tautological representation and to ps as the adjoint representation. By choosing
appropriate generators of the twisted cohomology groups H*(S®\ K(p, q), pn), one
can define the Reidemeister torsion 7,,(p) as a complex number depending on [p] €
X. By construction, the map p — 7,(p) is conjugation-invariant and algebraic,
yielding an element 7,, € Q[X]. Throughout the paper, we consider 7, up to sign
to avoid unnecessary complications.

It will be technically more convenient to replace X with a ramified 2-cover X ,
and hence Q[X] with the corresponding quadratic extension Q[X]. Topologically,
this amounts to recalling that K(p,q) is doubly amphichiral, meaning that there
exist two commuting involutions of S% which preserve K(p,q) while reversing its
orientation. Using this fact, we construct an orbifold quotient of S\ K (p, q¢) whose
orbifold fundamental group G fits in the (split) exact sequence

0— m(S*\ K(p,q) =G — Qs —0

where Qg is the usual quaternion group of order 8. Note that similar groups have
already been considered in [L.S13]. Then X is the set of conjugacy classes of repre-
sentations p : G — SLy(C) whose restriction to 71 (S \ K(p, q)) defines an element
of X.

Concretely, we will show that there is an isomorphism Q[X] 2 Q[X]/(P,_1(X))
where Py, € Z[X] is the sequence of polynomials given by

Py=1, Po=X and P, = ¢, XP,_1 + P,_> where ¢, = (—1)L%J.

We set V = Q[X] and V*+ = Q[X] to simplify notation, and denote by z and P
the image of X and Py, respectively, in V. It turns out that V' is spanned by Py
for even 0 < k < p — 3, and that V is the quadratic extension of VT obtained by
adjoining Pp,_o, which is a square root of —1 in V.

The recurrence relation defining the sequence Py is typical for orthogonal poly-
nomials. Indeed, there exists a non-degenerate bilinear form n : V. x V — Q for
which the basis Py, ..., Pp—2 is orthogonal. It is given by n(z,y) = e(zy) where
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€:V — Q is the linear form satisfying ¢(Pp) = 1 and e(Px) =0for 0 < k <p — 1.
The data of n, or equivalently of ¢, endows V with the structure of a commuta-
tive semi-simple Frobenius algebra. At first glance, this appears unrelated to the
topological definition of V', however, one of our main theorems is that this addi-
tional structure arises from the adjoint Reidemeister torsion. To explain this, recall
that for any Frobenius algebra (V,n), one defines an element Q@ = > x;y; where
n = 12,®y; € V®V. When V is semi-simple, ¢ can be recovered from by
the formula e(z) = Try/(Q ).

Theorem A (Theorems 2.8, 2.14 and Equation (31)). Let 0 < g < p be coprime
odd integers and V be the Frobenius algebra described above with associated element
Q. Denoting by 7, the Reidemeister torsion of S3\ K (p, q) with coefficients p,, one
has

Q
2Py 42?P;_,

where 0 < £ < p is the unique odd integer satisfying ¢¢ = +1 (mod p).

T = and To =

The appearance of Py_; deserves some explanation. By the classification of
two-bridge knots, K (p,q) and K (p,¢) are isotopic. Denoting by X*,V*, ... all the
previous data associated to K(p,{), it follows that X and X* are isomorphic as
algebraic varieties, hence V and V* are isomorphic as algebras. More precisely, we
will show that the isomorphism V* <> V' sends z* to 2P,—1 and z to z*P;_;. As 1,
is a topological invariant, the formulas provided in V' and V* should match. This
is obvious for 7y, if one writes it as 71 = % In the case of 75, we have instead:

xr
o
C 4a(x*)? dara?
This yields the reciprocity formula 2 = x*Q*, showing that the Frobenius algebra
structures on V and V* are indeed distinct. In addition, this formula will play a
crucial role in our study of the asymptotics of the signature of TQFT.

As a first application of our formulas, we will prove the following two equations,
where the latter extends the result of [Yoo22| to the parabolic case and has a
quantum-physical motivation; see [GKY21]. Note that the condition ¢ # 1 in the
following theorem implies that the two-bridge knot K (p, q) is hyperbolic, and that
the theorem fails when ¢ = 1.

T2

Theorem B (Theorems 2.16 and 2.17). Let 0 < g < p be coprime odd integers
with ¢ # 1 and X be the parabolic character variety of S*\ K(p,q). Then one has

Z LI R Z I o
pEX

o) n(p)

1.2. About signatures of TQFT. Fix an odd integer p and let Q(¢) be the
cyclotomic field of order 2p, where ( is a primitive 2p-th root of unity. We set
A=1{0,1,...,p—2} and A* ={0,2,...,p — 3} which we use as “colors” indexing
marked points. In this article, we consider the SU5/SO3-TQFT as a collection of
Q(¢)-vector spaces Vp,(Sgn;A) where Sy, is a surface of genus g with n marked
points and A € A™ is a color of the marked points. These are endowed with an
Hermitian form defined over Q(¢) and an action of the pure mapping class group
PMod(Sy,») by projective isometries. A key property is that these vector spaces
satisfy compatibility conditions under gluing. If S is a surface and v C S is a simple
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closed curve disjoint from the marked points, then a new (possibly disconnected)
surface S’ is obtained by cutting S along 7, capping off the resulting boundaries
with discs, and adding a new marked point in each disc. When ~ is non-separating,
the compatibility means an isomorphism

Vo(S;A) = @D Vo (S’ A, 1)

HEA

which is compatible with both the Hermitian structure and the mapping class group
action. There is a similar statement for the separating case.

In this article, we embed Q(() into C by setting ¢ = exp(iﬂ%) and define C-vector
spaces as V¢ (Sgn; A) = Vp(Sg,n; A) ® C whose signature is denoted by

og(L;A) = Sign Ve (Sg,n; A).-

Since any surface can be decomposed into pairs of pants, the aforementioned com-
patibility allows one to reduce the computation of the signature to the sphere with
at most three marked points, by introducing the so-called signed Verlinde Frobenius
algebra [DM22]. It is a (p — 1)-dimensional vector space V' = @, ., Qex equipped
with a symmetric bilinear form 7 : V x V — Q and a trilinear symmetric form
w:VxVxV—=Q, given by

n(ej7ek) = UO(%; ja k) = jk(_l)jej-i-l )

w(ejaekael) = 00(%; ja kJ) € {71703 1} .

Here ;1 denotes the Kronecker delta. It was shown in [DM22] that there is a unique
structure of semi-simple algebra on V' so that one has w(x,y, z) = n(zy, z) for any
x,y,z € V. Moreover, it was shown in [Mar23| that sending ej to Py defines an
algebra isomorphism from V to Q[)? ]. This is why we have already denoted it by
V' in the first part of the introduction. The initial motivation of this article was to
extend the isomorphism V ~ Q[X] to an isomorphism of Frobenius algebras. To
achieve this, one needs to give a topological meaning to the element €. It was a
pleasant surprise that the adjoint Reidemeister torsion turns out to play exactly
this role.

One can recovers the signatures from the Frobenius algebra V' by means of the
following formula, which holds for any surface Sy ,, colored by A = (A1,...,A,):

og(%; A) =e(Qey, ---en,) = Trv/@(Qg*le)\1 ceeen, )
There is a similar SO3-TQFT for which the set of colors is restricted to AT. The
corresponding Frobenius algebra is the subalgebra V™ C V consisting of even colors.
As Q € VT, this subalgebra naturally inherits a Frobenius algebra structure. One
often prefers the SO3-TQFT because it has smaller dimension and better properties,
such as irreducibility and the existence of an integral basis. In this article, however,
we restrict to the SUs-case, as their signatures only differ by a power of 2.

1.3. Asymptotics of the signature along roots of unity. Let us first recall
that the dimension of V,(S,) is given by the famous Verlinde formula (we set n = 0,
i.e., we consider surfaces with no marked points from now on):

) P Py 2-2¢
dimV,(S,) = (5) Zsm (—) .

k=1 p
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One can easily deduce from the formula the asymptotic behavior

P g—1
dim V,(Sy) o 2 (W) ¢(2g —2),
which admits a beautiful interpretation; see, e.g., [Wit91]. For motivational pur-
poses, we briefly recall this. Regarding the vector space V,(S,) as the geometric
quantization of the character variety

M(Sg) = HOm(Wl(Sg), SUQ)/SUQ,

one can endow M (Sy) with a complex structure and construct a holomorphic line
bundle L over M(S,) such that

Vi(Sg) =~ HO(M(Sg)a Lpiz)-

Since c¢1(L) represents the Atiyah-Bott-Goldman symplectic (Kéhler) structure
on M(Sy), the higher cohomology groups vanish for sufficiently large p, and the
Hirzebruch-Riemann-Roch theorem yields

dim V,(S,) = / e? 1) Todd(X) ~ p*9=3 Vol(M(S,)),
M(Sg) proe
together with the non-trivial fact that the Verlinde formula is a polynomial in p.
It is then natural to ask whether a similar behavior occurs for the signature along
sequences of roots of unity. Numerical experiments show that the answer depends
strongly on the specific sequence of roots of unity. Our final main theorem provides
an explicit asymptotic formula for the signatures.

Theorem C (Theorem 3.1). Let ¢, = a+bn and p,, = ¢+ dn, where n is odd and
a,b,c,d € Z satisfy ad — bc = 1 with a,d odd, b,c even, 0 <b < d and ¢ > 0. Then
for any g > 2,

qn

(1) the signature o4(1*) is a polynomial in n, and

(2) under a technical condition (H), there exists a semi-simple d-dimensional
Frobenius algebra (W, Qw) depending on a,b, c,d such that

q n3 9t 1
an ~ o _ 9—
O (pn) o 2 (27r2) C(29 —2) Trw (7).

In the introduction, we do not describe the Frobenius algebra (W, Q) or the
technical condition (H); details can be found in Section 3. We expect that (H) holds
for all a,b,c,d as in the theorem, and we have verified it for all 0 < b < d < 100.
For example, when (a,b,¢,d) = (3,2,4,3), one finds

W = Q[X]/(4X? + 16X? + 23X + 12) and Qu = 28X> + 80X + 65
so that

enus

G 1 2 3 4 5 6

lim -Gel@n/Pn) | 1 1 1 1345 1762 2241
e, dim V,, (Sg) | 30 3% 35 739 312 315

The proof of the above theorem is rather involved, so we outline its main steps
for the reader’s convenience.

Step 1: One has 0¢(gn/pn) = Try-,(Q% ") where V,* is the Frobenius algebra
associated with ¢, /p,. Recall that V¥ ~ V,, as algebras, hence the trace
can be computed in V,, instead. Then, by construction, the pair (p,, ¢,) is
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reciprocal to the pair (p,,d). It will be much more convenient to work in
Vi, as gy is replaced by the constant d.

Step 2: We will show that in V,,, the polynomial P, _; (and certain other polyno-
mials used in the computation of the signature) arises as a specializations
of a 2-variable polynomial @; explicitly, one has

P, (it +it™ ) (t —t )% =" TLQ(t, ).

Step 3: We consider the plane algebraic curve C = {(u,v) € (C*)?|Q(u,v) = 0}.
The signature can be expressed as the sum of a rational function to the
power g — 1 over a finite set C[n] = {(u,v) € C|v = u™}. We then study the
distribution of these points as n — oo and show that the main contribution
to the signature concentrates around the singular points {£1}% C C.

Step 4: We analyze the branches of C at the singular points (+1,+1). Under the
assumption (H), exactly d branches pass through each singular point, and
the points of C[n] accumulate along each branch in a regular way. The sum
of these contributions, raised to the power g — 1, is accounted for in the
term Tryy /g Q91

To end this section, we advise the reader that there is a parallel article which

also study the asymptotic behavior of the signature function % — Ug(%), but in a

different regime. Contrary to the case of this article, the authors consider sequences

g—” converging to a (very) irrational limit. The order of convergence is then p29—2

" 39—3
n

instead of p and the limit is expected to have modular properties, see [MM25].

1.4. Back to two-bridge knots. To end this introduction, let us explain how our
last theorem arises naturally from the knot-theoretical side. We do not attempt to
make the argument precise.

The sequence of two-bridge knots K (py,, ¢,) can be drawn in its Conway normal
form starting from the continued expansion of p,,/¢,. It is known (see e.g. [Khi64])

that there are integers ay, ..., a; (independent of n) such that for any n
1
Po gy
dn " 1
a4+ -
? 1
+ —
ap+n—1

We observe in Figure 1 that this sequence of knots can be obtained by performing
1

—--surgery on the trivial component Lg of the link L, where m = ”Tfl for odd n.
In the figure, boxes indicate twist regions, and Lo is the trivial knot encircling the
last twist region. This gives the key intuition for the last theorem.

We consider the character variety X7, of representations p : w1 (S%\ L) — SLy(C)
which send a meridian m; of the non-trivial component L; to a non-trivial parabolic
matrix. Denoting by ms and [y the meridian and longitude of Lo, respectively, the
knot group of the surgered knot is obtained by adding the relation msl; ™ = 1. The
character variety X, is expected to be 1-dimensional and to project birationally onto
the character variety of the boundary 75 of a tubular neighborhood of Ly. The latter
variety is parametrized by a pair (u,v) € (C*)? corresponding to a representation
puv : T1(T2) = SLa(C) given by

u 0 v 0
Pu,v(l2) = (0 u—1> , pu,v(mQ) = (O ’U_l) .
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ay ag J
\. ..
V;
Ly
FIGURE 1. The Conway normal form of [ay, as, . .., ag] with a triv-

ial component.

The image of Xy in (C*)? is then a plane curve C given by the vanishing of a
polynomial analogous to the A-polynomial of a knot. The parabolic character
variety X, of K(pn,q,) maps to the set of points C[m] C C satisfying v = u™.

To end this rough picture, recall that one can define the Reidemeister torsion 77,
of $3\ L with coefficients py for [p] € Xz. This is a meromorphic function on X7,
which behaves well under surgery, meaning that there is a formula expressing the
collection of elements €, in terms of the function 7, evaluated at points in C[m)].
This expression happens to have poles for u,v = 41, and the resulting expression
for the signature will localize on those poles.

It is then natural to expect that the Frobenius algebra W, explicitly described
in Section 3, can be described from the parabolic character variety of L, i.e., from
representations which send both m; and ms to parabolic elements. We leave this
for future investigation.

Acknowledgments. The first author thanks Makoto Sakuma for discussions around
the orbifold quotients of two-bridge knot complements and Gregor Masbaum for its
constant interest.

2. REIDEMEISTER TORSIONS OF TWO-BRIDGE KNOTS

2.1. Topological setting. Let 0 < ¢ < p be two coprime odd integers and K (p, q)
be the two-bridge knot of parameters (p,q). It is characterized by the property
that its double branched cover is the lens space L(p, q). Precisely, the knot K(p, q)
is defined as follows. Set

S3 = {(2’1,22) eC?: |21|2 + |2’2|2 = 2}
and let R:S® — S3 be the homeomorphism defined by

211

R(z1, 22) = (C21,(%22), ( =exp (p) .

The lens space L(p, q) is the quotient of S* by the free action of Z/pZ generated R.
The complex conjugation C(z1,29) = (71, %z) satisfies CRC~! = R~! and hence
extends the Z/pZ-action to an action of the dihedral group D, = Z/pZ x Z/2Z.
This D,-action is no longer free, and the resulting quotient is homeomorphic to S3,
with ramification locus given by the knot K (p,q).

A standard way to visualize the above construction is to decompose S® into
two solid tori T and T, defined by the inequalities |z1| < |z2| and |z2| < |z,
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respectively. Note that their common boundary is a torus given by |z1| = |z2| = 1.
The quotient of T7 by Z/pZ is also a solid torus

T/(Z/pE) = {(re”, z2) [0 <P <1, =2 <0< T 17 4 [0 = 2}/
p b
where ~ means that the discs bounded by 21 = ( z and 2 = ¢ ~2 are identified by
R; see Figure 2. If we further quotient T /(Z/pZ) by the conjugation C, we obtain
a ball with some ramification. Precisely, the quotient of T by D, is a ball B; with
ramification locus consisting of two arcs (blue arcs in Figure 2):

(1) {4, —1<t<1} and {(¢2,¢3)| —1<t <1}

Similarly, the quotient T5/D,, is also a ball B, containing two ramified arcs. Gluing
two balls By and Bs yields the 3-sphere, in which the ramified arcs combine to form
the knot K (p, q).

2 =(3
(¢, ¢H)
R l2)ranched
3 -cover
—> (1) % (1,0
Tl/Dp
T /(Z/pZ)
zZ1 = Cié

FIGURE 2. The quotients of Ty by Z/pZ and D,,.

If we project the ball By onto a planar square so that the two ramified arcs
in (1) are mapped to its vertical edges, the two ramified arcs in By are attached to
the vertical edges with slope ¢/p, as illustrated in Figure 3. The resulting diagram
is called Schubert’s normal form of K(p,q). Letting v and v be the Wirtinger
generators associated with the vertical edges, we obtain the following presentation
of the knot group G = (S \ K(p,q)):

(2) G = (u,v|wuw w7, w=uTv2. . 2yt

where €, = (—I)L%J for any k € Z and the relator in (2) is obtained by traversing
the diagram once.

By interchanging the roles of By and Bz, we obtain another presentation of G,
which coincides with the presentation (2) of 7 (S®\ K(p,£)). Here 0 < £ < p is the
unique odd integer satisfying ¢/ = £1 modulo p. This follows from the fact that
the exchange map E(z1,22) = (22, 21) induces a homeomorphism between L(p, q)
and L(p,¢) when ¢f = 1, and the composition E o F, where F(z1,22) = (21,%2),
does the same when ¢g¢ = —1. In either case, K(p,¢) and K(p, ) are isotopic, and
thus their knot groups are isomorphic.

The knot K (p, q) is doubly amphichiral, meaning that there are two commuting
involutions h; and hs induced by the transformations (z1,22) — (21, —22) and
(21,22) — (—21,22), respectively. Each h; fixes a circle that intersects the knot
in two points, and the two circles meet at two points. Choosing a base point of
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FIGURE 3. Schubert’s normal form of K(5,3).

G at one of the intersection points of the two circles, the involutions h; and hs
induce automorphisms hj and hj of G, respectively, which commute with each
other. Explicitly, they are given by

{ Wi =u { h3(u) = v

hi(v) = vt hi(v) =u~!

(3)

It is not trivial from the presentation (2) that h} and h} are well-defined, one of
the key properties of the sequence ¢, is that it is palindromic in the sense that
€ = €p—p, for all 0 < k < p.

2.2. Parabolic character varieties. In this section, we consider the character
variety of irreducible representations

p:G=m(S*\ K(p,q) — SLz(C)

which are parabolic, by which we mean that each meridian is mapped to a non-
trivial matrix with trace 2. It is well-known that this is an affine algebraic set X
defined over Z whose complex points can up to conjugation be put in the form

p=(y 1)e w0=(x 9)-

Note that X is nonzero, as u and v are conjugate in G. The coordinate ring Q[X] of
X is generated by Tr p(u), Tr p(v), and Tr p(uv); hence, it has the single generator
X. More precisely, it is shown in [Ril72] that Q[X] is isomorphic to Q[X]/(R) where
R € Z[X] is called the Riley polynomial of the knot K (p, q).

For the purpose of this article, it is more elegant to adopt a symmetric setting
by instead taking

(@ =y 1) =[x 9)-

Note that X in this setting is also non-zero, as meridians are sent to non-trivial
matrices. This symmetric setting can be understood conceptually in the following
way. Recall from Section 2.1 that S®\ K(p,q) admits two involutions h; and hs.
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The quotient of S3\ K(p,q) by these involutions is an orbifold O(p, q), where its
(orbifold) fundamental group fits into the exact sequence

0—= G =71 (0(p,q)) = (Z/27)*> = 0.

The above sequence splits. In addition, it follows from Equation (3) that

(5) hluhfl =y ! hguhgl =1

hivhit =ov=1 7 hovhy ' =u~!
We then add an extra global Z/2Z isotropy group to 71 (O(p, q)) by considering the
fiber product

G=m(0p.q) *x Qs.
(z/22)?
Here Qg is the standard quaternion group and Qg — (Z/27)? is the abelianization
map. The group G is a central extension of m1(O(p, q)), and the involutions h; and
hs lift to elements h; and hs in Q)s, respectively, whose squares are equal to the
central element of order 2.

Definition 2.1. The parabolic character variety X of G is the algebraic set of
conjugacy classes of representations p : G — SLo(C) such that the its restriction to
@G is irreducible and parabolic, and p(h?) = p(h3) = —1I.

For any p in X , the last condition implies that its restriction to Qg is irreducible,
because any reducible representation of Qg satisfies p(h?) = I. Hence, there is a
unique conjugation so that Qg has its usual irreducible representation in SLy(C):

© o= (y %) e = (0 b)) suin= (7 )

Proposition 2.2. The conjugations described in Equation (5) force p(u) and p(v)
to have the symmetric form given in (4) up to exchanging the role of u and v.

Proof. From the fact hyuhy' = u™', we deduce that p(u)i;; = p(u)es. Here Ajj
denotes the (i, j)-entry of A. Combined with the condition Tr p(u) = 2, this implies
p(u)11 = p(u)22 = 1. Since det p(u) = 1, it follows that either p(u)12 or p(u)2; is
zero. The same reasoning applies to v, showing that p(v) is upper or lower triangular
with ones on the diagonal. Since conjugating with hy changes u to v=1, p(u) and
p(v) can not be upper or lower triangular simultaneously, one must be upper and
the other lower. Finally, the fact that the conjugation by hiho exchanges u and v
forces the non-zero off-diagonal entries of p(u) and p(v) to be equal. This results
in Equation (4) up to exchanging the role of v and v. O

As with any character variety, the coordinate ring Q[AA’ ] of X is generated by
trace functions Tr p(vy) for v € G. As we have explicit generators of G, it is easy to
check that Q[éﬁ ] is generated by z and i; for instance, we have Tr p(iLQ'LL) = —z and
Tr p(uﬁlﬁg) = iz. In Proposition 2.4 below, we will prove that i can be expressed
as a polynomial in x, implying that (@[22' | has the single generator x.
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Given formal variables X, Xo,..., X, we define the continuants
X, -1
1 X -1
K(Xy,...,Xg) =det €Z[X1,..., Xi].
1 X -1
1 Xk

The following are well-known properties of continuants. We omit the proofs, as
they follow readily by routine induction arguments.

Lemma 2.3. The continuants K (X, ..., Xy) satisfy
(7) K(Xy,..., X)) = Xi K(Xq,..., Xp—1) + K(X4,..., Xp_2),
K(Xla"'an) :K(Xka"'le)?

o (o) (o) = (R )

for any k£ > 1. In addition,
(—DFK(X1, .. Xic1) K(Xighi2, -5 Xigg)
=K(Xy,..., Xitj))K(Xix1, .., Xivw) — K(Xq, .., Xig) K(Xig1, -, Xigj)
holds for any i > 1, k > 0, and j > k + 1.
We set
(9) P,=K(aX,...,e6X), Qr=K(eX,...,eX)€Z[X]
for k > 1 and extend both to all k € Z by using the recursion (7); for instance,
Py=1, P1=0, Qo=0, Q;=1.
Equation (8) says that for any k > 1
1) <pk p,H) _ <61X 1> (ekX 1) |
Qr Q-1 1 0 1 0

Grouping matrices in the right-hand side in pairs, we have

e X 1 €1 X 1 (1 exX 1 0\ _ €k g)€k+1
(1 0)(1 0) =0 1 ) \ax 1) =P

for any k£ > 1, implying that

. (G Gary) =t
as well as
R i i R
In particular, for w = u* v - - - u»=29—1_ one has
P,_, P 2>
13 w) = [ P P _
(13) o) = (G o

It is shown in [Ril72] that the Riley polynomial is equal to p(w)11 = P,—1. That is,
the assignment (4) defines an SLy(C)-representation of G if and only if P, (X) = 0.

Proposition 2.4. P,_, satisfies P? , = —1 in Q[X]/(P,_1).
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Proof. Combining Equation (10) for k = p — 1 with the fact that ¢, = ¢,_j, for all
0 < k < p, we deduce that p(w) is symmetric, i.e., P,_o = Qp_1. Together with
the fact that p(w) has determinant 1, we have P7 5 = —1 in Q[X]/(P,-1). O

The above proposition shows that the complex number ¢ in (6) can be replaced
by the polynomial P,_s € Q[X]/(P,—1). It follows that the coordinate ring Q[A]
of X has the single generator X.

Proposition 2.5. The coordinate ring Q[X] is isomorphic to Q[X]/(Pp_1).

Proof. The coordinate ring Q[X] of X is generated by Tr p(u), Tr p(v), and Tr p(uv)
and is thus generated by X2, subject to the relation given by the Riley polynomial.
Namely, Q[X] ~ Q[X?]/(P,_1). On the other hand, Q[X] is obtained from Q[X]
by adding X and i € C, where the latter can be replaced by the polynomial F,_s
due to Proposition 2.4. Hence Q[X] is isomorphic to Q[X]/(P,_1). O

As Riley did in [Ril72] and the first author repeated in [Mar23], by reducing
modulo 2, one can prove that the polynomial P,_; has no multiple roots. In other
words, Q[X]/(P,—1) is a semi-simple Q-algebra.

2.3. Computation of the torsion. In this section, we compute the Reidemeister
torsions of K (p,q) associated with representations p,, defined as below. The com-
putation proceeds in V = Q[z’\?] = Q[X]/(Pp-1), and we denote by z, Py and Oy
the image of X, P, and @ in V, respectively.

Recall from Section 2.2 that the polynomial P,_; is designed to give a parabolic
representation p : G — SLa(V). The natural action of SL2(V) on the n-th sym-
metric power S"V?2 of V2 defines a representation s, : SL2(V) — SL(S"V?). The
composition p, = s, o p is a representation of G into SL(S"V?) and allows us to
twist the usual cohomology of the knot complement by the local system S*V?2. Un-
der some cohomological conditions specified below, the Reidemeister torsion with
respect to p,, is well-defined (see e.g. [Porl5|), and we simply denote it by

T € V/{£1}.

Note that the torsion is defined up to sign. This sign ambiguity can be resolved by
fixing a homological order of the knot complement, but we will not address it in
this paper.

The fact that the torsion is invariant under simple homotopy allows us to com-
pute the torsion 7, using the 2-dimensional complex associated with the presenta-
tion (2) of the knot group. Since this presentation has two generators u and v with
a single relator » = wuw~'v~!, the corresponding chain complex is

(14) sry2 B gy g gny? 2 gy

The differentials D? of the above complex are given as follows. Let F, be the free

group with generators v and v, and let a%’ 8% be the usual Fox derivatives, i.e, the

unique endomorphisms of Z[F»] such that

ou ov ou ov

=t " W e
and

oo _on o owb_oa op o
ou _ou Youw v v Yoy MW 2



REIDEMEISTER TORSION OF TWO-BRIDGE KNOTS AND SIGNATURES OF TQFT 13

Note that
Oa da

%(u—l)—i—%(v—l):a—l for any a € F5.

Abusing notation, we denote by p,, : Z[Fs] — Z[G] — End(S"V?) the map sending
a to pp(a). Then the differentials in the chain compelex (14) read

(15)

D°(¢) = (pn(u —1)& pn(v— 1)6), DY(&n) = pn (Z) £+ pn (g;) 1.

Note that D' o DY = 0 follows from Equation (15) together with the fact that
pn(r) = 1.

Let us further compute D'. Recall that the word w is given by w = u¢! - - - v-1,
A striaghtforward computation shows that

p—1

ow < |usvez .. pe2n—2 if g1 =1

u | —ut o2 ey ifegp 1 =—1"
p—1

ow = |urtvez .. ycer ifeg, =1

Fran P —uftp . q2k-1p2k f ey = —1

Using Equations (11) and (12), one has

ow R Pok—2  Pop—2-c
16 n\ 7 | — c—19n ket )
(16) p (Bu) ge% L <Q2k2 Qok—2-erp
ow = Pok—1-ey, Por-1
17 | — — n 2k .
(17) P ( Ov ) ’; €2k 5 <Q2k—1—62k Qok—1
Combining these equations with
or ow or ow

which directly follows from r = wuw~'v~!, we obtain an explicit formula for D'.

2.3.1. Tautological representation. In this section, we compute the torsion 7, asso-
ciated with the tautological representation p;. Note that s; is the identity map and
thus p; = p.

Lemma 2.6. Writing the differentials D? in matrix form, we have

0 =z

0 0 0 Di|DL o
0 _ 1 _ 1 2
Do = 0o o |’ D_(O D%DiO)

z 0

where D{ = P,_o, D} = —1,

p—1 p—1

2 2
1 1
D3=0Q, 2—2x g €2k—1Pok—2—csp_, >, Dy=-—= E €2k Pok—1—csy, -
k=1 k=1
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Proof. 1t is clear from

ma-n=(g 5) m-v=(7 0

that the matrix form of DO is given as in the claim.
Equation (15) for a = r says that %(u —-1)+ %(v —1) = 0. Thus we can write

a priori
or\ (0 a or\ (¢ 0
Plau) = \o o) P\Gv) =" \d 0o)"

It then follows from Equations (18) and (13) that a = Pp_o = Di, ¢ = —1 = D3,
and from (16) and (17) that b = D} and d = D}. O

The above lemma implies that the chain complex (14) is acyclic if and only if
DID} — DiD} # 0. In the acyclic case, the torsion 71 can be computed directly by
using the Cayley formula (see, e.g. [GKZ08, p.485]). Precisely, we have

A
(19) T = A—; where Ao =22, A; = DD} — DiD:.

Theorem 2.7. The torsion of the two bridge knot K(p,q) in its tautological rep-
resentation py is well-defined and given by

po1
1 2
= Qpa2—= Z €25—1(Pak—1 + Par—3)
k=1

Proof. The last equality of Lemma 2.3 implies that P,_oPy = (—1)¥P,_o_; for
any k. Hence we can rewrite

p—1 p=1 p=3

2
g €2k Pp—2Pok—1—c,;, = E €2k Pp—1—2k+eqy, = E €2k+1P2ktenpyr -
k=1 k=1 k=0

In the last equality, we have substituted 2k with p — 2k — 1 and used the symmetry
€2k+1 = €p—2k—1. Then two sums that appear in

B b

Ay =—2 Z €2k Pp—2Pok—1—cy, + Qp—2 — T Z €2k—1P2k—2—cop_1

k=1 k=1
add to >, €ar—1(Pax—1 + Par—3). Combining this with Equation (19), we obtain
the desired formula of 1.

It remains to show that A; is invertible to prove that the chain complex (14)

is acyclic and the torsion 77 is well-defined. This follows from Theorem 2.8 below,
saying that A; = z27; is invertible with the explicit inverse Pp_1/2. (I

2.3.2. Simplication of 7. In this section, we show that the formula of 7 in Theo-
rem 2.7 admits a remarkable simplification.

Theorem 2.8. One has )

x27)e_1

where 0 < £ < p is the unique odd integer satisfying gf = +1 modulo p.

T =

Prior to the proof, we record some lemmas.
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Lemma 2.9. Let Ry be a sequence of polynomials satisfying the recursion
(20) Ry = exxRp_1 + Ri_o.
Then Ry = RyPr + R_1Qy, for any k.

Proof. Recall that both P, and Qj, satisfy the same recursion (20) with P_; = 0,
FPy=1and Q_1 =1, Qp = 0. It follows that Ry and RoPx + R_1Q} satisfy the
same recursion with the same values for £ = 0 and —1. Therefore, they coincide
for any k. |

We henceforth set « = P,_s; by Proposition 2.4, we have (2 = —1.
Lemma 2.10. One has Py, = (—1)k1Py, and Pryop = P for any k.

Proof. Since €4p = —€x, it follows that the sequence Py ,(—z) = (—1)FP Py, ()
satisfies the recursion (20). By Lemma 2.9, we have

(_1)k+ppk+p = —PByPy + Pp1Qy.
As P, = €,2P,_1 + P,_2, we obtain the relation Py, = (—1)*/P), in V. Applying
it twice, one has Pyyop = Py. O
Lemma 2.11. One has P_5_j = Py, for any k.

Proof. Since e_j, = —eg, for p 1 k, the sequence P_,_j, satisfies the recursion (20)
for 0 < k <p. By Lemma 2.9, P_o5_ = P 5P, + P_1Q = P, holds for 0 < k < p,
which also holds for £ = 0. Using Lemma 2.10, the formula extends to all k in
V. O

Lemma 2.12. One has Pp_1Q,_2 = —t(Pp + Pp—2) where ¢ is the unique odd
integer satisfying 0 < ¢ < 2p and £'q = —1 modulo 2p.
Proof. One easily proves that ey = € if p t k. This implies that Py satisfies
the recursion (20) for 0 < k < p and thus, by Lemma 2.9,

Poyk = Po Py + Py—1Qk.
for 0 < k < p. Taking k = p — 2, we have Py, p_92 = Py P,_o + Py_1Qp—2 which,
combined with Lemma 2.10, gives —tPp_o = 1Py + Ppr_1Qp—2. O
Lemma 2.13. For all —1 < k < p one has

(Pe/ — P@fQ)Pk = P(IJ’,k - P[lfkfz.

The same equation holds with a minus sign for —p < k < 0.

Proof. We prove it by induction on k: it holds for £k = —1 as P_; = 0 and obviously
for £ = 0. Take now 0 < k < p and suppose the formula holds for £ — 1 and k — 2.
Then one has

(Por — Py —2) Py = ex(Pp — Py _9)Pr—1 + (P — Py _2) P2
= erx(Ppyp—1— Py_p_1)+ Pyyip_2— Py_y
= ep(€oqn(Prsr — Pryr—2) — €r—ip(Py— — Pr_p—2))
+ Prygp—2— Po—g.

As €pqr = € and €p_p, = —¢p, for 0 < k < p, the last expression simplifies and
gives the result. The same induction argument is applied for —p < k < 0. g
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Proof of Theorem 2.8. First observe that if 0 < ¢/ < p, then £ = ¢’; otherwise,
¢ =2p— (. In either case, by Lemmas 2.10 and 2.11, we have Py_1 = Py _1.
Due to Theorem 2.7, it suffices to show that

p—1

Po_1(Qp—2 —xS) =2 where S = Z €2k—1(Pak—1 + Pak—3).
k=1

Applying Lemma 2.12 with the formula —xPy_1 = Py — Py _o, the above equality
is equivalent to

(21) (P —Per—2)S =2+ 1(Per + Po—2).
On the other hand, using the symmetry Por_3 = P_oky1 and €gp—1 = —€_ok41, We
can write

p—1

N‘

S = (eap—1Pak—1 — €—opt1P—2k41) = Z OnerPr

E
l‘
|
S
A
e
A
S

where 0, = 1 for 0 < kK < p odd, 0y = —1 for —p < k < 0 odd, and dy = 0
otherwise. As Lemma 2.13 states that (Pp — Pp_2)Pr = 6k (Ppyr — Ppr—g—2) for
odd —p < k < p, we have

(Pe —Po-2)S= > (Poik —Pr—k-2) = Y (€hopr — €r_o_4)Pr-
k:odd k:even

In this formula, €, = € if p { k, and €}, = 0 otherwise; the sums are taken over
k € Z/2pZ, which are well-defined by Lemma 2.10. As Par, = Pap_2_ox and
Pp—1 = 0, we can pack these in the form

p=3

2

(22) (Po = Pr—2)S =3 _(ux + v)Pay
k=0

where uy, = €, — e’e,+2k and vk =€ 5 _op_p — €p_o_o-
o For k=0,onehase ,, +¢ , , =0, ¢, =¢€)_,=—1,and Py = 1. It follows
that (ug + vg)Po = 2.
e For k > 0 one has eyior = €2 = €25 hence up = 0 unless ¢/ + 2k = p or
2k — ¢ =p (mod 2p):
If ¢/ < p, then there is ko such that ¢’ + 2kg = p, and one has uy,Pag, =

€2k0—0' Paky = €p—20Pp—pr = —Pppr = 1Py —2;
If ¢/ > p, then there is kg such that 2kg — ¢’ = —p, and one has ug, Pay, =
—€0'42ko Paky = €0r—pPor—p = —Po4p = LPp.
e Similarly, one has vy =0 for kK > O unless ¢/ —2 -2k =por —2—-2k—{¢'=p
(mod 2p):
If ¢/ < p, then there is kg such that —2 — 2ky — ¢/ = —p, and one has
kaPQko = _GZ/7272]€0P2I€0 = LPZ’;

If ¢/ > p, then there is kg such that ¢/ — 2 — 2kg = p, and one has vi, Pog, =
€ 2 okt Pory = Py 2.

We conclude that in both cases ¢ < p and ¢ > p, the sum in (22) results in
2+ 1(Py + Py —2). This proves Equation (21) and thus the theorem. O
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2.3.3. Adjoint representation. In this section, we compute the torsion 75 associated
with the adjoint representation py = sq 0 p.

The symmetric power S?V? is 3-dimensional and the representation s, is known
to be isomorphic to the adjoint representation SLs (V) — SL(sla(V)), mapping g
to the map & — g€g—'. We denote by ¢, e2, e3 the standard basis of S?V2 and by
(-,+) :S2V2 ® S2V? — V the canonical invariant pairing on S2V2.

The torsion 75 is our main case of interest. However, it provides extra difficulties
due to the fact that the chain complex (14) is not acyclic. That is, H*(M, S2V?)
does not vanish where M is the knot complement of K(p,q) and the coefficient
S2V2 is twisted by py = s5 0 p. More precisely, it is well-known that H* (M, S2V?2)
vanishes except for £k = 1,2. In this non-acyclic case, defining the torsion requires
fixing a basis of the cohomology [Por97].

Let OM be the boundary torus of M and let m C M be a meridian of K (p, q)
homotopic to u € G. The inclusion maps induce the following homomorphisms

(23)  HY(M,S*V?) — H'(m,S?V?), H*(M,S*V?) — H*(0M,S*V?).

It is well-known that when K(p,q) is hyperbolic and p is a lift of the geometric
representation, these two maps are isomorphism. In our case, this will follow from
a computation.

Applying the Poincaré duality, combined with the invariant pairing of S2V2, to
the isomorphisms in (23), we obtain

(24)  HYM,S*V?) ~ H(m,S?V?)*, H*(M,S*V?) ~ HY(0M,S*V?)*.

By definition of the 0-th cohomology, H’(m, S2V2) and HY(0M, S?V?) are generated
by elements of S2V2 that are fixed by the restrictions p|,, and p|aas, respectively. It
follows that both are 1-dimensional and may be assume to be generated by ¢;. We
specify ¢; as a basis for both H%(m, S2V?) and H°(0M, S?V?2). This determines a
basis of H*(M;S2V?2) through the isomorphisms in (24). With this choice of basis,
the torsion 7 is well-defined.

Theorem 2.14. The torsion of the two-bridge knot K(p,q) in the adjoint repre-
sentation pa and with the homological marking referred to above is given by

E EQkP
mQPe 1 2k—1

where 0 < £ < p is the unique odd integer satisfying ¢f = +1 modulo p.

Proof. Let C* be the chain complex (14) and H* be its homology. We first define
a quasi-isomorphism f, : C* — H*.

c* s2y2 DL, gay2 g gey2 DY, qay2
lf* l J{fl J/f2
H* - 1%

0 0 1% 0

Note that S?V?2 is isomorphic to V3 with basis e1, eg, ¢3.
Since m is a 1-subcomplex of the 2-complex used to define C*, one can choose
f1 by mapping (£,7) to (£, e1). In the standard basis, we have f; = (0,0,1,0,0,0).
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For the second one, we consider OM ~ S! x S' and a cellular map homotopic to
the inclusion OM < M. The boundary torus has a cell decomposition correspond-
ing to the presentation

11 (0M) ~7Z? = (a,b| R), R=aba 'b".

The natural morphism m(0M) — w1 (M) sends a to the meridian v and b to the
(blackboard-framed) longitude w*w. Here w* is the word w read from right to left;
see [Ril72, Prop.1]. Note that this morphism is well-defined due to the following
equality that holds in Fy:

(25) [u, w*w] = [g,7][r,w*], g =uCv" w10

where 0 < ¢/ < 2p is the inverse of —¢ modulo 2p; see Lemma 2 in [Mar24]. This
allows us to write down explicitly the morphism of complex inducing the restriction
map H*(M, S?V?) — H*(OM, S?V?) as follows:

Gy Do) oy pgays | (2(800a(BE) oo

: ) i

q2y72 (p2(a—1),p2(b—1)) S2172 @ §21/2 (p2(58):p2(57)) q2y/2

In this diagram, ® is the Jacobian matrix of the transformation (a,b) — (u, w*w)
and, U sends £ to pa2(g)€ — p2(w*)E; see Equation (25). Recall that we chose the
basis of H?(OM, S?V2) as ¢;, hence the map f» : S?V? — V is given by

f2(&) = (p2(9)€ , e1) — (pa(w*)E, 1) = (€, p2(g)Ter) — (€, pa(w™)~er).

Recall from Equation (13) that p(w) has entries Pp_1 =0, Pp_2 = Q,—1, and Qp_»
where Pg_g = —1. From the symmetry between w and w*, we have

(26) pur) = (2 Pr2).
It follows that pa(w*)~te; = —e3. On the other hand, we have
olg) = (g(egx, o epx) K(ex,. .., eg/_lzzz)> _ ( * * ) .
(e12,...,epx) K(erz,...,€p_1x) Pe Po_1
It follows that p2(g)~ter = P2 _ e1 + 2Py _1Pwea — PZes. Therefore,

f2(8) = (€, 7342'—121 + 2Py _1Ppreg — (PEQ’ — 1)es),

showing that fa = (x, x, PZ_,) in the matrix form. On the other hand, if { = —¢~!

(mod p), then ¢ = ¢; otherwise, ¢/ = 2p — £. In the latter case, the identity
Pop—i; = Pr—o implies that Pp_1 = Pop_p—1 = Pe—1. Thus, in either cases, we
have Pp_1 = Py—1 and thus fo = (x, *, 79@271)

Finally, we compute the torsion 7 from the acyclic chain complex associated
with the mapping cone of f, : C* — H*:

g

ﬂ .
§2p2 g s2p2 Gnbn) qayn oy, (20 Ly

(u—1,v—-1)
4)
1 D,

Q|

S22

]
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As computed, the differentials D? have matrix form

0 —x —a?
0 0 2x
DO _ 0 0 0 Dl _ p?(%) pQ(%)
0 0 0 ’
-2z 0 0 0 0 1[0 0 O
22 =z 0

and D? = (* * P2, 0). To apply the Cayley formula, we extract the rows 1,2, 5 of
DP to get a determinant Ay, we extract the (complementary) columns 3,4,6 and
the rows 1,2,6 of D; to get a determinant A; and keep the third entry of D5 to
get Ay. Then the Cayley formula (see, e.g. [GKZ08, p.485]) says that

T AgAy

(27) T2

p—1
where Ag = 423, Ay = —22(3°, 2, €2xPa._1), and Ay = P72 |. Here A; is com-
puted from (see Equation (18))

or 0 0 0 * *x q -1 0 0
pg(): 2c 0 O *x % x| —1= ¥  *x —2za
ov 2
¢ —x 0 * k% * % *
p=1
where a = — 3", 2, €2,P5,_,, which follows from Equation (17). Substituting A,
into the Cayley formula (27), we obtain the desired formula.
To show acyclicity of the cone complex, it is sufficicient to show that no A;
vanish. The non trivial one is Ay, and its relation with the invertible element ) in

Section 2.5 will show that it is invertible; see Equation (31). O

2.4. Comparing reciprocal pairs. Let 0 < ¢ < p be the unique odd integer such
that g = +1 (mod p). Recall from Section 2.1 that the knots K (p,q) and K(p,?)
are isotopic. It follows that the orbifolds O(p, ¢) and O(p, £) are homeomorphic, and
the algebras V' and V* associated to (p,q) and (p,£), respectively, are isomorphic.
It is useful to make this algebra isomorphism explicit for two reasons. First, it
clarifies the denominator of the formula in Theorems 2.8 and 2.14, providing a
topological explanation for the discrepancy between the torsions and the element €2
in Section 2.5 below that will be needed to compute signatures. Second, it provides
one of the few ways to verify the formulas in these sections: since torsions are
topological invariants, they should correspond under the isomorphism.

2.4.1. Explicit isomorphism.

Proposition 2.15. Let ¢ be the integer as above and let V = Q[X]/(P,—1) and
V* = Q[X*]/(P;_,) the algebras associated to K(p,q) and K(p,£), respectively.
Then the maps

V =V, 2" = aPra(r) and V= V" 2= a"P (27)

are algebra isomorphisms, inverse to each other.

Proof. Recall from Section 2.1 that we can decompose the 3-sphere into two ball
B; and By where the knot K(p,q) becomes two ramified arcs in each ball. Let us
draw Schubert’s normal form of K(p,q) in the R2-plane so that its vertical edges
run from (0,0) to (0,1) and from (1,0) to (1, 1), respectively, as in Figure 4. From
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Equation (4), we have Tr p(uv) = 2 + 22 where uv is a loop in the ball B; that
encloses the two ramified arcs (the vertical edges of the normal form).

(1,0)

UMy

FIGURE 4. Wirtinger generators in the normal form.

In the other ball B, the two ramified arcs appear as arcs of slope ¢/p. If we
follow the diagram from (0,0) to (1,1/p), i.e., to the crossing just above (1,0), the
associated Wirtinger generator begins as v and is conjugated whenever it crosses a
vertical edge. Let us denote this sequence of Wirtinger generators by mq,ma, ...
as in Figure 4. Then we have

mp = (U0 - )Ty (yfry©2 ),

When we arrive to the crossing at (1,1/p), the corresponding Wirtinger generator
is my and Equation (11) yields

o Qo2 =Pr2\ (1 0\ [(Pe—1 P2
plme) = (—Qe—1 Pe—1 ) (ﬂc 1) (Qe—1 Qe—2>

(1 —=aPp 2P —x?’f_g

- =P}, L+ aProPe1)”

Since the vertical edge from (1,0) to (1,1) is attached with the arc of slope ¢/p at
(1,0), the loop in By enclosing the two ramified arcs is given by wm, as depicted
in Figure 4, with

( ) = 1—aPy_oPr_1+ xzpf_l *
prume) = * 1+ 2Pe_oPr1

and Tr p(umy) = 2+2?P7_,. As the homeomorphism between the orbifolds O(p, q)
and O(p, ?) is given by interchanging the role of By and Bs, it swaps the loops uv
and umy, and thus exchanges their traces 2+2z? and 2+ z?P7 ;. It follows that the
map sending z* to xPy_1 gives an isomorphism from V* to V. Interchanging the

role of By and Ba, we obtain its inverse, sending x € V to 2*P;_(z*) € V*. O

2.4.2. Cusp shape. Let m and [ be a meridian and a canonical longitude of K(p, q),
viewed as commuting elements in G and let pgeom : G — SL2(C) be a lift of the
geometric representation, provided that K (p,q) is hyperbolic. Up to conjugation,
one can assume that

pgeom<m>=(é }) pgeom(n:( o _Cl>.

The element ¢ is called the cusp shape of K(p, ¢): it is a geometric invariant of the
knot, controlling the Euclidean structure at infinity. By analogy, one can define the
cusp shape associated to the tautological representation p : G — SLo(V). As the
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blackboard-framed longitude is given by w*w (recall the proof of Theroem 2.14), it
follows from Equations (13) and (26) that

1 — — p—1
o= (o 7).+ pln= (5 2R,

Here the sum of the epsilons in p(l) arises from the writhe correction. We derive

(28) c:%—QSG eV
x k=1 *

which show a tight relation between Q,_, and the cusp shape of K(p,q). Comput-
ing the same element for K(p, ¢) yields

Q)a(r) _ @ o(a)

x x*

where the isomorphism between V' and V* is used implicitly. Note that the sum of
the epsilons in (28) does not change when we replace ¢ by ¢, since they are inverses
of each other. Substituting z* = 2Py_1(z) yields the following identity:

p2(27) = Qpa(x)Pe-1(z) € V.
We verified this identity by computer for many values of p and q.

2.4.3. Invariance of the adjoint torsion. Let us comment the corresponding equa-
tion for the adjoint torsion 75. Anticipating sligthly the next section, define € so
that we can write

Q Q*
B 42?P} B 4($*)2(P;—1)2
Here the second equality uses the isomorphism V =~ V* implicitly, with the fact
that £* = ¢. Substituting z = 2*P;_,, the reciprocal of the relation z* = zP,_1,
we deduce that

(29) Q*(z*) = Q) Pp_y(z) 2

T2

This shows that the element ) transforms non trivially under the isomorphism
between V and V*, but in a similar way to Qp_s.

2.5. Reidemeister torsions in Frobenius algebra. It is shown in [Mar23] that
V = Q[z]/(Pp—1) has a natural semi-simple Frobenius algebra structure, mean-
ing that it is endowed with a linear form € : V' — @Q, a bilinear symmetric non-
degenerate form 1 : V x V — Q, and an invertible element ) € V related by the
following equations:
2

e
30 z,y) = €e(zy), e(z)="Tr O lz), Q= —k
B o) =eay), o) =Truje@e), 2 =3
where z and y are any elements of V', and ey is an orthogonal basis for 7. In our
case, the natural basis Py, P1,. .., Pp_2 of V is orthogonal and satisfies €(Pj,) = 0
for k > 0 and €(Py) = 1. Moreover, n(Px, Px) = (—1)*€x41 so that

p—2
Q=> (-1 er1P}.
k=0
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Let us write Q = QT — Q~ by decomposing the sum over even and odd indexes of
the epsilons. Using Lemmas 2.10 and 2.11, we have

(p—1)/2 (p—1)/2 (p—3)/2
o= Z _€2k7322k—1 = Z —621@772_%_1 = - Z ep_gk_ﬂ?gk.
k=1 k=1 k=0

As €,k = €, it follows that QT = —Q~, and hence Q" = Q. By Theorem 2.14,
we obtain

Qr Q
31 Ty = = .
(31) 2 222P7 | 4a?P?

This relation between 7 and §2 implies that the inverse sum of 75 vanishes; see
Theorem 2.16 below. Note that a similar equation for non-parabolic representations
was studied in [Yoo22]. See [GKY21] for the quantum-physical motivation behind
such inverse sums of adjoint torsions.

Theorem 2.16. Fix coprime odd integers p and q satisfying 1 < q < p, that is, fix
a hyperbolic knot-bridge knot K(p,q) and let X be its parabolic character variety.

Then
> LI

% m2(p)

Proof. For any f € Q[X], we have

S 7o) = Trauiyolf) = 5 Trgiy o).

peEX

Therefore, it suffices to compute the trace of 1/75 in V = Q[X] over Q. From
Equations (30) and (31), one has

Try/o(1/m2) = Try o(42*Pi_, /)
= e(42*P} )
= dn(epxPo—1, €0xPe—1)
= 4n(Py — Pe—2,Pe — Pe—2)
As Py, is orthogonal with 7(Py, Px) = (—1)*ex41, one has
1(Pe = Pe—a, Pe = Prs) = (1) (€41 + er—1) = 0.
The last equality follows from the fact that ¢¢ = £1 (mod p), implying that ey 1

and €y_1 have different signs. This completes the proof. O

The above theorem motivates us to consider the inverse sum of 71. Although
we have no quantum-physical explanation for its simplicity—specifically, for its

independence of p and ¢g—Theorem 2.17 below shows that the inverse sum of 7y is
+1.

Theorem 2.17. Fix coprime odd integers p and q satisfying 1 < q < p, that is, fix
a hyperbolic knot-bridge knot K(p,q) and let X be its parabolic character variety.
Then

3 LI

pEX n(p) — TV

where 0 < £ < 2p is the unique odd integer satisfying £'q = —1 modulo 2p.
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Proof. 1t follows from Theorem 2.8 that

1 1
Trv/o(l/m) =5 Tryq(z*Pr—1) = 5 Dvya(@(Pe—2 = Pe)).

Recall that Py, ..., Pp_2 form an orthogonal basis of V', and for ¢ and j € Z/2pZ,
n(’PZ‘,‘Pj) =0 unless ¢ = j or ¢ 4+ 7 = 2p — 2, in which case this scalar product gives
(—1)*€j+1. The trace of an endomorphism M € End(V) is given by
p—2
Try, (M) =Y 1(Pk, MPi)n(Pk, Pr).
k=0
If we let M be the multiplication by x(Py_o — Pgr), then for 0 < k <p— 2,
MP, = ('ng_z — Pg:)xpk
= (Pr—2 — Pe)ert+1(Pr+1 — Pr—1)
= epp1(—Posrs1 +Po—r—3+Poir—1—Pr_x1).
Here the last equality follows from Lemma 2.13. Therefore, one has

p—2
Try (M) = Z €1 1M (Pr, =Pergiy1 + Po—k—3 + Peoyr—1 — Por—i—1) N(Pr, Pk)
k=0

p—2
= (=1 (P, =Prsh1 + Po—k—s5 + Poryr-1 — Po—k-1).
k=0

Expanding the bilinear form 7 in the sum, we obtain four terms: 9(Px, =Py 4-k+1),

N(Pr, Per—1—3), N(PrsPeosk—1), and n(Pi, Py—r—1). We analyze the non-trivial

contributions from each term individually. Recall that n(Pg, P;) # 0 if and only if

k=iork+i=2p—2 (mod 2p).

e First term: if k = ¢/ + k + 2 (mod 2p), then ¢/ = —1 which we excluded. The
only possibility is to have k + ¢ + k + 1 = 2p — 2 (mod 2p) which appears only
for k = (2p — ¢’ — 3)/2. This contributes to the trace —ex11 = —€,_(p41y/2 =
—€r+1)/2:

e Second term: if k+¢' —k—3 = 2p—2 (mod 2p), then ¢ is congruent to 1 modulo
p, which is impossible. If k = ¢/ — k — 3 (mod 2p), then k = (¢’ — 3)/2. This
contributes € _1) /2.

e Third term: the case k = ¢/ + k — 1 (mod 2p) is impossible. The other case
k+0¢ +k—1=2p—2 (mod 2p) happens when k = p— (¢’ 4+1)/2 and contributes
Cp—('~1)/2 = €('~1)/2-

e Fourth term: the case k+ ¢ — k — 1= —2 (mod 2p) is excluded. It remains the
case k = ¢ —k—1 (mod 2p) which happens when k = (¢ —1)/2 and contributes
—€r+1)/2-

Collecting the non-trivial terms, we conclude that the trace of M is equal to

€w—1y/2 — 2€41y/2- If we write ¢/’ = 2ps — 1 for some integer s, it follows that

€w+1y/2 = (—1)° and €p_1y/2 = (—1)5*L, giving Try (M) = 4(—1)**1. Combin-
ing all the above, one has

Z ﬁ B %Trv/Q(l/Tl) - iTrV/Q(QU(P@’—2 = Pe)) = (=1
pEX

This completes the proof. [
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Remark 2.18. For ¢ = 1, we have £/ =2p — 1 and Pp_; = P_o = 1. In this case,
a direct computation shows that Tryq(1/71) = Tryg(2?)/2 = 2 — p.

3. ASYMPTOTICS OF THE SIGNATURE FUNCTION

3.1. Statement of the theorem. Let I'(2) be the principal congruence subgroup
of level 2 in SLy(Z). Fix M € T'(2) and define the sequence (py, g,) for odd n by

an\ _ 1
(32) (p) — M (n) |
Writing the matrix M as
a b
M= (C d) eI(2),

we have odd integers a,d and even integers b, ¢ with ¢, = a + bn and p,, = ¢ + dn.
As we want to study the asymptotics of signatures along this sequence (py,, ¢, ), we
further impose that 0 < b < d. Then for n big enough, p, and ¢,, are coprime odd
integers satisfying 0 < ¢, < p,. We observe that lim,, g—: = % is always the quotient
of an even number by an odd one. Moreover, up to a shift of n, the sequence (py, ¢,)
only depends on b/d. With such a shift, we can moreover assume ¢ > 0. We denote
by I's(2) be the subset of I'(2) consisting of matrices with 0 < b < d and ¢ > 0.
To state the asymptotic of the signature o4(*), we construct an explicit Frobe-

nius algebra Wy, that depends on M € T'g(2) as follows. Set

_ | ze ] — | {r=he for 0 <r<d
ool e 1 forr=d
Note that o, > 0 and o7 + -+ + g = ¢ — 1. We define

N =i (B0t Ee T ) e cLaiie)

(33)

- (1) = M N@iV () -+ Faa ¥ (o)

From the fact that oy +--- + @y = ¢ — 1 is odd, one checks that both H; and Hs
are integer polynomials of degree d. Similarly, we define an integer polynomial Hg
of degree b as

(") = N Nl o) W) ).
Provided that
(H) H; has no multiple roots and no common root with Hs,
we define the semi-simple Frobenius algebra Wy, of degree d by
Wa = Q[z]/(Hy) with Qw,, = —H{HoHz 2.
Theorem 3.1. Fix M € T's(2) and let (pn,qn) be the sequence defined in (32).

Then for any g > 2,
(1) the signature o4(1*) is a polynomial in n, and

(2) under the assumption (H), its asymptotic satisfies

q n3 9t -1
o (pn) o~ 2 (%2> €29~ 2) Trwy, 0 (%) -
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3.2. Reciprocal Frobenius algebra. Fix M € I's(2) and (p,,¢,) as in Theo-
rem 3.1. As dg, — bp, = 1, d is the inverse of g, modulo p,,. Let us denote by V,*
the Frobenius algebra associated to (pn,¢n) and V,, the one associated to (p,,d).
Here we adopt the notations from Section 2.1, except that the subscript n is added,
and we attach * to the algebra associated with (p,,¢g,). Recall from Section 2.4
that they are isomorphic as algebras and denoting by x*,x their generators, one
has the relations:
¥ =aPg, 1, x=2"Pj_,
together with (see Equation (29))

O =Q,P,2

qn—1"
It follows that
dn £\ g— _ _
o <p) = Try. o (0)9Y) = Try, o (P52 )7 Y).
Proposition 3.2. One has

Py _ (DX 1\ ox 1\ x 1\ 1

Pp2) 1 0 1 0 1 0 0
and

P\ _ ((~1rtx n\"t o ox n\"trx 1\t

Py_2) " 1 0 10 10 0)

Here the integers ., defined in (33), are independent of n.

Proof. We first consider the e-sequence €, = (—1)Ldg71jrcJ for 1 <k <p,—1 as-
sociated to the Frobenius algebra V,,. It is a sequence of d alternating blocks of
1s and —1s. Precisely, to find the last term of the r-th block for 1 < r < d, we
compare dk and r(dn + ¢): writing k = rn + s, this amounts to compare ds and
rc. The last term of the r-th block is then k, = rn + |Z£]. In particular, the last
term is kg = nd + ¢ = p,. As we want to stop the sequence at p, — 1, we set
instead kg = p, — 1. We also set kg = 0 for notational convenience. Note that
kr —k,—1=n+ a,.
We now recall that P, = €, X Px_1 + Pr_o. Equivalently,

Pk. _ €k.X 1 Pk-—l
Pk—l - 1 0 Pk_Q ’
By the definition of k,., one has ¢, = (—1)" for all k,._; < k < k,.. Since k. —k,_1 =

n + «,., we obtain the first formula.
On the other hand, as ad—bc = 1, we have % = a— % and thus k, = bn+ [ %] =

d d
bn +a -1 = g, — 1. It follows that F,, _; is obtained from the same formula as
P, 1 by taking only the first b blocks. This proves the proposition. O

Set X = i(t+t~!) for a formal variable t. Then a direct computation shows that

(34) XN\ gkl ik
L) — it (=it —a7h) () )

Changing the sign of X amounts to changing i to —i, hence

(35) S O A R s S N (AR
1 0) p— 1\ ai(th—tk) (gt —gkt) )
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Combining the above formulas with Proposition 3.2, we obtain the following propo-
sition, which produces three two-variable polynomials. We will need more precise
information about these polynomials, which we defer to the technical Lemma 3.7.

Proposition 3.3. There exist polynomials Qr, Rar, Sar € Z[UTE, VL], depend-
ing only on M € I'g(2), such that

Py, (it +it=h)(t — =) =" HLQp (¢, t7)
Py, o(it +it™1)(t —t7 1) =" Ry (¢,t")
Py, —1(it +it ) (t —t=1)b = Sp(t, ")

for any odd n.

Proof. 1t follows from Proposition 3.2 and Equations (34), (35) that P, 1 (it+it™1)
can be expressed as a polynomial in ¢ and ¢" with coefficients in Z[i], multiplied
by iZr (D ren) (¢ pmyd — nts(p D where k = Y (1), As
k=Y, a,=c—1=1 (mod 2), one gets £i"*1(t —¢t~!)%. Remaining powers of i
appear exactly in non-diagonal coefficients, and this property is stable by product.
This proves the desired identity for P, _; and P, 5. For P, _1, there is no term
of the form ¢"™ and the remaining power of 7 is a; —as+---+ap = a—1 = 0 modulo
2. O

3.3. The signature is a polynomial in n. Let us prove in this section the first
item of Theorem 3.1.

From [Mar23|, one has Q,, = —P, 2P, _;, hence
dn — g—1
B () ()
Pn

Recall from the Residue Formula (see e.g. [GH78]) that given any polynomial P
with simple roots and any @ € Q|x] one has

Tropp(@) = Y Q@)=Y Resm(%d:p) =— Resr:oo(Q]}; dz).

P(x)=0 zeC

We cannot apply this directly to the computation of o, because we need to invert
P,, _1, which creates new poles and invalidates the residue formula. To circumvent
this problem, we use

*

T x
C = Ppa(e), = Pi(e)

from which we deduce
PQn_l(x)_l = P;—l(x*) = P;—l(xplhz_l(x))'

To simply the notation, let us set Q(z) = P;_,(zP,,-1(x)). In order to apply
Proposition 3.3 , we perform the change of variables = = it +4¢~!. Since this maps
t =0 to = oo and is non-ramified there, we can replace x by it +it~ ', = oo by

t =0, and dx by w. It follows that ag(%) is equal to

f{f)s

t=0

(_1)g Q(Zt + it—1)29—2Pp"72(it + it_l)g_lplg”71<7;t + it_l)g Z(t . t_l)dt
P, _q(it+it=1h) t '
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On the other hand, from Proposition 3.3, one computes

EEQu (™) d(t+tHQu(t, ")

. 1y dt ) 5

(37) P, (it +it™h) =" ( (e s .

Substituting this into the above residue expression of o4(*), we obtain
n R(t,t") dt

38 22 ) = Res;— -

o o (32) =P (oo ey s

for some integer m independent of n and some R € Z[U*!, V+1].

Lemma 3.4. Let R and S € Z[U*! V*!] be two polynomials and suppose that
the lowest V-coefficient of S is (U — U~!)? modulo Z[U*]*. Then

R(t, t") dt
Hesio (S@,tn)(t — Ty t)

is a polynomial in n of order less than m + .

Proof. Tt is sufficient to consider R(U,V) = U?V?® by the linearity of the residue.
Let d be the lowest V-degree of S. Then, by the assumption, we can write

S(U,V)=eUS(U—-UYHYVI-VSWU,V))

where € = 1 and S € Z[U*!, V][[U]], hence
R(t, tn) ta+nb7c7nd+m+l

S )t — 1™~ (1 — tnS(t, tn)) (12 — 1)ym+

_ _—lja—ct+m+L+n(b—d) ni & n\i 25 1\m+L j+m+L—1
= t t t,t")'t 1 .
‘ z‘;o Sy < m+{—1

We need to pick the constant coefficient in ¢: the key point is that only a finite
number of i’s can contribute. Fix a value of i and expand S(t,¢")*. All terms have

the form ) 01
if)+tm+L—
C f,A+Bnt2J J .
;) m+£0—1

A+Bn _
If B <0 and A+ Bn is even, the constant term of this series is ( 2mi;ite 1)

This is a polynomial in n (which is assumed to be odd) of degree m + ¢ — 1. This
completes the proof. O

Lemma 3.7 below shows that Lemma 3.4 can be applied to Equation (38). It
follows that the signature og(%) is a polynomial in n, which proves the first part
of Theorem 3.1.

3.4. The leading term of the signature. We now prove the second part of
Theorem 3.1, starting again from Equation (36) that we rewrite in the following

form: .
” <qn> -y <Ppn—2($)PI§n_1(fﬂ)>g
o) = & T RS2
where Z,, = {& € C|P,,_1(z) = 0}. From the relation between P, _; and Qs in

Proposition 3.3, one sees a direct relationship between the zeros of P, _; and the
zeros of Qps. To be more precise, we define

€ = {(u,v) € (C)?| Qu(u,v) =0}, Cln] = {(u,v) € C\ {£1}* |v = u"}.
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The map Cln] — Z, given by (u,v) + i(u + u~"') is surjective and 2-to-1: two
preimages are related by the involution (u,v) — (u=t, v™1).

Lemma 3.5. The set (J, -, C[n] is relatively compact in C.

Proof. This amounts to showing that points in C[n] cannot accumulate to ideal
points of C. Recall the well-known fact that such ideal points correspond to zeroes
of the side polynomials of @), that is, the one-variable polynomials associated with
the sides of the Newton polygon of @ ;. To see this, fix an ideal point of C and take
Puiseux coordinates of the form u = sP and v = s7F(s), where p, ¢ are coprime and
F is a convergent series with F(0) # 0. As Qp(s?, s7F(s)) = 0 identically, degree
considerations imply that the linear form (i, ) — pi 4+ ¢j should support a face of
the Newton polygon of Q.

By Lemma 3.7 below, this polygon is an explicit parallelogram, so the only
possibilities are (p,q) € {(0,1),(0,-1),(d,—c),(—d,c)}. In the first two cases, the
Puiseux coordinates have the form v = s™' and v = F(s). As F(0) # 0, it is
impossible to have F(s) = s™ in a neighborhood of 0. In the latter two cases, we
have u = s and v = sT°F(s). Again, the equation v = u™ forces F(s) = stnd+e,
which is impossible for s sufficiently close to 0. This completes the proof. O

Recall the formula P, _q(it+it=1)(t—t~1)% = i"*1Qp(¢,t") of Proposition 3.3.
Differentiating it at (¢,t") € C[n], one has

(39) P, (it +it it —t ) =" Oy Qur (¢, ") + i Tt 0y Qo (¢, 7).
Hence, setting
2b—2d—1 B (u,v)

Fo(u,v) = (w—u™) S (u,v)?

(uOy Qs (u, v) +nvdy Qs (u, v))

we can write

o (q”):; Y Fuuw)h

Pn (u,v)EC[n]

Lemma 3.6. For any neighborhood W of {£1}? C C, there is a constant C' > 0
such that |F,(u,v)| < Cn for any (u,v) € C[n] \ W.

Proof. Let us write z = it +it~'. As P, _o(x)? = —1 for any x € Z, (see Proposi-
tion 2.4), this term can readily be neglected. As (¢,t") belongs to a compact subset
of C, the polynomials UdyQa (U, V) and VOyQa (U, V) are uniformly bounded
on C[n]. Moreover, by the third point of Lemma 3.7, the set of (u,v) € C with
u = +1 is reduced to {£1}2. This means that there exists ¢ > 0 such that for
all (u,v) € C\ W one has |u? — 1| > e. Combining these with Equation (39),
we deduce that there is a constant C' > 0 such that |P’(iu + iu~!)| < Cn for all
(u,v) € Cln] \ W.

It remains to deal with P, _;(z)~2. If we first replace it with P, (zP,, —1(x))?,
we are reduced to showing that P, _i(x) is uniformly bounded. To this aim, recall
from Proposition 3.3 that P, _q(x)(t —t~1)® = Sar(¢,t"). The same argument as
for P} _, shows that P, _(it +it~') is uniformly bounded for (¢,t") € C[n] \ W,
proving the lemma. U

Since the cardinality of C[n] is linear in n, from the above lemma, one has

Z Fo(u,v)9™t = O(n9)

(u,v)eC[n]\W
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which is negligible compared to the expected n39=3 for g > 2. Therefore, henceforth
we concentrate on C[n] N W.

Let W¥ be a neighborhood (1,+1) € C. For parity reasons, the neighborhood of
(—1,+1) will contribute in the same way to the sum. The previous lemma implies

that
o (‘“) - S Fulu,w) 4 O(nf)

Pn (u,v)eCn)N(WHUW —)

Let C be the normalization of C and suppose that the first projection C — C is
not ramified over 1. This implies that there exist d — 1 branches of C with Puiseux
coordinates of the form u = e*,v = efi(®) with F;(0) = 0 and Fj(0) # 0. By the
symmetries of Qs given in Lemma 3.7, the branches over (e,, €,) are parametrized
by u = e e, v = €,efi(%) for e,, ¢, € {£1}.

Recall that an element of C[n] in the j-th branch satisfies +¢%(5) = +¢m*. Equiv-
alently, Fj(s) = ns — imk for some k € Z. As Fj(s) is close to 0, there is a unique
value of k # 0 which can solve this equation, reciprocally given k # 0, there is a
unique solution sf (n) of this equation that we can expand into powers of % in the
form

T T2 (14 F(0 0)L +0(%)).

Along such a sequence, we have u = e HOGE) and v = (—1)kelsz +0(3z),
Depending on the parity of k, this will converge to (1,1) or (1,—1). By the fourth
point of Lemma 3.7, one sees that F;(0) is a root of Hy. As H; has simple roots
by assumption, it justifies our assumption on the ramification of C over 1.

One can reduce to the case k > 0: the case k < 0 corresponds to the involution

(u,v) = (u=t,v~1) and gives the same contribution.

Let us compute the behavior of F, (u,v) ~ n(u —u~1)?0—-2d-1 RM(ugLv&vggf(u,v)

on this sequence.
1y2b-2d—1 2imh ) 2b—2d—1
5 .

,1})2 ~ 22b(i7r )2bH3(F/
(

~

- Directly, (v —u~ (
- By Lemma 3.7 point (6): Sas(u 0))%.
- By Lemma 3.7 point (5): R (u,

- By Lemma 3.7 point (4): v0yQ

Putting everything together gives

(
v) ~ 24(ZE)H. (())
u,v) ~ 24(ZR) L (F(0)).
n®  H{(F}(0))H2(F}(0))
2(wk)?  Hs(F[(0))?

Fn(esf(n),ens?(n)) ~

Summing over k > 0 and over j gives the final formula

o (q> ~2 (;;)g_lc(@ -2y <_ Hi(%??ﬁéffg(o»)g_1~

bn ;

3.5. The main lemma. Here we state and prove the main lemma used in the last
two subsections.

Lemma 3.7. The polynomial ), satisfies the symmetries
QM(fUa V) = QM(U’ V) = 7QM(U3 *V) = 7QM(U717 Vﬁl)
together with the following properties:



30 JULIEN MARCHE AND SEOKBEOM YOON

(1) The terms with highest (resp. lowest) power of V are £V4(U +U~1)d-1ye
and £V =4(U + U~1)471U ¢ respectively.

(2) Its Newton polygon is the parallelogram of vertices +(d — 1,0) £ (¢, d).

(3) Qu(£1,V) =291V —v—1)d

(4) Qur(e,e’) = 2%u?H; (v/u) modulo terms in (u,v) of total order < d.
Similarly, the polynomials Rj; and S); satisfy

(5) Rpr(e®,e?) = 2% Ho(v/u) modulo terms in (u,v) of total order < d.

(6) Spr(e*,e’) = 2*ubH3(v/u) modulo terms in (u,v) of total order < b.

Proof. Before all, we provide an explicit formula for Q. Set X =it +it~ ', U =

. _1 k
t,V =1t" and N, = (Z(t +1t ) (1)) (t —t~1). We compute

<in+atn+a+1 _ Z'nJroztfnfozfl inJraflthra _ Z‘nJrafltfnfa )

NTH‘Ot Z‘nJraflthra _ ,L'nJrafltfnfa in+a72tn+a71 _ Z’n+a72t7n7a+l

o UV —U-e-ty-t mlgey —i-ly-ey -t
itV —ittuymev-t . —yetly ety -t
If we index the elements of these matrices by signs, say 7,£ € {£1}, the entry 7, &
of the matrices above are given by
n+¢

(Nuga)ye = i"Fo 105 (ot ty —gre- 2y 1),

It follows that setting N = Nytay Nntas - Notay 1 Nntay, its entry Ne, ¢, equals:

] )
&1,es8d—1 r=1

Ep_ 1+€7

We compute that the power of ¢ reduces to n+x—1-+ % where k = Y (—=1)""a,
and the product can further be expanded as follows:

Z Z ( ﬁ m) TSl e+ =5 5

E1yeeséa—r1€{£1} m1,...,nae{£1} r=1

Finally, we sum over £1,...,£&4_1 to obtain
(40)

d _
r+r 7+T
3 (Hnr)mzlmmwnéozwwH( B U S IS

Moeoma€{t1} =1

To recover Qp (U, V) from this formula, we simply take &, = £; = +1 and multiply
the result by the sign :*~!. It follows readily from this expression that Q,; contains
only even powers of U and odd powers of V. The symmetry Qu (U1, V~1) =
—Qum (U, V) is clear from the change n,. — —n,.

From this formula, one sees that the maximal power of V' in @ is d and corre-
sponds to putting 7, = 1 for all r: its coefficient is

Z-R—lUZ Olr“l‘l(U + U—l)d—l — Z’H—lUc(U + U—l)d—l

The case of the minimal coefficient is similar and gives "~ 1U~¢(U + U~1)4~!

Let us prove the second statement, we consider the linear form L : Z2 — Q given
by L(i,j) =i — §j. It takes the values +(d — 1) on the sides of the parallelogram
expected as the Newton polygon of QQp;. Hence one needs to prove that any non
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trivial monomial U*VJ appearing in Qs satisfies |L(4,7)| < d — 1. It reduces to
taking a sequence 71,...,14 € {£1} and compute

(anar +Zim+m ! Zm)
d

Z e T+771+77d+2i77r+77r+1 an

Let S be the set of indices 0 < r < d for which 7, # 1,11 one has
d—1
‘ZiL;’T“’ <d—1-#S

so that we are reduced to showing | > n,a, + B2 — (3 p, )¢ < #S. We do a
discrete integration by parts in each sum.
d d d—
Onone hand: Y o =3 0 (Br—FBro1) = Zrzé(ﬂr —Nrt1)Br+na(c—1)
where 3, = |7 | for 0 <r < d and 3 = ¢ — 1. The sequence 7, — 7,11 vanishes if

r ¢ S so that this sum reads 2 0B, + nalc — 1).

On the other hand: Zle Ny = Zi;} (e — Nrg1) +dna = 23 cg e + dng.

We are then reduced to

23" m (8, — o)+ B < s

res

As —1 < 3, — % < 0 and the sequence 7, is alternating, the sum of two consecutive
terms does not exceed 1 in absolute value. If 71 = ng, #S5 is even and the result
follows. When 1, # ng4 then #5S is odd: either the first or the last term of the sum
has a sign opposite to 257¢: again their sum does not exceed 1 in absolute value
and the argument repeats and the second point is proved. We also observe that in
case of equality, the sequence of {s and the sequence of ns should be constant: this
shows that the non trivial coefficient on the slanted sides occur only at vertices.

Let us prove the third statement, we simply put U = 1 in Equation (40). We
also observe from the expression just above that powers of U in @js have the form
Zle - (a+ %) which is congruent modulo 2 to Ele .+ 50%5‘* = c. Hence
@ has only even powers of U and the statement follows.

Finally the last three statements are clear once we have observed that writing
U=¢e"V =e” one has

o Ua+1V _ U—a—lv—l Z'—anV _ Z'—lU—av—l

A ) e A T

ot (2sinh((a+ 1)u +v) 2 sinh(au + v)
! 2 sinh(au + v) —2sinh((a — Nu +v)

ot [+ Du+v i au+0) .
=2 (il(au +o) —(a—Du—u + higher order terms.

Taking a product of d such matrices, the first order will be given by the product of
the first orders. The formulas (4,5, 6) are direct consequences of the definition of
H,, Hy, Hs. O
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