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Abstract. — This article is a review about the link between automorphic representations and
potentially abelian motives. We also treat Shimura-Taniyama theory in details with complete proofs
from a “modern point of view”, give a description of the Taniyama group, the conjugation theory of
CM abelian varieties and motives and its translation into the language of zero-dimensional Shimura
varieties.

Introduction

Let ρ : Gal(Q|Q) −→ GLn(C) be an irreducible continuous representation of Gal(Q|Q), that

is to say an irreducible representation of Gal(F |Q) for some F |Q finite Galois. According to

Artin conjecture the L-function of ρ should have an holomorphic extension to the complex plane

and satisfy a functional equation. In fact one conjectures more precisely there exists a cuspidal

automorphic representation Π of GLn(AQ) such that L(s,Π) = L(s, ρ). For example if n = 2,

one conjectures L(s, ρ) = L(s, f) where f is a weight one modular cusp form that is holomorphic

if det ρ(c) = −1 and a non-holomorphic Mass form with associated eigenvalue of the Hyperbolic

Laplacian 1
4 if det ρ(c) = 1, where c is complex conjugation.

One knows thanks to Brauer’s theorem we can write this L-function as a product/quotient of

Dirichlet’s L-functions. Thus we know L(s, ρ) is “virtually” automorphic and has a meromorphic

extension to C with a functional equation.

The L-function of ρ is the same as the one of the associated simple Artin motive over Q with

Q-coefficients. One of the main purpose of this review is to explain the generalization of the

preceding conjecture and fact in the framework of CM motives.

I am first giving in section 1 one example where one can attach to an automorphic representation

something that looks like (and in fact is but we will know it later) the system of ℓ-adic realizations

of a Motive. This is the case of algebraic Hecke characters.

In the other direction I explain in section 2 how to associate an automorphic representation to

the motive h1(A) where A is an absolutely simple abelian variety having complex multiplication

over its field of definition. I give complete proofs in “modern language”, using a little bit of

cristalline cohomology. For sake of completeness I do the same in section 3 for the Shimura

Taniyama reciprocity law.

Then in section 4 I explain very quickly the general conjectures that should link automorphic

representations and motives in the purpose to explain where are Taniyama and global Weil groups

coming from.

In sections 5 and 6 I explain in details the connected Serre group, the Serre extension and its

link with algebraic Hecke characters.
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Section 7 is devoted to the general theorem about the Taniyama group. In this section we

only give statements about the Taniyama group without details. One of the main statements I

wanted to reach in this review is explained; the fact that the L-function of a CM motive is “virtually

automorphic” and thus has a meromorphic extension to the complex plane and satisfies a functional

equation. For sake of completeness we give a statement of the Fontaine-Mazur conjecture (actually

a theorem) in the abelian case in section 8.

In section 9 we give much more details about the Taniyama group, its structure, Langlands con-

struction, Deligne’s theorem that it coincides with the CM motivic Galois group and try to explain

why to understand this group, or rather extension, is equivalent to understand the conjugation

theory of CM motives. Here I have tried to clarify the arguments in [4], for example about the

construction of Langlands cocycle where it is hidden in complex computations in Milne and Shih’s

article. We present a sketch of the proof of Deligne’s theorem in a little bit different language. In

this section we assume the reader is familiar with the language of Tannakian categories.

We give in section 10 an application of the preceding to the conjugation of CM abelian varieties

by a general automorphism of C not fixing the reflex field. This is the most general reciprocity

law for CM abelian varieties.

Finally in section 11 we translate the results of the preceding sections in terms of the Shimura

varieties that are moduli spaces of CM motives with additional structures. This means we give

the general reciprocity law for CM motives equipped with additional structures.

Here is a list of references about this subject :

– The original article [11] of Weil defining algebraic Hecke characters and their properties

– The book [9] where the Serre group and the Serre extension are defined.

– The lecture notes 900 [4] (available on J.S. Milne’s web page) where the theory of Hodge

cycles is defined and studied, the Taniyama group is constructed and it is proved that this

group is the Galois group of CM motives

– “Abelian Varieties with Complex Multiplication (for Pedestrians)” available on J.S. Milne’s

web page, http://www.jmilne.org/math/

– One of the lacks of this survey is that we don’t explain a lot about the global Weil group. We

strongly recommend Tate’s article [10] (available on the AMS website in the online books

section) and for the detailed construction of this group the last chapter of [2].

Notations

If F is a number field we note AF for the adeles of F , AF,f its finite part, F∞ = F ⊗Q R
its infinite part. A subscript like AF,S indicates we take only places in S, a superscript like AS

F

means we take the places outside S. We sometimes note CF for the idele class group A×F /F
×. We

normalize Artin reciprocity law A×F /F
× −→ Gal(F ab|F ) in such a way a uniformizing element is

sent to a geometric Frobenius, the inverse of the arithmetic Frobenius x 7→ xq.

If T is a torus over F and F a fixed algebraic closure of F we note X∗(T ) = Hom(TF ,GmF )

its group of characters and X∗(T ) = Hom(GmF , TF ) its group of cocharacters as Galois modules.

If E|F is a finite field extension and G an algebraic group over E we note ResE/FG for Weil’s

scalar restriction defined by ∀A an F -algebra (ResE/FG)(A) = G(A⊗F E). For example if T is a

torus over E this corresponds at the level of characters to take Galois induction, X∗(ResE/FT ) =

IndE/FX
∗(T ). As people are used to do in automorphic forms, when the base field F is clear (like

Q for example), we sometimes note E× for the torus ResE|FGm. This is harmless since E× is

Zariski dense in ResE/FGm.

We note S := ResC/RGm for Deligne’s torus. Its characters are C× ∋ z 7−→ zpzq where

p, q ∈ Z. We normalize the correspondence between R-Hodge structures and representations



englishMOTIVES AND AUTOMORPHIC FORMS : THE (POTENTIALLY) ABELIAN CASE 3

of S in such a way S acts through zpzq on Hp,q. We have SC = C× × C× on which complex

conjugation is (z1, z2) 7→ (z2, z1). If h : S → GL(V ) is a R-Hodge structure then we note

µh : GmC → GL(VC), the Hodge cocharacter defining the Hodge filtration, for the composite of

h over C with C× → C× × C× = SC defined by z 7→ (z, 1). The weight wh, defined over R, is

the composite of h with the inclusion R× → C×. We recall by definition the weight of a Q-Hodge

structure is always defined over Q.

In the article Q means the algebraic closure of Q in C. We stress the reader to be careful with

which fields are embedded fields, in C, and which one are “abstract” fields.

1. Algebraic Hecke characters

In this section we sometimes pronounce the word “motive”, but only as a motivation. In fact

all results are proved by elementary algebraic number theory methods.

1.1. Definition. — Let F |Q finite. Consider the torus

T = ResF/QGm

We have the decomposition

TQ =
∏

τ :F →֒Q

GmQ

X∗(T ) = {
∑

τ :F →֒Q

aτ [τ ] | aτ ∈ Z}

on which Gal(Q|Q) acts through by ∀σ ∈ Gal(Q|Q) σ.[τ ] = [σ ◦ τ ]. If χ =
∑
τ aτ [τ ]

∏

τ

GmQ = TQ

χ−−→ GmQ

(xτ )τ 7−→
∏

τ

xaτ
τ

and ∀x ∈ F× = T (Q) ρ(x) =
∏
τ τ(x)

aτ .

Moreover one has T (R) = F×∞, for a prime p T (Qp) =
∏
v|p F

×
v and T (AQ) = A×F .

Let

χ : A×F /F
× −→ C×

be a Hecke character, χ =
⊗

v χv = χ∞ ⊗ χf . This means χ is continuous that is to say χ∞ is

continuous on F×∞ and χf is trivial on an open-compact subgroup of A×F,f . In particular χv is

unramified for almost all v.

Definition 1.1. — Let ρ ∈ X∗(T ). The Hecke character χ is algebraic of weight ρ if

χ|(F×
∞)0 = ρ−1 : T (R)0 →֒ T (R) →֒ T (C)

ρ−1

−−−→ C×

Algebricity mean nothing else than for each archimedian place v :

– If v is real after fixing an isomorphism Fv ≃ R then χv is of the form x 7→ signe(x)ǫ|x|n for

ǫ ∈ {0, 1} and n ∈ Z
– If v is complex after fixing an isomorphism Fv ≃ C then χv is of the form z 7→ zpzq for some

p, q ∈ Z

Example 1.2. — – χ is algebraic of weight 0 ⇐⇒ χ|(F×
∞)0 = 1 ⇐⇒ χ : A×F /(F

×
∞)0F× −→

C×. And thus via Artin reciprocity map A×F /(F
×
∞)0F×

∼−−→ Gal(F ab|F ) weight zero alge-

braic Hecke characters correspond to finite order characters Gal(F ab|F ) −→ C× and thus to

simple Artin motives over F with Q-coefficients that “split” over an abelian extension.
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– The idele norm ‖.‖ : A×F /F
× −→ R×+ is algebraic of weight ρ = N−1

F/Q = −∑
τ [τ ]. It

corresponds to Tate motive Q(1).

– As one already sees on the preceding example not all Hecke character correspond to a motive:

for t ∈ C the character ‖.‖t is algebraic iff t ∈ Z iff the L-function L(s, ‖.‖t) = ζQ(s + t) is

the L-function of a motive. The motive Q(t) exists iff t ∈ Z.

– More generally if χ : Gal(F ab|F ) −→ C× is of finite order, M(χ) is the associated simple

Artin motive over F and k ∈ Z then χ‖.‖k corresponds to the motive M(χ)(k) (Tate twist).

1.2. The associated ℓ-adic compatible system. —

Lemma 1.3. — Let χ be algebraic of weight ρ. Then ∃E ⊂ Q a number field s.t. Im(χf ) ⊂ E×.

Proof. Let Kf ⊂ A×F,f be compact open s.t. χf |Kf
= 1. Then the statement is a consequence

of the two facts

|F×\A×F,f/Kf | < +∞
∀x ∈ F× χf (x) = ±ρ(x) ∈ a fixed number field ⊂ C

Let E be a number field like in the preceding lemma (take the smallest one for example). The

character ρ is defined over E (∀x ∈ F× = T (Q) ρ(x) = ±χf(x) ∈ E× and T (Q) is Zariski dense

in T ) , ρ : TE −→ GmE thus defining

ρE : T −→ ResE/QGm

Let now ℓ be a prime number. One has

T (Qℓ) =
∏
v|ℓ F

×
v

� � //

ρE
Qℓ

=(ρλ)λ|ℓ

��

T (AQ) = A×F

(E ⊗Q Qℓ)
× =

∏
λ|ℓE

×
λ

Let’s note ρEQℓ
= (ρλ)λ|ℓ, ρλ : T (Qℓ) −→ E×λ . For such a λ define

χλ : A×F = F×∞ × (F ⊗Qℓ)
× × (A∞ℓF )× −→ E×λ

(x∞, xl, x
l) 7−→

(
χ∞
ρ−1

)
(x∞)

︸ ︷︷ ︸
∈{±1}

. ρ−1
λ (xl)︸ ︷︷ ︸
∈E×

λ

. χf (xℓx
ℓ)︸ ︷︷ ︸

∈E×

The idea being to take the ρ−1 defining the Hodge structure at the archimedean factors of the

motive we would like to construct and to move it at the prime ℓ to an ℓ-adic Hodge-Tate structure

in the sens of Fontaine.

One verifies immediately that

χλ : A×F /F
× −→ E×λ

and the following lemma.

Lemma 1.4. — χλ is continuous for the λ-adic topology.

Thus, E×λ being totally discontinuous there is a factorisation

χλ : π0(A
×
F /F

×) −→ E×λ

and via Artin reciprocity map : π0(A
×
F /F

×)
∼−−→ Gal(F ab|F ) it induces a λ-adic character still

denoted χλ

χλ : Gal(F ab|F ) −→ E×λ
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Lemma 1.5. — Let S be a finite set of finite places of F such that χ is unramified outside S

(∀v /∈ S.∞ χv : F×v /O×Fv
−→ C×). Then ∀λ|ℓ χλ is unramified outside S.ℓ. Moreover

∀v /∈ S.ℓ χλ(Frobv) ∈ E×

(rationality of the Frobenius) and the system (χλ)λ satisfies the following compatibility condition

∀λ|ℓ ∀λ′|ℓ′ ∀v /∈ ∞.S.ℓ.ℓ′ χλ(Frobv) = χλ′(Frobv)

Proof. Immediate.

Thus the compatible system (χλ)λ satisfies all the properties of the compatible system attached

to the étale ℓ-adic cohomology when ℓ varies of a motive over F with coefficients in E, of rank 1

over E. For example the rationality of the Frobenius at a place of good reduction should follow

from the fact that the characteristic polynomial of Frobenius being rational over Q the conjugacy

class of Frobenius is defined over Q thus the Frobenius is rational since it lives in an abelian world

(the motive we want to construct are abelian).

One verifies moreover

Lemma 1.6. — For all ℓ, v a place of F , v|ℓ and λ|ℓ the Galois representation χλ|Gal(Fab
v |Fv) is

potentially cristalline. It is cristalline iff χ is unramified at v.

Proof. — If L|Qp and M |Qp are finite a character Gal(Lab|L) −→M× is cristalline iff it is of the

form
∏
σ σ ◦ χbσ where σ goes through embeddings from L into M , χ is the Lubin-Tate character

associated to L|Qp and bσ ∈ Z.

The lemma follows then from the fact that the associated character F×v −→ E×λ restricted to

an open subgroup of O×Fv
is given by z 7−→∏

σ σ(z)bσ where σ goes through embeddings Fv →֒ Eλ
and bσ ∈ Z.

Remark 1.7. — Any motive should have potentially semi-stable reduction at any place. In fact

this is known to be true at the level of their ℓ-adic realizations (Grothendieck ℓ-adic monodromy

theorem) and their p-adic one (Faltings and Tusji’s theorems in the framework of Fontaine’s theory

asserting that the p-adic Galois representations coming from smooth projective algebraic varieties

are potentially semi-stable in the sens of Fontaine). But here the Motive we are interested in will be

abelian, that is to say their Mumford-Tate group will be a torus. Thus the monodromy operator (in

any theory, p-adic or ℓ-adic) that is a nilpotent operator has to be trivial (no unipotent in a torus).

Thus for our CM motives potentially semi-stable will be equivalent to potentially cristalline.

The Fontaine-Mazur conjecture characterizes p-adic global Galois representations coming from

motives by saying they are the one that are unramified at almost all places an potentially semi-

stable at places dividing p (see [5]).

Corollary 1.8. — The system (χλ)λ satisfies all hypotheses of the Fontaine-Mazur conjecture.

One can even go further. Since CF ≃ C1
F × R×+ and C1

F (norm 1 idele classes) is compact

any (continuous) character CF −→ R×+ is of the form ‖.‖s for some s ∈ R. The composite

A×F /F
× χ−−→ C×

|.|−−→ R×+ is thus equal to ‖.‖−w/2 for some w ∈ R and one verifies easily w ∈ Z.

This should be the weight of the associated motive. In fact one can prove by purely elementary

methods (use the next classification proposition 1.12) :

Lemma 1.9. — The compatible system (χλ)λ is pure of weight w : ∀λ|ℓ, v /∈ ∞.S.ℓ ∀σ : E →֒
C |χλ(Frobv)|σ = q

w/2
v . The χλ(Frobv) are Weil numbers of weight w.
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In fact one will see later in section 7 that χ corresponds to a simple motive M(χ) (motive over

F with coefficients in E in the sens of Deligne’s Hodge cycles).

Remark 1.10. — If σ ∈ Aut(C) then σ ◦ χf : A×F /F
× −→ σ(E)× is the finite part of an

algebraic Hecke character σχ of weight ρσ. This will correspond at the level of motives to twist

the coefficients of the motive (here E) by an automorphism. This is in contrast with the fact that

in general if Π = Π∞⊗Πf is an automorphic representation of GLn(AF ) and σ ∈ Aut(C) then the

smooth GLn(Af ) representation σΠf obtained by twisting the coefficients by σ is not the finite

part of an automorphic representation, even for n = 1 (take |.|1/2 where |.| is the idele norm, fix

a prime p and take an automorphism of C sending
√
p to −√p ).

1.3. Classification. — Let’s begin with a remark.

Remark 1.11. — If χ1, χ2 are algebraic Hecke characters of weight ρ then χ1χ
−1
2 has weight 0

and is thus of finite order. Thus to determine all algebraic Hecke character of a given weight it

suffices to find one and twist it by all finite order Hecke characters.

From a motivic point of view this will mean all simple CM motives (with Q-coefficients) with

a fixed Hodge type differ from a twist by a rank one abelian Artin motive.

The classification is the following proposition (see [9]).

Proposition 1.12. — – Suppose F contains no CM field. Then if χ is algebraic of weight

ρ one has ρ = N−kF/Q with k ∈ Z and thus χ = ‖.‖k.χ′ where χ′ is of finite order. This

corresponds to motives M(k) where M is a simple Artin motive with Q-coefficients split by

an abelian extension and M(k) its Tate twist.

– Suppose F contains a CM field and let K ⊂ F be the biggest CM subfield of F . Then any

algebraic Hecke character χ of F is obtained by base change from K to F of an algebraic

Hecke character of K

∃χ′ χ = χ′ ◦NF/K
– If F is CM and χ has weight ρ =

∑
τ :F →֒C aτ [τ ] then ∃w ∈ Z (the weight of χ) s.t.

∀τ aτ + acτ = w

(“Hodge decomposition”).

The proof follows from the fact that if χ = χ∞.χf is algebraic, if Kf ⊂ A×F,f is compact open

s.t. χf |Kf
= 1 then

∀x ∈ F× ∩Kf χf (x) = ρ(x) = 1

But Kf ∩ F× ⊂ O×F is a congruence subgroup, of finite index in the arithmetic group O×F . Now

one uses Dirichlet’s unit theorem

O×F ⊗Z R
∼−−→ R[{v | v|∞}]0

where v means a place of F and the superscript 0 the hyperplane of sum 0 coefficients. Once one

has remarked this the remaining part is easy since if ρ =
∑

τ :F →֒Q aτ [τ ] and σ ∈ Aut(C) then

looking at the composite F×
ρ−→ C×

log |.|σ−−−−→ R one has via the preceding Dirichlet’s isomorphism

log |ρ|O×
F
|σ ⊗ Id is induced by v 7−→

∑

τ:F →֒C

στ induces v

aτ

that has to be zero on the hyperplane of sum zero coefficients for all σ.

We will see later in fact that this classification gives exactly all possible Hodge weights for CM

motives : the possible ρ correspond exactly to the Hodge weights of CM motives ! This remark is

the key remark to make the link between algebraic Hecke characters and CM motives.
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2. The L-function of an abelian variety with complex multiplication over its field of

definition

2.1. CM fields. — Let F be a number field (abstract field, not embedded). Recall the following

are equivalent :

– F has a non-trivial involution ∗ that satisfies ∀x ∈ F trF/Q(xx∗) ≥ 0.

– F has a non-trivial involution ∗ that induces complex conjugation in any embedding of F

into C : ∀τ : F →֒ C c ◦ τ = τ ◦ ∗ where c is complex conjugation.

– F is a totally imaginary quadratic extension of a totally real field.

Such a field F is said to be CM. The involution ∗ is unique.

If F is CM then a CM type of F is a subset Φ ⊂ Hom(F,C) such that Hom(E,C) = Φ
∐
cΦ.

2.2. Abelian varieties with complex multiplication over C. — Recall. Let A/C be an

abelian variety such that E = End(A)Q is a field with [E : Q] = 2 dimA. Then E is a CM

field, complex conjugation being given by the Rosatti involution on End(A)Q associated to a

polarization.

If ι : E
∼−−→ End(A)Q, ι = Id, then the action of E on Lie(A) is given by its eigenspaces

decomposition

LieA =
⊕

τ∈Φ

Lie(A)τ

where Φ ⊂ Hom(E,C) is a CM type and E acts on Lie(A) through τ . In fact the Betti cohomology

H1
B(A,Q) is one dimensional over E, H1

B(A,Q) ≃ E which induces an isomorphism

H1
dR(A/C) ≃ H1

B(A,Q)⊗Q C ≃ E ⊗Q C =
∏

τ :E →֒C

C

and now Hodge decomposition

H1
dR(A/C) = (LieA)∨ ⊕ (LieA)∨

splits the embeddings of E in two peaces : Φ and its complex conjugates.

Then there exists a lattice Λ ⊂ E such that

A(C) ≃ CΦ/Φ(Λ)

and End(A) = StabE(Λ), an order inOE . The correspondence (A, ι) 7−→ (E,Φ) induces a bijection

between couples (A, ι) up to isogeny and couples (E,Φ) with Φ a CM-type of the CM field E.

Recall too that any such (A, ι) is defined over Q and thus over a number field. In fact this

follows from the fact that after introducing polarizations the moduli space of (A, ι, λ, η) where λ

is a polarization, η a level structure (with sufficiently big level to rigidify the situation), is a zero

dimensional variety (a Shimura variety) and thus all its points are defined over a number field (1).

All the theory is the same over Q and C.

An abelian variety A over C whose Mumford-Tate group is a torus is isogenous to a direct sum

of copies of the preceding type of abelian varieties (the Mumford-Tate group of (A, ι) as before

(1)A more elementary way to see it is the following. Let (A, ι) over C with CM type Φ. A standard argument shows

we can suppose we have an irreducible algebraic variety X over a Galois closure eE of E, an abelian scheme A over

X equipped with an action ι of an order in OE , an embedding in C of the field of rational functions of X such that

via this embedding at the generic point (A, ι) 7→ (A, ι). We have a decomposition of OX ⊗Q E-module Lie(A) =
L

τ∈Φ′ Lie(A)τ where Φ′ ⊂ Hom(E, eE) and via the composite of embeddings eE →֒ rational functions on X →֒ C

one has Φ′ 7→ Φ. Then one can chose a closed point x ∈ X(Q) where Q ⊂ C such that via x Φ′ 7→ Φ. The

specialization of (A, ι) at x gives an abelian variety over Q with a CM action of E and CM type Φ, thus isogenous

over C to (A, ι). The kernel of an isogeny being a finite group-scheme the isogeny is defined over Q.
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is a subtorus of ResE/QGm) and is defined over a number field. The preceding couples (A, ι),

ι : E
∼−−→ End(A)Q are the simple objects of the category of abelian varieties over C (or Q) up-to

isogeny whose Mumford-Tate group is a torus.

2.3. The reflex field and the relfex norm. —

2.3.1. The relfex field. — Let (E,Φ) be a CM field equipped with a CM type. Here E is an

abstract field, not embedded into C. Recall the reflex field of (E,Φ) is an embedded field

K ⊂ Q defined by

Gal(Q|K) = {σ ∈ ΓQ | σΦ = Φ}
(σΦ = Φ means σ permutes the embeddings in Φ). Another useful definition is

K is the number field generated by the trΦ(x) x ∈ E

where trΦ =
∑
τ∈Φ τ : E −→ Q, trΦ + ctrΦ = trE/Q (use linear independence of embeddings). The

field K is stable under complex conjugation and is a CM field. In fact

∀x ∈ E trΦ(x)c = trE/Q(x)− trΦ(x)

and thus K is stable under conjugation. Moreover

∀σ ∈ Gal(Q|Q) cσtrΦ(x) = trcσΦ(x) = trσcΦ(x) = σctrΦ(x)

since ∀τ : E →֒ C cστ = στ∗ = σcτ where ∗ is the involution of E inducing complex conjugation

in any embedding. Thus c induces complex conjugation in any embedding σ : K →֒ C.

There is a partial norm

NΦ : E× −→ K×

defined by NΦ =
∏
τ∈Φ τ . In fact one checks this morphism is defined by evaluation at the Q-points

of a morphism of tori

NΦ : ResE/QGm −→ ResK/QGm

2.3.2. The relfex type. — Let’s note σ0 : K →֒ C for the canonical embedding of K (the one

defining K). The group ΓQ = Gal(Q|Q) acts on the set of sets of embeddings of E in C and

ΓK = Stab(Φ). Thus

{σΦ | σ ∈ ΓQ} ∼−−→ HomQ(K,C)

σΦ 7−→ σσ0

For τ0 : E →֒ C one can define a CM type of K by setting

Φ′τ0 = {σσ0 | τ0 ∈ σΦ}

using the preceding correspondence between embeddings of K and the orbit of Φ under ΓQ. This

CM type depends on the choice of τ0 !

2.3.3. The double reflex. — Let (F,Φ′′τ0) be the reflex of (K,Φ′τ0) where Φ′′τ0 is induced by the

canonical embedding of K in C (this means we don’t have to fix an analog of τ0 as we did before,

it is already fixed). Then

F ⊂ τ0(E)

Moreover (τ−1
0 (F ),Φ′′τ0 ◦ τ0) does not depend on the choice of τ0 !

We thus obtain a couple (F ′,Φ′′) where F ′ ⊂ E and one checks that Φ is induced from Φ′′.

Moreover (F ′,Φ′′) is the smallest couple formed by a CM field with a CM type such that (E,Φ)
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is induced from (F ′,Φ′′).

(E,Φ)

Induced : Φ={τ :E →֒C | τ|F ′∈Φ′′}

(F ′,Φ′′)

2.3.4. The reflex norm. — We have the partial norm

τ−1
0 ◦NΦ′

τ0
: K× −→ F ′×

that, once more, does not depend on the choice of τ0. We note

NΦ′ : K× −→ E×

the composite with F ′× →֒ E× and call it the reflex norm.

2.3.5. Toric interpretation of the reflex norm. — Let (E,Φ) be as before. Let T = ResE/QGm

and the ΓQ-module X∗(T ) = Hom(TQ,GmQ). One has

X∗(T ) = {
∑

τ :E →֒C

aτ [τ ] | aτ ∈ Z}

X∗(T ) = {
∑

τ

bτ [τ ] | bτ ∈ Z}

where ([τ ])τ , resp. ([τ ])τ , are dual basis of X∗(T ), resp. X∗(T ).

The type Φ defines a cocharacter

µΦ =
∑

τ∈Φ

[τ ] ∈ X∗(T )

The field of definition of µΦ is the reflex field K and thus

µΦ : GmK −→ TK

and thus by applying the Weil scalar restriction a morphism

ResK/QGm −→ ResK/QTK

For any tori S over a field k and a separable finite extension k′|k there is a norm morphism

Nk′/k : Resk′/kSk′ −→ S that is an adjunction morphism, a trace morphism in étale topology : if

f : Spec(k′) −→ Spec(k), as étale sheaves, Sk′ = f∗S = f !S and Resk′/kSk′ = f∗f
∗S = f!f

!S (this

is easily described at the level of characters/cocharacters as an adjunction since scalar extension to

k′ corresponds to restriction of a Galois module to a sub Galois group and Weil scalar restriction

to an induction of a Galois module).

Thus coming back to our problem, by composition we have a composite morphism of Q-tori

ResK/QGm −→ ResK/QGm

NK/Q−−−−→ T

This morphism is NΦ′ !

2.3.6. Hodge-theoretic interpretation. — Let (A, ι) over Q where ι : E
∼−−→ End(A)Q. Let Φ be

the associated CM type and K the relfex field. Then K is the definition field of the isogeny class

of (A, ι). In particular if (A, ι) is defined over a number field K ′ on has K ⊂ K ′.

The Q-Hodge structure H1
Betti(A(C),Q) corresponds to a morphism

h : S −→ GLQ(H1
B(A,Q))R

and thus a morphism

µh : GmC −→ GLQ(H1
B(A,Q))C
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defining the Hodge filtration. Now the Q-Hodge structure has an action of E and thus in fact via

ι those morphisms factor through a maximal torus

h : S −→ (ResE/QGm)R

µh : GmC −→ (ResE/QGm)C

Then one has

µh = µΦ

and the Mumford-Tate group of A is the smallest subtorus of ResE/QGm through which µΦ

factorizes. Thus

MT (A) = Im NΦ′

Remark 2.1. — From the preceding description of the Mumford-Tate group it is clear it is always

contained in the subtorus {x ∈ E× | xx ∈ Q×}. This reflects the fact that our abelian variety has a

polarization. But of course this can be smaller, for example if the CM type (E,Φ) is induced from

a strictly smaller CM type (E′,Φ′) since then the M.T.-group is contained in {x ∈ E′× | xx ∈ Q×}.

2.4. The L-function. — Let F ⊂ C be a number field and (A, ι) over F with ι : E
∼−−→

End(A)Q. By this we mean not only A is defined over F , but the CM action too. Let Φ be the

associated CM type of E. Then one has

K ⊂ F
Following Taniyama and Shimura we will construct for each embedding σ : E →֒ C an algebraic

Hecke characters χσ : A×F /F
× −→ C× such that

L(s,A) =
∏

σ

L(s, χσ)

where L(s,A) is the L-function of the motive h1(A) (this equality can be understood with the

archimedian Gamma factors of the L-functions included, see [10] for the precise definition of those

factors). Moreover the λ-adic compatible system associated to the χσ as in section 1 will coincide

with the one associated to (A, ι) through the Galois action on étale ℓ-adic cohomology for varying

ℓ. This will prove the automorphic nature of h1(A) and in particular the fact that L(s,A) has an

holomorphic continuation to the whole complex plane and satisfies a functional equation.

2.4.1. The Frobenius at places of good reduction. — Let’s begin by defining the character at places

where all the situation has good reduction.

Thus let S be a finite set of places of F containing the infinite one such that

– if v /∈ S, F is unramified at v

– ∀v /∈ S A has good reduction at v

– If a ⊂ OE is the order ι−1(End(A)) then ∀v /∈ S, v|p a is maximal at p and E is unramified

at all places dividing p

If v /∈ S let’s note k(v) the residue field of v and Ak(v) the reduction of the Neron model of

A⊗F Fv. The extension property of the Neron model implies it is still equipped with an action of

ι−1(End(A)) and thus we have a couple (Ak(v), ι) over k(v).

One has

End(Ak(v), ι)Q = E

(although End(Ak(v))Q is in general much bigger, but ι(E) ⊂ End(Ak(v))Q is a maximal commu-

tative subalgebra of this semi-simple algebra since [E : Q] = 2 dimAk(v)).

Now one has the geometric Frobenius

Frobv ∈ End(A, ι)

and thus Frobv ∈ E× via ι (Frobv being an isogeny Frobv ∈ End(A)×Q ).
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In fact for all ℓ 6= p where p is the residue characteristic of v, via ι Frobv ∈ E× acts as the

inverse of an arithmetic Frobenius at v inside Gal(Q|F ) on

H1
ét(AQ,Qℓ) = Vℓ(A)∨

Thus from Riemann hypothesis we deduce

Lemma 2.2. — For all λ a finite place of E not dividing p Frobv is a λ-adic unit. One has

∀σ : E →֒ C |Frobv|σ = q1/2v

That is to say Frobv ∈ E is a weight 1 qv-Weil number.

Remark 2.3. — By definition a q-Weil number of weight w ∈ Z is an algebraic number Π that is

an ℓ-adic unit for all ℓ 6= p and satisfies ∀σ ∈ Gal(Q|Q) |Π|σ = qw/2. One knows a q-Weil number

up to a root of unity (here this will be a root of unity in E, thus up to a finite group) as soon as

one knows its weight and its p-adic valuations. In fact if Π1 and Π2 have the same weight and

p-adic valuations then Π1Π
−1
2 is a unit having trivial archimedian absolute values, thus a root of

unity. Thus to know Frobv ∈ E×, v /∈ S, up to a finite set of finite group of roots of unity it

remains to know its p-adic valuations. This is the following section.

2.4.2. Shimura Taniyama in modern language. — Let v /∈ S as before and Frobv ∈ E×. Now we

are interested in the λ-adic valuation of Frobv for λ|p. Those valuations are given by the slopes

of the Newton polygon of the crystalline cohomology of Ak(v).

Recall the reflex norm NΦ′ : K× −→ E×. Since K ⊂ F we can look at the composite

F×
NF/K−−−−−→ K×

NΦ′−−−→ E×

Not to add too many notations we still denote it NΦ′ : F× −→ E×. This is a morphism of tori

thus inducing ∏

v|p

F×v −→
∏

λ|p

E×λ

for each prime number p.

Proposition 2.4 (Shimura-Taniyama). — Let v /∈ S, v|p. Then ∀λ|p a place of E

vλ(Frobv) = vλ(NΦ′((1, . . . , πv, . . . , 1))

where (1, . . . , πv, . . . , 1) is the idele with trivial components outside v and component πv at v.

Proof. Recall everything is unramified at p, in particular πv = p.

Consider the cristalline cohomology of Ak(v) over the PD thickening Spec(k(v)) →֒ Spec(OFv )

M = H1
cris(Ak(v)/Spec(OFv ))

It is a free OFv -module equipped with a cristalline absolute Frobenius

ϕ : M
∼−−→M

that is σ-semi-linear, where σ is the arithmetic Frobenius of Fv|Qp. Moreover, as OFv -linear

automorphisms of M

ϕ[Fv :Qp] = Frobv

Now thanks to Berthelot-Grothendieck comparison theorem if Av is the Neron model of A⊗F Fv
over OFv there is a canonical isomorphism

M ≃ H1
dR(Av)
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and thus we have filtered ϕ-module (M,ϕ,FilM) where FilM ⊂ M is a direct factor and the

exact sequence 0→ FilM →M →M/FilM → 0 is the Hodge filtration

0 −→ Lie(Av)∨︸ ︷︷ ︸
H0(Av ,Ω1

Av
)

−→ H1
dR(Av) −→ Lie(A∨v )︸ ︷︷ ︸

H1(Av ,OAv )

−→ 0

The couple (M,ϕ) is a cristal, pM ⊂ ϕM ⊂ M . Now the main fact is that the filtration FilM

reduced modulo p coincides with the kernel of ϕ mod p : M/pM →M/pM .

In fact since FilM/pFilM is the Hodge filtration of H1
dR(Ak(v)) = M/pM , if F : Ak(v) →

(Ak(v))
(p) is the absolute Frobenius

F ∗ = ϕ mod p : H1
dR((Ak(v))

(p)) = H1
dR(Ak(v))⊗k(v),σ k(v) −→ H1

dR(Ak(v))

It is clear F ∗ is zero on FilM/pFilM = Lie(Ak(v))
∨ since it is zero on Lie(Ak(v)). We thus

have an inclusion and the equality follows from the fact that we can compute the degree of an

isogeny of degree a power of p on the cristalline cohomology, if f : A1 −→ A2 is an isogeny then

vp(deg(f)) = [H1
cris(A1/W ) : f∗H1

cris(A2/W )], and thus since dimker(ϕ mod p) = dimM/ϕM

dimker(ϕ mod p) = [M : ϕM ] = vp(degF ) = dim(Ak(v)) = dimLie(Ak(v)) = dimFilM

Let’s fix Qp an algebraic closure of Qp and ν : Q →֒ Qp an embedding inducing the place v

of F ⊂ Q. It thus defines an embedding Fv →֒ Qp. Let L be the completion of the maximal

unramified extension of Fv in Qp. This defines in particular an algebraic closure k(v) of k(v).

Let (N,ϕ,FilN) be the extension of our objects to L, for example

N = M ⊗OFv
OL = H1

cris(Ak(v)/OL)

Since M has an action of an order in OE that is maximal at p, thus an action of OE ⊗ Zp, and

since E is unramified at p, we can decompose

M =
⊕

λ|p

Mλ N =
⊕

λ|p

Nλ

where λ goes through places of E dividing p. The cristalline Frobenius ϕ commutes with the

action of E and thus leaves each Mλ and Nλ invariant. Since E is unramified at p we have a finer

decomposition for N

N =
⊕

λ|p

⊕

τ:E →֒L
τ induces λ

Nτ

︸ ︷︷ ︸
Nλ

where ϕ sends Nτ to Nστ . We have the same type of decomposition for FilN . Let d = [Fv : Qp],

since ϕd = Frobv ∈ E× we have

vλ(Frobv) = d.[Nλ : ϕNλ] = d. dim(ker(ϕ̄ : Nλ/pNλ −→ Nλ/pNλ))

By definition of Φ, LieA =
⊕

τ :E →֒Q Lie(A)τ . Thus

Lie(A⊗F,ν L) =
⊕

τ:E →֒L
τ∈ν◦Φ

Lie(A⊗F,ν L)τ

each eigenspace being one dimensional over L. Thus

FilN =
⊕

τ:E →֒L
τ∈νΦ

(FilN)τ

Now from the equality we proved before ker(ϕ mod p) = FilN/pFilN we obtain

ker(ϕ mod p) =
⊕

τ:E →֒L
τ∈νΦ

ker(ϕ mod p)τ
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each factor being one dimensional over k(v). Thus

vλ(Frobv) = d. dim(ker(ϕ̄ : Nλ/pNλ −→ Nλ/pNλ))

= d.|{τ : E →֒ L | τ ∈ νΦ and τ induces λ}|
= vλ(NΦ′(1, . . . , πv, . . . , 1))

where last equality is verified easily (but painfully) on the concrete definition of the reflex norm

given in section 2.3.

Remark 2.5. — What we did in the preceding proof is simply to classify all weakly admissible

filtered ϕ-modules in the sens of Fontaine that have a CM action.

2.4.3. Construction of the character on the finite ideles. — Up to enlarging S we can suppose it

contains a finite place and that if v|p is such a place then all places dividing p are in S. Let’s

define

α : F×.(
∏

v∈S,v∤∞

{1} ×
∏

v/∈S

′
F×v ) −→ E×

F× ∋ x 7−→ NΦ′(x)

(yv)v/∈S 7−→
∏

v/∈S

(Frobv)
v(yv)

By weak approximation F×.(
∏
v∈S,v∤∞{1} ×

∏′
v/∈S F

×
v ) is dense in A×F,f .

Proposition 2.6. — α extends uniquely to a continuous character

α : A×F,f −→ E×

where E× is discrete (thus continuity means α is trivial on some compact open subgroup of A×F,f ).

Proof. Let’s verify first that if x ∈ F×, (yv)v/∈S ∈
∏
v/∈S
′
F×v verify

∀v ∈ Sf v(x) = 0 and ∀v /∈ S v(xyv) = 0

that is to say x.(yv)v/∈S is in the maximal compact subgroup of A×F,f then α(x(yv)v) is a root of

unity in E. Let β = α(x.(yv)v/∈S). For each finite place λ of E we have thanks to proposition 2.4

vλ(β) = vλ(NΦ′(x))
∏

v/∈S

vλ(NΦ′(πv))
v(yv)

= vλ

(
NΦ′

(
x.(πv(yv)

v )v/∈S

))

where πv means the finite idele with components 1 outside v and πv at v, we do the computation

in A×E , (yv)v/∈S means the finite idele with components 1 outside v and yv at v and Sf is the set of

finite places in S. But by hypotheses x.(π
v(yv)
v )v/∈S is in the maximal compact subgroup of A×F,f ,

thus its image through NΦ′ too, thus vλ(β) = 0. Thus β ∈ O×E . Now let z 7→ z be the complex

conjugation on E in any embedding of E in C. As a morphism of tori NΦ′NΦ′ = NF/Q thus

ββ = NF/Q(x)
∏

v/∈S


FrobvFrobv︸ ︷︷ ︸

qv



v(yv)

= NF/Q(x)
∏

v/∈S

qv(yv)
v ∈ Q×

and thus ββ is a positive rational number that is a unit since β ∈ O×E , thus ββ = 1. From this

we deduce ∀σ : E →֒ C |β|σ = 1 and thus β ∈ µ∞(E).
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We are still not finished since now we have to prove that in a sufficiently small congruence

subgroup this root of unity is 1. More precisely our α is trivial on
∏
v/∈S
′O×Fv

. We have a dense

inclusion F× →֒ ∏
v∈Sf

F×v and on this direct factor of A×F,f α is equal to the character

∆ : F× −→ µ∞(E)

x 7−→ NΦ′(x)
∏

v/∈S

Frob−v(x)v

and ∆ takes values in µ∞(E) on F× ∩
∏
v∈Sf

O×Fv
. We have to show ∆ is trivial on F× ∩C where

C ⊂∏
v∈Sf

O×Fv
is an open subgroup.

Let ℓ be a prime of Q such that all primes of F dividing ℓ are in S. We have a decomposition

H1
ét(AQ,Qℓ) =

⊕

λ|ℓ

Hλ

where Hλ is a one dimensional Eλ-vector space. Let’s fix such a λ|ℓ. The action of Gal(F |F )

on Hλ is given by a character ψλ : Gal(F ab|F ) −→ E×λ and thus via Artin reciprocity map a

continuous character ψλ : A×F /F
× −→ E×λ verifying

∀v /∈ S ψλ(πv) = Frobv

and trivial on F×∞. Since an element in µ∞(E) is trivial if sufficiently near from 1 for the ℓ-adic

topology it suffices to prove the composite F×
∆−−→ E× →֒ E×λ is continuous when F× is equipped

with the topology induced by F× →֒∏
v∈Sf

F×v and E×λ with the λ-adic one. The morphism NΦ′

being algebraic is clearly continuous. Now

∀x ∈ F×
∏

v/∈S

Frob−v(x)v = ψλ( x, . . . , x︸ ︷︷ ︸
places in Sf

, 1 . . . , 1, . . . )

and ψλ is continuous, thus ∆ is too.

2.4.4. The Hecke character and its avatars. — Let’s define now

χ : A×F = F×∞ ×A×F,f −→ (E ⊗ R)×

(x∞, xf ) 7−→ NΦ′(x∞)−1α(xf )

It is clearly a Hecke character χ : A×F /F
× −→ (E ⊗ R)×.

It gives rise for each embedding σ : E →֒ C to an algebraic Hecke character

χσ : A×F /F
× −→ C×

of weight σ ◦NΦ′ where σ ◦NΦ′ ∈ X∗(ResE/QGm) since NΦ′ ∈ Hom(ResF/QGm,ResE/QGm) and

σ ∈ X∗(ResE/QGm). It verifies

χcσ = χσ

and

χσ,f : A×F /F
× −→ σ(E)×

(compare with lemma 1.3). For ℓ a prime number the étale cohomology of A splits

H1
ét(AQ,Qℓ) =

⊕

λ|ℓ

Hλ

accordingly to the decomposition E ⊗Q Qℓ =
∏
λ|ℓEλ and where

dimEλ
Hλ(A) = 1

This respects the Galois action thus as Gal(F |F )-modules

H1
ét(AQ,Qℓ) =

⊕

λ|ℓ

ψλ

where ψλ is a character, ψλ : Gal(F ab|F ) −→ E×λ continuous for the λ-adic topology.
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Proposition 2.7. — One has ∀λ|ℓ, ∀σ : E →֒ Q

ψλ = σ−1 ◦ χσ,σ(λ)

where σ(λ) is the prime of σ(E) associated to λ, (χσ)λ′ the λ′-adic compatible system attached to

χσ as in section 1.2 for λ′ going through finite places of σ(E), and the right hand side means the

composite Gal(F ab|F )
χσ,σ(λ)−−−−−→ σ(E)σ(λ)

σ−1

−−−→
∼

Eλ. And thus

H1
ét(AQ,Qℓ) =

⊕

λ|ℓ

σ−1 ◦ χσ,σ(λ)

Proof. This is a consequence of Tchebotarev theorem since both agree on almost all Frobenius.

Fix an algebraic closure Qℓ of Qℓ and an embedding Q →֒ Qℓ. It induces for each σ : E →֒ Q a

prime λ(σ) of σ(E). As a corollary one obtains that

H1
ét(AQ,Qℓ)⊗Qℓ

Qℓ ≃
⊕

σ:E →֒C

χσ,λ(σ)

This corresponds to a decomposition of the motive h1(A)⊗QQ ∈Mot/Q(Q−coefficients) (extension

of coefficients to Q) in

h1(A) ⊗Q Q =
⊕

σ:E →֒C

M(χσ)

where M(χσ) is a rank one motive (this decomposition can be made precise in terms of Hodge

cycles, see section 7).

Corollary 2.8. — The motive h1(A)⊗Q Q is “automorphic”

L(s,A) =
∏

σ:E →֒C

L(s, χσ)

(with or without the archimedian factors included). In particular L(s,A) has an holomorphic

extension to the complex plane and satisfies a functional equation.

Remark 2.9. — Let’s see the motive h1(A) as a rank one motive with coefficients in E. Then

for each embedding σ : E →֒ Q the motive h1(A)⊗E,σ Q is automorphic, attached to χσ

L(s, h1(A) ⊗E,σ Q) = L(s, χσ)

Thus the preceding decomposition is nothing else than h1(A)⊗Q Q =
⊕

σ:E →֒Q

h1(A)⊗E,σ Q.

3. Shimura Taniyama reciprocity law

We take the notations from section 2. Let’s fix (A, ι) a simple CM abelian variety over Q
as in section 2 where ι : E

∼−−→ End(A)Q. Let Φ ⊂ Hom(E,C) be the associated CM type

and K ⊂ Q its reflex field. Recall K is the field of definition of the isogeny class of (A, ι),

Gal(Q|K) = {σ ∈ Gal(Q|Q) | (Aσ, ισ) is isogenous to (A, ι)}.
In section 2 we were interested in the action of the Galois group Gal(F |F ) on the torsion points

of A where (A, ι) is defined over F . Now we’re going to look at the action of Gal(Q|K).

We note H1
ét(A,AQ,f ) the restricted product of the H1

ét(A,Qℓ) with respect to the lattices

H1
ét(A,Zℓ). It is a free AQ,f -module of rank 2 dimA and a rank one module over AQ,f⊗QE = AE,f .

Thus let σ ∈ Gal(Q|K). Let

f : (A, ι) −→ (Aσ, ισ)
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be an isogeny. It induces an isomorphism

H1
ét(A,AQ,f )

σ∗

−−→ H1
ét(A

(σ),AQ,f )
f∗

−−→ H1
ét(A,AQ,f )

where the first isomorphism is induced by the projection Aσ = A⊗Q,σQ −→ A (invariance of étale

cohomology by change of algebraic closed field). Moreover this isomorphism commutes with the

action of E and thus induces an automorphism of the rank one AE,f -module H1
ét(A,AQ,f ) that

is to say it is given by multiplication by an element of A×E,f , f
∗σ∗ ∈ A×E,f .

Now if we make another choice of isogeny f between (A, ι) and (Aσ, ισ) is differs by an element

in End(A, ι)×Q = E×. We thus have a well defined map

Gal(Q|K) −→ A×E,f/E
×

and one checks immediately this is a group morphism whence in fact a morphism

Gal(Kab|K) −→ A×E,f/E
×

and via Artin reciprocity map a morphism

π0(CK) −→ A×E,f/E
×

where CK = A×K/K
×, the idele class group. The purpose of the Shimura-Taniyama reciprocity

law is to give the following formula.

Proposition 3.1. — The reciprocity map π0(CK) −→ A×E,f/E
× is the inverse of the reflex norm

that is to say N−1
Φ′ .

Remark 3.2. — We have π0(A
×
K/K

×) = A×K/K
×
∞K× = A×K,f/K

×. The torus morphism NΦ′ :

ResK/QGm −→ ResE/QGm thus induces a morphism π0(A
×
K/K

×) −→ A×E,f/E
×. But in fact the

reflex norm factorises through Serre’s torus (see section 5)NΦ′ : ResK/QGm ։ SK −→ ResE/QGm.

And SK/w(Gm) is anisotropic over R where w is the weight morphism, (SK/w(Gm))(R) ≃
U(1)[K:Q]/2. From this one deduces easily SK(Q) is in fact closed inside SK(AQ,f ), and it follows

that in fact the norm morphism extends to a morphism π0(A
×
K/K

×) −→ A×E,f/E
×, and this is

the morphism we called the reflex norm in the preceding proposition.

We now give the proof of the preceding proposition. Let’s begin with a lemma.

Lemma 3.3. — Let F ⊂ Q, K ⊂ F , a field over which (A, ι) is defined. Then the composite

π0(CF ) = Gal(F ab|F ) −→ Gal(Kab|K)
reciprocity map−−−−−−−−−→ A×E,f/E

× is given by N−1
Φ′ ◦NF/K .

Proof. Let ψ : Gal(F ab|F ) −→ A×E,f be the compatible system of λ-adic representations as in

section 2.4.4. It is clear the following diagram commutes

π0(A
×
F /F

×)

NF/K

��

∼ // Gal(F ab|F )

��

ψ // A×E,f

����
π0(A

×
K/K

×)
∼ // Gal(Kab|K)

rec. map // A×E,f/E
×

Now recall (see section 2) we constructed ψ as ψ = α.N−1
Φ′ where α : A×F,f −→ E× and here

NΦ′ : A×F,f −→ A×E,f (sorry, we note the same for NΦ′ and NΦ′ ◦ NF/K). The result follows

immediately.

Lemma 3.4. — Let v|p be a place of K unramified in a field F |K over which (A, ι) is defined and

such that A has good reduction at all places of F dividing v. Then the restriction of the reciprocity
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map at the local Galois group Gal(Kab
v |Kv) factorizes as

π0(CK)
rec. map // A×E,f/E

×

K×v

OO

factorization// (E ⊗Qp)
×

OO

Proof. Let’s note for this proof (A, ι) for a model over F . Let ν : Q →֒ Qp inducing the

place v on K and let w|v the induced place on F . Let σ ∈ Gal(Qp|Kv) →֒ Gal(K|K) (via

ν as a decomposition subgroup). Let f : (A, ι) −→ (Aσ , ισ) be an isogeny whence an isogeny

f : A⊗F Fw −→ Aσ⊗F Fw = (A⊗F Fw)σ. This isogeny extends to the Neron model of of A⊗F Fw
and reduces to an isogeny

f : Ak(w) −→ (Ak(w))
σ = (Ak(w))

(pr)

where σ reduces to the Frobenius x 7→ xp
r

. There’s another isogeny, the geometric Frobenius

F r : Ak(w) −→ (Ak(w))
(pr)

that commutes with the action of ι(E) and ισ(E) and thus ϕ = f
−1 ◦ F r ∈ End(A, ι)×Q = E×.

Now there’s a commutative diagram

H1
ét(AQ, Ẑ

(p))
σ∗

// H1
ét(A

σ
Q
, Ẑ(p))

f∗

// H1
ét(AQ, Ẑ

(p))[d]

ϕ∈E×

��
H1

ét(Ak(w), Ẑ
(p))

Id

33

(σ mod p)∗// H1
ét((Ak(w))

(pr), Ẑ(p))
(F r)∗ // H1

ét(Ak(w), Ẑ
(p))

where Ẑ(p) =
∏
ℓ 6=p Zℓ, the vertical identifications correspond to the invariance of ℓ-adic coho-

mology for ℓ 6= p under good reduction and the equality (F r)∗ ◦ (σ mod p)∗ = Id is nothing else

than geometric Frobenius composed with the arithmetic one equals identity on étale cohomology.

From this diagram one deduces the image by the reciprocity map of σ in A×E,f/E
× can be made

to have trivial component outside p in A×E,f .

Let’s come to the final part of the proof. Fix a field of definition F |K of (A, ι). Note b :

π0(A
×
K/K

×) −→ A×E,f/E
× the reciprocity map and consider β = b.NΦ′ . We want to prove β = 1.

We know thanks to lemma 3.3 β is trivial on NF/K(A×F /F
×). Thus

β : CK/NF/K(CF )
︸ ︷︷ ︸

finite group

−→ A×E,f/E
×

For S a sufficiently big finite set of places of K, thanks to lemma 3.4, there is a commutative

diagram ∀v /∈ S, v|p,
CK/NF/K(CF )

β // A×E,f/E
×

K×v /O×Kv

OO

β
|K

×
v

// (E ⊗Qp)
×

OO

By Tchebotarev it suffices to prove ∀v /∈ S β(πv) = 1. But, still thanks to Tchebotarev, if

v /∈ S, v|p there exists v′ /∈ S, v′|p′, p′ 6= p such that β(πv′ )︸ ︷︷ ︸
∈(E⊗Qp)×

= β(πv)︸ ︷︷ ︸
∈(E⊗Qp′)×

∈ A×E,f/E
×. But

(E ⊗Qp)
× ∩ (E ⊗Qp′)

× = {1} ⊂ A×E,f/E
×.
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4. The general picture

4.1. The motivic side. —

4.1.1. The big motivic Galois group. — Let G be the motivic Galois group associated to the

Grothendieck category of motives over Q with coefficients in Q for numerical equivalence (let’s

suppose for a moment we know what this means, that is to say all standard conjecture are true).

One has G = Aut⊗(ωBetti) where ωBetti means the fiber functor Betti-Cohomology. One has a

Tannakian equivalence

RepQ(G) ≃Motives/Q with coefficients in Q

and G is a pro-reductive algebraic group (reductiveness follows from the semi-simplicity of the

category of motives).

There is an exact sequence

1 −→ G0 −→ G −→ Gal(Q|Q) −→ 1

where G0, the neutral component classifies motives over Q. Thanks to Hodge conjecture this

category of motives over Q has a faithful functor towards polarizable Q-Hodge structures and G0

can be seen as a universal Mumford-Tate group for all motives.

In the preceding exact sequence Gal(Q|Q) has to be seen has a pro-finite constant group-

scheme over Q and RepQ(Gal(Q|Q)) is equivalent to the category of Artin motives over Q (with

Q coefficients). The morphism G −→ Gal(Q|Q) is Tannaka-dual to the inclusion of Artin motives

inside the big category of motives. The morphism G0 −→ G is dual to the base change functor

from motives over Q toward motives over Q.

For L|Q finite one can take the pull-back of the preceding extension via Gal(Q|L) →֒ Gal(Q|Q)

1 // G0 //
LG

��

// Gal(Q|L) //
� _

��

1

1 // G0 // G // Gal(Q|Q) // 1

Then

RepQ(LG) ≃ Motives/L with coefficients in Q

the inclusion LG →֒ G being dual to the base change functor scalar extensions for motives −⊗QL

from Q to L.

4.1.2. The abelianized version. — Consider the abelianization of the preceding sequence

1 −→ (G0)ab −→ G/(G0)′ −→ Gal(Q|Q) −→ 1

One knows how to define this exact sequence rigorously without using any of the standard con-

jectures, using the theory of absolute Hodge cycles of Deligne ([4]). Moreover one has an explicit

construction of this sequence due to Serre for the connected component and Langlands for the

whole extension.

This sequence is usually written as

1 −→ S︸︷︷︸
Serre group

−→ T︸︷︷︸
Taniyama group

−→ Gal(Q|Q) −→ 1

where RepQ(T ) is equivalent to the category of “potentially abelian” motives that is to say motives

such that there Mumford-Tate group is a torus. In fact if ρ : G −→ GLn, ρ factorises through T
iff after a finite base change L|Q the restriction ρ|LG has an abelian image.

4.2. The automorphic side. —
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4.2.1. The big Langlands group. — Let LQ be the conjectural Langlands group. It should be a

topological locally compact group and classify automorphic representations : the set of isomor-

phism classes of irreducible continuous representations LQ −→ GLn(C) should be in bijection

with cuspidal automorphic representations of GLn(AQ) (in fact there is a few conditions on such

representations called Langlands parameters).

There should be an extension

1 −→ L0
Q −→ LQ −→ Gal(Q|Q) −→ 1

Moreover if for L|Q finite LL is the pullback of the preceding by Gal(Q|L) →֒ Gal(Q|Q) then irre-

ducible representations LL −→ GLn(C) up to isomorphism should classify automorphic cuspidal

representations of GLn(AL).

More generally semi-simple non-irreducible representations of LQ or more generally LL should

correspond to other automorphic representations “build from Eisenstein series” that are induced

from cuspidal one. Then the inclusion LL →֒ LQ should correspond dually at the level of repre-

sentations to the so-called Langlands Base change functoriality from automorphic representations

of GLn(AQ) to the one of GLn(AL) (this Langlands functoriality is only known for the moment

for L|Q a Galois solvable extension (Arthur-Clozel)).

4.2.2. The abelianized version. — Let’s consider the abelianized version of the preceding sequence

1 −→ (L0
Q)ab −→ LQ/(L0

Q)′ −→ Gal(Q|Q) −→ 1

Then a continuous representations ρ : LQ −→ GLn(C) factorizes through LQ/(L0
Q)′ iff after a finite

base change ρ|LL
becomes abelian which from the automorphic point of view means after a Base

change the automorphic representation comes from Eisenstein series build from Hecke characters.

In fact one knows how to define the preceding sequence using global class field theory. It is

called the global Weil group

1 −→W 0
Q −→WQ −→ Gal(Q|Q) −→ 1

and the same for L|Q. Moreover there is an isomorphism W ab
L ≃ A×L/L

× and thus abelian semi-

simple representations of WL correspond to finite collections of Hecke characters A×L/L
× −→ C×.

4.3. The link between both sides. — Conjecturaly some cuspidal automorphic representa-

tions of GLn(AQ) (the “algebraic one”) should correspond to simple motives over Q with co-

efficients in Q. The automorphic cuspidal representation Π corresponds to the motive M iff

L(s,M) = L(s,Π).

In the case n = 1 this corresponds to what we called algebraic Hecke characters in section 1.

More generally the algebraicness condition on Π =
⊗

v Πv is on Π∞ (the Langlands parameter

of Π∞ should correspond to a Hodge-structure of the motive, this Langlands parameter WR −→
GLn(C) restricted to C× ⊂ WR should be algebraic and correspond to the associated Hodge

structure, viewing C× as Deligne torus).

In some sens the general conjecture could be something like : the Tannakian category of semi-

simple representations of the topological group LQ that are algebraic, via C× →֒ WR −→ LQ, is

equivalent to the category of motives over Q with Q coefficients.

In this article we are going to interest ourselves to the abelian case (or rather potentially abelian)

of this conjecture.

One can prove that in fact there is a link between some representations of WQ in GLn(C) and

potentially CM (CM stands for abelian in the motivic world) motives over Q with Q-coefficients

that is to say algebraic representations of the Taniyama group T −→ GLn/Q.
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Now one conjectures that irreducible representations of WQ parametrizes some cuspidal auto-

morphic representations. This conjecture contains as a particular case Artin’s conjecture. The

problem being that one does not know automorphic induction for non-solvable extensions.

Nevertheless this will prove a less strong fact that is if M is potentially CM motive over

Q in the sens of Hodge cycles then it is modular in a weak sens : L(s,M) can be written as

a product/quotient of L-functions of Hecke characters of finite extensions of Q (it is an easy

adaptation of Brauer’s theorem to the Weil group that any representations of WQ is virtually a

sum with Z-coefficients of inductions of a Hecke character). In particular L(s,M) has meromorphic

continuation.

5. The connected Serre group

5.1. Hodge-theoretic description. — Let C be the category of CM Q-Hodge structure. Here

CM means polarizable and whose Mumford-Tate group is a torus (or equivalently semi-simple and

M.T. group is a torus). This is a Q-linear neutral Tannakian category. It is moreover semi-simple

(thanks to the existence of polarizations). The canonical fiber functor ω : (V, h) 7−→ V , where

h : S −→ GL(VR), should be understood as the Betti fiber functor. With the notations of the

preceding sections one should have thanks to Hodge conjecture (G0)ab ≃ Aut⊗(ω) (one will in

fact see in a few seconds that any CM Hodge structure comes from a motive).

Let’s describe C. Let (V, h) ∈ C be simple. Then E = End(V, h) is a CM field or Q (this

follows from the fact that End(V, h) is the centralizer of the M.T. group and the existence of a

polarization). Consider the torus T = ResE/QGm. Then

h : S −→ TR, wh : Gm −→ T

(the weight morphism that is defined over Q) and

µh ∈ X∗(T )

defines the Hodge filtration. One has wh = µ1+c
h . Let’s note

µh =
∑

τ :E →֒C

aτ [τ ]

By the preceding

∃w ∈ Z ∀τ aτ + acτ = w

where wh = w.
∑

τ :E →֒C[τ ] ∈ X∗(T ).

Example 5.1. — The case when ∀τ aτ ∈ {0, 1} corresponds to the case of abelian varieties with

CM. Then to give oneself µh is equivalent to give oneself a CM type Φ, µh =
∑

τ∈Φ[τ ].

Let L be the field of definition of µh (the reflex field).

µh : GmL −→ TL

It gives rise to a diagram

ResL/QGm
ResL/Qµh //

$$ $$J
J

J
J

J
J

J
J

J
J

ResL/QTL
NL/Q // T

SL

ϕ

55jjjjjjjjjjjjjjjjjjjjj

where SL is the quotient of ResL/QGm s.t.

X∗(SL) = {
∑

τ :L→֒Q

bτ [τ ] | ∃w ∈ Z ∀τ bτ + bcτ = w} ⊂ X∗(ResL/QGm)
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and the morphism NL/Q ◦ ResL/Q(µh) factorises in ϕ through the quotient SL because of µ1+c
h is

defined over Q. The morphism ϕ is a generalisation of the reflex norm defined in section 2.

Definition 5.2. — The group SL is the Serre group attached to the CM field L.

It is canonically equipped with a cocharacter

µL ∈ X∗(SL)

defined by : µL is the composite of [τ0] ∈ X∗(ResL/QGm) where τ0 : L →֒ Q is the canonical

embedding (recall L is a reflex field and thus an embedded field) with the projection toward SL.

In another way

∀
∑

τ

aτ [τ ] ∈ X∗(SL) < µL,
∑

τ

aτ [τ ] >= aτ0

from which it follows immediately that (µL)1+c is defined over Q. It thus defines a hL : S −→
(SL)R, ∀z ∈ C× hL(z) = µL(z)hL(z). Moreover

ϕ ◦ µL = µh and ϕ ◦ hL = h

Reciprocally hL plus the fact that the associated weight (µL)1+c is defined over Q implies any

representation of SL gives rise to a CM Hodge structure whose Hodge filtration is given by the

universal µL. This defines a tensor functor from RepQS
L to C.

From the preceding study of simple CM Hodge structure one deduces the following lemma.

Lemma 5.3. — There is an equivalence of Tannakian categories

RepQS
L ∼−−→ CL

the full ⊗-subcategory of C formed by CM Hodge structure whose reflex field in contained in L. The

cocharacter µL ∈ X∗(SL) is the universal Hodge cocharacter and via this equivalence the canonical

fiber functor on RepQS
L is the Betti fiber functor on CL.

Now one has

C =
⋃

L|Q
CM

CL

Tannaka duality this corresponds to a projective system formed by norm morphisms

∀L′|L SL
′ NL′|L−−−−−→ SL

where norm morphism means they are the unique morphisms s.t. the following diagram commutes

ResL′/QGm

NL′/L //

����

ResL/QGm

����
SL

′ // SL

Now one defines

S = lim
←−
L|Q
CM

SL

This is the general Serre-group, a pro-torus over Q. And

RepQ(S)
∼−−→
⊗
C

And moreover one checks easily from this

C =< H1(A(C),Q) | A abelian variety with CM /C >⊗

(the Tannakian subcategory generated by). This follows from the fact that X∗(SL) is generated

by the
∑

τ aτ [τ ] with ∀τ aτ ∈ {0, 1}.
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5.2. Shimura type description. — Consider the category whose objects are pairs (T, µ) where

T is a torus over Q split by a CM field and µ ∈ X∗(T ) is a cocharacter verifying that µ1+c is defined

over Q (T being split by a CM field µc is defined without ambiguity since complex conjugation acts

the same way on X∗(T ) independently of the choice of any embedding into C). The morphism

of this category are the evident one. Pairs (T, µ) can be considered as some zero-dimensional

Shimura data. Then

S = lim
←−
(T,µ)

T

5.3. Serre’s original automorphic description. — Serre’s original definition ([9]) didn’t

make any reference to Hodge structures or motives. It is based on the following observation : if

χ : A×L/L
× −→ C× is an algebraic character of weight ρ then there exists a congruence subgroup

Γ ⊂ O×L s.t.

ρ|Γ = 1

where Γ ⊂ O×L ⊂ L× = (ResL/QGm)(Q).

Remark 5.4. — Here a congruence subgroup means ∃ a modulus m s.t. {x ∈ O×L | x ≡ 1[m]} ⊂
Γ, or equivalently a compact open subgroup Kf ⊂ A×L,f s.t. L× ∩Kf ⊂ Γ, or equivalently thanks

to a theorem of Chevalley [O×L : Γ] < +∞.

Thus ρ being algebraic it is trivial on the Zariski closure

Γ ⊂ ResL/QGm

And thus ρ factorizes through

ρ ∈ X∗(ResL/QGm/Γ)

The algebraic group ResL/QGm/Γ is a torus s.t.

X∗(ResL/QGm/Γ) = {
∑

τ :L→֒Q

aτ [τ ] | ∀x ∈ Γ
∏

τ

τ(x)aτ = 1}

Now using Dirichlet’s unit theorem one can check that for Γ a sufficiently small congruence sub-

group this quotient does not depend on Γ and

(ResL/QGm)/Γ = SL

(this is equivalent to the proof of proposition 1.12). Those both definitions of SL : Hodge the-

oretic/the “automorphic” one we just gave are the key point to make the link between algebraic

Hecke characters and motives.

6. Serre’s extension

Let m be a modulus of the CM field L. Let Lm|L the ray class field extension of modulus m.

Let O×L (m) be the associated congruence subgroup equal to L× ∩ K(m) where K(m) ⊂ A×L,f is

the compact open subgroup associated to m. By algebraizing the following extension

1 −→ L×/O×L (m) −→ A×L/(L
×
∞ ×K(m)) −→ Gal(Lm|L) −→ 1

taking m sufficiently big and the the definition of SL as SL = ResL/QGm/O×(m) Serre constructed

in [9] an extension

1 −→ SL −→ EL
m
−→ Gal(Lm|L) −→ 1



englishMOTIVES AND AUTOMORPHIC FORMS : THE (POTENTIALLY) ABELIAN CASE 23

where EL
m

is abelian, that is to say a diagonalizable group whose neutral component is SL, together

with a morphism of extensions

1 // L×/O×L (m)

��

// A×L/L
×
∞ ×K(m)

��

// Gal(Lm|L)

��

// 1

1 // SL(Q) // EL
m

(Q) // Gal(Lm|L) // 1

This extension is constructed in the following way. Take σ 7→ aσ a set theoretical section of

A×L/L
×
∞ ×K(m) ։ Gal(Lm|L) and let cσ,τ = aσaτa

−1
στ be the associated 2-cocyle with values in

L×/O×L (m). Then as an algebraic variety over Q

EL
m

=
∐

σ∈Gal(Lm|L)

SL

and the group structure is defined via the cocyle cσ,τ . The addition morphism
∐

σ∈Gal(Lm|L)

SL ×
∐

σ∈Gal(Lm|L)

SL =
∐

σ,τ

(SL × SL) −→
∐

σ

SL

being defined on the component index by (σ, τ) on the source by

SL × SL −→ SL
component στ−−−−−−−−−→

∐

ν

SL

(x, y) 7−→ xyf(cσ,τ )

where f : L×/O×L (m) −→ SL(Q). This Serre extension equipped with the preceding morphism

of extensions at the level of Q-points satisfies a universal property and is thus essentially unique.

When m varies this form a compatible system.

Taking the projective limit over all m one obtains an extension

1 −→ SL −→ EL −→ Gal(Lab|L) −→ 1

where EL is pro-diagonalizable.

Moreover this extension is equipped with a continuous adelic section

EL(AQ,f ) // // Gal(Lab|L)

(sℓ)ℓ

ee

and a “Weil-section” : a continuous section

EL(R) // // Gal(Lab|L)

A×L/L
× = W ab

L

OOOO

s∞

ffN
N
N
N
N
N
N
N
N
N
N

More precisely for the section sℓ : Gal(Lab|L) −→ EL(Qℓ) one uses the same trick as we did for the

construction of the ℓ-adic system associated to an algebraic Hecke character. Let ǫℓ : A×L
proj.−−−−→

(L ⊗Q Qℓ)
× = ResL/QGm(Qℓ) −→ SL(Qℓ). Note α : A×L −→ EL(Q) (the morphism factorizing

through L∞ ×K(m) for a modulus m when we were working at a fixed finite modulus). Then

sℓ = αǫ−1
ℓ : A×L/L

× −→ EL(Qℓ)

and being continuous it factorizes through π0(A
×
L/L

×) = Gal(Lab|L). This is our section.

Remark 6.1. — There is a quick way to construct the extension EL together with its ℓ-adic

sections by applying proposition 9.3 and the last point in proposition 9.5. See the end of section

9.9.
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For the section s∞ let ǫ∞ : A×L ։ L×∞ = ResL/Q(Gm)(R) −→ SL(R) and we set

s∞ = αǫ−1
∞ : A×L/L

× −→ EL(R)

Now one has the following theorem.

Theorem 6.2. — If ρ : EL/E −→ GmE is a one dimensional representation (any irreducible repre-

sentation EL
/Q
−→ GmQ is defined over a number field E) and if we still note ρ : EL −→ ResE/QGm

the associated morphism then

χ = ρ ◦ s∞
is an algebraic Hecke character of A×L/L

× of weight ρ|SL s.t. its associated ℓ-adic compatible

system is

(ρ ◦ sℓ)ℓ
This correspondence defines a bijection between algebraic Hecke characters χ of A×L/L

× s.t.

Im(χf ) ⊂ E× and representations EL/E −→ Gm/E.

Proof. In one direction, if ρ : EL −→ ResE/QGm it factorizes through a finite type quotient and

is thus given by a EL
m
−→ ResE/QGm for some modulus m. Then it is immediately checked with

the preceding formulas that ρ ◦ s∞ is algebraic and the associated compatible system is (ρ ◦ sℓ)ℓ.
In the other direction, if χ : A×L/L

× −→ C× is algebraic with weight ρ then ρ ∈ X∗(L×)

has to factorize through Serre’s torus by section 5.3, ρ ∈ X∗(SL). Let E be a number field

and m a modulus such that χf : A×L,f/K(m) −→ E×. We take the cocyle definition of EL
m

=∐
σ∈Gal(Lm|L) S

L. Define the representation EL
m/E −→ Gm/E on the factor indexed by σ as

SL/E −→ Gm/E

x 7−→ χf (aσ)ρ(x)

Then one checks immediately this gives us inverse correspondences.

Example 6.3. — In the case of CM abelian varieties as in section 2 the morphism ρ|SL is the

reflex norm NΦ′ .

7. The Taniyama group

7.1. The group and its properties. — Here we only describe vaguely the results.

Theorem 7.1 (Deligne-Langlands). — For L|Q CM Galois one can construct explicitly an

extension

1 −→ SL −→ T L −→ Gal(Lab|Q) −→ 1

equipped with continuous sections

T L(AQ,f ) // Gal(Lab|Q)

(sℓ)ℓ

hh

T L(C) // Gal(Lab|Q)

WQ

OOOO

s∞

ffL
L
L
L
L
L
L
L
L
L
L

with compatible transition morphisms for L varying, for L′|L T L′ −→ T L inducing the norm

maps on the Serre groups, s.t. if

T = lim
←−
L

T L
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then RepQ(T ) is equivalent to the Tannakian category of CM motives over Q defined in terms of

Hodge cycles (here CM means whose Mumford-Tate group is a torus, or equivalently “potentially

abelian”, this is defined concretely as the Tannakian category generated by the h1(A) with A a

potentially CM abelian variety and Artin motives). In this equivalence the canonical fiber functor

on RepQT corresponds to the Betti cohomology fiber functor.

If the representation ρ corresponds to the motive M then

ρ ◦ (sℓ)ℓ ←→ (H•ét(M,Qℓ))ℓ

the ℓ-adic compatible system associated through étale ℓ-adic cohomology. If ρ◦s∞ is the associated

continuous finite dimensional representation of the global Weil group WQ then

L(s,M) = L(s, ρ ◦ s∞)

(archimedian factors included). Moreover Serre’s extension is the pullback

1 // SL // EL //

��

Gal(Lab|L) //
� _

��

1

1 // SL // T L // Gal(Lab|Q) // 1

and RepQEL is the category of CM motives over L such that the action of Gal(Q|L) on their étale

ℓ-adic cohomology is abelian.

Remark 7.2. — The Taniyama group is not abelian as was the non-connected Serre group EL.

In particular Gal(Lab|Q) acts non-trivially on SL in the Taniyama extension (but this action

factorizes through Gal(L|Q) since Serre’s extension is abelian). This action of Gal(L|Q) has to be

understood in the way Gal(L|Q) permutes CM-Hodge structures whose relfex field is contained

in L. For example if (A, ι) is a simple CM abelian variety with CM type (E,Φ) over Q whose

reflex field is contained in L then ∀σ ∈ Gal(Q|Q) (Aσ, ισ) is associated to (E, σΦ). Thus Gal(L|Q)

acts on isogeny classes of simple CM abelian varieties whose relfex field is contained in L via

Φ 7−→ σΦ. This reflects this algebraic action of Gal(L|Q) on SL. More precisely if µL ∈ X∗(SL)

is the universal Hodge cocharacter, ∀σ ∈ Gal(L|Q) (µL)σ has its weight defined over Q and thus

by the universal property of (SL, µL) there is a unique automorphism of SL such that trough it

µL 7−→ (µL)σ. This reflects the action of Gal(Q|Q) on the category of CM Q-Hodge structures by

permuting the Hodge filtration.

The proof of the preceding theorem is divided in two parts :

– Langlands constructed in [7] a candidate by constructing explicitly a cocycle defining the

preceding extension together with its adelic and Weil sections. The idea is to “algebrize”

the extension of global Weil group

1 −→ A×L/L
× −→WL/Q −→ Gal(L|Q) −→ 1

given by the fundamental class of class-field theory uL/Q ∈ H2(L|Q,A×L/L×) ore rather to

use the more subtle extension

1 −→ (A×L/L
×)0 −→WL/Q −→ Gal(Lab|Q) −→ 1

– Deligne checked in article IV of [4] Langlands extension has to be the one given by the theory

of Tannakian categories and his theory of Hodge cycles. This is not an explicit computation,

the proof uses all the “rigidity” properties of the extension equipped with its sections and

the properties of the Serre extension we defined in the preceding section.
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7.2. Automorphic consequences. —

Corollary 7.3. — For each number field L and an algebraic Hecke character χ of A×L/L
× there

exists a rank one CM motive M(χ) with Q-coefficients such that L(s,M(χ)) = L(s, χ). The λ-adic

compatible system associated to χ like in section 1 is the one given by the system of realizations of

M(χ) on its étale cohomology. The weight of χ corresponds to the CM-Hodge structure associated

to M(χ).

In fact one can prove more

Proposition 7.4. — The correspondence χ 7→M(χ) defines a bijection between algebraic Hecke

characters of A×L/L
× and isomorphism classes of rank one CM motives with Q-coefficients over

L.

Remark 7.5. — Any abelian variety A over L having complex multiplication over L by E defines an

algebraic Hecke character χ (section 2) and M(χ) ≃ h1(A) (after a choice of embedding of E in C). There

is an evident restriction on the algebraic Hecke characters induced by such A, the one on the weight. But

having done this restriction the author does not know how to distinguish the algebraic χ s.t. M(χ) is of

the form h1(A) and the others.

Corollary 7.6. — Let M be a CM motive over Q with Q-coefficients, in the sens of Hodge cycles.

Then ∃ρ a finite dimensional representation of the global Weil group WQ s.t.

L(s,M) = L(s, ρ)

Now one conjectures

Conjecture 7.7. — For each irreducible representation ρ : WQ −→ GLn(C) there exists a cuspi-

dal automorphic representation Π of GLn(AQ) s.t.

L(s, ρ) = L(s,Π)

This conjecture would imply that any CM motive is “automorphic”. The problem is that we

don’t know the Base Change and Automorphic Induction functoriality of Langlands (it is known

only for solvable extensions [1]). It contains as a particular case Artin’s conjecture (Artin motives

are CM). But we know the preceding conjecture at least “virtually” as it is the case for Artin

conjecture.

Proposition 7.8. — There is a version of Brauer’s theorem for representations of the Weil group

Groth(RepCWQ) =< IndWE

WQ
χ >

where E goes through finite extensions of Q and χ through Hecke characters of WE/E = A×E/E
×.

Corollary 7.9. — Let M be a CM motive over Q with Q-coefficients. Then M is “virtually

automorphic” : there exists a finite set I and collections for i ∈ I Ei|Q, ai ∈ Z, χi : A×Ei
/E×i −→

C× s.t.

L(s,M) =
∏

i∈I

L(s, χi)
ai

in particular L(s,M) has meromorphic continuation to the complex plane and satisfies a functional

equation.

Remark 7.10. — The ǫ-factors appearing in the functional equation admit a decomposition as a

product of local ones at all places that do not depend on a decomposition like in proposition 7.8 but

only on the local Galois ℓ-representations associated to M at all finite places, and the associated

R-Hodge structure equipped with its action of Gal(C|R) for the infinite place ([3], [10]).

Now let’s dig a little bit more into the link between the Weil and Taniyama groups.
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Definition 7.11. — Let ρ : WQ −→ GLn(C) be a continuous representation. We say it is

algebraic if via C× →֒ WR −→ WQ the associated representation of C× seen as Deligne’s torus S
is an algebraic representation that is to say a direct sum of copies of characters of the form zpzq

with p, q ∈ Z.

Any algebraic representation of WQ is semi-simple. In fact if W 1
Q = ker(WQ −→ W ab

Q =

A×Q/Q
× ‖.‖−−−→ R×+) then W 1

Q is compact, WQ/W
1
Q
∼−−→ R×+ and the composite C× →֒ WR −→

WQ −→ R×+ is z 7→ zz.

Now we have the following whose proof is left as an exercise to the reader.

Proposition 7.12. — The correspondence RepC(T ) ∋ ρ 7−→ ρ◦s∞ defines a Tannakian category

equivalence between CM motives over Q with coefficients in C and algebraic representations of

WQ. For L|Q CM and Galois it restricts to an equivalence between CM motives over Q such that

the Galois action on their étale cohomology becomes abelian over L and algebraic representations

of WL/Q. If ρ is an algebraic representation of WQ associated to the motive M over Q then the

Hodge-structure equipped with its action of Gal(C|R) associated to M is the one attached to the

composite representation WR −→ WQ with ρ, the local factor at a prime p of the action of Galois

on the étale cohomology of M is deduced from the composite WQp −→WQ with ρ

In the preceding proposition the category of CM motives with coefficients in C is equivalent to

the category whose objects are motives with coefficients in Q and we tensor homomorphisms by

C. In fact if G is a pro-reductive group-scheme over Q then the category RepC(GC) is equivalent

to the one whose objects are those of RepQ(G) and we tensor homomorphisms by −⊗Q C.

8. Fontaine-Mazur conjecture in the abelian case

This is the following theorem that is a reciprocal to the statements of section 1.2

Theorem 8.1. — Let E be a number field and λ|ℓ a place of E. Let (ρλ)λ be a λ-adic semi-simple

representation of Gal(Lab|L) such that

– It is unramified at almost all places and at this places the characteristic polynomial of Frobe-

nius is E-rational

– It is potentially cristalline at all places of L dividing ℓ

Then (ρλ)λ is the λ-adic system attached to an algebraic Hecke character, thus to a representation

of the non-connected Serre group EL and thus this is the system of realizations of a CM motives

over L.

This theorem is proved in [9] when L is the composite of quadratic extensions of Q (a tran-

scendence result was laking for the general case). For the general case one needs a transcendence

result proved by Waldschmidt, it is given by Henniart in [6].

In the book [9] what we call potentially cristalline is called locally algebraic. From the modern

point of view of Fontaine’s theory potentially cristalline is the good terminology.

9. Conjugation of CM motives and thorough study of the Taniyama group

9.1. Notations. — We use the theory of Hodge cycles of Deligne (see article I by Deligne in

[4]). With it one can construct a Tannakian category of Motives generated by motives of abelian

varieties and Artin motives over a subfield of Q, Q ⊂ C. On this category of motives Hodge

conjecture is forced to be true : the Betti fiber functor toward polarizable Q-Hodge structure is

fully faithful. Moreover we will use Deligne’s theorem that any Hodge cycle is absolutely Hodge

to study those categories.
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Definition 9.1. — We note CMQ resp. CMQ, the Tannakian category of CM motives over Q,

resp. Q, with Q-coefficients. By definition CMQ is the category generated by (potentially) CM

abelian varieties over Q and Artin motives over Q. For L ⊂ Q, L|Q a Galois CM field we note

CML
Q
, resp. CML

Q for the sub-category of CMQ, resp. CMQ, formed by motives whose reflex field is

contained in L that is to say its Mumford-Tate group is split by L. The category CML
Q is generated

by CM abelian varieties over Q whose relfex field is contained in L and Artin motives.

There are equivalences between Tannakian categories

CML
Q

Betti−−−−→
∼

CM Q-Hodge structures reflex field ⊂ L ∼←−− RepQS
L

where the right equivalence is induced by hL ∈ Hom(S, SL/R) (see section 5.1) and through which

the Betti fiber functor ωB : CML
Q
−→ Q-v.s. corresponds to the canonical one on RepQS

L. Thus

SL ≃ Aut⊗ωB. The Hodge filtration defines a ⊗-functor

CML
Q
≃ RepQS

L −→ Filtered C-vector spaces

This is given by µL ∈ X∗(SL) (see section 5.1).

We have the same for S = lim
←−
L

SL and CMQ =
⋃
L CML

Q
.

9.2. Algebraic action on Serre group. — As explained in remark 7.2 there is an “algebraic

action” Gal(Q|Q) ։ Gal(L|Q) −→ Aut(SL) denoted ∀σ ∈ Gal(Q|Q) SL ∋ x 7−→ xσ. From now

we note the “arithmetic actions”, for example the action of Gal(Q|Q) on SL(Q) or on X∗(SL), by

x 7−→ σ.x. Both actions, the algebraic and the arithmetic one, commute but one has to be careful

with them.

Recall X∗(SL) = {∑τ :L→֒Q aτ [τ ] | ∃w ∈ Z ∀τ aτ + acτ = w}. Then ∀σ ∈ Gal(Q|Q) the

algebraic action of σ is given by X∗ ((−)σ) (
∑

τ aτ [τ ]) =
∑

τ aτ [τσ].

One has (−)σ ◦ µL = σ−1.µL and the following diagram commutes

(V, ρ)
_

��

RepQ(SL)
∼ //

��

CML
Q

��

Hodge Fil.// Filtered C-v.s.

��

(V,Fil)
_

��
(V, ρ ◦ (−)σ) RepQ(SL)

∼ // CML
Q

Hodge Fil.// Filtered C-v.s. (V σ,Filσ)

9.3. The extension. — Let M , resp. ML, be the group of ⊗-automorphisms of the Betti fiber

functor on CMQ, resp. CML
Q. There is a morphism of exact sequences

1 // S //

����

M //

����

Gal(Q|Q) // 1

1 // SL // ML // Gal(Q|Q) // 1

and the lower one is the push-forward of the upper one by S ։ SL. Tannaka dually this sequences

correspond to the following type of sequences

Artin motives −→ Motives over Q
Scalar extension−−−−−−−−−−−→Motives over Q

The only difficulty to prove the preceding type of sequence is exact is exactness in the middle. For

this one has to use Deligne’s theorem that any Hodge cycle is absolutely Hodge (see proposition

6.23 of article II in [4]).

Since SL is abelian the preceding extension gives rise to an action of Gal(Q|Q) on SL. This is

the preceding algebraic action (see next section for a quick justification).
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9.4. The effect of conjugation on Betti cohomology. — Let ωB : CML
Q
−→ Q-v.s. be the

Betti fiber functor.

For σ ∈ Gal(Q|Q) there is a ⊗-equivalence M 7−→ Mσ from CML
Q

to itself. This follows from

Deligne’s theorem that any Hodge cycles is absolutely Hodge.

We let ωB,σ be the composite fiber functor ωB,σ(M) = ωB(Mσ).

Both fiber functor ωB and ωB,σ become isomorphic over Q, either because of the general theory

of Tannakian categories or because

ωB ⊗Q Q ≃ ωdR, ωB,σ ⊗Q Q ≃ ωdR ⊗Q,σ Q and ωdR ≃ ωdR ⊗Q,σ Q

where ωdR is the de Rham fiber functor (this equalities allows one to verify easily the action of

Gal(Q|Q) on SL induced by the preceding extension induces the algebraic one given in section

9.2).

The difference between ωB and ωB,σ is measured by the Aut⊗(ωB) = SL-torsor Isom⊗(ω, ωB,σ)

whose isomorphism class lies in H1(Q|Q, SL) (Galois cohomology for the arithmetic action). In

the exact sequence

1 −→ SL −→ML π−−→ Gal(Q|Q) −→ 1

this torsor is the SL-torsor π−1(σ).

Since SL splits over L this class lies in fact in H1(L|Q, SL) and thus there is an isomorphism

ωB ⊗Q L ≃ ωB,σ ⊗Q L

well defined up to an element of Aut⊗(ωB ⊗ L) = SL(L).

Concretely since SL splits over L by Hilbert 90 the following sequence is exact

1 −→ SL(L) −→ML(L) −→ Gal(Q|Q) −→ 1

Now for σ ∈ Gal(Q|Q) let aσ ∈ ML(L) be a lift of σ. Then ∀τ ∈ Gal(L|Q) τ.aσ still lifts σ (the

Galois action on the pro-constant group scheme Gal(Q|Q) is trivial) and thus cτ = (τ.aσ)a
−1
σ ∈

SL(L) and

(cτ )τ ∈ Z1(Gal(L|Q), SL(L))

Then ωB,σ is obtained from ωB by twisting by the cocyle (cτ )τ . Concretely this means

ωB,σ(X) = (ωB(X)⊗Q L)Gal(L|Q)

where τ ∈ Gal(L|Q) acts on ωB(X) ⊗Q L via cτ ⊗ τ (SL(L) acts naturally on ωB(X) ⊗Q L and

cτ ∈ SL(L)).

9.5. Étale cohomology. —

9.5.1. The ℓ-adic section. — The étale ℓ-adic cohomology fiber functor for all ℓ is noted

ωét : CML
Q −→ AQ,f -free mod. of finite rank

There is a canonical isomorphism ωB ⊗Q AQ,f
∼−−→ ωét. Moreover ωét factorizes through the ⊗-

category of continuous representations of Gal(Q|Q) on free AQ,f -modules of finite rank. From this

one deduces the existence of a continuous section sL

ML(AQ,f ) // Gal(Q|Q)

sL

yy

such that if X ∈ CML
Q via the action of ML(AQ,f ) = Aut(ωB⊗AQ,f ) ≃ Aut(ωét) on ωB(X)⊗AQ,f

the one of Gal(Q|Q) given by sL is the Galois action on étale cohomology.
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9.5.2. Conséquence of the invariance of étale cohomologie under conjugation. — Étale cohomol-

ogy is invariant under change of algebraically closed field and thus if ωét,σ is the fiber functor

M 7−→ ωét(M
σ) on CML

Q
there is a canonical isomorphism ωét

∼−−→ ωét,σ (the isomorphism noted

σ∗ : H1
ét(A,AQ,f )

∼−−→ H1
ét(A

σ,AQ,f ) in section 3). This induces a canonical isomorphism

ωB ⊗Q AQ,f
∼−−→ ωB,σ ⊗Q AQ,f

and thus

[Isom⊗(ωB, ωB,σ)] ∈ ker
(
H1(Gal(L|Q), SL(L)) −→ H1(Gal(L|Q), SL(AL,f))

)

or

[Isom⊗(ωB , ωB,σ)] ∈ Im
([
SL(AL,f )/S

L(L)
]Gal(L|Q) −→ H1(Gal(L|Q), SL(L))

)

In fact one can be more precise since the isomorphism ωB ⊗Q AQ,f
∼−−→ ωB,σ ⊗Q AQ,f is canon-

ical, which means not defined up to an element of SL(AQ,f ). In other words the cocycle (cτ )τ
constructed in section 9.4 is canonically trivialized in SL(AL,f) : there is a uniquely defined

g ∈ SL(AL,f) s.t. cτ = gg−τ . This implies there is a canonical lift b̄L(σ) of [Isom⊗(ωB, ωB,σ)]

b̄L(σ) ∈
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

(arithmetic action of Gal(L|Q)). Now at the level of cocyles, taking the notations at the end of

section 9.4, one has

b̄L(σ) = aσs
L(σ)−1 mod SL(L)

Moreover if L′|L one checks b̄L
′

(σ) 7→ b̄L(σ) via SL
′ → SL.

9.5.3. When σ varies. — Let σ1, σ2 ∈ Gal(Q|Q). The composite of the canonical isomorphism of

fiber functors on CML
Q
σ∗2 : ωét

∼−−→ ωét,σ2 and σ∗1 : ωét,σ2

∼−−→ ωét,σ1σ2 induces the canonical one

(σ1σ2)
∗ : ωét

∼−−→ ωσ1σ2 . Moreover there is a torsor isomorphism

Isom⊗(ωB, ωB,σ2)
SL

∧ Isom⊗(ωB,σ2 , ωB,σ1σ2) ≃ Isom⊗(ωB, ωB,σ1σ2)

This is resumed in the following formula

∀σ1, σ2 ∈ Gal(Q|Q) b̄(σ1σ2) = b̄(σ1)b̄(σ2)
σ1 ∈

[
SL(AL,f)/S

L(L)
]Gal(L|Q)

where here (−)σ1 means the algebraic action. More concretely this formula is checked directly on

the formula b̄L(σ) ≡ aσsL(σ)−1.

9.6. The effect of conjugation on Betti cohomology with coefficients in R. — .

Here we diverge from Deligne’s approach (lemma 3 in article IV of [4]).

9.6.1. Preliminaries on polarized Hodge structures. — The category HodgeR of R-Hodge struc-

tures is naturally a polarized Tate triple (see sections 4 and 5 in the article II by Deligne and

Milne in [4]).

Let V be the non-neutral R-linear Tannakian category formed by graded C-vector spaces V =⊕
w∈Z V

ω equipped with a semi-linear automorphism a s.t. a2 = (−1)w on V w (see example 5.3

in article II of [4]). The associated band is the group Gm over R that gives the grading and the

isomorphism class of V is the class of its gerb of fiber functors in H2(C/R,Gm) = {±1} which is

the non-trivial class. The category V is naturally a Tate triple, the polarizations of a homogeneous

(V, a) of weight w being the (−1)w-symmetric positive definite forms on V .

Now if (T, w, T ) is a Tate triple such that w(−1) 6= 1 by theorem 5.20 of II in [4] there is up to

isomorphism a unique exact faithful functor V −→ T compatible with the Tate triples structures

and sending the natural polarization of V to the one of T. In particular there is such a functor

HodgeR −→ V. If V is an R-Hodge structure on associates (VC, a) ∈ V where the grading is given

by the weight of the Hodge structure and a is (−1)p-times complex conjugation on V p,q. That

means to (V, h) one associates (VC, µh(−1)⊗ c).
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If T is a torus over R equipped with h : S −→ T there is associated a morphism

ξµh
: RepRT −→ V

(V, ρ) 7−→ (VC, ρ(µh(−1))⊗ c)
where the grading on VC is given by ρ ◦ wh.

The category CML
Q
⊗QR is a polarized Tate triple, the polarizations being induced by ample line

bundles (or rather their Chern classes since we work with Hodge cycles). There is thus associated

a morphism CML
Q
⊗Q R −→ V well defined up to isomorphism, sending this polarization to the

canonical one of V. Via the equivalence given by ωB ⊗Q R between CML
Q
⊗Q R and RepRS

L this

morphism is exactly ξµL

RepRS
L

ξ
µL

22∼ // CM Q-Hodge struct.ref. field in L CML
Q

∼oo polarization // V

9.6.2. Computation of the isomorphism class of Isom(ωB ⊗ R, ωB,σ ⊗ R). — We compute for

σ ∈ Gal(Q|Q)

[Isom(ωB ⊗ R, ωB,σ ⊗ R)] ∈ H1(R, SL)

using polarizations. In fact there is a diagram

CM Q-Hodge structures

F

((RRRRRRRRRRRRR

RepRS
L ∼ // CML

Q
⊗ R

ωB

44jjjjjjjjjjjj

ωB,σ **TTTTTTTTTTTT

polarization // V

CM Q-Hodge structures

F

66lllllllllllll

where both morphisms ωB and ωB,σ send the natural polarizations of CML
Q
⊗ R to the canonical

one on CM Q-Hodge structures and the functor F from CMQ-Hodge structures to V is induced by

the natural polarization that is to say F (V, h) = (VC, µh(−1)⊗c) (see the preceding section). Thus

by unicity up to isomorphism of the morphism CML
Q
−→ V sending polarizations to polarizations

one deduces this diagram is commutative up to isomorphism. Now the composite RepRS
L −→ V

through the upper path is given by ξµL (see preceding section). Now the lower composite is given

by ξσ.µL ∗ Isom(ωB ⊗ R, ωB,σ ⊗ R) (twist by a SLR -torsor, two morphisms RepRT −→ V inducing

the same band morphism differ by a T -torsor, to F1, F2 one associated Isom(F1, F2)). Both being

isomorphic

ξµL ≃ ξσ.µL ∗ Isom(ωB ⊗ R, ωB,σ ⊗ R) =⇒ Isom(ωB ⊗ R, ωB,σ ⊗ R) ≃ Isom(ξσ.µL , ξµ)

But one computes easily [Isom(ξσ.µL , ξµ)] ∈ H1(R, SL) is given by the class of the cocycle c 7−→
(−1)(σ−1).µL

.

Corollary 9.2. — The class [Isom(ωB ⊗ R, ωB,σ ⊗ R)] ∈ H1(R, SL) is given by the one of the

cocyle c 7−→ (−1)(σ−1).µL

.

9.7. Equivalence between the construction of the Taniyama extension and the under-

standing of conjugation of CM motives over Q. — We have the following proposition

Proposition 9.3. — Let T be a torus over Q split by the Galois extension L|Q. Let G be a

profinite group seen as a pro-constant group scheme over Q. Suppose we are given an “algebraic”

action G −→ Aut(T ) factorizing through a finite quotient of G. Then the following are equivalent:

– To give oneself an extension 1 −→ T −→ E −→ G −→ 1 inducing the fixed algebraic action

of G on T together with a continuous section s : G −→ E(AQ,f ).
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– To give oneself a map b̄ : G −→ [T (AL,f)/T (L)]
Gal(L|Q)

verifying

∀σ1, σ2 ∈ G b̄(σ1σ2) = b̄(σ1)b̄(σ2)
σ1

where (−)σ means the algebraic of σ, that is to say a one cocycle for the algebraic action

b̄(−) ∈ Z1
(
G, [T (AL,f)/T (L)]Gal(L|Q)

)

and such that there exists a continuous lift of the map b̄ from G to T (AL,f).

To the extension 1 → T → E → G → 1 one associates the map b̄ defined in the following way.

Since T splits over L there is an exact sequence 1 → T (L) → E(L) → G → 1. Let σ 7→ aσ be a

set theoretical section of E(L) ։ G. Then

b̄(σ) = aσs(σ)−1 mod T (L)

Moreover if π : E −→ G then ∀σ ∈ G the isomorphism class of the T -torsor π−1(σ) is given by

the boundary map

[T (AL,f)/T (L)]Gal(L|Q) −→ ker
(
H1(L|Q, T (L)) −→ H1(L|Q, T (AL,f))

)

The image of b̄(−) in Z1(G,H1(L|Q, T )) determines completely the isomorphism class of the

extension, that is to say without its adelic section.

In the preceding proposition when we say “To give oneself an extension...” we mean up to

a unique isomorphism since the adelic section rigidifies the situation. The proof is given in the

article by Milne and Shih in [4] in the particular case T = SL, G = Gal(Lab|Q) and the algebraic

action given in section 9.2. But this has nothing to do with this particular case ! It relies on a

lengthy, but elementary, cocycle computation.

Example 9.4. — Let 1 → SL → EL → Gal(Lab|L) → 1 be Serre’s extension constructed in

section 6. Then the associated map b̄ : Gal(Lab|L) −→
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

is the composite

Gal(Lab|L) = π0(CL)
µL

−−→ SL(AL,f )/SL(L)
NL/Q−−−−→ SL(AQ,f )/S

L(Q) ⊂
[
SL(AL,f )/S

L(L)
]Gal(L|Q)

This follows easily from the fact that the quotient ResL/QGm ։ SL defining Serre’s group, as in

section 5.1, is the composite

ResL/QGm

ResL/Qµ
L

−−−−−−−→ ResL/QS
L
/L

NL/Q−−−−→ SL

where here NL/Q means the norm for the arithmetic action. The fact that its image lies in

SL(AQ,f )/S
L(Q) is naturally interpreted in the last point of the next proposition.

One verifies moreover :

Proposition 9.5. — Consider an exact sequence like in the preceding proposition associated to

the map b̄. Suppose we have a diagram G′

��
1 // T

��

// E // G // 1

T ′

The the push-forward

of the extension via T −→ T ′ with its composite adelic section corresponds to the composite cocycle

G
b̄−→ [T (AL,f)/T (L)]

Gal(L|Q) −→ [T ′(AL,f)/T
′(L)]

Gal(L|Q)

The pull-back via G′ −→ G together with its deduced adelic section corresponds to the composite

G′ −→ G
b̄−→ [T (AL,f)/T (L)]

Gal(L|Q)

Moreover there is an easily defined Yoneda group structure on such type of extensions equipped with

an adelic section. This structure corresponds to the group structure of Z1
(
G, [T (AL,f)/T (L)]

Gal(L|Q)
)
.
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The sequence 1 −→ T (Q) −→ E(Q) −→ G −→ 1 is exact, that is to say each con-

nected component of E has a rational point, iff the map b̄ takes values in T (AQ,f )/T (Q) ⊂
[T (AL,f)/T (L)]

Gal(L|Q)
.

Let’s apply this to the motivic extension 1 → SL → ML → Gal(Q|Q) −→ 1 together with its

section sL. The associated map b̄ is the one noted b̄L in the preceding sections. Thus the preced-

ing propositions tells us it is equivalent to construct the extension ML, or to understand CML
Q

equipped with the Betti cohomology fiber functor, and to understand the different SL-torsors

Isom⊗(ωB , ωB,σ) defined by CM-motives over Q when σ varies together with their trivialization

given by étale cohomology over AQ,f . Moreover by the preceding proposition the compatibility

when L varies is resumed in the formula φL
′/L ◦ b̄L′

= b̄L where φL′/L : SL
′ −→ SL.

From the formula : b̄L(σ1σ2) = b̄L(σ1)b̄
L(σ2)

σ1 one deduces b̄L factorizes through Gal(Lab|Q).

And thus by proposition 9.5 one finds

Corollary 9.6. — There exists an extension 1 −→ SL −→ T L −→ Gal(Lab|Q) −→ 1 called the

Taniyama extension together with a continuous splitting sL : Gal(Lab|Q) −→ T L(AQ,f ) and a

morphism of extensions

1 // SL // ML //

����

Gal(Q|Q) //

����

1

1 // SL // T L // Gal(Lab|Q) // 1

inducing an isomorphism between the upper one and the pull-back of the lower one through

Gal(Q|Q) ։ Gal(Lab|Q), and compatible with the ℓ-adic sections.

Its motivic meaning is the following. Since ML −→ T L is an epimorphism RepQ(T L) −→
RepQ(ML) = CML

Q is fully faithful. Then RepQ(T L) is the subcategory formed by CM-motives

over Q whose reflex field is contained in L and such that the action of Gal(Q|Q) on their étale

cohomology becomes abelian on Gal(Q|L). This follows from the easy fact that a representation ρ

of ML = T L ×Gal(Lab|Q) Gal(Q|Q) factorizes through T L iff ρ ◦ sL factorizes through Gal(Lab|Q).

Remark 9.7. — The author does not know any “concrete” set of motives to add to Artin motives

split by Lab and generating the Tannakian subcategory RepQ(T L) ⊂ CML
Q, as we did by saying

CML
Q is generated by CM abelian varieties whose reflex field is contained in L and Artin motives.

Remark 9.8. — The preceding corollary implies any CM motive over Q whose reflex field is contained

in L is the direct factor of a motive of the form X⊗Q Q where the Galois action on the étale cohomology of

X is abelian when restricted to Gal(Q|L) (this follows from the fact that SL −→ T L is a monomorphism,

see proposition 2.21 (b) of II in [4]). The author does not know any concrete proof of this for the h1(A)

where (A, ι) is a CM abelian variety over Q. This fact seems to use Deligne’s theorem that any Hodge

cycle on an abelian variety is absolutely Hodge.

Thus from a logical point of view one can’t construct the Taniyama extension from the beginning by

saying “let’s take the group classifying all CM motives over Q...whose ℓ-adic Galois action restricted to

L is abelian” since to prove the map SL −→ T L is a monomorphism one has to use the preceding fact

deduced itself form the preceding corollary.

Remark 9.9. — The preceding remark is more or less in contradiction with proposition 6.28 of II in

[4] that seems false to the author. In fact exactness in the middle of the exact sequence in this proposition

6.28 would imply if A is a CM abelian variety over Q, if B = End(AQ)Q, a product of matrix algebras

with coefficients in some CM fields, then the Galois action Gal(Q|Q) −→ Aut(B) should define an Artin

motive split over Lab (see the proof of point (c) in proposition 6.23 of II in [4]). Thus the CM action of

B on AQ should be defined on AL′ for L′|L abelian. But this is in general false, although this is true if A

is absolutely simple that is to say B is a CM field.
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9.8. We already know the isomorphism class of the Taniyama extension. — One checks

SL satisfies Hasse principle (proposition C.1 in IV of [4]). Thus the only obstruction for ωB and

ωB,σ not to be isomorphic comes from the Betti cohomology with coefficients in R.

Corollary 9.10. — For σ ∈ Gal(Q|Q) the isomorphism class of the torsor between ωB and

ωB,σ is the unique class in H1(Q, SL) that become trivial at finite places and is given by the

class of the cocyle in corollary 9.2 at the archimedian one. This thus determines uniquely the

composite Gal(Lab|Q)
b̄L

−−→ [SL(AL,f )/S
L(L)]Gal(L|Q) −→ H1(Q, SL), and thus by the last point

in proposition 9.3 the isomorphism class of the extension 1 → SL → T L → Gal(Lab|Q) → 1

without its adelic section.

It remains to know explicitly all the Taniyama extension with its adelic section. This is next

section.

9.9. Langlands construction of the map b̄L(−). — Langlands constructed in [7] a map b̄L

from Gal(Lab|Q) to
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

for varying L satisfying all the properties asked in

the previous section. This is done in details in the article by Milne and Shih in [4]. Let’s try to

explain it in a more transparent than in [7] and [4] where it is buried in awful computations.

This construction is based on the extensions coming from the global Weil groups, themselves

coming from the system of fundamental classes from class field theory ans their compatibilities

under inflation/restriction. This uses the full power of class field theory, not only Artin reciprocity

map.

The starting point is the morphism of extensions

(∗) 1 // C0
L

//
� _

��

WL/Q // Gal(Lab|Q)

����

// 1

1 // CL // WL/Q // Gal(L|Q) // 1

where C0
L =

⋂
K|LNK/LCK = (WL/Q)0. The lower one is given by the fundamental class of

class field theory uL/Q ∈ H2(L|Q, CL). The upper one is more complicated to construct since

it uses the whole construction of the Weil group and thus not only one fundamental class but a

compatible system of them under inflation/restriction.

Now we want to construct a cocycle b̄L for the algebraic action

b̄L ∈ Z1(Gal(Lab|Q),
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

)

such that when restricted to Gal(Lab|L) is gives back Serre’s extension that is to say b̄L|Gal(Lab|L)

is induced by the composite

CL
µL

−−→ SL(AL)/SL(L)
proj.−−−−→ SL(AL,f)/S

L(L)
NL/Q−−−−→ SL(AQ,f )/S

L(Q)

when one takes the π0 (see remark 3.2 and example 9.4). Let’s note

A =
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

Thus one is looking for a 1-cocycle for the algebraic action b̄L such that under restriction

Res
Gal(Lab|Q)

Gal(Lab|L)
: Z1(Gal(Lab|Q), A) −→ Z1(Gal(Lab|L), A) = Hom(Gal(Lab|L), A)

it gives us the preceding formula. The trick consists in first defining a cocyle in Z1(WL/Q, A)

(algebraic action via WL/Q −→ Gal(L|Q)) such that under restriction

Res
WL/Q

CL
: Z1(WL/Q, A) −→ Z1(CL, A) = Hom(CL, A)
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it gives us NL/Q ◦ proj. ◦ µL and then to notice that since it is continuous and A is totally

discontinuous it factorizes through π0(WL/Q) = Gal(Lab|Q) (look at the morphism of extensions

denoted (*)).

Let’s note

µLf = proj. ◦ µL : CL −→ SL(AL,f)/S
L(L)

One remarks

NL/Q(µLf (x)) :=
∑

σ∈Gal(L|Q)

σ.µLf (x) =
∑

σ∈Gal(L|Q)

µLf (xσ)σ
−1

Now one has the following lemma

Lemma 9.11. — Let G be a group. Let H be a finite index distinguished subgroup of G and B a

G/H-module, this action of g on B being noted bg. Then the composite

Hom(H,B) = H1(H,B)
CorG

H−−−−→ H1(G,B)
ResG

H−−−−→ H1(H,B)

is f 7−→ [h 7→
∑

σ∈G/H

f(hσ)σ
−1

]

Thus setting G = WL/Q, H = CL, B = SL(AL,f)/S
L(L) with its algebraic action, the core-

striction of the cocyle µLf seems to be a good candidate ! For the preceding lemma we used the

following (the author used “décalage cohomologique” to find those formulas).

Lemma 9.12. — With the hypothesis of the preceding lemma let (wσ)σ∈G/H , wσ ∈ G, be a set of

representative of classes in G/H. Then if g ∈ G define ∀σ ∈ G/H hg,s ∈ H by wσg = hg,σwσg.

Then CorGH(f) is the class of the 1-cocyle

g 7−→
∑

σ∈G/H

f(hg,σ)
σ−1

A change of representative (wσ)σ to (uσwσ)σ with uσ ∈ H changes the preceding cocyle by the

coboundary of the 0-cycle
∑

σ∈G/H σ
−1.f(uσ).

Keep the notations of the lemma. Suppose we have moreover an “arithmetic” action noted

g.b, g ∈ G b ∈ B of G/H on B that commutes with the preceding one. For B = SL(AL,f )/S
L(L)

we will take the arithmetic action. It thus induces an “arithmetic” action of G/H on H1(H,B)

and H1(G,H).

Recall there is another action of G/H on H1(H,B) sending the class of the cocycle ϕ to the one

of ϕ(g−1 • g)g (the action appearing in the Hochschild-Serre spectral sequence related to H ⊳G).

By generalities on group cohomology the morphism CorGH : H1(H,B) −→ H1(G,B) is G/H-

invariant that is to say CorGH([ϕ(•)]) = CorGH([ϕ(g−1 • g)g]). Thus if f ∈ Hom(H,B) satisfies

∀g ∈ G ∀h ∈ H f(h)g
−1

= g.f(ghg−1) then CorGH(f) ∈ H1(G,B) has to be fixed under the

arithmetic action of G on H1(G,B). This hypothesis is satisfied by µLf .

The problem is now we want to produce not a cocyle class but a real cocyle and we want it to

be fixed under the arithmetic action, not up to a coboundary. This is provided by the following

lemma that resumes all the computations done in the article by Milne and Shih in[4].

Lemma 9.13. — Let f ∈ Hom(H,B) satisfy ∀σ ∈ G/H ∀h ∈ H f(h)σ
−1

= σ.f(hσ
−1

). Suppose

we have furthermore a central subgroup Z/2Z = {1, c} ⊂ G/H an a morphism of extensions

1 // H // G // G/H // 1

1 // E

OO

// F //

OO

{1, c}
?�

OO

// 1
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such that the composite E −→ H
f−−→ B is zero. Suppose ∀σ ∈ G/H ∀h ∈ H f(h)σ(c+1) =

f(h)c+1. Then there is a “canonical” way to define a “lift” of the corestriction CorGH(f) that is

fixed under the arithmetic action

C̃orGH(f) ∈ Z1(G,BG/H)

where BG/H means fixed under the arithmetic action. Take a set Φ ⊂ G/H s.t. G/H = Φ
∐
cΦ.

Chose liftings (wσ)σ∈Φ, wσ ∈ G, wc ∈ G lifting c s.t. it come from an element of F via F → G.

Define then ∀σ ∈ Φ wσc = wσwc. Then with the notations of lemma 9.12

C̃orGH(f) =
∑

σ∈G/H

f(hg,σ)
σ−1

independently of the choices of the different liftings.

The proof is a straightforward computation. Applying it to f = µLf and the morphism of

extensions

1 // CL // WL/Q // Gal(L|Q) // 1

1 // L×v

OO

// WLv/R

OO

// Gal(Lv|R)
?�

OO

// 1

for some archimedian place v of L one obtains Langlands cocyle

b̄L =
˜

Cor
WL/Q

CL
(µLf ) ∈ Z1

cont(WL/Q, A) = Z1
cont(π0(WL/Q)

︸ ︷︷ ︸
Gal(Lab|Q)

, A)

where “cont” means continuous cocyle.

Concretely, let’s chose a spiting of the lower extension in (*) (wτ )τ∈Gal(L|Q), wτ ∈ WL/Q,

verifying

– w1 = 1

– Via L ⊂ C we have a morphism WC/R −→WL/Q and one asks wc lies in its image

– For a CM type Φ of L one has ∀τ ∈ Φ wτc = wτwc

Let σ ∈ Gal(Lab|Q) and lift it through the upper exact sequence in (*) to a σ̃ ∈ WL/Q. Then

define cτ,eσ by

cτ,eσwτσ = wτ σ̃ ∈ CL
Now Langlands definition is

b̄L(σ) =
∏

τ∈Gal(L|Q)

cτ.µ
L

τ,eσ mod SL(L∞)SL(L) ∈ SL(AL,f)/S
L(L)

9.10. Tate’s construction. — We refer to [8] for a detailed description of this construction.

It is more concrete than Langlands one in the sens that it does not use the global Weil group, but

it has a non-constructive ingredient inside (proposition 2.3 and lemma 2.4 of [8]). Moreover one

can not use it to construct the Weil group-section noted s∞ in theorem 7.1.

9.11. Deligne’s theorem. — Deligne checked in the article IV of [4] that the extension

equipped with its adelic section defined by Langlands map b̄L(−) of section 9.9 is isomorphic

to the one attached to the Motivic Galois group extension 1 → SL → ML → Gal(Q|Q) → 1.

Let’s give a sketch of Deligne’s proof. Let’s note b̄L1 for the map attached to the motivic Galois

extension defined in section 9.5 and b̄L2 for Langland’s one of section 9.5. One has to prove

b̄L1 = b̄L2 . We note βL = b̄L1 (b̄L2 )−1. Thanks to proposition 9.5 this corresponds to take a Yoneda

difference between the motivic Galois extension and Langlands one.
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Let 1 → SL → T LL → Gal(Lab|L) → 1 be the pullback of the motivic extension given by the

Taniyama group (see corollary 9.6) via Gal(Q|L) →֒ Gal(Q|Q). It classifies CM motives over L

whose Mumford-Tate group is split by L and such that the action of Gal(Q|L) on their étale

cohomology is abelian. Deligne begins by proving there is a an isomorphism

1 // SL // EL
≃

��

// Gal(Lab|L) // 1

1 // SL // T LL // Gal(Lab|L) // 1

where the upper extension is Serre’s extension. The morphism EL −→ T LL is given Tannaka

dually by theorem 6.2. In fact for each simple CM motive over L with coefficients in some number

field such that the action of Gal(Q|L) on its étale cohomology is abelian there is attached an

algebraic Hecke character χ of A×L/L
× such that the étale cohomology Galois action is given by the

associated λ-adic compatible system (χλ)λ. In fact, a compatible system of λ-adic representations

is associated to an algebraic Hecke character iff it is the case after a finite base change (exercise).

Thus for a given motive it suffices to prove it after a finite base extension of L and then this follows

from the case of CM abelian varieties (section 2) since they generate “potentially” (after killing

Artin motives) our category of motives.

Applying proposition 9.5, since b̄L2 gives back by construction Serre’s extension, one deduces β

factorizes βL : Gal(L|Q) −→ [SL(AL,f)/S
L(L)]Gal(L|Q).

Thanks to corollary 9.10, the fact that SL satisfies Hasse principle and an explicit computation

based on Langlands explicit cocyle showing the image of b̄2(σ) in H1(R, SL) is the same as the

one given in corollary 9.2 one deduces ∀σ βL(σ) goes to zero in H1(Q, SL) and thus the image of

βL lies in SL(AQ,f )/S
L(Q). This means thanks to proposition 9.5 the Yoneda difference between

our two extensions is induced by an extension

1 −→ SL −→ ∆L −→ Gal(L|Q) −→ 1

with a section sL : Gal(L|Q) −→ ∆L(AQ,f ) such that 1 → SL(Q) → ∆L(Q) → Gal(L|Q) → 1 is

exact.

To finish we have to prove the image of sL : Gal(L|Q) −→ ∆L(AQ,f ) lies in ∆L(Q). The

trick is to use complex conjugation c ∈ Gal(L|Q), a central element since L is CM. One has

sL(c) ∈ ∆L(Q). In fact this is the case for the motivic extension since complex conjugation

already acts on Betti cohomology and this action is the same as the one on étale cohomology via

the comparison isomorphism. For Langlands extension this follows from the explicit formula for

the cocycle. Thus if L+ is the maximal totally real subfield in L, Gal(L|L+) = {1, c},

βL ∈ ker(Z1(Gal(L|Q), SL(AQ,f )/S
L(Q))

Res−−−→ Z1(Gal(L|L+), SL(AQ,f )/S
L(Q))

Now there is an inflation/restriction exact sequence associated to Gal(L|L+) ⊳ Gal(L|Q)

0 // Z1(Gal(L+|Q), (SL(AQ,f )/S
L(Q))c=Id)

Inf // Z1(Gal(L|Q), SL(AQ,f )/SL(Q))

Res��
Z1(Gal(L|L+), SL(AQ,f )/S

L(Q))

Thus βL takes values in (SL(AQ,f )/S
L(Q))c=Id. But now (lemma F.5 in Deligne’s article)

ker(H1(Z/2Z, SL(Q)) −→ H1(Z/2Z, SL(AQ,f ))) = 0

where Z/2Z = {1, c}. Thus (SL(AQ,f )/S
L(Q))c=Id = SL(AQ,f )

c=Id/SL(Q)c=Id and

βL ∈ Z1
(
Gal(L+|L), SL(AQ,f )

c=Id/SL(Q)c=Id
)
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Now Deligne uses the fact our βL are compatible when L varies under the morphisms SL2 −→ SL1

for L2|L1 an extension of CM fields Galois over Q (this is the case for b̄L1 and b̄L2 ). Thus to prove

βL is trivial we can suppose L is sufficiently big and contains an imaginary quadratic subfield L0,

for example L0 = Q(i). Since L+
0 = Q one has βL0 = 1 and thus

∀σ ∈ Gal(L+|Q) βLℓ (σ) ∈ ker
(
SL(AQ,f )

c=Id/SL(Q)c=Id −→ SL0(AQ,f )
c=Id/SL0(Q)c=Id

)

Then (formula F.5.1 in Deligne’s article) one checks the weight morphism wL : Gm −→ SL induces

diagrams

Q×
w
∼

//
� _

��

SL0(Q)c=Id
� _

��
A×Q,f

w
∼

// SL0(AQ,f )
c=Id

1 // Q×
w //

� _

��

SL(Q)c=Id

��

// µ2(L
+)

NL+/Q //

��

µ2(Q)

��
1 // A×Q,f

w // SL(AQ,f )
c=Id // µ2(AL+,f )

NL+/Q// µ2(AQ,f )

where the rows are exact. From this one deduces

βL(σ) ∈ ker(µ2(AL+,f)
NL+/Q−−−−−→ µ2(AQ,f ))/ ker(µ2(L)

NL+/Q−−−−−→ µ2(Q))

Now, taking CM fields L1|L, our element βL(σ) has to be in the image of

ker(µ2(AL+
1 ,f

)
N

L
+
1

/Q−−−−→ µ2(AQ,f ))
NL1/L−−−−→ ker(µ2(AL+,f )

NL+/Q−−−−→ µ2(AQ,f ))/ ker(µ2(L)
NL+/Q−−−−→ µ2(Q))

and the intersection of those images for all L1|L is easily seen to be zero.

10. Application to the conjugation of CM abelian varieties under a general

automorphism of C

Let (A, ι) be a simple CM abelian variety over Q, ι : E
∼−−→ End(A)Q, with CM type Φ.

The purpose of this section is to explain the generalisation of Shimura-Taniyama reciprocity law,

proposition 3.1, to automorphisms not fixing the reflex field.

Let σ ∈ Gal(Q|Q). Let L be a Galois CM field containing the reflex field. To (A, ι) is associated

ρ : SL −→ E× such that ρ◦µL = µΦ. The SL-torsor Isom(ωB, ωB,σ) of section 9.4 becomes trivial

after pushing it by ρ

[E×
ρ,SL

∧ Isom(ωB , ωB,σ)] = 0 ∈ H1(Q, E×) = 0

From this and the preceding sections one deduces

Theorem 10.1 (Deligne-Langlands-Shimura-Taniyama). — For σ ∈ Gal(Q|Q) and an iso-

morphism

f : H1
B(A,Q)

∼−−→ H1
B(Aσ,Q)

compatible with the actions ι and ισ, thus well defined up to an element of E×, the diagram

H1
B(A,Q)⊗AQ,f

f⊗Id

∼
//

.ρ(b̄L(σ))

��

H1
B(Aσ ,Q)⊗AQ,f

≃

��
H1
B(A,Q)⊗AQ,f

comparison

∼
// H1

ét(A,AQ,f )
σ∗

// H1(Aσ,AQ,f )

commutes up to E×, where b̄L(σ) ∈
[
SL(AL,f)/S

L(L)
]Gal(L|Q)

is Langlands cocyle (section 9.9)

and

ρ(b̄L(σ)) ∈
[
(E ⊗AL,f)

×/(E ⊗ L)×
]Gal(L|Q)

= A×E,f/E
×

Remark 10.2. — One can give an explicit formula for the image of ρ(b̄L(σ)) in A×E,f/E
× that

does not use ρ. For this take Langlands explicit cocyle construction in section 9.9 but replace

(SL, µL) by (E×, µΦ). See remark 3.2 too.
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11. Zero dimensional Shimura varieties

The zero dimensional Shimura varieties we consider are moduli spaces of CM motives. There

are more general zero dimensional Shimura varieties that are no moduli of anything.

11.1. Definitions. — Let T be a torus over Q split by a CM field.

Definition 11.1. — A CM motive over Q with a T -structure is an exact faithful ⊗-functor

M : RepQT −→ CMQ.

Let µ ∈ X∗(T ) a cocharacter whose weight µ1+c is defined over Q, µ1+c ∈ X∗(T )Gal(Q|Q). We

say M has CM type µ if the composite functor

RepQ(T )
M−−→ CMQ

Hodge Fil.−−−−−−−−→ Filtered Q-vector spaces

is the one given by µ and both functors

RepR(TR)
M⊗Id−−−−−→ CMQ ⊗Q R

induced by the polarization−−−−−−−−−−−−−−−−→ V

and ξµ : RepRT −→ V (see section 9.6.1) are isomorphic, where the polarization on CMQ ⊗Q R is

the usual one.

Example 11.2. — – If (E,Φ) is a CM field with a CM type, T = ResE/QGm and µ = µΦ =∑
τ∈Φ[τ ], one obtains couples (A, ι) where A is an abelian variety over Q, ι : E

∼−−→ End(A)Q

and the associated CM type is Φ (here the second condition on the polarization and ξµ is

empty since H1(R, T ) = 0).

– If T = {x ∈ E× | xx∗ ∈ Q×} and µ = µΦ as before one obtains triples (A, ι, λ) where (A, ι)

has CM type Φ and λ is a polarization. In fact without the last hypotheses on the polarization

and ξµ one obtains Q-Hodge structures V with an action of E such that dimE V = 1, their

CM type is Φ and equipped with a symplectic product < . , . >: V ⊗V ∨ −→ Q(−1) satisfying

∀x ∈ E < x. , . >=< . , x∗. >. Last condition is equivalent to the positivity of < ., h(i). >

that is to say < . , . > is a polarization.

Definition 11.3. — Let M be a CM motive over Q with T -structure. We note H•(M,AQ,f ) for

the composite functor

RepQ(T )
M−−→ CMQ

ωét−−−→ AQ,f -mod. free of finite rank

Definition 11.4. — Let ξ : RepQ(T ) −→ AQ,f -mod. be the canonical functor (V, ρ) 7−→ V ⊗Q

AQ,f . A level structure η on M , if it exists, is an isomorphism of tensor functors η : ξ
∼−−→

H•ét(M,AQ,f ).

Definition 11.5. — For a µ ∈ X∗(T ) whose weight is defined over Q we define Sh(T, µ) as the

set of isomorphism classes of couples (M,η) where M is a CM-motive with T -structure over Q
with CM type µ and η a level structure on M .

There is an action “by Hecke correspondences” of T (AQ,f ) = Aut⊗ξ on Sh(T, µ) given by

(M,η) 7−→ (M,η ◦ t).

11.2. Classification. — Let ωB be the Betti fiber functor on CMQ and ωcan the canonical

one on RepQT . A CM motive over Q with T -structure defines a morphism between the bands of

CMQ and the one of RepQT . Both being abelian this defines a morphism S −→ T where S is

Serre’s torus. Now the isomorphism classes of CM motives with T -structure associated to a same

morphism of bands S −→ T are in bijection with H1(Q, T ). This correspondence is given by

sending M to the class of the torsor Isom⊗(ωcan, ωB ◦M). The automorphism group of a given

M is canonically isomorphic to T (Q) (à priori this would be T ′(Q) where T ′ is an inner form of
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T , but T being abelian...).

Now, given µ ∈ X∗(T ) as before, the M having CM type µ are those such that via S −→ T the

universal Hodge character in X∗(S) is sent to µ and their associated class in H1(Q, T ) becomes

trivial in H1(R, T ) (this can be deduced from subsection 9.6.1). From this one deduces.

Proposition 11.6. — Let (T, µ) be as before. Let L be a CM field over which µ is defined.

The isomorphism classes of CM motives with T -structure having CM type µ and having a level

structure are in bijection with couples formed by a morphism SL −→ T s.t. µL 7→ µ and a class in

ker1(Q, T ). The associated class in ker1(Q, T ) of M is the one of the torsor Isom⊗(ωcan, ωB ◦M).

The automorphism group of a given M is canonically isomorphic to T (Q).

11.3. Uniformization. — From the preceding proposition one deduces

Sh(T, µ)/T (AQ,f) ≃ ker1(Q, T )

And the stabilizor of a (M,η) in T (AQ,f ) is T (Q). Thus there is a non-canonical T (AQ,f )-bijection

Sh(T, µ) =
∐

ker1(Q,T )

T (Q)\T (AQ,f )

the non-canonicity following from the fact for each class in ker1(Q, T ) we have to fix a base point

(M,η) associated to this class.

We can make this bijection more canonical. Let L|Q be a Galois extension splitting T . Let

(M1, η1), (M2, η2) ∈ Sh(T, µ). Then the T = Aut(M1)-torsor Isom(M1,M2) becomes trivial over

L, is canonically trivialized over AQ,f by the level structures and trivial over R. It thus defines

an element of [T (L)\T (AL,f)]
Gal(L|Q)

whose image in ker(H1(Q, T ) −→ H1(AQ,f , T )) lies in

ker1(Q, T ). This makes Sh(T, µ) a [T (L)\T (AL)]Gal(L|Q) /T (R)-torsor. And a choice of base point

in Sh(T, µ) defines an T (AQ,f )-equivariant bijection

Sh(T, µ) ≃ [T (L)\T (AL)]
Gal(L|Q)

/T (R)

11.4. Galois action of an automorphism fixing the reflex field and the Shimura-

Taniyama reciprocity law. — Let E be the field of definition of µ.

If M is a CM motive over Q with T -structure and σ ∈ Gal(Q|Q) one defines Mσ as the

composite of M with X 7−→ Xσ from CMQ to itself. One defines in the same way the Galois

action on level structures using the canonical isomorphism of fiber functors ωét
∼−−→ ωét,σ on CMQ.

Then Gal(Q|E) acts on Sh(T, µ) via (M,η) 7−→ (Mσ, ησ) and this commutes with the action

of T (AQ,f ).

We have seen in section 9.4 that if σ ∈ Gal(Q|E) then the fiber functors ωB and ωB,σ on

CME
Q

are isomorphic. From this one deduces the action of Gal(Q|E) on Sh(T, µ) stabilizes each

component in the decomposition

Sh(T, µ) ≃
∐

ker1(Q,T )

T (Q)\T (AQ,f )

Now one deduces from the results of section 9 (here we use only the motivic interpretation of

Serre’s extension and not the whole Taniyama group) the following generalization of proposition

3.1

Proposition 11.7. — Let ρ : SE −→ T be the unique morphism such that µE 7→ µ. The action

of Gal(Eab|E) on each component of the preceding decomposition of Sh(T, µ) is given via class

field theory by translation by the following Hecke correspondence

π0(CE)
µE

−−−→ SE(AE,f )/S
E(E)

NE/Q−−−−→ SE(AQ,f )/S
E(Q)

ρ−1

−−−→ T (AQ,f )/T (Q)
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Remark 11.8. — Usually what is called a Shimura variety is associated to a compact open

subgroup K ⊂ T (AQ,f ) and is ShK(T, µ) = Sh(T, µ)/K. Then Sh∞(T, µ) := lim
←−
K

ShK(T, µ) is

uniformized by

Sh∞(T, µ) ≃
∐

ker1(Q,T )

T (Q)\T (AQ,f )

On can explicit the preceding reciprocity law on Sh∞(T, µ) without using Serre’s torus. It is given

by translation via

π0(CE)
µ−−→ T (AE,f )/T (E)

NE/Q−−−−→ T (AQ,f )/T (Q)

11.5. Galois action of a general automorphism and the Deligne-Langlands-Shimura-

Taniyama reciprocity law. — Let (T, µ) be as before. We note Gal(Q|Q).µ for the orbit of µ.

There is an action of Gal(Q|Q) on
∐

µ′∈Gal(Q|Q).µ

Sh(T, µ′)

The purpose of the general reciprocity law is to explicit this action.

Theorem 11.9. — Let L ⊂ Q be a Galois CM splitting field of T . Let ρ : SL −→ T be s.t.

ρ◦µL = µ. Fix a base point in Sh(T, µ). Then for each µ′ ∈ Gal(Q|Q).µ there exists an equivariant

decomposition

Sh(T, µ′)
∼−−→ [T (L)\T (AL)]Gal(L|Q) /T (R)

such that the the conjugation morphism ∀σ ∈ Gal(Q|Q)

Sh(T, µ) −→ Sh(T, σ.µ)

(M,η) 7−→ (Mσ, ησ)

is given by translation by ρ(b̄(σ))−1 where

b̄ : Gal(Lab|Q) −→
[
SL(AL,f )/S

L(L)
]Gal(L|Q)

is Langlands cocyle defined in section 9.9.
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