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Abstract. We prove that the smooth focus-focus can be normal-
ized and that the smooth “node-node” can not.

Part of Eliasson’s thesis [4] on local normal forms of completely in-
tegrable hamiltonian systems was not published. In those days, due to
the existence of Eliasson’s work, I did not investigate very thoroughly
the symplectic case in my study [1, 2, 3] of smooth germs of Zk×R` ac-
tions. The aim of this note is to show that his result on the focus-focus
singularity in the C∞ case follows at once from [2, 3]. In Appendix B,
Jiang Kai proves that there is no similar result for the “node-node”.

1. Statement of the results

Hypotheses: first part . Let H be a smooth Hamiltonian defined near a
point a in a four-dimensional manifold M equipped with a symplectic
form ω. Assume that

• a is a critical point of H, implying that the Hamiltonian vec-
tor field XH (whose interior product ωXH with ω equals dH)
vanishes at a
• this critical point is a focus-focus singularity, meaning that the

eigenvalues of dXH(a) form a quadruple of complex numbers
λ, λ̄,−λ,−λ̄ with <eλ > 0 and =mλ > 0.

Theorem 1. Under those hypotheses, there exists a smooth local chart
C : (M,a)→ (C2, 0) such that, denoting by (x, y) the points of C2 and
by z the points of C,
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Institut de Mathématique de Jussieu, UMR 7586 du CNRS. This paper was writ-

ten while the first author was one of the beneficiaries of the grant “ANR-10-BLAN
0102” of the Agence Nationale de la Recherche and an affiliate of the IMCCE, Ob-
servatoire de Paris, CNRS, UPMC, Université Lille 1, 77 avenue Denfert-Rochereau,
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i) C∗ω(x, y) = dx ∧ dy + dx̄ ∧ dȳ
ii) C∗H(x, y) = h(xy), where h : (C, 0) → R is a smooth function

and dh(0) = λdz + λ̄dz̄.

Sketch of the proof This is a special case of the “symplectic Stern-
berg theorem” (see [3], 8.3, Théorème 2 bis). Assuming H(a) = 0, by
elementary symplectic algebra1, there is a chart C0 : (M,a) → (C2, 0)
such that C0∗ω(x, y) = dx∧dy+dx̄∧dȳ and that C0∗H(x, y) has second
order contact at 0 with H0(x, y) := h0(xy), where h0(z) := λz + λ̄z̄.

Then, by the Jordan decomposition theorem2, there exists a sym-
plectic transformation (C2, 0) → (C2, 0) tangent to the identity at 0

and sending C0∗H to a Hamiltonian whose Taylor expansion Ĥ at 0
satisfies {H0, Ĥ} = 0, i. e. Ĥ(x, y) = ĥ(xy) for some formal power

series ĥ in the variables z, z̄. Hence, take any smooth function h whose
Taylor expansion at 0 is ĥ and apply Theorem 6 in [2], which asserts
that two hyperbolic germs of Hamiltonian vector fields are symplecti-
cally conjugate if and only if this is the case formally. �

With the notation of Theorem 1, we have that

C∗XH(x, y) = ∂h(xy)
(
x
∂

∂x
− y ∂

∂y

)
+ ∂̄h(xy)

(
x̄
∂

∂x̄
− ȳ ∂

∂ȳ

)
,

a vector field whose flow ϕtH is given by

ϕtH(x, y) =
(
xet∂h(xy), ye−t∂h(xy)

)
;

its unstable manifold is the x-axis, on which it has a linear focus:

ϕtH(x, 0) =
(
xetλ, 0

)
;

its stable manifold is the y-axis, on which it has a linear focus:

ϕtH(0, y) =
(
0, ye−tλ

)
,

hence the name of the singularity.

Hypotheses: second part . We consider a second smooth Hamiltonian
K : (M,a) → R such that dK(a) = 0 and {H,K} = 0 (Poisson
bracket); moreover, we assume that the differential dXK(a) is linearly
independent from dXH(a). The aim of this note is to prove

Theorem 2. Under those hypotheses, the chart C of Theorem 1 can
be chosen so that C∗K(x, y) = k(xy) for some smooth k : (C, 0)→ R.

1See, e.g., [3] subsection 8.1.2.
2Or any other standard argument yielding the Birkhoff normal form: generating

functions, path method, etc.
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Hence, for every small enough open ball B centred at 0 in C2, the
leaves of the foliation of U := B r {0} generated by C∗XH |U and
C∗XK |U are the level sets of the complex function U 3 (x, y) 7→ xy.

2. Proof of Theorem 2

Via a chart C as in Theorem 1, we may assume

(M,a) = (C2, 0)

ω(x, y) = dx ∧ dy + dx̄ ∧ dȳ
H(x, y) = h(xy).(1)

In particular, (1) defines H in a neighbourhood of {xy = 0}, which
we may assume of the form {|xy| < δ} and therefore saturated by the
flow ϕtH . We can restrict δ so that

inf
|z|<δ
<e ∂h(z) > 0

and extend K to the whole of {|xy| < δ} using the relation ϕt∗HK = K.

Lemma 1. The commutation relation {H,K} = 0 implies that K has
infinite contact along {xy = 0} with a smooth function k0(xy). The
hypothesis that dXK(a) is linearly independent from dXH(a) means
that dk0(0) is linearly independent from dh(0).

Proof. The first assertion follows from two facts:

• it is true formally at 0, which can be checked directly;
• as K(x, y) and k0(xy) have the same Taylor expansion at 0 and

are first integrals of XH , they have the same Taylor expansion
along the union {xy = 0} of its stable and unstable manifolds:
this is a particular case of Théorème 1 in subsection 4.2.4 of [3].

The second assertion of Lemma 1 is obvious since XK has infinite con-
tact along {xy = 0} with the Hamiltonian vector field associated to
k0(xy), namely ∂k0(xy)

(
x ∂
∂x
− y ∂

∂y

)
+ ∂̄k0(xy)

(
x̄ ∂
∂x̄
− ȳ ∂

∂ȳ

)
, whose dif-

ferential ∂k0(0)
(
x ∂
∂x
− y ∂

∂y

)
+ ∂̄k0(0)

(
x̄ ∂
∂x̄
− ȳ ∂

∂ȳ

)
at 0 is independent

from the differential ∂h(0)
(
x ∂
∂x
−y ∂

∂y

)
+ ∂̄h(0)

(
x̄ ∂
∂x̄
− ȳ ∂

∂ȳ

)
of XH if and

only if dk0(0) is independent from dh(0). �

As in [1, 2, 3], we now use the fact that the cylinder {|x| = 1, |y| < δ}
is a quotient of {|xy| < δ}r {x = 0} by the flow ϕtH :

Lemma 2. Setting T := R/2πZ, the mapping

R× T× {|z| < δ} gδ−→ {(x, y) ∈ C2 : |xy| < δ}r {x = 0}
(t, θ, z) 7−→ ϕtH(eiθ, ze−iθ) =

(
et∂h(z)+iθ, ze−t∂h(z)−iθ)
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is a diffeomorphism, such that

g∗δH = h(z)

g∗δω = dt ∧ dh(z) + dθ ∧ d(iz − iz̄).

Proof. The equation gδ(t, θ, z) = (x, y) ∈ {|xy| < δ} r {x = 0} is
equivalent to z = xy, et<e ∂h(z) = |x| and eiθ = xe−t∂h(z), showing that
gδ is a diffeomorphism; it does satisfy

g∗δH = h
(
et∂h(z)+iθze−t∂h(z)−iθ) = h(z)

g∗δω = d(et∂h(z)+iθ) ∧ d(ze−t∂h(z)−iθ) + d(et∂̄h(z)−iθ) ∧ d(z̄e−t∂̄h(z)+iθ)

= d(t∂h(z) + iθ) ∧ dz + d(t∂̄h(z)− iθ) ∧ dz̄
= td(dh)(z) + dt ∧ dh(z) + dθ ∧ d(iz − iz̄).

Lemma 3. Taking E : z 7→ h(z) and I : z 7→ iz − iz̄ as (real) coordi-
nates on {|z| < δ}, one has

g∗δω = dt ∧ dE + dθ ∧ dI
g∗δH = E

g∗δK = f(θ, E, I).

There exist an open subset V 3 0 of {|z| < δ} and smooth coordinates
t1(t, θ, E, I) ∈ R, θ1(θ, E, I) ∈ T, E1 = E ∈ R, I1(θ, E, I) ∈ R on
R× T× V with the following properties:

i) The function t1 − t does not depend on t.
ii) The functions t1 − t, θ1 − θ, I1 − I of (θ, E, I) have infinite

contact with 0 along T× {(0, 0)}.
iii) They satisfy

g∗δω = dt1 ∧ dE + dθ1 ∧ dI1

g∗δH = E

g∗δK = f1(E, I1).

Proof. The formulae g∗δω = dt ∧ dE + dθ ∧ dI and g∗δH = E are just
a rephrasing of Lemma 2. The relation g∗δK = f(θ, E, I) expresses the
fact that the Lie derivative of g∗δK with respect to g∗δXH = ∂

∂t
is zero.

The symplectic transformation (t, θ, E, I) 7→ (t1, θ1, E1, I1) is defined
by a smooth generating function R : T×W → R for some open subset
W 3 0 of R2, meaning that the graph of the transformation is the set
of those

(
(t, θ, E, I), (t1, θ1, E1, I1)

)
such that t1 = t + ∂E1R(θ, E1, I1),

θ1 = θ + ∂I1R(θ, E1, I1), E = E1 and I = I1 + ∂θR(θ, E1, I1).
Condition (ii) will be satisfied if and only if R has infinite contact

with 0 along T× {(0, 0)}. In order to fulfil it, we have to take care of
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the only nontrivial requirement, namely g∗δK = f1(E, I1), which writes

f
(
θ, E, I1 + ∂θR(θ, E, I1)

)
= f1(E, I1),

that is

(2) ∂θR(θ, E, I1) = f−1
θ,E

(
f1(E, I1)

)
− I1,

where fθ,E(I) := f(θ, E, I): indeed, every fθ,E : (R, 0) → R with
E small enough is a local diffeomorphism since, by Lemma 1, f has
infinite contact along T×{(0, 0)} with a function of (E, I) whose partial
with respect to I at (0, 0) is nonzero.

For the same reason, the averaged map 1
2π

∫ 2π

0
f−1
θ,E dθ is a local diffeo-

morphism f̃−1
E : (R, 0)→ R for small enough E. Now, as we need R to

be 2π-periodic with respect to θ, we must have
∫ 2π

0
∂θR(θ, E, I1) dθ = 0;

it follows that (2) will be satisfied if and only if

f1(E, I1) := f̃E(I1),

hence our lemma with R(θ, E, I1) :=
∫ θ

0

(
f−1
τ,E

(
f̃E(I1)

)
− I1

)
dτ , which

is readily seen to have infinite contact with 0 along T× {(0, 0)}. �

End of the proof. Let Ψδ : R × T × {|z| < δ} → R × T × R2 be the
embedding (t, θ, z) 7→

(
t, θ, h(z), iz−iz̄) and let Φ denote the symplectic

transformation whose components are t1(t, θ, E, I), θ1(θ, E, I), E and

I1(θ, E, I). Then C̊ := gδ◦Ψ−1
δ ◦Φ◦Ψδ◦g−1

δ has the following properties:

a) it is an embedding of {(x, y) ∈ C2 : xy ∈ U, x 6= 0} into
{(x, y) ∈ C2 : x 6= 0} for some open subset U 3 0 of C;

b) it preserves ω = dx ∧ dy + dx̄ ∧ dȳ and H;

c) it satisfies C̊∗K(x, y) = k(xy), where k(z) := f1

(
h(z), iz − iz̄

)
;

d) it has infinite contact with the identity along the unstable man-
ifold {y = 0} of XH .

The following lemma completes the proof:

Lemma 4. The map C̊ extends by continuity to a smooth embedding C
of the whole of {(x, y) ∈ C2 : xy ∈ U} into C2 having infinite contact
with the identity along {xy = 0}; by (b), C preserves ω and H; by (c),
it satisfies C∗K(x, y) = k(xy).

This follows from Théorème 5 in [2], a particular case of a result
playing a central role in [3], namely Théorème 2 in subsection 4.2.3.
At the referee’s suggestion, a direct proof is sketched in Appendix A.

Aknowledgements . I thank the referee for his suggestions and Jiang Kai
for his appendix. The idea that the question deserves a new visit would
not have occurred to me without the preprint [5].
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Appendix A. Proof of Lemma 4

By (d), for all (X, Y ) ∈ Q := {(x, y) ∈ C2 : xy = U, |x| = 1} and
every integer k > 1, Taylor’s formula yields

C̊(X, Y )− (X, Y ) = C̊(X, Y )− C̊(X, 0)− ∂2C̊(X, 0)Y

=

∫ 1

0

(1− t)k−1

(k − 1)!
∂k2 C̊(X, tY )Y kdt;

hence, there exist δk > 0 and ck > 0 such that

(3) ∀(X, Y ) ∈ Q |Y | < δk ⇒
∣∣C̊(X, Y )− (X, Y )

∣∣ ≤ ck|Y |k.

Now, the cylinder Q is a quotient of Ũ := {(x, y) ∈ C2 : xy ∈ U, x 6= 0}
by the flow: indeed, the relation ϕtH(x, y) ∈ Q writes |xet∂h(xy)| = 1,
i.e. t = τ(x, y), where

τ(x, y) :=
− ln |x|
<e ∂h(xy)

is well-defined since we have |xy| < δ and therefore <e ∂h(xy) > 0.

Hence, the commutation relation ϕtH ◦ C̊ = C̊ ◦ϕtH equivalent to (b)

implies that C̊ is obtained from its restriction to Q by the formula

(4) C̊(x, y) = ϕ
−τ(x,y)
H

(
C̊
(
ϕ
τ(x,y)
H (x, y)

))
.

We now prove prove that C̊ extends continuously by the identity map

on {x = 0}: given a sequence (xn, yn) in Ũ converging to (0, y∞), if we
set

(5) (x′n, y
′
n) = ϕ

τ(xn,yn)
H (x, y) = (xne

τ(xn,yn)∂h(xnyn), yne
−τ(xn,yn)∂h(xnyn))

then, by definition,

|x′n| = 1, |y′n| = |xnyn| and x′ny
′
n = xnyn;
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hence, by (3), for every integer k > 1 there exists nk ∈ N such that

(x′′n, y
′′
n) := C̊(x′n, y

′
n) satifies

(6) n ≥ nk ⇒ |(x′′n, y′′n)− (x′n, y
′
n)| ≤ ck |xnyn|k .

By (4), we have

C̊(xn, yn) =
(
x′′ne

−τ(xn,yn)∂h(x′′
ny

′′
n), y′′ne

τ(xn,yn)∂h(x′′
ny

′′
n)
)

;

since ∂h(x′′ny
′′
n) = ∂h(x′ny

′
n) + O(|xnyn|k) = ∂h(xnyn) + O(|xnyn|k) by

(6), it does follow that, by (6)-(5),

C̊(xn, yn) ∼
(
x′ne

−τ(xn,yn)∂h(xnyn), y′ne
τ(xn,yn)∂h(xnyn)

)
= (xn, yn)

when n→∞.
The somewhat tedious explicit proof that ∂αx∂

β
x̄∂

γ
y∂

δ
ȳC̊ extends contin-

uously by ∂αx∂
β
x̄∂

γ
y∂

δ
ȳId on {x = 0} for every (α, β, γ, δ) ∈ N4 is entirely

similar and left to the brave reader.

Appendix B. A non-normalizable smooth “node-node”
by Jiang Kai

On R4 = Ox1y1x2y2 equipped with the standard symplectic form
dx ∧ dy := dx1 ∧ dy1 + dx2 ∧ dy2 we consider the three Hamiltonians

Q1(x, y) = x1y1 + x2y2

Q2(x, y) = x1y1 − x2y2

H(x, y) = Q1(x, y) +

{
ϕ(x1y1) for x1 ≥ 0

−ϕ(x1y1) for x1 ≤ 0,

where

ϕ(t) :=

{
e−

1
t2 for t 6= 0

0 if t = 0.

A normal form of node-node type is a completely integrable Hamilton-
ian system generated by Hamiltonians of the form

N1(x, y) = Q1(x, y) +R1(x1y1, x2y2)

N2(x, y) = Q2(x, y) +R2(x1y1, x2y2)

where the C∞ functions R1, R2 vanish to order 1 at 0 ∈ R2.
In contrast with the “focus-focus”, one has the following

Proposition. The completely integrable Hamiltonian system generated
by H and Q2 can not be symplectically C1-conjugated to a normal form
in any neighbourhood of 0 in R4.
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Proof. Near the origin, the two maps (N1, N2) and (H,Q2) from R4 to
R2 have the same singular locus {x2 = y2 = 0}∪{x1 = y1 = 0}; on the
component {x2 = y2 = 0}, the difference H −Q2 is positive for x1 > 0
and negative for x1 < 0, whereas the two subsets N1 − N2 > 0 and
N1−N2 < 0 are invariant by symmetry with respect to the origin. �

Note. The idea of this counterexample is due to Eliasson, but it seems
that many of his readers did not extract it from [4]. The difference with
the focus-focus is that, in the node-node case, the germ at 0 ∈ R4 of the
singular locus is not the union of the “strongly invariant manifolds” [3]
of the R2-action germ ρt generated by the two Hamiltonians (a s.i.m. is
a manifold germ which is the unstable manifold of the diffeomorphism
germ ρt for some t ∈ R2).
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