NORMALISATION OF THE SMOOTH FOCUS-FOCUS:
A SIMPLE PROOF

MARC CHAPERON, WITH AN APPENDIX BY JIANG KAI

ABSTRACT. We prove that the smooth focus-focus can be normal-
ized and that the smooth “node-node” can not.

Part of Eliasson’s thesis [4] on local normal forms of completely in-
tegrable hamiltonian systems was not published. In those days, due to
the existence of Eliasson’s work, I did not investigate very thoroughly
the symplectic case in my study [1, 2, 3] of smooth germs of Z* x R® ac-
tions. The aim of this note is to show that his result on the focus-focus
singularity in the C'* case follows at once from [2, 3]. In Appendix B,
Jiang Kai proves that there is no similar result for the “node-node”.

1. STATEMENT OF THE RESULTS

Hypotheses: first part. Let H be a smooth Hamiltonian defined near a
point a in a four-dimensional manifold M equipped with a symplectic
form w. Assume that

e a is a critical point of H, implying that the Hamiltonian vec-
tor field Xy (whose interior product w Xy with w equals dH)
vanishes at a

e this critical point is a focus-focus singularity, meaning that the

cigenvalues of dXp(a) form a quadruple of complex numbers
A A=A =X with Re A > 0 and Sm A > 0.

Theorem 1. Under those hypotheses, there exists a smooth local chart
C:(M,a) — (C%*0) such that, denoting by (x,y) the points of C* and
by z the points of C,
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i) Cow(z,y) =dx Ndy + dz N dy
ii) C,H(x,y) = h(xy), where h : (C,0) — R is a smooth function
and dh(0) = Az + Adz.

Sketch of the proof This is a special case of the “symplectic Stern-
berg theorem” (see [3], 8.3, Théoreme 2bis). Assuming H(a) = 0, by
elementary symplectic algebra', there is a chart Cy : (M, a) — (C2,0)
such that Co.w(z,y) = deAdy+dz Ady and that Co. H (z,y) has second
order contact at 0 with Hy(z,y) := ho(zy), where ho(z) := Az + AZ.
Then, by the Jordan decomposition theorem?, there exists a sym-
plectic transformation (C? 0) — (C?% 0) tangent to the identity at 0
and sending Cy.H to a Hamiltonian whose Taylor expansion H at 0
satisfies {Hy, H}Y = 0, i. e. H(x,y) = h(xy) for some formal power
series h in the variables z, z. Hence, take any smooth function A whose
Taylor expansion at 0 is h and apply Theorem 6 in [2], which asserts
that two hyperbolic germs of Hamiltonian vector fields are symplecti-
cally conjugate if and only if this is the case formally. O

With the notation of Theorem 1, we have that
0 0 - 0 0
C. Xp(z,y) = Oh ( g —> oh (*——*—),
u(z,y) (2y) (25, a5) * (2y) (75 0
a vector field whose flow %, is given by
P, y) = (we'®E) ye W) ;
its unstable manifold is the x-axis, on which it has a linear focus:
oy (x,0) = (xet)‘,()) :
its stable manifold is the y-axis, on which it has a linear focus:
5 (0,y) = (0,y¢™"),
hence the name of the singularity.

Hypotheses: second part. We consider a second smooth Hamiltonian
K : (M,a) — R such that dK(a) = 0 and {H,K} = 0 (Poisson
bracket); moreover, we assume that the differential d X (a) is linearly
independent from dXg(a). The aim of this note is to prove

Theorem 2. Under those hypotheses, the chart C' of Theorem 1 can
be chosen so that C.K (x,y) = k(zy) for some smooth k : (C,0) — R.

ISee, e.g., [3] subsection 8.1.2.
20r any other standard argument yielding the Birkhoff normal form: generating
functions, path method, etc.
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Hence, for every small enough open ball B centred at 0 in C?, the
leaves of the foliation of U := B ~\ {0} generated by C.Xpy|y and
C.Xklu are the level sets of the complex function U 3 (z,y) — zy.

2. PROOF OF THEOREM 2

Via a chart C' as in Theorem 1, we may assume
(M,a) = (C?0)
w(zr,y) = deNdy+dzNdy
(1) H(z,y) = hzy).
In particular, (1) defines H in a neighbourhood of {zy = 0}, which

we may assume of the form {|zy| < d} and therefore saturated by the
flow %, We can restrict § so that

inf Redh(z) >0

|z|]<0

and extend K to the whole of {|zy| < §} using the relation o K = K.

Lemma 1. The commutation relation {H, K} = 0 implies that K has
infinite contact along {xy = 0} with a smooth function ko(zy). The
hypothesis that dXk(a) is linearly independent from dXy(a) means
that dky(0) is linearly independent from dh(0).

Proof.  The first assertion follows from two facts:

e it is true formally at 0, which can be checked directly;

e as K(z,y) and ko(zy) have the same Taylor expansion at 0 and
are first integrals of Xy, they have the same Taylor expansion
along the union {zy = 0} of its stable and unstable manifolds:
this is a particular case of Théoreme 1 in subsection 4.2.4 of [3].

The second assertion of Lemma 1 is obvious since X has infinite con-
tact along {zy = 0} with the Hamiltonian vector field associated to
ko(zy), namely Oko(zy) (22 — ya%) + Oko(zy) (T2 — gja%), whose dif-
ferential Oko(0)(z2 — ya%) + Oko(0) (22 — ga%) at 0 is independent
from the differential 9h(0)(z2 — ya%) +0h(0)(z & — gja%) of Xy if and
only if dko(0) is independent from dh(0). O

Asin [1, 2, 3], we now use the fact that the cylinder {|z| = 1, |y| < 0}
is a quotient of {|xy| < §} \ {z = 0} by the flow ©;:

Lemma 2. Setting T := R/277Z, the mapping

RxTx{|z| <6} L {(x,y)€C?:|ay| <}~ {z=0}

0 i) = (etah(z)-i-iﬁ’ e—tah(z)—w)

(t,0,2) —— (e, ze z
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s a diffeomorphism, such that
gsH = h(z)
gyw = dt Ndh(z)+dO Nd(iz —iZ).
Proof.  The equation gs(t,0,2) = (z,y) € {|Jzy| < 6} ~{z = 0} is
equivalent to z = zy, ¢! = |z| and ¢ = re ") showing that
gs is a diffeomorphism; it does satisfy
g:;kH - h (etah(z)-l-ieze—t@h(z)—w) _ h(Z)
g§w _ d<€t8h(z)+i9) /\d(zeftah(z)fie) _i_d(etéh(z)fw) /\d(zeftéh(z)JriB)
= d(toh(z) +1i0) A dz + d(tOh(z) — i0) A dz
td(dh)(z) + dt AN dh(z) +dO N d(iz —iZ).
Lemma 3. Taking E : z +— h(z) and I : z — iz — iZ as (real) coordi-
nates on {|z| < 0}, one has
gGyw = dtNdE+dONd]
9:H = E
aK = f6,E,1).
There exist an open subset V'3 0 of {|z| < d} and smooth coordinates

t(t,0,E,1) e R, ,(0,E,I) € T, By = F € R, [L(6,E,I) € R on
R x T x V' with the following properties:
i) The function t; —t does not depend on t.
ii) The functions t; —t, 6, — 6, Iy — I of (0, E,I) have infinite
contact with 0 along T x {(0,0)}.
iii) They satisfy

gg‘w = dtl ANdE + d91 A dIl
GH = F
9K = A(EL).

Proof. The formulae gjw = dt ANdE +df AdI and g;H = E are just
a rephrasing of Lemma 2. The relation gf K = f(0, E, I) expresses the
fact that the Lie derivative of g; K with respect to gi Xy = 2 is zero.
The symplectic transformation (¢, 6, E, I) — (t1,01, E1, I;) is defined
by a smooth generating function R : T x W — R for some open subset
W > 0 of R?, meaning that the graph of the transformation is the set
of those ((t, 0,E,1), (tl,Ql,El,Il)) such that t; =t + 0g, R(0, E1, ),
91 =0 + 811R(9,E1, Il), E = E1 and [ = Il + 89R<97 El,Il).
Condition (ii) will be satisfied if and only if R has infinite contact
with 0 along T x {(0,0)}. In order to fulfil it, we have to take care of
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the only nontrivial requirement, namely g; K = f1(E, I), which writes
f(0,E, I + OR(0,E, 1)) = f1(E, L),

that is

(2) 89R<9,E,[1) :fgjﬁlz‘(fl(E7[1>) —[1,

where fyp(I) == f(0,E,I): indeed, every for : (R,0) — R with

E small enough is a local diffeomorphism since, by Lemma 1, f has

infinite contact along T x {(0,0)} with a function of (E, I') whose partial

with respect to I at (0,0) is nonzero.

For the same reason, the averaged map % 027r Jo. +d0 is a local diffeo-
morphism fbil : (R,0) — R for small enough E. Now, as we need R to
be 2m-periodic with respect to €, we must have fo% R0, E, 1) do = 0
it follows that (2) will be satisfied if and only if

f(BE L) = fe(ly),

hence our lemma with R(0,E, ;) : fo ( TE(fE I)) — 1) dr, which
is readily seen to have 1nﬁn1te contact with 0 along T x {(0,0)}. O

End of the proof. Let U5 : R x T x {|2] < 6} — R x T x R? be the
embedding (¢,6,z) — (t,0,h(z),iz—iz) and let ® denote the symplectic
transformation whose components are t1(t,6, E, I), 0,(0, E,I), E and
Li(0,E,I). Then C = gsoVso®oW;s0g5 " has the following properties:
a) it is an embedding of {(x,y) € C* : zy € U,z # 0} into
{(x,y) € C?: z # 0} for some open subset U > 0 of C;
b) it preserves w = dx A dy + dz A dy and H;
¢) it satisfies C, K (z,y) = k(zy), where k(z) := f1 (h(2),iz —iz);
d) it has infinite contact with the identity along the unstable man-
ifold {y = 0} of Xy.

The following lemma completes the proof:

Lemma 4. The map C extends by continuity to a smooth embedding C'
of the whole of {(x,y) € C*: xy € U} into C* having infinite contact
with the identity along {xy = 0}; by (b), C preserves w and H; by (c),
it satisfies C. K (x,y) = k(zy).

This follows from Théoreme 5 in [2], a particular case of a result
playing a central role in [3], namely Théoreme 2 in subsection 4.2.3.
At the referee’s suggestion, a direct proof is sketched in Appendix A.
Aknowledgements. 1 thank the referee for his suggestions and Jiang Kai

for his appendix. The idea that the question deserves a new visit would
not have occurred to me without the preprint [5].
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APPENDIX A. PROOF OF LEMMA 4

By (d), for all (X,Y) € Q = {(z,y) € C*: zy = U, |z| = 1} and
every integer k > 1, Taylor’s formula yields

o o o

C(X,Y)—(X,Y) = C(X,Y)—=C(X,0) — 0, (X,0)Y
= / 1 Magé(x, Y)Ykt
o (E—=1)
hence, there exist d, > 0 and ¢; > 0 such that
3) VX, Y)eQ |Y|<d=]|CX.Y)—(X,V)| <V

Now, the cylinder Q is a quotient of U := {(z,y) € C?: zy € U,z # 0}
by the flow: indeed, the relation ¢! (z,y) € Q writes |ze?@V)| = 1,
ie. t=r7(x,y), where

(2,y) = —In |z|
Y= e Oh(zy)

is well-defined since we have |zy| < § and therefore $e Oh(zy) > 0.
Hence, the commutation relation ¢t; o C'= C o ¢!, equivalent to (b)
implies that C' is obtained from its restriction to () by the formula

o

4) Clay) = o5 (C(eH™ @.1)).

We now prove prove that C' extends continuously by the identity map
on {x = 0}: given a sequence (,,y,) in U converging to (0, ¥s), if we
set

(5) (x;“ y;) _ @Emmyn)(x, y) _ (xner(gcn,yn)ah(wnyn)’ yne—r(acn,yn)ah(xnyn)>
then, by definition,

2| =1, |yl = |zayn| and 23y, = Toyn;
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hence, by (3), for every integer k£ > 1 there exists n; € N such that
(l yr) == C(x),y.,) satifies

!

(6) n>ne =@, y)) — (@, y)] <k |Tnyn
By (4), we have

2 - 11 —7 (T, yn)Oh(ziyl! 11 7 (€ yn)Oh(x) Y, .
C(:cn,yn)—(xne (2nym)O(ET) 41T (2n9m)ON( y))’

‘ k

since Oh(zyy,) = Oh(xy,y,) + O(|xnyn|k) = Oh(znyn) + 0(\$nyn|k) by
(6), it does follow that, by (6)-(5),

é($n,yn) -~ (x;e—T(xmyn)ah(a:nyn)7y;er(xn,yn)ah(xnyn)) = (T, Yn)

when n — oo. )
The somewhat tedious explicit proof that 8;"85 g 85 C extends contin-

uously by 8§8§8g821d on {x = 0} for every (a, 3,7,0) € N* is entirely
similar and left to the brave reader.

APPENDIX B. A NON-NORMALIZABLE SMOOTH “NODE-NODE”
BY JIANG KAI

On R* = Oxzy172y2 equipped with the standard symplectic form
dx N\ dy := dxi A dy; + dxo N\ dys we consider the three Hamiltonians
Qi(r,y) = T1y1 + T2y2
Q2(7,y) = Ty — Tays

p(riyr)  forz =0
H =
(x7y) Q1($7 y> + {_@(xlyl) for T S 07

where

0 it t =0.

A normal form of node-node type is a completely integrable Hamilton-
ian system generated by Hamiltonians of the form

Ni(z,y) = Qi(z,y)+ Ri(z1y1, 2212)
No(w,y) = Qax,y) + Ro(2191, 22yp)

where the C* functions R;, R, vanish to order 1 at 0 € R2.
In contrast with the “focus-focus”, one has the following

o(t) = {e_tQ for t # 0

Proposition. The completely integrable Hamiltonian system generated
by H and Qs can not be symplectically C-conjugated to a normal form
in any neighbourhood of 0 in R*.
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Proof. Near the origin, the two maps (N, No) and (H, Q) from R* to
R? have the same singular locus {xg = yo = 0} U{x; = y; = 0}; on the
component {zy = yo = 0}, the difference H — Q) is positive for z; > 0
and negative for x1 < 0, whereas the two subsets N; — Ny > 0 and
N7 — Ny < 0 are invariant by symmetry with respect to the origin. [

Note. The idea of this counterexample is due to Eliasson, but it seems
that many of his readers did not extract it from [4]. The difference with
the focus-focus is that, in the node-node case, the germ at 0 € R* of the
singular locus is not the union of the “strongly invariant manifolds” [3]
of the R%-action germ p' generated by the two Hamiltonians (a s.i.m. is
a manifold germ which is the unstable manifold of the diffeomorphism
germ p' for some t € R?).
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