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Abstract. Consider a family of abelian varieties Ai of fixed dimension defined

over the function field of a curve over a finite field. We assume finiteness of the

Shafarevic-Tate group of Ai. We ask then when does the product of the order
of the Shafarevic-Tate group by the regulator of Ai behave asymptotically like

the exponential height of the abelian variety. We give examples of families of
abelian varieties for which this analogue of the Brauer-Siegel theorem can be

proven unconditionally, but also hint at other situations where the behaviour

is different. We also prove interesting inequalities between the degree of the
conductor, the height and the number of components of the Néron model of

an abelian variety.

rez�me: Rassmotrim seme�stvo abelevyh mnogoobrazii
Ai nad polem funkci� krivo� nad koneqnym polem.
Dopustim, qto gruppaXafareviqa-Ta�ta koneqna. My
spraxivaem, kogda proizvedenie por�dka gruppyXafa-
reviqa-Ta�ta na regul�tor dl� Ai asimptotiqeski be-
det seb� kak �ksponencial~na� vysota abelevyh mno-
goobrazi�. My privodim primery mno�estv abele-
vyh mnogoobrazii, dl� kotoryh my mo�em dokazat~
bezuslovno analog teoremy Brau�ra-Zigel�, no tak�e
rassmatrivaem i drugie situacii, kogda asimptotiq-
eskoe povedenie etih veliqin razliqno. Krome togo,
my dokazyvaem interesnye neravenstva, sv�zyva�wie
stepen~ konduktora, vysotu i qislo komponent mod-
eli Nerona abelevogo mnogoobrazi�.
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1. Introduction

The main goal of this paper is to study analogues for abelian varieties defined
over a one variable function field of positive characteristic of the classical Brauer-
Siegel theorem for number fields [Br47, Sie35] (see also [La70, Chapter XVI]) which
we recall in the following formulation :

Theorem 1.1 (Brauer-Siegel Theorem). Let F be a family of number fields of
fixed degree over Q. Denote by dF the absolute value of the discriminant of F ,
hF its class number and RegF the regulator of the group of units of F . Define
BSF = log(hF ·RegF )

log d
1/2
F

. Then the following limit holds

(1.1) lim
F∈F,dF→∞

BSF = 1.

Relaxing the condition on the degree of the fields F , one may obtain limits
different from 1, as thoroughly studied by Tsfasman and Vlǎduţ [TsVl02].

To discuss the analogue we have in mind we introduce the following definition.

Definition 1.2. Let C be a smooth geometrically connected projective curve over
the finite field Fq and denote by K its function field. Let A be an abelian variety
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defined over K, the Brauer-Siegel ratio of A/K is the quantity

(1.2) BS(A/K) :=
log (#X(A/K) · Reg(A/K))

logH(A/K)

where X(A/K) is the Shafarevic-Tate group, Reg(A/K) is the Néron-Tate reg-
ulator and H(A/K) is the exponential height of A/K. (The definitions of these
objects will be recalled in the next section).

A more precise version of the analogue of Brauer-Siegel is then the question of
the asymptotic values attained by BS(A/K) as A varies through a family of abelian
varieties. An abelian variety A/K is called non-constant if the map j : C → Ād
(induced by its Néron model ϕ : A → C) to the compactification of the coarse
moduli space of dimension d abelian varieties is non-constant. Denote by F the
family of non-constant abelian varieties A/K of fixed dimension d.

Conjecture 1.3.

(1.3) 0 ≤ lim inf
A/K∈F,H(A/K)→∞

BS(A/K) ≤ lim sup
A/K∈F,H(A/K)→∞

BS(A/K) = 1.

We will show that this conjecture, under the hypothesis of finiteness of X(A/K).
This assumption is a main conjecture in the arithmetic of abelian varieties over
global fields. In the function field setting, this finiteness already implies the Birch
and Swinnerton-Dyer conjecture for A/K (cf. [KaTr03]). We will also explain in
this paper why we believe that that the liminf is zero when one considers the family
of all abelian varieties of fixed dimension. Notice that the expected behaviour is
somewhat different from the most obvious analogue of Brauer-Siegel theorem which
would be ask if

(1.4) lim
A/K∈F,H(A/K)→∞

BS(A/K) = 1?

We can prove that some special families do exhibit this behaviour; for example :

Theorem 1.4. Consider the family of elliptic curves Ed defined over K := Fq(t)
by their generalised Weierstrass equation y2 +xy = x3− td for integers d ≥ 1 prime
to q (we assume the characteristic is neither 2 nor 3). We have :

(1) The Shafarevic-Tate group X(Ed/K) is finite.
(2) The classical Brauer-Siegel estimate holds for d→∞, i.e.,

log(#X(Ed/K) · Reg(Ed/K)) ∼ logH(Ed/K) ∼ d log q
6

,

in other words
lim
d→∞

BS(Ed/K) = 1.

Remark 1.5. This family has been thoroughly studied by Ulmer [Ul02] who showed
in particular that the Birch and Swinnerton-Dyer conjecture is valid for each mem-
ber of the family. Ulmer constructs a model E → P1 which is dominated by a
Fermat surface. The Tate conjecture is known for these surfaces [Ta65] and it im-
plies the truth of this conjecture for E (cf. [Ta91]). Thus, by [Mil75] this implies the
truth of the Birch and Swinnerton-Dyer conjecture for E/K. Finally, by [KaTr03],
this implies the finiteness of X(Ed/K) for every integer d ≥ 1 prime to q.
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Notation 1.6. As usual in the study of the functions f(x), g(x) in a variable x
going to ω, we write f(x) ∼ g(x) meaning limx→ω f(x)/g(x) = 1. We also write
f(x) � g(x)ε to say that for every ε > 0 there exists a real constant Cε > 0 such
that f(x) ≤ Cεg(x)ε. We will also write f(x) = O(g(x)), if there exists a constant
C > 0 such that |f(x)| ≤ Cg(x). If f(x), g(x) > 0, we also write f(x) �� g(x),
if there exist constants C,C ′ > 0 such that Cg(x) ≤ f(x) ≤ C ′g(x). Under these
notations the formulas (1.1) and (1.4) are rewritten as :

d
1/2−ε
F � hF ·RF � d

1/2+ε
F and

H(A/K)1−ε � #X(A/K) · Reg(A/K)� H(A/K)1+ε ?

Notice we do not expect the left inequality of the second line to always hold;
specifically we expect the family of twists of a given abelian variety to behave in
the following way (for simplicity and concreteness we state the problem for elliptic
curves).

Conjecture 1.7. Consider the family F = {ED | D ∈ K∗/K∗2} of twists of a given
elliptic curve E defined over K = Fq(C). If the elliptic curve E is non-constant,
assume finiteness of X(ED/K) for every D ∈ K∗/K∗2, then :

(1.5) 0 = lim inf
ED∈F,H(ED/K)→∞

BS(ED/K) and

lim sup
ED∈F,H(ED/K)→∞

BS(ED/K) = 1.

As explained in Section 7.5 , this conjecture is based on numerical experiments
[CKRS00] and on the expected behaviour of the size of Fourier coefficients of mod-
ular forms of weight 3/2. If the elliptic curve E is non-constant, we need to as-
sume finiteness of X(ED/K), in the case of a constant elliptic curve, we can state
an unconditional formula using results of Milne [Mil68], which for simplicity and
concreteness we state only for elliptic curves over the field of rational functions
K = Fq(t) .

Theorem 1.8. Let E be an elliptic curve defined over the finite field k = Fq by a
Weierstass equation y2 = f(x) (we assume the characteristic is neither 2 nor 3);
let a := q + 1 − #E(k). Consider the family of elliptic curves ED defined over
K = k(t) by the equation Dy2 = f(x), for D a squarefree polynomial in k[t]. We
have :

(1) The Shafarevic-Tate group X(ED/K) is finite (Milne [Mil68]).
(2) Let FD(T ) = T gGD(T−1 + qT ) be the Weil polynomial of degree 2g associ-

ated to the hyperelliptic curve v2 = D(u), let F ∗D(T ) = T g−rG∗D(T−1 + qT )
be the polynomial obtained from FD by removing all factors 1− aT + qT 2.
Then r = degFD − degF ∗D is the rank of ED(K) and the Brauer-Siegel
ratio satisfies, as degD goes to infinity,

BS(ED/K) =
2 logG∗D(a)
g log q

+ o(1).

Remark 1.9. In our context F (t) =
∏
j(1 − αjT ) is a Weil polynomial of weight

w if it has integer coefficients and all reciprocal roots αj have modulus qw/2; such
polynomials with weight w = 1 occur as the numerator of the zeta function of a
curve C/Fq. The polynomial GD(t) is a polynomial of degree g = (degD+ ε−2)/2
(with ε = 0 or +1) and it has only real roots which are contained in [−2

√
q, 2
√
q], as
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E varies among elliptic curves defined over Fq, the integer a takes all values in the
same interval, it is natural to expect that the minimum of the non-zero values of
|GD(a)| should be relatively small. This, combined with some explicit experiment,
suggests that when we take the family F of twists ED of a given elliptic curve E
defined over Fq we should have

(1.6) lim inf
ED∈F

2 logG∗D(a)
g log q

= 0?

and therefore

(1.7) lim inf
ED∈F

BS(ED/K) = 0?

This is essentially a restatement of Conjecture 1.7 in the present case; we are
unfortunately currently unable to prove this.

Getting back to the general case, we will show that, granting finiteness of the
Shafarevic-Tate group, the last inequality of Conjecture 1.3 is true.

Theorem 1.10. Fix an integer d ≥ 1 and a real ε > 0 . There exists a real
constant cε > 0 such that for all abelian varieties A/K of dimension d, with finite
Shafarevic-Tate group, we have the estimate

#X(A/K) · Reg(A/K) ≤ cεH(A/K)1+ε.

Remark 1.11. Combining this with the example given in Theorem 1.4, we see
that, if we denote F the family of all abelian varieties A/K of fixed dimension
ordered (say) by increasing height, we get

(1.8) lim sup
F

BS(A/K) = 1.

The question of finding adequate lower bound is more delicate. A Diophantine
type of argument (cf. Proposition 7.6) given in Section 7.2 shows that for every
ε > 0 there exists c′ε > 0 such that at least

(1.9) Reg(A/K) ≥ c′εH(A/K)−ε,

which then allows us to deduce the following corollary.

Corollary 1.12. With hypothesis as in Theorem 1.10, for every ε > 0 there exist
real numbers c′′ε > 0 and c′′′ε > 0 such that we have the two estimates :

#X(A/K) ≤ c′′ε ·H(A/K)1+ε and Reg(A/K) ≤ c′′′ε ·H(A/K)1+ε.

Granting inequality (1.9) we obtain

BS(A/K) =
log (#X(A/K) · Reg(A/K))

logH(A/K)
≥ log c′ε

logH(A/K)
− ε

from which it easily follows that

(1.10) lim inf
F
BS(A/K) ≥ 0,

for any family of abelian varieties whose exponential height H(A/K) tends to in-
finity. Combining this with Theorem 1.10 we obtain the following corollary (which,
modulo finiteness of X(A/K), proves Conjecture 1.3).
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Corollary 1.13. Assume finiteness of the Shafarevic-Tate group, then conjecture
1.3 is true; in fact, if we denote F the family of all abelian varieties A/K of fixed
dimension ordered (say) by increasing height then

(1.11) 0 ≤ lim inf
F
BS(A/K) ≤ lim sup

F
BS(A/K) = 1.

Remark 1.14. The upper bound Reg(A/K) � H(A/K)1+ε is essentially equiv-
alent to the conjecture formulated for elliptic curves by Serge Lang [La83], taking
into account that Serge Lang uses a slightly different definition of height. We com-
pare below the bound for X(A/K) with conjectured or proven estimates for the
Shafarevic-Tate group.

Observations 1.15. (a) The starting point of the proof of the Brauer-
Siegel theorem is the residue formula at s = 1 of the Dedekind zeta-function
of the field F :

lim
s→1

(s− 1)ζF (s) =
hFRF√
dF
· 2r1(2π)r2

wF

(here wF = #Gm(OF )tor is the number of roots of unity in F ) followed
by an analytic estimate of the size of the residue. Similarly, in the case of
abelian varieties, we begin with the formula given by the Birch & Swinner-
ton-Dyer conjecture providing an unfortunately conditional expression for
the first coefficient of the Taylor series of the L-function L(A/K, s) at s = 1
of the shape

L∗(A/K, 1) := lim
s→1

L(A/K, s)
(s− 1)r

=
#X(A/K) · Reg(A/K)

H(A/K)
· (term).

We then show that the estimate of the size of the special value and the extra
term is also possible in the case of abelian varieties over function fields in
positive characteristic.

(b) The still more conjectural analogue of the Brauer-Siegel theorem for abelian
varieties over number fields is discussed in [Hi07]. Note that the first author
does not believe anymore in the lower bound proposed in conjecture 5.4 in
loc. cit.

(c) The complementary case of a constant abelian variety and a growing tower
of base fields, whose nature is significantly different from the current one,
was addressed by Kunyavskĭı and Tsfasman in [KuTs08]. In this case the
finiteness of the Shafarevic-Tate group is a result due to Milne [Mil68]. One
should also mention the work of Zykin [Zy09].

In order to achieve our goal we will require several estimates between invariants
of abelian varieties. There are two parameters measuring the complexity of an
abelian variety A over a global field K (here a function field of a curve over a finite
field). First an arithmetic geometric invariant is provided by the degree of the
relative canonical sheaf of differentials degωA/K and its exponential version which
we call the exponential height H(A/K) := qdegωA/K , second an analytic invariant
defined, say, through the functional equation of the L-function : the degree of the
conductor which we denote by fA/K . It is relatively easy to see that the degree of
the conductor is bounded (up to constants depending only on the dimension of A)
by degωA/K , the converse inequality is more subtle, we prove that
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Theorem 1.16. Let A/K be an abelian variety of dimension d with non-zero
Kodaira-Spencer map and whose K/Fq-trace is zero. Assume it has everywhere
semistable reduction and p > 2d+ 1, then

(1.12) degωA/K ≤
d

2
(2g − 2 + fA|K),

To describe the following corollary, it is natural to define the exponential con-
ductor as FA/K = qfA/K .

Corollary 1.17. Consider the family of abelian varieties A/K as in Theorem 1.16
and satisfying that their Shafarevic-Tate group is finite, then

#X(A/K) ≤ cεF
d
2 +ε

A/K and Reg(A/K) ≤ cεF
d
2 +ε

A/K .

Remark 1.18. This is also coherent with results of Goldfeld and Szpiro (see
[GoSz95]) who have shown for elliptic curves A/K with separable j-map that,
assuming X(A/K) is finite, there is a bound #X(A/K) = O(F 1/2+ε

A/K ) (notice that
in the statement of [GoSz95, Theorem 7] the hypothesis that the j-map is separable
is omitted but used in the proof).

When the Kodaira-Spencer map is zero, one has to multiply the right-hand side
by an inseparability index pe (see Theorem 5.3); when the K/Fq-trace is non-zero,
there is potentially another extra term in the upper bound, due to the fact that,
in characteristic p > 0, the kernel of the universal map defining the K/Fq-trace
can be non-trivial (see the remark after Theorem 5.3). Needless to say, the proof
over number fields of a similar inequality which may be called a generalized Szpiro
inequality would have a large impact.

Remark 1.19. In the previous formulation of the Birch and Swinnerton-Dyer
conjecture, the term that appears there encompasses information on the order of
torsion group A(K)tor ×A(K)∨tor and on the Tamagawa number defined below.

Definition 1.20. For each place v of K, let Av be the Néron minimal model of
AKv = A×KKv over Spec(Ov), where Ov denotes the valuation ring of Kv. Let Ãv
be its special fiber over Spec(κv), where κv denotes the residue field of Ov. Denote
by Ã0

v its neutral component. The group of components of A at v is defined by
ΦA,v = Ãv/Ã0

v. Define cv(A/K) = #ΦA,v(κv). The Tamagawa number is then
defined as TA/K =

∏
v cv(A/K).

Clearly it is enough to consider the finite subset BA/K of places of bad reduction,
we will require some estimate for these. In this direction we prove the following in-
equality under the hypothesis that either A/K has everywhere semistable reduction
or p > 2d+ 1 (see Theorem 6.5).

Theorem 1.21. There is a constant c, depending only on d and K, such that for
all abelian varieties A/K of dimension d satisfying that either it has everywhere
semistable reduction or that p > 2d+ 1, then

(1.13)
∑

v∈BA/K

cv(A/K)1/d deg(v) ≤ cdegωA/K .

The proof uses rigid uniformization of abelian varieties and works equally well
over number fields (over number fields, the condition needed is semistable reduction
at all primes with residual characteristic ≤ 2d+ 1).

In Section 6, we deduce the following estimate for Tamagawa numbers :
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Theorem 1.22. Let ε > 0, there exists a constant cε > 0 depending only on
d = dim(A) and ε such that if we assume that A/K has everywhere semistable
reduction or p > 2d+ 1, the Tamagawa number satisfies the following estimates :

(1.14) 1 ≤ T (A/K) ≤ cεH(A/K)ε.

We now describe the organization of the paper. In the second section we recall
the Birch & Swinnerton-Dyer conjecture, providing definitions for all the quantities
involved, giving a brief outline of the already known results as well as linking it
with Conjecture 1.3 and showing how the various estimates proven in the following
sections imply our main theorem (Theorem 1.10). The third section contains an
estimate for the cardinality of the torsion subgroup of the Mordell-Weil group in
terms of the differential height. The proof uses moduli spaces and other notions of
height : stable height and modular height (here we follow the text [MB85] of Moret-
Bailly) which will also be used in the sixth section. The fourth section describes
several results on the geometry of algebraic varieties in positive characteristic and
is used in the next fifth section to prove an analogue for semi-abelian schemes
of Szpiro’s discriminant theorem for elliptic curves over function fields. The sixth
section studies an upper bound for the Tamagawa number in terms of the differential
height. Here rigid analytic geometry is one of the main tools. The seventh section
addresses the analytic estimates of the special value at s = 1 of L(A/K, s) and
the connection with small zeros, i.e., zeros close to s = 1 on the critical line.
We complete this section on one hand by describing a family for which the strict
analogue of the Brauer-Siegel theorem holds unconditionally, and on the other hand
by showing in Subsections 7.5 and 7.6 partial evidence that the family of twists of
a given abelian variety exhibits a different behaviour. Finally in the Appendix
we justify the invariance of our main statements under several aspects : products,
isogenies, restriction of scalars, etc.

Acknowledgements. Both authors would like to thank Sinnou David and An-
toine Chambert-Loir for fruitful suggestions concerning this work; they also thank
Harald Helfgott, Adrian Langer and Mihran Papikian, for helpful comments.

2. The Birch & Swinnerton-Dyer conjecture

Let C be a smooth projective geometrically connected curve defined over the
finite field k := Fq with q := pn elements of genus g and function field K := k(C).
Let A/K be an abelian variety defined over K of dimension d and let φ : A → C
be its Néron model. Denote by (τ,B) the K/k-trace of A and d0 := dim(B) (for
a discussion over the K/k-trace of an abelian variety in positive characteristic see
[Co06]). Let k be an algebraic closure of k. A theorem due to Lang and Néron states
that A(k(C))/τB(k) is a finitely generated abelian group (see [HiPa05, HiPaWa05]
for an analytic description of this rank). A fortiori the same holds for A(K)/τB(k).
Consequently, since k is finite, A(K) is itself finitely generated. Denote by r the
rank of A(K).

Let Ks be a separable closure of K and AKs := A×K Ks. Let ` 6= p be a prime
number and H1

ét(AKs ,Q`) the first étale cohomology group of AKs with coefficients
in Q`. Let GK := Gal(Ks/K) and let MK be the set of places of K. Given v ∈MK ,
let Iv ⊂ GK be an inertia subgroup at v and Frobv a Frobenius automorphism at v.
These two objects are well-defined up to conjugacy. Let κv be the residue field at v
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and qv := #κv. The Hasse-Weil L-function of A is defined by the Euler product :

L(A/K, s) :=
∏

v∈MK

det(1− Frobv q−sv |H1
ét(AKs ,Q`)Iv )−1,

where s ∈ C satisfies <(s) > 3/2. This function has a meromorphic continuation
and is regular at s = 1 (cf. [Sc82, Satz 1]), indeed it is a rational function in q−s

with zeros on the line <(s) = 1 and (possible) poles on the lines <(s) = 1/2 or 3/2.
The Birch & Swinnerton-Dyer conjecture, as extended by Tate [Ta66], describes
the exact behaviour of L(A/K, s) at s = 1. Before recalling this conjecture, we
introduce the regulator and the Shafarevic-Tate group.

Let P1, · · · , Pr be a basis of the Z-module A(K)/A(K)tor. Let A∨ := Pic0(A)
be the dual abelian variety of A and P∨1 , · · · , P∨r a basis for the Z-module A∨(K)/
A∨(K)tor. There exists a canonical bilinear pairing, the Néron-Tate pairing 〈 , 〉 :
A(K) × A∨(K) → R. This pairing takes values in fact in Q · log(q) (cf. [Sc82,
formula before the theorem at page 509]). We define the regulator of A/K by :

Reg(A/K) := |det(〈Pi, P∨j 〉)|.

This definition does not depend on the choice of the basis of A(K)/A(K)tor, resp.
A∨(K)/A∨(K)tor.

Given a field L, denote by Ls a separable closure of L and define GL :=
Gal(Ls/L). For any GL-module N , we denote the groups Hi(GL, N) of Galois
cohomology by Hi(L,N). For all v ∈ MK , let Kv be the completion of K at v,
GKv its absolute Galois group and Ks

v a separable closure of Kv. This Galois group
is isomorphic to the decomposition group Dv ⊂ GK at v. The inclusion K ⊂ Kv

induces naturally a map on Galois cohomology Hi(K,A(Ks)) → Hi(Kv, A(Ks
v)).

The Shafarevic-Tate group is defined by :

X(A/K) := ker

(
H1(K,A(Ks))→

∏
v∈MK

H1(Kv, A(Ks
v))

)
.

We recall now the definition of the differential height of A/K. Let A be an
abelian variety defined over K = Fq(C) of dimension d. Let φ : A → C be its Néron
model over C and denote by eA : C → A the unit section of φ. When E is a vector
bundle over a projective curve X and det(E) :=

∧max E its maximal exterior power,
the latter is a line bundle and the degree of E is defined as deg(E) := deg(det(E)).

Definition 2.1. Consider the vector bundle ωA/K := e∗A(Ω1
A/C). The differential

height of A/K is defined by :

(2.1) hdif(A/K) := deg(ωA/K).

The exponential differential height of the abelian variety A/K is defined by :

(2.2) H(A/K) := qhdif (A/K).

For convenience we also define W(A/K) := H(A/K)−1qd(1−g)T (A/K).

We now have defined all the ingredients involved in the full statement of the
Birch & Swinnerton-Dyer conjecture (formulated in this context by Tate [Ta66]):

Conjecture 2.2 (The Birch & Swinnerton-Dyer conjecture). The following state-
ments hold true.
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(1) The L-function is analytic at s = 1 and

rankA(K) = ords=1 L(A/K, s),

(2) The group X(A/K) is finite.
(3) The special value at s = 1 is given by

(2.3) L∗(A/K, 1) = lim
s→1

(s−1)−rL(A/K, s) =
#X(A/K) · Reg(A/K)
#A(K)tor ·#A∨(K)tor

·W(A/K).

In the context of function fields, analytic continuation is known and the inequal-
ity rankA(K) ≤ ords=1 L(A/K, s) is always true. The most recent result is due to
Kato and Trihan (cf. [KaTr03, Theorem]). In order to link their formulation with
that presented here see [Sc82, Satz 11, Lemmas 2 and 5] and [Ba92, Theorem 4.6,
Lemma 4.3 and Theorem 3.2].

Theorem 2.3 (Kato-Trihan, [KaTr03]). The equality :

rankA(K) = ords=1 L(A/K, s)

is true if and only if there exists a prime number l (which is allowed to be equal to
p) such that the l-primary component of X(A/K) is finite. In this case, all three
conditions of the Birch & Swinnerton-Dyer conjecture are satisfied.

Remark 2.4. The Birch & Swinnerton-Dyer conjecture is entirely proven in the
case of constant abelian varieties (Milne, [Mil68]) and certain elliptic curves (see for
example Ulmer, [Ul02]). The first results in the direction of a proof of the conjecture
were obtained by Artin and Tate for elliptic curves (with the exception of the p-
part, and assuming that the l in Theorem 2.3 is different from p, cf. [Ta66]). This
result was extended by Schneider to abelian varieties (cf. [Sc82]). Milne proved
that it is also true without the restriction that l 6= p for elliptic curves, if p > 2,
and for Jacobian varieties under some extra hypotheses (cf. [Mil75] and [Mil81]).
Bauer proved the theorem allowing l to be equal to p, but under the additional
hypothesis that A has everywhere good reduction (cf. [Ba92]). Finally, Kato and
Trihan proved this result in general (cf. [KaTr03]).

Remark 2.5. We can normalize the Néron-Tate pairing so that it takes values in
Q as follows :

(P, P∨) :=
〈P, P∨〉
log(q)

and define L1(A/K, s) by L(A/K, s) = (1 − q1−s)rL1(A/K, s) (cf. [Sc82, (4), p.
497]). This allows us to rewrite the conjectural formula by Birch & Swinnerton-Dyer
as an equality in Q∗ :

(2.4) L1(A/K, 1) = lim
s→1

L(A/K, s)
(1− q1−s)r

=
#X(A/K) ·

∣∣det
(
Pi, P

∨
j

)∣∣ · W(A/K)
#A(K)tor ·#A∨(K)tor

.

Our plan to prove Theorem 1.10 is now clear : we need bounds for the number
of torsion points rational over K (this is done in Section 3) and for the Tamagawa
numbers (this takes a large part of the paper and is done in section 6), we also need
analytic estimates for the special value at s = 1 of the L-function (this is worked
out in Section 7). We summarize the conclusions as follows.
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Proof of Theorem 1.10. The hypothesis on the l-primary component of the Shafare-
vic-Tate implies (by Theorem 2.3) finiteness of the full group and the truth of the
formula (see 2.3):

#X(A/K) · Reg(A/K)
H(A/K)

=
L∗(A/K, 1) ·#A(K)tor ·#A∨(K)tor

T (A/K)
qd(g−1).

By Theorem 3.8, we know #A(K)tor · #A∨(K)tor � H(A/K)ε, we have trivially
T (A/K) ≥ 1 and by Theorem 7.5 combined with the comparison between conductor
and height we get that L∗(A/K, 1)� H(A/K)ε and thus that

#X(A/K) · Reg(A/K)� H(A/K)1+ε,

as announced. �

For the discussion of a lower bound of the Brauer-Siegel ratio, we first will show
by a Diophantine type of argument (see Proposition 7.6) that

(2.5) Reg(A/K)� H(A/K)−ε,

which trivially implies, granting finiteness of the Shafarevic-Tate group :

lim inf BS(A/K) ≥ 0.

In order to try to uncover the true behaviour of BS(A/K) we observe that we have
trivially #A(K)tor ·#A∨(K)tor ≥ 1 and that, under the hypothesis that A/K has
everywhere semistable reduction or that p > 2d + 1, Proposition 6.8 tells us that
T (A/K)� H(A/K)ε, thus we do obtain

BS(A/K) = 1 +
logL∗(A/K, 1)

logH(A/K)
+ o(1).

We proceed in Section 7.3 to show the unsurprising fact that the behaviour of the
size of L∗(A/K, 1) is intimately linked to the nature of the small zeroes close to 1.

3. Torsion of abelian varieties

The goal of this section is to give an upper bound for the order of the torsion
subgroup A(K)tor of A(K) in terms of its differential height hdif(A/K). We will
use in this section another notion of height which we proceed to define (here we
follow the exposition of Moret-Bailly in [MB85, Chapitre XI]).

Let k be a field. Let Ad,1 be the coarse moduli scheme parameterizing abelian
schemes A → S of relative dimension d defined over k-schemes S endowed with a
principal polarization. Let Ad,1 be its compactification constructed as in [MB85,
Chapitre X]. There exists an ample canonical class (also called Hodge class) λ ∈
Pic(Ad,1)Q := Pic(Ad,1)⊗Z Q over this compactification (cf. loc. cit.).

Suppose that A/K has a principal polarization. (This can always be achieved by
using Zarhin’s trick of replacing A by (A×A∨)4, cf. Appendix A for the behaviour
of each element of the special value of L(A/K, s) at s = 1 under products and
isogenies.) Let φ : A → C be the Néron model of A/K over C. Let U ⊂ C be the
set of points c ∈ C such that the fiber Ac := φ−1(c) of φ at c is an abelian variety.
Hence φ induces an abelian scheme φU : AU → U , where AU := φ−1(U). Moreover,
A/K is still the generic fiber of φU . Thus we have a morphism jA : U → Ad,1 which
extends to a morphism which we still denote jA : C → Ad,1.
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Definition 3.1. The modular height of A/K is defined by :

hmod(A/K) := deg(j∗A(λ)) ∈ Q.

Moreover, it follows from [MB85, Chapitre X] that hmod(A/K) ≥ 0. Note that
this height depends on the choice of the class λ, but if we choose another am-
ple line bundle µ (possibly after tensoring it with Q), we would anyway have
hmod, λ(A/K)�� hmod, µ(A/K).

Definition 3.2. It follows from [Gr71, Exp. IX] that there exists a finite extension
K ′/K such that AK′ := A×K K ′ has everywhere semistable reduction. The stable
height of A/K is defined by hst(A/K) = [K ′ : K]−1hdif(AK′/K ′) (it does not
depend on the choice of K ′).

The following result is due to Moret-Bailly (cf. [MB85, Théorème 3.2 (ii),
Chapitre XI]) and allows us to compare the different heights.

Proposition 3.3. (Moret-Bailly)

0 ≤ hmod(A/K) ≤ hst(A/K) ≤ hdif(A/K).

For future reference we note that the inequality hst(A/K) ≤ hdif(A/K) can be
made a bit more precise by introducing the set UstA/K of unstable places (i.e., the
set of places where the reduction of A/K is not semistable).

Lemma 3.4. Let UstA/K be the set of places of K where A does not have semistable
reduction, then:

(3.1) hst(A/K) +
∑

v∈UstA/K

deg(v) ≤ hdif(A/K).

Proof. This is sketched in Deligne’s Bourbaki talk [De85] (see the few lines after
the statement of Lemme 1.2.3). Let K ′ = k(C′) be a field over which A acquires
semistable reduction and π : C′ → C be the morphism corresponding to the inclusion
of K in K ′. Denote A/C (resp. A′/C′) the Néron model of A/K (resp. the Néron
model of AK′/K ′), then the universal property of the Néron model provides a
natural map A×C C′ → A′. The unipotent subgroup contained in the special fiber
at an unstable place is contracted to zero by this map and hence the tangent map
is not invertible. Thus the induced line bundle morphism φ : ωA′/K′ → π∗ωA/K ,
which is an isomorphism on the generic stalk has a non-trivial cokernel at all places
above UstA/K . Taking degrees, we obtain the equation

[K ′ : K] degωA/K = deg π∗ωA/K = degωA′/K′ +
∑
w

length(coker(φ))w deg(w),

dividing by [K ′ : K] and observing that, for v ∈ UstA/K we have∑
w | v

length(coker(φ))w deg(w) ≥
∑
w | v

deg(w) = [K ′ : K] deg(v),

we get the announced inequality. �

Definition 3.5. Let X be an abelian variety of dimension d defined over a field
k of characteristic p > 0. Let k be an algebraic closure of k and X[p] ⊂ X(k) the
subgroup of p-torsion points of X. This subgroup is an Fp-vector space of finite
dimension rp(X) ≤ d which is called the p-rank of X.
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Proposition 3.6 (Oort). [Oo74, Lemma 1.4, Corollary 1.5 and Lemma 1.6] Let S
be an irreducible k-scheme and ψ : X → S an abelian scheme over S. Let rp(X) be
the p-rank of the generic fiber X of ψ. For all s ∈ S, let Xs := ψ−1(s) be the fiber
of ψ at s. The following facts hold :

(1) rp(Xs) ≤ rp(X) for all s ∈ S.
(2) Suppose furthermore that S is locally noetherian. Let n ≥ 1 be an integer.

The set of points {s ∈ S | rp(Xs) ≤ n} is a closed subset of S.
(3) Under the previous hypothesis, let W be the closed subset of points s ∈ S

such that rp(Xs) ≤ rp(X)−1. Then, W = ∅ or every irreducible component
of W has codimension 1 in S.

For every v ∈ C, let Av := φ−1(v) be the fiber of the Néron model φ : A → C
of A/K over C at v. By Proposition 3.6, for all c ∈ U , except for a finite number
of them, we have an equality rp(Av) = rp(A). Let U ′ := {c ∈ U | rp(Av) = rp(A)}.
For all v ∈ C, let κv be the residue field of v and Kv the completion of K at v.

Lemma 3.7. For all v ∈ U ′, the reduction map redv : A(Kv) → Av(κv) induces
an injection A(K)tor ↪→ Av(κv).

Proof. By [BoLuRa90, Lemma 2 (b), Chapter 7, §7.3] the map redv is injective
over the torsion prime to p. Moreover, this map is also injective over the p-torsion,
since rp(Av) = rp(A). �

Theorem 3.8. There exists a constant c = c(d) > 0 depending only on d such that
for all abelian varieties A/K of dimension d we have an inequality :

#A(K)tor ·#A∨(K)tor ≤ c · hdif(A/K)2d � H(A/K)ε.

Proof. By Zarhin’s trick (cf. [Za75]) the abelian variety B := A4×A∨4 is principally
polarised with hdif(B/K) = 8hdif(A/K) and dimension 8d. Let φB : B → C
be the Néron model of B/K over C. As before denote by jB : C → A8d,1 the
induced morphism. The case when jB is constant is easy; the abelian variety
becomes constant over an extension of bounded degree and its torsion is therefore
uniformely bounded; we may therefore assume jB is a finite morphism. By abuse
of notation we denote still by U ′ the set of those c ∈ C such that the fiber Bc
of φB at c has p-rank equal to the p-rank of B/K. For all integers 0 ≤ r ≤ d,
let Zr := {α ∈ A8d,1 | rp(Xα) ≤ r}, where Xα denotes the abelian variety whose
class corresponds to the point α. It follows from Proposition 3.6 that the set
jB(C) ∩ Zrp(B)−1 is finite. By Bézout’s theorem :

(3.2) #(jB(C) ∩ Zrp(B)−1)� degλ(jB(C)) · degλ(Zrp(B)−1)

� degλ(jB(C))� deg(j∗B(λ)) = hmod(B/K).

Let l ≥ 1 be a sufficiently large integer such that ql �� hmod(B/K). Hence,
hmod(B/K) � #C(Fql), since by a theorem of Weil we have #C(Fql) = ql +
O(ql/2) (cf. [Weil48]). A fortiori, there exists c ∈ U ′(Fql). By another theorem of
Weil [Weil48], we also have the inequality #Bc(Fql) ≤ (1 + ql/2)16d. Hence, using
Lemma 3.7, we conclude that there exists a constant c′ = c′(d) depending only on
d such that #B(K)tor ≤ c′q8ld � hmod(B/K)8d. Finally, the theorem follows from
Theorem 3.3 and taking 4-th roots. �
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Remark 3.9. In the case of elliptic curves, uniform bounds much stronger than
Theorem 3.8 can be found in [Po07]. As far as we know, no such uniform bound has
been proved for abelian varieties of dimension at least two. Nevertheless when we
consider Theorem 4.8 together with Theorem 6.3, one is naturally led to conjecture
that perhaps there exists an upper bound for the order of the torsion subgroup of
A(K) depending only on the dimension d of A and the genus g of C. A current
ongoing project of the second author and Sinnou David [DaPa] seems to indicate
that this is actually the case, for a generically chosen abelian variety A in the moduli
space Ad,1. For another approach with partial results towards a uniform bound see
the work of Cadoret-Tamagawa [CaTa07, CaTa12].

4. Geometry in characteristic p

We review in this section definitions and results from Katz [Ka72]. Let k be a
perfect field of characteristic p > 0.

4.1. Kodaira-Spencer map.

Definition 4.1. (cf. [Sz81, §0]) Let π : Z → Spec k be a smooth k-scheme and
f : Y → Z a proper smooth Z-scheme. Denote by Ω1

Y/Spec k, resp. Ω1
Z/Spec k, resp.

Ω1
Y/Z , the sheaf of relative differentials of Y/Spec k, resp. Z/Spec k, resp. Y/Z. We

consider the dual sheaves of derivations Der(Y/Spec k) := HomOY (Ω1
Y/Spec k,OY),

Der(Z/Spec k) := HomOZ (Ω1
Z/Spec k,OZ) and Der(Y/Z) := HomOY (Ω1

Y/Z ,OY).
There exists a short exact sequence of sheaves over Y given by :

(4.1) 0→ Der(Y/Z)→ Der(Y/Spec k)→ f∗(Der(Z/Spec k))→ 0.

By applying the push-forward by f to the exact sequence (4.1), we obtain the
canonical map :

Kod(f) : Der(Z/Spec k)→ R1f∗(Der(Y/Z))

which is called the Kodaira-Spencer map of f .

Remark 4.2. We can reinterpret the Kodaira-Spencer in terms of differentials in
the following way. Consider the short exact sequence :

(4.2) 0→ f∗(Ω1
Z/Spec k)→ Ω1

Y/Spec k → Ω1
Y/Z → 0.

which is dual to the sequence (4.1). This sequence defines an extension class, called
the Kodaira-Spencer class :

% ∈ Ext1
OY (Ω1

Y/Z , f
∗(Ω1
Z/Spec k)) ∼= H1(Y,Der(Y/Z)⊗OY f∗(Ω1

Z/Spec k)),

where the last isomorphism follows from [Ha83, Chapter III, Propositions 6.7 and
6.3]. The image of % inside

(4.3) H0(Z, R1f∗(Der(Y/Z)⊗OY f∗(Ω1
Z/Spec k)))

∼= H0(Z, R1f∗(Der(Y/Z))⊗OZ Ω1
Z/Spec k)

∼= HomOZ (Der(Z/Spec k), R1f∗(Der(Y,Z))),

is the Kodaira-Spencer map Kod(f) of f (cf. [Ka70, 1.1]). Once again we have
used in (4.3) the Proposition [Ha83, Chapter III, Proposition 6.3]. For an explicit
computation of the class of % see [Ka72, 3.4].
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4.2. p-curvature.

Definition 4.3. Let E be a coherent OZ -module endowed with an integrable k-
connection ∇ : E → E ⊗OZ Ω1

Z/k. Let Endk(E) be the sheaf of germs of k-linear
endomorphisms of E .

By abuse of notation, we denote also by ∇ : Der(Z/k) → Endk E the OZ -linear
map defined as follows. Let D be a section of Der(Z/k) over an open subset U of
Z. The homomorphism ∇(D) is defined as the composition of the homomorphisms

E ∇−→ Ω1
Z/k ⊗OZ E

D⊗1−→ OZ ⊗OZ E ∼= E .

The p-curvature κp(E ,∇) of the pair (E ,∇) is the map of sheaves

κp : Der(Z/k)→ Endk(E)

that to a section D of Der(Z/T ) over an open subset U of Z associates the k-
endomorphism

κp(D) = ∇(D)p −∇(Dp)
of E defined over U (cf. [Ka72, §3], [Ka70, §5.2]).

We would like to characterize those pairs (E ,∇) for which the p-curvature van-
ishes. In order to do this we need to introduce the following definition. Denote
F : k → k the map a 7→ ap. Define the scheme Z(p) to be the same scheme Z, but
with structural morphism F ◦ π, instead of π : Z → Spec k.

Theorem 4.4. [Cartier][Ka72, Theorem 5.1] There is an equivalence between the
category of quasi-coherent sheaves on Z(p) and the full sub-category of modules with
integrable k-connections on Z consisting of objects (E ,∇) whose p-curvature is zero.
This equivalence is described explicitly as follows.

If F is a coherent sheaf on Z(p), then there exists a unique integrable k-connection
∇0 on ϕ∗F with κp(ϕ∗F ,∇0) = 0 and F ∼= (ϕ∗F )∇0 . The desired functor is
F 7→ (ϕ∗F ,∇0).

If (E ,∇) is an integrable k-connection on Z with κp(E ,∇) = 0, then E∇ is a
quasi-coherent sheaf on Z(p). The inverse functor is given by (E ,∇) 7→ E∇.

For the morphism f : Y → Z, denote by k(Z) the function field of Z and by
Y/k(Z) the generic fiber of f .

Proposition 4.5. [Og78, Lemma 3.5, Theorem 3.6], [Vo91, Lemma 1] The follow-
ing three conditions are equivalent :

(1) Y is defined over k(Z)p.
(2) Kod f = 0.
(3) There exists an integrable k-connection (E ,∇) on Y such that κp(E ,∇) = 0.

4.3. The Gauss-Manin connection. Let (E ,∇) be an integrable k-connection
on Z. Let Ω•Z/k ⊗OZ E be the de Rham complex of (E ,∇). We define the i-th de
Rham cohomology group of this complex by Hi

dR(Z/k, (E ,∇)) = Riπ∗(Ω•Z/k⊗OZ E),
where Riπ∗ denotes the i-th derived functor with respect to the hypercohomology.
In a similar way, if (E ,∇) is an integrable Z-connection on Y define the de Rham
cohomology groups Hi

dR(Y/Z, (E ,∇)).
The coboundary map

∇GM : Rif∗(Ω•Y/Z)→ Ri+1f∗(f∗(Ω1
Z/k)⊗OY Ω•−1

Y/Z)

∼= Ω1
Z/k ⊗OZ Rif∗(Ω•Y/Z)



16 M. HINDRY AND A. PACHECO

of the long cohomology sequence with respect to Rif∗ deduced from the exact
sequence (4.2) is called the Gauss-Manin map. For an explicit description of this
map, cf. [Ka70, 3.4].

4.3.1. Connections with logarithmic singularities. Let V ↪→ Y be a divisor with
normal crossings with respect to Z. We refer to [Ka70, §4] for the definition
of the de Rham complex Ω•Y/Z(logV) of relative differentials of Y/Z with log-
arithmic poles along V. As before, we define the de Rham cohomology groups
Hi

dR(Y/Z(logV)) = Rif∗(Ω•Y/Z(logV)), as well as the Gauss-Manin connection
∇GM associated to them. The notion of p-curvature, and the characterization of
modules endowed with integrable connections whose p-curvature vanishes, extends
verbatim to the context where we allow logarithmic singularities.

4.4. Nilpotent connections in characteristic p > 0.

Proposition 4.6. [Ka70, Corollary 5.5] Let n ≥ 1 be an integer and (E ,∇) an
integrable k-connection on Z. Then the following conditions are equivalent :

(1) There exists a filtration of (E ,∇) of length at most n whose associated
graded object has p-curvature equal to zero.

(2) If D1, · · · , Dn are sections of Der(Z/k) over an open subset U of Z we
have κp(D1) · . . . · κp(Dn) = 0.

(3) There exists a covering of Z by open affine sets U . In each open subset
U of the covering, there are u1, · · · , ur ∈ Γ(U,OZ) such that Ω1

U/k is free
in du1, · · · , dur. For each r-tuple (w1, · · · , wr) of integers satisfying the
equality

∑r
i=1 wi = n we have(
∇
(

∂

∂u1

))pw1

· . . . ·
(
∇
(

∂

∂ur

))pwr
= 0.

Definition 4.7. We say that an integrable k-connection (E ,∇) is nilpotent of expo-
nent at most n, if the conditions of the previous proposition are satisfied. Moreover,
we say that (E ,∇) is nilpotent, if there exists an integer n ≥ 1 such that (E ,∇) is
nilpotent of exponent at most n.

There are two important points in the proof of Lemma 5.10 (next section). The
first one is to reformulate the previous notion of nilpotence in terms of the usual
notion of nilpotence of endomorphisms. The second one is to show that the Gauss-
Manin connection is nilpotent.

Proposition 4.8. [Ka70, Proposition 5.8] An integrable k-connection (E ,∇) is
nilpotent if and only if for any section D of Der(S/T ) (over an open subset U
of S) which, as a T -endomorphism of OU , is nilpotent, the corresponding T -
endomorphism ∇(D) of E|U is nilpotent.

Let i : V ↪→ Y be a divisor with normal crossings with respect to Z. Denote
by Rif∗ the i-th derived functor with respect to the usual Hodge cohomology of
f : Y → Z. Let Ei,j2 (logV) = F ∗Rif∗(Ω

j
Y/Z(logV)). For each integer n ≥ 0, let

hV(n) be the number of integers i such that Ei,n−i2 (logV) 6= 0.

Proposition 4.9 (Deligne). [Ka70, Corollary 7.5] The Gauss-Manin connection is
nilpotent over Hn

dR(Y/Z(logV)) of exponent at most hV(n).
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It follows from [Ka70, (7.4.2)] that there exists a spectral sequence :

(4.4) Ei,j2 (logV) =⇒ Hi+j
dR (Y/Z(logV)),

whose first terms are equal to :

(4.5) 0→ F ∗R1f∗OY → H1
dR(Y/Z(logV)).

5. An abc theorem for semi-abelian schemes in characteristic p > 0

5.1. Preliminaries.

Definition 5.1. Let jA : C → Ad,1 be the morphism deduced from the Néron
model φ : A → C of A/K over C. Assume that jA is not constant, then the image
of jA is a curve, say C′. Let λ be the ample class in Pic(Ad,1)Q previously defined
(in Section 3). The finite surjective morphism jA : C → C′ factors as a composition
of a purely inseparable morphism jA,i : C → Ci and a separable one. Denote by pe

the inseparable degree degi(jA) := deg(jA,i) of the morphism jA.

Remark 5.2. We can reinterpret the degree pe = deg(jA,i) as the largest power
pe of p such that A is defined over Kpe , but is not defined over Kpe+1

. This tells
us that this degree is in fact a birational notion, it does not depend on the ample
class λ, in contrast with what happens to the degree degλ(jA(C)).

5.2. Main statement and associated results.

Theorem 5.3. Let A be an abelian variety defined over K, with K/Fq-trace zero,
having everywhere semistable reduction and φ : A → C its Néron model over
C, let BA/K be the set of places of K where A has bad reduction and let s =∑
v∈BA/K

deg(v). Let eA : C → A be the unit section of φ and ωA/K := e∗A(Ω1
A/C).

Suppose that p > 2d+ 1. The following inequality holds

(5.1) deg(ωA/K) ≤ 1
2
ped(2g − 2 + s).

Remark 5.4. Ogg proved in [Og62, Remark 1, p. 211] that if p > 2d + 1, then
there exists a prime number ` 6= p such that the extension K(A[`]) generated by
the `-torsion of A is tamely ramified over K. This is where the condition p > 2d+1
is used, since it is convenient to go over an extension where we can define a level
structure. Replacing K by K(A[`]) in (5.1), implies multiplying by [K(A[`]) : K]
both sides of the equation. Indeed, the formation of the bundle ωA/K commutes
with base extensions when A/K is semistable and, for the right-hand side, this
follows from the Riemann-Hurwitz formula.

Remark 5.5. In the general case, when the trace is not assumed to be trivial, the
estimate must include a supplementary term, see remark 5.12 for a discussion of
this.

Remark 5.6. In the case of semi-abelian schemes whose base is defined over C the
following upper bounds were already known for the inequality (5.1) :

• Faltings [Fa83, Theorem 1 and remark in page 341] : d(3g + s+ 1);
• Deligne [De87, Lemme 3.2] : (1/2)d(2g − 2 + s);
• Moret-Bailly and Szpiro [MB85, App. 2, Théorème 2.1] : (d − d0)(g − 1),

when s = 0.
• Kim [Ki98, Theorem 1] : (1/2)(d− d0)(2g − 2 + s).



18 M. HINDRY AND A. PACHECO

In the case of an elliptic curve with everywhere semistable reduction, the analogue
of the inequality (5.1) was obtained by Szpiro in [Sz90]. This result was later
extended to any elliptic curve in [PeSz00]. Notice that the hard part of the latter
paper deals with the case where the characteristic of k is 2 and 3.

5.3. Compactification of a universal family. The first step before the proof of
the Theorem 5.3 consists in showing that we can replace the semi-abelian scheme
φ : A → C by the compactification of a semi-abelian scheme ψ : B → C. It satisfies
the property that it also extends the abelian scheme φU : AU → U . This new scheme
will have the nice feature that its sheaf of relative differentials will inherit the good
properties of the universal semi-abelian scheme over the toroidal compactification
A of A. Moreover, we have also to show that D := B \AU occurs as a divisor with
normal crossings relative to C.

The way to construct the scheme is to consider compactifications of a univer-
sal family of abelian varieties. More precisely, let n ≥ 4 be an even integer and
A := Ad,1,n the fine moduli scheme which parametrizes principally polarized abelian
varieties of dimension d with a structure of level n. Let f : X → A be the universal
abelian scheme over A. The next theorem appears in the book [ChFa90, Chapter 6,
Theorem 1.1] from Chai and Faltings. We present rather its formulation as written
by Esnault and Viehweg in [EsVi02, Section 3, Theorem 3.1]1. Not only does their
presentation contain more details and is more pleasant to read, but also in Section
3 of their paper there is a clarifying discussion on the geometry of the compact-
ification which enables one to obtain a compactification with good properties, of
course after having refined the polyhedral decompositions.

Theorem 5.7. Let k be a field containing the n-th roots of unity, where n ≥ 4
is an even integer coprime to the characteristic of k. Let A be the fine moduli
space which parametrizes principally polarized abelian varieties of dimension d with
a structure of level n. Let f : X → A be the universal abelian scheme over A.
There exists a projective compactification f : X → A of f satisfying the following
properties :

(1) X and A are smooth projective varieties defined over k.
(2) T := A\A and Y := X \X are normal crossings divisors relative to Spec(k)

and A, resp., whose irreducible components are smooth.
(3) The sheaf

Ω1
X/A

(log Y ) := Ω1
X/k

(log Y )/f
∗
(Ω1

A/k
(log T ))

of logarithmic differential forms along Y is locally free.
(4) The Hodge bundle E := f∗(Ω1

X/A
(log Y )) is also locally free.

(5) f
∗
(E) = Ω1

X/A
(log Y ).

(6) Let E∨ := Hom(E,OA). Then Rνf∗(Ω
µ

X/A
(log Y )) ∼= ∧νE∨ ⊗ ∧µE. In

particular, if ν = 1 and µ = 0, we obtain R1f∗(OX) ∼= E∨.
(7) The abelian scheme f : X → A extends to a semi-abelian scheme h : G→ A

inside f : X → A. The latter semi-abelian scheme is the universal semi-
abelian scheme over A.

1The attentive reader will notice that [EsVi02] is written in characteristic zero, however the

statement we quote is valid in any characteristic; the main reference [ChFa90] is even formulated
over Z
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(8) Let eG : A → G be the unit section of h. Let TG := Lie(G/A). Its dual
bundle T ∨G is equal to e∗G(Ω1

G/A
). We have an isomorphism Ω1

X/A
(log Y ) ∼=

f
∗
(T ∨G ). A fortiori,

E = f∗(Ω
1
X/A

(log Y )) ∼= e∗G(Ω1
G/A

).

Remark 5.8. Let A∨ be the dual of abelian variety A. By Zarhin’s trick [Za75],
the abelian variety A′ := A4 ×A∨4 is principally polarized. Denote by A′ → C the
semi-abelian scheme associated to A′/K. We have :

deg(ωA/K) = deg(ωA∨/K) and 8 deg(ωA/K) = deg(ωA′/K)

(cf. [Ra85] and the proof of Theorem 3.8). Hence, after having replaced A by A′,
in order to prove Theorem 5.3, we may suppose that A is principally polarized;
further, since we assume semi-stability the statement to prove is invariant under
scalar extension so we may replace K by say K(A[2`]) and assume that A possesses
a K-rational 2`-structure.

Let jA : U → A be the morphism induced by the abelian scheme φU : AU → U .
Under the hypothesis that A has a principal polarization, and by the universal
property of the family f : X → A, we obtain AU ∼= X ×A U . Similarly, taking into
account that C is an A-scheme through the morphism jA : C → A which is induced
by the semi-abelian scheme φ : A → C, and the universal property of the family
h : G→ A, we deduce that A ∼= G×A C.

Remark 5.9. Let B := X×AC and let ψ : B → C be the morphism obtained from f
by the base change defined by jA. The morphism ψ is projective by the projectivity
of f (cf. Theorem 5.7) and [Ha83, Chapter II, exercises 4.8 and 4.9]. Moreover, the
morphism ψ : B → C is an extension of the abelian scheme φU : AU → U . In fact,

AU ∼= X ×A U ∼= (X ×A A)×A U ∼= X ×A (A×A U) ∼= X ×A U = ψ−1(U).

Let p1 : B → X be the projection onto the first coordinate. Consider the following
diagram :

(5.2) B
p1 //

ψ

��

X

f

��
C

jA
// A.

The divisor D := p∗1(Y ) = Y ×A C is by construction a divisor of B with normal
crossings relative to C. Let ∆ := j∗A(T ). Observe that supp(∆) = C \ U = S. As in
item (3) of Theorem 5.7 we define Ω1

B/C(logD) := Ω1
B/k(logD)/ψ∗(Ω1

C/k(log ∆)).
This allows us to write the short exact sequence of locally free sheaves over B :

(5.3) 0→ ψ∗(Ω1
C/k(log ∆))→ Ω1

B/k(logD)→ Ω1
B/C(logD)→ 0.

We claim that

(5.4) Ω1
B/C(logD) ∼= p∗1Ω1

X̄/Ā(log Y ).

In fact, in a similar way to [Ha83, Chapter II, Proposition 8.10], we have

Ω1
B/k(logD) ∼= p∗1Ω1

X̄/k(log Y ) and Ω1
C/k(∆) ∼= j̄A

∗Ω1
Ā/k(log T ).
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Note that by diagram (5.2) we have

(5.5) ψ∗ ◦ j̄A
∗ = (ψ ◦ j̄A)∗ = (p1 ◦ f̄)∗ = p∗1 ◦ f̄∗.

As a consequence,

Ω1
B/C(logD) ∼= p∗1Ω1

X̄/k(log Y )/ψ∗j̄A
∗Ω1

Ā/k(log T )

= p∗1Ω1
X̄/k(log Y )/p∗1f̄

∗Ω1
Ā/k(log T )

= p∗1(Ω1
X̄/k(log Y )/f̄∗Ω1

Ā/k(log T )) = p∗1Ω1
X̄/Ā(log Y ),

where the last equality follows from item (3) of Theorem 5.7.

5.4. Towards the Kodaira-Spencer map. Consider the following commutative
diagram :

(5.6) A

φ

��

ı // G

g

��

// X̄

f̄����
��

��
�

C

eA

VV

j̄A

// Ā

eG

VV .

Let ωG/Ā = e∗GΩ1
G/Ā

. After applying f̄∗ to the isomorphism of Theorem 5.7 item
(6), we obtain Ω1

X̄/Ā
(log Y ) ∼= f̄∗ωG/Ā. Therefore by (5.4) and (5.5) we get

(5.7) Ω1
B/C(logD) ∼= p∗1f̄

∗ωG/Ā = ψ∗̄∗AωG/Ā.

Observe that by [Ha83, Chapter II, Proposition 8.10] and by (5.6) we have

(5.8) ωA/C = e∗AΩ1
A/C
∼= e∗Aı

∗Ω1
G/Ā = j̄A

∗
e∗GΩ1

G/Ā = j̄A
∗
ωG/Ā.

Denote (τ,A0) = TrK/k(A) the K/k-trace of A/K (for a modern treatment see
[Co06]). Recall that A0 is an abelian variety defined over k and τ is the map
A0,K = A0 ×k K → A. There exists a constant C-scheme B0 = A0 ×k C and a map
of C-group schemes τ̃ : B0 → B which extends τ . Let H̃ = ker(τ̃). Denote by τ̃ ′ the
injective map B0/H̃ ↪→ B.

It follows from (5.7) and the previous isomorphism (5.8) that

(5.9) ψ∗ωA/C ∼= Ω1
B/C(logD).

It follows from [Ha83, Ex. 5.1 (d)] that

(5.10) ψ∗ψ
∗ωA/C ∼= ψ∗OB ⊗ ωA/C .

Consider the commutative diagram

B0/H̃
τ̃ ′ //

ψ′0

��

B

ψ

��
C id // C.

It follows from [Ha83, Chapter III, Prop. 9.3] that

id∗ψ∗OB ∼= ψ′0,∗τ̃
′∗OB.

Note that τ̃ ′∗OB = OB0/H̃
. Hence, ψ∗OB ∼= ψ′0,∗OB0/H̃

. As a consequence, by
(5.10)

(5.11) ψ∗ψ
∗ωA/C ∼= ψ′0,∗OB0/H̃

⊗ ωA/C .
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We now use the hypothesis saying that A0 = 0. Under this hypothesis, the two
isomorphisms (5.9) and (5.11) imply

(5.12) ωA/C ∼= ψ∗Ω1
B/C(logD)

The push-forward of the exact sequence (5.3) by ψ yields the following exact
sequence :

(5.13) 0→ Ω1
C/k(log ∆)→ ψ∗(Ω1

B/k(logD))→ ψ∗(Ω1
B/C(logD))

K−→ R1ψ∗(ψ∗(Ω1
C/k(log ∆))) ∼= R1ψ∗(OB)⊗OC Ω1

C/k(log ∆).

The restriction of K to U coincides with the Kodaira-Spencer map Kod(φU ) of φU .

5.4.1. The case where Kod(φU ) 6= 0. By Proposition 4.5, the fact that Kod(φU ) 6= 0
is equivalent to the fact that A is defined over K, but not over Kp. Hence, in this
case, the inseparable degree pe of jA is equal to 1. We will reduce the general case
to this case by means of the inverse images by the relative Frobenius morphism (cf.
Subsection 5.5).

Let N := ker(K). By hypothesis N 6= ψ∗(Ω1
B/C(logD)). The exact sequence

(5.13) splits into the following two exact sequences :

(5.14) 0→ Ω1
C/k(log ∆)→ ψ∗(Ω1

B/k(logD))→ N → 0, and

(5.15) 0→ N → ψ∗(Ω1
B/C(logD)) K−→ R1ψ∗(OB)⊗OC Ω1

C/k(log ∆).

It follows from the geometric picture described by diagram (5.6) that there exists
a duality between R1ψ∗OB and ψ∗Ω1

B/C(logD). Note that the dual N∨ of N with
respect to this duality is contained in R1ψ∗OB. Therefore K factors as

K′ : ψ∗Ω1
B/C(logD)/N ↪→ R1ψ∗OB/N∨ ⊗OC Ω1

C/k(log ∆).

Taking the maximal exterior power, we deduce that

(5.16) deg(ψ∗Ω1
B/C(logD)/N) ≤ deg(R1ψ∗OB/N∨) + d(2g − 2 + s̄).

Hence,

deg(ψ∗Ω1
B/C(logD)/N) ≤ d

2
(2g − 2 + s̄).

Now Theorem 5.3 in the current situation will be a consequence of the following
lemma and the isomorphism (5.12).

Lemma 5.10. deg(N) = 0.

Indeed Lemma 5.10, the exact sequence (5.15) and the previous duality (5.12)
yield :

(5.17) deg(ωA/K) ≤ 1
2
d(2g − 2 + s̄).

This inequality is exactly that of Theorem 5.3, when Kod(φU ) 6= 0 and the K/Fq-
trace A0 of A is trivial.

Proof of Lemma 5.10. Denote by Fabs : C → C the absolute Frobenius morphism.
One starts with the inclusion

O = F ∗absR
1ψ∗OB ↪→ E = H1

dR(B/C(logD)) .
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Note that (E ,∇GM) is nilpotent by Proposition 4.9. It then follows from Proposi-
tion 4.8 that for any open subset U of C and δ ∈ Γ(U,Der(C/k)) which is nilpotent
(as an endomorphism of OU ), the derivation ∇GM(δ) is also nilpotent (as an en-
domorphism of E|U ). In particular, ∇GM(δ)|O is also a nilpotent endomorphism of
O|U .

Let R = R1ψ∗OB. Since Fabs is the identity map on points, and acts as taking
p-th powers on sheaves, there exists a connection ∇1 on R such that (∇GM)|O =
F ∗abs∇1. In particular, the matrix of ∇1(δ) (as an endomorphism on R|U ) is ob-
tained from the matrix of the endomorphism ∇GM(δ)O on O|U by raising all the
entries to the p-th power. A fortiori, ∇1(δ) is a nilpotent endomorphism of R|U .

The duality between R and W = ψ∗Ω1
B/C(logD) implies that ∇1 induces a dual

connection ∇∨1 on W. Again, the matrix of ∇∨1 (δ) (as an endomorphism of W|U ) is
the transpose of the matrix of ∇1(δ) (as an endomorphism of R|U ). Hence, ∇∨1 (δ)
is a nilpotent endomorphism on W|U . Furthermore, the restriction of ∇∨1 (δ) to N|U
is also a nilpotent endomorphism of N|U . Thus,

det(∇∨1 )(δ)| det(N)|U = 0

as an endomorphism of det(N)|U . Hence, once more by Proposition 4.8, det(∇∨1 )
is a nilpotent connection on det(N).

Proposition 4.6 and the fact that det(N) is an invertible sheaf imply that

κp(det(N),det(∇∨1 )) = 0.

By Theorem 4.4, it then follows that det(N)det(∇∨1 ) is defined over C(p). Observe
that since det(N) is an invertible sheaf, then either det(N)det(∇∨1 ) is trivial or is
equal to det(N). In the first case, it would mean that the connection det(∇∨1 )
vanishes only at 0, but this cannot hold, since (as any derivation) a connection
annihilates at least the constants. Therefore,

det(N) = det(N)det(∇∨1 ) ,

and by Theorem 4.4 again, the latter is isomorphic to

F ∗abs(det(N))∇can

(for a canonical connection ∇can on F ∗abs(det(N))).
As a consequence

deg(det(N)) ≤ deg(F ∗abs(det(N))) = (1/p) deg(det(N)) ,

hence deg(det(N))(p − 1) ≤ 0. Note that (∇∨1 )|N is a nilpotent connection by
Proposition 4.8. Hence, deg(N) ≥ 0. This condition and the last inequality imply
deg(N) = 0. �

Remark 5.11. The strategy of the first part of the previous proof is exactly the
same of Kim in [Ki98] in the case where the field of definition is equal to C, i.e.,
to show that deg(N) = 0. However, we have given a more complete description of
[ChFa90, Chapter 6, Theorem 1] following [EsVi02]. This allowed us to replace the
argument of duality of bundles by means of the Hodge structure by more general ar-
guments of an algebraic-geometric nature (cf. [Ha83]). Furthermore, the geometry
of nilpotent connections in characteristic p > 0 replaces the use of another theorem
due to Deligne over C about extensions of Hodge structures which assures us that
the residues of the connections will be nilpotent maps (cf. [De70, II, Proposition
5.2]).



ABELIAN BRAUER-SIEGEL THEOREM 23

Remark 5.12. When working in characteristic zero the K/k-trace of A/K can
be identified with an abelian subvariety A1 = τ(A0)K of A therefore degωA/K =
degω(A/A1)/K , however this is no longer true in positive characteristic. We use
Conrad’s presentation [Co06] of the trace as a reference. We point out that in-
equality (5.1) cannot always be true when the trace is allowed to be non zero.
Indeed, in [MB81], Moret-Bailly constructed an example of an abelian scheme A
of relative dimension two over P1/Fp which is non-constant and in particular, one
has h(A) > 0 (in fact h(A) = p in the example) whereas 2g− 2 + s̄ = −2. However
notice that, in this example dimA0 = 2 and the morphism τ : (A0)K → A is sur-
jective with non-trivial kernel. To get a correct inequality we can argue as follows.
If τ : (A0)K → A is the K-morphism dfining the trace, we denote A′ the quotient
A/τ(A0)K (it is an abelian variety over K). The exact sequence :

0→ Ker τ → (A0)K
τ−→ A→ A′ → 0,

taking into account that (A0)K extends as the trivial abelian scheme A0×C/C and
Ker τ extends naturally to a group scheme over C, yields an isomorphism

ωA/C ∼= ωA′/C ⊗ ω⊗−1
Ker τ/C .

The last term is defined, for example in Deligne Bourbaki talk [De85], and, using
Raynaud’s description in [Ra70] can be rephrased in the following way. Define the
different Dτ of the isogeny τ : A0,K → A1 as in [Ra70], then Dτ = ω⊗−1

H̃/C . We
therefore get the equality

hdif(A/K) = hdif(A′/K) + deg(Dτ ).

Notice that A′ has trace zero and dimension d − d0 therefore we may apply our
result to it and extend it to the case when the trace is non-zero as follows:

hdif(A/K) = deg(ωA/C) ≤
d− d0

2
(2g − 2 + s̄) + deg(Dτ ).

The next step is to treat the case where Kod(φU ) = 0.

5.5. Case where Kod(φU ) = 0. Let pe be the inseparable degree of  : U → A.
The compactification ̄ : C → Ā of this map has as image another curve C′. The
finite morphism C → C′ factors through a purely inseparable morphism C → Ci.

Remark 5.13. It follows from [Ha83, Chapter IV, Proposition 2.5] that ̄i is a
composition of Frobenius morphisms. Since this morphism has degree pe, we have
C ∼= C(pe)

i . The function field of Ci is Kpe . Moreover, A is defined over Kpe ,
this means that there exists an abelian variety Ai defined over Kpe such that
A ∼= Ai ×Kpe K. Denote by φi : Ai → Ci the Néron model of Ai/Kpe .

By the universal properties of the Néron model, there exists a C-morphism Ai×Ci
C → A which is an isomorphism at the generic fiber. By construction, Ai ×Ci C ∼=
A(pe)
i . In particular, A ∼= A

(pe)
i and the map A → Ai is the e-th iterate of the

Verschiebung morphism Vi of Ai.
Since A has everywhere semistable reduction the map Vi extends to a map of

same degree Vi : A → Ai (cf. [BoLuRa90, Section 7.3, Proposition 6]). A fortiori
the map Ai ×Ci C → A has to be an isomorphism. As a consequence

(5.18) hdif(A/K) = pe · hdif(Ai/Kpe).
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We repeat our previous construction defining Bi = X̄ ×Ā Ci and ψi : Bi → Ci
as base change of f̄ with respect to jAi . As a consequence, we obtain the bound
(5.17) for the differential height hdif(Ai/K). Theorem 5.3 now follows from this
bound and the equality (5.18). �

Corollary 5.14. With hypothesis and notations as in Theorem 5.3 we have the
inequalities :

(5.19) pefA/K � hdif(A/K)� pefA/K ,

where the implied constant depends only on g and d.

Proof. The second inequality follows readily from Theorem 5.3 since 2g − 2 +∑
v∈BA/K

deg(v) � fA/K , whereas the first inequality is well known when the
moduli map is separable, i.e., in case e = 0 (see also Remark 6.7). Suppose now
e ≥ 1, invoking Zarhin’s trick, we may suppose that A is principally polarized.
Further, since the inequality is essentially invariant under scalar extension (here
the assumption that A/K has everywhere semistable reduction is again used) we
may assume that A carries a level `-structure defined over K.

Recall Serre’s definition of the conductor FA/K =
∑
v(εv + δv) · v, where εv

measures the tame part of the conductor and δv the wild part (cf. [Se69 ]). It
follows from the previous remark that the base change morphism Ai ×Ci C → A is
an isomorphism. In particular, choosing an integer n ≥ 1 prime to p, it induces
an isomorphism between the n-torsion of the connected components of the special
fibers of both Ai ×Ci C and A at v. In particular, this implies that the tame
multiplicity εv of the conductor remains the same under the base change Kpe ⊂ K.

For the wild multiplicity, it suffices to observe that if ` 6= p is a prime number,
then V`(Ai) = V`(Ai ×Kpe K) and use the aforementioned definition of δv. As a
consequence, δv remains the same under the base change Kpe ⊂ K. A fortiori,
fAi/Kpe = fAi/K .

Since the map jAi is separable, then fAi/K � hdif(Ai/Kpe) � fAi/K . Now
since the two abelian varieties are isogenous we have fAi/K = fA/K . By equation
(5.18) we know that hdif(A/K) = pehdif(Ai/Kpe). Putting everything together we
conclude that

pefA/K = pefAi/K � pehdif(Ai/Kpe) = hdif(A/K),

where the implied constant depends only on d. �

6. Group of connected components

We study in this section the term coming from the group of components of the
Néron models in the Birch & Swinnerton-Dyer formula.

6.1. Rigid uniformization. Suppose there exists a place v of K = Fq(C) such that
A has split semistable reduction at v. This can always be achieved after a finite
extension of the base field which we will assume. Let Av/Spec(Ov) be the Néron
model of A at v and Av := Av ×Ov Kv its generic fiber. The rigid uniformization
of A at v is due to Raynaud (cf. [Ra70], but for more details see [BoLu91]). The
following diagram, where T , G, B are group varieties over Kv and Y ∼= Zr, describes
the situation :
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(6.1) 0

��
Y

ı

��
0 // T 

// G
π //

ρ

��

B // 0

Av

��
0.

The horizontal short exact sequence in (6.1) is called a Raynaud’s extension. The
variety G is an extension of an abelian variety B (having good reduction at v) by a
split torus T ∼= Gr

m,Kv
. Denote by X := X(T ) := Hom(T,Gm) the character group

of T and let X∗ := Hom(X,Z) ∼= Zr and X∗R := X∗ ⊗Z R = Hom(X,R) ∼= Rr. We
have a map T (Kv) → X∗R defined by t 7→ (χ 7→ − log |χ(t)|v) with kernel T 0(Kv);
if G0(Kv) is defined by the exact sequence 0 → T 0(Kv) → G0(Kv) → B(Kv) → 0
then T (Kv)/T 0(Kv) ∼= G(Kv)/G0(Kv). We can therefore define the map

ı : G(Kv)→ G(Kv)/G0(Kv) ∼= T (Kv)/T 0(Kv)→ X∗R.

Moreover, Y is a lattice in G, i.e., the map ı : Y → X∗ is injective and the image
of Y by ı is a lattice inside X∗R ∼= Rr in the usual sense (cf. [BoLu91, §3]). In fact,
the bilinear map σv : Y ×X → R induced by ı is non-degenerate. Let A0

v be the
neutral component of Av. The following characterization of the group of connected
components ΦA,v := Av/A0

v is given in terms of the map ı.

Proposition 6.1. ([BoXa96, Proposition 5.2] and [ChFa90, Chapter III, Corol-
lary 8.2], cf. also [BoSc95, 6.3]) The group of components ΦA,v is isomorphic to
X∗/ı(Y ). In particular, the order of ΦA,v is equal to the determinant of σv.

Remark 6.2. Our main interest will be in cv(A/K) = #ΦA,v(κv), where κv is
the finite residue field of v. Since we are assuming that A has split multiplicative
reduction, in this case the group ΦA,v(κv) coincides with X∗/ı(Y ) (cf. [BoLi99,
Proposition 4.4]). In particular cv(A/K) = det(σv). More concretely if (qi,j)1≤j≤r
denotes representatives in T (Kv) = Gr

m,Kv
of the images of generators of Y in

G(Kv)/G0(Kv) ∼= T (Kv)/T 0(Kv) and Qv is the matrix with entries ordv(qij) then

(6.2) cv(A/K) = detQv.

6.2. Fourier-Jacobi expansion of theta constants. One of the ingredients of
the proof of Theorem 1.22 is the introduction of a height function associated to
theta-functions. For this we need to recall a construction due to Mumford (cf.
[Mu66]). There he produced projective coordinates for a point representing an
abelian variety and an invertible sheaf in terms of theta constants.
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Working over the complex numbers, it is classical (see for example [Ig72]) that
theta constants give coordinates on the moduli space of abelian varieties; specifi-
cally, if 4 divides n, the functions (written with classical notations):

θ

[
a
0

]
(0, nτ) :=

∑
m∈Zd

exp
(
πi t(m+ a)(nτ)(m+ a)

)
, for a ∈ n−1Zd/Zd

have no common zeros and provide an embedding of the quotient of Siegel space
by Γ(n, 2n) (cf. loc. cit.). It is more suggestive to write this as

θ0
a =

∑
m∈Zd

∏
i,j

exp (πinτij(mi + ai)(mj + aj))

since the latter expression translates well in the p-adic context. We further shift
notations and rewrite this as

θ0
a =

∑
m≡a [n]

∏
i,j

q
mimj
ij =

∑
m≡a [n]

qm⊗m

where now m ∈ Zd, a ∈ (Z/nZ)d, qij = exp(πiτij/n) and qm⊗m :=
∏
i,j q

mimj
ij .

We now translate these classical formulas into the v-adic context, the first ob-
servation being that the last formula translates perfectly well replacing Gd

m,C by
Gd
m,Kv

. We take as a main reference Chai’s book [Ch85]2. To ease notations, we
will fix n = 4 and consider a principally polarized abelian variety (A,L). Mum-
ford’s theory of algebraic theta functions shows that one can view (well chosen)
classical theta functions as a canonical basis of the space of sections of L⊗4 and the
theta constants as the evaluation at the origin; thus everything is defined a priori
up to multiplication by a scalar. Thus the point φΘ(A,L) :=

(
θ0
a

)
a
∈ P4d−1 can

be viewed as the point corresponding to (A,L) in the moduli space of principally
polarized abelian varieties of dimension d (here a varies in Zd/4Zd).

We recall from the previous subsection that rigid uniformization provides us
with a matrix of periods q = (qij)1≤i,j≤r, where r is the dimension of the toric part
of the special fibre, also each a induces an element a ∈ Y/4Y . We find then the
general Fourier-Jacobi expansion of theta constants take the following shape (cf.
Proposition (2.4.1) of [Ch85], pages 147–8)

(6.3) θ0
a =

∑
z≡a [4]

θz,a · qz⊗z, with θz,a integral and z ∈ Y ∼= Zr.

Notice that we may assume that the scalar constant is chosen so that not only the
θz,a’s are integral but some are units. We thus can estimate v-adically these theta
constants, using this series.

It will be notationally convenient to assume (as we may without loss of generality)
that the matrix Q := (Qij)1≤i,j≤r = (ordv qij)1≤i,j≤r is Minkowski reduced; this
means that for j = 1 to r and for m ∈ Zr such that gcd(mj , . . . ,mr) = 1 we have
tmQm ≥ Qjj and implies that Q11 ≤ · · · ≤ Qrr and det(Q) ≤ Q11 . . . Qrr ≤ Qrrr.
For further reference, we note that there are constants cr such that tmQm ≥
cr(Q11m

2
1 + · · ·+Qrrm

2
r) and, in particular we see that, if mr is odd

(6.4) tmQm ≥ crQrr ≥ cr det(Q)1/r ≥ cd det(Q)1/d.

2The expert will note that Mumford’s theory of algebraic theta functions, in the original

papers or in that memoir, is built only when the characteristic is odd, however this defect has
been repaired subsequently by Faltings [ChFa90].
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Lemma 6.3. Let Z := {a ∈ Y/4Y such that θ0
a 6= 0}.

(6.5) max
a∈Z

ordv(θ0
a) ≥ cd det(Q)1/d and min

a∈Z
ordv(θ0

a) = 0.

Proof. We start by using the ultrametric triangle inequality to obtain from formula
(6.3)

ordv(θ0
a) ≥ cd min

m≡a [4]

tmQm.

When the r-th coordinate of ā is odd we get the lower bound of inequality (6.5) and
the first inequality follows, provide we check that some of these theta constants are
not zero. The latter follows from well-known properties of theta functions (e.g see
[Ig72] Lemma 14, Chapter III, page 125), which amounts, in this context, to the
fact that the odd theta’s provide moduli coordinates for the Kummer variety of A.

The second estimate follows from the universality of the contruction of theta
coordinates; more specifically, by construction, the theta constants θ0

a are integral,
but further they cannot all vanish modulo v because they still provide an embedding
of moduli space into projective space.

�

We now proceed to estimate the height of the coordinates given by the theta
constants of a principally polarized abelian variety, which is naturally defined
as follows (where, for convenience we normalize the absolute value by log |x|v =
− ordv(x) deg(v)).

Definition 6.4. The theta height of (A,L) is defined as

(6.6) hΘ(A,L) = h(φΘ(A,L)) =
∑
v

log max
a
|θ0
a|v

(notice that, due to the product formula, the ambiguity coming from a scalar in
the definition of the θ0

a is removed).

Selecting two non-zero theta constants θ0
a0

, θ0
a1

and a set of places S we get a
Liouville type inequality

(6.7) hΘ(A,L) ≥
∑
v∈S

log
|θ0
a1
|v

|θ0
a0
|v
.

We now choose S = S(a0, a1) the set of places in BA/K such that maxa∈Z ordv(θ0
a)

= ordv(θ0
a0

) and mina∈Z ordv(θ0
a) = ordv(θ0

a1
) and obtain upon using the inequali-

ties from Lemma 6.3

hΘ(A,L) ≥
∑

v∈S(a0,a1)

log
maxa∈Z |θ0

a|v
mina∈Z |θ0

a|v
≥ cd

∑
v∈S(a0,a1)

det(Qv)1/d deg(v).

Since we have a (fixed) finite set of a’s, a trivial box principle shows that, for
some choice of a0, a1, we will have∑

v∈S(a0,a1)

det(Qv)1/ddeg(v)�
∑

v∈BA/K

det(Qv)1/ddeg(v)

Putting everything together we obtain the inequality :

(6.8)
∑

v∈BA/K

cv(A/K)1/d deg(v)� hΘ(A,L).
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The theory of theta constants is built for abelian varieties admitting a symmetric
ample polarization; we may reduce to this case by using once more Zarhin’s trick
(cf. [Za75]) and noticing that, at least in the semistable case (see Lemma 8.2 and
the references given there):

cv(A4 ×A∨4)1/8d = cv(A/K)1/d.

We have thus essentially obtained the first part of the following theorem

Theorem 6.5. Let A be a non-constant abelian variety of dimension d and defined
over K. Let hdif(A/K) be its differential height. Let B = BA/K be the set of places
of K where A has bad reduction. Assume first that A has everywhere semistable
reduction. Then there exists a constant c1 > 0 (depending only on d) such that

(6.9)
∑

v∈BA/K

cv(A/K)1/d deg(v) ≤ c1 · hdif(A/K).

If we allow the reduction to be arbitrary but assume p > 2d+ 1, then we still have
the same inequality (with perhaps a different constant c1).

Proof. In the case where A has everywhere semistable reduction, the inequality
follows directly from the previous considerations. To see this, we observe that
hΘ(A,L) is the height of the corresponding point in moduli space and is therefore, by
the general theory of heights on projective varieties, comparable with the modular
height used in Section 3, i.e., hΘ(A,L) � hmod(A/K) and hence, by Proposition
3.3, we also have hΘ(A,L)� hdif(A/K).

If we no longer assume that A/K has everywhere semistable reduction, we can
still apply the previous results to AL := A ×K L, where L = K(A[`]), ` 6= p and
` ≥ 5 is a prime number, and therefore get the inequality (6.9), provided

(6.10) cv(A,K)� cw(A/L).

The latter, while probably always true, is unfortunately not known in full generality,
the situation is described as follows3. Here we tacitly localize at w/v, i.e. we let K
be a local field, with residual characteristic p.

Lemma 6.6. Let L/K be an extension over which A/K acquires everywhere semi-
stable reduction, denote Φ(A/K) (resp. Φ(AL/L)) the group of components of the
Néron model of A/K (resp. of AL/L) and define:

Ψ = Ψ(A,L/K) := ker(Φ(A/K)→ Φ(AL/L)),

then
(1) (Lorenzini [Lo90]) The cardinality of the prime-to-p part of Ψ is bounded

by 22d.
(2) (Edixhoven, Liu, Lorenzini [EdLiLo96]) The p-part of Ψ is killed by [L : K]

(hence vanishes if p > 2d+ 1).
In particular, if p > 2d+ 1 then #Φ(A/K) ≤ 22d#Φ(AL/L).

We already know that

(6.11)
∑
w∈ML

cw(AL/L)1/d deg(w)� hdif(AL/L).

3The authors thank Dino Lorenzini and Michel Raynaud for clarifying this issue and guiding
us towards the relevant bibliography.
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Since we assume p > 2d + 1, for every w ∈ ML lying over v ∈ MK we have
cv(A/K)� cw(AL/L). We know also by equation (3.1) that the number of places
where A has unstable reduction is bounded by chdif(A/K). Moreover, by Propo-
sition 3.3 we have hdif(AL/L) � hst(A/K) ≤ hdif(A/K), where the implied con-
stant depends only on d (we can take it as the minimum of the degree of extensions
K(A[`])/K, where ` runs over the prime numbers greater than 3 and different from
p). Hence, by (6.11), (6.10) and (3.1)∑

v∈BA/K

cv(A/K)1/d deg(v)�
∑

v∈UA/K

deg(v) +
∑

w∈BAL/L

cw(AL/L)1/d deg(w)

�
∑

v∈UA/K

deg(v) + hst(A/K)� hdif(A/K).

�

Remark 6.7. These computations show that, if we replace cv(A/K) by its prime-
to-p part, say c′v(A/K), then we get unconditionally the inequality∑

v∈BA/K

c′v(A/K)1/d deg(v) ≤ c1 · hdif(A/K).

From this we can recover the inequality between conductor and height:

fA/K �
∑

v∈BA/K

deg(v)� hdif(A/K).

Proposition 6.8. Assume A/K is has everywhere semistable reduction or that
p > 2d+ 1.

(6.12) T (A/K) :=
∏

v∈BA/K

cv(A/K)� H(A/K)ε.

Proof. Put δ = c2/ log hdif(A) (with a constant c2 large enough). The component
inequality we proved in that context (cf. Theorem 6.5) gives:

T (A/K)1/d

H(A/K)δ
≤

∏
v∈BA/K

cv(A/K)1/d

exp(c1δ log q deg(v)cv(A/K)1/d)

Now observe that xe−ux ≤ 1
eu (the maximum being obtained at x = u−1). Thus

we may restrict the product in the right-hand side of the latter inequality to the set
B1 of places in BA/K satisfying deg(v) ≤ (ec1δ log q)−1, the cardinality of which is
bounded by

#B1 ≤ c3q(ec1δ log q)−1
≤ c3hdif(A/K)1/ec1c2 .

We therefore obtain, provided c2 was chosen large enough

T (A/K) ≤ H(A/K)dδ
(

log hdif(A/K)
ec1c2 log q

)c3dhdif(A/K)1/ec1c2

≤ H(A/K)c4/ log h(A) � H(A/K)ε.

�

Remark 6.9. In the number field case, we have to assume semistable reduction at
all places with residual characteristic ≤ 2d+ 1.
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Remark 6.10. Using Remark 6.7, if we replace T (A/K) by its prime-to-p part,
say T ′(A/K) then we get unconditionally the inequality

T ′(A/K) :=
∏

v∈BA/K

c′v(A/K)� H(A/K)ε.

6.3. Jacobians and Noether’s formula. In this subsection we give an alterna-
tive and more geometric proof of the inequality (6.9) which is valid for semistable
Jacobian varieties; i.e., we assume that A/K has everywhere semistable reduction
and that it is the Jacobian variety of a smooth projective geometrically connected
curve X/K of genus d. It follows from [MD81, Proposition 5.7] that this is equiva-
lent to the fact that the minimal regular model π : X → C of X/K is a semistable
fibration of curves. In this circumstance we have a relative dualizing sheaf ωX/C
(cf. [Sz81]) and Noether’s formula holds ([Sz81, Lemme 1]) :

(6.13) h(A/K) = deg(π∗(ωX/C)) =
1
12

(
(ωX/C · ωX/C) +

∑
P∈C

δP

)
,

where δP denotes the number of singular points in the fiber XP := π−1(P ) of
π : X → C. Since by [Sz81, Proposition 1] we have (ωX/C · ωX/C) ≥ 0 which allows
us to conclude that

(6.14)
∑
P∈C

δP ≤ 12h(A/K).

Recall that φ : A → C is the Néron model of A/K. For every P ∈ C let
AP := φ−1(P ) be the special fiber of the Néron model of A/K at P and denote
by A0

P its neutral component. The next lemma follows from the description of
the relation between the group of components of the Néron model of A and the
intersection matrix of the special fiber of X and, together with (6.14) implies the
inequality (6.9) for the group of components.

Lemma 6.11. The following inequalities hold :

(6.15) cP (A/K) ≤ (AP : A0
P )� δdP .

Proof. (Compare with Lemma 2.7 and Theorem 1.6 in [Lo90]) A concise descrip-
tion of the situation may be seen in [Ar86, (1.21)]. For further details we follow
[BoLuRa90, Chapter 9]. Denote by Z1, · · · ,Zr the irreducible components of XP .
Let I := (Zi · Zj)i,j be the intersection matrix associated to the components. Ob-
serve that every point in the intersection of two components Zi and Zj is necessarily
a singular point of XP . Then the cardinality of the group of components is the gcd
of the (r−1)× (r−1) minors of the intersection matrix (see loc. cit.). We will need
the following facts (see for example Artin-Winters [ArWi71]) concerning curves of
a fixed genus d.

(1) After contracting chains of P1’s with self-intersection −2, the number of
possible configurations is finite.

(2) The number (say s) of chains of P1’s with self-intersection −2 is bounded
by d.

The key observation is that a chain of P1’s with self-intersection −2 with length
m produces m + O(1) singular points (the term O(1) enters to allow or not the
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counting of the ends) and yields a block of size m×m in the intersection matrix of
the shape:

(6.16) M =


−2 1 0 0
1 −2 1 0

. . .
. . . 1

0 1 −2


If we list together the components of the chain, the full intersection matrix will
read, if we denote 01 (resp. 10) a rectangular matrix with all entries equal to zero
except the coefficient in the right upper corner (resp. except the coefficient in the
left lower corner) which is 1:  ∗ 10 ∗

01 M 10
∗ 01 ∗


An elementary induction shows that the determinant of the matrix (6.16) is equal
to (−1)m(m+ 1). If the special fiber contains s chains of P1 with self-intersection
−2 of length m1, . . . ,ms, we find that

δP = m1 + · · ·+ms +O(1),

whereas the (r − 1)× (r − 1) minors of the intersection matrix satisfy

∆� m1 . . .ms.

Choosing a non-zero minor we therefore obtain

(AP : A0
P )� m1 . . .ms � (m1 + · · ·+ms)s � δsP ≤ δdP .

�

7. Special value at s = 1

7.1. The L-function of A/K. Let FA/K be the conductor divisor of A/K and
denote fA/K := deg FA/K and g the genus of C. Let bA/K := 2d(2g − 2) + fA/K .
Let ζK(s) be the zeta-function of K. Let φη : A → Spec(K) be the structural
morphism and  : Spec(K) ↪→ C the inclusion of the generic point in C. Let F :=
∗R

1(φη)∗Q`(1). For each 0 ≤ i ≤ 2, let Pi(s,F ) := det(1 − Fkq−s |Hi(Ck,F )),
where Fk denotes the Frobenius automorphism of k = Fq. The expression of the L-
function L(A/K, s) as a rational function follows from the Grothendieck-Lefschetz
formula and is given by

(7.1) L(A/K, s) =
2∏
i=0

Pi(s,F )(−1)i+1
.

The global degree (i. e. degP1−degP0−degP2) of the L-function is equal to bA/K .
Let d0 be the dimension of the Fq(C)/Fq-trace of A. Then deg(P0),deg(P2) ≤ 2d0 ≤
2d and thus (1 − q−1/2)2d0 ≤ P0(1) ≤ (1 + q−1/2)2d0 and (q1/2 − 1)2d0 ≤ P2(1) ≤
(q1/2 +1)2d0 . Therefore in order to estimate the special value of L(A/K, s) at s = 1
it suffices to suppose that both polynomials P0 and P2 are equal to 1, or equivalently
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that TrFq(C)/Fq (A) = 0. In any case bA/K = fA/K + O(1). We may therefore give
two expressions, the first valid for all s, the second valid for <(s) > 3/2:

(7.2) L(A/K, s) =
bA|K∏
j=1

(1− βjq−s) =
∏
v

2d∏
j=1

(1− αv,jq−sv )−1,

where |βj | = q and |αv,j | ≤ q
1/2
v (with equality for almost all v) and qv = qdeg v.

We denote r the analytic rank. We will denote P1(T ) =
∏bA|K
j=1 (1−βjT ) and P ∗1 (T )

the polynomial defined by P1(T ) = (1− qT )rP ∗1 (T ) so that

L∗(A/K, 1) = lim
s→1

L(A/K, s)
(s− 1)r

= (log q)rP ∗1 (q−1).

First we have the following trivial bounds.

Lemma 7.1. The special value at s = 1 satisfies:

(7.3) q−
bA|K

2 ≤ |L∗(A/K, 1)| ≤ 2bA|K+o(bA|K).

In particular, there exists a constant c = c(d) > 0 such that

(7.4) H(A/K)−c ≤ |L∗(A/K, 1)|.

Proof. It is known by [Bru92] that r = O(bA|K/ log bA|K) thus 1 ≤ (log q)r ≤
exp(cbA|K/ log bA|K). Liouville’s remark [L1851] yields directly a lower bound
q−bA|K for the value of the polynomial P ∗1 ∈ Z[T ] at q−1. Using symmetry we
can slightly improve this to q−bA|K/2. For the upper bound we simply note that
|1 − βjq−1| ≤ 1 + |βj |q−1 = 2, hence |P ∗1 (q−1)| ≤ 2bA|K . The second inequality
follows from the elementary inequality fA/K ≤ c1(d)hdif(A/K) + c2(d) (see also
Remark 6.7). For example when d = 1, we denote DA/K the minimal discriminant
divisor, then we have fA/K = degFA/K ≤ degDA/K = 12hdif(A/K) thus we may
pick c1(1) = 12 and c2(1) = 0. �

We now give analytic estimates to improve those trivial bounds when possible.
The function ζK(s) =

∏
v(1 − q−sv )−1 can be written QK(q−s)

(1−q−s)(1−q1−s) with a poly-
nomial QK of degree 2g and has a simple pole at s = 1. Thus if σ = <(s) > 1
then

|ζK(s)| ≤ c1
(σ − 1) log q

and if σ ≥ 1 then

|L(A/K, s)| ≤ (1 + q1−σ)bA/K ≤ 2bA/K .

Given a real number % > 0, it follows from the expression of L(A/K, s) as an Euler
product that if σ ≥ 3/2 + % then

(7.5) |L(A/K, s)| ≤ ζK(σ − 1/2)2d ≤ c2
(% log q)2d

,

for some c2 > 0. Even better, we may write

| logL(A/K, s)| ≤ 2d log ζK(σ − 1/2) ≤ 2d(− log(% log q) + c3),

for some c3 > 0. Using the rational expression for L(A/K, s) we get an upper
bound for σ > 1 :

| logL(A/K, s)| ≤ bA/K
∣∣log(1− q1−σ)

∣∣� bA/K log
(

1
σ − 1

)
.
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We record these bounds in the next result.

Lemma 7.2. Let % > 0, then for σ ≥ 1 + % we have

| logL(A/K, s)| � bA/K | log %|,

whereas for σ > 3/2 + % we obtain

| logL(A/K, s)| � | log %|.

Applying Phragmén-Lindelöf principle to the function logL(A/K, s) and the
vertical strip with abscissas a = 1 + % and b = 3/2 + % yields for γ > % :

| logL(A/K, 1 + γ + it)| � b1−2γ+2%
A/K | log %|.

Upon choosing 2% = γ = log log bA/K/ log bA/K , we obtain the following lemma.

Lemma 7.3. Let γ = log log bA/K/ log bA/K , then

(7.6) | logL(A/K, 1 + γ + it)| � bA/K
log log bA/K

log bA/K
.

We now recall the functional equation of L(A/K, s) :

(7.7) L(A/K, 2− s) = wq(s−1)bA/KL(A/K, s),

where w = (−1)r, if r = ords=1 L(A/K, s).
Using the functional equation (7.7) and again Phragmén-Lindelöf principle, we

see that the upper bound for |L(A/K, s)| remains valid in a strip 1−γ ≤ σ ≤ 1+γ.
More precisely the following lemma holds.

Lemma 7.4. Let γ := log log bA/K/ log bA/K and let Sγ be the strip 1− γ ≤ <s ≤
1 + γ, then

(7.8) max
s∈Sγ

|L(A/K, s)| ≤ exp(c4bA/K log log bA/K/ log bA/K),

for some c4 > 0.

Finally we get the upper bound we look for by applying Cauchy’s inequalities to
the function L(A/K, s) on the disk of center 1 and radius γ0, recalling the known
bound r = O(bA/K/ log bA/K) (see [Bru92]).

1
r!
|L(r)(A/K, 1)| ≤ max

|s−1|≤γ0
|L(A/K, s)|γ−r0 ≤ exp(c5bA/K log log bA/K/ log bA/K).

We have proven the following upper bound for the special value (we discuss lower
bounds in the next subsection).

Theorem 7.5. The following estimate holds :

|L∗(A/K, 1)| ≤ exp(c5bA/K log log bA/K/ log bA/K)� H(A/K)ε,

for some c5 > 0.
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7.2. Lower bounds for the regulator. We now give a proof of the promised
Diophantine type of lower bound for the regulator and establish a link between
small values of L(E, 1) and zeroes of L(E, s) close to 1.

Proposition 7.6. Let d ≥ 1, ε > 0 and K be fixed. There is a constant Cε such
that the Néron-Tate regulator of an abelian variety A/K of dimension d, satisfies
the following lower bound :

(7.9) Reg(A/K) ≥ CεH(A)−ε.

Proof. After replacing A by A × A∨ (Zarhin’s trick), we may suppose that A is
principally polarised. Denote by ĥNT the canonical Néron-Tate height on A and
P1, . . . , Pr a basis of A(K) modulo torsion; the regulator is then the Gram deter-
minant of these points with respect to the Néron-Tate euclidean norm.

We develop two arguments, the first one succeeds when the rank is not of maxi-
mal order i.e. when r = o(hdif(A/K)/ log hdif(A/K)) and the second one succeeds
for abelian varieties satisfying the so-called Lang-Silverman conjecture; we then
combined the two arguments by invoking the known results about the latter con-
jecture.

The first argument is based on the following two results.
(a) Lower bounds for the height of a non-torsion point of the shape ĥNT(P ) ≥

c1(d) · hdif(A/K)−c2(d), where d = dimA; such results were first established by
Masser in the (harder) case of number fields (cf. [Ma87, Corollary 1]).

(b) Minkowski type bounds which in our context can be expressed as follows :
let r be the rank of A(K) and let ĥNT,R the extension of ĥNT to A(K) ⊗ R and

|| · || =
√
ĥNT,R(·) the associated euclidean norm, let λ1, . . . , λr be the successive

minima and S the || · ||-unit ball, then

λ1 · . . . · λr · vol(S) ≤ 2r.

Let vr be the volume of the euclidean ball in dimension r, then vol(S) = vr ·
(Reg(A/K))−1/2, we conclude that

(7.10) Reg(A/K) ≥ cr(λ1 · . . . · λr)2 ≥ cr · λ2r
1 ≥ cr · c1(d)rhdif(A/K)−r·c2(d).

Notice that the “constant” cr = v2
r2−2r is ≥ e−r log r−c′1r.

Now, if we assume that we have r = o(hdif(A/K)/ log hdif(A/K)), we obtain
that both r log r and r log hdif(A/K) are o(hdif(A/K)) and therefore

Reg(A/K)� H(A/K)−ε.

Notice that r = O(fA/K/ log fA/K) (cf. [Bru92]) hence we always have r =
O(hdif(A/K)/ log hdif(A/K)), but on the other hand there are extremal abelian
varieties for which r has order fA/K/ log fA/K and hdif(A/K) �� fA/K ; we deal
with those in the next argument.

For the second argument we recall the following analogue of a lower bound
conjecture of Lang (generalized to abelian varieties by Silverman) : if A/K is
simple, principally polarized, then all points P ∈ A(K) of infinite order should verify
ĥNT(P ) ≥ c1h(A/K). Working with abelian varieties satisfying this, the previous
lower bound can be improved as follows, noticing that log r ≤ log hdif(A/K) (after
perhaps discarding finitely many A’s) :

Reg(A/K) ≥ exp(−r log r − c′1 · r + r log hdif(A/K))� exp(−c′′1r)� H(A/K)−ε.
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The current status of the relevant lower bound conjecture is as follows. Denote
by σA/K = hdif(A/K)/fA/K the higher dimensional Szpiro ratio.

(1) The conjecture is true for the family of twists of a given abelian variety
(Silverman [Si84]).

(2) The conjecture is true for the family of elliptic curves with bounded Szpiro
ratio (Hindry-Silverman [HiSi88]).

(3) The same is true for the family of abelian varieties, with bounded general-
ized Szpiro ratio, according to a work in progress by the second author and
David (cf. [DaPa]).

Note that when the moduli map jA is separable, the Szpiro ratio is known to
be bounded but otherwise, as stated in Theorem 5.3 we only get σA/K � pe. To
combine the two arguments, we argue as follows. Assume we are in the case when
the first argument fails, that is hdif(A/K)/ log hdif(A/K) � r = rk(A(K)). By
[Bru92] we also have r � fA/K/ log fA/K . As a consequence, in the case under
consideration, we have hdif(A/K)� fA/K and hence σA/K � 1. This implies the
full version of the aforementioned conjecture of Lang, i.e., that for all non-torsion
points P ∈ A(K) we have the inequality ĥNT(P ) ≥ c4(d, g) · hdif(A/K), where
c4(d, g) > 0 is a constant depending only on d and g, and we then conclude the
proof by the second argument and the results quoted. �

7.3. Lower bounds and small zeroes. Since lower bounds will clearly be influ-
enced by the distribution of zeros of L(A/K, s) near the critical value s = 1 we
start by discussing these. Since L(A/K, s) = P1(q−s) we have L(A/K, s+ 2πi

log q ) =

L(A/K, s) and L(A/K, s) = L(A/K, s) we need only to study zeros L(A/K, 1+it) =
0 with t in an interval of length 2π/ log q or even in [0, π/ log q]. It is convenient
to rescale t = θ/ log q and study the values of θ in an interval of length 2π. We
will refer to the values of the θ’s as the angles of the zeros since we can rewrite
L(A/K, s) =

∏
θ(1 − q1−seiθ). As observed in [Mic99] the explicit formula (cf.

[Bru92]) shows that the bA|K zeros are equidistributed in that interval with a dis-
crepancy δA at most 1/ log bA|K . In particular an interval I of length δ ≥ 1/ log bA|K
contains δbA|K(1 + o(1)) zeros. Philippe Michel [Mic99] has shown that δ � b−1+ε

A|K
suffices for most abelian varieties (i.e., the discrepancy is usually much smaller).
We easily deduce from this the following lemma.

Lemma 7.7. Let {θ} denote the sequence of angles of the zeros of L(A/K, s) then

(7.11)
∑

b−ε
A|K<θ�

log log bA|K
log bA|K

log |θ| � −εbA|K .

If further the discrepancy δA is o(1/ log bA|K) (which is true for most abelian vari-
eties according to [Mic99]), then for a given constant c, we have

(7.12)
∑

b−c
A|K<θ�

log log bA/K
log bA/K

log |θ| � −o(bA|K)

Proof. Put θ1 = b−εA|K . We cut the sum in two according to whether θ1 < θ <

1/ log bA|K or θ ≥ 1/ log bA|K . The sum over the former is bounded below by the
number of zeros times log θ1, hence it is at least −(log θ1)bA|K/ log bA|K while the
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sum over the latter is at least −bA|K
(log log bA|K)2

log bA|K
. If δA = o(1/ log bA|K), we proceed

similarly cutting the sum in two according to whether θ1 < θ < δA or θ ≥ δA. �

Using techniques from complex variables or explicit formulas as in [Bru92, Mic99]
it is not too difficult to prove estimates relating the size of the special value of the
L-function to the distribution of zeroes close to 1 (the argument seems to go back
at least to Siegel) like for example, when η = log log bA/K/ log bA/K :

logL∗(A/K, 1) =
∑

0<θ<η

log |θ|+ o(bA/K).

Putting this together with Lemma 7.7 we obtain the same estimate with η = b−εA/K
or even b−cA/K if the discrepancy is small enough (generic).

7.4. An example. We illustrate the previous computations with the following
examples of elliptic curves Ed defined over K = Fq(t) considered by Ulmer in
[Ul02] whose Weiertrass equation is given by :

y2 + xy = x3 − td.

For simplicity we assume that p > 3 and does not divide d. It follows from the
explicit expression of the j-invariant in loc. cit. that Ed is not defined over Kp

since, by assumption, p does not divide d. It follows from the calculations in [Ul02]
that :

fEd/K = d+ 1 + ε∞, H(Ed/K) = q
2d+%∞

12 , T (Ed/K) = dc∞,

where ε∞ is 0 or 2, depending on whether 6 divides d or not, %∞ = 2b with
d ≡ −b mod 6, b ∈ {0, 1, 2, 3, 4, 5} and c∞ ∈ {1, 2, 3, 4}. Ulmer observes that the
Tate conjecture is valid for a certain model φ : E → P1 of Ed. This implies by
[Ta66] that the first part of the Birch and Swinnerton-Dyer conjecture is true for
Ed/K, and through the result of Milne [Mil75], the full Birch and Swinnerton-Dyer
conjecture is true for Ed/K. Observe that the group of K-torsion points is trivial.
The BSD formula can therefore be written as

#X(Ed/K) · Reg0(Ed/K)
H(Ed/K)

=
P ∗1 (q−1)
qdc∞

,

where we put Reg0(Ed/K) = Reg(Ed/K)(log q)−r and define P ∗1 by P1(T ) = (1−
qT )rP ∗1 (T ).

Ulmer has also computed P1(T ) (up to finitely many factors which will not affect
the shape of our estimates) in terms of a polynomial whose reciprocal roots are some
explicit Jacobi sums (cf. [Ul02, Corollary 7.7]). In order to describe these sums let
us introduce the following notation.

Let Z ⊂ Q be the ring of all algebraic integers and p ⊂ Z a prime ideal above p
in this ring. The Teichmüller character from F̄p to Q̄ or rather τ : Z/p → µ∞ :=⋃
n≥1 µn is the inverse of the isomorphism µp′ → (Z/p)∗, where µp′ denotes the

prime-to-p group of roots of unity in Z.
Let Ĝ := {a = (a0, a1, a2, a3) ∈ (Z/dZ)4 | a0 + a1 + a2 + a3 = 0}.
Let Sd be the set of multiples (3m,−6m, 2m,m), where 0 ≤ m ≤ d − 1, but

m 6= d/2, d/3, d/6, viewed as a subset of Ĝ.
Define u(m) as the smallest positive integer such that qu(m)m = m mod d, so

that u(m) is the order of q modulo d1 = d/ gcd(d,m).
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For m ∈ Sd define the character χ = τ (qu(m)−1)m/d and the Jacobi sums by

J(m) :=
1

qu(m) − 1

∑
x0+...+x3=0

χ3(x0)χ−6(x1)χ2(x2)χ(x3),

where x0, · · · , x3 ∈ Fqu(m) .
Notice that |J(m)| = qu(m). We partition Sd into k orbits O1, · · · ,Ok modulo

multiplication by q and for each i choose mi ∈ Oi. Notice that the value J(m) does
not depend on the representative since J(qm) = J(m), then

(7.13) P1(T ) =
k∏
i=1

(1− J(mi)Tu(mi)).

In the course of proving the Birch and Swinnerton-Dyer conjecture for that example,
Ulmer showed that, under the assumption that d divides some pn + 1, we have
J(mi) = qu(mi) and therefore obtained the following formula for the rank, i.e., or
equivalently up to a bounded error it is a formula for k

rank(Ed(Fq(t))) =
∑
e|d

φ(e)
oe(q)

+O(1).

Here oe(q) denotes the order of q in the group (Z/eZ)∗ of order φ(e); see [Ul02,
Theorem 9.2] for a precise value of O(1). In particular,

P ∗1 (T ) =
k∏
i=1

1− qu(mi)Tu(mi)

1− qT
,

and thus

P ∗1 (q−1) =
k∏
i=1

u(mi) ≥ 1.

The upper bound of Theorem 7.5 can be proven directly here, using first the
arithmetic-geometric mean inequality

1 ≤
k∏
i=1

u(mi) ≤

(
1
k

k∑
i=1

u(mi)

)k
≤
(
d

k

)k
,

then, since oe(q) ≥ log(e)/ log(q), we have k � d log(q)/ log(d), concluding that :

1 ≤ P ∗1 (q−1)� (c log(d))d/ log(d) ≤ exp
(
d

log log(d)
log(d)

)
.

The lower bound, when d does not divide any pn + 1, can also be dealt albeit with
more effort. Denoting I1 (resp. I2) the set of i ∈ {1, · · · k} such that J(mi) = qu(mi)

(resp. J(mi) 6= qu(mi)) then

P ∗1 (q−1) =
∏
i∈I1

u(mi)
∏
i∈I2

(
1− J(mi)q−u(mi)

)
.

For m 6= d/2, d/3, d/6, put d1 = d/ gcd(d,m), the Jacobi sum J(m) lies in the
field generated by d1-th root of unity which we denote K(m). We can regroup
together the terms with conjugate Jacobi sums. In fact Shioda [Sh87] has done
part of this computation (essentially based on Stickelberger’s theorem), providing
a denominator of the shape qw for the norm N

K(m)
Q (1− J(m)q−u(m)). We restate
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this, applied to the context we are considering, in the following lemma. Given an
integer α, denote by {αd } the fractional part of α

d .

Lemma 7.8. (Shioda [Sh87]) Let m ∈ [1, d− 1]; put d1 = d/ gcd(d,m) and denote
by H the subgroup generated by q in (Z/d1Z)× and T = Td1 a set of representatives
of (Z/d1Z)×/H. Put also ψd(`) := { `d} + { 2`

d } + { 3`
d } + {−6`

d } − 1 and, for t ∈ T
set ct =

∑
h∈H ψd1(th) and w(m) :=

∑
t∈T max(u(m)− ct, 0) then

(7.14) N
K(m)
Q (1− J(m)q−u(m)) =

integer
qu(m)w(m)

.

Putting together the previous computations and this lemma we obtain the fol-
lowing corollary, under the observation of the elementary formula

(7.15) ψd(`) =


0 if { `d} <

1
6

1 if 1
6 < {

`
d} <

5
6

2 if { `d} >
5
6

Corollary 7.9. The special value P ∗1 (q−1) has denominator dividing qW where

W =
∑
d1| d

w(d1) =

∑
d1| d

∑
t∈T

max
[
#
{
h ∈ H | { th

d1
} < 1

6

}
−#

{
h ∈ H |

{
th

d1

}
>

5
6

}
; 0
]
.

Notice that trivially W ≤
∑
d1| d φ(d1) = d; also if −1 ∈ H (which means d

divides some pn + 1) then W = 0, so we recover the fact that in this case P ∗1 (q−1)
is integral. There remains to show that W = W (d) is o(d) in all cases and hence
L∗(Ed/Fq(t), 1) ≥ q−o(d). The following lemma suggested to us by Harald Helfgott
clearly implies the required estimate.

Lemma 7.10. Let notations be as above and let I be an interval of length µ(I) in
[0, 1] (or R/Z), then :

(7.16)
∑
t∈T

∣∣∣∣#{h ∈ H | {htd
}
∈ I
}
− u(d)µ(I)

∣∣∣∣ = o(φ(d)).

Proof. Let f = fd denote the characteristic function of H in Z/dZ and f̂ its Fourier
transform f̂(t) =

∑
x∈Z/dZ f(x) exp( 2πixt

d ); clearly |f̂(t)| ≤ u(d). By Plancherel’s
formula, we have ∑

t∈Z/dZ

|f̂(t)|2 = d
∑

t∈Z/dZ

|f(t)|2 = du(d).

Therefore the number of t’s such that |f̂(t)| ≥ ηu(d) is less than d
η2u(d) . Choosing a

function g(d) slowly increasing to infinity, we may infer that, for r with denominator
at most g(d) we have |f̂(rt)| ≥ ηu(d) except perhaps for O

(
dg(d)
η2u(d)

)
values of t. We

thus deduce via Weyl’s uniform distribution criterion (see for example [KuNi74])
that ∣∣∣∣#{h ∈ H | {htd } ∈ I

}
− u(d)µ(I)

∣∣∣∣ = o(u(d)),
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except perhaps for O
(
dg(d)
η2u(d)

)
values of t where the trivial bound O(u(d)) is valid.

Then we obtain the bound:∑
t∈(Z/dZ)×

∣∣∣∣#{h ∈ H | {htd
}
∈ I
}
− u(d)µ(I)

∣∣∣∣ ≤ ηφ(d)u(d) + c1
dg(d)
η2

and dividing by u(d) the lemma follows since d
φ(d)u(d) �

log log d
log d goes to zero. �

Remark 7.11. The proof did not really use the group structure of H = Hd, in
fact only the condition log log d = o(#Hd) was required. On the other hand, using
the group structure one can prove in many, but not all, cases that the individual
terms of the sum in (7.16) are small. Indeed if the order of q modulo d is large,
meaning at least dδ, then a difficult result of Bourgain [Bou05] tells us that H is
essentially equidistributed, since there exists ε = ε(δ) such that∣∣∣∣∣∑

h∈H

exp
(

2πith
d

)∣∣∣∣∣� #Hd−ε

and hence
∣∣∣#{h ∈ H | { thd1 } < 1

6

}
−#

{
h ∈ H | { thd1 } >

5
6

}∣∣∣� |H|d−ε. But if the
subgroup generated by q is too small, equidistribution may fail as the example
d = qn − 1, H = {1, q, . . . , qn−1} shows.

We have thus proven the following theorem.

Theorem 7.12. Consider the family of elliptic curves Ed/Fq(t) for integers d ≥ 1
not divisible by p. We have :

(1) (Ulmer) The Shafarevic-Tate group of Ed/K is finite.
(2) The classical Brauer-Siegel estimate holds for d→∞, i.e.,

log(#X(Ed/K) · Reg(Ed/K)) ∼ logH(Ed/K) ∼ d log q
6

.

7.5. Twists. We consider in this section a fixed elliptic curve E/K and the family
of its twists defined over K. If, for simplicity and concreteness, we assume the
characteristic of k is not 2 or 3 and K = k(t), we can describe very concretely this
family of twists. The curve has a Weierstrass equation y2 = f(x) where f is a
degree three polynomial with coefficients in K and the twists can be described as

ED : Dy2 = f(x),

where D is a square free polynomial in k[t].
A well-known theorem of Waldspurger relates, in the case of number fields, the

values L(ED, 1) with the D-th Fourier coefficient of a modular form of weight 3/2
(see [Wa81]). The analogue in the function field case is known (see [AT14, Wei13]
and can be stated as follows.

Proposition 7.13. (Analogue of Waldspurger’s theorem) Let E be an elliptic curve
defined over K, there exists a modular form of weight 3/2 with Fourier coefficients
c(·) such that

(7.17) L(ED/K, 1) = κ
c(|D|)2√
|D|

,

where κ > 0 depends only on a finite number of congruence classes for D.
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The known upper bound |L(ED/K, 1)| � |D|ε is thus equivalent to |c(|D|)| �
|D| 14 +ε which is a known case of the Ramanujan conjecture. The most reasonable
guess concerning the behaviour of the (size of) Fourier coefficients of a weight
3/2 modular form is that they satisfy some kind of Sato-Tate distribution. An
asymptotic heuristic distribution law is proposed in [CKRS00] and this suggests that
the coefficients do oscillate in their allowed range; further numerical computations
do exhibit small coefficient for large |D|, thus suggesting the following weaker form
suitable for our purpose:

Conjecture 7.14. Consider the set of values of D such that c(|D|) 6= 0, then

lim inf
log |c(|D|)|

log |D|
= 0 and lim sup

log |c(|D|)|
log |D|

=
1
4

Notice that, up to a bounded term degωED/K = degD
2 + O(1) and thus the

combination of formula 7.17 and this conjecture naturally imply

Conjecture 7.15. Consider the set of values of D such that L(ED, 1) 6= 0, then

lim inf
logL(ED/K, 1)
logH(ED/K)

= 0 and lim sup
logL(ED/K, 1)
logH(ED/K)

= 1

7.6. Twists of a constant curve. Consider an elliptic curve E over k = Fq,
we denote again E = EK the constant elliptic curve obtained by base change to
K. The numerator of the zeta-function of E over k is given by P (E/Fq, T ) =
(1− αT )(1− ᾱT ), where α ∈ C with |α| = √q. We work again over K = Fq(t); we
can interpret the special value of the L-function of ED/K as follows. Introduce the
hyperelliptic curve C = CD of genus g defined by v2 = D(u) and denote F = FD its
function field and EF = E×K F ; we have the well known relation (see for example
[Wei13], Remark 1, after Proposition 4.5, page 256)

(7.18) L(EF /F, s) = L(EK/K, s) · L(ED/K, s).

Now the value on the left is computed by Milne (see [Mil68], formula at the
end of the proof of Theorem 3, page 102). Let MC(T ) =

∏2g
j=1(1 − βjT ) be the

numerator of the Weil zeta function of CD and let r be the number of coincidences
between βj and α or ᾱ, then

(7.19) L∗(EF /F, 1) =
q(log q)r

#E(k)2

∗∏
1≤j≤2g

(1− βjα−1)(1− βjᾱ−1)

(where the ∗ on the product means that r terms with α = βj or ᾱ = βj are omitted).
In the same paper [Mil68] it is shown that the Shafarevic-Tate group of ED/K is
finite.

Now, in the case of a constant elliptic curve the L-function may be computed as
follows

L(EK/K, s) =
1

P (E/Fq, q−s)P (E/Fq, q1−s)
.

In particular L(EK/K, 1) = q/#E(k)2 and, from (7.18) and (7.19), we deduce that

(7.20) L∗(ED/K, 1) = (log q)r
∗∏

1≤j≤2g

(1− βjα−1)(1− βjᾱ−1).
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Now notice that the polynomial F (T ) =
∏

1≤j≤2g(1 − βjT ) satisfy a functional
equation F (T ) = qgT 2g ·F (1/qT ) and thus may be written F (T ) = T gG(T−1 +qT )
where the monic polynomial G(Y ) has degree g and real roots βj + qβ−1

j in the
interval [−2

√
q, 2
√
q]. The same applies to the factor F ∗(T ) :=

∏∗
1≤j≤2g(1− βjT ),

obtained by omitting the r terms where βj = α or ᾱ, with g replaced by g′ = g− r.
We get easily that∏

1≤j≤2g

(1− βjα−1)(1− βjᾱ−1) = F (α−1)F (ᾱ−1) =
G(α+ ᾱ)2

qg

and may state the result of this computation.

Proposition 7.16. Let E be an elliptic curve over k = Fq with Weierstrass equa-
tion y2 = f(x) and a := q + 1 − #E(k). For a squarefree polynomial D ∈ Fq[t]
let g :=

[
degD−1

2

]
and ED be the curve over K defined by Dy2 = f(x). Let

FD(T ) = T gGD(T−1 + qT ) be the Weil polynomial associated to the hyperellip-
tic curve v2 = D(u), let r be the number of coincidences βj = α or ᾱ and
F ∗D(T ) = T g−rG∗D(T−1 + qT ) be the polynomial obtained by removing from F (T )
all the factors 1− aT + qT 2. Then r is the rank of ED(K) and

(7.21) L∗(ED/K, 1) = (log q)r
G∗D(a)2

qg−r
.

Remark 7.17. The degree of the discriminant divisor of ED/K is 6(degD+ε) with
ε = +1 (resp. ε = 0) if degD is odd (resp. if degD is even), thus hdif(ED/K) =
(degD + ε)/2; if g is the genus of the curve v2 = D(u) then hdif(ED/K) = g + 1
and H(ED/K) = qg+1. The fact that the numerator is a square is no coincidence
since the numerator is essentially the cardinality of the Shafarevic-Tate group.

The polynomial GD(T ) is a polynomial of degree g = (degD + ε− 2)/2 and all
its roots are real and contained in [−2

√
q, 2
√
q], as E varies among elliptic curves

defined over Fq, the integer a takes all values in the same interval, it is natural
to expect that the minimum of the non-zero values of |GD(a)| should be relatively
small. This, combined with some explicit experiment, suggests that when we take
the family F of twists of a given elliptic curve E defined over Fq we should have

(7.22) lim inf
ED∈F

logL∗(ED/K, 1)
logH(ED/K)

= −1?

and therefore

(7.23) lim inf
ED∈F

BS(ED/K) = 0?

We close this section with the following observation. Following computations
going back to Weil, there are polynomials of the shape D(t) = utd + v for which
the numerator of the zeta function of the curve CD has essentially the shape :

M(T ) := 1−AT g + qgT 2g

with A an integer satisfying |A| ≤ 2qg/2. It is easily checked directly that M is a
Weil polynomial whose roots βj satisfy |βj | =

√
q and that

M(α−1)M(ᾱ−1) =
(αg + ᾱg −A)2

qg
.
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Now, if we make A vary among the range of allowed values and not equal to αg+ ᾱg

we find non-zero values which can be as small as 1. Unfortunately we cannot prove
that the polynomial M , which corresponds to an abelian variety of dimension g, in
fact comes from the Jacobian variety of a hyperelliptic curve, but this calculation
suggests that L(ED/K, 1) can be non-zero and very small.

8. Appendix : Invariance of statements

We gather in this appendix various reduction results known about the behaviour
of the quantities studied in this text (the L-function, the height, the regulator, the
Shafarevic-Tate group and the Tamagawa number of an abelian variety) by product,
duality and restriction of scalars. It follows for example that, in order to try to
prove Conjecture 1.3, we may assume A/K principally polarized or even reduce
to the case K = Fq(t). If any statement requires the order of the Shafarevic-Tate
group, we will be assuming that this group is indeed finite.

Lemma 8.1 (Behaviour under product). Let A1 and A2 be two abelian varieties
defined over K. The following formulas hold:

(1) H(A1 ×A2/K) = H(A1/K)H(A2/K).
(2) Reg(A1 ×A2/K) = Reg(A1/K) Reg(A2/K).
(3) #X(A1 ×A2/K) = #X(A1/K)#X(A2/K).
(4) T (A1 ×A2/K) = T (A1/K)T (A2/K).
(5) L(A1 ×A2/K, s) = L(A1/K, s) · L(A2/K, s).

Proof. Trivial. �

Lemma 8.2 (Behaviour under duality). Let A∨ be the dual abelian variety of A.
The following formulas hold:

(1) H(A/K) = H(A∨/K).
(2) Reg(A/K) = Reg(A∨/K).
(3) #X(A/K) = #X(A∨/K).
(4) If A/K has everywhere semistable reduction, we also have T (A/K) =
T (A∨/K).

(5) L(A/K, s) = L(A∨/K, s).

Proof. The first equality is a consequence of [Ra85, Corollaire 2.1.3]. The second
one is a tautology (since (A∨)∨ = A). For the third one we need the fact that
the Cassels-Tate pairing is non-degenerate (cf. [Mil86, Chapter I, Theorem 6.26]).
For the comparison of Tamagawa numbers, we consider a local field and let ΦA,
resp. ΦA∨ , be the group of components of A, resp. A∨. Grothendieck defined in
[Gr71, Exp. IX] a pairing ΦA×ΦA∨ → Q/Z and conjectured that it should be non-
degenerate. In the case where A (hence A∨) has everywhere semistable reduction,
this conjecture was proved by Werner (cf. [Wer97, Proposition 5.1], if one takes
into account the residue fields, see [Lo11]). The fourth equality follows from the
fact that the pairing is non-degenerate and the fact that our base field k is finite.
The fifth equality holds because A∨ is K-isogenous to A. �

Lemma 8.3 (Behaviour under isogenies of degree prime to p). Let φ : A → B
be an isogeny of abelian varieties defined over K of degree prime to p = char(Fq).
Then:

(1) H(A/K) = H(B/K).
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(2)
Reg(A/K) ·#X(A/K) · T (A/K)

#A(K)tor ·#A∨(K)tor
=

Reg(B/K) ·#X(B/K) · T (B/K)
#B(K)tor ·#B∨(K)tor

.

(3) L(A/K, s) = L(B/K, s).

Proof. The first equality was proved by Pars̆in [Pa68]; for the second one see Milne,
Theorem 7.3 and for the third one Lemma 7.1 in [Mil86, Chapter I]. �

Lemma 8.4 (Behaviour under p-isogeny). Suppose that there exists an integer
l (which may be equal to p) such that the l-primary component X(A/K)[l∞] of
X(A/K) is finite. Assume furthermore that A/K has everywhere semistable re-
duction. Let B/K be an abelian variety and f : A → B an isogeny of degree a
power of p. Then :

Reg(A/K) ·#X(A/K) · T (A/K)
#A(K)tor ·#A∨(K)torH(A/K)

=
Reg(B/K) ·#X(B/K) · T (B/K)
#B(K)tor ·#B∨(K)torH(B/K)

.

Proof. This result follows from [Mil86, Chapter III, Theorem 9.8] taking into ac-
count that the p-torsion subgroup X(A/K)[p] of X(A/K) is finite [Mil70, Theo-
rem] (cf. [Vv81]). �

Let F be a finite and separable extension of K. If A is an abelian variety defined
over K, we may extend scalars by defining the abelian variety AF := A×K F . The
adjoint operation was defined by Weil : if B is an abelian variety defined over F ,
then the restriction by scalars (denoted by RF/K(A)) is an abelian variety defined
over K of dimension [F : K] · dim(B) such that A(F ) = B(K).

Lemma 8.5 (Behaviour under restriction of scalars). Let F be a finite separable ex-
tension of K, A/F an abelian variety and B := RF/K(A) its restriction by scalars.
The following equalities are satisfied :

(1) H(A/F ) = H(B/K).
(2) T (A/F ) = T (A/K).
(3) Reg(A/F ) ·#X(A/F ) = Reg(B/K) ·#X(B/K).
(4) L(A/F, s) = L(B/K, s).

Proof. For the proof of item (2) see [Lo11]) and for the others see [Mil72, §1]. �
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Math. 340, 1970.
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Néron model. J. Algebraic Geom. 5 (1996), 801–813.
[EsVi02] H. Esnault, E. Viewheg, Chern classes of Gauss-Manin bundles of weight 1 vanish,

K-theory 26 (2002), 287–305.

[Fa83] G. Faltings, Arakelov’s theorem for abelian varieties, Invent. Math. 73 (1983), 337–
347.

[FrvP04] J. Fresnel, M. van der Put, Rigid analytic geometry and its applications, Birkhäuser,
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tiques, bâtiment Sophie Germain, 5 rue Thomas Mann, 75205 Paris Cedex 13, FRANCE
E-mail address: marc.hindry@imj-prg.fr

Universidade Federal do Rio de Janeiro, Instituto de Matemática. Mailing address:
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