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Abstract

Motivated by work of Lawrence, Venkatesh, and Sawin, we show that non-isotrivial
families of subvarieties in abelian varieties have big monodromy when twisted by
generic rank-1 local systems. While Lawrence and Sawin discuss the case of subvari-
eties of codimension 1, our results hold for subvarieties of codimension at least half
the dimension of the ambient abelian variety. For the proof, we use a combination of
geometric arguments and representation theory to show that the Tannaka groups of
intersection complexes on such subvarieties are big.
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1. Introduction

Recently, Lawrence and Venkatesh [40] have developed a technique to prove non-
density of integral points on varieties that are defined over a number field and sup-
port a geometric variation of Hodge structures with big monodromy. They used this
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method to give an alternative proof of the Mordell conjecture and to show nondensity
for hypersurfaces in projective space of a given (high) degree with good reduction
outside a fixed finite set of primes. Later, Lawrence and Sawin [39] applied this strat-
egy to show that (up to translation) any abelian variety over a number field contains
only finitely many smooth ample hypersurfaces with given Néron—Severi class and
good reduction outside a fixed finite set of primes. The main novelty of their work
lies in their way to control monodromy. The arguments of Lawrence and Venkatesh
have a topological flavor. For the Mordell conjecture they rely on a judicious choice
of Dehn twists; for hypersurfaces in projective space they use the computation of
the integral monodromy of the universal family by Beauville [3] (based on the work
of Ebeling [17] and Janssen [27]); see also the discussion by Katz in [29]. Instead,
the approach by Lawrence and Sawin involves Tannaka groups of perverse sheaves
on abelian varieties introduced by Krdmer and Weissauer [38]; the relation of these
groups to monodromy is reminiscent of the one between the monodromy group of a
variation of Hodge structures and its generic Mumford-Tate group (see [2]).

With a view towards new arithmetic applications along these lines (see [35]), we
prove a big monodromy theorem for families of subvarieties of higher codimension
in abelian varieties. Our results hold for all subvarieties of codimension at least half
the dimension of the abelian variety. The geometry in this codimension range is very
different from the codimension-1 case in [39], and the results about Tannaka groups
that we obtain on the way may be of independent interest.

1.1. Big monodromy

Let S be a smooth irreducible variety over an algebraically closed field k of char-
acteristic 0. Let A be an abelian variety of dimension g over k. Inside the constant
abelian scheme Ag := A x S, let 2~ C Ag be a closed subvariety which is smooth
over S with connected fibers of dimension d. The goal of this paper is to understand
the monodromy of rank-1 local systems on the smooth proper family f: 2 — S in

the following diagram:
VAR

A&As&)S

Our results apply both in the analytic and in the algebraic setup, using topological
local systems with coefficients in F = C for k = C (resp., étale £-adic local systems
with coefficients in F = Q, for a prime £) over an arbitrary algebraically closed field k
of characteristic 0. Let 71 (A, 0) be the topological (resp., étale) fundamental group
with the discrete (resp., profinite) topology, and denote the group of its continuous
characters by
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(A, F) = Hom(m; (A, 0),F>).

In what follows, by a linear subvariety we mean a subset I1(B,F) C TT(A, F) for an
abelian quotient variety A — B with dimB < dim A. We say that a statement holds
for most y € TI(A, ) if it holds for all y outside a finite union of torsion translates of
linear subvarieties. For y € I1(A, F), let L, denote the associated rank-1 local system
on A. It follows from generic vanishing (see [6], [38], [47]) that for most y the higher
direct images R’ f,7*L, vanish in all degrees i # d; we consider the local system

V, :=R? fun*L,

of rank |e|, where e is the topological Euler characteristic of the fibers of 2~ — S.
More generally, the study of finite étale covers of the subvariety 2~ C Ag induced by
finite étale covers of A leads to direct sums

V=V @D Vy,.

where y = (x1,..., xn) € II(A,F)" is an n-tuple of characters of the fundamental
group. sting the natural identification IT(A,F)" = I1(A”, F), we will also apply the
terminology most for such n-tuples of characters. Consider for s € S(k) the mon-
odromy representation

n
p: 71(S,5) —> GL(Vy.s) on the fiber Viys = @Hd(%,in).

i=1

The algebraic monodromy group of the local system V is the Zariski closure of the
image of p. By construction, it is an algebraic subgroup of

GL(Vy,,s) X = X GL(Vyy,,s) C GL(Vy,s).

This upper bound can sometimes be refined. We say that the subvariety 2~ C Ag is
symmetric up to translation if there exists a: S — A such that 2; = —2; + a(¢) for
all # € S(k). In this case, Poincaré¢ duality furnishes a nondegenerate bilinear pairing

9)(,5 . VXaS ® VX,S — LX,!I(S)

for each y € I1(A,F), because for the dual of a rank-1 local system and for its inverse
image under the translation 7,4): A = A, x — x + a(¢) we have natural isomor-
phisms

LY ~ [-1]*Ly, Tooylx = Ly ®F Lya@)-

The pairing 6,5 is symmetric if d is even, and alternating otherwise. Since the pairing
is compatible with the monodromy operation on the fiber, it follows that the algebraic
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monodromy group of V, is contained in an orthogonal (resp., symplectic) group in
the two cases. This leads to the following definition.

Definition
We say that V,, has big monodromy if its algebraic monodromy group contains the
group Gq x --- X G, as a normal subgroup where G; C GL(V, ;) is defined by

SL(Vy,.s) if 2 is not symmetric up to translation,
Gi := {SO(Vy, 5. 0y,,s) if Z is symmetric up to translation and d is even,

Sp(Vy;.s:0y;,s) if 2 is symmetric up to translation and d is odd.

Note that the connected component of the algebraic monodromy group of V, is
unaffected by base change along étale morphisms S’ — S. To take this into account,
we consider the fiber 25 of & — S at a geometric generic point i) of S. There are
four obvious cases where the local system V, does not have big monodromy. We say
that 25 C Ag,j; is N
(1) constant up to a translation if it is the translate of a subvariety Y C A along a

point in A(7). In this case, the algebraic monodromy is finite.

2) divisible if it is stable under translation by a nonzero torsion point x of A(7).
In this case, the algebraic monodromy of each V,,; is itself a group of block
matrices which is normalized by the group generated by the point x.

3) a symmetric power of a curve if there is a smooth curve C C Ag 7 such that
the sum morphism Symd C — Ag_ is a closed embedding with image 23
and d > 2. After an étale base change over S, we may assume that C spreads
out to a relative curve ¥ C Ag which is smooth and proper over S such that the
relative sum morphism Symg % — As is a closed embedding with image 2.
Then we have an isomorphism compatible with monodromy:

H(2;,L,) ~ AltY H' (%, L,).

4 a product if there are smooth subvarieties X, X, C Ag 7 of dimension greater
than 0O such that the sum morphism X; x X, — Ag 7 is a closed embedding
with image Z7. Again, after an étale base change over S we may assume
that X; spreads out to a subvariety 2; C Ag which is smooth and proper over S
such that the relative sum morphism 27 x 2, — Ag is a closed embedding
with image 2. Then we have the Kiinneth isomorphism which is compatible
with monodromy:

H (2. L)~ @) H(216Ly) @ H2(255.Ly).
i1+ir=d
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If %7 is nondivisible, then condition (1) holds if and only if the family 2~ — S
is isotrivial (see Corollary 4.8). To avoid the appearance of the exceptional groups E¢
and E; and some low-dimensional half-spin groups, we require a mild assumption on
the topological Euler characteristic.

Assumption 1.1
The topological Euler characteristic e of 27 satisfies

le] #£ 27 if d > 2 and £ is not symmetric up to a translation,
le| # 56 if d > 3 is odd and 2" is symmetric up to translation,

le] # 22m~1 ifd >(g—1)/4,m €{3,...,d} has the same parity as d
and 2 is symmetric up to translation.

Note that |e| > g if Z5 C Ag, 5 has ample normal bundle (see Lemma 2.12). We
do not know any example of a smooth subvariety of Ag 7 with ample normal bundle
and dimension d < (g — 1)/2 whose Euler characteristic e does not satisfy Assump-
tion I.1.

MAIN THEOREM (MONODROMY VERSION)

Suppose that X5 C As ; has ample normal bundle, dimension d < (g —1)/2, and

Assumption 1.1 holds. Then the following are equivalent:

(1) 5 is nondivisible, not constant up to translation, not a symmetric power of a
curve, and not a product.

(2)  Vy has big monodromy for most torsion n-tuples x € IL(A,F)".

Smooth proper subvarieties of a simple abelian variety have ample normal bun-
dle. Therefore, when A is simple, the preceding theorem is as general as it gets
for smooth subvarieties of dimension d < (g — 1)/2, save the finite list of excep-
tions in Assumption 1.1. When A is arbitrary, the theorem can be applied in the fol-
lowing concrete cases.

COROLLARY

Suppose that 25 C As,; is nondivisible, not constant up to translation, and one of

the following holds:

(1) A5 is a curve generating As j; and g > 4.

2) A5 is a surface with ample normal bundle which is neither a symmetric square
of a curve nor a product, and e # 27, g > 6.

3) Z5 is a complete intersection of ample divisors and d < (g —1)/2.

Then V has big monodromy for most n-tuples y € II(A,F)" of torsion characters.



1050 JAVANPEYKAR, KRAMER, LEHN, and MACULAN

Indeed, a smooth complete intersection of ample divisors is neither a symmet-
ric power of a curve (Corollary 2.10) nor a product (Remark 6.3) and its topological
Euler characteristic satisfies |e| > 28 and |e| # 27,56 (Corollary 2.17 and Proposi-
tion 2.16).

Over k = C, the main theorem in the analytic setup is deduced from the algebraic
one by the comparison between classical and étale topology; the hypothesis that the
characters are torsion is only used here. For the proof in the algebraic setting, we
start as in [39] by relating the algebraic monodromy to the Tannaka group of the
rank-1 local systems in question, seen as perverse sheaves on Z7. The idea is similar
to the study of monodromy groups via Mumford-Tate groups in the complex case
(see [2]). An analogue of the theorem of the fixed part due to Lawrence and Sawin
says that the monodromy will be big if we can show that the Tannaka group of the
geometric generic fiber is big (see Theorem 4.10); note that the property of the family
being symmetric up to translation can be read off from its geometric generic fiber
(Corollary 4.8). Thus, we are left with a question about the Tannaka group of the
geometric generic fiber of our family. In this setting, we will reset our notation and
replace k by an algebraic closure of the function field of S.

1.2. Big Tannaka groups

As before, let A be an abelian variety of dimension g over an algebraically closed
field k of characteristic 0. Let i : X < A be the inclusion of a smooth connected
closed subvariety of dimension d. We define the perverse intersection complex

SX = I*Fx[d]

as the pushforward of the constant sheaf, shifted in cohomological degree —d so that
it becomes an object of the abelian category Perv(A,F) of perverse sheaves on A as
in [4]. As we will recall in Section 3.1, the group law on the abelian variety induces
a convolution product on perverse sheaves, and the perverse intersection complex §x
generates a neutral Tannaka category (§x) with respect to this convolution. For the rest
of this introduction, we fix a character y € TI(A,F) with H (X, Ly)=0foralli #d.
Such a character exists by generic vanishing. We then have (see [38, Theorem 13.2])
a fiber functor

w: {(8x) —> Vect(F), P HY(A,P®L,).
Applying this fiber functor to P = §x, we recover the vector space
V:=w(x) = H'(A,6x ® L) = HY(X.L,).

The automorphisms of the fiber functor are represented by a reductive algebraic
group Gx  := Gy (8x) C GL(V) which we call the Tunnaka group of X (see also
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Definition 3.2). The definitions in Section 1.1 with S = Spec(k) show that if X C A
is symmetric up to translation, then V comes with a natural symmetric bilinear form 6
which is induced by Poincaré duality. This bilinear form is symmetric or alternating
depending on the parity of d, and it is preserved by the action of the group Gx 4 as in
[36, Lemma 2.1]. Let G‘;(j » C Gx,o be the connected component of the identity, and
let

GX.0 = [GX 0 CX.0]
be its derived group, which is a connected semisimple algebraic group.

Definition
We say that the Tannaka group Gx 4 of X is big if the derived group of its connected
component of the identity is

SL(V) if X is not symmetric up to translation,
Gx.» = {SO(V,6) if X is symmetric up to translation and d is even,

Sp(V,0) if X is symmetric up to translation and d is odd.

The main theorem from the previous section is obtained by combining the ana-
logue of the theorem of the fixed part by Lawrence and Sawin (Theorem 4.10) with
the following result, whose proof will be the main task of this paper. Again we need to
exclude a finite list of values of the topological Euler characteristic e of X, for which
we refer to Assumption 1.1 with S = Spec(k) and 2" = X.

MAIN THEOREM (TANNAKA VERSION)

Suppose that X C A has ample normal bundle, dimension d < (g — 1)/2, and
Assumption 1.1 holds. Then the following are equivalent:

(1) X is nondivisible, not a symmetric power of a curve, and not a product.

2) The Tannaka group Gy, is big.

The preceding statement can be applied in the following special cases.

COROLLARY

Suppose that X C A is nondivisible and one of the following holds:

(1) X is a curve generating A and g > 4.

(2) X is a surface with ample normal bundle which is neither a product nor the
symmetric square of a curve, and e # 27, g > 6.

(3)  Xis a complete intersection of ample divisors and d < (g —1)/2.

Then the Tannaka group Gx , is big.
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The Tannaka version of the main theorem also applies when X does not arise
from a family as in Section 1.1, so it is stronger than the monodromy version. We also
note that over the complex numbers both versions apply in many cases where we have
no control on Mumford—Tate groups of the subvarieties. Again, when X is a complete
intersection of ample divisors, then automatically |e| # 27,56, X is not a symmetric
power of a curve nor a product.

1.3. Sum morphisms

Before we describe the proof of the main theorem, let us illustrate the meaning of big
Tannaka groups with a simple application. Let X C A be a subvariety of dimension d.
For any integer r > 1, the sum morphism induces a morphism

Sym" X — W, (X):=X+---+XCA

onto the r-fold sum of the subvariety inside the abelian variety. If X C A has ample
normal bundle, or more generally if it is nondegenerate in the sense of Section 2.3
below, then for r < g/d this sum morphism is generically finite onto its image. In
general it will not be birational.

Example

Let C be a smooth projective curve of genus g > 2, seen as a subvariety of its Jacobian
variety A = Pic®(C) via the Abel-Jacobi embedding for a given basepoint. If C has
gonality > d, then

X:=Wy (O CA

is a smooth subvariety. For r > 1, the map Sym" X — W, (X) = W,;4(C) is not
birational. Moreover, the symmetric power Sym” X is singular for d > 1 but its
image W, (X) = W,4(C) is smooth if C has gonality greater than rd .

In the above example the Tannaka group Gy, is not big for d > 1 (see
Lemma 7.2 below). For subvarieties whose Tannaka group is big, which by our
main theorem is true in most cases, we have the following result.

THEOREM

Let X C A be a smooth subvariety of dimension d with ample normal bundle, and
let r be an integer with 2 <r < g/d. If the Tannaka group Gx ,, is big, then the sum
morphism Sym” X — W,.(X) is birational and for d > 1 its image W, (X) is singular.

The key point here is the birationality, which will be shown in Lemma 3.8. Once
the birationality is known, the smoothness of W, (X) implies that the sum morphism
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is an isomorphism by Proposition B.4. In particular, Sym” X is then also smooth,
so d = 1 by Proposition B.3. The proof of Lemma 3.8 relates the direct image of the
constant sheaf under the sum morphism to the decomposition of wedge or symmetric
powers of V € Repp(Gx ). In fact Larsen’s alternative yields a necessary and suffi-
cient criterion for the Tannaka group to be big, using only the decomposition of the
direct image of the constant sheaf under the sum morphism for » = 2. But it seems
hard to control this direct image in the generality needed for our main theorem, so
for the proof of the main theorem we follow a different route that will be described
in Sections 1.4, 1.5, and 1.6.

1.4. Simplicity of Tannaka groups

The first step in our proof of the main theorem from the previous section will be
to show that under the given assumptions, the algebraic group G;"(,w is simple. We
refine the methods in [33, Section 6] to obtain the following simplicity criterion (see
Theorem 6.1).

THEOREM A

Suppose that X C A is nondivisible and has ample normal bundle. Then for g > 3 the

following are equivalent:

(1) The algebraic group G;‘(,w is not simple.

2) There are smooth positive-dimensional subvarieties X1, X, C A such that the
sum morphism induces an isomorphism

X; x X5 — X,

A smooth projective curve C C A generating A has ample normal bundle, thus
the algebraic group G’é,w is simple for g > 3. When g = 2, the simplicity of G(*;w
remains open. More generally, Theorem A implies that G;*(, » 18 simple when X C A
is nondivisible with ample normal bundle and
(1) the image of the Albanese morphism X — Alb(X) is nondegenerate in the
sense of Section 2.3, or more generally

2) the natural morphism ¢: Alb(X) — A is an isogeny. By Debarre’s Barth—
Lefschetz theorem for abelian varieties (see [11, Theorem 4.5] or Remark 6.3)
this is the case as soon as d > g/2 or when X is a complete intersection of
ample divisors and d > 2.

Note that situation (2) above is a particular case of (1).

Our proof of Theorem A uses characteristic cycles on the cotangent bundle T*A
and their link with representation theory (see [33], [34]). The idea is roughly as fol-
lows. If the group G;‘(, » 18 not simple, then the representation V = w(8x) is an exter-
nal tensor product of representations. This allows us to decompose the characteristic
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cycle of the perverse sheaf §x as a Pontryagin product. But for smooth subvarieties the
characteristic cycle is integral and equal to the conormal bundle to X C A. Using our
assumption that the normal bundle is ample, we can then rule out decompositions as
Pontryagin products via computations with Segre classes. For convenience, we recall
some relevant background in Section 5, together with computations for the Dynkin
types A, B, D to be used later. The integrality of the characteristic cycle also implies
that the representation w(8x) € Repg(Gy ,,) is minuscule in the sense that its weights
for a maximal torus form a single Weyl group orbit, due to the following general result
(see Corollary 5.15).

FACT

Let P € Perv(A,F) be a perverse sheaf whose characteristic cycle is integral and
not stable under any nontrivial translation on the abelian variety. Then w(P) is a
minuscule representation of G, (P).

There are only few nontrivial minuscule representations V of a simply connected
simple algebraic group G, all of which are listed in Table 1. The dimension of w(8x)
is the absolute value of the topological Euler characteristic of X. Recall that the sub-
variety X C A is symmetric up to a translation if and only if the vector space w(8x)
carries a nondegenerate bilinear form preserved by the action of G;"(’ - and this pairing
is symmetric if d is even and alternating if d is odd (see [36, Lemma 2.1]). This rules
out the occurrence of E¢ for symmetric subvarieties; note that the group E¢ appears as
the Tannaka group of the Fano surface in the intermediate Jacobian of a smooth cubic
threefold, but d = (g — 1)/2 here because d =2 and g = 5. Similarly, the group E-
preserves a nondegenerate alternating bilinear form on its 57-dimensional irreducible
representation, so subvarieties X with G;‘(, » = E7 must be odd-dimensional. However,
for d = 1 this does not happen as we show by a direct geometric argument (see Corol-
lary 3.11), and in higher dimension we do not have any such example. Altogether, to
prove that the Tannaka group is big and conclude the proof of the main theorem from

Table 1. Minuscule representations V of simply connected simple groups G.

Dynkin type G A% dimV
A, SLy+1 rth wedge power (" jr n
B, Spiny,, 41 | spin 2"
Cn Spss, standard 2n
Dy, Spin,,, standard of SO»,, 2n
Dy Spin,,, half-spins 2n=1

smallest nontrivial

Es Ee or its dual 27
E7 E; smallest nontrivial 56
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Section 1.2, we are left with wedge powers and spin representations. The next two
sections will characterize the occurrence of the former and rule out the latter.

1.5. Wedge powers

In contrast to the situation for hypersurfaces studied by Lawrence and Sawin in [39],
one cannot rule out the occurrence of nontrivial wedge powers for subvarieties of
higher codimension by numerical arguments. In fact, wedge powers do appear, but
we will use geometric arguments to obtain the following complete classification (see
Theorem 7.3).

THEOREM B

Suppose that X C A is nondivisible, has ample normal bundle, and d < (g — 1)/2.

Then, the following are equivalent:

(1) There are integers r, n with 1 <r <n/2 such that Gy , =~ Alt"(SLy)
and w(8x) is the rth wedge power of the standard representation.

2) There is a nondegenerate irreducible smooth projective curve C C A such that
N X=C+H .-+ CCAisthe sumof r copies of C, and
. the sum morphism Sym” C — X is an isomorphism.

1.6. Spin representations

Recall that for N > 3 the group SOn(F) admits a double cover by the spin
group Spiny(F), a simply connected algebraic group with a faithful representa-
tion Sy, the spin representation. We have dimSy = 2" for n = |[N/2], and if N
is odd, then the spin representation is irreducible. If N = 2n is even, then the spin
representation Sy =~ S:{ @ Sy splits as the direct sum of two irreducible repre-
sentations called the half-spin representations. They both have dimension 2”~!. For
odd n = 2m + 1, the half-spin representations are both faithful and dual to each other;
for even n = 2m, they are both self-dual and their images Spinfm (F) c GL(S%,)
are called half-spin groups. We show that spin or half-spin groups do not occur for
smooth nondivisible subvarieties of high enough codimension (see Theorem 8.3).

THEOREM C

Suppose that X C A is nondivisible, has ample normal bundle, and d < (g — 1)/2.
Then the pair (Gx o, ®(0x)) is not isomorphic to any of the above spin or half-spin
groups with their spin or half-spin representations unless

(G¥.o. @(8x)) = (Spin;, (F).Si;,) for somem e {3,....d},

in which case X has topological Euler characteristic of absolute value 2™ and is
symmetric up to a translation, d —m is even and d > (g — 1) /4.
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The main theorem in Section 1.2 now follows by combining Theorems A, B, C,
and from this we also obtain the main theorem in Section 1.1 by the analogue of the
theorem of the fixed part given by Theorem 4.10.

1.7. Conventions and notation

We always work over a field k of characteristic 0. A variety over k is a separated finite
type k-scheme, and a subvariety is a closed subvariety unless said otherwise. An alge-
braic group is a finite type group scheme over a field. For a locally free sheaf & (of
finite rank) on a variety X, we denote by (&) := Proj Sym® &V the associated pro-
jective bundle. If A is an abelian variety over k, we denote by Lie A its tangent space
at the identity and define P4 := P((Lie A)"). For a smooth projective connected vari-
ety X, we denote by Pic®(X) the connected component of the identity in its Picard
scheme. This is an abelian variety, and we denote by Alb(X) its dual abelian variety.
Given a locally closed subvariety Y of a variety X over k, let ¢y,x denote the conor-
mal sheaf of Y in X, that is, the &y-module 1/ 12, where I is the ideal sheaf of the
closed immersion i : Y — U for a suitable open subset U C X.

2. Gauss maps, positivity, and nondegeneracy

In this section, we recall from the view of conormal geometry various notions of
positivity and nondegeneracy for subvarieties in abelian varieties. We denote by A an
abelian variety over an algebraically closed field k of characteristic 0.

2.1. The stabilizer and the abelian variety generated
The stabilizer of a subvariety X C A is the algebraic subgroup Staba(X) C A
whose k-points are

Staba (X) (k) = {a € A(k) | X + a = X}.

Write Stab(X) = Staba (X) if the ambient abelian variety is clear from the context.

Definition 2.1
We say X C A is nondivisible if it is integral and Stab(X) is trivial.

If X C A is a connected subvariety, then the abelian subvariety generated by X
is defined to be the smallest abelian subvariety (X) C A containing the image of the
difference morphism X x X — A, (x,x’) = x — x’. Note that this image X — X C A
is connected because X x X is so.

2.2. Conormal varieties and Gauss maps
Let us briefly recall the notion of conormal varieties and Gauss maps, which will be
crucial later. For abelian varieties, the cotangent bundle Q}A is a trivial bundle with
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fiber H*(A, Q1) = (Lie A)Y of rank g = dim A. Consider the projection
p: P(Q)) — Py =P((LieA)Y).

If A C P(Q)) is a (g — 1)-dimensional integral subvariety, then for dimension reasons
the morphism

ya:=pa: A—Pa

is either dominant (and hence generically finite) or not dominant. We say that A is
clean in the first case and negligible in the second case. In the clean case, we denote
by deg A the generic degree of the generically finite dominant morphism y,, and in
the negligible case, we formally put deg A = 0.

We want to apply these definitions to conormal varieties, for which we need some
more notation. For any subvariety X C A, its conormal sheaf €%/, fits in the exact
sequence of coherent sheaves

%X/A —l> Q}“IX —> Q;( —> 0.

If X C A is regular immersion, then @4 is locally free, and if X is moreover integral,
then i is injective. If X is smooth, then all three terms are locally free and the sequence
is short exact.

Definition 2.2
For a reduced subvariety X C A its (projective) conormal variety Ax C IP’(QA) is the
closure of P(€xres/a) in IP’(Q/&). The Gauss map of X is the morphism

Yx ' =VYax: Ax—>Pa.

Let pry: Ax — X be the projection, and let Ax , := pr;(1 (x) for x € X(k).

Remark 2.3

As we almost exclusively work with the projective conormal varieties and not with

affine ones, we will usually drop the adjective projective. We clearly have the follow-

ing:

(D The morphism yx|y  : Ax,x — Pa is injective.

2) If X is smooth at a point x, then Ax x = P(éx/a, x), Where 6x/a x denotes the
fiber at x of the conormal bundle.

(3)  If X'is smooth, then Ax = P(%x/a).

The effect of isogenies on conormal varieties is easy to control. For an integer
e > 1 and an integral subvariety X C A, we denote by [e](X) C A its image under the
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isogeny [e]: A — A. We will always endow this image with the reduced subscheme
structure, and we denote by ex := [e]|x: X — [e](X) the finite morphism obtained by
restriction of the isogeny to the given subvariety. By abuse of notation, we also denote
by [e] : A x Py — A x P4 the induced morphism. Then we have the following.

LEMMA 2.4
Let X C A be an integral subvariety, and let Y = [e](X) C A for an integer e > 1.
Then we have an identity of cycles

[e]*Ax = deg(ex) -Ay.

In particular, if the subvariety X C A is nondivisible, then [e]+Ax = Ay.

Proof

The first claim follows easily from the fact that by construction the conormal vari-
ety to any integral subvariety is integral. The second claim is then clear because the
morphism ex: X — Y is birational if X is nondivisible. (]

COROLLARY 2.5
Let X C A be a smooth integral subvariety, and let Y = [e](X) for an integer e > 1.
Then the fibers of pry: Ay — Y are pure of dimension codimpa Y — 1.

Proof
Lemma 2.4 gives a commutative diagram

Ax — Ay

Pfxl lPTY
X —2%5v

where the horizontal arrows are finite morphisms. If X is smooth, then the fibers of
the morphism pry : Ax — X are pure of dimension codimy X — 1. O

2.3. Positivity and nondegeneracy of subvarieties

We now discuss various notions of positivity and nondegeneracy for subvarieties of
an abelian variety. We say that an integral subvariety X C A is degenerate if there
exists a surjective morphism 7 : A — B of abelian varieties with

dim 7 (X) < min{dim B, dim X}.

Otherwise, we say that X is nondegenerate. Any closed point on the abelian variety
is a nondegenerate subvariety, and so is the abelian variety itself. Also note that if
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the abelian variety A is simple, then any integral subvariety is nondegenerate. We

say that a proper integral variety X is of general type if there is a proper birational

morphism v: Y — X from a smooth proper connected variety Y with big canonical
bundle. For instance, we have the following:

(1) An integral effective divisor X C A is nondegenerate if and only if it is ample.
A curve X C A is nondegenerate if and only if it generates A. See [11, Sec-
tion 1, Examples].

(2)  For any elliptic curve E and any simple abelian variety B of dimension at
least 3, Debarre has constructed in [11, p. 189] a smooth subvariety

XCA=ExB

of codimension 2 which is nondegenerate but whose normal bundle is not
ample. The smooth subvariety is obtained by choosing a general ample divi-
sor D C B and intersecting E x D with a general ample divisor in A.

3) Fori = 1,2, let A; be an abelian variety, and let X; C A; be a nondegenerate
integral subvariety. By considering the projections onto the factors, one sees
that X; x X5 C A; X A, is of general type but degenerate.

Remark 2.6
Nondegeneracy is invariant under isogenies. Let f: A — A’ be an isogeny of abelian

varieties over k. Then an integral subvariety X C A is nondegenerate if and only
if f(X) CAis.

In what follows, we often consider the sum morphism o : X XY — A for reduced
subvarieties X, Y C A, and we denote by X + Y C A its image. For nondegenerate
subvarieties, we have the following result by Debarre.

LEMMA 2.7
Let X, Y C A be integral subvarieties.
(1) If X is nondegenerate, then

dim(X + Y) = min{dim(X) + dim(Y). dim(A)}.

2) If X and Y are both nondegenerate, then sois X +Y C A.

Proof
See [13, Corollary 8.11]. O

The relations between the various notions of nondegeneracy and positivity that
will play a role in this paper are summarized in the following diagram where for a
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smooth proper subvariety X C A we denote by . 4%/, its normal bundle:

A simple

X smooth Ax Icfean
X th and G i ‘ Stab(X
SOt an au.s S map yX ' ——> X nondegenerate —— N ,( )
Ax/a ample a finite morphism finite
X smooth H
X of general type

More precisely, we have the following.

THEOREM 2.8

Let X C A be an integral subvariety with 0 < dim X < dim A.

(1) The following are equivalent:
(a) The conormal cone Nx is clean.
(b) The algebraic group Stab(X) is finite.
© The variety X is of general type.

(2)  If X is nondegenerate, then Stab(X) is finite and (X) = A.

3) If yx: Ax — Py is a finite morphism, then X is nondegenerate.

4) Suppose that X is smooth. Then the normal bundle Nxx is ample if and only
if the Gauss map yx: Ax — Py is a finite morphism.

5) If A is a simple abelian variety and X is of general type, then X is nondegen-
erate. If X is moreover smooth, then Nx A is ample.

Proof

(1) The equivalence (a) < (b) is shown in [52, Theorem 1], while the equivalence
(b) & (c¢) follows from Ueno’s fibration theorem (see [49, Theorem 3.10]; see also
[1, Theorem 3]).

(2) For the finiteness of the stabilizer, denote by p: A — B := A/ Stab(X) the
quotient morphism. This quotient morphism is not surjective, since by construction
we have p~1(p(X)) = X # A. The nondegeneracy of X then forces p: X — n(X)
to be generically finite, and it follows that Stab(X) is finite as desired. To show
that (X) = A, consider the quotient morphism ¢: A — A/(X). The image ¢(X)
is a point, hence the nondegeneracy of X and the assumption dimX > 0 imply
that dim A/ (X) = 0, which shows that we have (X) = A.

(3) We prove the contrapositive. If X C A is degenerate, then by defini-
tion there is a surjective morphism m: A — B of abelian varieties such that
dimY < min{dim B, dim X}, where Y := 7(X). We have the following commutative
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diagram of Ox-modules with exact rows

(T*Cyp)x —— (T*QL)x —— @T*QL)x — 0

I Jo= |

T ——— QL > QL

<+
(e

where drr is the pullback of differential forms along 7. Here i is injective over the
smooth locus X" C X, and likewise j is injective over 71 (Y™¢). Indeed, the short
exact sequence

O - (CgY/B)lYmg — Qlllereg — Q{Ireg —> O

of Oyrz-modules is locally split because the Oyrez-module QY. is locally free; the
pullback along 7 of the above short exact sequence hence stays exact. It follows
that ¢ is also injective over the nonempty open subset

U:=X"e N~ l(Y™e).

The hypothesis dimY < dimX implies that the morphism 7jy: U — Y™® is not
generically finite. Thus, for y ranging over a dense open subset of Y™¢, the
fiber Z := n~1(y) N U is positive-dimensional. Pick v € 4y, nonzero, which
exists because dimY < dimB. Then

0#j() () Gxx-

X€EZ

Thus, if we denote by F:= pry(yx ' ([j(v)]) C X the image of yx ' ([j(v)]) under the
projection Ax — X, then the subset Z is contained in F. This shows that the dimension
of y< 1([j(v)]) is positive.

(4) Since X is smooth, we have Ax = IP(6x/s). The normal bundle 4%/, is
globally generated, thus the equivalence is [42, Example 6.1.5].

(5) When A is a simple abelian variety, any integral subvariety is nondegenerate,
and the ampleness of the normal bundle of a smooth subvariety X in A follows from
[25, Proposition 4.1]. O

2.4. Symmetric powers of curves in abelian varieties

We show here that symmetric powers of a (smooth projective) curve C cannot be
embedded as a complete intersection of ample divisors as claimed in Section 1.5.
Recall that the curve C has gonality at least n + 1 if and only if the sum map induces
an isomorphism Sym” C — X := C+---+C C Pic®(C). If so, the normal bundle of X
is ample (see [11, Section 1, Examples (2)]). Imposing further positivity properties to
the normal bundle is far more restrictive.
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PROPOSITION 2.9
Let C C A be a smooth irreducible projective curve such that the sum morphism
Sym”"C — X :=C + --- + C C A is an isomorphism for some n > 2. Then C is
nonhyperelliptic of genus g > 3 and the following hold:
(D If the normal bundle Nx/a = V1 @ --- ® ¥4 is a direct sum of ample vector

bundles, then

n< max rk¥ + 1.
i=1,...,r

2) The normal bundle Nx;a is a direct sum of ample line bundles if and only

ifg =3, n=2 and A is isomorphic to Pic’(C).

Proof
By Lefschetz’s principle, we may assume k = C. First of all, the curve C is nonhyper-
elliptic of genus g > 3. Otherwise, C would be symmetric when suitably embedded
in its Jacobian. In particular, the sum morphism would contract the antidiagonal and
thus would not induce an isomorphism Sym” C ~ C + --- + C.

(1) Arguing by contradiction, suppose that the inequality in the statement does
not hold. Then we can apply the Barth-Lefschetz theorem (see [1 1, Theorem 4.5]) to
obtain isomorphisms

H (A) ~H' (X), i=1,2,

of rational cohomology groups. On the other hand, the computation of cohomology
of symmetric powers of curves [43, (1.2)] yields the following expressions:

H!(X) = H'(Sym" C) ~ H!(C")®" = H’(C) ® H!(C),
H?(X) = H2(Sym” C) ~ H2(C")®" = Alt? H'(C) @ H°(C) ® H(C)"!.
Recalling the equality H2(A) = Alt> H' (A), we obtain a contradiction.
(2) If C has genus g = 3, then the subvariety C + C C Pic®(C) is a theta divisor
and hence ample. Conversely, suppose that the normal bundle .45/, is a direct sum

of ample line bundles. We first claim that then A is isogenous to Pic®(C). Indeed, as
above we have isomorphisms

H!(A) ~H (X) ~ H'(C).

We cannot conclude as in (1) because the Barth—Lefschetz theorem here only says
that H?(A) — H2(X) is injective. Instead, write A5x/p = £ @ -+ @ Ly for ample
line bundles .Z; on X. By looking at the short exact sequence

0—)Tx—>LieA®ﬁx—>f/&/A=$1@"'@fg_2—>0,
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we see that the line bundles .%; are globally generated and
L@ ® Ly A, 2.1

where J#x = Alt? Q)l( is the canonical bundle on X. We identify X with Sym? C and
write w: C x C — X for the quotient morphism. Since 7 ramifies exactly on the
diagonal A of C x C, we have n*.#x = J#cxc(—A). Let us fix a point p € C(k) and
consider the embedding f: C - CxC, x — (x, p). Then

f Utk = e (=p). 2.2)

On the other hand, fori = 1,..., g —2, the line bundle .#; := f*7*.%; on C is ample
and globally generated. Moreover, the curve C being nonhyperelliptic, we necessarily
have deg.#; > 3. By combining (2.1) and (2.2) and then by taking degrees, we obtain
the inequality

g2

2g —3 =degHc(—p) =) deg.s; = 3(g —2).

i=1
This forces g = 3. For a suitable Abel-Jacobi embedding C < Pic®(C), there exists
an isogeny ¢ : Pic®(C) — A such that the following diagram commutes:

Sym?’C —— ® —— Pic®(C)

H [

Sym?C —— X « > A

Here the leftmost horizontal arrows are induced by the sum and ® C Pic?(C) is a
theta divisor. The preimage ¢~!(X) is smooth, thus its connected components are
irreducible. As © is one of them, the others are ® + a for a € Ker ¢. Since any two
translates of an ample divisor meet, we have ® = ¢~!(X). But the isogeny ¢ induces
an isomorphism ® ~ X, thus ¢ must be injective. ([

COROLLARY 2.10

Let C C A be a smooth irreducible projective curve such that the sum morphism
Sym"C - X :=C + --- + C C A is an isomorphism for some n > 2. Then C is
nonhyperelliptic of genus g > 3 and the following are equivalent:

(1) The subvariety X C A is a complete intersection of ample divisors.

) We have g =3, n =2, and A is isomorphic to Pic®(C).

Proof
For complete intersections of ample divisors, the normal bundle is a direct sum of
ample line bundles. Hence, Proposition 2.9(2) applies. O
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As an amusing aside, of no use in what follows, note that Proposition 2.9 implies
the classical bound for the gonality of a smooth projective curve C of genus g.

COROLLARY 2.11
The gonality of C is at most (g + 3)/2.

Proof

As already mentioned, the curve C has gonality at least n + 1 if and only if the sum
morphism Sym” C — X := C + --- 4+ C C Pic®(C) is an isomorphism, and if this is
the case, then X has ample normal bundle in Pic®(C). Since the normal bundle has
rank g — n, Proposition 2.9(1) impliesn < g—n + 1, thatis,n +1 <(g+3)/2. O

In particular, Proposition 2.9(1) is sharp in the two extremal cases—that of an
indecomposable ample normal bundle and that of a sum of ample line bundles.

2.5. Bounds for the topological Euler characteristic

We now pass to some numerics concerning the topological Euler characteristic of
complete intersections. To ease notation below, we define g := dim A. For a smooth
subvariety X C A, let ex denote its topological Euler characteristic. By definition it is
the top Chern class of the tangent bundle Tx of X. Consider the short exact sequence
of vector bundles on X,

0 —> Tx —> Tax —> A5x4 —> 0.

Since the total Chern class is multiplicative in short exact sequences and the tangent
bundle of A is trivial, we have

e(Tx) = e(Tap)e(Ax/a) ™" = e(Axa) 7

First of all, note that we have the following lower bound whenever the normal bundle
is ample.

LEMMA 2.12
Let X C A be a d-dimensional smooth subvariety with ample normal bundle. Then

lex| = max{g, 2™ VeI,

Proof

We may suppose k = C. By definition, the inverse of the total Chern class is the
total Segre class. We have |ex| = (—1)%s,4 (A%/a) = Sa ('/VX\;A)’ where d = dimX
and s; is the dth Segre class. Now the normal bundle .#%/4 is ample and glob-
ally generated. Since H! (X, C) # 0, we have |ex| > g by [5, Theorem 4]. We also
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have |ex| > pmin{d,|Vg—1]} according to [18, Proposition 2.4] because the cotangent
bundle of X is nef.' O

The previous lower bound is doubtlessly not sharp. Indeed, for a smooth projec-
tive curve X generating A, we have |ex| > 2g —2. For surfaces we have the following.

LEMMA 2.13
Let X C A be a smooth projective surface generating A and with finite stabilizer. Then

ex >3g—09.

Proof

Write ¢; = ¢1(Tx) and ¢; = ¢2(Tx) = ex and y = y(X, Ox) as usual. By Theo-
rem 2.8, the surface X is of general type. Thus the Bogomolov—Miyaoka—Yau inequal-
ity gives c% < 3¢, which is in turn equivalent to 3y < ¢, by Noether’s formula.
Write ¢ = h' (X, Ox) and p = h?(X, Ox) so x = 1 —q + p. The surface X is mini-
mal, thus we can apply the inequality p > 2qg — 4 (see Beauville’s appendix to [10]),
which is equivalent to y > ¢ — 3. Combining these inequalities yields ¢, > 3(g¢ — 3).
Since X generates A by hypothesis, we have ¢ > g which concludes the proof. O

When the subvariety is a complete intersection of ample divisors, the previous
lower bounds can be drastically improved. In order to show this, for integers n > 2
and r € {1,...,n — 1}, consider the following subset of partitions of #,

P(n,r):= {a =(ay,...,a,) €’ |a1,...,ar >l,a1+--+a, :n}.

Note that P(n, r) has cardinality (Z:i)

LEMMA 2.14
Let X be a complete intersection of ample divisors Dy, ...,D, in A. If X is smooth,
then
ex=(=1™* » Di'-.Dyr.
acP(g,r)
Proof
Since X is a complete intersection of the divisors Dy, ..., D, the normal bundle .45/

is the direct sum of (the restriction to X of) the line bundles &/(Dy),..., 0 (D). In
particular,

'Beware that in both references the authors adopt the convention dual to the one in [20] for the definition of
Segre classes.
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c(Mx/a) =c(0(D1))---c(0(Dy)) = (1 +Dy)-+ (1 + D;) € CH(X).

By inverting formally 1 4+ D; we find the following expression

g8—r

c(Tx)=»_(-1)" > D{'---D¥ € CH(X).
n=0 ay,....ar=>0
ai+-+ar=n

Looking at it in the Chow ring of A amounts to multiplying it by D; ---D,. We con-
clude by then taking the piece of degree g. O

Recall that, for an ample divisor D C A, the self-intersection D# is positive and
divisible by g!, as the ratio D& /g! is given by h°(A, 0(D)).

LEMMA 2.15
For ample divisors Dy, ...,Dg C A, we have Dy ---Dg > gl.

Proof

The Khovanskii-Teissier inequality (see [41, Theorem 1.6.1]) states that the lower
bound (D; ---Dg)# > D% ---D% holds. Since each factor on the right-hand side is a
positive multiple of g!, this concludes the proof. O

PROPOSITION 2.16
Let X C A be a smooth complete intersection of ample divisors of dimension d > 1.

-1
x| zg!(gd )
Proof

By assumption, X is the intersection of ample divisors Dy, ...,D,, where r = g — d
is the codimension of X. Lemma 2.14 shows that

ex=(-D? > D'---D¥.
acP(g,r)

Then ex is even and

The divisors Dy, ..., D, are ample, thus D{' ---Dy" > g! for each a € P(g,r). Since
the cardinality of P(g,g —d) is (g ;1), the inequality in the statement follows. For the
parity of ex, we may assume that k = C by the Lefschetz principle. It follows that
each [D;]% € H2% (A,Z) is divisible by a;!. Since d > 1, for each a € P(g,r) we
have a; > 2 for some i, thus we conclude that ey is even. O
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By Proposition 2.16, the absolute value of the Euler characteristic of a smooth
connected complete intersection of ample divisors in A is never equal to 27. We now
prove that |ex| # 56, except in the case of curves in abelian surfaces and abelian
threefolds (in which case there are examples).

COROLLARY 2.17
If X C A is a smooth complete intersection of ample divisors of dimension d > 1

and (d,g) # (1,2),(1,3), then |ex]| # 56.

Proof

Proposition 2.16 implies |ex| > g!(ggl) which settles the matter for g > 5. On the
other hand, if X is itself a divisor, that is, d = g — 1, then |ex| = X& is divisible
by g!. The two cases left are (d, g) = (1.4), (2. 4) for which g!(*") = 72. O

Proposition 2.16 furnishes another proof of Corollary 2.10. Indeed the nth sym-
metric power of a smooth projective curve of genus g > 2 has topological Euler char-
acteristic (—1)" (*?); see [43, (4.4)]. Using that the gonality is at most (g + 3)/2,
we conclude because, for g > 4 and n < (g + 1)/2, we have (Zgn_z) < g!(g;l).

3. Perverse sheaves on abelian varieties

In this section, we collect some general results about perverse sheaves on abelian
varieties. We work over a field & with char(k) = 0, but as in [39, Section 3] we do not
require this field to be algebraically closed; for the relation with monodromy groups
we will later need to work over function fields. For any variety X over k, we denote
by

Perv(X,F) C DY(X.F)

the abelian category of perverse sheaves with coefficients in F = Q, for a fixed prime
number £. For k = C, we will later also consider perverse sheaves in the analytic
sense with coefficients in F = C, and we will use the above notation also in this
case. The results below work both in the £-adic setting over any field £ and in the
analytic setting with k = F = C. We let 7r1(A,0) be the étale (resp., topological)
fundamental group in the two settings, with the profinite (resp., discrete) topology,
and write TT(A,F) = Hom(m; (A, 0), F>) for the group of its continuous characters.

3.1. Convolution on abelian varieties

Let us briefly recall the Tannakian description of perverse sheaves on abelian vari-
eties X = A given in [38]. The sum morphism ¢ : A x A — A induces a convolution
product
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% :DY(A,F) x D2(A,F) — D2(A,F),  K; *K;:=Ro.(K; KKy)

which endows the derived category with the structure of a rigid symmetric monoidal
category (see [51]). In [51] this is stated only over algebraically closed fields &, but
the proof works in the general case without changes. The subcategory of perverse
sheaves is not stable under the convolution product, but it becomes so after passing to
a certain quotient category. To explain this, recall that for any P € Perv(A, F) we have

X(A.P):=>"(=1)' dimg H' (A,P) > 0.
i€Z
Indeed, over k = C this was observed by Franecki and Kapranov [19, Corollary 1.4];
the case of an arbitrary algebraically closed field k of characteristic O can be reduced
to the complex case by choosing a model over some algebraically closed subfield
of k which embeds into the complex numbers (see Lemma A.1). The additivity of
the Euler characteristic in short exact sequences then implies that perverse sheaves of
Euler characteristic 0 form a Serre subcategory

S(A,F) := {P € Perv(A,F) | x(A,P) =0} C Perv(A,F)

inside the abelian category of perverse sheaves. Let T(A,TF) C Df (A,F) be the full
subcategory of sheaf complexes whose perverse cohomology sheaves are in S(A, F);
its objects will be called negligible sheaf complexes.

PROPOSITION 3.1 L
The quotient category DE(A,F) := Df (A,F)/T(A,F) is triangulated and inherits
from the perverse t-structure on the derived category a t-structure whose heart

Perv(A,F) C D_lg(A, IF)

is equivalent to the abelian quotient category Perv(A,F)/S(A,T). It also inherits
the structure of a rigid symmetric monoidal category with respect to a convolution
product

% :DB(A,F) x DE(A,F) —> DA(A,F)

induced by the convolution product on the derived category. On the triangulated quo-
tient category, this product is t-exact in both of its arguments. Thus, it restricts to a
product

* : Perv(A,F) x Perv(A,F) — Perv(A, ),

and Perv(A,TF) is a neutral Tannaka category with respect to this product.
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Proof

Fix an algebraic closure K D k. The functor DIC’ (AF) > Dlg (Ak, F) is exact for the
perverse ¢-structure, compatible with the convolution product, and preserves the sub-
categories of negligible objects. Hence, the result follows from the statement over
algebraically closed fields in [31] and [38]; note that by Deligne’s internal character-
ization of neutral Tannaka categories (see [8, Section 6.4]), it suffices to construct a
fiber functor on every finitely generated tensor subcategory. O

In what follows, by an abelian tensor category we mean a rigid symmetric
monoidal abelian F-linear category.

3.2. Tannaka groups of perverse sheaves
Let € C Perv(A,F) be a full abelian tensor subcategory, and let

w: € —> Vect(F)

be a given fiber functor on this subcategory. The existence of such fiber functors is
guaranteed by Proposition 3.1; there is no canonical choice of such a fiber functor,
but any two fiber functors on a neutral Tannaka category over an algebraically closed
field IF are noncanonically isomorphic (see [15, Theorem 3.2(b)]). Once we have cho-
sen a fiber functor, we get an equivalence of abelian tensor categories between %
and the category Repyp(G,, (%)) of finite-dimensional algebraic representations of the
affine group scheme

Gy (%) := Aut®(w)

over I called the Tannaka group of €. We are interested in algebraic quotients of this
proalgebraic group scheme.

Definition 3.2
For any P € ¥, we obtain from the above construction an affine algebraic group

G (P) :=Im(G, (%) — GL(w(P)))

over F with a faithful representation on the vector space w(P) € Vect(IF) whose
dimension is the Euler characteristic (see [38, proof of Corollary 4.2])

dimg (o (P)) = x(A,P).

Let ¢: (P) — % be the smallest abelian tensor subcategory which contains the
object P and is stable under subobjects and quotients. Then G, (P) = Ggo,((P)) for
the fiber functor w o¢: (P) — Vect(IF) and we have a commutative diagram of abelian
tensor categories:
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(P) —— Repp(Go(P))

| [

% —— Repp(Guw (%))

For a simple object P € ¥ the faithful representation w(P) € Repp(G, (P)) is irre-
ducible and then G, (P) is reductive by [26, Section 19.1, Proposition (b)]. This is in
particular the case when P = §x is the intersection complex of an integral subvari-
ety X C A, in which case we write

GX,w = Gw (5)()

In what follows, fix a full abelian tensor subcategory ¢ C Perv(A,F) and a fiber
functor w: € — Vect(IF). When there is no risk of confusion, we also write @ for the
restriction of the given fiber functor to any subcategory of €.

3.3. The derived group of the connected component

It is often convenient to pass from arbitrary reductive groups to connected semisim-
ple groups. For a reductive group G, let G° C G be its connected component of the
identity, and note that the derived group

G*:=[G°,G°]

is a connected semisimple group. For the reductive Tannaka groups from Section 3.2,
we will understand the connected components and the center in terms of direct
images of perverse sheaves under the morphisms [d]: A - A, x — dx for d € N
andf;: A — A, x > x + a for a € A(k). For a perverse sheaf Q € Perv(A,F) and a
point a € A(k), we define

Qg :=144P

and we say that Q is nondivisible if it is simple and satisfies Q, % Q for all a € A(k)
with a # 0. We denote by

Fp = {a (S A(k)tors | 561 € (P>}

the abelian group of torsion points whose associated skyscraper sheaf appears in
the Tannaka category (P) generated by a perverse sheaf P € 4. Note that ['p is
finite. Indeed, every skyscraper sheaf §, € (P) defines a character of the Tannaka
group G, (P) and algebraic groups have only finitely many torsion characters. In fact,
the first part of the following result shows that all torsion characters of the Tannaka
group are given by skyscraper sheaves in torsion points.
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PROPOSITION 3.3
Let k be algebraically closed, and let P € € be a simple perverse sheaf.
(1) The group of connected components of G := G, (P) is given by

G/G° ~ Hom(Tp, Gy,).
(2)  Fixaninteger d > 1 with d - T'p = {0}. Then for all Q,Q’ € (P) we have

o(Q)ge = 0(Q)ge = [d]xQ=[d].Q
w(Q)|ge is irreducible <=  Q is nondivisible.

(3)  Let det(P) € (P) be the unique simple perverse sheaf which corresponds to the
top wedge power of V := w(P). Then det(P) is a skyscraper sheaf. If V|go is
irreducible, we have

G° semisimple <=  Supp(det(P)) is a torsion point.

Proof

For k = C, parts (1) and (2) are due to Weissauer [53] who also shows that every
invertible object in the Tannaka category of perverse sheaves is a skyscraper sheaf
(this in particular applies to det(P)); alternatively one could use the Riemann—Hilbert
correspondence and the results for holonomic Z-modules in [34, Section 3.c].
From k& = C one can pass to an arbitrary algebraically closed field of characteristic 0
because the Tannaka group is invariant under extensions of algebraically closed fields
and any perverse sheaf is defined over the algebraic closure of a finitely generated
field; see Corollary 4.4 (resp., Lemma A.1). The claim about semisimplicity in (3)
follows since by Schur’s lemma the center Z = Z(G°) acts on V by scalars and
hence det(V) has finite order if and only if Z is finite. O

Definition 3.4
For perverse sheaves P € ¢, we denote the derived group of the connected component
of the Tannaka group G = G, (P) by

G, (P):=[G°,G°].
If P = §x is the intersection complex of a subvariety X C A, we put
Gy i= G (P).

Proposition 3.3 allows us to realize this group as the Tannaka group of another
perverse sheaf.



1072 JAVANPEYKAR, KRAMER, LEHN, and MACULAN

COROLLARY 3.5

Suppose that k is algebraically closed. Let P € € be a simple perverse sheaf. Then

for any integer d > 1 with [d]«P € € and any a € A(k) with P, € € the following

properties hold:

(1) G*(P,) ~G*(P).

@) G3(d]sP) =~ G5 (P).

3) Gy ([d]«P) is connected if and only if d - Tp = 0.

(4)  Suppose that P is nondivisible with [d]«det(P;) = 69 and d - I'p, = 0.
If [d]«P, belongs to €, then

Go ([d]+Pa) ~ G} (P).

Proof
(1) By [33, Lemma 4.3.2], the inclusions (P) C (P& §,) D (P,) induce isomorphisms
G*(P) ~ G*(P @ 6,) ~ G*(P,).

(2) By [53] or [34, Corollary 1.6], the pushforward [d]«: (P) — ([d]«P) is a
tensor functor which induces an isomorphism between the connected components of
the identity of the respective Tannaka groups.

(3) Since d - I'p = I'4,.p, this follows from Proposition 3.3(1) applied to [d]+P.

(4) By the previous two steps, the group G, ([d]«P,) is connected. One easily
sees that [d]«P, is nondivisible with det([d]«P;) = [d]« det(P,) = 8¢ s0 Gy ([d]«Pg)
is a semisimple group by the last part of Proposition 3.3. It is therefore equal to the
derived group of its connected component of the identity, which by (1) and (2) coin-
cides with G}, (P). O

Remark 3.6

The isomorphism G, ([d]+P) >~ G, (P) in Corollary 3.5(2) is not canonical, it involves
the choice of an isomorphism between the two fiber functors @ and w o [d]« on the
tensor category (P). But we can choose the isomorphism in a contravariant functorial
way with respect to monomorphisms in the full tensor subcategory

¢N[d];"(€):={Qe%|[d«Qec}C?

by fixing an isomorphism between the fiber functors w and w o [d]« on this cate-
gory.

3.4. Larsen’s alternative

Let X C A be a subvariety such that §x € ¥. We are interested in criteria under
which the Tannaka group Gy is big. Suppose that X C A is integral, nondegenerate,
and 2dim X < dim A, so that by Lemma 2.7 the sum morphism
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0: XXX— W =X+XCA

is generically finite onto its image W, and W is nondegenerate. Let U C W be a
smooth open dense subset over which o is finite étale. By adjunction, we have an
inclusion dy C 0« (8xxx)|u as a direct summand. The decomposition theorem in [4]
extends this to an inclusion dw C §x * dx = 0« (dxxx) as a direct summand in the
derived category of constructible sheaf complexes. Namely, there is a unique semisim-
ple perverse sheaf ew € Perv(A, IF) without negligible direct summands, and a unique
negligible complex vx € DIC’ (A, F), such that

5x*8x=5W®8X@VX-

With this notation, we obtain the following criterion for big Tannaka groups.

LEMMA 3.7

With the notation above, the following are equivalent:

(1) Gx o is big in the sense of Section 1.2.

2) ex is either a simple perverse sheaf, or a direct sum of a simple perverse sheaf
and a skyscraper sheaf of rank 1.

Proof

The subvariety W C A is nondegenerate and not whole A, so it cannot be the sup-
port of a negligible sheaf complex. Now we have Supp(ex @ vx) = W since the sum
morphism o: X x X — W has generic degree 2, thus Supp(ex) = W. In particu-
lar, V = w(8x) € Repyp(Gx,») must have dimension dimV > 2, since otherwise ex
would be the skyscraper sheaf corresponding to det(V) by Proposition 3.3(3).

By applying the fiber functor w, one sees that condition (2) is equivalent to saying
that in the decomposition of the tensor square V ® V there are only two irreducible
direct summands of dimension greater than 1. Since dim(V) > 2, this is equivalent
to (1) by Larsen’s alternative (see [28, p. 113]) for the subgroup Gx , C GL(V). O

3.5. Symmetric powers
If the Tannaka group is big, then similar arguments allow us to control the sum mor-
phism from symmetric powers of the subvariety.

LEMMA 3.8
Let X C A be a nondegenerate subvariety, and let r > 1 be an integer such
that r dimX < dim A. If Gx , is big, then the sum morphism

7. Sym" X — A

is birational onto its image W, = X + --- + X.



1074 JAVANPEYKAR, KRAMER, LEHN, and MACULAN

Proof
Consider the following commutative diagram, where g, denotes the quotient mor-
phism:

=X y Wy =X+ +X

RV

Y, =Sym" X

Since q,: Z, — Y, is a finite branched cover with group &,, the decomposition
theorem shows that as an &, -equivariant perverse sheaf the direct image g,«(8z,) is
a direct sum

4re(82,) = Po BPs,
ag

where o runs through all irreducible representations of the symmetric group S, and
where each P, is a semisimple perverse sheaf on Y. In this isotypic decomposition
the action of the group &, on o X P, is given by the action on o. Since the action
of the symmetric group on tensor powers of sheaf complexes involves a Koszul sign,
the perverse intersection complex on Y, = Sym” X is the isotypic piece for the trivial
representation 1 or the sign representation sgn of G depending on the parity of dim X.
We have

sgn if dimX is odd,

8y, ~P, fore=
1 if dim X is even,

as one may check on the open dense subset where g, is finite étale. So the direct
image 8x » := Rt7,«(8y,) corresponds to the representation

Al V  if dimX is odd,

(‘)(SX,r) = r . . .
Sym" V if dim X is even,

where V := w(0x) is the defining representation of the group Gx . If that group is

big, then we are in one of the following cases:

(1) Gx = SL(V). Then Alt"V and Sym" V are irreducible representations by
Schur—Weyl duality (see [21, Theorem 6.3(4)]).

(2)  Gx = SO(V). Then we have an embedding Sym” 2V < Sym’ V and the
quotient Sym” V/ Sym” 2V is irreducible (see [21, Theorem 19.19]).

(3)  Gx = Sp(V). Then we have an embedding Alt" "2V < Alt" V and again the
quotient Alt"” V/ Alt" 2V is irreducible (see [21, Theorem 17.11]).
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In the first case 8x » is a simple perverse sheaf modulo negligibles, while in the other
two cases we have an embedding 6x ,—» <> 0x » whose cokernel is a simple perverse
sheaf (note that dim X is even in case (2) and odd in case (3)). In all three cases the
semisimple perverse sheaf dx , has a unique simple direct summand ex , C 8x , with
full support, that is, with

Supp(ex,r) =W, =X+---+X.

The decomposition theorem for the generically finite morphism z: Y, — W, also
shows that

5Wr C 8X,r = RTr*(SYr),

hence ex = 0w, . In particular, there exists an open dense subset U C W, such that
(Rfr* 8y, )) U = (8Yr)|U

and by comparing the generic rank on U we obtain det(z,) = 1. ([

In fact, the above argument does not require the group Gx,,, to be big, we only
need to have sufficient control on the support dimension of the perverse sheaves that
enter the relevant wedge or symmetric power. For instance, we have the following
result which goes beyond the case of big Tannaka groups.

COROLLARY 3.9
Let X C A be nondegenerate with r dim X < dim A, and consider the representation

Alf w(Sx)  if2tdimX,
Sym” w(8x) if2]|dimX.

If'V € Repy(Gy ) has at most one irreducible direct summand of dimension greater
than 1, then the sum morphism 1, . Sym’ X — X + --- + X is birational.

Proof

By [53] or [34, Section 3.c], all 1-dimensional representations of the Tannaka group
arise from skyscraper sheaves, so for dimX > 0 they cannot contribute to the sup-
port W, = X + --- + X. Hence we can apply the same argument as in the previous
proof. O

COROLLARY 3.10

Let X C A be a smooth irreducible curve generating A, and assume dim A > 3. If the
representation V = Alt?(w(8x)) € Repg (G;"( ») is a sum of an irreducible representa-
tion and a 1-dimensional trivial representation, then
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(1) X = p — X for some point p € A,
(2)  1:Y=Sym?X — W = X + X is finite birational over U =W \ {p},
3) Gx » = Sp(w(8x), 0) for the natural symplectic form 6 on w(8x).

Proof

By assumption, Alt?>(w(6x)) contains a 1-dimensional trivial representation, so
the representation w(8x) is isomorphic to its dual. Therefore, X = p — X for some
point p € A. Now for dimension reasons t: Y — W restricts to a finite morphism over
the complement U = W \ X of a finite set ¥ C W of points. Note that Y = Sym? X is
smooth for a smooth curve X, so we have éy = Fy[2]. Base change then shows that
for any point g we have

=0 ifg¢x,

0 ~g2(-—1
H (Rt*(SY))q—H ( (Q),]F){7éo ifgex.

Since Rz« (dy) is a direct sum of a semisimple perverse sheaf P and a negligible
sheaf complex and since negligible sheaf complexes cannot have cohomology sheaves
which are skyscraper sheaves, it follows that P contains the skyscraper sheaves 8,4 in
all points g € . But by assumption Rz, (Sy) contains a unique skyscraper summand;
hence, it follows that ¥ = {p} and thus 7 is finite over U =W \ {p}.

In particular, R7,(65)y is a perverse sheaf, and H (R74(85))ju = 0 in all
degrees i # —2 because 85 is a constructible sheaf placed in degree —2. But any
semisimple perverse sheaf on a surface with cohomology sheaves only in degrees —2
is the minimal extension of a local system on any open dense subset of the sur-
face. In our case, that local system has rank 1 because 8, has generic rank 1 and
deg(t) = 1. Local systems of rank 1 are simple; hence, it follows that the minimal
extension R4 (85) is a simple perverse sheaf.

In conclusion, this shows that dx * §x = R7«(dy) @ R« (85) is a sum of two
simple perverse sheaves and a skyscraper sheaf. It then follows by the same argument
as in [37, Theorem 6.1] that G% ,, = Sp(w(8x), 6); note that

dim(w(8x)) = x(6x) = g > 2

since the curve X generates A. U

COROLLARY 3.11

Let X C A be a smooth irreducible curve generating A, and assume dim A > 3. Then
the group G;"(,w is not isomorphic to E7 acting on w(8x) via its irreducible represen-
tation of dimension 56.
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Proof

For the 56-dimensional irreducible representation W of the group E-, the alternating
square Alt?(W) is a sum of an irreducible and a 1-dimensional trivial representation.
However, Corollary 3.10 says that Alt?(w(x)) can be a sum of an irreducible and a
1-dimensional trivial representation only if G;‘(’ w 22 Spsg(IF). ([

3.6. Character twists

Recall that TT(A,F) = Hom(7r; (A, 0), F*) denotes the group of continuous charac-
ters of the étale (resp., topological) fundamental group of the abelian variety. For
a character y € I1(A,IF), let L, be the local system of rank 1 with monodromy
representation given by the character y. For a perverse sheaf P € Perv(A,F), we
call P, := P ®r L, € Perv(A,F) the rwist of the given perverse sheaf by the char-
acter. Such twists of perverse sheaves appear in the generic vanishing theorem of [6],
[38], and [47]. Let us say that a subset of [1(A,F) is a proper subtorus if it has the
form

TI(A/B,F) C TI(A, F),

where B C A is a nonzero abelian subvariety. Then the generic vanishing theorem
says that there is a finite union .#(P) C I1(A, ) of translates of proper subtori such
that

H' (A, P,)=0 foralli #0andall y € II(A,F) \ (P).

We will use this in Section 4.3 to write down explicit fiber functors with a natural
Galois action. Up to noncanonical isomorphism, the Tannaka group of a perverse
sheaf does not change under twists.

LEMMA 3.12
Let P € €. Then for any character y € I1(A,FF) with P, € € we have

G (Py) = Gy (P).

Proof
By [38, Proposition 4.1], twisting by y gives rise to an equivalence of tensor cate-
gories

(P)— (P,).  Qr—Q

in Perv(A,F). This equivalence need not be compatible with the fiber functor @ on
the source and target, but since F is algebraically closed, any two fiber functors are
noncanonically isomorphic; hence the same holds for the Tannaka groups. O
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4. Galois theory for perverse sheaves

In this section, we discuss the behavior of Tannaka groups of perverse sheaves under
extension of the base field and recall the connection between such Tannaka groups and
classical monodromy groups in [39, Section 5]. We mostly follow the arguments there
but remove the assumption of geometric semisimplicity in the Galois exact sequence
by using a result of D’ Addezio and Esnault [9].

4.1. Extension of the base field
Let K/ k be a field extension, and consider the base change functor

(—)k: Perv(A,F) — Perv(Ag, IF), P+ Px.

Passing to the abelian quotient categories by the subcategories of perverse sheaves of
Euler characteristic 0, we have the following.

LEMMA 4.1
The base change functor descends to a faithful exact F-linear tensor functor

(—)k: Perv(A,F) — Perv(Ag, F).

Proof
The functor (—)k: Perv(A,F) — Perv(Ag,F) is a faithful F-linear exact functor.
Let gx = g o (—)x denote its composite with the quotient functor ¢ as shown below:

Perv(A,TF) L Perv(Ag, F)

gK q

Perv(Ak, )

Since g is an exact functor between abelian categories which sends all objects of the
Serre subcategory S(A,F) C Perv(A,F) to zero, it factors by the universal property
of abelian quotient categories (see [22, Corollaire 2, p. 368]) through a unique exact
functor

(—)k: Perv(A,F) — Perv(Ag, F).

This functor is clearly F-linear, and it admits the structure of a tensor functor
with respect to the natural isomorphisms (P * Q)x ~ Pg * Qg inherited from the
derived category. Any exact F-linear tensor functor of rigid abelian tensor categories
with End(1) = F is automatically faithful (see [15, Proposition 1.19]), so the claim
follows. O
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Starting from a given full abelian tensor subcategory ¢ C Perv(A,F), let us now
denote by

6k = {Q | 3P € € such that Q is a subquotient of Px} C Perv(Ag, IF)

the full abelian tensor subcategory generated by the essential image of 4" under the
functor (—)k from Lemma 4.1. The category %x is again neutral Tannaka as it is a
full abelian tensor subcategory of the neutral Tannaka category Perv(Ag, F). In what
follows, we fix a fiber functor

w: 6k —> Vect(F).

Precomposing with the base extension functor (—)g we get a fiber functor on ¢, and
we denote by

Gy (%x) = Aut®(w | 6x).
Gy (%) 1= Aut®(w | ©),

the corresponding Tannaka groups.

COROLLARY 4.2
We have a closed immersion G, (6x) — G ().

Proof

The faithful exact F-linear tensor functor (—)g : ¥ — %k is compatible with our cho-
sen fiber functors by construction; hence, it defines a homomorphism of Tannaka
groups. The latter is a closed immersion by [15, Proposition 2.21(b)], since every
object of 6k is isomorphic to a subquotient of Pk for some P € ¥ O

4.2. The Galois sequence
Let k¥’ C K be the algebraic closure of k¥ in K. The category of continuous finite-
dimensional representations

Repy (Aut(k/ /k ))

of the profinite group Aut(k’/k) over F is a neutral Tannaka category. If k’'/k is
Galois, then Aut(k’/ k) = Gal(k'/ k) is a quotient of the absolute Galois group of k.
In this case, we can identify objects of the above category with sheaves on Spec(k)
and hence the pushforward under the neutral element e: Spec(k) — A gives a fully
faithful embedding

ex: Repg(Gal(k'/k)) — Perv(A,T).
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We will view Galois representations as a full subcategory of skyscraper sheaves and
drop the e, from the notation. Our chosen fiber functor on € restricts to a fiber functor

w: € NRepg(Gal(k'/ k)) —> Vect(F).
We denote its Tannaka group by
Go,¢(k'/ k) := Aut®(w | € N Repp(Gal(k'/k))).

Representations of this group correspond to skyscraper sheaves P € ¢ supported in
the origin, whence a morphism Aut(k’/ k) — G, «(k'/ k).

THEOREM 4.3
Assume as above that k' [ k is Galois. Then we have a short exact sequence of proal-
gebraic groups

1 —> Gy(6x) —> Gu(¢) —> G v (k' k) —> 1.

Proof
Corollary 4.2 gives a closed immersion i : G, (%%) — G (%). Moreover, since k'/ k
is a Galois extension, we have by the above an embedding as a full tensor subcategory

% N Repp(Gal(k'/k)) — €.,

which is stable under subobjects, and this embedding is compatible with the chosen
fiber functors on the source and target. By [15, Proposition 2.21(a)], we then have an
epimorphism

P: Gu(€) —» Guw(k'/k).

By construction, p oi is trivial. Thus, to complete the proof, by [9, Proposition A.13],

it suffices to check that

(D the functor (—)g: € — %k is observable (see [9, Appendix A]), and

(2) for every P € ¥ the maximal trivial subobject of Pk lies in the essential image
of the functor e, : ¥ N Repp(Gal(k'/k)) - €.

For part (1) it suffices by [9, Lemma A.4(1)] to show that, for P € ¢, any rank-1

subobject

S CPg

is a direct summand in a semisimple object Qg with Q € %. To check this, note that
the rank-1 objects in the Tannaka category of perverse sheaves are rank-1 skyscraper
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sheaves, and that the sum of all perverse rank-1 skyscraper subsheaves of Px is
semisimple, being a sum of simple objects. To conclude the proof of (1), it suffices
to show that this direct sum descends to a perverse subsheaf Q C P, as it then follows
that S is a direct summand of Qg as desired. To prove that the sum of all rank-1
skyscraper subsheaves descends to k, we first show that the maximal skyscraper
subsheaf of Px descends to a subsheaf of P. Indeed, the Verdier dual of the sum
of all perverse skyscraper subsheaves is the maximal perverse skyscraper quotient
of the Verdier dual D(Pg) which is #°(D(Px)) = #°(D(P))x. Hence, the maxi-
mal skyscraper subsheaf descends. Replacing the perverse sheaf P by the maximal

skyscraper subsheaf supported at the origin, we are reduced to the case A = {0}.

Then P is given by a representation V € Repy(Gal(k/k)) and the claim reduces to

the following two facts:

. A subspace of V is stable under Gal(K/K) if and only if it is so under
Gal(k/ k") (since Gal(K/K) — Gal(k/k’) is surjective for k’ algebraically
closed in K).

. The sum of all 1-dimensional subrepresentations of V|Ga1(l€ k%) is stable
under Gal(k / k) since the subgroup Gal(k k") C Gal(k / k) is normal.

For (2) we argue similarly. The unit object of the tensor category %k is the skyscraper

sheaf §¢ of rank 1 supported in the origin. So the maximal trivial subobject of Px is

the maximal subobject of the form 889” for some integer n > 0, and this subobject

descends to a subobject Q C P as before. U

COROLLARY 4.4
If k is algebraically closed, then for every extension K/ k we have a natural isomor-
phism

Go (6k) —> G (€).

In particular, for every perverse sheaf P € €, we have G, (Px) =~ G, (P).

Proof
If k is algebraically closed, then k" = k and hence G, (k'/ k) ~ {1}. O

4.3. A splitting of the sequence
We now apply the above when K = k is an algebraic closure of k. In the Galois
sequence in Theorem 4.3 we have used the fully faithful functor

es: Repp(Gal(k/k)) — Perv(A,F)

that identifies a Galois representation with the corresponding skyscraper sheaf at the
origin. We now describe a splitting of the sequence in Theorem 4.3 for a special
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category ¢ such that the functor e, : ¢ N Repy (Gal(k/k)) < € has a left inverse.
To do so, let

Pervy(A, )

be the full subcategory of all P € Perv(A, IF) for which all simple subquotients Q of P
satisfy

H' (A;,Q =0 foralli #0.
Its image
Pervo(A,TF) C Perv(A,F)

is a full abelian tensor subcategory which is equivalent to Pervo(A,TF)/So(A,F),
where So(A,F) := S(A,F) NPervy (A, F) is the full subcategory of perverse sheaves P
with the property that all the subquotients Q of P satisfy H*(Az,Q) = 0. We then
get a functor

w: Pervo(A,F) = Pervo(A,F)/So(A,F) —> Vect(F), Q+—H(A;.Q)

which is exact by definition of the source category. Moreover, w is a tensor functor
by the Kiinneth isomorphism

H.(A]E,P * Q) ~ H.(A]E,P) ® H.(A];,Q),

since for P, Q € Pervy(A,F) only the cohomology in degree O contributes. For the
fiber functor obtained in this way, we can summarize the relation between the Tannaka
groups over k and over k as follows.

THEOREM 4.5
For € = Pervo(A,F) with the fiber functor « := H° (Ag.—), the above construction
induces a splitting of the short exact sequence

1 —> Gy(€;) —> Go(%) —> Gu,e(k/k) —> 1.
In particular, we have an isomorphism
Go(6) = Gy (€7) % Gu(k/ k),

and for any P € Pervo (A, F), the action of Gal(k / k) onV = w(P) factors through the
normalizer

N(Go(P)) € GL(V).
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Proof
While the fiber functor @ = H° (Ag,—) is only defined on %, it comes with a natural
Galois action in the sense that we have a commutative diagram

& —2— Repy(Gal(k/ k))

w

Vect(F)
where « is a left inverse of the functor e, : Repy (Gal(lg /k)) —>C. U

4.4. Big monodromy from big Tannaka groups

Now again assume that k is an algebraically closed field of characteristic 0. Consider
the constant abelian scheme Ag := A Xj S, where S is an integral scheme over k.
We denote by 1 a geometric point over the generic point n of S. Let 2~ C Ag be
an irreducible closed subscheme which is smooth over S. We want to control the
monodromy of the family 2~ — S twisted by a generic rank-1 local system as in
[39]. In this context, the following terminology will be useful.

Definition 4.6
We say that 2~ C Ag is constant up to translation in A(S) if there is a point a € A(S)
and a subvariety Y C A such that 2" =Yg + a.

In favorable situations, this condition can be read off from the geometric generic
fiber of 2~ — S via the following descent result.

LEMMA 4.7

Suppose that S is a smooth and irreducible variety. Let %', 2 C Ag be subvarieties
which are flat over S. If the subvariety %5 C As 5 has trivial stabilizer, then the fol-
lowing are equivalent:

(1) % =% + a for some a € A(S).

) 25 = %; + a for some a € A(1).

Proof

Clearly, the first property implies the second. Conversely, suppose 25 = %; + a for
some point a € A(7). First, we claim that the point ¢ comes from a point a € A().
Indeed, let F be the function field of S, and let y = [#}] and z = [%] be the F-points
of the Hilbert scheme Hilb(A) defined by the generic fibers of " — S and & — S,
seen as subvarieties of Ag ;. Now, the abelian variety A acts on the Hilbert scheme
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by translation. The transporter
T={tecAs,|z=y+1t}

is a subvariety of Ag ;. Note that T(7)) is nonempty, as it contains the point a. Actually,
the point a is the only one of T(#). For, note that the stabilizer of %5 C Ag 5 acts freely
and transitively on the base change of T to 7. On the other hand, the stabilizer of %3
is trivial by assumption, so the transporter T(7) must be a singleton. The variety T
is defined over F and geometrically a singleton, thus T = SpecF which proves the
claim.

The point @ € A(n) can be seen as a rational map a: S --+ A, which is moreover
everywhere defined by the smoothness of S (see [45, Theorem 3.1]). To conclude the
proof, note that the generic fibers of % + a and 2 coincide; hence 2 = % + a by
flatness. O

COROLLARY 4.8

If S is a smooth irreducible variety and if the subvariety 25 C Ag j is nondivisible,
then the following are equivalent:

(D X C Ag is constant (resp., symmetric) up to translation in A(S).

2) X5 C Ag j is constant (resp., symmetric) up to translation in A(7)).

Moreover, the subvariety 2~ C Ag is constant up to translation in A(S) if and only if
the family & — S is isotrivial.

Proof

The equivalence of (1) and (2) follows directly from Lemma 4.7. Now suppose that
the family 2 — S is isotrivial. In order to prove that the subvariety 2" C Ag is
constant up to translation, we may by the equivalence of (1) and (2) replace S by an
étale cover and hence assume 2" =~ Ys for some Y C A. Fixing y € Y(k), we get a
section x: S — 2 that gives rise to a commutative diagram:

7 o AIb(27/S) b Ag —22EEN A
L Ik H |
Ys — 4 Alb(Ys/S) s Ag Y A

Here alb, and alb, are the relative Albanese morphisms and the composite of the
horizontal arrows are the inclusions 2~ C Ag (resp., Ys C As). Hence, 2" C Ag is
constant up to translation. O

Example 4.9
The above primitivity is needed. Let Y C A be a subvariety with finite stabi-
lizer Stab(Y) # {0}. Viewing S := A/ Stab(Y) as the orbit of the point [Y] in Hilb(A)
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under the translation action of A, we get by restriction of the universal subvariety
of A x; Hilb(A) a subvariety 2" C Ag with fiber Y + a over a point [a] € S(k).
Then the family 2° — S is not constant up to translation in A(S), but it is so up to
translation by a section in A(7).

We now assume that the subvariety 2  C Ag is not constant up to transla-
tion in A(S). Then the monodromy of the smooth family 2~ — S twisted by
a generic rank-1 local system is related to the Tannaka group of the perverse
sheaf §x € Perv(Ag 7, F) on the geometric generic fiber

X =25

as follows. For y € II(A,F), let L, denote the corresponding rank-1 local system
on A. The generic vanishing theorem for perverse sheaves (see [0], [38], [47]) shows
that

8X,X = 8)( ® LX € PeI'Vo(AS’;,,F)

for most y € TI(A,F), where most means all characters y outside a finite union of
torsion translates of linear subvarieties of TT(A,F). From Section 4.3 we get a fiber
functor

W= HO(AS,,-,, —): (6x,4) —> Vect(FF),
and we denote by

Gx. :=[G5(8x.2). G (Bx.x) ]

the derived group of the connected component of the Tannaka group. Note that by
Lemma 3.12 the isomorphism type of this group does not depend on the chosen char-
acter; we say that X has a simple derived connected Tannaka group if G;‘(, 5 1s simple
for some (hence every) character y with the above vanishing properties.

To define the monodromy of the family f: 2~ — S twisted by a rank-1 local
system, let 7: 2~ — A be the projection to the abelian variety. Using generic vanish-
ing on the geometric generic fiber of X C Ag 7, one sees that for most y the higher
direct images R’ f, 7*L, vanish in all degrees i # d, where d denotes the relative
dimension of the family f: 2 — S. For such y the remaining direct image

V, :=R? fir*L,

is a local system. More generally, we consider for y = (x1,..., xn) € II(A,F)" the
direct sum
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Vyi=Vy, @@ Vy,.

Let p: m1(S,7) — GL(Vy,5) be the corresponding monodromy representation on
the geometric generic fiber. We define the algebraic monodromy group of V as the
Zariski closure

M(Vy) :=1Im(p) C GL(Vy,5).

The link between our main theorem from the introduction and the Tannaka groups
introduced above is the following result by Lawrence and Sawin, an analogue of the
theorem of the fixed part.

THEOREM 4.10

Let S be a smooth integral variety over k, and let 2~ C Ag an integral subvariety

such that

(1) the family f: % — S is smooth of relative dimension d, it is not constant up
to translation in A(S), and

2) the geometric generic fiber X = 25 C As j is nondivisible and has a simple
derived connected Tannaka group.

Then for most y € TI(A,F)" we have

Gy, X - X Gy, IM(Vy).

Proof

In [39, Theorem 5.6] this is stated for hypersurfaces, but the proof works for smooth
subvarieties of any codimension. For convenience, we recall the main ideas in our
setup. The fiber

n
Vi = @Hd(X,in)
i=1
comes with a monodromy action of 71 (S, 77) preserving the summands on the right-
hand side; the algebraic monodromy is the Zariski closure of the image of (S, )
inside

GL(Vy,.7) X -+ X GL(Vy, 7). where V, 7 =HY(X,Ly,).

Since S is smooth, this algebraic monodromy is the Zariski closure of the image of the
absolute Galois group of the function field of S. By Theorem 4.5, the Galois action
normalizes the subgroups G;‘(, e GL(Vy;), in fact the algebraic monodromy is a
subgroup

M(Vl) C GXO,XI X eee X GXO;X”’
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where Xy := 2 denotes the generic fiber and Gx,,,y; := Gu(8x,,y; ). We must show
that this upper bound on the algebraic monodromy is almost sharp in the sense that
for most x = (x1,. .., xn), the algebraic monodromy contains the normal subgroup

* *
GX,Xl X X GX,Xn IGxg, 0 X+ X Gxo,xn-

In what follows, it will be convenient to identify all factors on the left-hand side with
a fixed simple algebraic group. For this, we fix a fiber functor &: (§x) — Vect(IF)
and pick an isomorphism between H°(Aj, —) and the fiber functor obtained as the
composite

SSLN

(Bxori) —— (Bxo) (8x) —— Vect(F),

where the isomorphism on the left is the inverse of P — P,,. We get a commutative
diagram

Gk, X x Gk, — (GY)"

T ]

M(Vl) — GXO’XI Xoeee XGXo,Xn — (GXo)n

where G§, := [Gg (6x), Gg (6x)] C Gx, := G¢(8x,). Note that Gx,, is contained in the
normalizer

N(G§) C GL(£(8x,))

by Theorem 4.5. Now we use the following general observation (see [39, Lem-
ma 5.4)).

FACT 4.11
Let G C GL(V) be a simple algebraic group, and let N(G) C GL(V) be its normalizer.
Then for every integer n > 1 there exists a finite list of irreducible representations

Wo =Wq,1 K- K Wq, € Repg(N(G)")  (a €{1,....N})

such that for any reductive subgroup H C N(G)" the following two properties are
equivalent:

(1) G"cCH

2) H has no invariants on any of the representations W.,.

In particular, the group G™ has no invariants on any of the representations W.,.

We apply the preceding fact to V = £(dx,), G = G, and H = M(V,). Since
Gx, C N(G%), each Wy; € Repp(N(G)) defines a representation of the Tannaka
group Gx,, and hence a perverse sheaf
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Py, € (8x,)-

The representation of Gx,,,; obtained by pullback of the representation W ; under
the isomorphism Gx,,y; — Gx, then corresponds to (Py,;), € (8x,,y; )- By construc-
tion, we have an isomorphism

Wo = We 1 X - XMWy,
~ H%(As,7. (Pa,1) ;) K-+ WH (As . (Pan) 1) 4.1)

of representations of N(G;k(,xl) X +ee X N(G;i,)m)' To keep track of how the Galois
action on the right-hand side depends on the chosen characters, it will be convenient to
pass to Ag 7= As 5 X --+ X Ag 7 via the Kiinneth isomorphism. Consider the perverse
sheaf

Ko := e148x, ® -+ @ enxbx, € Pervo(AL . F),

where ¢e;: Agy — A’S’,n is the inclusion of the ith factor. Let K be the base change
to Ag ; of the perverse sheaf Ko. Note that we have GZ (K) = (G%)" for the fiber
functor { := &K --- X &: (K) — Vect(F) and

Qu = el*P(x,l koeeok en*Pot,n = Pa,l B IEP‘X’" € <K0)

Returning to character twists, consider the local system L, :=L,, X.--XL,, and
put

Ko,lzz K0®L£, K£:=K®L£, and Q“’l:: Qa®Ll.
Then we have

GZ)(KK) = G;k(,)m X eee X G;‘(’Xn and Qa,y € (Ko,y)-

Combining (4.1) with the Kiinneth isomorphism, we obtain a Galois equivariant iso-
morphism

W(X x~ HO(Ag,ﬁ’ Qa,l)a

where the Galois group acts on the left-hand side via Gal(#/7) — M(V,) and on the
right-hand side by the natural Galois action. -

Now recall that by the last claim in Fact 4.11, the group (G%)" has no invariants
on W But (G})" = G; (K) is the derived group of the connected component of the
Tannaka group of the perverse sheaf K, and W, = £(Qg) is the representation defined
by Q. € (Ko). Hence, we can apply [39, Lemma 5.2]. The vanishing of invariants of
the derived connected Tannaka group on the geometric generic fiber implies that Q,,
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has no perverse subquotient coming by pullback from A via Ag; — A. By a spread-
ing out argument (see [39, Lemma 5.3]) the last property implies that for most y the
Galois invariants of H° (As,7, Qq,y) vanish. Thus, the algebraic monodromy has no
invariants on any of the represent;tions W, and hence by the equivalence of (1) and
(2) above it contains all of (G%)" as required. O

Remark 4.12

For n > 2, the above proof gives more precise information on the dependence of n of
the locus of characters on which the conclusion of Theorem 4.10 holds. There exists a
finite union ¥ C IT(A, F)? of torsion translates of proper linear subvarieties such that
the conclusion of the theorem holds forall n > 2 and all x = (x1,..., x») € II(A,F)"
with

(xi-xj) ¢ 2 foralli # j.

This follows from the fact that the list of representations constructed in the proof of
Fact 4.11 arises from a finite list of representations of N(G)? by pullback under the
various projections N(G)" — N(G)?2.

5. From representations to geometry

In this section, we explain the link between representations and characteristic cycles,
which will be our main tool to show that under certain assumptions the Tannaka group
of a smooth subvariety will be big. We work over an algebraically closed field k
with char(k) = 0, and starting from Section 5.3 we assume k = C.

5.1. The ring of clean cycles
Over the complex numbers an important invariant of a perverse sheaf is its character-
istic cycle, which is a formal sum of conormal varieties adapted to a suitable Whitney
stratification. As we recall in Section 5.3, the convolution product of perverse sheaves
is mirrored by a “convolution product” on their characteristic cycles. To define the
latter, we need to introduce a convolution product of conormal varieties, which can
be done over any algebraically closed field £ of characteristic 0 as follows.

Recall that, for an integral subvariety Z C A, its conormal variety Az is said to
be clean if its Gauss map yz: Az — P4 is dominant—by Theorem 2.8 this is the case
if and only if the variety Z is of general type—and negligible otherwise.

Definition 5.1

The group of clean cycles .Z(A) is the free abelian group generated by the projective
conormal cones Ay of integral subvarieties Z C A, modulo the subgroup generated
by the negligible ones. The projection onto the quotient induces an isomorphism
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Pz r.— 2,
ZCA
where the direct sum ranges over the integral subvarieties Z C A of general type.
A clean cycle is an element of Z(A) and, by means of the preceding isomor-
phism, will always be seen as a finite formal sum Zz mz Az, mz € Z, indexed by the
integral subvarieties Z C A of general type.

Recall that in Definition 2.2 we defined the conormal variety Az for a reduced but
not necessarily irreducible subvariety Z C A. For simplicity, we still write A for the
conormal variety seen as a cycle on A x [P,, or merely as a clean cycle. In particular,
in the latter case, we have

Az=) Az,
zcz
the sum ranging over the irreducible components Z' C Z of general type. We will
consistently perpetrate this abuse of notation by writing

Ng=miAz, +---+muAz,

foracycle Z=mZ; +---+ muZ, on A, with m; € Z and Z; C A integral.

Definition 5.2

Let Ax,, Ax, be clean conormal varieties. Let U C IP5 be an open dense subset of the
projective cotangent space to the abelian variety such that over this open subset the
Gauss maps Ax; jy := yy; 1(U) — U are finite étale covers. The fiber product of these
two finite étale covers embeds into A x A x U C A x A x IP,, and we denote by

A= m CAXAXPy
its Zariski closure. We define the convolution of the conormal varieties to be the clean
cycle
Ax, 0 Ax, := 04 (D) € Z(A)
arising by pushforward under the sum morphism o: A x A x Py — A x Pa. We

extend this product o on conormal varieties bilinearly to a product on the group of
clean cycles

o: Z(A) x Z(A) — Z(A).

This endows the group .2 (A) with a natural ring structure. The product o should not
be confused with an intersection of cycles, indeed the intersection product of any two
cycles in .Z(A) is zero for dimension reasons. For any integer n # 0, the pushforward
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[n]«: ZL(A) — ZL(A)

is a ring homomorphism. For A € .Z, we denote by (A} C .Z(A) the smallest subring
of .Z(A) which contains A and is stable under passing from a clean cycle to its
irreducible components.

5.2. A reminder on Segre classes

In the discussion of wedge powers and spin representations to be carried out in Sec-
tions 7 to 8, we will need to control the effect that certain tensor constructions on
clean cycles have on the dimension of their base. For this we recall in this section
some basic facts about Segre classes, or Chern-Mather classes” in the terminology
of [33, Section 3].

Definition 5.3
The Segre classes of a cycle A on A x P4 of pure dimension g — 1 are defined as the
cycle classes

sa () := (pra)« ([A] - [A x Hg]) € CHy (A),

where Hy C IPp is a general linear subspace of dimension d < g = dimA and
CH,; (A) denotes the Chow group of dimension d algebraic cycles with Z-coeffi-
cients, modulo rational equivalence.

The following observation allows us to control the dimension of the base of a
clean cycle in terms of its Segre classes.

Remark 5.4

For any subvariety Z C A and d > dimZ, we have s4(Az) = 0. On the other hand,
if Z has a top-dimensional irreducible component of general type, then the Segre
classes 54 (Z) are represented by nonzero effective cycles forall d € {0, 1,...,dimZ};
this follows from the dominance of the Gauss map yz and Kleiman’s generic transver-
sality theorem (see [33, Lemma 3.1.2(3)]). The top degree Segre class is the funda-
mental class

saimz(Z) = [Z].

Clean cycles live on the projective cotangent bundle, thus there is no Segre class
in degree g = dimA. The rotal Segre class s(A) := so(A) + -+ + 5g_1(A) is then
seen as an element of quotient

2In the case of abelian varieties Segre classes and Chern—Mather classes are the same, since the cotangent bundle
to abelian varieties is trivial.
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CH_g(A) := CH,(A)/ CH, (A).

To define a ring structure on this quotient, recall that the group CHe(A) comes with a
natural ring structure where the product is given by the Pontryagin product

[X] % [Y] :=0«[X x Y] forthe sum morphismo: X XY —> X+ Y CA,

and that CHg (A) C CH.(A) is an ideal for the Pontryagin product. Working with the
truncated Chow ring has the advantage that the total Segre class is compatible with
the convolution product of clean cycles in the following sense.

LEMMA 5.5
Let Ay, Ay € Z(A). If both Gauss maps yy; : Supp(A;) — Pa are finite morphisms,
then

S(A1oAp) =5(A1) *5(Az) in CHg(A).

Proof
See [33, Lemma 3.3.1]. |

Thus, the convolution product of clean cycles can be controlled via Pontryagin
products of Segre classes. For the latter, one can use the following observation.

LEMMA 5.6

Let X, Y C A be proper reduced subvarieties. Suppose that every irreducible compo-
nent of maximal dimension in Y is of general type and that at least one irreducible
component of maximal dimension in X is nondegenerate. Then the cycle

s(Ax) * s(Ay)

is nonzero and effective in all degrees at most min{dimX + dimY,dim A — 1}.

Proof

Since the Pontryagin product is bilinear and the Pontryagin product of two effective
cycles is effective or zero, it suffices to show the statement when X and Y are both
integral. Let d =dim X, e =dimY, and g = dim A, and consider the Segre class

Sm—d (Ay) € CHy—g(A) ford <m <min{d +e,g — 1}.

This class is represented by an effective cycle since m —d € {0, 1,...,e}. For any
irreducible component Z,,_; C A of an effective cycle representing this class, we
have
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8d(AX) * Sm—aq (Ay) = [X] * Sp—g (Ay) = [X] * [Z—q] + --- € CHn(A),

where --- stands for a cycle which is effective or zero. Since by assumption X is
nondegenerate, we furthermore know from Lemma 2.7 that the sum morphism

0: XXZpeaq —>X+Zp,_g CA

is generically finite onto its image. So [X] * [Z,—d] = 0« ([X X Z,,—q]) is an effective
class in CH,, (A). Therefore, the Pontryagin product s(Ax) * s(Ay) is nonzero and
effective in all degrees m with d <m <min{d + e,g — 1}. For 0 <m < d instead
the effectivity of the Pontryagin product is trivial because in that range we can look
at 5, (Ax) * so(Ay) = deg(Ay) - s, (Ax); note that deg(Ay) > 0 because Y is of
general type. O

COROLLARY 5.7
Let X, Y C A be reduced subvarieties, possibly reducible. If the Gauss maps yx, Yy
are both finite morphisms, then

dim 7 (Supp(Ax o Ay)) = min{dimX + dimY,dim A — 1},

where 7. A X Py — Py is the projection.

Proof
Combine Lemmas 5.5 and 5.6. O

5.3. Clean characteristic cycles

For the remainder of this section we work over k = C. Recall that to any per-
verse sheaf P € Perv(A,C) one may attach a characteristic cycle (see [16, Defini-
tion 4.3.19)), a finite formal sum of conormal varieties

CC(P) =Y myz(P)-Az withmz(P) e N.
7ZCA

Here the sum runs over all integral subvarieties Z C A, and only finitely many mz(P)
are nonzero. These cycles contain a lot of information, for instance, the Dubson—
Kashiwara index formula shows that we can read off the topological Euler character-
istic as

X(AP) =" my(P) - deg(Az),
ZCA
where deg(Az) is the degree of the Gauss map from Section 2.2 (see [19]). Passing
from CC(P) to its projectivization and discarding all components which are not clean,
we define the clean characteristic cycle by
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ccP):= Y mz(P)- Az
It contains all information needed for the Dubson—Kashiwara index formula. This
index formula implies that for P € Perv(A,C) we have cc(P) = 0 if and only
if P € S(A, C). So the clean characteristic cycle of perverse sheaves is defined on the
abelian quotient category Perv(A,C) = Perv(A,C)/S(A,C). By additivity in short
exact sequences we then obtain a group homomorphism from the Grothendieck group
of this abelian quotient category to the group of clean cycles:

cc: K(Perv(A, C)) — Z(A).

The Grothendieck group of an abelian tensor category is not just an abelian group,
but also a ring with the product given by the tensor product, which in our case is the
convolution product *x of perverse sheaves. By [33, Theorem 2.1.1, Example 1.3.2],
we have

cc(Py x Py) =cc(Py) occ(Py) for all Py, P, € Perv(A, C),

where o is the convolution product of clean cycles introduced previously.

Example 5.8

Passing to characteristic cycles is useful since the convolution of clean cycles is easier
to control than the convolution of perverse sheaves. For instance, in Corollary 3.5 we
have seen that for any P € Perv(A, C) the connected component of its Tannaka group
can be realized as the Tannaka group of [d]«P for any integer d > 1 with d - T'p = {0}.
Here

Tp = {a € ACC)us | 84 € (P)} CA(D)

is a finite abelian group, but usually hard to control. However, we have the inclu-
sion I'p C I'¢e(p) for

Lec(p) = {a € A(C)rors i Ay € (CC(P)>}7

and this latter group depends only on the characteristic cycle of the given perverse
sheaf. This will be useful in the proof of part (2) in Theorem 5.11 below.

5.4. Highest weight theory

We want to use characteristic cycles to study the tensor category generated by a given
semisimple perverse sheaf P on A. To pass from Tannaka groups to their connected
component, we introduce the following notation.
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Definition 5.9
Let m > 1 be the smallest integer n > 1 with n - I'eep) = {0}, and let

P° := [m]«P.

Fix a fiber functor &: (P°) — Vect(C), and consider the fiber functor obtained as the
composite

w: (P) 7 poy _E

> Vect(C).
Its associated Tannaka groups are
G :=Gu(P) 2 G° = G¢(P°),

where the rightmost equality follows from Corollary 3.5.

Recall that G is a reductive group over C and w induces an equivalence of abelian
tensor categories

o : (P) —> Repe(G).

In what follows, we will assume that the perverse sheaf P € Perv(A, C) is nondivisible
and det(P) = §o (the latter can be achieved by replacing P with a translate). Then,
by Proposition 3.3 and Corollary 3.5, the connected component G° is a semisimple
group. By highest weight theory, its representation ring has the form

R(G°) := K(Repc(G®)) = Z[X]V,

where X := Hom(T, G,,) is the character group of a maximal torus T C G, endowed
with the natural action of the Weyl group W = Ng(T)/Zg(T), and we denote
by Z[X]V C Z[X] the subring of Weyl group invariants. Recall that for semisim-
ple groups the universal cover inherits the structure of an algebraic group and the
covering map is an isogeny

p:G — G°CG.

Hence, T := p~I(T) is a maximal torus in G, and p induces an isomorphism of Weyl
groups

Ng(T)/T —> Ng(T)/T =W

by means of which these groups are identified in what follows. Moreover, p embeds
the character group as a subgroup X C X := Hom(T, G,,) of finite index.
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Definition 5.10
Let d > 1 be the smallest integer ¢ > 1 with e - X C X.

The multiplication by d then gives a morphism [d]: X — X, and we have a com-
mutative diagram

R(G°) — R(G) > R(G°)

ZIX]Y —— zXY sy zixgv

where the top row is the dth Adams operation W; : R(G®) — R(G?). Even though the
universal cover G might not be realized as the Tannaka group of a perverse sheaf, we
can relate its representations to clean cycles as follows (here we say that a statement
holds for a very general point of P4 (C) if it holds for all points outside a countable
union of proper subvarieties).

THEOREM 5.11
Let m, d > 1 be as above.
(1) The following diagram of ring homomorphisms is commutative:

(_)\GO

R(G) R(G°) — R(G) —— R(G°)
o e | [

K((P) — s K((P%)) K((P))

Ccl [m]+« Ccl [d]« lcc

ZA) ———— Z(A)

> Z(A)

(2)  Foranyvery general v € P (C), there is a morphism ¢, : X — A(C) of groups
such that the following diagram commutes:

R(G®) == ZX]¥ —— 7[X]

ccog ! \va

e ZIA(C)] = Zo(A)

where Ny is the fiber of the Gauss map N\ — P seen as a 0-cycle on A.

Proof
(1) See [33, Theorem 2.2.3]. For part (2), let I' < A(C) be the subgroup generated by
the points in the fiber of the Gauss map y: cc(P°) — P4 over a very general point v.
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Then [33, Theorem 2.2.3] gives ¢, : X — I' / I'yos With the required properties. It then
only remains to note that the group I' is free since our assumption m - I'ecp) = {0}
implies that the subring (cc(P°)) C .Z(A) does not contain any conormal variety to a
torsion point in A(C). O

Definition 5.12

For B € X, let [B] € Z[X] denote the corresponding basis vector in the group algebra.
Note that the multiplication of basis vectors in the group algebra is defined by [«] -
[8] = [o + B], and [ + B] # [e] + [B]. The subring Z[X]Y C Z[X] of Weyl group
invariants has as its underlying additive group the free abelian group with Z-basis
consisting of the vectors

W.al:= Y [BlezX]",

BeW.a

where o runs through the dominant integral weights in X and W.oe C X denotes its
orbit under the Weyl group. Multiplying by the integer d from above, we obtain an
element [W.da] € Z[X]V = R(G®). Applying the inverse of £ : K({P°)) — R(G®) to
this element of the representation ring and taking its characteristic cycle, we obtain a
clean cycle

ce(P,a) :=cc(§ ' [W.da]) € Z(A).

Note that for any integer n # 0 we have cc(P,na) = [n]« cc(P, @).

Remark 5.13

By design cc(P,«) lies in the subring (cc(P°)) C Z(A). In particular, if the
cycle cc(P) is defined over a given algebraically closed subfield of C, then so
is cc(P, o).

LEMMA 5.14
For any a € X, the cycle cc(P,a) € £ (A) is effective. Moreover, with m and d as in
Definition 5.9 and Definition 5.10, we have

[dmlice(Q) =) ma(V)-cc(P.a)
for any Q € (P) and V = w(Q) € Rep(G) with weight multiplicities my (V).
Proof

The morphism ¢, : Z[X] — Z[A(C)] of groups is induced by ¢, : X — A(C) in Theo-
rem 5.11(2). Hence, it sends the submonoid N[X] C Z[X] into the submonoid N[A(C)]
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of effective 0-cycles. This construction works for very general v € P (C) only. How-
ever, if a clean cycle is known to have effective fibers over a very general cotangent
vector v € P4 (C), then the cycle is effective. Hence, the claim about effectivity fol-
lows. The formula for multiplicities holds by construction. O

By Lemma 5.14, the weight multiplicities mq (V) give us information about the
multiplicities in characteristic cycles and vice versa. For example, we say that a rep-
resentation of a connected reductive group is minuscule if it is an irreducible nontriv-
ial representation whose weights for a maximal torus form a single orbit under the
Weyl group. A representation of an arbitrary reductive group is called minuscule if its
restriction to the connected component of the identity is so. This is a very restrictive
condition: For the simple Dynkin types the table in Section 1.4 shows that the only
minuscule representations other than standard representations of classical groups are
the wedge powers of the standard representation in type A, spin and half-spin repre-
sentations in types B and D, and the representations of dimension 27 and 56 of the
exceptional groups of type E¢ and E;. The previous lemma shows that for any per-
verse sheaf whose characteristic cycle is integral, the corresponding representation
must be minuscule (see [34, Corollary 1.10]).

COROLLARY 5.15

Let Y C A be a nondivisible subvariety, and let P be a simple perverse sheaf on A
with clean characteristic cycle cc(P) = Ay. Then w(P) is a minuscule representation
of the group G = G, (P).

Proof

Since Y is nondivisible, the cycle [dm] cc(P) is integral. In the above identity for
the weight multiplicities of the representation V = w(8y) then my (V) # 0 for at most
one dominant weight ¢, and this weight must enter with multiplicity 1. O

We now give a geometric description of the cycles cc(P,«) € Z(A) in cases
when G = G, (P) is a classical group. The idea is to express arbitrary weights in
terms of the weights in the standard representation, similar to the argument in [32].
We do this for each of the classical Dynkin types A, B, D separately; the computation
for the Dynkin type C is similar, but we omit it since in type C there are no minuscule
representations other than the standard representation.

5.5. Weyl orbits for type A
For G = SL,, let us denote by ¢&1,...,&, € X the weights of the standard repre-
sentation. The triviality of the determinant implies that &y + --- + &, = 0, and the
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wedge powers of the standard representation have as highest weights the fundamental
weights

wi=¢e1+--+¢g forO<i<n.

The dominant integral weights are the N-linear combinations of the fundamental
weights, that is, the weights

n—1
o= E aye, withintegers o > -+ > 1 > 0.

v=1

More generally, for o = (a1, ...,a,) € Z", let £ = max{v | @, # 0} be the length
of the n-tuple «, and let (£, n) be the set of injective maps

o {8y — A{l,...,n}.
Then « has the Weyl group orbit
W ={are,aq) + -+ e ) € X | el(t.n)}.
Each weight in W.« is obtained for precisely N(«) distinct choices of ¢ where

N(x) := l_[ﬁi! with £; :=#{v | o, =i},
i€z

with the convention 0! = 1 so that the above product is finite. Hence, we have

1
[W.a] = m . Z [alsl(l) + -t Ol(&‘[(g)] € Z[X].
tel(¢,n)

To describe the clean cycle cc(P, o) in these terms, we need some more notation.

Definition 5.16

Let A € Z(A) be a reduced clean cycle. Let U C P4 be any open dense subset over
which the Gauss map y5: A — P4 restricts to a finite flat morphism, and denote its
preimage by Ay := y; ' (U). For an integer £ > 1, consider the fiber product

Af{f::A‘U ><U><~~><UA‘UCAZ><U
and inside it the big diagonal
Ag:= {(pl,...,p(g,v) | pi = p; for some (i, j) with i ;éj} CAleZ.

Since the fiber product of finite flat morphisms is again a finite flat morphism, every
irreducible component of the fiber product Alee is a finite flat cover of U. So the
Zariski closure



1100 JAVANPEYKAR, KRAMER, LEHN, and MACULAN
A= Ale‘ WA C AL X Py

does not depend on the specific choice of the open dense subset U C P over which y4
is finite and flat. For any @ = (oq,...,0¢) € Zz, we then define a clean cycle as the
pushforward

o._ 1 0
8% 1= o e e 2(A)

for the “sum” morphism

Oy Aex]P’A—>Ax]P’A, (p1s.-., pe, V) —> (1 p1 + -+ + g pe, v).

Remark 5.17

The group &, acts on At x P by permutations of the abelian variety factors, and this
action restricts to an action on Al ¢ A¢ x P,. The morphism o, factors through the
quotient by the subgroup

By = 1_[64i C &y, wherel; :=#v|a, =i},
i€z

as shown in the following commutative diagram:

XPA—> AX]P)A

v

(A[ X ]P)A)/Ga

Here, the quotient morphism ¢ is finite of degree N(«). The restriction of ¢ to the
subvariety AW ¢ A x P, is still finite of the same degree over its image, as one may
see by looking at a general fiber of the Gauss map. Hence, Definition 5.16 amounts to

A% =Gou(A%),  where A" := A /&S, C (AL x Py)/G,.
In particular, it follows that if A% is reduced (resp., integral), then so is A"

We now obtain from Theorem 5.11 the following description of the clean cycles
corresponding to the dominant weights.

LEMMA 5.18

Suppose that G = G, (P) is semisimple with universal cover SL,, and let a € X be a
dominant weight. If the clean cycle cc(P, @) is reduced (resp., integral), then the cycle
A :=cc(P, 1) is reduced (resp., integral), and
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ce(P,a) = A%,
where on the right-hand side we identify o = Z?:l a;g; with (aq,...,0,).

Proof
Let v € Po(C) be a very general point, and let p, ..., p, € A(C) be the points in the
fiber of the Gauss map A — P, over v, counted with multiplicities so that

Ay =[p1]+ -+ [pnl

inside Z[A(C)]. By Theorem 5.11, the points in the fiber are precisely the images of
the weights in the Weyl group orbit W -de; = {de1,...,de,} C X under the homo-
morphism ¢, : X — A(C). Up to relabeling indices, we may assume ¢,(d¢;) = p;
for all i. Writing the weight as & = (@1,...,ay) with £ < n, we have

cc(P,a)y = cc(§7 [W.dal), = ¢y ([W.da])
1

=—— 3 [po(@deq) + -+ ade)]

N(Ol) tel(¢,n)
1
:m' Z l01py +-- +oupi)

Lel({,n)
For very general v this 0-cycle contains no multiple points, since we assumed cc(P, o)
to be reduced. Therefore, each point

p=a1p )+t -+ apue

enters in the above expression for cc(P, ), only for N(«) different choices of ¢. But p
does not change if we replace the map ¢: {1,...,£} — {1,...,n} by ¢t o T for any
permutation

1€ 86y =1_[6(i C Gy.
i€Z

Since N(«) = |Gy, it follows from the above that for all ¢,:* € I(£,n) we have the
equivalence

L L
Zavpt(v) :Zavpt*(v) — HTEHGgi =101
v=1 v=1

i€Z

Since £ < n, this forces py,..., p, € A(C) to be pairwise distinct, so the O-cycle A,
is reduced and A must be reduced as well. Now let U C [P be an open neighborhood
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of v such that the Gauss map Ay — U is finite and flat. For the complement of the
big diagonal, we then get a bijection

I(evn)_)(A‘){Ie\Af)v’ L|—)(pl(1)v~--’pl(£)9v)
and therefore

cc(P,a)y = : (Ua*(A\)E]Z N Ae))v

1
Y lopy + o+ apl = N@)

1
N(w) -
which is by definition the fiber of the cycle A* over v. Since this holds for very
general v, it follows that cc(P, o) = A% as claimed.

If we moreover assume that the cycle cc(P,«) is integral, then it follows from

Remark 5.17 that the cycle
A" =aM)g,

is integral as well. We claim that in this case, the cycle A must be integral. Indeed,
suppose for a contradiction that A = A; + A, with effective cycles A1, Ap € Z(A).
We know that the fiber of the Gauss map y, : A — IP5 over a general point v € IP5(C)
is reduced, hence every point in this fiber lies either on A; or on A, but not on both.
Thus, each point on the big diagonal comes from a point on the big diagonal of one of
the two summands. For the complement of the big diagonal, we therefore obtain that

{ x£ x£
AFNALD DT (A N A xu (A3 N Agy),
T,

where we denote the big diagonals in the summands by A; ; C Alxlfj’ . Taking Zariski
closure gives

AMIS S plbntal,
L1+ =L

where

AE) = (AT AL xu (A2 N g ).

From a look at the degree of the respective Gauss maps we have Al1-¢2] £ 0 if and
only if 0 < £; <deg(A;) and 0 < £, < deg(A,) . For {1 + £, = £, these four inequal-
ities are equivalent to

max{0, £ — deg(A2)} < ¢; < min{deg(A;).£}.

This set of inequalities has at least two different solutions ¢; € Z, indeed we
have max{0,¢ — deg(A;)} < min{deg(A;),£} because all the occurring degrees
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of Gauss maps are greater than 0 and £ < n = deg(A) = deg(A1) + deg(A,). In
conclusion, this shows that there are at least two irreducible components of the
form A€ in AlY. One easily sees that no two such components are related to each
other by a permutation of the factors in A* x Py, using again that the fibers of the
Gauss maps for Ay and for A, are disjoint. Hence, the quotient Ald /S, has more
than one irreducible component, which contradicts our assumption. O

5.6. Weyl orbits for type B

For G = Spiny,, ¢, let e+1,...,644 € X be the nontrivial weights of the standard
representation of the orthogonal group, with the relations e_; = —¢;. The fundamental
weights are

g1+ -+ & fori <n,
w; =

T-(er+-+e,) fori=n.

The first n — 1 fundamental weights are again highest weights of wedge powers of the
standard representation; the last fundamental weight is the highest weight of the spin
representation. The dominant integral weights are the weights of the form

n
azg oyey, withoy >--->a, >0,

v=1

where 2a; € Z are either all even or all odd. Put £ = max{v | o, # 0}, and let (¢, £n)
be the set of maps

ALl — {£1,...,£n}

with the property that the map v + [¢(v)] is still injective. Then o has the Weyl group
orbit

W.a = {O{]El(l) + -+ age | = I(ﬁ,:l:n)}_

Each weight in this orbit occurs for precisely N(«) different choices of ¢, where the
number N(«) is defined as above; note that different sign choices will lead to different
weights and hence the extra signs do not change the count.

In order to translate this back to geometry, we need to adapt Definition 5.16 to
the symmetric case.

Definition 5.19

Let A € Z(A) be a reduced clean cycle with [—1]«A = A, and let U C P5 be an
open dense subset over which all components of the cycle are finite and flat. For an
integer £ > 1, let
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Ay = {(pl,...,pg,v) ’ pi = pjforsome (i, j) with i ;éj} CAF{JE,
Ay = {(pl,...,pg,v) | pi =—p; forsome (i, j) with i #j} CAF{JE

be the big diagonal (resp., antidiagonal) in the fiber product, and consider the Zariski
closure

{4 _
AT = A (AU A) CAY X Py.
For o = (aq,...,0¢) € Ze, we obtain a clean cycle

1
A% = N coux(A) € 2(A)

as the pushforward under the morphism

oa:Azx]P’A—>Ax]P’A, (p1,...,pe,v)—> (1 p1 + -+ + g pe,v).

With this notation, we obtain from Theorem 5.11 the following description of the
clean cycles corresponding to the dominant weights.

LEMMA 5.20

Suppose that G = G, (P) is a semisimple group with universal cover Spin,, ., and
let o € Zey + -+ + Zep, C X be a dominant weight. If the clean cycle cc(P,«) is
reduced, then A := cc(P, e1) is reduced, and

cc(P,a) = Ag,

where on the right-hand side we identify o = Z?:l aje; with (oq,...,0,).

Proof

Let v € Po(C) be a very general point, and let p11, ..., p+, be the projection in A(C)
of the 2n points in the fiber of the Gauss map A — P, over v, counted with multi-
plicities so that

Ay =[pil+--+ [pal + 1]+ + [Pl

inside Z[A(C)]. By Theorem 5.11, the points in the fiber are precisely the images
of the weights in the orbit W.de; = {*deq,..., +de,} C X under the homomor-
phism ¢, : X — A(C). Up to relabeling indices, we may assume that ¢,(£de;) =
p+i = £ p; forall i. Then as in the proof of Lemma 5.18 one obtains

1
ce(Pa)y = N@) Z 1Py + -+ o)l
1€1(£,£n)
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For very general v, this O-cycle contains no multiple points, since we assumed
cc(P, @) to be reduced. The same counting argument as in Lemma 5.18 then shows
that for any ¢, (* € I(£, +=n) we have the equivalence

‘ ‘
Zavpl(,,) = Zavp,*(,,) — dre 1_[64. =10t
v=1 v=1

I€Z
This forces p+1,..., p+n € A(C) to be pairwise distinct. Indeed, assuming that we
had
pi =p; forcertaini, j € {*l1,...,+n} withi # £,

then the implication = in the above equivalence would fail for any choice of ¢, * €
1(¢, £n) with

() =i =—"(1), 12)=—j =—1*(2), and

tv)y=1*(v) forv=3,....¢,
a contradiction. This shows that the 0-cycle A, is reduced, hence A must be reduced

as well. For the complement of the big diagonal and antidiagonal, we then get a bijec-
tion

(6. £n) — (A N (AUAD),. 1t (i) s Py V)

and can conclude as in Lemma 5.18 that cc(P, o) = Ag. O

5.7. Weyl orbits for type D

For G = Spin,,,, we let e41,...,645 € X denote the weights of the standard rep-
resentation of the orthogonal group, with the relations e_; = —¢;. The fundamental
weights are

&1+ -+ & fori <n—1,
w; = %(81_}_..._;_3”_1—5”) fori =n—1,

%(81 +--+ep—1+e&,) fori=n.

The first n — 2 fundamental weights are highest weights of wedge powers of the
standard representation; the last two fundamental weights are the highest weights of
the two spin representations. The dominant integral weights are the weights of the
form

n
azg ayey, withoy >--->ay_1 > |ay| >0,

v=1
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where 2q; € Z are either all even or all odd. Put { = max{v | «, # 0}, and
let Teven/oad (€, 211) be the set of maps

{1, 8 — {£1,...,£n}

with the property that the map v + |¢(v)] is still injective and the number of negative
values of ¢ is even (resp., odd). Then o has the Weyl group orbit

even ifa, >0,

W.a = {alel(l) + g | t € Teyeniodda (£, :i:n)} with )
odd ifa, <0.

Each weight in this orbit occurs for precisely N(«) different choices of ¢; again the
signs do not matter for this count.

In order to translate this back to geometry, we need to refine Definition 5.19 as
follows.

Definition 5.21

Let A € Z(A) be areduced clean cycle with [—1].A = A, and let U C P4 be an open
dense subset over which all components of the cycle are finite and étale. Labeling the
points in a general fiber of the Gauss map Ay — U in pairs of opposite points as

Yal) ={ps1,..., pen} With p_; = —p;,

we identify the monodromy group of the finite étale cover y,jy: Ajy — U as a sub-
group of (£1)" x &,,. We say that the monodromy of the Gauss map is even if it is
contained in the subgroup

(£1)} x S,, where (£1)} :={(ay.....an) € (£1)" |ay---an = +1}.

Then for £ = n in Definition 5.19 we obtain that the cycle Ag’] on A" x P4 splits as
a sum

ALY = Al 4 k),

where Agﬂi - A[S"] are defined by the condition that their fiber over u € U(k) contains
an even (resp., odd) number of points with a negative sign; in other words,

n
(Ag,']i)u = {(p,-l yeees Diysth) ‘ 1_[ sgn(iy,) = :I:l}.
v=1

Note that this condition depends on the way we have labeled the points in the
fiber y, L(u). The labeling by =+ has no intrinsic meaning and is only used as a
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notational device to separate the two pieces in the decomposition; none of the two
pieces is distinguished. We define

A2, = 0ax (AT)) € 2(A)

for « = (a1,...,a,) € Z" and the sum morphism o, as in Definition 5.19. Note
that while there is no intrinsic meaning to the labels =, it might nevertheless happen
that pry (A§ _) # pra(Ag ;). We also note that by symmetry of Z C A we can assume
without loss of generality that o, > 0.

LEMMA 5.22

Suppose that G = G (P) is a semisimple group with universal cover Spin,,, and
let a € Zey + -+ + Zey C X be a dominant weight of length £. If cc(P, o) is reduced,
then A := cc(P, &y) is reduced. In this case,

Ag  forl<n,

cc(P,a) =
{Ag,s for £ = n and suitable ¢ € {+,—},

where on the right-hand side we identify o« = Z?:l a;g; with (aq,...,0,).

Proof
This is similar to the argument for type B,,. U

6. Simplicity of the Tannaka group

We now take a closer look at the Tannaka group of the perverse intersection complex
on a smooth nondivisible subvariety. By Corollary 5.15, the corresponding represen-
tation is minuscule; the goal of this section is to show that, under suitable positivity
assumptions, the Tannaka group is simple modulo its center.

6.1. The simplicity criterion
For the rest of this section, we assume that k is algebraically closed of characteristic 0.
Throughout, we fix a subvariety X C A and denote by

w: {8x) —> Vect(F)

a fiber functor on the Tannaka category generated by the perverse intersection com-
plex 8x € Perv(A, IF). Consider the Tannaka group Gy, := G4 (8x), and denote by

GX0 = [GX,0> Cx.0
the derived group of its connected component. This is a connected semisimple group;

hence, its Lie algebra is a product of simple Lie algebras. Recall that a connected alge-
braic group is simple if its Lie algebra is simple, or equivalently, it does not contain
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connected (reduced) normal subgroups. Writing g := dim A, the goal of this section
is the following simplicity criterion.

THEOREM 6.1

Suppose that g > 3, and let X be a smooth nondivisible subvariety with ample normal

bundle. Then the following are equivalent:

(1) The algebraic group G;j » IS not simple.

2) There are smooth positive-dimensional subvarieties X1, X, C A such that the
sum morphism induces an isomorphism

X; x Xy — X.

The proof of this result will occupy the rest of this section, but let us first observe
that the criterion applies in many cases. First, a smooth projective curve X C A gen-
erating A has ample normal bundle (see [25, Proposition 4.1]), thus G;‘(’ » 18 simple as
soon as X is nondivisible and g > 3. More generally, we have the following.

COROLLARY 6.2

Suppose that g > 3, and let X C A be a smooth nondivisible subvariety with ample

normal bundle. Assume that one of the following conditions holds:

(1) the image of any Albanese morphism X — Alb(X) is a nondegenerate subva-
riety of Alb(X) in the sense of Section 2.3, or

2) the natural map Alb(X) — A is an isogeny.

Then the algebraic group G;‘(’ » IS simple.

Proof of Corollary 6.2

For smooth connected subvarieties X;, X, C A, the image of all Albanese mor-
phisms X; x X5 — Alb(X;) x Alb(X3) is degenerate if 0 < dimX; < dim Alb(X;)
for i = 1,2. Theorem 6.1 therefore shows the statement assuming (1). Now hypoth-
esis (2) implies hypothesis (1). Indeed, X C A is nondegenerate by Theorem 2.8 and
nondegeneracy is invariant under isogenies (see Remark 2.6). O

Remark 6.3

For a smooth integral subvariety X C A, condition (2) holds if the normal bundle of X
is the direct sum of vector bundles #1,..., %, with r > 1 such that ¥ is d;-ample’
and (see [11, Theorem 4.5])

3A line bundle % on an integral variety X is d -ample if there is an integer 7 > 1 such that £®" is globally
generated and the fibers of the morphism X — P(H? (X, .2®")V) have dimension < d . Ordinary ampleness is
equivalent to 0-ampleness. A vector bundle & on X is d -ample if the line bundle &(1) on P(&Y) is d -ample.
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dimX > max k% +d;.
i=1,...,r
By Theorem 2.8, ampleness of the normal bundle implies nondegeneracy, thus Theo-
rem 6.1 applies to any smooth nondivisible subvariety X C A such that
i the normal bundle of X is ample and dimX > g/2, or
. dimX > 2 and X is a complete intersection of ample divisors in A.

6.2. Product decomposition: From geometry to groups

We start by showing how to obtain a product decomposition of the Lie algebra of
the Tannaka group starting from a product decomposition of the subvariety. Keep-
ing the notation of Section 6.1, we write G ,, := G, (8x) for any fixed fiber func-
tor w: {8x) — Vect(IF).

LEMMA 6.4
Let G be a simple, simply connected algebraic group over F, and let V, W be non-
trivial irreducible representations of G. Then V ® W is not minuscule.

Proof

The minuscule representations of G are given up to isomorphism by Table 1. In par-
ticular, the highest weight of any minuscule representation is a fundamental weight.
But the highest weight in V ® W is the sum of the highest weights of V and W; hence,
it is a sum of two dominant integral weights and therefore cannot be a fundamental
weight. U

PROPOSITION 6.5

Let X1,X5 C A be smooth subvarieties such that X := X + X5 is nondivisible and
the sum morphism o : X1 X X, — X is an isomorphism. Then we have an isomorphism
of Lie algebras

LieGy , ~ LieGg, , @ LieGy, -

Proof
Let G be the universal cover of the derived connected component of the Tannaka
group of §x, @ 8x,. The group G decomposes as a product

G =Gy x---xGy

with Gy, ..., G, simply connected simple (nontrivial) algebraic groups. Both perverse
sheaves Jx, and x, belong to the tensor category (8x, @ 0x,) and therefore define
representations of G. Since X;, X, are smooth and nondivisible (otherwise X would
not be nondivisible), by Corollary 5.15 such representations are minuscule. By seeing
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them as representations of the product Gy x --- x G, they decompose as an external
tensor product,

w(é’xl.)zVi,l&---ﬁV,-,n, i=1,2,

for representations V; ¢ of G;. Note that for all 7, £ the representation V; ¢ is neces-
sarily minuscule. By hypothesis, the sum morphism X; x X, — X is an isomorphism,
thus 6x = 8x, * 6x, by definition of the convolution product. In particular, §x belongs
to (6x, @ 6x,) and as representations of G we have

w(8x) = w(bx,) @ w(x,) = (V1,1 @ Vo 1) K- K (Vy, @ Va,).

Again by Corollary 5.15, the representation w(dx) of G is minuscule because X is
smooth and nondivisible. Thus, the representation V; ¢ ® V, ¢ of Gy is also minus-
cule for each 1 < ¢ <n. Now Lemma 6.4 implies that for 1 < £ < n the representa-
tion V; 4 is trivial for exactly one i € {1,2}. Strictly speaking, Lemma 6.4 gives only
the existence of such an i; however, if V; ¢ and V, ¢ were both trivial, then G, would
act trivially on w(8x,) ® w(dx,) contradicting the fact that Gy is a nontrivial simple
factor of G. Resuming the proof, fori = 1,2, let L; C {1,...,n} be the subset made
of those £ for which V; ¢ is nontrivial. Then L;,L, C {1,...,n} are complementary
subsets and

G, 0 =Im([] Ge—GL(0(x))). i=12,

LeL;
G » = Im(G — GL(0(8x))).

Rather generally, for a simple, simply connected algebraic group H and a nontrivial
minuscule representation W of H, the kernel of H — GL(W) is finite. This gives
isomorphisms of Lie algebras

LieGy, ~ LieG ~ €P Lie G & € Lie G; ~ Lie Gy, @ Lie G, .
Lely LeLy

as desired. O

6.3. Conic maps

In this section, we introduce the notion of conic map, which will turn out useful
in dealing with conormal varieties (see Definition 6.7). Recall that the domain of
definition of a rational map is the maximal open subset of its source on which the
map is well defined.

PROPOSITION 6.6
Let X, X' C A be integral subvarieties, and F: Ax --+ Ay a rational map between
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their conormal varieties. Then there exists a unique rational map f: X --» X' such
that the following diagram commutes:

Ax --F» Ax
m e
X -l x

Moreover, the domain of definition of f contains the smooth locus X8 C X.

Proof

Let U be the domain of definition of the rational map F: Ax --+ Ay . For any smooth
point x € X™¢(k), the fiber Ax x is a projective space. Every rational map from a
projective space to an abelian variety is constant (see [45, Corollary 3.9]), so for any
point x € X™&(k) the morphism

pry oFjy, : Uy :=UNAx, — X' CA
must be constant. Therefore, the morphism
pry oFy: V:=UnN pr;(1 (X)) — X' CA

is constant along the fibers of the smooth morphism pry: V — X™&. Over the open
subset pry (V) C X"™# the morphism pry locally has sections, so we have

pry oF = f o pry

for a unique morphism f: pry(V) — X'. The latter extends to a morphism X"¢ — X’
because a rational map from a variety to an abelian variety is defined at every smooth
point of the source (see [45, Theorem 3.1]). O

In the above proof, we have not used anything specific about conormal vari-
eties. In fact, the only thing we used was that pry: Ax — X is a projective bundle
over X" C X and that X’ embeds in an abelian variety. However, the conormal geom-
etry will be taken into account by the following notion of a conic map.

Definition 6.7
In the setup of Proposition 6.6, the rational map f: X --» X’ is called the base
of F: Ax --» Axs. A rational map F: Ax --» Ay is said to be conic if the diagram

Ax —25 P,

I
L

Y,
Ay —X/> Pa
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commutes, that is, if F is compatible with the respective Gauss maps.

Example 6.8
Let X, X’ C A be integral subvarieties, and let F: Ay --+ Ay be a conic map whose
base is birational. Then

deg Ax = deg Ay

because the Gauss degree can be computed over any nonempty open subset of Py .

Note that even when the base f : X --» X’ of a conic map is defined everywhere,
it is still not clear whether it is the restriction of an endomorphism of the abelian
variety A. However, the results about conic maps in the rest of this section will suffice
for our purpose.

PROPOSITION 6.9

Let X, X' C A be integral subvarieties, and let F: Ax --+ Axs be a conic map. If the
algebraic group Stab(X) is finite, then the rational map F is dominant and generically
finite.

Proof

By Theorem 2.8(1), the Gauss map yx is generically finite. It follows from the com-
mutative diagram in Definition 6.7 that the rational map F is also generically finite.
Since dim(Ax) = dim(Ay/) = g — 1 = dim(PP,), it follows that F is also dominant,
being a generically finite map between varieties of the same dimension. O

6.4. Product decompositions: From groups to geometry

We now explain how to obtain from a product decomposition for the Lie algebra of
the Tannaka group a product decomposition for conormal varieties, using the above
results. Borrowing notation from Section 6.1, we write G, := G, (8x) for any fixed
fiber functor w: (§x) — Vect(F).

PROPOSITION 6.10

Assume that X C A is smooth nondivisible and that G, , is not simple. Then there is
aninteger n > 1 and fori = 1,2 there are integral subvarieties X; C A with conormal
varieties Ax, € (Ax) of Gauss degree deg(Ax;) > 1, conic maps F;: Ax --» Ax,
with the following properties:

(1) We have an identity of cycles [n]«+Ax = Apx) = Ax, o Ax,.

2) The following square is commutative



THE MONODROMY OF SUBVARIETIES ON ABELIAN VARIETIES 1113

[n]
Ax —=— A

1

F1 xF> :
L

A —0> Axl OI&X2

where A and o are as in Definition 5.2.
3) The rational maps F; : Ax --» Ax, are dominant and generically finite.
4) The base of F; is a morphism f; : X — X; which is surjective.

Proof

By Corollary 4.4 and Lemma A.1, we may assume k = C, which will allow us later
to use the results about characteristic cycles in Theorem 5.11. By Corollary 3.5, the
group G§ ,, does not change if we replace X by X +a for any a € A(k), and it clearly
suffices to achieve properties (1)—(4) for any such translate. We will therefore assume
that

det(dx) = 8o

so that the connected component G := Gg’(, » 18 semisimple by Proposition 3.3. If the
group G;‘(, o 18 not simple modulo its center, then by the structure theory of semisimple
groups there are simply connected semisimple groups G1, G, % {1} and an isogeny

p:G:=G; xG, — G.

Then V := w(8x) restricts to an irreducible representation of the covering group G
and as such it decomposes as

Vg~ Vi ®V, with irreducible V; € Repg(G;) C Repg(G).

Note that both factors G; and G, must act nontrivially on V since otherwise they
would not appear in the Tannaka group. In particular, we have dimV; > 2 as any
1-dimensional representation of a connected semisimple group is trivial.

Let n = m -deg(p) for the smallest integer m > 1 with m - Io(5,) = {0}. Since X
is smooth, its perverse intersection complex has characteristic cycle cc(dx) = Ax. Via
the first part of Theorem 5.11, the above decomposition as a tensor product of two
representations of the universal covering group yields clean cycles Aj, Ay € (Ax)
such that

M)« Ax = Aj o Ay,

and the second part of the theorem implies that deg A; = dimV; > 2. Moreover, by
Lemma 5.14, the cycles A; are effective. Since we assumed the subvariety X C A to
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be nondivisible, the morphism [1]: X — [r](X) is dominant and birational, in fact we
have [n]«Ax = A[)x) as an identity of cycles by Lemma 2.4. Altogether, it follows
that

Ay = [n]«Ax = Ag o Ay,

The cycle on the left-hand side is reduced and irreducible, so the same must hold
for both factors on the right-hand side because the convolution product o on cycles is
bilinear and the convolution of any two clean effective cycles is again a clean effective
cycle. Hence, there exist integral subvarieties X; C A with A; = Ax;. By definition
of o, we have

A1 0 Ay = 0w (Axyu Xu Ax,yu)s

where 0: A x A x Py, — A x P, denotes the sum morphism and U C Py is as in
Definition 5.2. The multiplicities of the cycle-theoretic pushforward on the right-hand
side are given by the degree of the sum morphism

0. A= AX] 18] Xy AX2|U —> A[n](X)

on the various components of its source. Since the cycle Aj o Ay = Ap,;)(x) is integral
as observed above, it follows in fact that the fiber product A is integral and is mapped
birationally onto its image by o. Consider then the composition of rational maps

y | ,-
Fit Ax 2% Apg 2> A=Ay o %0 Ay — Ax,.

where pr; denotes be the projection onto the ith factor. By construction, F; is a conic
map, and by Proposition 6.6 its base f;: X --+ X; is defined on all of X because
we assumed X to be smooth. Moreover, by Proposition 6.9, the rational map F; is
dominant and generically finite, so the morphism f; is surjective. U

6.5. Proof of Theorem 6.1

We can now prove the simplicity criterion for Tannaka groups as follows. Thanks to
Proposition 6.5, only the implication (1) = (2) is left to be shown. Suppose that the
algebraic group G;"(’ » 18 not simple. According to [39, Lemma 4.6], this is never the
case when X is a smooth ample divisor, thus from now we may assume dimX < g —1.
Let n, X;, F; and f; : X — X; be as in Proposition 6.10. For i = 1,2, the Gauss map
of X; is a finite morphism because the one of X is by Theorem 2.8 and Ax; € (Ax)
by construction. It is therefore possible to apply Corollary 5.7 and deduce the equality

dimX = dim X; + dim X,
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from the identity Ay, o Ax, = A[,;)x) and the hypothesis dim X < g — 1. Moreover,
the subvarieties X; and X, are nondegenerate by Theorem 2.8. Thus, Lemma 2.7
implies that the subvariety

X1 +X, CA

is nondegenerate and the sum morphism o : X x X, — X; + Xj is generically finite.
Thus, the conormal cone Ax, +x, appears as a summand with multiplicity deg(o) in
the cycle Ax, o Ax,. But Ax, o Ax, = Ap,;)x), hence

deg(o) =1 and X1 + X5 = [n](X).
Together with Proposition 6.10(2), this gives the following commutative square:

X —" )

fi szl H
X1 X Xs —0> X1+ Xz
The primitivity assumption on X implies that the morphism [1]: X — [1](X) is finite
birational. This forces f = (f1 x f>) to be finite birational. As X is smooth, this says
that f is the normalization morphism Fori = 1,2, let X; be the normalization of X;.
The morphism f X — X; x Xz induced by f is an 1som0rph1sm thus X; and X,
are smooth. Ident1fy1ng X with X; x X, permits us to embed X; and X, in A and to

write Alb(X) = Alb(Xl) X Alb(Xz). By suitably embedding X, X1, and X5 in their
Albanese variety, we have the following identity:

(X1 x {0}) + ({0} x X2) = X C Alb(X).
The commutativity of the following square

(AIb(X1) x {0}) x ({0} x Alb(X5)) — Alb(X)

| |

AxA > A

where the horizontal arrows are the sum morphisms and the vertical ones are given
by universal property of the Albanese, implies that X = X; + X. O

7. Wedge powers

We now characterize low-dimensional smooth subvarieties whose Tannaka group is
the image of a special linear group acting on a nontrivial wedge power of its standard
representation. In the case of hypersurfaces, Lawrence and Sawin [39, Lemma 4.10]
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show that such groups do not occur using combinatorial properties of Eulerian num-
bers. In higher codimension, wedge powers do occur, but we show by geometric argu-
ments that they only arise from symmetric powers of curves.

7.1. Statement of the main result

As in the previous section, we assume the field k to be algebraically closed of char-
acteristic 0. Fix a subvariety X C A and a fiber functor w: (§x) — Vect(IF) on the
Tannaka category generated by the perverse intersection complex of X. As in Sec-
tion 6.1, put Gx 4, := G, (8x), and denote by

Gx.0 = [GX 0 GX 0]

X,w?

the derived group of its connected component of the identity. We are interested in the
following situation.

Definition 7.1
Let r > 1 be an integer. We say that X C A is an rth wedge power if we have

G%, ~ Alt"(SL,(F)) with the standard action on w(8x) ~ Alt" (F")

X, —

for some n > 1. Notice that if r is given, then n is determined by the topological Euler
characteristic

x(6x) = dimg (0 (8x)) = (’z)

If X is an rth wedge power, then by duality it is also an (n — r)th wedge power.

The typical example of wedge powers arises from symmetric powers of curves,
as announced in the introduction.

LEMMA 7.2
Let C C A be a smooth projective curve, and let r > 2 be an integer. If the sum
morphism

s:SymM"C—X=C+---+CCA

is an isomorphism onto its image, then this image X C A is an rth wedge power.

Proof
Replacing A by the abelian subvariety (C) C A, we may assume that C generates A.
The Abel-Jacobi map C < Alb(C) for some basepoint induces a sum morphism
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Sym” (C) — Alb(C).

Let W, C Alb(C) denote the image of this sum morphism. The embedding C — A
also induces a morphism Alb(C) — A; this last morphism is surjective because we
assumed A = (C). We obtain the following commutative diagram:

Sym" (C) » W, « > Alb(C)

| L

Sym’ (C) —3 X « > A

The square on the left implies that the morphism W, — X is an isomorphism, there-
fore W, is smooth (hence by the Riemann singularity theorem the curve C is not r-
gonal, so in particular it is not hyperelliptic if » > 2). Fixing any r — 2 points on
the curve and varying the remaining two points, the above also implies that the mor-
phisms Sym?(C) — W, C Alb(C) and Sym?(C) — C + C C A have the same fibers.
So we can apply the variant of Larsen’s alternative in [37, Section 6] to the perverse
sheaf 8¢ € Perv(A,TF) to see that

G, (8c) ~ SL,(F) with the standard action on w(8c) >~ F" for n = y(5¢).

The above diagram then shows that G , >~ Alt" (SL, (F)) and w(8x) ~ Alt" (F"). O

The goal of this section is to show a converse to the above lemma. More precisely,
we obtain the following complete classification of wedge powers for all nondivisible
smooth subvarieties X C A of high codimension whose Gauss map yx: Ax — Py is
finite.

THEOREM 7.3
Let X C A be a nondivisible smooth subvariety with ample normal bundle, and sup-
pose that its Euler characteristic is y(§x) = ('r') for some integer r with 1 <r <n/2.
If2dimX < dim A — 1, then the following are equivalent:
(1) The subvariety X C A is an rth wedge power.
2) There is a nondegenerate irreducible smooth projective curve C C A such that
. X=CH+H .-+ CCAisthe sumof r copies of C, and
. the sum morphism Sym” C — X is an isomorphism.

In view of Lemma 7.2, we only need to show the implication (1) = (2), which
will take up the rest of this section.
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7.2. Structure of the proof

The proof relies on three independent steps. The first step is to show that the structure
of wedge powers is reflected by characteristic cycles. To any subvariety Z C A and an
integer r > 1 we will attach a clean effective cycle

Alt" Az € Z(A),

and we show the following.

THEOREM 7.4
Let X C A be a positive-dimensional smooth nondivisible subvariety that is an rth
wedge power for some integer r > 1. Then there is an integral subvariety 7. C A

with Az € (Ax) such that
Alt" Az = Aejx

for some integer e > 1. The Gauss degrees are related by
n
deg Ax = ( ), where n = deg Az,
r

and if the Gauss map yx: Ax — Py is finite, then so is yz: Az — Pa.

For the construction of the clean cycle Alt” Az and the proof of the above result,
see Section 7.3. Once we have this, the second step in our classification of wedge
powers will be to prove a monotonicity statement for the cycles Alt” (Az) as a function
of r. Let

Alt"Z:=Im(pr,: Supp(Alt"Az) > A) CA

be the image of the support of the clean effective cycle Alt” Az € £ (A) under the
projection to the abelian variety. Then we will show the following.

THEOREM 7.5
Let Z C A be an integral subvariety whose Gauss map is a finite morphism of
degree n = deg(yz). Suppose there exists an integer r > 1 with r < n/2 such that

dimAlt" Z < (dimA — 1)/2.
Then we have

rdimZ < dimA.
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The proof of this will be given in Section 7.4. Finally, the last step for our clas-
sification of wedge powers will be to show that in the given dimension range, the
smoothness of Alt” Ay forces Z to be a curve. More precisely, we have the following
result.

THEOREM 7.6

Let X,7Z C A be integral subvarieties whose Gauss maps are finite morphisms. Sup-
pose moreover that X is smooth and nondivisible and that there are integers e,r > 1
such that

Alt" Ay = A[e](X)-

If rdimZ < dimA, then Z is a curve and

(D the normalization C of Z embeds in A,

2) X=CH+:--4+C CAisthe sum of r copies of C, embedded suitably in A, and
3) the sum morphism Sym” C — X is an isomorphism.

We will prove this in Section 7.5. Before coming to the details, let us note how
the above three results conclude the classification of wedge powers.

Proof of Theorem 7.3

Suppose that X C A satisfies the assumptions of the theorem and that it is an rth
wedge power for some r € N with 1 <r <n/2 where deg yx = (’:) By Theorem 7.4,
then

Alt" AZ = A[e](X)’

for some integer ¢ > 1 and some integral subvariety Z C A. Since [e]: A — A is an
isogeny, we have dim[e](X) = dimX < (dim A — 1)/2 by our dimension assumption
on X. Theorem 7.5 then shows that

rdimZ < dimA,

and hence Theorem 7.6 gives the desired result. O

7.3. Characteristic cycles of wedge powers

We now explain how to compute characteristic cycles of wedge powers. Let Z C A
be a subvariety with dominant Gauss map yz: Az — Pa. For an integer r > 1, we
consider as in Definition 5.16 the Zariski closure

AV = R5TNA CAT X Py,
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where U C [P, is any open dense subset over which the Gauss map yz is finite and flat.
Leto: A" xPy > AXPa, (21,...,27,&) > (21 +--- + 2, §) be the sum morphism,
and put

1
AU Ay = — o (A e 2(A),
r!
which is the special case « = (1,...,1) = (1") of the cycle in Definition 5.16.

Proof of Theorem 7.4

By Corollary 4.4 and Lemma A.1, we may reduce to the case k = C and F = C so
we can use the results about characteristic cycles from Section 5. Replacing X by
a translate, we may assume by Corollary 3.5 that the connected component of the
group G, (8x) is semisimple. Its universal cover is then isomorphic to G ~ SL, (C)
for some n > 1, so the setup in Section 5.5 applies to P = §x. By assumption,

w(P) ~ Alt" (C").

Since dim w(P) > 1 for any non-negligible perverse sheaf P which is not a skyscraper
sheaf (see [53]), we have 1 < r < n. The highest weight of the above wedge power
representation of SL, (C) is ¢ = &1 + -+ + &,. With notation as in Definition 5.12, the
Weyl group orbit W.« consists precisely of the weights in the representation & (P°),
so £71[W.a] = [P°] in the Grothendieck ring K({P°)). It follows that

ce(P, ) = cc(§7'[W.da]) with notation as in Definition 5.12
= [d]« cc(P°) since £ [W.a] = [P°]
= [e]« cc(P) for e := dm and P° := [m]P
= [e]«Ax since cc(8x) = Ax for smooth X
= Aejx) by Lemma 2.4, since X is nondivisible.

In particular, the cycle cc(P, «) is integral. So by Lemma 5.18 the cycle cc(P, &1) is
integral as well, hence of the form cc(P, &) = Az for an integral subvariety Z C A,
and we have

Ay = cc(P,a) = AY = Alt" Az.

Then deg Ax = degcc(P, ) = dimw(P) = ('r’) For the finiteness of the Gauss map,
recall from Remark 5.13 that Az = cc(P, &) lies in the subring (Ax) C Z(A). As
such, it appears in some convolution power of the cycle Ax. Recalling the definition
of the convolution product, this implies that if the Gauss map for yx is finite, then so
is the one for yz. O
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Remark 7.7

The discussion in the proof of Theorem 7.4 also shows that for any reduced subvari-

ety Z C A with dominant Gauss map of degree n = deg(yz) and any integer r > 1,

we have the following:

. The projection yz ,: A[Zr N P4 is dominant (and hence generically finite) if
and only if r < n. In that case,

degyz, = r!(n>.
r

. If yz: Az — P4 is a finite morphism, then so is yz, : A[Zr] — Pa.

7.4. Dimension estimates for wedge powers

We will deduce Theorem 7.5 from a monotonicity property of wedge powers. To state
this, recall that for Z C A and an integer i > 1 we put Alt' Z := pr, (Supp(Alt’ Az)).
We are interested in its dimension

dz(i) == dimAlt' Z

Example 7.8

Let Z be a smooth projective curve of genus g > 1, embedded via the Abel-Jacobi
map in its Jacobian variety A = Alb(Z). When Z is suitably translated in A, by [32,
Examples 3.1 and 4.1],

() i forl <i<g-—1,
l =
z g—1—i forg—1<i<2g—2.

Here dz is not monotonous, but it is so between zero and g — 1 = deg yz/2.

The following monotonicity result shows that the behavior in the above example
is typical for wedge powers in small degrees.

PROPOSITION 7.9

Let Z C A be an integral nondegenerate subvariety, and let r > 1 be an integer such
that r dimZ < dim A.

(1) LetY :=7Z+---4+7Z C A be the sum of r copies of Z. Then the sum morphism

o:Sym"2=7"/6, —Y

is generically finite, and the subvariety Y C A is nondegenerate.
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2) The cycle Alt" Az contains Ay with multiplicity d = deg(o) > 1, and we have
Alt"Z=Y.

(3)  Forgeneral z = (z1,...,2zy) €Z" (k), the fiber of Ay over y = 0 (z) is

Ay,y = AZ,Zl NN AZ,zr C Pa.

Proof

The image Y = Z + --- + Z of the sum morphism ¢ : Sym” Z — Y is a proper subva-
riety of A because dimY < dimSym” Z = r dimZ < dim A. As we assumed Z C A to
be nondegenerate, it then follows by Lemma 2.7 that the morphism o is generically
finite and that Y C A is again nondegenerate.

This last property implies that the Gauss map yy: Ay — P4 is generically finite
and dominant (see Theorem 2.8). Let W C Y™ be a nonempty open subset such
that V := 0~ (W) is contained in (Z"¢)” \. A, and the sum morphism o: V — W
is finite étale. If we view the tangent spaces as subspaces of Lie(A), then for every
point z = (z1,...,z,) € V(k) and y = o (z) the tangent map

T,(0): Tz, (Z) x -+ xT;,(Z) — Ty(Y)

is induced by the sum map Lie(A)” — Lie(A). In particular, T, (Z) C T,(Y) and
hence Ay, C Az, foralli.

Let U C P, be a nonempty open subset over which the Gauss maps yy and yz
are finite étale, and such that pry(yy'(U)) C W. For any & € U(k) and z € V(k)
with 0(z) € y5 ! (§), we have

(Z10eeenzr ) €AS N A CAY.

So the image of pry,: A[Zr . 7" contains an open dense subset of Z". Hence by
properness, the morphism pr; . is surjective and then Alt"Z =Y by definition. In
particular, dim Alt" Z = dimY = r dimZ, where the last equality follows from the
generic finiteness of the sum morphism ¢: Sym”Z — Y. The statement about the
general fiber of pry : Alt” Az — Y follows from the fact that for general (z1,...,z,)
we have

T,Y)=T,,2)® - &7, (2)

because the summands on the right-hand side span T, (Y) and their dimension adds
up to rdimZ = dimY = dimT, (Y); passing to the corresponding normal spaces
gives Ay, = Az z, N---N Az ;, and the claim follows since Supp(Alt” Az), = Ay,
for y € Y(k) general. Finally, it is also clear from the above discussion that the clean
cycle Alt" Az contains the component Ay with multiplicity d = deg(o). O
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COROLLARY 7.10
Let Z. C A be an integral nondegenerate subvariety of positive dimension. Then

dim A
deg(yz) > 2d‘.i —2.
1

mZ
Proof
Set ro := max{r | rdimZ < dimA}. Then Proposition 7.9 shows that the func-
tion r > dz(r) := dim Alt" Z is strictly increasing on the interval {0, 1,...,79}. On

the other hand, we have
Alt" Az = A" Ap_7,
where n = deg(yz) and where p € A(k) is defined by Alt” Az = Aypy. It follows that
dimAlt" Z = dim Alt" ™" Z.

The left-hand side is strictly increasing for » € {0, 1,...,ro}, the right-hand side is
strictly decreasing for r € {n — ry,...,n}. This forces ro <n — rg, hence n > 2ry.
Then (rg + 1)dimZ > dim A implies (n/2 + 1) - dimZ > dim A as desired. O

For smooth subvarieties Z C A, the degree of the Gauss map yz: Az — Py is
equal to the topological Euler characteristic of &z (see Section 5.3). So for smooth
curves Z C A with (Z) = A, Corollary 7.10 says that the curve has genus at least
dim A; this follows of course also directly from the fact that for such curves the mor-
phism Alb(Z) — A must be surjective. Note that here the bound in Corollary 7.10 is
sharp.

Proposition 7.9 gives a monotonicity statement for wedge powers, but in order to
apply it we need to have an a priori bound on dim Z. The following result will allow us
to start instead from a bound only on some wedge power dim Alt" Z, since the bound
will be inherited by all lower wedge powers.

LEMMA 7.11
Let Z. C A be a reduced subvariety whose Gauss map is a finite morphism of degree n.
Let r be an integer with 1 <r <n/2, and assume that

dimAlt’ Z < (dimA — 1)/2.

Then the function dz: {1,...,r} = N, i — dyz(i) := dim Alt’ Z is nondecreasing; in
particular,

dmAlf Z < (dimA —1)/2 foralli €{l,....r}.
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Proof
We only need to show that dz(r — 1) < dz(r), because we can then proceed by
descending induction. Put

Aj = (Alt Ay)o (Al A_y) fori=1,...,n.

The support of this cycle is the closure of the subset of points in (A x P5)(k) of the
form (x; +---+x; — y1 —---— i, §) where

. g € Pa(k) is a cotangent direction such that pr, (y; ' (§)) C Z"¢(k),

. (X1, xi 1 Av1, .o, yi} Cpraly; 1 (§)) are subsets of cardinality i.

For general & € Pa(k), the fiber y;, ' (§) consists of n > 2r > 2(r — 1) + 1 distinct
points, hence for any two subsets {x,...,x,—1} and {y1,..., yr—1} as above there is
a point p in pry (v, ' (£)) which belongs to neither of the two subsets. By writing the
point

Zi=X1 +---+xr_1_y1_..._yr_l

as z + p — p, we find that the point (z, ) lies in the support of A,. Varying £ and
the chosen subsets of points in the fiber of the Gauss map, we obtain the inclusion
Supp(A,—1) C Supp(A,) for the supports. Since both cycles are linear combinations
of conormal varieties and hence pure of the same dimension dim A — 1, it follows that
we have

Ay =chyr_q +E, (7.1)

where ¢ > 0 is a rational number and E is an effective cycle with rational coefficients.

The finiteness of the Gauss map yz: Az — P, implies that Al Ay — Py is
finite as well. Indeed, A[Zi] is by definition a subvariety inside the i-fold fiber prod-
uct Ay xp, .-+ xp, Az and the fiber product of finite morphisms is a finite mor-
phism. By design the sum map A[Zi] — Supp(Alt’ Ay) is surjective and compati-
ble with Gauss maps, implying the desired finiteness. By Lemma 5.5, the finite-
ness of the Gauss map for Alt' A, allows us to compute the total Segre class of the
cycle A; = Alt' Ay o Alt' A_z as a Pontryagin product

s(A;) = S(AIE Az) * s(Alt' A_z) in CH<g(A) := CH4(A)/ CHg (A).
Comparing this with (7.1), we obtain in the truncated Chow ring CH., (A) an identity
S(AI Ay) % s(AI" A_y) = es(AITT Ay) x« s(AIC "V A_y) + -+,

where --- stands for effective cycle classes (possibly zero). The left-hand side van-
ishes in all degrees greater than 2dz(r) since s;(Alt" Az) = s5; (Alt" A_z) = 0 for
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all i > dz(r). On the other hand, Lemma 5.6 says that on the right-hand side the
Pontryagin product

S(AIT L Az) x s(AIU T A_y)

is nonzero and effective in all degrees at most min{2dz(r — 1),dimA — 1} because
the subvariety Alt"~! Z has finite Gauss map and hence all its irreducible components
are nondegenerate by Theorem 2.8. So a comparison of the left- and right-hand sides
yields

min{2dz(r —1),dimA — 1} <2dz(r) <dimA — 1,
whence 2dz(r — 1) <dimA — 1 and dz(r — 1) < dz(r). O

Proof of Theorem 7.5
Let g := dim A. Suppose by contradiction r dimZ > g, and consider the integer

s:=max{i e N|idimZ < g} <r.
On the one hand, we have

sdimZ = dimAlt* Z by Proposition 7.9, since sdimZ < g
<(g—-1/2 by Lemma 7.11, since s <r.

In particular, dimZ < (g — 1)/2. But on the other hand,

sdimZ = (s + 1)dimZ—dimZ > g —dimZ since (s + 1)dimZ > g
>(g+1)/2 since dimZ < (g —1)/2,

which contradicts the previous displayed inequality. U

7.5. Smooth wedge powers come from curves

It remains to show that the only smooth wedge powers in the dimension range in
question are those coming from smooth curves, as announced in Theorem 7.6. In
what follows, let X,Z C A be integral subvarieties such that

(D) the subvariety X C A is smooth and nondivisible,

2) the Gauss maps yx and yz are finite morphisms, and

3) Alt" Az = A[e)x) for some integers e, r > 1 with r dimZ < dim A.

We claim that then Y := [e](X) is birational to the rth symmetric power of Z. More
precisely, we have the following.
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PROPOSITION 7.12
If the above conditions (1)—(3) hold, then Y is a sum of r copies of Z, and the sum
morphism o : 7' — Y is finite and factors through a finite birational morphism

7: Sym"2=72"/6, — Y.

Proof

The finiteness of the Gauss map yz implies that Z C A is nondegenerate by Theo-
rem 2.8. Since r dimZ < dim A, Proposition 7.9 says that pry . : A[Zr] — 7 is surjec-
tive and the sum morphism

0.7 —Y=Z+---+7Z

is generically finite. Moreover, ¢ induces a morphism t: Sym"Z — Y and our
assumption Alt"” Az = Ay implies by Proposition 7.9(2) that t has generic degree
deg(t) = 1; that is, it is birational. It remains to show that this morphism is finite.
Since we have no control on the singularities of Z, we cannot use Proposition B.4.
Instead, to show that o and hence 7 is finite, we consider the following commutative

diagram:
Prz.r YzZ.r
/R L\ RS (R N
| s |
Y < Ay > Pa

pPry Yy

Here, the fibers of pry are all of pure dimension N = codimp Y — 1 by Corollary 2.5.
Moreover, the morphism ¢ is finite since the rightmost square in the above diagram
commutes and since in that square the horizontal arrows yz , and yy are finite mor-
phisms by our finiteness assumptions on Gauss maps. Hence, it follows that all fibers
of pry o6 : Az, — Y are of dimension N. Since ¢ is generically finite, it follows from
the commutativity of the leftmost square in the above diagram that the generic fiber
of the morphism pr; , has dimension N as well. We can now argue by contradiction.
Any positive-dimensional fiber of o would give rise to a fiber of pry o0 of dimension
at least N + 1, by semicontinuity of dimension of fibers for proper morphisms (see
[48, Lemma 0D41]). This shows that o is finite. Ol

Proof of Theorem 7.6

In Proposition 7.12, we have seen that the sum morphism o factors through a finite
birational morphism t: Sym”Z — Y. We claim that a similar finite birational mor-
phism from a symmetric product also exists for X rather than for Y = [¢](X). For this,
we use the following general remark.
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For any integral subvariety W C A, the scheme-theoretic preimage [e]™1 (W) is
reduced because it is the preimage of a reduced subvariety under an €tale morphism
(see [48, Proposition 03PC (8)]). If W' is an irreducible component of [e]~! (W), then
any other irreducible component is of the form W’ + x for an e-torsion point x € Ale],
and hence the morphism [e]: W' — Z is surjective. In particular, by Remark 2.6 the
subvariety W C A is nondegenerate if and only if W' C A is.

Applying this to W = Z, we see that any irreducible component Z’ of [e]~1(Z) is
nondegenerate. Hence, if we define X' =7 + --- + Z' C A to be the sum of r copies
of Z’, then Lemma 2.7 implies

dimX' =rdimZ =rdimZ =dimY.
It follows that X' is an irreducible component of [¢] ! (Y). On the other hand, we have

] (V) =[] ' ([e]X) = | X+1.

teAle]

Therefore, there is an e-torsion point ¢t € Ale] such that X = X’ + ¢ and X is the sum
of r copies of

7Z:=7 +u,

where u € A(k) is such that ru = ¢. Since the stabilizer of X = Z + --- + Z is
trivial by assumption, it follows that the stabilizer of Z is trivial, so the finite mor-
phism [e]: Z — Z is birational. Then the morphism

Sym’[e]: Sym” Z —> Sym’ Z

is finite birational by Proposition B.2. Now the sum morphism 6 : 7" — X is invariant
under the permutation action of &, so it factors through a morphism 7 as shown in
the following commutative diagram:

Sym” Z T4 X

Sym” [e] l l[e] (7.2)

Sym"Z —<— Y.

The morphisms 7, [e¢], and Sym [e] in this diagram are finite birational, hence 7 must
be finite birational too. On the other hand, the variety X is smooth by hypothesis,
which forces 7 to be an isomorphism. In particular, the symmetric power Sym” Z is
smooth, which for 7 > 1 implies that Z is a smooth curve by Proposition B.3. O

Remark 7.13
Given X, Y, Z as in the proof of Theorem 7.6, it follows immediately from the fact that
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Table 2. Half-spin representations.

Dual of S | Center of Spin,,, (F)
7 even sy 727 x 7] 27
7 odd Sy 7/47

the morphisms [e] and 7 from (7.2) are finite and birational that X is dominated by the
normalization W of Sym” Z, which is easily seen to be isomorphic to Sym” Z where Z
is the normalization of Z. Smoothness of X implies that in fact Sym” Z ~ X. The
argument we used instead is maybe a bit longer but yields more, namely, a canonical
(up to an e-torsion point) embedding of Z into A.

8. Spin representations

We now show that under suitable assumptions on a smooth subvariety of an abelian
variety, its Tannaka group cannot be the image of a spin group acting via a spin repre-
sentation. For hypersurfaces, this can be done by showing that their topological Euler
characteristic is not a power of 2 (see [39, Lemma 4.9]); we here discuss the case
of higher codimension, where we do not know the Euler characteristic but consider
characteristic cycles as in the previous section.

8.1. Statement of the main result
Recall that for N > 3, the group SO (F) admits a double cover

Spiny (F) —> SOx (F)

by the spin group. The spin group is a simply connected algebraic group and admits

a faithful representation Sy € Repy(Sping(F)), the spin representation of dimen-

sion dim Sy = 2" where n = |[N/2]|. The behavior of this representation depends

on the Dynkin type (see [21, Section 20]):

B,: IfN=2n+1is odd, then the spin representation Sy is irreducible.

D,: If N=2n is even, then Sy ~ S{ @ Sy splits as the direct sum of two irre-

ducible representations called the half-spin representations. They both have
dimension dimS{ = dimSg = 2"~! but are not isomorphic to each other,
they are only related by an outer automorphism of the spin group. The dual
of the half-spin representations and the center of the spin group are given by
Table 2.
For n = 2m + 1 odd, the half-spin representations are faithful. For n = 2m
even, the half-spin representation S4 is self-dual and the natural pairing is
symmetric if m is even and alternating if m is odd. The images of Spin,,, (IF)
via the half-spin representations

Sping,, (F) C GL(SE,,)
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are called the half-spin groups. They are isomorphic to each other and fit
in the following diagram of isogenies given by dividing out the subgroups
of Z(Spiny,, (F)) ~ Z/27 x 7/ 2Z:

Spin4m (F)

VN

Sping,,, (F) SOu4m () Spin;. . (F)

Moy

SOum(F)/ £ 1

We are interested in geometric incarnations of the above.

Definition 8.1

Let X C A be a subvariety. Let G = G;*(’w be the derived group of the connected
component of the corresponding Tannaka group, and consider the faithful representa-
tion V = w(dx)|c € Repp(G). Let n > 1 be an integer. We say that X C A is

. of spin type B, if G >~ Spin,,,, | (F) and V ~ S5, 11, and

. of spin type Dy, if G >~ Spin,, (F) and V >~ S, for some ¢ € {+, —}.

In both cases, the subvariety X is irreducible because the representation V is so.

Remark 8.2

Suppose that X is of spin type D, for n = 2m. Since half-spin representations are self-
dual in this case, the subvariety X is symmetric up to translation. The Poincaré pairing
on X is symmetric if d = dim X is even and alternating if d is odd. By comparison
with the natural pairing on Sff, the integers m and d must have the same parity.

The goal of this section is to show that for smooth subvarieties of small dimension
this cannot happen. To state our results, let g = dim A.

THEOREM 8.3

Let X C A be a d-dimensional nondivisible smooth subvariety with ample normal

bundle, and let d < (g — 1)/2. Then for any integer n > 1,

(1) X is not of spin type By;

(2)  if X is of spin type Dy, then d > (g — 1)/4, n = 2m with 3 <m < d having
the same parity as d.
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The list of Dynkin types in the above theorem starts with B, and D3, and at least
for these smallest cases the result is optimal in the sense that the dimension bound
cannot be weakened.

Example 8.4

Let X be a smooth projective curve of genus g = 3, embedded in its Jacobian vari-

ety A = Alb(X). By [37, Theorem 6.1] and [50], there are two cases:

By:  If X is hyperelliptic, then Gy , > Sp4(F) and w(8x) =~ IF4 is its standard rep-
resentation. This representation corresponds to the spin representation under
the isomorphism Spins (F) >~ Sp, (F).

Dj3:  If X is not hyperelliptic, then G;*(, » = SL4(F) and w(8x) ~ F* is its standard
representation or its dual. These two representations correspond to the two
half-spin representations under the isomorphism Sping(F) >~ SL4(F).

So spin representations do occur, but in this example 2dim X = dimA — 1.

8.2. Structure of the proof

The proof of Theorem 8.3 relies on three independent steps. The first is to show that
the structure of spin representations is reflected by characteristic cycles. We say that
acycle A € Z(A) is symmetric if [—1]«A = A. In this case, if the cycle is reduced
and effective of Gauss degree deg A = 2n, then for any integer r > 1 we will define
via the formalism in Lemma 5.14 a clean effective cycle

Altg A € Z(A)  of Gauss degree deg Altg A =27 (n) .
r

These cycles are closely related to the wedge powers from Section 7; for instance, we
have

Lr/2]
Supp Alt" A = U Supp Alt5 % A.
i=0

For r = n, the cycle Altg A will correspond to the spin representation. Instead, for
half-spin representations we consider the monodromy of the Gauss map ys: A — Pa.
If the Gauss map has even monodromy in the sense of Definition 5.21, we will obtain
a decomposition

Altg A = Altg . A + Altg _ A,

where Altg,jE A € Z(A) are clean effective cycles of Gauss degree 2"~!. We show
the following.
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THEOREM 8.5

Let X C A be a smooth nondivisible subvariety of spin type B, or D, for some n.

Then there exist a € A(k), a reduced symmetric effective cycle Z on A of Gauss

degree deg Ay = 2n, and an integer e > 1 with the following properties:

(1)  If X s of spin type B, then Altg Az = A[e](x+a)-

(2) If X is of spin type Dy, then the Gauss map y, has even monodromy and we
have

Altg,‘s Az = ANo)(x+a) for suitable e € {+,—}.

In both cases, if yx : Ax — Pa is a finite morphism, then so is yz: Ny — Py.

For the precise definition of the clean cycles appearing above and the proof of the
theorem, we refer to Section 8.3. The second step will be a dimension estimate for the
images

Altg  Z :=pra(Supp(Altg , Az) C A,

for € € {4+, —, @}. We show the following.

THEOREM 8.6

Let Z be a reduced symmetric effective cycle on A whose Gauss map is a finite mor-

phism of even degree deg(yz) = 2n.

(1) IfdimAlt§Z < (g—1)/2, thenndimZ < g — 1.

2) If the Gauss map yz has even monodromy and there is € € {+,—} for which
the dimension d := dim Altg , Z satisfies

J (g—1D/4 ifn=2misevenandm <d + 1,
<
(g —1)/2 otherwise,

thenndimZ < g — 1.

The proof of this is given in Section 8.4. Finally, the last step for ruling out spin
representations will be to show that in the given dimension range, the cycle Altg, Nz
cannot be smooth and integral. More precisely, we have the following.

THEOREM 8.7

Let X C A be a smooth nondivisible subvariety with ample normal bundle, and let
Z be a reduced symmetric effective cycle on A whose Gauss map is finite of even
degree deg(yz) = 2n > 4. Suppose that for some integer e > 1 one of the following
two conditions holds:
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(D) A[e](X) = Altg Ay,
2) yz has even monodromy and A[¢(x) = Altgjg Az for some ¢ € {4, —}.
Then ndimZ > dim A.

Proof of Theorem 8.3

Let X C A be a d-dimensional smooth nondivisible subvariety of spin type B, or D,
for some integer n with d < (g — 1)/2. After replacing X by a translate, there exists
by Theorem 8.5 an integer e > 1 and a reduced symmetric effective cycle Z on A
with deg(yz) = 2n such that

Altg , Az = Apyx) for some e € {+,—, T}
It follows that
dim Altg , Z = dim[e](X) = dimX.

Note that we have ¢ # @ only in spin type D, and in that case yz has even mon-
odromy. Moreover, if X is of spin type D,, n = 2m is even and m < d + 1,
assume d < (g—1)/4. Then Theorem 8.6 implies n dimZ < dim A, which contradicts
Theorem 8.7. The remaining cases are of type D, withn =2m even,d > (g —1)/4
and m < d + 1. Remark 8.2 implies that d — m must be even. Lemmas 2.12 and 2.13
imply that in the current dimension range the absolute value of the topological Euler
characteristic of X is never 8, so the case m = 2 does not occur. O

8.3. Characteristic cycles of spin representations

We now explain how to compute characteristic cycles for subvarieties of spin type.
Consider a symmetric reduced clean effective cycle Z on A with dominant Gauss
map yz: Az — P4. For an integer r > 1, we put

A["] -— AXT

=R N (A, UA) CAY

as in Definition 5.16, where U C P4 is any open dense subset over which the Gauss

map yyz is finite and étale. For a partition « = («q,...,®;), consider the sum mor-
phism

Og: A" XPy —> A X Py, (z1y vz &) — (@121 + -+ arzp, 6).
We put

A% = 0an (ATL).

We are mostly interested in the case of the partition « = (17) = (1,..., 1) and write
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in this case. As in Definition 5.21, we say that the Gauss map yz: Az — Px has
even monodromy if its degree is an even integer deg(yz) = 2n and the finite étale
cover yzjy: Azjy — U has as its monodromy group a subgroup of (£1)"} x &y. In
this case,

Agt=Ags , + AL
for A[Z"]S . as in Definition 5.21, and for partitions « of length r = n we put

A%,S,:I: = Ua*(A[zn,]s,i)'

am

Again for o = (1") we instead write Altg , Az :=A; ¢, .

Proof of Theorem 8.5

Translating X C A, we may assume det(dx) = 8¢. As in the proof of Theorem 7.4, but
replacing Lemma 5.18 by Lemma 5.20, we then find a reduced symmetric effective
cycle Z on A with Az € (Ax) such that

Apeyx) = Altg , Az and deg(yz) =2n

for some integer e > 1 and ¢ € {+, —, @} as claimed. O

8.4. Dimension estimates in the spin case
Let Z be a symmetric reduced effective cycle in A. As before, we put

Alt§ Z := pr, (Supp Altg Az) C A,
Altg , Z := prs(Supp Altg . A7) C A.
We want to show that under certain assumptions the dimension of these images grows

linearly with r in a suitable range. The first step is to relate the cycles associated with
the two half-spin representations.

LEMMA 8.8

Let Z C A be a symmetric reduced effective cycle whose Gauss map yz is finite of
degree deg(yz) = 2n > 4 and has even monodromy. Suppose that n is odd, or suppose
that n = 2m is even and m — 1 > minge(y _y dim Altg , Z. Then

dimAll | Z = dimAlt} _Z.
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Proof
We may suppose k = C. For ¢ € {+, —}, set

Api= Al Ay, Xp=Alth,Z = pry(Ae).

If n =2m + 1 is odd, then the definitions imply X4 = [—1]«X_ and the state-
ment follows. The representation-theoretic analogue of the previous identity is that
the half-spin representations S and S_ are dual to each other. Suppose henceforth
that n = 2m is even and, up to changing signs, that we have dim X4 < dim X_. With
this notation m — 1 > d := dim X.. Similarly, drawing inspiration from the isomor-
phism Alt?(S;) ~ Alt?(S_) of representations we obtain the following.

CLAIM 8.9
The following identity of Lagrangian cycles holds:

Ay oAy — Ay =A_ oA — 2] A_ € L(A).

Proof of the claim
Pick a general cotangent direction v € P5(k), and denote by

AZ,U ={:|:p1,,:|:pn}CA

the corresponding fiber of the Gauss map, which we identify as a 0-cycle on the
abelian variety via the projection pr,: Az — A. Let {£1}7 C {£1}" be the subset
made of n-tuples a = (ay,...,a,) such that the sign of a;---a, is €. As 0-cycles
on A, we have

(Ne)y = Z [aip1 + -4 anpn] € Zo(A),
ae{+1}?

(Beohe)y =Y [(@ +b1)p1+-+ (an+bn)pa] € Zo(A),
abe{+1}}

where the summation sign refers to the sum as cycles and [x] is the O-cycle given by
a point x € A(k). We split the sum in the preceding equation in two. The sum ranging
on couples (a, b) with a = b gives the 0-cycle ([2]«A¢),. For the remaining couples,
notice that we have a bijection

{(a,b) € ({£1)2)* |a # b} — {(@,b) € ({(£1}2)* | &’ £ ')

sending (a, b) to the couple (a’, b’) obtained by changing the sign of the first entry in
which a and b differ. Such a bijection is compatible with sum, thatis,a +b =a’ +b’.
Letting vary v gives the desired identity of cycles. O
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The identity in the claim can be rewritten as
Ay + Ay o (A — Al) = 20 (Ay — AL).

Since Ay has finite Gauss map, so do Ay and A_ by construction. By Lemma 5.5,
we obtain, by passing to Segre classes,

s(Ay + A )k s(Ay —A_) = [2us(Ar — A_) € CHog (A).

Let s and § be the image of s(A+) and s(A+ — A_) in the homology He (A, Z), so
that

(25 + 8) % § = [2]+6 € Ha(A, Z),

where * denotes the Pontryagin product in homology. Write s;, 6; € Ha; (A, Z) for the
pieces of s, § in degree 2i. Then in degree 2r the previous identity reads as

,
D (@si +8) %8, =278, € Hyr (A, 7)),
i=0

because the multiplication by 2 on A acts as multiplying by 22" on Ha, (A, Z). Now
for ¢ € {4, —}, the Oth Segre class of A, has degree
degya, = [{£1}7] =2>""".

Plugging in the identities so = 22! and §y = 0 obtained in this way yields the
recursion formula

r—1
(227 —22™)8, =Y (2si +6;) * i € Haor (A, Z).

i=1

Then the vanishing of §y inductively implies

Suppose by contradiction that dimX_ > d = dim X. Then

Sa+1="Sa+1(A-) —sg41(Ay) =5441(A) #0,

where we abusively identified Segre classes with their images in homology. Then
the vanishing of §, for r < m implies d + 1 > m, contradicting the assumption
m—1>d. O
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The second step is the following analogue of Lemma 7.11 (note that at first we
only get a weaker estimate in the spin case since here we only start from a dimension
bound on the support of AltgZ, which a priori might be strictly smaller than the one
of Alt" Z).

PROPOSITION 8.10

Let Z be a symmetric reduced effective cycle on A whose Gauss map has degree

deg(yz) =2n > 4.

(1)  IfdimAI2Z < (g—1)/2, then dmAI,Z < g —1fori=1,....,n—1.

2) If yz is finite and has even monodromy and if there is € € {4+, —} such that the
dimension d := dim Altg , Z satisfies

- (g—1)/4 ifn=2misevenandm <d + 1,
(g—1)/2 otherwise,

then dimAltéZ <g—1forl1<i<nanddimAlt§Z < % ifnisodd.

Proof
We may suppose k = C. (1) Put A® := Alti Az. Pick a general cotangent direc-
tion v € P5(k), and denote by

Az,v ={:|:p1,,:|:pn}CA

the corresponding fiber of the Gauss map, which we identify as usual with a set of
points on the abelian variety via the projection pr, : Az — A. Writing p_; := —p;,
we have

Supp(A®), = {pi, + -+ + pi, | li1l..... |is| pairwise distinct},

Supp(A® 0 A®), = {375 + e pi

i=1

81se s BnsElse s n e{:l:l}}.

By specializing to the case §; = +¢; and varying the point v € P4 (k), we find
Supp([21: AV + 2. A® + - 4 [21,A™) € Supp(A® 0 AM).

Hence, for the images Z®) := pr, (Supp(A®))) = Supp(Alti Z) C A we obtain the
inclusions

21ZuZ® U---uZ™) C pry (Supp(A™ o AD)) c 2™ 4 7™,

Since [2]: A — A is an isogeny, for 1 <s <n a look at dimension then shows that
we have
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dimZ® < dim(Z™ +z™) <2dim@Z™) < g -1,

where the last inequality holds by our dimension assumption. This proves (1).
2)If n =2m 4+ 11is odd or n = 2m is even with m > d + 1, then Lemma 8.8
implies

d =dimAlt: , = dimAlt! _ = dim Al Z

so we are done by (1). Now assume n =2m and m — 1 <d < (g — 1)/4. In that case,
a set-theoretic look at the fibers of Gauss maps gives

Supp([21:A®@ + 21, A® + .- 4+ 21, A7) C Supp(AltZ , Az 0 AlZ, Ay).
For all i < m, then
dimZ®) <2dimAlt, A7 < (g — 1)/2.

the second inequality holding by assumption. Since Alt> Z = Alté 7+ Altg Z, it fol-
lows that dim Alt> Z < (g — 1)/2, and the monotonicity of usual wedge powers in
Lemma 7.11 gives

dimZ = dimAlt! Z < dimAl? Z < (g — 1)/2,

since the Gauss map is finite. Then Supp A+  Supp ACD o AD also implies,
foralli <m,

dimZ®*Y <dimZ®) + dimzZ® < (g —1)/2+ (g—1)/2=g— 1.

Likewise, Supp A® C Supp A" o A® gives dimZ™ < g — 1. O

Proof of Theorem 8.6

Let Z be a reduced symmetric effective cycle on A whose Gauss map is a finite mor-

phism of degree deg(yz) = 2n for some integer n > 2. Assume that we are in one of

the following two cases:

(1) dimAlt§Z<(g—1)/2,0r

(2) n is even, the Gauss map yz has even monodromy, and for some ¢ € {4, —}
we have

dimAltg . < (g —1)/4.

By Proposition 8.10, then dim Alté Z < g—1foralli € {l,...,n},soitwill be enough
to show that

dimAlt, Z =i dimZ
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for all those i. For i = 1, there is nothing to show. We now use induction. Suppose
that

dimAltéZ =idimZ foralli €{l1,2,...,s—1},

where s < r is a positive integer. We want to conclude that dim Alt{ Z = s dimZ.

We may assume dimZ > 0. For simplicity, put A# := A7 s where § = a' denotes
the transpose of a partition &, extending our notation from the previous proof. The
definitions imply

Supp(AC™D 0 AD) = A® Y AC=LD y A6, (8.1)

We now compare dimensions. For the last two pieces on the right-hand side, the inclu-
sions AC™LD € Ayy 0 AG2 and A~ C Ay o---0 Ay (with s — 2 factors) imply

dimpr, (ACTHD UACT) < (s —1)dimZ
=dimAlt{™'Z by our induction assumption

<g—1 by Proposition 8.10 as s — 1 <n.
Since dimZ > 0, it follows that
dimpr, (AC™5D U AC™?) < min{sdimZ, g — 1}

= dimpr, (AC™D 0 AD), (8.2)
where the last equality holds by Corollary 5.7 since by definition A() = A, and by
induction dim prA(A(S_l)) = dim Altg_1 Z = (s — 1)dimZ. Note that the corollary
does not require integrality of the occurring clean cycles; we only need that each
irreducible component of their support has finite Gauss map, which follows from

our assumption that the Gauss map Ay — P is a finite morphism. Comparing (8.1)
and (8.2) we conclude that

dimpr, (A®)) = min{sdimZ, g — 1}.

But dim prA(A(s)) < g — 1 again by Proposition 8.10 because s < n. Hence, it follows
that

dimpr, (A®) = sdimZ,
which completes the induction step. O
8.5. Spin representations do not occur in small dimension
It remains to show that smooth nondivisible subvarieties of small enough dimension

are not of spin type. Recall the setting of Theorem 8.7. We are given an integral
subvariety X C A and a reduced symmetric effective cycle Z on A such that
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. the subvariety X C A is smooth and nondivisible,
. the Gauss maps yx, yz are finite, and deg(yz) = 2n for some n > 2,
. we have Altg , Az = Ape)(x) for some e > 1 and suitable ¢ € {+, —, 7}.

Here we make the convention that the labels ¢ = + will only be used if y; has even
monodromy, so that the corresponding cycles are defined. We want to show that in
the above situation n dimZ > dim A.

Proof of Theorem 8.7

Suppose by contradiction that n dimZ < dim A. Let Z/ be an irreducible component
of maximal dimension in Z. The finiteness of the Gauss map implies by Theorem 2.8
that Z' C A is nondegenerate. Hence, Corollary 7.10 gives

deg(yy) + 2
%dimz > dimA.

This is not quite strong enough to contradict our assumption, but it allows us to reduce
to the case of symmetric components. If Z’ £ —Z' were not symmetric, then the effec-
tive symmetric cycle Z would contain the two distinct components +7 and these two
components clearly have the same Gauss degree, which would lead to the estimate

2n = deg(yz) = deg(yz) + deg(y-z) = 2deg(yz).
The previous inequality then leads to

n—+2

dimZ > dim A

and for n > 2 this contradicts our assumption that n dimZ < dim A.

So for the remainder of the proof we will assume that Z' = —Z’ is symmetric.
Since by assumption n dimZ’ < dim A, it follows from Proposition 7.9 that the mor-
phism

pry ,: Supp A[Z'f] — 7"

is surjective. Let A’ C Supp A[Z'f] be an irreducible component dominating Z"*. This
component is not contained in the union A U A™ C A" x Py of the big diagonal and
the big antidiagonal, hence

A’ C Supp A[Z"]S

If the Gauss map has even monodromy, then moreover A[Z'f ]s = A[Z'f ]S L+ A[Z'f ]S,_ and,
by irreducibility,

A C SuppA[Z"]S ; forsomed e {+, —}.
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To adjust the signs, use the involution ¢ := id” ! x[—1]: A” — A" and consider the
subvariety
e N if e = =6,

A C Supp A[Z",]S,e definedby  A:= {A, otherwise

Since Z' = —7/, we still have
pran(A) = (Z)"' x (£2) = (Z')".

By construction, A is an irreducible component of Supp A[Z", é . and by assumption we
have

Oar (AL ) fora = (17),

— n .—
Ay = AltS,e Ay = 7.8.¢

1
N(a)
so the irreducibility of the left-hand side forces Ay = Suppogy«(A). This gives a
commutative diagram

(Z,)n y Prz.r A Yz.r N ]P)A
1 > H
Y < Ay > Pa

pry

Yy

where o is the sum morphism, which is generically finite by Lemma 2.7.

In fact, 0 must be finite by the same argument as in Proposition 7.12. The fibers
of pry are of pure dimension N = codims Y — 1 by Corollary 2.5. Moreover, oy is
finite since the rightmost square in the above diagram commutes and since in that
square yz, and yy are finite morphisms by our finiteness assumptions on Gauss
maps. So all fibers of pry ooy : Az, — Y are of dimension N. Since o is generically
finite, it follows from the commutativity of the leftmost square in the above diagram
that the generic fiber of the morphism pry , has dimension N as well. We can now
argue by contradiction. Any positive-dimensional fiber of o would give rise to a fiber
of pry ooy of dimension at least N 4 1, by semicontinuity of dimension of fibers for
proper morphisms [48, Lemma 0D4I]. This shows that o is finite.

But Z' = —Z7' is symmetric and dimZ’ > 0, hence looking at antidiagonals one
sees that the sum morphism o cannot be finite, which is a contradiction. O

Appendix A. Reduction to the complex case

For reference, we include the following well-known fact about £-adic constructible
sheaves with coefficients in F = Q, on varieties over an algebraically closed field k
of characteristic 0.


https://stacks.math.columbia.edu/tag/0D4I
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LEMMA A.1
Let k C K be an extension of algebraically closed fields of characteristic 0, and let X
be a variety over k. Then the base change functor

(—)x: D2(X,F) — D8 (Xk,F)

is fully faithful. Moreover, for every P € Dé’ (Xk.F) there exists a subfield k' C K
which is the algebraic closure of a finitely generated extension of k such that P is in
the essential image of the functor

(—)k: D2 (Xpr, F) —> DE(Xk, F).

Proof

For the full faithfulness, consider two complexes P,P’ € ch’ (X,F). To see the iso-
morphism Hompp i (P, P) ~ Hompp v, 7 (Pk. Py) take Q = R#om(P,P’) in the
isomorphism

H*(X, Q) — H*(Xk, Qk)

which is obtained by base change (see, e.g., [44, Corollary VI.4.3] for the case of
étale torsion sheaves; the case of £-adic sheaf complexes then follows formally).

Now let P € D[c’ (Xk.TF). We want to show that it descends to a subfield k' C K
which is the algebraic closure of a finitely generated extension of k. We use induc-
tion on the number of nonvanishing cohomology sheaves. Let m € Z be maximal
with 2™ (P) # 0, and consider the triangle

T<m(P) — P — " (P)[-m] — .
Rotating the triangle, we obtain
P ~ cone(#™ (P)[1 — m] = T<m(P)).

If the source and the target of a morphism descend to a given subfield, then so does the
morphism by full faithfulness, and hence also the cone descends to the same subfield.
By induction, it therefore suffices to discuss the case where P is a constructible Q-
sheaf. Then by [14, Rapport, Proposition 2.5] there is an open dense subset of Xk
on which P is smooth. Let k¥’ C K be the algebraic closure of a finitely generated
extension of k such that the open dense subset has the form jx : Ux — Xy for some
open j : U< X;/. Looking at the adjunction morphism

Jrijg (P) —P

and arguing by induction on dim Supp(P), it suffices to show that jg (P) ~ Lk for
some local system L on U. But this is clear because of the equivalence between £-adic
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local systems and representations of the étale fundamental group (see [14, Rapport,
Proposition 2.4]) and the invariance of the geometric étale fundamental group (see
[24, Exposé XIII, Proposition 4.6]). O

Appendix B. Symmetric powers of varieties
Let X be a variety over an algebraically closed field k of characteristic 0, and fix an
integer n > 1. The n-fold symmetric product of X is defined as the categorical quotient

Sym" X:=X"/G,

of X" = X x --- x X by the permutation action of the symmetric group &,. This
quotient exists, for instance, if X is quasiprojective (see [7, Section 9.3, p. 253]). In
that case, we denote by

mx: X" — Sym” X

the quotient morphism. Let U C X" be the complement of the big diagonal, that is, the
open subset of all n-tuples of pairwise distinct points. Then 7x (U) is open in Sym” X
and 7y : U — mx(U) is a principal &, -bundle (see [23, Exposé V, Théoreme 4.1]), in
particular,

degrx =n!.

On the other hand, 7 is not étale at any point x € (X" \ U) (k).

PROPOSITION B.1
Let X be a quasiprojective variety. If X is reduced, irreducible, integral, or normal,
then the respective property holds also for Sym” X.

Proof

If X has one of the stated properties, then X" has the same property since k is alge-
braically closed. Therefore, the claim follows from the fact that the properties are
stable under categorical quotients (see [40, p. 5]). O

PROPOSITION B.2
If f: X' — X is a finite birational morphism between integral quasiprojective vari-
eties, then Sym” f: Sym” X’ — Sym” X is finite birational.

Proof
In the commutative square
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X/n f " 3 Xn

m| =

S n
Sym” X’ Lf) Sym” X
the morphisms f”, wx/, and 7y are finite, hence Sym” f is also finite. Since f” is
birational, we obtain

deg(Sym” f o x) = deg(mx o f*) = n! = deg(my),

which implies that the morphism Sym” f has degree 1 as required. U

PROPOSITION B.3
Let X be a positive-dimensional integral quasiprojective variety, and let n > 2 be an
integer. Then

Sym" X is smooth <= X is a smooth curve.

Proof

It is well known that for any smooth curve X the symmetric powers Sym” X are
smooth (see [7, p. 255]). Conversely, assume that Sym” X is smooth. First, we show
that dim X = 1. For this, we may replace X by its smooth locus and thus assume
that X is smooth. By Nagata—Zariski purity (see [24, Théoreme X.3.1]), the branch
locus B of rx : X" — Sym” X is empty or a divisor in Sym” X. On the other hand, the
morphism mx is ramified at a k-point x = (xy,...,x,) of X" if and only if x; = x;
for some i # j, thatis, if and only if x lies in the big diagonal A, of X". Since n > 2,
the big diagonal is nonempty, so that the branch locus is a divisor and thus

ndimX — 1 =dimB =dimA, = (n —1)dimX,

hence dimX = 1. Having shown that X is a curve, we now verify that it must be
smooth. Suppose to the contrary that there exists a singular point x; € X(k). Pick
pairwise distinct points Xx3,...,x, € X(k) \ {x1}. Then the morphism my is étale
at x = (xq,X2,...,Xn), so wx(x) is a singular point in Sym” X, a contradiction. I

In Section 1.3, we needed a criterion for a birational morphism from a symmetric
power of a smooth variety to another smooth variety to be an isomorphism. The proof
is naturally cast for certain singularities. To define them, recall that for a coherent
sheaf .Z on a variety V and an integer m > 1 we write .Z " for the reflexive hull
of .Z®m A reflexive sheaf .% on V of generic rank 1 is a Q-line bundle if there
is m > 1 such that .Z™! is a line bundle. When V is proper, such a sheaf .7 is nef
if the line bundle .# ™! is. For V normal, the canonical sheaf J#y is defined as the
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pushforward to V of the canonical bundle on V™ and is reflexive of generic rank 1.
By definition, V is Q-Gorenstein if it is normal and the canonical sheaf is a Q-line
bundle. This is the case if V is Q-factorial, that is, if V is normal and any reflexive
sheaf of generic rank 1 on V is a Q-line bundle. The singularities of V are terminal
if V is Q-Gorenstein and the pullback of any local section of Ji/\,[m] for any m > 1
vanishes along all the components of the exceptional divisor of any resolution of V
(see [30, Definition 2.34]). With this terminology we have the following.

PROPOSITION B.4

Let X and W be Q-factorial normal, integral projective varieties. Suppose that W
has terminal singularities. If J#x is nef and dimX > 2, then any proper birational
morphism f: Sym" X — W is an isomorphism.

Proof

The symmetric product S := Sym” X of X is normal by Proposition B.Il and Q-
factorial by [30, Lemma 5.16]. The hypothesis dim X > 2 implies that the quotient
morphism 7: X" — S is unramified in codimension 1, hence the natural mor-
phism (7*#5)VY — J#xn is an isomorphism. Thus 5 is nef since #xn is so. To
conclude, apply Lemma B.5 below with V =S. U

To keep track of the arguments that enter the proof, we state the lemma in a
generality which is slightly broader than actually needed. To do this, for a proper
morphism f: V— W a Q-line bundle . on V is said to be f-nef if the restriction
of £l to any fiber of f is nef, where m > 1 is such that Z["] is a line bundle.

LEMMA B.5

Let f:V — W be a proper birational morphism between normal quasiprojective
varieties. Suppose that V is Q-Gorenstein, vy is f-nef, and W is Q-factorial with
terminal singularities. Then f is an isomorphism.

Proof
By assumption, the varieties V and W are Q-Gorenstein, thus there is an integer m > 1
such that jifv[m] and %fvg,m] are line bundles. Write

A" = [ ® Ov(E)

for some Cartier divisor E on V. Since W has terminal singularities, the divisor E is
effective and its support is exactly the divisorial part of the exceptional locus of f.
Moreover, E is f-nef; indeed, for any projective curve C C V contracted by f we
have
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_ o ml * o ml ~ _ oy m]
EC=4"C—f Gy C=2;".C>0

because #y is f-nef. Therefore, —E is effective by [30, Lemma 3.39(1)], hence triv-
ial because E is effective. It follows that the exceptional set of f has no divisorial
part. On the other hand, W is QQ-factorial, so the exceptional locus of f is pure of
codimension 1 (see [12, Section 1.40]). Thus, f is an isomorphism. O
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