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NOTIONS OF STEIN SPACES
IN NON-ARCHIMEDEAN GEOMETRY

MARCO MACULAN AND JEROME POINEAU

Abstract

Let k be a non-Archimedean complete valued field and let X be a k-
analytic space in the sense of Berkovich. In this note, we prove the
equivalence between three properties: (1) for every complete valued ex-
tension k' of k, every coherent sheaf on X x k' is acyclic; (2) X is Stein
in the sense of complex geometry (holomorphically separated, holomor-
phically convex), and higher cohomology groups of the structure sheaf
vanish (this latter hypothesis is crucial if, for instance, X is compact);
(3) X admits a suitable exhaustion by compact analytic domains con-
sidered by Liu in his counter-example to the cohomological criterion for
affinoidicity.

When X has no boundary the characterization is simpler: in (2)
the vanishing of higher cohomology groups of the structure sheaf is
no longer needed, so that we recover the usual notion of Stein space in
complex geometry; in (3) the domains considered by Liu can be replaced
by affinoid domains, which leads us back to Kiehl’s definition of Stein
space.

1. Introduction

1.1. Background. A complex analytic space X, countable at infinity, is
said to be Stein if it is

e holomorphically separated: for all points x,y € X, there is a global
holomorphic function f: X — C such that f(x) # f(y);

e holomorphically convex: for every compact K C X, the holomorphi-
cally convex hull of K

Kx ={zeX:|f(x)| <|fllx forall feOX)},

where ||f||x = supgk | f|, is compact.
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The so-called Theorem B of Cartan ([Car52a), [Car52b]) states that for a
coherent sheaf F' on a Stein space X the cohomology group H?(X, F') vanishes
for all ¢ > 1. Conversely, a complex analytic space X, countable at infinity,
on which the higher cohomology of every coherent sheaf vanishes is Stein.

As for non-Archimedean analysis, Stein spaces have been investigated in
the framework of rigid geometry by Kiehl ([Kie67]), Liitkebohmert ([Liit73]),
and later on by Liu ([Liu88|, [Liu89], [Liu90]). The lack of local compactness
of rigid spaces makes the notion of holomorphically convex hard to handle.
Instead, Kiehl considers a different property called quasi-Stein (renamed here
being W-ezhausted by affinoid domains) reminiscent of exhaustion by analytic
blocks in complex analysis ([GR04, Chapter IV, §4]).

In the present note, non-Archimedean Stein spaces are studied in the con-
text of Berkovich analytic spaces over a complete non-Archimedean field k
possibly trivially valued.

Definition 1.1 (|Kie67, Definition 2.3]). A k-analytic space X is said to
be W-ezhausted by affinoid domains if it admits an affinoid cover for the
G-topology {D;}ien such that, for ¢ > 0, D; is contained in D;y; and the
restriction map

Ox(Dit1) — Ox(Di)
has dense image.

Remark 1.2.

(1) If X is compact, then the previous definition is equivalent to being
affinoid.

(2) For each i € N, thanks to the compactness of D; and the fact that
we have a cover for the G-topology, there exists j > ¢ such that D; is
contained in the topological interior of D;. As a result, up to passing
to a subsequence, we may assume that for each ¢ € N, D; is contained
in the topological interior of D;4 1.

If X is without boundary, the topological interior of D; in X coin-
cides with the interior of D; relative to M(k) in the sense of Berkovich
(cf. Proposition 2.5.8(iii) and Corollary 2.5.13(ii) [Ber90]). We then
recover the property called Stein by Kiehl.

Kiehl proved the following version of Cartan’s Theorem B:
Theorem 1.3 ([Kie67, Satz 2.4]). Let X be a k-analytic space W-exhausted
by affinoid domains {D;};en and let F' be a coherent sheaf on X. Then,
(1) F(X) is dense in F(D;) for all i > 0;
(2) HY(X,F) =0 for all ¢ > 1.
Remark 1.4. Kiehl works with rigid spaces so that k should be supposed
non-trivially valued and X strict. However his proof goes through verbatim
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under the hypothesis of Theorem [[L3] One can also argue that (1) follows
from the density of O(D;41) in O(D;) (see [Kie67, Hilfssatz 2.5]), while the
compatibility of cohomology with field extensions (Theorem [A5]) allows one
to deduce (2) from the original result of Kiehl.

In the late eighties, Liu showed in a series of papers ([Liu88], [Liug9],
[Liu90]) that Kiehl’s notion is too restrictive: in [Liu88], he constructs a
compact k-analytic space which is not affinoid but whose normalization is,
and in [Liu90], he exhibits an analytic domain of the 2-dimensional disc which
is not affinoid but whose higher coherent cohomology vanishes.

To some extent, affinoid domains in rigid geometry correspond to analytic
blocks in complex analysis, while Liu domains are the analogues of Stein
compact sets that are closure of their interior. Recall that a compact subset K
of a complex analytic space X is Stein if, given a coherent sheaf F' on an open
neighbourhood U of K, the sheaf j~'F is acyclic (here j: K — U is the
inclusion and j~1F is the sheaf of germs of sections of F' along K). Analytic
blocks are compact Stein sets [GR04, Chapter IV, Theorem 3.2], but the
converse is not true in general: this can be thought of as the analogue of the
examples of Liu.

To ensure that the spaces he constructs have no higher coherent cohomol-
ogy, Liu proves a useful criterion, valid for compact analytic spaces. Let us
recall it here.

Definition 1.5. A k-analytic space X is said to be:

o rig-holomorphically separable if for all rigid points z, 2" € X, there
is a k-analytic function f € O(X) such that f(z) =0 and f(z') = 1;

e cohomologically Stein if for every coherent sheaf F' of Ox-modules
and every ¢ > 1 the cohomology group HY(X, F') vanishes.

Theorem 1.6 (|[Liu90, Théoreme 2]). Suppose k is non-trivially valued.
Let X be a separated compact strictly k-analytic space. Then the following
conditions are equivalent:

(1) X is rig-holomorphically separable and Ox is acyclic;
(2) X is cohomologically Stein.

Furthermore, if X satisfies one of the preceding equivalent conditions, then it
admits a locally closed immersion into a strictly k-affinoid space. In particu-
lar, if X 1is cohomologically Stein, then Xy is cohomologically Stein for every
analytic extension k' of k.

1.2. Statement of the results. In order to state the results, let us in-
troduce the following definitions:

Definition 1.7. Let X be a k-analytic space.
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e The holomorphically convex hull of a compact subset K of X is
fx = {oe X i [f@) < |flx forall f € O(X)},

where, for f € O(X), [|fllx := sup,ex [f(z)]-
The k-analytic space X is said to be:

e holomorphically separable if for all points x,z’ € X there exists a
k-analytic function f € O(X) such that |f(z)| # |f(2')];

e holomorphically convez if for every compact subset K C X the holo-
morphically convex hull Kx of K is compact.

Definition 1.8. A coherent sheaf F' on a k-analytic space X is said to
be universally acyclic if, for every analytic extension k' of k, Fj. is acyclic
on Xk/.

Note that by Theorem [A5] if k is non-trivially valued and X is separated
and countable at infinity, then any acyclic coherent sheaf on X is universally
acyclic.

Definition 1.9. A k-analytic space X which is separated, holomorphically
separable, compact, and on which Ox is universally acyclic is called a Liu
space.

Definition 1.10. A k-analytic space X is said to be W-exhausted by Liu
domains if it admits a cover for the G-topology {D;};en by Liu spaces such
that, for ¢ > 0, D, is contained in D, ; and the image of the restriction map
Ox(Djt1) — Ox(D;) is dense.

Note that those conditions imply a density result for any coherent sheaf F’
on X: the restriction map F(X) — F(D;) has dense image for all ¢ € N (see
Proposition [B.1).

The main results of this note are:

Theorem 1.11 (Cf. Theorem B.2)). Let X be a separated k-analytic space
countable at infinity. The following are equivalent:

(1) for every analytic extension k' of k, Xy is cohomologically Stein;

(2) X is holomorphically convex, holomorphically separable, and Ox ‘s
universally acyclic;

(3) X is W-exhausted by Liu domains.

Moreover, if the valuation of k is non-trivial and X is strict, one may replace
holomorphically separable by rig-holomorphically separable in (2).
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When the spaces in question are without boundary, the previous charac-
terization takes the following form:

Theorem 1.12 (Cf. Theorem [64). Let X be a k-analytic space without
boundary and countable at infinity. The following are equivalent:

(1) for every analytic extension k' of k, Xy is cohomologically Stein;
(2) X is holomorphically convex and holomorphically separable;
(3) X is W-ezhausted by affinoid domains.

Moreover, if the valuation of k is non-trivial, one may replace holomorphically
separable by rig-holomorphically separable in (2).

Remark 1.13. The question whether the equivalent conditions in The-
orem [[LT2] are in turn equivalent to X being cohomologically Stein remains
open.

The proof of Theorem [[LTT] has two ingredients. One is Cartan’s original
argument to exhaust Stein spaces (cf. [Carb2c Lemme, pp. 8-9], [GR04,
Chapter IV, §3, Theorems 6-7]). The other one is the compatibility of the
construction of the holomorphically convex hull with extension of scalars (cf.
Proposition AA4]).

Let us state some formal consequences of Theorems [I.11] and

Corollary 1.14. Let X be a k-analytic space without boundary. Then X
is W-exhausted by Liu domains if and only if it is W-ezhausted by affinoid
domains.

Corollary 1.15. Let X be a k-analytic space and let k' be an analytic
extension of k. Then X is W-ezhausted by Liu domains if and only if Xy is.

Proof. Tt follows from Theorem [AH O

Corollary 1.16. Let f: Y — X be a finite morphism between separated
k-analytic spaces. Then,

(1) if X is W-exhausted by Liu domains, then so is Y;
(2) if f is surjective and Y is W-ezhausted by Liu domains, then X s
W-exhausted by Liu domains.

Proof. (1) Tt suffices to show that, for every analytic extension k' of k,
Y} is cohomologically Stein. This follows from the Proper Mapping Theorem
of Kiehl (cf. [Ber90, Proposition 3.3.5]) and vanishing of higher direct image
(see also Proposition [Z8]).

(2) By Theorem [A5] it suffices to show that the higher coherent cohomol-
ogy of X} vanishes for every non-trivially valued analytic extension k' of k.

This follows from Proposition 2.15] O
Corollary 1.17. Let X be a separated k-analytic space countable at infin-
ity. Then,

(1) X is W-ezhausted by Liu domains if and only if its reduction Xyeq is;
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(2) X is W-exhausted by Liu domains if and only if every irreducible
component of X is.

Proof. This is a direct consequence of Corollary [[TI6 Indeed, if Trr(X)
denotes the set of irreducible components of X, then the map | |,- Elre(X) Y—-X
is finite and surjective. The same is true for the reduction map X,.oq — X. 0O

Structure of the paper. In Section 2l we prove some properties of co-
homologically Stein spaces, including a version of Cartan’s Theorem A (cf.
Proposition [ZT]), and show that they are stable finite morphisms (c¢f. Propo-
sition [Z8), which permits us to deduce Corollary from Theorem
In Section Bl we recall some results on Liu spaces and extend them to the
non-strict setting. In Section Ml we prove compatibility of holomorphically
convex hulls to extension of scalars (cf. Proposition ) and products (cf.
Proposition ). In Section Bl we give a proof of our main Theorem [[T1]
In Section [l we focus on spaces with no boundary: we prove a factorisation
theorem for proper morphisms on holomorphically convex spaces (cf. The-
orem [G.I) and deduce Theorem Appendix [A] recalls some results on
normed structures on the space of global sections of a coherent sheaf on a
k-analytic space (proved by A. Pulita and the second named author in [PP]).
Appendix [B] contains a description of the Zariski-trivial analytic spaces due
to A. Ducros.

Conventions. Let k be a field complete with respect to a non-Archimedean
valuation. An analytic extension of k is a complete valued field &’ containing k
whose absolute value restricts to that of k.

Let X be a k-analytic space in the sense of V. Berkovich ([Ber93| §1.2]).
For each point = € X, let H(z) denote the associated complete residue field.
A point z € X is said to be rigid if H(x) is a finite extension of k: if this is the
case, its (already complete) residue field is written k(x). Let X,z denote the
set of rigid points. Let M(A) denote the spectrum of a Banach k-algebra A.

2. Cohomological vanishing

In this section some formal properties of cohomologically Stein spaces are
discussed. Proofs are closer to their scheme-theoretic analogues rather than
the complex analytic ones (cf. [KK83|, Proposition 73.1]) because in the com-
plex case one usually works with the definition of Stein as holomorphically
separable and holomorphically convex.
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Proposition 2.1 (Cartan’s Theorem A). Assume that k is non-trivially
valued. Let X be a cohomologically Stein k-analytic space. For each coher-
ent sheaf F' on X and each point x in X, the image of the set of global
sections F'(X) generates the stalk Fy as an Ox z-module.

Proof. Let F' be a coherent sheaf on X and let  be a point of X. Let us
begin with:

Remark 2.2. Suppose = belongs to a closed k-analytic subspace Z of X
on which the statement holds; that is, suppose F'(Z) generates Fjz, as an
Oz z-module. The vanishing of the first cohomology group of the coherent
sheaf of ideals on X defining Z ensures the surjectivity of the restriction map
F(X) — F(Z). It follows that F'(X) generates Fjz , as an Oz ,-module. By
Nakayama’s lemma, it also generates F, as an Ox z-module.

According to the previous remark, it suffices to prove the statement for the
irreducible components of X. Therefore X may be assumed irreducible, and
we can argue by induction on the dimension d of X. If d = 0 there is nothing
to prove. Suppose d > 1 and that the statement is true for irreducible spaces
of dimension smaller than d.

If the Zariski-closure of the point z in X is not the whole space, it is an
irreducible subspace of dimension smaller than d. Then the statement is true
by induction hypothesis and Remark Suppose from now on that z is
Zariski-dense in X. Then two cases need to be distinguished.

First, if X has a non-trivial irreducible closed analytic subset Z, then the
dimension of Z is smaller than d and the statement holds for Z. It follows from
Remark [Z2] that there exists a homomorphism f: O% — F which is surjective
at some point of X. Since the locus where f is surjective is a Zariski-open
subset U of X, the point = belongs to U and f is surjective at x.

Second, if, on the contrary, there is no non-trivial closed analytic subspace
of X, then Proposition [Bl states that X = M(A) for a local finite algebra A
over an analytic extension K of k. Since is X is made of one point, the result
holds trivially. O

Definition 2.3. Let X be a k-analytic space and let M be a finitely
generated O(X)-module. Let Py be the presheaf for the G-topology of X
associating to an analytic domain D of X the O(D)-module M ®¢(x) O(D).
Let M denote the sheaf of Ox-modules for the G-topology of X associated
with P]V[.

Lemma 2.4. Let X be a k-analytic space and let M be a finitely generated
O(X)-module. Then,

(1) for each affinoid domain D of X, we have M(D) = M Rox) O(D);
(2) the sheaf M is coherent;
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(3) if N is a finitely generated O(X)-module and ¢: M — N is a surjec-
tive homomorphism, then the associated homomorphism of coherent
sheaves ¢: M — N 1is surjective.

Proof. (1) is a consequence of Tate’s acyclicity theorem [Ber90, Proposi-
tion 2.2.5].

(2) follows from (1).

(3) follows from (1) and the fact that the tensor product is right-exact. [

Lemma 2.5 ([Liu90, Lemme 1]). Let X be a compact cohomologically Stein
space, let F' be a coherent sheaf on X, let M be an Ox(X)-module, and let
©: M — F(X) be a homomorphism.

Suppose that there is a finite affinoid G-cover {X;}ier of X such that, for
all i € I, the homomorphism ;: M ®@0, (x) Ox(X;) — F(X;) is surjec-
tive. Let My be a finitely generated submodule of M such that, for all i € I,
the homomorphism @;: Mo @0, (x) Ox(X;) — F(X;) is surjective. Then,
p(Mo) = F(X).

Note that such a finitely generated O(X )-module My always exists because
of the finiteness of the cover and the finite generation, for all ¢ € I, of the
O(X;)-module F(X;).

Proof. The proof given in [Liu90, Lemme 1] works also in this context. O

Proposition 2.6 ([Liu90l Proposition 1.2]). Assume that k is non-trivially
valued. Let X be a cohomologically Stein k-analytic space. Then:

(1) for each affinoid domain D of X, the restriction Ox(X) — Ox(D)
is a flat homomorphism;
(2) for each finitely generated (resp., presented) Ox(X)-module M the
canonical homomorphism M — M (X) is surjective (resp., bijective).
Moreover, if X is compact, then:
(3) the ring Ox (X) is Noetherian;
(4) given a coherent sheaf F' on X, the Ox(X)-module M := F(X) is

finitely generated, and the canonical homomorphism M — F is an
isomorphism.

The proof that follows is exactly the one of [Liu90, Proposition 1.2] with a
few minor changes to adapt it to this context.

Proof. (1) Let D be an affinoid domain of X. It suffices to show that
for every finitely generated ideal I of Ox(X) the natural homomorphism
I ®0,(x)Ox(D) = I0x (D) is injective. Let I be the coherent sheaf asso-
ciated with I (Definition 23]) and let J C Ox be the coherent sheaf of ideals
generated by I. Note that J is the image of I in Ox via the sheaf homo-
morphism 6: I — Ox associated with the inclusion I C O(X). In particular,
6: I — J is a surjection.
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By Lemma 23] the map ¢: I — I~(X) is surjective. Since the composite
map 0(X)o¢: I — J(X) is injective, it follows that (X) is injective too.
Consider the coherent sheaf F' = Ker§. We have just proved that F'(X) = 0,
and Proposition 2] then implies that F' = 0; that is to say, 6 is injective. By
using Lemma[ZHl on D, we obtain J(D) = IOx (D) and we conclude that the
map

I(D) = I ®0(x) Ox(D) — J(D) = I0x(D)
is an isomorphism.

(2) In the finitely generated case, the result follows from Lemmal[Z5l Let M
be a finitely presented Ox (X)-module and let

0—K—0X)"—M—0

be a presentation of M with finitely generated kernel K. Thanks to (1), the
associated sequence of coherent sheaves

0—K-—0% —M-—0
is exact. This yields a commutative diagram

0 K oxX)" M 0
H
)

I |
0 —— K(X) — O(X)" —— M(X) —— 0

where the second row is exact because X is cohomologically Stein. Since
the central vertical row is the identity, it follows that « is injective and [ is
surjective. Moreover, since K is finitely generated, the map « is also surjective;
therefore 3 is injective.

Henceforth suppose X compact.

(3) Let I be an ideal of Ox(X) and let J be the sheaf of ideals gener-
ated by I. Note that for each affinoid domain D of X, IOx (D) is an ideal
of Ox (D), necessarily of finite type since Ox (D) is Noetherian, so that Jp
is coherent. As a consequence, J is coherent. Thanks to Lemma [2.5] there is a
finitely generated ideal Iy of Ox(X) such that Iy generates J(X). It follows
that I = I = J(X).

(4) By Proposition 2] the global sections F(X) of F generate the stalk
of F at every point z € X; hence they also generate the global sections F(D)
over every affinoid domain D of X. Applying Lemma [Z5] we deduce that the
Ox(X)-module M = F(X) is finitely generated.

The natural map M — F is an isomorphism: it is surjective since F' is
generated by global sections, according to Proposition 2] It is also injective,
as the homomorphism induced on global sections M (X) — F(X) is injective,
according to (2). O
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Remark 2.7. If X is a cohomologically Stein compact space over a trivially
valued field, then Ox (X) is still Noetherian. Indeed the proof of (3) in the
proposition above did not make use of the assumption on the valuation of k.

Proposition 2.8. Let f: Y — X be a finite morphism of k-analytic spaces.
If X is cohomologically Stein, then Y is cohomologically Stein.

The proof goes exactly as in the complex case. We recall it for the sake of
completeness. Let us begin with the following:

Lemma 2.9. Let f: Y — X be a finite morphism of k-analytic spaces.
Then for every coherent sheaf F' on'Y and all ¢ > 1,

HY(X, f.F) = HI(Y, F).

Proof of the lemma. The statement follows by an argument of degeneration
of the Leray spectral sequence as soon as all higher direct images vanish. Let
us prove RIf, F = 0 for every coherent sheaf F' of Oy-modules and for every
q > 1. Since this may be checked locally, X may be supposed affinoid. In this
case, by Kiehl’s theorem [Ber90), Proposition 3.3.5],

RIf.F =HI(Y, F) @ Ox,

for all ¢ > 0. Since f is finite and X is affinoid, Y is affinoid too, and the
cohomology groups HY(Y, F) vanish for all ¢ > 1. O
Proof of Proposition [Z8. In order to compute the cohomology of a coher-
ent sheaf F' on Y, thanks to the preceding lemma, one is led back to computing
the cohomology of the sheaf f,F on X. Since f,F is coherent and X is as-
sumed cohomologically Stein, HY(X, f.F') vanishes for all ¢ > 1. O
Lemma 2.10 ([Kie67, Hilfssatz 2.6]). Let {C?};en be a projective system
of cochain complezes with transition maps ¢f: C; ., — C} and differentials
. Cl— Cerl. Let g € Z. Assume (at least) one of the following holds:

(1) for alli e N, the map ¢f: C!_, — C, as well as the induced map on
q-cocycles

ol 7] | =Kerd | — Zj := Ker 0y,

18 surjective;
2) for alli € N, the maps ©¥: CP . — CP are surjective forp=q—1,q,
Pi i+1 i
and the cohomology group HY(C?) vanishes.

Then, the natural map

HT (Jim CF) — Jim H7"(C})
1€EN €N

s an tsomorphism.
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Proof. For p € Z, define CP := l'glC’; and denote by 9?: CP — CPT!
the induced differential map. Set also ZP := Kerd” and BPT! := ImoP.
Assume (1). For all i € N, the map at the level of coboundaries,

g+1, pg+l . _ q q+1 _ q
i Bl =Imdf,, — B :=1Imd;,

is surjective. Indeed, in the commutative diagram

0 Zi, Clyy — Bgill —0
b b
0 VA c? BT —— 0

the central vertical arrow is surjective, hence so is the vertical one on the
right. As a consequence, the projective system of short exact sequences

0 — B — 70T L HITN(C) — 0
satisfies the Mittlag-Leffler condition, and the natural map
lmZ{ ™ /lim BY ™ — lim HT(CF)
1€N 1N ieN
is an isomorphism.

The hypothesis that ¢! induces a surjective map on g-cocycles implies that
the projective system of short exact sequences

0— 29 —C! — BT —0

satisfies the Mittlag-Leffler condition. The projective limit @ieN Bg+1 is
therefore identified with the quotient lim ct/ Hm, Z1. The latter is in
turn isomorphic to C? /Z? as the natural map
79 — lim Z?
%\] i
is an isomorphism (“kernels commute with projective limits”). Summing up,
BYT! is isomorphic to the projective limit miEN B!. This concludes the proof
of the statement under assumption (1).
Assume now (2): it suffices to prove that (1) is verified. Let ¢ € Z7 be
a g-cocyle. Since the g-th cohomology group H?(C}) vanishes, there exists
s € Cg_l such that 83_1(3) = t. By hypothesis the map apg_l is surjective;
thus there is s’ € Cg_;ll such that ¢ '(s') = s. The element #' := 83_;11(5’) is
a g-cocycle that satisfies ¢ (t') = t. O
Lemma 2.11. Let X be a separated k-analytic space. Forn € N, let I, be
a coherent sheaf of ideals of Ox and let X,, be the associated closed analytic
subspace of X. Assume the following:

(1) Iny1 C I, for every n € N;
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(2) X, is cohomologically Stein for allm € N;
(3) for every affinoid domain D C X, there exists an integer r > 0 such
that IT\D =0.
Then X is cohomologically Stein.

Remark 2.12. The separation hypothesis here appears in order to be able
to compute the cohomology of a coherent sheaf as its Cech cohomology with
respect to an affinoid cover.

Proof. Let F be a coherent sheaf of Ox-modules and let D = {Dy}ecp be
an affinoid cover of X for the G-topology. For n € N consider the induced
affinoid cover D,, = {Dx xx Xn}rea on X, and let C;, be the Cech complex
C*(D,, F). The cochain complexes C;, form a projective system through the
maps C;,; — C} induced by restriction, and its limit

C* :=lim C
neN
is identified with the Cech complex C*(D, F).

We show that the restriction maps Cj,; — C% are surjective for all ¢, n.
For A= (Xo,...,Aq) € A9 write Dy = Dy, Xx -+ Xx D,,. The k-analytic
space X, 11 Xx D, is affinoid (thus cohomologically Stein), and X, X x Dy is
a closed analytic subspace of X,,+1 X x Dy. Thus the restriction map

F(XnJrl X x D)\) —)F(Xn Xx D)\)

is surjective. In particular, the restriction map C{_; — C% is surjective.

Since the affinoid cover D,, is acyclic and X,, is cohomologically Stein,
HY(C;) = HY(X,,, F) vanishes for ¢ > 1 and hypothesis (2) of Lemma 210 is
fulfilled. On the other hand, the affinoid cover D is acyclic; thus, for ¢ > 2,

HY(X,F)=HYC*) = @Hq(C;) = ]'ngq(Xn,F) =0.
neN neN

This leaves us with proving the vanishing of H'(X, F). For this we apply
Lemma 210 with ¢ =0. Hypothesis (1) is indeed fulfilled: for all n € N, the
restriction map ¢, C(T)L+1 — (Y is surjective because X, 41 x D) is affi-
noid (hence cohomologically Stein); on the other hand, the O-cocyles ZC are
nothing but the global sections F(X,,). Therefore the surjectivity of the map
F(X,41) = F(X,) (guaranteed by the hypothesis of X, being cohomolog-
ically Stein) reads into the surjectivity of ¢? at the level of 0-cocycles. O

Proposition 2.13. Let X be a separated k-analytic space. Then X is
cohomologically Stein if and only if Xieq is cohomologically Stein.

Proof. (=) Clear. (<) Let N C Ox be the sheaf of ideals made of nilpotent
functions and, for n € N, let X,, be the closed analytic subspace associated
with N™. Since affinoid algebras are Noetherian, for every affinoid domain
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D C X, there exists an integer > 0 such that XV, ""D = 0. According to Lemma
21711t suffices to show that X, is Stein for all n € N.

Let n € N be a non-negative integer and let ' be a coherent sheaf of
Ox, -modules. For every integer ¢ > 0, consider the short exact sequence

0 — N*"'F — N‘F — N'F/N“T'F — 0
and the associated long exact sequence of cohomology
. —HYX,,N“"'F) —HY(X,,N‘F) —HYX,,, N F/N*"'F) —....

If t: Xreq — X, is the canonical morphism, then N*F/N‘“*1F = ,,.*N‘F.
Since X,oq is supposed to be Stein, the higher cohomology of N*F/N‘*1F
vanishes, by Lemma Employing this in the long exact sequence of coho-
mology groups, the homomorphism

HY(X,, N“T'F) — HY(X,,, N‘F)

is seen to be surjective for all ¢ > 1 (actually bijective for ¢ > 2). Since
the sheaf N™ vanishes on X,,, HY(X,,, N‘F) vanishes for all ¢ > 1 and all
{>0. O

Proposition 2.14. Let X be a separated k-analytic space. Then X is
cohomologically Stein if and only if every irreducible component of X is coho-
mologically Stein.

Proof. (=) Clear. (<) Thanks to Lemma 2.1T] one may assume that X
has finite dimension. Indeed, let X,, be the union of irreducible components
of X of dimension < n and let I, be the coherent sheaf of ideals defining
X,,. Since an affinoid domain D C X has finite dimension, the hypothesis of
Lemma 2.ITl is fulfilled. Therefore it suffices to prove the statement when X
is finite-dimensional.

We argue by induction on the dimension d of X. If d = 0 the statement
is obviously true. Suppose d > 1. If the support of a coherent sheaf F' on X
has dimension < d — 1, then its higher cohomology vanishes (whether Supp F'
is reduced or not does not matter because of Proposition 213]). Indeed, any
irreducible component S of Supp F' is contained in an irreducible component
Y of X. According to Proposition Z8 S is cohomologically Stein being a
closed analytic subset of Y (which is cohomologically Stein). Applying the
inductive hypothesis to Supp F' one concludes that it is cohomologically Stein.

Let {X®1},c; be the set of irreducible components of X and let

X = | X% —X
i€l
be the natural map. The k-analytic space X’ is cohomologically Stein. The
morphism 7 is finite: indeed, this property being local on the base, one may
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suppose X to be affinoid, for which the statement is clear (because an affinoid
has at most finitely many irreducible components).

Let 7f: Ox — m,.Ox be the homomorphism induced by 7 and consider
the short exact sequence

0—>OX —)W*OX/—>C—)0,

where C' = Coker7?. Let U C X be the subset of points belonging to only
one irreducible component. Its complement X \ U is a closed analytic subset
of dimension < d — 1.

Let F be a coherent sheaf of Ox-modules. Applying Hom(—, F') to the
preceding short exact sequence, one obtains an exact sequence

0 — Hom(C, F) — Hom(m,Ox/, F) = Hom(Ox, F) = F.
Observe the following:

(1) The sheaf Hom(m.Ox-, F') has a natural structure of a 7, O x/-module;
hence it is the push-forward m,FE of a coherent sheaf E of Ox.. Since
m is finite, according to Lemma [2.9]

HY(X, Hom(r,Ox:, F)) = H(X',E) = 0

for all ¢ > 1.
(2) The support of C' is contained in X ~ U as well as the support
Hom(C, F). Thus the higher cohomology of Hom(C, F') vanishes.

Applying these considerations to the long exact sequence of cohomology
groups associated with the short exact sequence

0 — Hom(C, F) — Hom(m.Ox/, F) — Im(p) — 0,

one obtains that the higher cohomology of Im(y) vanishes. Consider the short
exact sequence

0 — Im(p) — F — Coker(yp) — 0.

Since 7% is an isomorphism on U, the support of Coker(p) is contained in
X N\ U. Thus the higher cohomology of Coker(y) vanishes. The long exact
sequence of cohomology associated with the preceding short exact sequence
gives HY(X,F) =0 for all ¢ > 1. O
Proposition 2.15. Suppose k is non-trivially valued. Let X,Y be sep-
arated k-analytic spaces and let f:Y — X be a finite morphism. If f is
surjective and Y is cohomologically Stein, then X is cohomologically Stein.
Proof. We adapt the argument given in [Liu88]. According to Proposition
2.T41 it suffices to prove the statement when X is also assumed irreducible.
We argue by induction on the dimension d of X. If d = 0 the statement
is true. Suppose d > 1. If a coherent sheaf F' is not supported at the whole
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X, then its higher cohomology vanishes. Indeed, let S be an irreducible com-
ponent of Supp(F). Then f~1(S) C Y is cohomologically Stein because it is
a closed analytic subset of Y which is assumed to be cohomologically Stein.
Since dim S < d—1, the induction hypothesis implies that S is cohomologically
Stein. In particular, all the irreducible components of Supp(F') are cohomo-
logically Stein; hence Supp F' is cohomologically Stein thanks to Proposition
214

Claim 2.16. Given x € X, there are global sections si,...,s, € O(Y)
such that the induced homomorphism s: O% — f,Oy is an isomorphism at x.

Proof of Claim 2.16. It suffices to prove that there are sections si,..., s,
such that s: O% — f.Oy is surjective at z. Indeed, if this is the case,
by letting m, denote the maximal ideal of the local ring Ox , at z, there
are m € N and m indices i,...,4, € {1,...,n} such that the images of
Siiz, -« - Si,, form a basis of the (Ox 5 /my)-vector space (£ Oy )z /Mg (f+Oy ).
It now follows from Nakayama’s lemma that the morphism

(Siyse--y8i,): O%F = f.Oy

is an isomorphism at x.

The argument to prove the desired surjectivity is similar to the one used
in the proof of Theorem A (Proposition 2.7]), and we sketch the changes one
has to perform. We begin with:

Remark 2.17. Suppose = belongs to a closed k-analytic subspace Z of X
such that there are sections s1,...,s, of f.Oy over Z (i.e. global sections
of Oy over f~1(Z)) such that the induced homomorphism 0% — (f.Oy)z
is surjective at x. Since Y is cohomologically Stein, the sections si,..., s,
extend to global sections of Oy over Y, and the induced map O% — f.Oy is
surjective at z.

As for the proof of Proposition 2] one may suppose X irreducible and
argue on the dimension of X. Again for d = 0 there is nothing to prove, so
one can assume d positive and that the statement is true for irreducible spaces
of lower dimension. If x is not Zariski-dense, the result holds by induction
hypothesis and Remark 217l It remains to treat the case when x is Zariski-
dense. If X admits a closed analytic subspace Z, the induction hypothesis
yields a homomorphism s: O% — f.Oy which is surjective at some point of
Z. Since the locus where s is surjective is a Zariski-open subset of X, s is
surjective at x. If X has no closed analytic subspace, then Proposition [Bl
states that X = M(A) for a local finite algebra A over an analytic extension
K of k. Then Y = M(B) for a finite K-algebra B, and the result holds
trivially. ]
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The rest of the proof goes along the same lines as that of Proposition 2.14]
applying Hom(—, F) to the exact sequence

0% — f.Oy — Coker(s) — 0.

This concludes the proof. O

3. Preliminaries on Liu spaces

3.1. Recollecting some results of Liu. Let X be a k-analytic space
and let € X be a rigid point. Let m, be the kernel of the evaluation map
O(X) — k(x), where k(x) denotes the residue field at x. The ideal m, is
maximal: indeed, by definition the integral domain O(X)/m, injects into
k(x), which is finite-dimensional over k, and it follows that O(X)/m, is a
field. For a ring A, let Max(A) denote the set of maximal ideals of A.

Lemma 3.1. A k-analytic space X is rig-holomorphically separable if and
only if the map X3z = Max(O(X)), x — my is injective.

Lemma 3.2. Let X be a k-analytic space, let x, 2’ be distinct points of X,
and let f be a k-analytic function on X such that |f(z)| # |f(2")|. Then,

(1) if x is rigid, there is g € O(X) such that g(x) =0 and |g(z)| > 0;
(2) if x,a’ are both rigid, there is g € O(X) such that g(x) = 0 and

g(@') = 1.
In particular, if X is holomorphically separable, then it is rig-holomorphically
separable.

Proof. (1) Let P be the minimal polynomial of f(z) over k. Then
P(f(x)) =0and P(f(z')) # 0 (otherwise f(2’) would have the same norm as
(2)

(2) According to (1) there is g € O(X) such that g(x) = 0 and g(z') # 0.
Let P be the minimal polynomial of g(z') over k. Then P(g(z’)) = 0 and
P(g(x)) = P(0) is not zero. The function % does the job. O

Remark 3.3. According to the preceding lemma, an S-space in the sense of
Liu (JLiu90, Définition 2.2]) is a strict, separated, compact, rig-holomorphically
separable k-analytic space such that Ox is acyclic.

~

Theorem 3.4. Suppose k is non-trivially valued. Let X be a strict, sep-
arated, compact, rig-holomorphically separable k-analytic space such that Ox
is acyclic. Then every strictly affinoid domain D of X is a finite union of
rational domains of X.

Proof. This is Liu’s version of the Gerritzen-Grauert Theorem for S-spaces
[Liu90, Théoreme 1]. O
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Corollary 3.5. With the hypotheses of Theorem [3.4, X is holomorphically
separable, hence a Liu space.

Proof. Given two distinct points z, 2’ of X, according to Theorem 3.4 there
is a rational domain D of X containing z and not containing z’. In particular,
there is f € O(X) such that |f(x)] # |f(2')]. O

3.2. Results for non-strict spaces.

3.2.1. Rational domains.

Definition 3.6. Let X be a k-analytic space, let fo,..., f, € O(X) with-
out common zeros, and let ry,...,7, > 0. The rational domain associated
with this data is the analytic domain

{z e X :|fi(x)] < rmi|fo(x)],i=1,...,n}.

A rational domain of X is an analytic domain of the previous form.

Lemma 3.7. Let X be a k-analytic space that is separated and countable at
infinity. Let F' be a coherent sheaf on X that is universally acyclic. Consider
the closed disc D :=D(rq,...,7r,) of radii r1,...,7p > 0. Letp: X x; D — X
be the first projection. Then

(1) F(X)[t1,--.,tn] is dense in p*F(X x; D);
(2) p*F is universally acyclic on X xj D.

Proof. Both results follow from Theorem [A 6l O

Lemma 3.8. Let X be a k-analytic space that is separated and countable
at infinity. Let f € O(X) and let U ={x € X : f(x) # 0}. Then,

(1) if F is a universally acyclic coherent sheaf on X, Fiy is universally
acyclic on U;
(2) the image of F(X)[f™!] is dense in F(U).

Proof. Since X is separated, U is identified with the closed subspace of
X x A,lc’an associated with the sheaf of ideals I generated by tf — 1, where t is
a coordinate function on A,lc’an. Let p: X x A,le’an — X be the first projection.
For a coherent sheaf F' on X, the short exact sequence of coherent sheaves

0— IpF —p'F — Fly — 0

induces a long exact sequence

S HYX X AP p*F) — HY(U, F) — HT (X x, A Ip*F) — -
The function ¢ f —1 is not a zero-divisor on X X A,lc’an; thus Ip* F is isomorphic
to p* I as a coherent sheaf. According to Theorem [A.6] for all ¢ > 1, we have

HY(X xj Ay, p*F) = HY(X, F) = 0.

In particular, Fjy is acyclic and even universally acyclic since the assump-
tions of the statement are stable under extension of scalars. Moreover, the
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restriction map p*F(X x Ay™) — F(U) is surjective. Since F(X)[t] is dense
in p*F(X x Ay™) by Theorem A6 the map F(X)[t] — F(U) sending ¢ to
f~! has dense image, whence the statement. (I

Proposition 3.9. Let X be a k-analytic space that is separated and count-
able at infinity and on which Ox is universally acyclic. Let fo, ..., fn€0x(X)
without common zeros, let ry,...,7, >0, and let

X' ={z e X :|fi(x)] <ril|folx)| foralli=1,...,n}.
Then,

(1) if F'is a universally acyclic coherent sheaf on X, F|x/ is universally
acyclic on X';
(2) the image of F(X)[fy '] is dense in F(X').

Proof. Since the functions fy, ..., f, do not have common zeros, the sub-
space X' is contained in the open subset U = {z € X : fo(x) # 0}. According
to Lemma [3.8] the open subset U is separated and Oy is universally acyclic.
By replacing X by U, the function fy can be assumed to be invertible and,
up to replacing f; by fi/fo, equal to 1. When fy = 1, arguing by induction,
one reduces to the case n = 1. In this situation write f = f; and r = ;. The
statement can then be proved by reasoning as for Lemma B8] replacing the
analytic affine line A;®" by the closed disc with center 0 and radius . O

Lemma 3.10. Let X be a holomorphically separable k-analytic space.
For ©g € X and a compact analytic neighbourhood D of xy, there are
fos-ooy fn € Ox(X) without common zeros and r1,...,my > 0 such that the
domain

X' ={z e X :|fi(x)] <mlfolx),i=1,...,n}
satisfies the following properties:
(1) D' := X' N D is contained in the topological interior of D in X ;
(2) xo belongs to D';
(3) D' is a finite union of connected components of X'.

Proof. Since the space X is holomorphically separable, for every y in the
topological boundary 9D of D in X, there is a function f € Ox(X) such that
|f(W)| # |f(xo)]. By compactness of 0D, there are g1,...,g¢,h1,...,hm in
Ox (X), and real numbers aq,...,ap, B1,. .., Bm > 0 such that

|gl(m0)|galv Z-:17...,£, |hj(m0)|26]a jzlv"'ama

and, for all € 9D, we have either |g;(x)| > «; for some i € {1,...,¢} or
|hj(x)| < B; for some j € {1,...,m}.
Consider the subspace X’ of X made of the points x € X such that

lgi(@)| <y i=1,...,¢, |hj(x)] > B, j=1,...,m.
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Then D’ := X’ N D contains z and is contained in the topological interior
of D. It follows that D’ is a finite union of connected components of X'.
Moreover X’ can be put in the form in the statement by setting

fo="h1-hm,
fi = gifo, T =0y (i=1,....,0),
foevi=h1---hi—ihipr -+ by, Topi = B (i=1,...,m),
Jermer =1, Tormer = (B Bm) .
This finishes the proof. O

Definition 3.11. Let r = (rq,...,rz) € RL.

(1) The field k, is the completion of the field of rational fractions
k(t1,...,tr) with respect to the absolute value

Z a)\t)\ € k[tlv s ,tL] = in%}gﬂa)\h“)‘} € R>Oa
AeNE <
where t* == {1 .. ~t2L and r =t ~r2L.
(2) The real numbers rq, ..., ry, are said to be free over |k*| if their images
in the Q-vector space Rso/(|k*| ®z Q) are free.

Assume that the real numbers 71, ..., 7y are free over |k*|. Then the field
k, can be obtained as the affinoid k-algebra

E{ri Yo riug i =1, LY/(tju; — 1,i=1,...,L).

If A is a Banach k-algebra endowed with a non-Archimedean norm || - || 4,
then the affinoid k,-algebra A, := A&k, is the set of power series of the
form >\ yr axt®, where the coefficients a) € A are such that |lay|[a > — 0
as |A| = 4o0. It is endowed with the norm || || 4, for which

A
= max-||a Ty,
1f1lar AEZL{H Allar?}

Let S = M(A) and S, = M(A,). The inclusion A — A, induces a continuous
map prg,.: S, — S.

Given a point s € S, consider the multiplicative semi-norm on A, defined
by

A A
)\EZZL axt™ — )I\ré%>L({|a)\(s)|r }.

Denote by og,(s) € S, the associated point. The so-defined map og,:.S— S,
is a section of prg,.

Lemma 3.12. The section og,: S — S, is continuous.
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Proof. This is most certainly well-known, but since we could not spot a
reference, we include a proof for the sake of completeness.

By definition of the topology on S,, proving the continuity of og, amounts
to showing, for all f € A,, the continuity of |f| o og,. Write such an f as
> seze axt® with ay € A such that [lax||ar* — 0 as [A| = +oc. Then, by
definition of og,,

A

|/ (o5.0(5))] = maxfax(s)[r.

If ay = 0 for all but finitely many A € Z%, then |f| o og, is clearly con-
tinuous. If not, for n € Nsg, let L,, > 0 be such that [lay||4r* < 1/n for all
Al > Ln. Set g, = 32\ <L., axt*. According to [Ber90, Theorem 1.3.1],

1
sup [(f — gn) (@) < [If = gnlla, < —.
tes, n
It follows that | f|oog,, is the uniform limit of the functions |g,|cos,, on S,. By
the preceding case, those functions are continuous. We deduce that |f]| o og,,
is continuous too. O

Remark 3.13. The construction of og, is functorial with respect to
bounded homomorphisms of Banach k-algebras. This permits us to construct
the section ox , for every k-analytic space X. The above lemma shows that
it is continuous.

Proposition 3.14. Let X be a Liu space. Then every affinoid domain of
X is a finite union of rational domains of X. In particular, X is a finite
union of rational affinoid domains.

Proof. We follow Ducros’s argument to draw the Gerritzen-Grauert theo-
rem for affinoid spaces from the corresponding result in the strictly affinoid
case (cf. [Duc03l Lemme 2.4]). We may assume that X is reduced. We
will endow O(X) with the spectral norm, and similarly for the algebras of
the affinoid domains of X that will appear. Since X is compact, there are
positive real numbers rq,...,ry, linearly independent in the Q-vector space
Rso/(|k*| ® Q), such that the k.-analytic space X, is strict. Note that we
have O(Xy,) = O(X) @ik, .

Let 0: X — X}, be the section of the natural projection pr: X — X.
According to Theorem B4 the affinoid domain Dy, is a finite union of ra-
tional domains of Xy _. Therefore it suffices to prove the following: given a
rational domain Y of Xy, , 0~1(Y) is a finite union of rational domains of X.
Let fo,..., fn € O(X},) be without common zeroes, let s1,...,s, > 0, and
consider the rational domain

Y ={xe Xy :|fi(x)] <silfo(z),i=1,...,n}.
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For each i € {1,...,n}, write fi = > ,cpn fiet" with f;; € O(X). Since the
functions fy, ..., fn do not have a common zero, the function fj is necessarily
invertible on Y, and, because of the compactness of the latter, there is a
positive real number & > 0 such that |fo(y)| > ¢ forally € Y. Let L C ZV
be a finite subset such that, for £ ¢ L and ¢ € {1,...,n}, the inequalities
| fo.ellm < e and || fio||r* < sie hold.

A point 2 € X then belongs to o~1(Y) if and only if the following conditions
are satisfied:

e there is £ € L such that | fo(z)|r* > ¢;
o maxser{|fio(@)|r'} < simaxper{|foe(x)|rt} fori=1,...,n.

Fix ¢ € L. Let Z; be the rational domain of X made of the points x € X such
that

| foe(z)|r > ¢,
| fo.e(@)r® = | fom ()™ (m e L~ {}),
Si|f07g($)|7”£ > | fim()|r™ (meL,i=1,...,n).

By construction ¢~1(Y) is the union of the rational domains Z, for ¢ € L,
which concludes the proof. ([l

Let X be a Liu space and write it as a finite union of rational affinoid
domains as in the proposition. By Proposition [3.9] the algebra of each of
those affinoid domains may be topologically generated by global functions.
Putting all those functions together, we define a morphism from a Tate algebra
to O(X). The precise outcome is the following result. Its proof is similar to
that of [Liu90l Proposition 3.3] and we omit it.

Proposition 3.15. Let X be a k-analytic Liu space. Then, there exists a
k-affinoid space Y and a locally closed immersion ¢: X — Y. More precisely,
there exists a finite covering {Y;}; by rational domains of Y such that, for
each i, the morphism o~ (Y;) — Y; is a Runge immersion, i.e. the composi-
tion of a closed immersion and a Weierstrass domain embedding. O

3.2.2. Extension of scalars.

Proposition 3.16. Let X be a separated, countable at infinity, holomor-
phically separable k-analytic space on which Ox is universally acyclic. For
every analytic extension k' of k, the k'-analytic space X+ is holomorphically
separable and Ox,, is universally acyclic.

Proof. The sheaf Ox,, is universally acyclic by Theorem[A5l It remains to
prove that X/ is holomorphically separable. If the projection of two points
xz,x’ € Xy in X are distinct, by hypothesis there is f € O(X) such that
|f(z)| # |f(2")]. Otherwise call y the projection of z,z’ in X.
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Suppose first that X is compact and let D be the affinoid domain of X
containing y. By Proposition B.14] we can suppose that D is rational in X.
In particular, there is f € O(X) such that O(X)[f~!] is dense in O(D)
and O(X)[f~!] ® k' is dense in O(Dy/) = O(D)®k'. Since Dy is affinoid,
there exists g € O(Dy) such that |g(z)| # |g(z’)|. By density such a g can be
taken in O(X)[f~!]®k’. By clearing denominators one produces a k’-analytic
function h € O(X) ® k' such that |h(x)| # |h(z")].

In the case where X is not necessarily compact, according to Lemma [3.10]
and Proposition [3.9] there is a compact analytic domain D’ of X containing y
such that Op- is universally acyclic, and there is a function f € O(X) with
no poles on D’ such that O(X)[f ] is dense in O(D’). This leads us back to
the compact case. ([

Corollary 3.17. Let X be a k-analytic Liu space. For every analytic
extension k' of k, Xy is a Liu space. (I

Corollary 3.18. Liu spaces are cohomologically Stein.

Proof. Given a k-analytic Liu space X, pick a non-trivially valued extension
k' of k such that X} is strict. Since X}/ is again a Liu space, Liu’s theorem
(Theorem [[6]) states that X} is cohomologically Stein. By applying Theorem
[A5l one concludes that X is cohomologically Stein. ([

Corollary 3.19. For a Liu space X the natural map X — M(O(X)) is a
homeomorphism.

Proof. Since the map is continuous and the source and the target are com-
pact and Hausdorff topological spaces, it suffices to prove that the map is
bijective. By definition, a Liu space is holomorphically separated; thus the
map is injective. In order to prove that it is surjective, let x be a multiplicative
semi-norm on O(X).

Let k" be the completion of the fraction field of the integral domain
O(X)/Kerz. By definition the homomorphism O(X) — k' of Banach k-
algebras is bounded and thus extends to a continuous homomorphism of Ba-
nach k’-algebras O(X)®i k' — k’. The Banach k’-algebra O(X) &y k' is
identified with O(X}/) thanks to Theorem It follows that x extends to a
bounded multiplicative semi-norm z’ on O(Xy/). If the semi-norm z’ comes
from a point of X/, then & comes from a point of X.

Therefore, up to extending scalars, one may assume that k¥’ = k. Moreover,
up to extending k further, one may assume that it is non-trivially valued and
that the space X is strict. Liu proved that rigid points of a strict Liu space
Y are in bijection with maximal ideals of O(Y") (see [Liu90, Proposition 2.4
or 3.2]). This concludes the proof. O
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4. Descent of holomorphic separability and convexity

4.1. Some normed algebra. The proofs of Propositions .4 and .9 rely
on some results of normed algebra that we review in this section.
Definition 4.1.

(1) A normed k-vector space is a k-vector space V equipped with a non-
Archimedean norm || - ||y such that ||Av]y = |A|||v]lv for all A € k
andv e V.

(2) Let @ > 1 and V be a normed k-vector space. A family of vectors
{vi}ier of V is a-cartesian if, for every finite subset J C I, A\; € k,
v €V iforiedJ,

a_lrglea}({\killlvillv} < llvllv < max{|Adllviflv },

where v =7, ; A\
(3) Let V,W be normed k-vector spaces. The tensor product V @5 W is
endowed with the tensor norm || - ||y gw defined, for t € V @, W, as

[tlvew = inf max {{vlv|wilw],

the infimum ranging on the set of possible ways of writing ¢ as
SN v ®@w; with N eNand v; € V, w; € W foralli=1...,N.

Proposition 4.2. Let V be a finite-dimensional normed k-vector space
and o« > 1. Then there exists an a-cartesian basis of V.

Proof. If k is non-trivially valued, this is [BGR84, Proposition 2.6.2/3]
The proof of [GI63, Proposition 1.1] works also in the trivially valued case.
Let us sketch it here. One argues by induction on the dimension d of V. If
d = 0 the statement is clearly true. Suppose d > 1. Let a1,8 € (1,«a) be
such that a1 8 < a. Consider a linear form ¢: V — k. First, remark that
the set {|¢(v)|/[|v]lv}vev{o} is bounded above. Indeed, since V is finite-
dimensional, ||- ||y is equivalent to the norm defined as the maximum of the
absolute value of the coordinates with respect to some basis of V', and the
result is obvious for the latter. Let v; € V'~ {0} such that

o) | 1 gyl
orllv = e Loy Tellv

By rescaling v, one may also suppose p(v;) = 1. Let vo,...,v, be a -
cartesian basis of W = Ker ¢, which exists by the induction hypothesis. A

Mf k is maximally complete the statement holds also with a = 1 ([GI63, Proposition
1.1], [BGR84, Proposition 2.4.4/2]).
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vector z € V writes uniquely as © = ¢(z)v; + w with w € W. By definition
of v, we have

lzllv > ay (@) vilv-
There are two possibilities: either ||w||yv < |p(z)|||v1]lv, which yields
lzllv > a7 " max{|g ()] lv1]lv, [[wllv},
or ||lw|v > |¢(x)|||v1]lv, in which case
lzllv = llwllv > a7 max{|e(@)| |[vi]lv, lwlv},

because non-Archimedean triangles are isosceles and a; > 1. By writing
r1 = ¢(z) and w = Y., x;v; and by using that the basis vo,..., v, is
[-cartesian, in both cases one obtains

lellv > oy 67 max {lai furllv}

and concludes because a1 < a. O

Proposition 4.3. Let V, W be normed k-vector spaces. Let o > 1 and
let v1,...,v, be a linearly independent a-cartesian family of V.. Then, for
Wi, ...,wy, €W,

o™t max {|Jvillvlfwillw} < [tllvew < max {|Jvillv[lwillw},
i=1,....,n i=1,...,n
where t = Y1 | v; @ w;.
Proof. Let Vi be the sub-k-vector space of V' generated by vy, ..., v,. Ac-
cording to [Poil3l Lemme 3.1] the inclusion Vo @ W — V ®; W is an isom-
etry. Therefore, up to replacing V' by Vj, one may assume that V is finite-

dimensional and v1,...,v, is a basis of V.

Let wq,...,w, € Wandt = Z?:l v;Qw;. By definition of the tensor norm,
for £ > 0, there exist an integer n’ > 0, v{,...,v), € V, and wi,...,w,, € W
such that t = Z:il v) @ w} and

tlvew > max {ofllylwllw} <.

For i = 1,...,n/, write v = 2?21 Aijvi, with A;; € k. Since the basis
v1i,...,V, is a-cartesian,

lllvew =o' max {.max {Azﬂvinvuwznw} e
i=1,...,n" | j=1,...,n

— o max { i {/\ij|w§||w}||vi||v} .
j=1,...,n | i=1,...,n’

-1 "
> o™t max {Jluf v} <.
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where w;’ =Y"  Aijwi. Since v1,...,v, is a basis and
n n
Zw;’ Quj=t= ij ® vj,
j=1 j=1
one has w} = wj forall j = 1,...,n. The result follows letting € tend to 0. [

4.2. Holomorphically convex hull and extension of scalars. We
prove here that the formation of the holomorphically convex hull is compatible
with extension of scalars.

Proposition 4.4. Let X be a k-analytic space that is countable at infinity
and let K be a compact subset of X. Let k' be an analytic extension of k, let
X' =Xy, and let K' = prlz,l/k(K) Then,

K%, = pr;/l/k(KX).

As an immediate consequence, we have:

Corollary 4.5. Let X be a k-analytic space, countable at infinity. Then,
X is holomorphically convex if and only if Xy is holomorphically convex for
some analytic extension k' of k.

The compatibility in Propositiond.4lrelies on a compatibility of the spectral
norm with extension of scalars. To state it let us define:

Definition 4.6. Let X be a k-analytic space and let K be a compact
subset of X. Let Dk be the set of compact analytic domains containing K.
The ring of germs along K is the k-algebra

DeDg
The k-algebra Ag is equipped with the sup norm || - || 4, on the compact K.

Proposition 4.7. Let X be a k-analytic space, let K C X be a compact
subset, and let A be the ring of germs along K. Let k' be an analytic extension
of k, let pr: X' = X x k' — X be the morphism induced by extension on
scalars, and let K’ := pr=1(K). Denote by ||| a.x the tensor norm on ARy k'
and by pa i the associated spectral norm. Then, for every f € A®y K,

. 1/n
paw(f) = lim |IfII} = s 1]

Proof. We prove first the inequality pa i (f)>suppy,—1 (k) [f|. Let € K be
a point. By definition the evaluation map ev,: A — H(x) is norm-decreasing;
therefore the map induced on tensor products,

ev, ®id: A®g k' — H(z) @i K,
is norm decreasing too. According to [Ber90, Theorem 1.3.1], for f € A®y ¥/,

pak (f) = pr)w (f) = sup |f],
M(S)
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where S is the completion of H(z) ®; k' with respect to the tensor norm
Il 19(2),k7> and pay(z),5 is the spectral norm associated with || - ||2(z),5 - The
spectrum M(S) is naturally identified with the fiber pr=!(z), whence the
wanted inequality.

On the other hand, suppose first that K is an affinoid domain in X. Then
K= M(A), K' = M(A&® k'), and, for f € A®y, k',

paw(f)= sup [f|.
pr—1(K)

Suppose then that K is a finite union of affinoid domain Dq,...,D, in X
with D; = M(A;). Then, for f € A,

pa(f) = max{pa, (f),-- -, pa,(f)},

where, for ¢ =1,...,n, pa, is the sup norm on D;. In other words, endowing
A and A; with the corresponding spectral norms, the map

d: A — A x---xA,
f — (f|D17"'af\Dn)

is isometric. It follows from [Poil3] Lemme 3.1] that the induced map on the
tensor products,

@@kkliA(@kk‘/—)(Al@kk/)X“'X(An@kk,),

is isometric too. For f € A®y k' the equality pa i (f) = supp,—1 () | f| follows
from the preceding case.

Suppose K arbitrary. For D € Dk the restriction map O(D) — A is
norm decreasing; thus the induced map O(D) ®; k' — A ®; k' is also norm
decreasing. It follows from the preceding case, for f € O(D), that

paw(f) < poyw(f) = sup |f].
pr—*(D)
Fix f € A®g k' and let Dy € Dk be such that f is the restriction of an
element in O(Dy) @y, k' that we still call f. Then,
paw(f)< inf swp |f|=suplfl
€ K

Di -1
DCDOpr (D)

which concludes the proof. O
Proof of Proposition .4l Let us abbreviate pry,,, by pr. The inclusion

K b C pr‘l(f( x ) is rather obvious. The converse inclusion is equivalent to
the following statement: for all z € Kx and all f € O(X’),

[fllpr=1(@) := sup [f[ <[ fllxr = sup|f].
pr—(z) K’
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In order to prove it, consider the ring of germs along K as defined in Defini-

tion [4.6]
A= lim O(D),
DeDk
endowed with the sup norm || - ||x on the compact K (D is the family of

analytic domains D C X containing K).

Lemma 4.8. Let o> 1 and g € O(X) @y k'. Then,
sup g < allgllan,
pr—1i(z
where || - ||,k denotes the tensor norm on A®y k'

Proof. Let V be a finite-dimensional k-vector subspace of k' such that
g lies in O(X) ® V. Since V is finite-dimensional there exists an a-cartesian
basis A1,...,A, of V (Proposition 2). Write ¢ = Y1 ¢, ® \; with
gi1,---,9n € O(X)

According to [Poil3] Lemme 3.1] the inclusion AQ,V C A®k’ is isometric
and Proposition yields

lglan =a™" max {||gllxlNil}-
1=1,...,n

By hypothesis the point x belongs to the holomorphically convex hull of K in
X; that is, |h(x)| < ||h||k for all k-analytic functions h on X. In particular,

sup |g] < max {|g;(2)[[Ai[} < max {|lgillx|Ail} < allgllaw,

pr=1(z)

which concludes the proof of the lemma. O

The previous lemma permits us to prove the statement when f € O(X)® k.
Indeed, applying it to every positive power of f,

. 1/ny| enyl/n
pffll?m)m < lim a7 =sup|fl,

where the last equality comes from Proposition 71

Suppose f € O(X’). Let D be a cover of X for the G-topology. For an
affinoid domain D of the family D, let || - || p denote the norm on the affinoid
k-algebra A = O(D). The family of norms {|| - |p} pep makes the k-vector
space O(X) a D-Banachoid space (see Definition [A.2). Similarly the family
of sup norms {|| - || pxx’ } pep on the k’-vector space O(X’) makes the latter a
D-Banachoid space. The natural map O(X) ®; k' — O(X’) is injective and
induces a bi-bounded isomorphism

~

O(X) ek = 0(X)

(see Theorem [AF). Let Dq,...,D, € D be affinoid domains covering K.
Then for every € > 0 there exists g. € O(X)® Kk’ such that ||f — gz||p,xw <€
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fori=1,...,r. In particular,
If = gellxr < max { sup [f —gel} <e.
Z:].,...,’Vl DiXkZ/
Then, according to the preceding case, there exists € K such that

Hf”pr*l(;c) < ”gEHpr*l(w) +e< HgEHK' +e< ||fHK' + 2¢,

and we conclude letting € tend to 0. O

4.3. Holomorphically convex hulls and products. For the sake of
completeness, we sketch here the proof of the compatibility of the construc-
tion of the holomorphically convex hulls with taking products, namely, the
following statement:

Proposition 4.9. Fori = 1,2 let X; be a k-analytic space and let K; be a
compact subset of X;. Assume that there exists i € {1,2} and a non-trivially
valued analytic extension k' of k such that X; is separated and countable at
infinity and that H*(X; Xy k', Ox,x k') is finite-dimensional over k'. Set
X =X X X and

K :=pry (K1) Npry ' (Ka),
where for i =1,2, pr;: X — X, is the projection on the i-th factor. Then,
KX = prlil(f(lyxl) N prgl(KlXQ)'

The argument is analogous to the one of Proposition [£.4] once we take care
to replace the use of Theorem [A.6] by that of Theorem [A5 and Proposition
A7 by the following statement, proved along the same lines:

Proposition 4.10. Fori = 1,2 let X; be a k-analytic space, let K; C X; be
a compact subset, and let A; be the ring of germs along K. Let X := X1 X} Xo
and let

K = prl_l(Kl) N prz_l(Kg),

where, for i = 1,2, pr,: X — X, is the projection of the i-th coordinate.
Denote by || -||a,,4, the tensor norm on A; ®j As and by pa, . a, the associated
spectral norm. Then, for every f € Ay ® Aa,

pavas(f) = lim (113", = sup .
4.4. Descent of holomorphically separability. Let us first recall the
notion of a peaked (cf. [Ber90, Definition 5.2.1]), or universally multiplicative
(cf. [Poil3l, Définition 3.2]), analytic extension.
Definition 4.11. An analytic extension k' of k is said to be universally
multiplicative if, for each analytic extension K of k, the tensor product norm
on the algebra K ©, k' is multiplicative.
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For instance, if 7 is an element of RY,) whose coordinates are free over [k,
then the extension k;./k (cf. Definition BIT]) is universally multiplicative.

Proposition 4.12. Let X be a k-analytic space that is countable at infin-
ity. Let k' be a universally multiplicative analytic extension of k. If Xy is
holomorphically separable, then so is X.

Proof. Let pry s X — X be the natural projection morphism. Let
r1,x2 € X. By assumption, for / = 1,2, the tensor product norm on
H(wg) @y k' is multiplicative, hence defines a point o(x/) in pr,?,l/k (x¢) C Xpor.

Since Xy is holomorphically separable by hypothesis, up to permuting z;
and xs, there is a function f € O(X/) such that |f(o(x1))| < |f(o(z2))|- By
Theorem [A5] O(X) @ k" is dense in O(X}); hence the function f can be
taken in O(X) ® k.

Let V be a finite-dimensional k-vector subspace of &’ such that f lies in
O(X)® V. Let 8 € (1,+00) such that 8|f(c(z1))| < |f(o(z2))]. Then
Proposition yields a (-cartesian basis A1,..., A, of V. Write

f=Mfi++Afa

With f1,..., fn € O(X).
For ¢ = 1,2, by definition of o(z,), we have || flly,)er = [f(o(z0))l;
hence

574 max (NlAi@0l} < (@)l < max (Nl o]}

(according to [Poil3, Lemme 3.1] the inclusion H(x,) @ V' C H(we) @K' is
isometric). It follows that

,,,,,

Hence there exists ¢ € {1,...,n} such that |f;(z1)] < |fi(z2)]. O
Remark 4.13. Let X be a k-analytic space and assume that k is alge-
braically closed. Then, [Poil3, Corollaire 3.14] ensures that each point of x is
universal; that is to say, the extension #H(x)/k is universally multiplicative.
Assume that X is countable at infinity and let k&’ be an arbitrary analytic
extension of k. Using virtually the same proof as above, one can show that
if Xy is holomorphically separable, then so is X.

5. Characterization when the boundary is not necessarily empty

Proposition 5.1. Let X be a k-analytic space W-exhausted by Liu domains
{D;}ien and let F be a coherent sheaf on X. Then,

(1) F(X) is dense in F(D;) for all i € N;
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(2) HY(X,F) =0 for all ¢ € N.

Proof. We reproduce Kiehl’s argument. For all i € N, the set of global sec-
tions F'(D;) forms a finitely generated Ox (D;)-module (Proposition 2.6](4)).
The norms on F(D;) obtained as quotient norms through surjections
Ox(D;)™ — F(D;) are all equivalent. Recursively, pick a norm | - ||; in
this equivalence class normalized so that ||s|l;—1 < ||s||; for all s € F'(D;).

(1) Let ¢ € N, s € F(D;), and € > 0. Set tg = s and for n > 1 define
recursively a sequence of sections t,, € F'(D,,) such that

||tn - tn—lH'H—n—l < 6/n-

For all j > ¢ the sequence {¢,, },>;_; converges on D;. We thus obtain a global
section t € F'(X). On the other hand, for all n > 1,

[[tn = slli < ,_dnax [ter1 —tells < &

=0,...,

thus ||t — s||; <e.

(2) Since Liu spaces are cohomologically Stein (Corollary BIS]), the cover
for the G-topology D = {D;}ien is acyclic. Therefore the coherent cohomol-
ogy on X can be computed as the Cech cohomology with respect to D: for
all ¢ > 0 and all coherent sheaves F' on X,

HY(X,F)=H(D,F).

We argue by induction on ¢ > 1. In order to show that H' (X, F) = 0, it
suffices to show that, given a sequence of sections ¢; € F(D;), there exists a
sequence s; € F(D;) such that, for all i € N, t; = s; — s;41. Using (1), we
may construct a sequence s; € F'(D;) such that, for all ¢ € N,

It = (5§ = sig)lls <277

For i € N, write t} := t; — (s; — s/, ;). For each i € N, the series > ¢/,
converges on D; to an element s; € F(D;). For each i € N, we then have
t = s — sty and b = (5] + 57) — (s + 5040)

Let ¢ > 2 and suppose that (¢ — 1)-th cohomology group H? (X, F)
vanishes. For i € N, let D; = {Dy, ..., D;} and let C} be the Cech complex
C*(D;, F). The complexes C; form a projective system through the maps

@i Ciyy — Cf induced by projections. The projective limit
C* = ]LmC;
1€N
is identified with the Cech complex C®(D,F). With this notation, for all
peN,
HP(X, F) = HP(C®).
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If the hypotheses of Lemma [2.10] are satisfied for ¢ — 1, then
X, F) = HA(CT) = im H(CF) = m HY(D;, F) = 0,
€ 1€

which is what we want to prove. Therefore, let us prove that the hypotheses
of Lemma [2.10] are satisfied.
For an integer p > 0 and ¢ = ({o,...,0,) € {0,...,i}PTL,

Dy, N--+-N Dy, = Duiine,

where min ¢ = min{¥, ..., ¢,}. In particular,
Cf = H F(Dminf),
£e{0,...,i}p+1

and the map ¢¥: CV ; — CV is surjective. Let us also show that hypoth-
esis (2) of Lemma 210 is satisfied. Since D; is an acyclic cover, we have
HP(C?) = HP(D;, F) for all i € N. In particular, H?*(C?) vanishes by induc-
tive hypothesis. ([

Theorem 5.2. Let X be a separated, countable at infinity k-analytic space.
The following are equivalent:

(1) For every analytic extension k' of k the k'-analytic space Xy is co-
homologically Stein.

(2) X is holomorphically convex, Ox is universally acyclic, and one of
the following conditions is verified:

(a) X is holomorphically separable;

(b) for every analytic extension k' of k, Xy is rig-holomorphically
separable;

(c) there is a non-trivially valued analytic extension k' of k such that
Xy is strict and rig-holomorphically separable.

(3) X is W-ezhausted by Liu domains.

(4) Ox is universally acyclic, and for every analytic extension k' of k and
every coherent sheaf of ideals I on Xy such that Ox,, /I is supported
at a discrete set of points, the cohomology group Hl(Xk/, I) vanishes.

Moreover, if k is non-trivially valued and X is strict, then the preced-
ing conditions are equivalent to X being holomorphically convex and rig-
holomorphically separable and Ox being acyclic.

Proof. We first show the following implications:

3) = (1) = (4) = (2b) = (3).

(3) = (1) The property of being W-exhausted by Liu domains is stable
under scalar extension. Therefore one reduces to the case k' = k and applies
Proposition B.11
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(1) = (4) Clear.

(4) = (2b) Suppose that for every analytic extension k' of k and every
coherent sheaf of ideals I on X} such that Ox,, /I is supported at a discrete
set of points,

H' (X}, 1) = 0.
The argument for the holomorphic separation is the classical one: let &’ be an
analytic extension of k, z,z’ rigid points of X’ := X}, and let I be the ideal
sheaf defining the closed analytic subspace {z} U {2’} in X’. By hypothesis
the cohomology group HI(X !, I) vanishes; thus the sequence

0 — I(X') — Ox/(X') — H'({z} U {a'}, Ox) = k(z) x k(z') — 0

is exact. Therefore there exists f € O(X’) such that f(z) =0 and f(z') = 1.

For the holomorphic convexity, let K be a compact subset of X. According
to [Poil3l Corollaire 5.12] it suffices to show that the holomorphically convex
hull Kx is sequentially compact.

Let S = {z;}ien be a sequence of points in Kx. Let k' be an analytic exten-
sion of k endowed for every ¢ € N with an isometric embedding €, : H(z;) — k.
For i € N, let &} be the k’-rational point of X’ := X} associated with z;. Ac-
cording to Proposition €4l the points x} belong to the holomorphically convex
hull of K’ = pr;,l/k(K) in X'; that is, |f(2})| < ||fllx for all i € N and all
feoX).

Suppose by contradiction that the sequence S is discrete in X. Then the se-
quence S" = {x}};en is discrete too. Let I be the coherent sheaf of Ox-ideals
made of k’-analytic functions vanishing identically on S’. The cohomology
group H'(X’,I) vanishes by hypothesis. Thus the short exact sequence of
Ox/-modules,

0—1—Ox — Ox//I —0,

gives a short exact sequence of k’-vector spaces,
0 — I(X') — Ox/(X') T HY (X', 0x/ /T) — 0,

where 7(f) = (f(«}))ien. In particular, there exists a k’-analytic function f
on X’ such that |f(z)] > 4 for all « € N. This implies that || f||x = +o0,
contradicting the compactness of K.

(2b) = (3) We need here the following enveloping argument, which we state
and prove separately for later use:

Lemma 5.3. Let X be a holomorphically convex k-analytic space and let
K be a compact subset of X.

Then, there exist a non-negative integer n, positive real numbers ry, ..., 1y,
a morphism of k-analytic spaces f: X — A", and open neighbourhoods U
of Kx andV of f(U) such that:
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(1) the induced morphism fiy : U — V is topologically proper;

(2) the closed disc D := D(r1,...,7) of radii r1,...,7y, s contained in
V;

(3) the holomorphically convexr hull Kx is contained in the interior of
fAd)NU in X.

Proof. Since X is holomorphically convex, Kx is compact. Thus one may
suppose that K = K. For every point € X \ K there exists a k-analytic
function f € O(X) such that || f||x < |f(x)]-

Let W be a relatively compact open neighbourhood of K. The topological
border OW of W in X is compact and does not meet K. Thus there exist
finitely many k-analytic functions f1,..., f, € O(X) such that

[1A@) Ifn(x)}
ma {||f1|K"“’ 1l )

for all z € OW. Let f = (f1,..., fn): X — A;"®" be the induced morphism
and, for i = 1,...,n, let 7; := || fi|| k. The image of a point z € X belongs to
the disc D := D(rq,...,ry,) if and only if |f;(z)| < || fillkx for alli =1,...,n.
In particular, K is contained in f~*(D) and OW N f~1(D) = 0.

Set V := AP*" \ f(OW). Since W is compact and f(OW) does not meet
D, V is an open neighbourhood of D. The subset U := W ~_f~1(f(OW)) is
open in X, and the map fjy: U — V is topologically proper O

Suppose that X is holomorphically convex. Since X is countable at infinity
there is an increasing sequence of compact subsets {K;};>¢ such that K; is
contained in the interior of K;;; and which cover X.

Claim 5.4. There is an non-decreasing sequence {D;};>( of compact an-
alytic domains of X such that, for all ¢ > 0, D; contains K; and there exist
functions fi1,..., fin, € O(X), positive real numbers 7;1,...,7,,, and an
open subset U; of X such that

D;:={zeU:|fij(x)| <ry forall j=1,...,n;}.

Moreover, we may choose the r;;’s in any dense sub-Q-vector space of Rx.
Proof. In order to define the sequence, it is convenient to start the induction
at —1 and set D_; = (). Then, for all ¢ > 0 and supposing D;_; is defined,
apply Lemma, with K = K; UD;_q: let f;: X — A}"™ D, U, V be
respectively the morphism, the disc, the open neighbourhood of K x, and
the neighbourhood of D given by the lemma. If R is a dense sub-Q-vector
space of R~ ¢, then we may take D to have radii in R while the conclusions of

2If f: X — Y is a continuous map between locally compact topological spaces and W is a
relatively compact open subset of X, then the induced map W~ f~1(f(OW)) — Y \ f(OW)
is topologically proper.
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320 MARCO MACULAN AND JEROME POINEAU

Lemma[5.3) are still fulfilled. The analytic domain D; := f; ' (D) N U satisfies
the required properties. ([
Suppose, moreover, that Ox is universally acyclic and that, for every an-
alytic extension &’ of k, X}/ is rig-holomorphically separable. Then, the se-
quence {D;};>o is a W-exhaustion of X by Liu domains.
Indeed, for ¢ > 0, D; is a union of connected components of

Di={zeX:|fijlx)|<ry forallj=1,...,n;},

and Op; is universally acyclic by Proposition B3 Let ¢; be an analytic ex-
tension of k that is universally multiplicative (cf. Definition ELIT) and such
that D; g, is strict. This can always be achieved by choosing ¢; of the form k,
for some r € RY; whose coordinates are free over |k*| (cf. Definition B.II).
By construction, D; 4, is strict, compact, separated, and Op, ., I8 universally
acyclic. By hypothesis D; g, is rig-holomorphically separable, and therefore
Corollary B5limplies that D; 4, is holomorphically separable. Proposition .12]
yields in turn that D; is holomorphically separable, hence a Liu space.
Similarly, D; is a union of connected components of

D;/ = {aj S Di+1 : |fz](.’lj‘)| < Tij for all] =1,.. .,ni},

and the restriction map O(D;y1) — O(D)) has dense image by Proposi-
tion

In order to finish the proof of the theorem, it suffices to prove the following
implications:

(3) = (2a) = (2b) = (2¢) = (1).
(3) = (2a) Holomorphic separation. Let D = {D;}ien be a G-cover of X
by Liu domains such that the restriction map O(D;y1) — O(D;) has dense
image. Two distinct z, 2" € X belong to D; C X for i big enough. Since O(X)
is dense in O(D;) it suffices to find f € O(D;) such that |f(z)| # | f(z’)]. This
exists as D; is by definition holomorphically separated.

Holomorphic convezity. A compact subset K C X is contained in D;
for ¢ big enough. By density of O(X) in O(D;), if a point x € X verifies
[f(z)| < ||fllx for all f € O(X), then it verifies the same inequality for
all f € O(D;). By hypothesis ||f||x < ||fllp, for all k-analytic functions
f € O(D;); thus

as subsets of X (Corollary B19). In particular, K is compact.

(2a) = (2b) According to Proposition B.I6l being a Liu space is stable
under extending scalars. Thus one reduces to the case k' = k where the result
is Lemma

(2b) = (2c¢) Clear.
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(2¢) = (1) Suppose that X is holomorphically convex, that Ox is univer-
sally acyclic, and that there exists a non-trivially valued analytic extension k'
of k such that Xy is strict and rig-holomorphically separable.

Let us consider a sequence {D, };>¢ of analytic domains of X as in Claim[5.4]
with all the 7; ;’s in \/|k’>|. Then, for each ¢ > 0, D; ;s is strict and it follows
from Proposition and Corollary that {D; y }i>0 is a W-exhaustion
of Xy by Liu domains (by the same arguments as in the last part of the
proof of (2b) = (3)). From (3) = (1), we know that for every analytic
extension k" of k', Xy~ is cohomologically Stein. The result now follows from
Theorem O

6. Characterization when the boundary is empty

Theorem 6.1 (Remmert reduction theorem). Let X be a k-analytic space
without boundary, holomorphically convex, and countable at infinity.

Then there exists a k-analytic space S, the Remmert factorization of X,
without boundary and W-exhausted by affinoid domains, together with a mor-
phism w: X — S satisfying the following properties:

(1) 7 is proper, surjective, and with geometrically connected fibers;

(2) ©*: Og — m.Ox is an isomorphism;

(3) given a k-analytic space Y and a k-analytic map f: X — Y set-
theoretically constant on the fibers of w, there exists a unique
k-analytic map f: S — Y such that f = fom.

In particular, given a holomorphically separable k-analytic space Y and a
morphism f: X — Y, there exists a unique morphism f: S — Y such that
f = f OoTr.

Remark 6.2. What might a putative Remmert reduction theorem be when
the boundary is no longer empty? According to Theorem it may seem
reasonable to ask whether there exists for a k-analytic space X countable
at infinity, holomorphically convex, and such that Ox is universally acylic,
a k-analytic space S which is W-exhausted by Liu domains and a proper k-
analytic map 7m: X — S satisfying the same formal properties as the Remmert
factorization. The following example shows that the properness of the map 7
has to be dropped from the requirements.

Suppose k of characteristic 0 and let A be an abelian scheme over the ring
of integers of k. Let A% be the universal vector extension of A and consider
Raynaud’s generic fiber AE] of the formal scheme obtained by taking the formal
completion of A? along its special fiber.
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The k-analytic space X = AE] is compact and has non-empty boundary:
it is a disc bundle over the abelian variety A*". In a forthcoming paper we
will show that every function on X is constant and Ox is acyclic. Then
every k-analytic map X — S with target a holomorphically separable space is
constant: in this case, the Remmert factorization of X is simply X — M(k).

Proof. Let {K;}i>0 be an exhaustion of X by compact subsets such that,
for each i, K; is the closure of its interior and K; is contained in the interior
of Ki+1.

Set n.y = 0 and X 1, U_1, V_1 to be the empty set. For i > 0, we
construct inductively an integer n; > 0, a relatively compact open subset U;

of X, a compact analytic domain X; of U;, an open subset V; of A;"™", and

k-analytic functions f,, ,+1,..., fn, on X such that:
(1) the map F; = (f1,..., fn,): Ui — V; is proper;
(2) Di ==D(|fill 0w, s> I fnill 0w, ) is contained in Vj;

(3) X, := F; '(D;) N U; contains the holomorphically convex hull of the
compact subset K; U Ui_1.

Set K| := K; U U;_1 and consider a relatively compact open subset W;
of X containing the holomorphically convex hull of K/ in X (which is com-
pact since X is holomorphically convex). Since OW; is compact, there are
k-analytic functions f,, ,41,..., fn, on X such that, for all x € OW;,

L@

e T

Set V; := A" L Fy(OW;) and U; = W; F;l(Fl-(cp)‘Wi)). As in the proof of
Lemma 53] the induced map F;: U; — V; is topologically proper. Since X is
without boundary, so is U;; hence F; is proper.

The map F;: X; — D; being proper, by the “Stein factorization theorem”
([Ber90, Proposition 3.3.7]), there exists a k-analytic space S; together with

morphisms 7;: X; — S;, F;: S; — D; such that

(1) m; is proper and surjective, F is finite, and F; = F; o ;3

(2) Os, — mi.Ox, is an isomorphism, and ; has geometricallyﬁ con-
nected fibers;

(3) given a k-analytic space T and a map g: X; —» T set—theoretically@
constant on the fibers of 7;, there exists a unique map g: .S; — T such
that g; = gz O T;.

3In [Ber90] the fibers are only stated to be connected. However, because the construc-
tion of the Stein factorization is compatible with extension of scalars, fibers are actually
geometrically connected.

41t is understood in [Ber90] that the property “constant on the fibers” is set-theoretical;
see [Ber90l p. 60].
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In particular, S; is affinoid with k-affinoid algebra O(X;). The restriction
map O(X;4+1) = O(X;) is a bounded homomorphism of k-affinoid algebras
and it induces a morphism of k-affinoid spaces ¢;: S; — Si41.
Claim 6.3. The map ¢; identifies S; with a Weierstrass domain of S; 1.
Proof. Consider the following disc in A

Ni+41,an
k :

]D); =D; x D(H.fﬂri—l”K' SRR Hfm+1HK’ )

it1’? i+1
With this notation we have X; = U; N F;_ll(D;) indeed U; N F;_ll(]]]);) is
contained in X; by definition. On the other hand, ||f;l[x, < [Ifjllx;,, for all
j, whence the converse inclusion.

Consider the analytic domain Y := U; ;1 N szl (D) in X;41. Consider the
Stein factorization T = M(O(Y)) of the proper morphism F;i1: Y — Di.
Since D is an affinoid domain in D14, it follows that 7" is an affinoid domain
in S;11; moreover, the affinoid domain T is a Weierstrass domain, as D} is
a Weierstrass domain in ;4 ;. More explicitly, the map Fi+1: X1 — Diqq
is proper; thus the sheaf F := F;1,Ox,,, is coherent on D; ;. The disc D
is the Weierstrass domain in D, given by the inequalities |¢;| < || f;||x, for
j=1,...,n; It follows that the global sections of E on D}, E(D}) = O(Y),
can be identified with the affinoid algebra

) fl fm _ . fl fm
w0 { i Tt ) = O i T

In particular, T = M(O(Y)) is the Weierstrass domain in S;; given by the
inequalities [t;| < || f;|lx, for j =1,...,n;.

In order to conclude that S; is a Weierstrass domain in S; 1, remark that X;
is contained in Y because U; is contained in U;4;. Furthermore, X; is clopen
in Y: it is open because of the equality X; =Y NU; and closed because of its
compactness. Therefore X; is a finite union of connected components of Y.
By writing Y = Y’ U X, it follows that O(Y)) is isomorphic to the product
ring O(X;) x O(Y’). By passing to the Banach spectrum of these affinoid
algebras, one has

T = M(O(Y)) = M(O(X:)) U M(O(Y")) = Si U M(O(Y"));

that is, S; is a union of connected components of T. In particular, S; is a
Weierstrass domain of Sy . O

The k-analytic space S = ;o Si is by definition W-exhausted by affinoid
domains. The map n: X — S is proper as m;: X; — S; is proper for every
¢ > 1. Since the space X is without boundary, a given analytic domain X;
is contained in the interior of some analytic domain X; for j > ¢ big enough.
By properness of , it follows that .S; is contained in the interior of S; and, in
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particular, S is without boundary. The properties of the map 7w are deduced
from the ones of 7; as 7~1(S;) = X; for all i > 0.

Concerning the last statement, let Y be a holomorphically separable space
and let f: X — Y be a k-analytic map. Let z,2’ € X be points such that
m(xz) = m(z’). In order to apply the universal property of the Remmert
factorization, one has to prove that x and 2’ have the same image via f. By
contradiction, suppose not: since Y is holomorphically separable, there is a
k-analytic function g on Y such that |g(f(z))| # |g(f(2’))|. Because of the
equality m,Ox = Og, the k-analytic function g o f on X is of the form how
for a k-analytic function h on S. In this way one has |h(7(z))| # |h(7w(z"))],
contradicting the equality 7(z) = 7(z'). O

Theorem 6.4. Let X be a k-analytic space without boundary and countable
at infinity. The following are equivalent:

(1) for every analytic extension k' of k, the k'-analytic space Xy is co-
homologically Stein;
(2) X is holomorphically convex, and one of the following conditions is
verified:
(a) X is holomorphically separable;
(b) for every analytic extension k' of k, Xy is rig-holomorphically
separable;
(c) there is a non-trivially valued analytic extension k' of k such that
Xy is rig-holomorphically separable;
(3) X is W-exhausted by affinoid domains;
(4) for every analytic extension k' of k and every coherent sheaf of ideals
I on Xy such that Ox,, /1 is supported at a discrete set of points, the
cohomology group H' (X, I) vanishes.

Moreover, if k is non-trivially valued, the preceding conditions are equivalent
to X being holomorphically conver and rig-holomorphically separable.

Proof. Implications (1) = (4) and (2b) = (2c¢) are clear.

(3) = (2a) Holomorphic separability. Let x,2’ € X be distinct points and
let D C X be a Weierstrass domain containing them. Since O(X) is dense
in O(D) it suffices to find f € O(D) such that |f(x)| # |f(«’)|. This clearly
exists as D coincides with M(O(D)).

Holomorphic convezity. Let K C X be a compact subset and let D C X
be a Weierstrass domain containing it. By density of O(X) in O(D), if a
point x € X verifies |f(x)| < ||f||x for all f € O(X), then it verifies the
same inequality for all f € O(D). By hypothesis ||f||lx < ||f||p for all k-

analytic functions f € O(D); thus Kx ¢ M(O(D)) = D as subsets of X. In
particular, Kx is compact.
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(3) = (2b) Statement (3) is stable under extension of scalars, and we
already proved that it implies holomorphic separability. We conclude because
the property of holomorphic separability implies that the rigid points are
separable by k-analytic functions (Lemma B2]).

(3) = (1) Being W-exhausted by affinoid domains is stable under extension
of scalars. Therefore it suffices to prove the result for ¥’ = k. In this case it
is Theorem [I.3}

The proof of (4) = (2b) is exactly as (4) = (2b) in the proof of Theorem
0.2

For the proof of (2a) = (3) and (2¢) = (3) consider the Remmert reduction
S of X, which is possible because X is holomorphically convex and without
boundary by hypothesis. In order to prove that X is W-exhausted by affinoid
domains it suffices to show that the canonical map 7: X — S is finite. Since
it is already proper, it is a matter of proving that the fibers of 7 are finite.

Assuming (2c), it is sufficient to prove that 7y : Xy — Sk is finite. Thanks
to [Ber90l Proposition 3.3.2] and [BGR84l Corollary 9.6.3/6], it suffices to
prove that for every y € Xy i, the fiber m,'(y) is finite (the k’-analytic
spaces Xy, Sy are strict). Since 7y is proper, for a rigid point y € Sy the
fiber Z := wlz,l(y) is a closed analytic subspace of X}, which is proper over
k. Suppose Z is of positive dimension and take two distinct points z, 2’ € Z:
by hypothesis there is a k’-analytic function f on X} such that f(z) = 0 and
f(#') = 1. In particular, f|z is non-constant, contradicting the properness
of Z.

Assuming (2a), the argument is similar. For s € S the fiber Z := n71(s)
is naturally endowed with the structure of a H(s)-analytic space, strict and
proper over H(s). If it is of positive dimension, pick two distinct points
z,2' € Z. By hypothesis there is a function f such that |f(z)| # |f(2')].
In particular, the restriction of f to Z cannot be constant, contradicting the
properness of Z. O

Appendix A. Banachoid spaces

By definition, the ring of global sections of an affinoid space is a Banach
algebra. From the algebraic point of view, this is very convenient since the
theory of Banach algebras is well documented and many results are available.

However in this article we are interested in spaces with no boundary, and
their rings of global sections are no longer Banach algebras but only Fréchet
algebras at best. For similar reasons related to de Rham cohomology, Andrea
Pulita and the second named author have developed a theory of normoid
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Fréchet spaces (i.e. Fréchet spaces with a distinguished family of semi-norms
as part of the data) in [PP], inspired by Gruson’s work [Gru66] in the setting
of Banach spaces. We recall here the basic definitions and results for the
convenience of the reader.

Definition A.1. Let M be a non-empty set. An M -normoid space is a
k-vector space U endowed with a family of semi-norms u = (U, )mear-

We endow U with the uniform structure and the topology induced by wu.
In more concrete terms, this means for instance that a sequence (z,,)p>0 in U
tends to 0 if and only if for each m € M, the sequence (un,(zn))n>0 tends
to 0.

Definition A.2. Let M be a non-empty set. An M -Banachoid space is
an M-normoid space that is Hausdorff and complete.

Obviously, any Banach space (A4,]-]|) gives rise to a Banachoid space
(A,u).|), where u.| is the family containing the single element ||-||.

The main example we have in mind is the following. Let X be a
k-analytic space and let D be an affinoid covering of X for the G-topology.
For each D € D, let up denote the semi-norm obtained by composing the
norm on the k-affinoid algebra Ap associated with D with the restriction map
O(X) — Ap. The space O(X) endowed with u = (up)pep is a Banachoid
space.

If F is a coherent sheaf on X, a similar construction can be used to put
a Banachoid structure on the space F(X) by first endowing each F'(D) with
the norm coming from a surjection O(D)"> — F(D).

Note that for each complete valued extension &’ of k, the set {Dy/ | D € D}
is an affinoid covering of Xy, for the G-topology. Hence we get an induced
Banachoid structure on F'(Xj/).

Definition A.3. Let (U, (tm)menr) and (V, (vn)nen) be Banachoid spaces.
We say that a k-linear map f : U — V is bounded if, for each n € N, there
exist a real number C,, and a finite subset M,, of M such that

Ve e U, vy(f(x)) <Cp n?é%{{um(x)}

In the situation of the examples above, it is not difficult to check that if one
changes the affinoid covering, the identity map between the two Banachoid
spaces is bounded. Similarly, a morphism of coherent sheaves F' — G gives
rise to a bounded morphism of Banachoid spaces F(X) — G(X).

We now come to the definition of completed tensor product. Let
(U, (um)mem) and (V, (vy)nen) be Banachoid spaces. For each m € M,
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ne€ N,and z € U RV, set

T
Um @ Up(2) = inf{lrg?ng{um(xi) -vp(yi)} such that z = z; z; ® yi}.
i=
The map um, @vy, is a semi-norm on U ®;, V. Let U &;, V denote the Hausdorff
completion of U ®; V. It is naturally a Banachoid space.

As one may expect, it is also possible to define a notion of bounded bilin-
ear map, and the space U ®; V can then be proven to satisfy the expected
universal property.

In the following, we will be interested specifically in the case where we
tensor by a complete valued extension k' of k (seen as a Banachoid space
with a single norm). Unlike in the usual case, exact sequences of Banachoid
spaces may fail to remain exact after completed tensor product. To fix this,
one needs to consider exact sequences of strict maps, where the image and
coimage inherit the same Banachoid structure. It is very useful to know
conditions where strictness is automatic. For Banach or Fréchet spaces over
non-trivially valued fields, this is the case for surjective maps and even maps
with finite-dimensional cokernels, by Banach’s open mapping theorem. To be
able to use those results in the setting of Banachoid spaces, we introduce the
following definition.

Definition A.4. Let M be a non-empty set. An M-normoid Fréchet
space is an M-Banachoid space that admits a bi-bounded isomorphism into
an N-Banachoid space with N countable.

In the examples above, the spaces O(X) and F(X) are normoid Fréchet
if the covering D is countable. Note that we can always choose a cover sat-
isfying this property if X is paracompact (for instance if it is a curve or the
analytification of an algebraic variety) and connected.

By applying the completed tensor product to a suitable Cech complex, we
obtain the following result. Note that using the Cech complex (for separated
spaces) also enables us to endow the spaces H(X, F') for ¢ > 1 with normoid
Fréchet structures.

Theorem A.5. Let X be a k-analytic space that is countable at infinity,
let F be a coherent sheaf on X, and let k' be a complete valued extension of k.
Then, we have a canonical bi-bounded isomorphism

~

F(X) &,k =5 F(Xp).

Let ¢ > 1. Assume that X is separated and that there exists £ € {k,k'}
such that £ is non-trivially valued and HY (X, Fy) is finite-dimensional. Then,
we have a canonical bi-bounded isomorphism

~

Hq()(7 F) ®k k/ — Hq(Xk/,Fk/).
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We can also obtain results for global sections of sheaves on product of
varieties.

Theorem A.6. Let X and Y be k-analytic spaces that are separated and
countable at infinity. Assume that X or Y is finite-dimensional. Denote
by pry and pry the canonical projections from X XY to X and Y, respec-
tively.

If F' and G are universally acyclic coherent sheaves on X and Y, respec-
tively, then the coherent sheaf pry F ®@pry G on X X Y is universally acyclic
too.

Appendix B. Zariski-trivial analytic spaces

Let k& be a complete non-Archimedean field. Recall the notation k, from
Definition B.11]l The aim of this section is to prove the following result:

Proposition B.1 (A. Ducros). Let X be a non-empty k-analytic space
whose Zariski topology is the trivial topology. If k is non-trivially valued,
there are real numbers 1, ...,y free over |k™| and a finite local k,-algebra A
(in particular, Artinian) such that X = M(A).

Lemma B.2. Let X be a k-analytic space. The subset of X made of points
x € X having an affinoid neighbourhood is open and dense.

Proof. The openness is clear. For the density, the k-analytic space X may
be assumed non-empty and Hausdorff. In particular, the affinoid domains
of X are closed. It suffices to prove that there is a point having an affinoid
neighbourhood.

Let x € X and Dy,...,D, be affinoid domains whose union D is a neigh-
bourhood of z. Suppose the family Dy, ..., D, is minimal for this property.
Let U be an open neighbourhood of x contained in D. By minimality, U is
not contained in D’ := Dy U---U D,,. The open subset U’ := U ~ D’ is
non-empty, and D; is a neighbourhood of every point in U’. O

Proof of Proposition Bl Let x € X be a point having an affinoid neigh-
bourhood D. Let D be the graded reduction of D and let & be the image of z
in D through the reduction map red: D — D. Let & be a closed point in the
closure of # in D. By the “Graded Nullstellensatz” [Poil3, Corollaire 2.11]
there are real numbers rq,...,r,, free over [k*|, such that the residue field
k(€) at € is a finite extension of the graded reduction k, of k,. By seeing k, as
a graded sub-field of k(¢) we may consider functions fi, ..., f, € O(D) whose
reductions evaluated at & are equal to the variables t4,...,t, of the field k.

On the tube U := red'(¢), the absolute value of f; is identically equal
to ;. This permits us to endow U with a structure of k,-analytic space.
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The k,-analytic space U is without boundary because /~€(§) is finite over k,
[Tem04, Proposition 3.4]. Moreover, since £ belongs to the closure of #, the
open set U contains z in its closure. In particular, U meets the topological
interior D’ of D in X.

As D' NU is an open subset of the k,-analytic space without boundary U,
it contains a rigid point y (here one uses that k is non-trivially valued).

The point y is Zariski-closed in X: indeed it is Zariski-closed in the open
subsets D' NU, X \ {y} of X, and these two open subsets cover X. Since the
Zariski topology on X is trivial, the singleton {y} must be (set-theoretically)
the whole space. O
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