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NOTIONS OF STEIN SPACES
IN NON-ARCHIMEDEAN GEOMETRY

MARCO MACULAN AND JÉRÔME POINEAU

Abstract

Let k be a non-Archimedean complete valued field and let X be a k-
analytic space in the sense of Berkovich. In this note, we prove the
equivalence between three properties: (1) for every complete valued ex-
tension k′ of k, every coherent sheaf on X×k k

′ is acyclic; (2) X is Stein
in the sense of complex geometry (holomorphically separated, holomor-
phically convex), and higher cohomology groups of the structure sheaf
vanish (this latter hypothesis is crucial if, for instance, X is compact);
(3) X admits a suitable exhaustion by compact analytic domains con-
sidered by Liu in his counter-example to the cohomological criterion for
affinoidicity.

When X has no boundary the characterization is simpler: in (2)
the vanishing of higher cohomology groups of the structure sheaf is
no longer needed, so that we recover the usual notion of Stein space in
complex geometry; in (3) the domains considered by Liu can be replaced
by affinoid domains, which leads us back to Kiehl’s definition of Stein
space.

1. Introduction

1.1. Background. A complex analytic space X, countable at infinity, is

said to be Stein if it is

• holomorphically separated : for all points x, y ∈ X, there is a global

holomorphic function f : X → C such that f(x) �= f(y);

• holomorphically convex : for every compact K ⊂ X, the holomorphi-

cally convex hull of K

K̂X = {x ∈ X : |f(x)| ≤ ‖f‖K for all f ∈ O(X)},
where ‖f‖K = supK |f |, is compact.
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288 MARCO MACULAN AND JÉRÔME POINEAU

The so-called Theorem B of Cartan ([Car52a], [Car52b]) states that for a

coherent sheaf F on a Stein space X the cohomology group Hq(X,F ) vanishes

for all q ≥ 1. Conversely, a complex analytic space X, countable at infinity,

on which the higher cohomology of every coherent sheaf vanishes is Stein.

As for non-Archimedean analysis, Stein spaces have been investigated in

the framework of rigid geometry by Kiehl ([Kie67]), Lütkebohmert ([Lüt73]),

and later on by Liu ([Liu88], [Liu89], [Liu90]). The lack of local compactness

of rigid spaces makes the notion of holomorphically convex hard to handle.

Instead, Kiehl considers a different property called quasi-Stein (renamed here

being W-exhausted by affinoid domains) reminiscent of exhaustion by analytic

blocks in complex analysis ([GR04, Chapter IV, §4]).
In the present note, non-Archimedean Stein spaces are studied in the con-

text of Berkovich analytic spaces over a complete non-Archimedean field k

possibly trivially valued.

Definition 1.1 ([Kie67, Definition 2.3]). A k-analytic space X is said to

be W-exhausted by affinoid domains if it admits an affinoid cover for the

G-topology {Di}i∈N such that, for i ≥ 0, Di is contained in Di+1 and the

restriction map

OX(Di+1) −→ OX(Di)

has dense image.

Remark 1.2.

(1) If X is compact, then the previous definition is equivalent to being

affinoid.

(2) For each i ∈ N, thanks to the compactness of Di and the fact that

we have a cover for the G-topology, there exists j ≥ i such that Di is

contained in the topological interior of Dj . As a result, up to passing

to a subsequence, we may assume that for each i ∈ N, Di is contained

in the topological interior of Di+1.

If X is without boundary, the topological interior of Di in X coin-

cides with the interior of Di relative to M(k) in the sense of Berkovich

(cf. Proposition 2.5.8(iii) and Corollary 2.5.13(ii) [Ber90]). We then

recover the property called Stein by Kiehl.

Kiehl proved the following version of Cartan’s Theorem B:

Theorem 1.3 ([Kie67, Satz 2.4]). Let X be a k-analytic space W-exhausted

by affinoid domains {Di}i∈N and let F be a coherent sheaf on X. Then,

(1) F (X) is dense in F (Di) for all i ≥ 0;

(2) Hq(X,F ) = 0 for all q ≥ 1.

Remark 1.4. Kiehl works with rigid spaces so that k should be supposed

non-trivially valued and X strict. However his proof goes through verbatim
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under the hypothesis of Theorem 1.3. One can also argue that (1) follows

from the density of O(Di+1) in O(Di) (see [Kie67, Hilfssatz 2.5]), while the

compatibility of cohomology with field extensions (Theorem A.5) allows one

to deduce (2) from the original result of Kiehl.

In the late eighties, Liu showed in a series of papers ([Liu88], [Liu89],

[Liu90]) that Kiehl’s notion is too restrictive: in [Liu88], he constructs a

compact k-analytic space which is not affinoid but whose normalization is,

and in [Liu90], he exhibits an analytic domain of the 2-dimensional disc which

is not affinoid but whose higher coherent cohomology vanishes.

To some extent, affinoid domains in rigid geometry correspond to analytic

blocks in complex analysis, while Liu domains are the analogues of Stein

compact sets that are closure of their interior. Recall that a compact subset K

of a complex analytic space X is Stein if, given a coherent sheaf F on an open

neighbourhood U of K, the sheaf j−1F is acyclic (here j : K → U is the

inclusion and j−1F is the sheaf of germs of sections of F along K). Analytic

blocks are compact Stein sets [GR04, Chapter IV, Theorem 3.2], but the

converse is not true in general: this can be thought of as the analogue of the

examples of Liu.

To ensure that the spaces he constructs have no higher coherent cohomol-

ogy, Liu proves a useful criterion, valid for compact analytic spaces. Let us

recall it here.

Definition 1.5. A k-analytic space X is said to be:

• rig-holomorphically separable if for all rigid points x, x′ ∈ Xrig there

is a k-analytic function f ∈ O(X) such that f(x) = 0 and f(x′) = 1;

• cohomologically Stein if for every coherent sheaf F of OX -modules

and every q ≥ 1 the cohomology group Hq(X,F ) vanishes.

Theorem 1.6 ([Liu90, Théorème 2]). Suppose k is non-trivially valued.

Let X be a separated compact strictly k-analytic space. Then the following

conditions are equivalent:

(1) X is rig-holomorphically separable and OX is acyclic;

(2) X is cohomologically Stein.

Furthermore, if X satisfies one of the preceding equivalent conditions, then it

admits a locally closed immersion into a strictly k-affinoid space. In particu-

lar, if X is cohomologically Stein, then Xk′ is cohomologically Stein for every

analytic extension k′ of k.

1.2. Statement of the results. In order to state the results, let us in-

troduce the following definitions:

Definition 1.7. Let X be a k-analytic space.
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290 MARCO MACULAN AND JÉRÔME POINEAU

• The holomorphically convex hull of a compact subset K of X is

K̂X := {x ∈ X : |f(x)| ≤ ‖f‖K for all f ∈ O(X)},

where, for f ∈ O(X), ‖f‖K := supx∈K |f(x)|.

The k-analytic space X is said to be:

• holomorphically separable if for all points x, x′ ∈ X there exists a

k-analytic function f ∈ O(X) such that |f(x)| �= |f(x′)|;
• holomorphically convex if for every compact subset K ⊂ X the holo-

morphically convex hull K̂X of K is compact.

Definition 1.8. A coherent sheaf F on a k-analytic space X is said to

be universally acyclic if, for every analytic extension k′ of k, Fk′ is acyclic

on Xk′ .

Note that by Theorem A.5, if k is non-trivially valued and X is separated

and countable at infinity, then any acyclic coherent sheaf on X is universally

acyclic.

Definition 1.9. A k-analytic space X which is separated, holomorphically

separable, compact, and on which OX is universally acyclic is called a Liu

space.

Definition 1.10. A k-analytic space X is said to be W-exhausted by Liu

domains if it admits a cover for the G-topology {Di}i∈N by Liu spaces such

that, for i ≥ 0, Di is contained in Di+1 and the image of the restriction map

OX(Di+1) → OX(Di) is dense.

Note that those conditions imply a density result for any coherent sheaf F

on X: the restriction map F (X) → F (Di) has dense image for all i ∈ N (see

Proposition 5.1).

The main results of this note are:

Theorem 1.11 (Cf. Theorem 5.2). Let X be a separated k-analytic space

countable at infinity. The following are equivalent:

(1) for every analytic extension k′ of k, Xk′ is cohomologically Stein;

(2) X is holomorphically convex, holomorphically separable, and OX is

universally acyclic;

(3) X is W-exhausted by Liu domains.

Moreover, if the valuation of k is non-trivial and X is strict, one may replace

holomorphically separable by rig-holomorphically separable in (2).
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When the spaces in question are without boundary, the previous charac-

terization takes the following form:

Theorem 1.12 (Cf. Theorem 6.4). Let X be a k-analytic space without

boundary and countable at infinity. The following are equivalent:

(1) for every analytic extension k′ of k, Xk′ is cohomologically Stein;

(2) X is holomorphically convex and holomorphically separable;

(3) X is W-exhausted by affinoid domains.

Moreover, if the valuation of k is non-trivial, one may replace holomorphically

separable by rig-holomorphically separable in (2).

Remark 1.13. The question whether the equivalent conditions in The-

orem 1.12 are in turn equivalent to X being cohomologically Stein remains

open.

The proof of Theorem 1.11 has two ingredients. One is Cartan’s original

argument to exhaust Stein spaces (cf. [Car52c, Lemme, pp. 8-9], [GR04,

Chapter IV, §3, Theorems 6-7]). The other one is the compatibility of the

construction of the holomorphically convex hull with extension of scalars (cf.

Proposition 4.4).

Let us state some formal consequences of Theorems 1.11 and 1.12.

Corollary 1.14. Let X be a k-analytic space without boundary. Then X

is W-exhausted by Liu domains if and only if it is W-exhausted by affinoid

domains.

Corollary 1.15. Let X be a k-analytic space and let k′ be an analytic

extension of k. Then X is W-exhausted by Liu domains if and only if Xk′ is.

Proof. It follows from Theorem A.5. �
Corollary 1.16. Let f : Y → X be a finite morphism between separated

k-analytic spaces. Then,

(1) if X is W-exhausted by Liu domains, then so is Y ;

(2) if f is surjective and Y is W-exhausted by Liu domains, then X is

W-exhausted by Liu domains.

Proof. (1) It suffices to show that, for every analytic extension k′ of k,

Yk′ is cohomologically Stein. This follows from the Proper Mapping Theorem

of Kiehl (cf. [Ber90, Proposition 3.3.5]) and vanishing of higher direct image

(see also Proposition 2.8).

(2) By Theorem A.5, it suffices to show that the higher coherent cohomol-

ogy of Xk′ vanishes for every non-trivially valued analytic extension k′ of k.

This follows from Proposition 2.15. �
Corollary 1.17. Let X be a separated k-analytic space countable at infin-

ity. Then,

(1) X is W-exhausted by Liu domains if and only if its reduction Xred is;
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(2) X is W-exhausted by Liu domains if and only if every irreducible

component of X is.

Proof. This is a direct consequence of Corollary 1.16. Indeed, if Irr(X)

denotes the set of irreducible components ofX, then the map
⊔

Y ∈Irr(X) Y →X

is finite and surjective. The same is true for the reduction map Xred → X. �
Structure of the paper. In Section 2, we prove some properties of co-

homologically Stein spaces, including a version of Cartan’s Theorem A (cf.

Proposition 2.1), and show that they are stable finite morphisms (cf. Propo-

sition 2.8), which permits us to deduce Corollary 1.16 from Theorem 1.12.

In Section 3, we recall some results on Liu spaces and extend them to the

non-strict setting. In Section 4 we prove compatibility of holomorphically

convex hulls to extension of scalars (cf. Proposition 4.4) and products (cf.

Proposition 4.9). In Section 5, we give a proof of our main Theorem 1.11.

In Section 6, we focus on spaces with no boundary: we prove a factorisation

theorem for proper morphisms on holomorphically convex spaces (cf. The-

orem 6.1) and deduce Theorem 1.12. Appendix A recalls some results on

normed structures on the space of global sections of a coherent sheaf on a

k-analytic space (proved by A. Pulita and the second named author in [PP]).

Appendix B contains a description of the Zariski-trivial analytic spaces due

to A. Ducros.

Conventions. Let k be a field complete with respect to a non-Archimedean

valuation. An analytic extension of k is a complete valued field k′ containing k

whose absolute value restricts to that of k.

Let X be a k-analytic space in the sense of V. Berkovich ([Ber93, §1.2]).
For each point x ∈ X, let H(x) denote the associated complete residue field.

A point x ∈ X is said to be rigid if H(x) is a finite extension of k: if this is the

case, its (already complete) residue field is written k(x). Let Xrig denote the

set of rigid points. Let M(A) denote the spectrum of a Banach k-algebra A.

2. Cohomological vanishing

In this section some formal properties of cohomologically Stein spaces are

discussed. Proofs are closer to their scheme-theoretic analogues rather than

the complex analytic ones (cf. [KK83, Proposition 73.1]) because in the com-

plex case one usually works with the definition of Stein as holomorphically

separable and holomorphically convex.
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Proposition 2.1 (Cartan’s Theorem A). Assume that k is non-trivially

valued. Let X be a cohomologically Stein k-analytic space. For each coher-

ent sheaf F on X and each point x in X, the image of the set of global

sections F (X) generates the stalk Fx as an OX,x-module.

Proof. Let F be a coherent sheaf on X and let x be a point of X. Let us

begin with:

Remark 2.2. Suppose x belongs to a closed k-analytic subspace Z of X

on which the statement holds; that is, suppose F (Z) generates F|Z,x as an

OZ,x-module. The vanishing of the first cohomology group of the coherent

sheaf of ideals on X defining Z ensures the surjectivity of the restriction map

F (X) → F (Z). It follows that F (X) generates F|Z,x as an OZ,x-module. By

Nakayama’s lemma, it also generates Fx as an OX,x-module.

According to the previous remark, it suffices to prove the statement for the

irreducible components of X. Therefore X may be assumed irreducible, and

we can argue by induction on the dimension d of X. If d = 0 there is nothing

to prove. Suppose d ≥ 1 and that the statement is true for irreducible spaces

of dimension smaller than d.

If the Zariski-closure of the point x in X is not the whole space, it is an

irreducible subspace of dimension smaller than d. Then the statement is true

by induction hypothesis and Remark 2.2. Suppose from now on that x is

Zariski-dense in X. Then two cases need to be distinguished.

First, if X has a non-trivial irreducible closed analytic subset Z, then the

dimension of Z is smaller than d and the statement holds for Z. It follows from

Remark 2.2 that there exists a homomorphism f : On
X → F which is surjective

at some point of X. Since the locus where f is surjective is a Zariski-open

subset U of X, the point x belongs to U and f is surjective at x.

Second, if, on the contrary, there is no non-trivial closed analytic subspace

of X, then Proposition B.1 states that X = M(A) for a local finite algebra A

over an analytic extension K of k. Since is X is made of one point, the result

holds trivially. �
Definition 2.3. Let X be a k-analytic space and let M be a finitely

generated O(X)-module. Let PM be the presheaf for the G-topology of X

associating to an analytic domain D of X the O(D)-module M ⊗O(X) O(D).

Let M̃ denote the sheaf of OX -modules for the G-topology of X associated

with PM .

Lemma 2.4. Let X be a k-analytic space and let M be a finitely generated

O(X)-module. Then,

(1) for each affinoid domain D of X, we have M̃(D) = M ⊗O(X) O(D);

(2) the sheaf M̃ is coherent;
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(3) if N is a finitely generated O(X)-module and ϕ : M → N is a surjec-

tive homomorphism, then the associated homomorphism of coherent

sheaves ϕ̃ : M̃ → Ñ is surjective.

Proof. (1) is a consequence of Tate’s acyclicity theorem [Ber90, Proposi-

tion 2.2.5].

(2) follows from (1).

(3) follows from (1) and the fact that the tensor product is right-exact. �
Lemma 2.5 ([Liu90, Lemme 1]). Let X be a compact cohomologically Stein

space, let F be a coherent sheaf on X, let M be an OX(X)-module, and let

ϕ : M → F (X) be a homomorphism.

Suppose that there is a finite affinoid G-cover {Xi}i∈I of X such that, for

all i ∈ I, the homomorphism ϕi : M ⊗OX (X) OX(Xi) → F (Xi) is surjec-

tive. Let M0 be a finitely generated submodule of M such that, for all i ∈ I,

the homomorphism ϕi : M0 ⊗OX(X) OX(Xi) → F (Xi) is surjective. Then,

ϕ(M0) = F (X).

Note that such a finitely generated O(X)-module M0 always exists because

of the finiteness of the cover and the finite generation, for all i ∈ I, of the

O(Xi)-module F (Xi).

Proof. The proof given in [Liu90, Lemme 1] works also in this context. �
Proposition 2.6 ([Liu90, Proposition 1.2]). Assume that k is non-trivially

valued. Let X be a cohomologically Stein k-analytic space. Then:

(1) for each affinoid domain D of X, the restriction OX(X) → OX(D)

is a flat homomorphism;

(2) for each finitely generated (resp., presented) OX(X)-module M the

canonical homomorphism M → M̃(X) is surjective (resp., bijective).

Moreover, if X is compact, then:

(3) the ring OX(X) is Noetherian;

(4) given a coherent sheaf F on X, the OX(X)-module M := F (X) is

finitely generated, and the canonical homomorphism M̃ → F is an

isomorphism.

The proof that follows is exactly the one of [Liu90, Proposition 1.2] with a

few minor changes to adapt it to this context.

Proof. (1) Let D be an affinoid domain of X. It suffices to show that

for every finitely generated ideal I of OX(X) the natural homomorphism

I ⊗OX (X) OX(D) → IOX(D) is injective. Let Ĩ be the coherent sheaf asso-

ciated with I (Definition 2.3) and let J ⊂ OX be the coherent sheaf of ideals

generated by I. Note that J is the image of Ĩ in OX via the sheaf homo-

morphism θ : Ĩ → OX associated with the inclusion I ⊂ O(X). In particular,

θ : Ĩ → J is a surjection.
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By Lemma 2.5, the map ψ : I → Ĩ(X) is surjective. Since the composite

map θ(X) ◦ ψ : I → J(X) is injective, it follows that θ(X) is injective too.

Consider the coherent sheaf F = Ker θ. We have just proved that F (X) = 0,

and Proposition 2.1 then implies that F = 0; that is to say, θ is injective. By

using Lemma 2.5 on D, we obtain J(D) = IOX(D) and we conclude that the

map

Ĩ(D) = I ⊗O(X) OX(D) −→ J(D) = IOX(D)

is an isomorphism.

(2) In the finitely generated case, the result follows from Lemma 2.5. LetM

be a finitely presented OX(X)-module and let

0 −→ K −→ O(X)n −→ M −→ 0

be a presentation of M with finitely generated kernel K. Thanks to (1), the

associated sequence of coherent sheaves

0 −→ K̃ −→ On
X −→ M̃ −→ 0

is exact. This yields a commutative diagram

0 K O(X)n M 0

0 K̃(X) O(X)n M̃(X) 0

α β

where the second row is exact because X is cohomologically Stein. Since

the central vertical row is the identity, it follows that α is injective and β is

surjective. Moreover, sinceK is finitely generated, the map α is also surjective;

therefore β is injective.

Henceforth suppose X compact.

(3) Let I be an ideal of OX(X) and let J be the sheaf of ideals gener-

ated by I. Note that for each affinoid domain D of X, IOX(D) is an ideal

of OX(D), necessarily of finite type since OX(D) is Noetherian, so that J|D
is coherent. As a consequence, J is coherent. Thanks to Lemma 2.5 there is a

finitely generated ideal I0 of OX(X) such that I0 generates J(X). It follows

that I0 = I = J(X).

(4) By Proposition 2.1, the global sections F (X) of F generate the stalk

of F at every point x ∈ X; hence they also generate the global sections F (D)

over every affinoid domain D of X. Applying Lemma 2.5, we deduce that the

OX(X)-module M = F (X) is finitely generated.

The natural map M̃ → F is an isomorphism: it is surjective since F is

generated by global sections, according to Proposition 2.1. It is also injective,

as the homomorphism induced on global sections M̃(X) → F (X) is injective,

according to (2). �
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Remark 2.7. IfX is a cohomologically Stein compact space over a trivially

valued field, then OX(X) is still Noetherian. Indeed the proof of (3) in the

proposition above did not make use of the assumption on the valuation of k.

Proposition 2.8. Let f : Y → X be a finite morphism of k-analytic spaces.

If X is cohomologically Stein, then Y is cohomologically Stein.

The proof goes exactly as in the complex case. We recall it for the sake of

completeness. Let us begin with the following:

Lemma 2.9. Let f : Y → X be a finite morphism of k-analytic spaces.

Then for every coherent sheaf F on Y and all q ≥ 1,

Hq(X, f∗F ) = Hq(Y, F ).

Proof of the lemma. The statement follows by an argument of degeneration

of the Leray spectral sequence as soon as all higher direct images vanish. Let

us prove Rqf∗F = 0 for every coherent sheaf F of OY -modules and for every

q ≥ 1. Since this may be checked locally, X may be supposed affinoid. In this

case, by Kiehl’s theorem [Ber90, Proposition 3.3.5],

Rqf∗F = Hq(Y, F )⊗k OX ,

for all q ≥ 0. Since f is finite and X is affinoid, Y is affinoid too, and the

cohomology groups Hq(Y, F ) vanish for all q ≥ 1. �
Proof of Proposition 2.8. In order to compute the cohomology of a coher-

ent sheaf F on Y , thanks to the preceding lemma, one is led back to computing

the cohomology of the sheaf f∗F on X. Since f∗F is coherent and X is as-

sumed cohomologically Stein, Hq(X, f∗F ) vanishes for all q ≥ 1. �
Lemma 2.10 ([Kie67, Hilfssatz 2.6]). Let {C•

i }i∈N be a projective system

of cochain complexes with transition maps ϕ•
i : C•

i+1 → C•
i and differentials

∂p
i : Cp

i → Cp+1
i . Let q ∈ Z. Assume (at least) one of the following holds:

(1) for all i ∈ N, the map ϕq
i : Cq

i+1 → Cq
i , as well as the induced map on

q-cocycles

ϕq
i : Zq

i+1 := Ker ∂q
i+1 −→ Zq

i := Ker ∂q
i ,

is surjective;

(2) for all i ∈ N, the maps ϕp
i : Cp

i+1 → Cp
i are surjective for p = q− 1, q,

and the cohomology group Hq(C•
i ) vanishes.

Then, the natural map

Hq+1(lim←−
i∈N

C•
i ) −→ lim←−

i∈N

Hq+1(C•
i )

is an isomorphism.
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Proof. For p ∈ Z, define Cp := lim←−Cp
i and denote by ∂p : Cp → Cp+1

the induced differential map. Set also Zp := Ker ∂p and Bp+1 := Im ∂p.

Assume (1). For all i ∈ N, the map at the level of coboundaries,

ϕq+1
i : Bq+1

i+1 := Im ∂q
i+1 −→ Bq+1

i := Im ∂q
i ,

is surjective. Indeed, in the commutative diagram

0 Zq
i+1 Cq

i+1 Bq+1
i+1 0

0 Zq
i Cq

i Bq+1
i 0

ϕq
i ϕq+1

i

the central vertical arrow is surjective, hence so is the vertical one on the

right. As a consequence, the projective system of short exact sequences

0 −→ Bq+1
i −→ Zq+1

i −→ Hq+1(C•
i ) −→ 0

satisfies the Mittlag-Leffler condition, and the natural map

lim←−
i∈N

Zq+1
i / lim←−

i∈N

Bq+1
i −→ lim←−

i∈N

Hq+1(C•
i )

is an isomorphism.

The hypothesis that ϕq
i induces a surjective map on q-cocycles implies that

the projective system of short exact sequences

0 −→ Zq
i −→ Cq

i −→ Bq+1
i −→ 0

satisfies the Mittlag-Leffler condition. The projective limit lim←−i∈N
Bq+1

i is

therefore identified with the quotient lim←−i∈N
Cq

i / lim←−i∈N
Zq
i . The latter is in

turn isomorphic to Cq /Zq as the natural map

Zq −→ lim←−
i∈N

Zq
i

is an isomorphism (“kernels commute with projective limits”). Summing up,

Bq+1 is isomorphic to the projective limit lim←−i∈N
Bq

i . This concludes the proof

of the statement under assumption (1).

Assume now (2): it suffices to prove that (1) is verified. Let t ∈ Zq
i be

a q-cocyle. Since the q-th cohomology group Hq(C•
i ) vanishes, there exists

s ∈ Cq−1
i such that ∂q−1

i (s) = t. By hypothesis the map ϕq−1
i is surjective;

thus there is s′ ∈ Cq−1
i+1 such that ϕq−1

i (s′) = s. The element t′ := ∂q−1
i+1 (s

′) is

a q-cocycle that satisfies ϕq
i (t

′) = t. �
Lemma 2.11. Let X be a separated k-analytic space. For n ∈ N, let In be

a coherent sheaf of ideals of OX and let Xn be the associated closed analytic

subspace of X. Assume the following:

(1) In+1 ⊂ In for every n ∈ N;
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(2) Xn is cohomologically Stein for all n ∈ N;

(3) for every affinoid domain D ⊂ X, there exists an integer r ≥ 0 such

that Ir|D = 0.

Then X is cohomologically Stein.

Remark 2.12. The separation hypothesis here appears in order to be able

to compute the cohomology of a coherent sheaf as its Čech cohomology with

respect to an affinoid cover.

Proof. Let F be a coherent sheaf of OX -modules and let D = {Dλ}λ∈Λ be

an affinoid cover of X for the G-topology. For n ∈ N consider the induced

affinoid cover Dn = {Dλ ×X Xn}λ∈Λ on Xn and let C•
n be the Čech complex

C•(Dn, F ). The cochain complexes C•
n form a projective system through the

maps C•
n+1 → C•

n induced by restriction, and its limit

C• := lim←−
n∈N

C•
n

is identified with the Čech complex C•(D, F ).

We show that the restriction maps Cq
n+1 → Cq

n are surjective for all q, n.

For λ = (λ0, . . . , λq) ∈ Λq+1 write Dλ = Dλ0
×X · · · ×X Dλq

. The k-analytic

space Xn+1 ×X Dλ is affinoid (thus cohomologically Stein), and Xn ×X Dλ is

a closed analytic subspace of Xn+1 ×X Dλ. Thus the restriction map

F (Xn+1 ×X Dλ) −→ F (Xn ×X Dλ)

is surjective. In particular, the restriction map Cq
n+1 → Cq

n is surjective.

Since the affinoid cover Dn is acyclic and Xn is cohomologically Stein,

Hq(C•
n) = Hq(Xn, F ) vanishes for q ≥ 1 and hypothesis (2) of Lemma 2.10 is

fulfilled. On the other hand, the affinoid cover D is acyclic; thus, for q ≥ 2,

Hq(X,F ) = Hq(C•) = lim←−
n∈N

Hq(C•
n) = lim←−

n∈N

Hq(Xn, F ) = 0.

This leaves us with proving the vanishing of H1(X,F ). For this we apply

Lemma 2.10 with q=0. Hypothesis (1) is indeed fulfilled: for all n∈N, the

restriction map ϕ0
i+1 : C0

n+1 → C0
n is surjective because Xn+1 × Dλ is affi-

noid (hence cohomologically Stein); on the other hand, the 0-cocyles Z0
n are

nothing but the global sections F (Xn). Therefore the surjectivity of the map

F (Xn+1) → F (Xn) (guaranteed by the hypothesis of Xn+1 being cohomolog-

ically Stein) reads into the surjectivity of ϕq
n at the level of 0-cocycles. �

Proposition 2.13. Let X be a separated k-analytic space. Then X is

cohomologically Stein if and only if Xred is cohomologically Stein.

Proof. (⇒) Clear. (⇐) LetN ⊂ OX be the sheaf of ideals made of nilpotent

functions and, for n ∈ N, let Xn be the closed analytic subspace associated

with Nn. Since affinoid algebras are Noetherian, for every affinoid domain
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D ⊂ X, there exists an integer r ≥ 0 such that Nr
|D = 0. According to Lemma

2.11 it suffices to show that Xn is Stein for all n ∈ N.

Let n ∈ N be a non-negative integer and let F be a coherent sheaf of

OXn
-modules. For every integer 	 ≥ 0, consider the short exact sequence

0 −→ N �+1F −→ N �F −→ N �F/N �+1F −→ 0

and the associated long exact sequence of cohomology

· · · −→Hq(Xn, N
�+1F ) −→Hq(Xn, N

�F ) −→Hq(Xn, N
�F/N �+1F ) −→· · · .

If ι : Xred → Xn is the canonical morphism, then N �F/N �+1F = ι∗ι
∗N �F .

Since Xred is supposed to be Stein, the higher cohomology of N �F/N �+1F

vanishes, by Lemma 2.9. Employing this in the long exact sequence of coho-

mology groups, the homomorphism

Hq(Xn, N
�+1F ) −→ Hq(Xn, N

�F )

is seen to be surjective for all q ≥ 1 (actually bijective for q ≥ 2). Since

the sheaf Nn vanishes on Xn, H
q(Xn, N

�F ) vanishes for all q ≥ 1 and all

	 ≥ 0. �
Proposition 2.14. Let X be a separated k-analytic space. Then X is

cohomologically Stein if and only if every irreducible component of X is coho-

mologically Stein.

Proof. (⇒) Clear. (⇐) Thanks to Lemma 2.11, one may assume that X

has finite dimension. Indeed, let Xn be the union of irreducible components

of X of dimension ≤ n and let In be the coherent sheaf of ideals defining

Xn. Since an affinoid domain D ⊂ X has finite dimension, the hypothesis of

Lemma 2.11 is fulfilled. Therefore it suffices to prove the statement when X

is finite-dimensional.

We argue by induction on the dimension d of X. If d = 0 the statement

is obviously true. Suppose d ≥ 1. If the support of a coherent sheaf F on X

has dimension ≤ d− 1, then its higher cohomology vanishes (whether SuppF

is reduced or not does not matter because of Proposition 2.13). Indeed, any

irreducible component S of SuppF is contained in an irreducible component

Y of X. According to Proposition 2.8, S is cohomologically Stein being a

closed analytic subset of Y (which is cohomologically Stein). Applying the

inductive hypothesis to SuppF one concludes that it is cohomologically Stein.

Let {X(i)}i∈I be the set of irreducible components of X and let

π : X ′ =
⊔
i∈I

X(i) −→ X

be the natural map. The k-analytic space X ′ is cohomologically Stein. The

morphism π is finite: indeed, this property being local on the base, one may
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suppose X to be affinoid, for which the statement is clear (because an affinoid

has at most finitely many irreducible components).

Let π� : OX → π∗OX′ be the homomorphism induced by π and consider

the short exact sequence

0 −→ OX −→ π∗OX′ −→ C −→ 0,

where C = Cokerπ�. Let U ⊂ X be the subset of points belonging to only

one irreducible component. Its complement X �U is a closed analytic subset

of dimension ≤ d− 1.

Let F be a coherent sheaf of OX -modules. Applying Hom(−, F ) to the

preceding short exact sequence, one obtains an exact sequence

0 −→ Hom(C,F ) −→ Hom(π∗OX′ , F )
ϕ−→ Hom(OX , F ) = F.

Observe the following:

(1) The sheafHom(π∗OX′ , F ) has a natural structure of a π∗OX′-module;

hence it is the push-forward π∗E of a coherent sheaf E of OX′ . Since

π is finite, according to Lemma 2.9,

Hq(X,Hom(π∗OX′ , F )) = Hq(X ′, E) = 0

for all q ≥ 1.

(2) The support of C is contained in X � U as well as the support

Hom(C,F ). Thus the higher cohomology of Hom(C,F ) vanishes.

Applying these considerations to the long exact sequence of cohomology

groups associated with the short exact sequence

0 −→ Hom(C,F ) −→ Hom(π∗OX′ , F ) −→ Im(ϕ) −→ 0,

one obtains that the higher cohomology of Im(ϕ) vanishes. Consider the short

exact sequence

0 −→ Im(ϕ) −→ F −→ Coker(ϕ) −→ 0.

Since π� is an isomorphism on U , the support of Coker(ϕ) is contained in

X � U . Thus the higher cohomology of Coker(ϕ) vanishes. The long exact

sequence of cohomology associated with the preceding short exact sequence

gives Hq(X,F ) = 0 for all q ≥ 1. �
Proposition 2.15. Suppose k is non-trivially valued. Let X,Y be sep-

arated k-analytic spaces and let f : Y → X be a finite morphism. If f is

surjective and Y is cohomologically Stein, then X is cohomologically Stein.

Proof. We adapt the argument given in [Liu88]. According to Proposition

2.14 it suffices to prove the statement when X is also assumed irreducible.

We argue by induction on the dimension d of X. If d = 0 the statement

is true. Suppose d ≥ 1. If a coherent sheaf F is not supported at the whole
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X, then its higher cohomology vanishes. Indeed, let S be an irreducible com-

ponent of Supp(F ). Then f−1(S) ⊂ Y is cohomologically Stein because it is

a closed analytic subset of Y which is assumed to be cohomologically Stein.

Since dimS ≤ d−1, the induction hypothesis implies that S is cohomologically

Stein. In particular, all the irreducible components of Supp(F ) are cohomo-

logically Stein; hence SuppF is cohomologically Stein thanks to Proposition

2.14.

Claim 2.16. Given x ∈ X, there are global sections s1, . . . , sn ∈ O(Y )

such that the induced homomorphism s : On
X →f∗OY is an isomorphism at x.

Proof of Claim 2.16. It suffices to prove that there are sections s1, . . . , sn
such that s : On

X → f∗OY is surjective at x. Indeed, if this is the case,

by letting mx denote the maximal ideal of the local ring OX,x at x, there

are m ∈ N and m indices i1, . . . , im ∈ {1, . . . , n} such that the images of

si1x, . . . , sim form a basis of the (OX,x/mx)-vector space (f∗OY )x/mx(f∗OY )x.

It now follows from Nakayama’s lemma that the morphism

(si1 , . . . , sim) : Om
X → f∗OY

is an isomorphism at x.

The argument to prove the desired surjectivity is similar to the one used

in the proof of Theorem A (Proposition 2.1), and we sketch the changes one

has to perform. We begin with:

Remark 2.17. Suppose x belongs to a closed k-analytic subspace Z of X

such that there are sections s1, . . . , sn of f∗OY over Z (i.e. global sections

of OY over f−1(Z)) such that the induced homomorphism On
Z → (f∗OY )|Z

is surjective at x. Since Y is cohomologically Stein, the sections s1, . . . , sn
extend to global sections of OY over Y , and the induced map On

X → f∗OY is

surjective at x.

As for the proof of Proposition 2.1, one may suppose X irreducible and

argue on the dimension of X. Again for d = 0 there is nothing to prove, so

one can assume d positive and that the statement is true for irreducible spaces

of lower dimension. If x is not Zariski-dense, the result holds by induction

hypothesis and Remark 2.17. It remains to treat the case when x is Zariski-

dense. If X admits a closed analytic subspace Z, the induction hypothesis

yields a homomorphism s : On
X → f∗OY which is surjective at some point of

Z. Since the locus where s is surjective is a Zariski-open subset of X, s is

surjective at x. If X has no closed analytic subspace, then Proposition B.1

states that X = M(A) for a local finite algebra A over an analytic extension

K of k. Then Y = M(B) for a finite K-algebra B, and the result holds

trivially. �
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The rest of the proof goes along the same lines as that of Proposition 2.14,

applying Hom(−, F ) to the exact sequence

On
X −→ f∗OY −→ Coker(s) −→ 0.

This concludes the proof. �

3. Preliminaries on Liu spaces

3.1. Recollecting some results of Liu. Let X be a k-analytic space

and let x ∈ X be a rigid point. Let mx be the kernel of the evaluation map

O(X) → k(x), where k(x) denotes the residue field at x. The ideal mx is

maximal: indeed, by definition the integral domain O(X)/mx injects into

k(x), which is finite-dimensional over k, and it follows that O(X)/mx is a

field. For a ring A, let Max(A) denote the set of maximal ideals of A.

Lemma 3.1. A k-analytic space X is rig-holomorphically separable if and

only if the map Xrig → Max(O(X)), x �→ mx is injective.

Lemma 3.2. Let X be a k-analytic space, let x, x′ be distinct points of X,

and let f be a k-analytic function on X such that |f(x)| �= |f(x′)|. Then,

(1) if x is rigid, there is g ∈ O(X) such that g(x) = 0 and |g(x′)| > 0;

(2) if x, x′ are both rigid, there is g ∈ O(X) such that g(x) = 0 and

g(x′) = 1.

In particular, if X is holomorphically separable, then it is rig-holomorphically

separable.

Proof. (1) Let P be the minimal polynomial of f(x) over k. Then

P (f(x)) = 0 and P (f(x′)) �= 0 (otherwise f(x′) would have the same norm as

f(x)

(2) According to (1) there is g ∈ O(X) such that g(x) = 0 and g(x′) �= 0.

Let P be the minimal polynomial of g(x′) over k. Then P (g(x′)) = 0 and

P (g(x)) = P (0) is not zero. The function P (g)
P (0) does the job. �

Remark 3.3. According to the preceding lemma, an S-space in the sense of

Liu ([Liu90, Définition 2.2]) is a strict, separated, compact, rig-holomorphically

separable k-analytic space such that OX is acyclic.

Theorem 3.4. Suppose k is non-trivially valued. Let X be a strict, sep-

arated, compact, rig-holomorphically separable k-analytic space such that OX

is acyclic. Then every strictly affinoid domain D of X is a finite union of

rational domains of X.

Proof. This is Liu’s version of the Gerritzen-Grauert Theorem for S-spaces

[Liu90, Théorème 1]. �
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Corollary 3.5. With the hypotheses of Theorem 3.4, X is holomorphically

separable, hence a Liu space.

Proof. Given two distinct points x, x′ of X, according to Theorem 3.4 there

is a rational domain D of X containing x and not containing x′. In particular,

there is f ∈ O(X) such that |f(x)| �= |f(x′)|. �
3.2. Results for non-strict spaces.

3.2.1. Rational domains.

Definition 3.6. Let X be a k-analytic space, let f0, . . . , fn ∈ O(X) with-

out common zeros, and let r1, . . . , rn > 0. The rational domain associated

with this data is the analytic domain

{x ∈ X : |fi(x)| ≤ ri|f0(x)|, i = 1, . . . , n}.

A rational domain of X is an analytic domain of the previous form.

Lemma 3.7. Let X be a k-analytic space that is separated and countable at

infinity. Let F be a coherent sheaf on X that is universally acyclic. Consider

the closed disc D := D(r1, . . . , rn) of radii r1, . . . , rn > 0. Let p : X ×k D → X

be the first projection. Then

(1) F (X)[t1, . . . , tn] is dense in p∗F (X ×k D);

(2) p∗F is universally acyclic on X ×k D.

Proof. Both results follow from Theorem A.6. �
Lemma 3.8. Let X be a k-analytic space that is separated and countable

at infinity. Let f ∈ O(X) and let U = {x ∈ X : f(x) �= 0}. Then,

(1) if F is a universally acyclic coherent sheaf on X, F|U is universally

acyclic on U ;

(2) the image of F (X)[f−1] is dense in F (U).

Proof. Since X is separated, U is identified with the closed subspace of

X ×A
1,an
k associated with the sheaf of ideals I generated by tf − 1, where t is

a coordinate function on A
1,an
k . Let p : X×A

1,an
k → X be the first projection.

For a coherent sheaf F on X, the short exact sequence of coherent sheaves

0 −→ Ip∗F −→ p∗F −→ F|U −→ 0

induces a long exact sequence

· · · −→Hq(X×kA
1,an
k , p∗F ) −→Hq(U, F ) −→Hq+1(X×kA

1,an
k , Ip∗F ) −→· · · .

The function tf−1 is not a zero-divisor on X×A
1,an
k ; thus Ip∗F is isomorphic

to p∗F as a coherent sheaf. According to Theorem A.6, for all q ≥ 1, we have

Hq(X ×k A
1,an
k , p∗F ) = Hq(X,F ) = 0.

In particular, F|U is acyclic and even universally acyclic since the assump-

tions of the statement are stable under extension of scalars. Moreover, the
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restriction map p∗F (X ×A
1,an
k ) → F (U) is surjective. Since F (X)[t] is dense

in p∗F (X × A
1,an
k ) by Theorem A.6, the map F (X)[t] → F (U) sending t to

f−1 has dense image, whence the statement. �
Proposition 3.9. Let X be a k-analytic space that is separated and count-

able at infinity and on which OX is universally acyclic. Let f0, . . . , fn∈OX(X)

without common zeros, let r1, . . . , rn > 0, and let

X ′ = {x ∈ X : |fi(x)| ≤ ri|f0(x)| for all i = 1, . . . , n}.

Then,

(1) if F is a universally acyclic coherent sheaf on X, F|X′ is universally

acyclic on X ′;

(2) the image of F (X)[f−1
0 ] is dense in F (X ′).

Proof. Since the functions f0, . . . , fn do not have common zeros, the sub-

space X ′ is contained in the open subset U = {x ∈ X : f0(x) �= 0}. According

to Lemma 3.8, the open subset U is separated and OU is universally acyclic.

By replacing X by U , the function f0 can be assumed to be invertible and,

up to replacing fi by fi/f0, equal to 1. When f0 = 1, arguing by induction,

one reduces to the case n = 1. In this situation write f = f1 and r = r1. The

statement can then be proved by reasoning as for Lemma 3.8, replacing the

analytic affine line A
1,an
k by the closed disc with center 0 and radius r. �

Lemma 3.10. Let X be a holomorphically separable k-analytic space.

For x0 ∈ X and a compact analytic neighbourhood D of x0, there are

f0, . . . , fn ∈ OX(X) without common zeros and r1, . . . , rn > 0 such that the

domain

X ′ = {x ∈ X : |fi(x)| ≤ ri|f0(x)|, i = 1, . . . , n}
satisfies the following properties:

(1) D′ := X ′ ∩D is contained in the topological interior of D in X;

(2) x0 belongs to D′;

(3) D′ is a finite union of connected components of X ′.

Proof. Since the space X is holomorphically separable, for every y in the

topological boundary ∂D of D in X, there is a function f ∈ OX(X) such that

|f(y)| �= |f(x0)|. By compactness of ∂D, there are g1, . . . , g�, h1, . . . , hm in

OX(X), and real numbers α1, . . . , α�, β1, . . . , βm > 0 such that

|gi(x0)| ≤ αi, i = 1, . . . , 	, |hj(x0)| ≥ βj , j = 1, . . . ,m,

and, for all x ∈ ∂D, we have either |gi(x)| > αi for some i ∈ {1, . . . , 	} or

|hj(x)| < βj for some j ∈ {1, . . . ,m}.
Consider the subspace X ′ of X made of the points x ∈ X such that

|gi(x)| ≤ αi, i = 1, . . . , 	, |hj(x)| ≥ βj , j = 1, . . . ,m.
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Then D′ := X ′ ∩ D contains x0 and is contained in the topological interior

of D. It follows that D′ is a finite union of connected components of X ′.

Moreover X ′ can be put in the form in the statement by setting

f0 = h1 · · ·hm,

fi = gif0, ri = αi (i = 1, . . . , 	),

f�+i = h1 · · ·hi−1hi+1 · · ·hm, r�+i = β−1
i (i = 1, . . . ,m),

f�+m+1 = 1, r�+m+1 = (β1 · · ·βm)−1.

This finishes the proof. �
Definition 3.11. Let r = (r1, . . . , rL) ∈ RL

>0.

(1) The field kr is the completion of the field of rational fractions

k(t1, . . . , tL) with respect to the absolute value
∑
λ∈NL

aλt
λ ∈ k[t1, . . . , tL] �→ max

λ∈NL
{|aλ|rλ} ∈ R>0,

where tλ := tλ1
1 · · · tλL

L and rλ := rλ1
1 · · · rλL

L .

(2) The real numbers r1, . . . , rL are said to be free over |k×| if their images

in the Q-vector space R>0/(|k×| ⊗Z Q) are free.

Assume that the real numbers r1, . . . , rL are free over |k×|. Then the field

kr can be obtained as the affinoid k-algebra

k{r−1
i ti, riui : i = 1, . . . , L}/(tiui − 1, i = 1, . . . , L).

If A is a Banach k-algebra endowed with a non-Archimedean norm ‖ · ‖A,
then the affinoid kr-algebra Ar := A⊗̂kkr is the set of power series of the

form
∑

λ∈ZL aλt
λ, where the coefficients aλ ∈ A are such that ‖aλ‖A rλ → 0

as |λ| → +∞. It is endowed with the norm ‖·‖A,r for which

‖f‖A,r = max
λ∈ZL

{‖aλ‖Arλ}.

Let S = M(A) and Sr = M(Ar). The inclusion A → Ar induces a continuous

map prS,r : Sr → S.

Given a point s ∈ S, consider the multiplicative semi-norm on Ar defined

by ∑
λ∈ZL

aλt
λ �−→ max

λ∈ZL
{|aλ(s)|rλ}.

Denote by σS,r(s)∈Sr the associated point. The so-defined map σS,r :S→Sr

is a section of prS,r.

Lemma 3.12. The section σS,r : S → Sr is continuous.
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Proof. This is most certainly well-known, but since we could not spot a

reference, we include a proof for the sake of completeness.

By definition of the topology on Sr, proving the continuity of σS,r amounts

to showing, for all f ∈ Ar, the continuity of |f | ◦ σS,r. Write such an f as∑
λ∈ZL aλt

λ with aλ ∈ A such that ‖aλ‖A rλ → 0 as |λ| → +∞. Then, by

definition of σS,r,

|f(σS,r(s))| = max
λ∈ZL

|aλ(s)|rλ.

If aλ = 0 for all but finitely many λ ∈ ZL, then |f | ◦ σS,r is clearly con-

tinuous. If not, for n ∈ N>0, let Ln > 0 be such that ‖aλ‖A rλ < 1/n for all

|λ| > Ln. Set gn =
∑

|λ|≤Ln
aλt

λ. According to [Ber90, Theorem 1.3.1],

sup
t∈Sr

|(f − gn)(t)| ≤ ‖f − gn‖Ar
<

1

n
.

It follows that |f |◦σS,r is the uniform limit of the functions |gn|◦σS,r on Sr. By

the preceding case, those functions are continuous. We deduce that |f | ◦ σS,r

is continuous too. �
Remark 3.13. The construction of σS,r is functorial with respect to

bounded homomorphisms of Banach k-algebras. This permits us to construct

the section σX,r for every k-analytic space X. The above lemma shows that

it is continuous.

Proposition 3.14. Let X be a Liu space. Then every affinoid domain of

X is a finite union of rational domains of X. In particular, X is a finite

union of rational affinoid domains.

Proof. We follow Ducros’s argument to draw the Gerritzen-Grauert theo-

rem for affinoid spaces from the corresponding result in the strictly affinoid

case (cf. [Duc03, Lemme 2.4]). We may assume that X is reduced. We

will endow O(X) with the spectral norm, and similarly for the algebras of

the affinoid domains of X that will appear. Since X is compact, there are

positive real numbers r1, . . . , rN , linearly independent in the Q-vector space

R>0/(|k×| ⊗ Q), such that the kr-analytic space Xkr
is strict. Note that we

have O(Xkr
) = O(X)⊗̂kkr.

Let σ : X → Xkr
be the section of the natural projection pr: Xkr

→ X.

According to Theorem 3.4 the affinoid domain Dkr
is a finite union of ra-

tional domains of Xkr
. Therefore it suffices to prove the following: given a

rational domain Y of Xkr
, σ−1(Y ) is a finite union of rational domains of X.

Let f0, . . . , fn ∈ O(Xkr
) be without common zeroes, let s1, . . . , sn > 0, and

consider the rational domain

Y = {x ∈ Xkr
: |fi(x)| ≤ si|f0(x)|, i = 1, . . . , n}.
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For each i ∈ {1, . . . , n}, write fi =
∑

�∈ZN fi�t
� with fi� ∈ O(X). Since the

functions f0, . . . , fn do not have a common zero, the function f0 is necessarily

invertible on Y , and, because of the compactness of the latter, there is a

positive real number ε > 0 such that |f0(y)| ≥ ε for all y ∈ Y . Let L ⊂ ZN

be a finite subset such that, for 	 �∈ L and i ∈ {1, . . . , n}, the inequalities

‖f0,�‖r� < ε and ‖fi,�‖r� < siε hold.

A point x ∈ X then belongs to σ−1(Y ) if and only if the following conditions

are satisfied:

• there is 	 ∈ L such that |f0,�(x)|r� ≥ ε;

• max�∈L{|fi,�(x)|r�} ≤ si max�∈L{|f0,�(x)|r�} for i = 1, . . . , n.

Fix 	 ∈ L. Let Z� be the rational domain of X made of the points x ∈ X such

that

|f0,�(x)|r� ≥ ε,

|f0,�(x)|r� ≥ |f0,m(x)|rm (m ∈ L� {	}),
si|f0,�(x)|r� ≥ |fi,m(x)|rm (m ∈ L, i = 1, . . . , n).

By construction σ−1(Y ) is the union of the rational domains Z� for 	 ∈ L,

which concludes the proof. �
Let X be a Liu space and write it as a finite union of rational affinoid

domains as in the proposition. By Proposition 3.9, the algebra of each of

those affinoid domains may be topologically generated by global functions.

Putting all those functions together, we define a morphism from a Tate algebra

to O(X). The precise outcome is the following result. Its proof is similar to

that of [Liu90, Proposition 3.3] and we omit it.

Proposition 3.15. Let X be a k-analytic Liu space. Then, there exists a

k-affinoid space Y and a locally closed immersion ϕ : X → Y . More precisely,

there exists a finite covering {Yi}i by rational domains of Y such that, for

each i, the morphism ϕ−1(Yi) → Yi is a Runge immersion, i.e. the composi-

tion of a closed immersion and a Weierstrass domain embedding. �
3.2.2. Extension of scalars.

Proposition 3.16. Let X be a separated, countable at infinity, holomor-

phically separable k-analytic space on which OX is universally acyclic. For

every analytic extension k′ of k, the k′-analytic space Xk′ is holomorphically

separable and OXk′ is universally acyclic.

Proof. The sheaf OXk′ is universally acyclic by Theorem A.5. It remains to

prove that Xk′ is holomorphically separable. If the projection of two points

x, x′ ∈ Xk′ in X are distinct, by hypothesis there is f ∈ O(X) such that

|f(x)| �= |f(x′)|. Otherwise call y the projection of x, x′ in X.
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Suppose first that X is compact and let D be the affinoid domain of X

containing y. By Proposition 3.14, we can suppose that D is rational in X.

In particular, there is f ∈ O(X) such that O(X)[f−1] is dense in O(D)

and O(X)[f−1] ⊗ k′ is dense in O(Dk′) = O(D) ⊗̂ k′. Since Dk′ is affinoid,

there exists g ∈ O(Dk′) such that |g(x)| �= |g(x′)|. By density such a g can be

taken in O(X)[f−1]⊗k′. By clearing denominators one produces a k′-analytic

function h ∈ O(X)⊗ k′ such that |h(x)| �= |h(x′)|.
In the case where X is not necessarily compact, according to Lemma 3.10

and Proposition 3.9, there is a compact analytic domain D′ of X containing y

such that OD′ is universally acyclic, and there is a function f ∈ O(X) with

no poles on D′ such that O(X)[f−1] is dense in O(D′). This leads us back to

the compact case. �
Corollary 3.17. Let X be a k-analytic Liu space. For every analytic

extension k′ of k, Xk′ is a Liu space. �
Corollary 3.18. Liu spaces are cohomologically Stein.

Proof. Given a k-analytic Liu spaceX, pick a non-trivially valued extension

k′ of k such that Xk′ is strict. Since Xk′ is again a Liu space, Liu’s theorem

(Theorem 1.6) states that Xk′ is cohomologically Stein. By applying Theorem

A.5 one concludes that X is cohomologically Stein. �
Corollary 3.19. For a Liu space X the natural map X → M(O(X)) is a

homeomorphism.

Proof. Since the map is continuous and the source and the target are com-

pact and Hausdorff topological spaces, it suffices to prove that the map is

bijective. By definition, a Liu space is holomorphically separated; thus the

map is injective. In order to prove that it is surjective, let x be a multiplicative

semi-norm on O(X).

Let k′ be the completion of the fraction field of the integral domain

O(X)/Kerx. By definition the homomorphism O(X) → k′ of Banach k-

algebras is bounded and thus extends to a continuous homomorphism of Ba-

nach k′-algebras O(X) ⊗̂k k
′ → k′. The Banach k′-algebra O(X) ⊗̂k k

′ is

identified with O(Xk′) thanks to Theorem A.5. It follows that x extends to a

bounded multiplicative semi-norm x′ on O(Xk′). If the semi-norm x′ comes

from a point of Xk′ , then x comes from a point of X.

Therefore, up to extending scalars, one may assume that k′ = k. Moreover,

up to extending k further, one may assume that it is non-trivially valued and

that the space X is strict. Liu proved that rigid points of a strict Liu space

Y are in bijection with maximal ideals of O(Y ) (see [Liu90, Proposition 2.4

or 3.2]). This concludes the proof. �
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4. Descent of holomorphic separability and convexity

4.1. Some normed algebra. The proofs of Propositions 4.4 and 4.9 rely

on some results of normed algebra that we review in this section.

Definition 4.1.

(1) A normed k-vector space is a k-vector space V equipped with a non-

Archimedean norm ‖ · ‖V such that ‖λv‖V = |λ|‖v‖V for all λ ∈ k

and v ∈ V .

(2) Let α > 1 and V be a normed k-vector space. A family of vectors

{vi}i∈I of V is α-cartesian if, for every finite subset J ⊂ I, λi ∈ k,

vi ∈ V for i ∈ J ,

α−1 max
i∈J

{|λi|‖vi‖V } ≤ ‖v‖V ≤ max
i∈J

{|λi|‖vi‖V },

where v =
∑

i∈J λivi.

(3) Let V,W be normed k-vector spaces. The tensor product V ⊗k W is

endowed with the tensor norm ‖ · ‖V⊗W defined, for t ∈ V ⊗k W , as

‖t‖V⊗W = inf max
i=1,...,n

{‖vi‖V ‖wi‖W },

the infimum ranging on the set of possible ways of writing t as∑N
i=1 vi ⊗ wi with N ∈ N and vi ∈ V , wi ∈ W for all i = 1 . . . , N .

Proposition 4.2. Let V be a finite-dimensional normed k-vector space

and α > 1. Then there exists an α-cartesian basis of V .

Proof. If k is non-trivially valued, this is [BGR84, Proposition 2.6.2/3].1

The proof of [GI63, Proposition 1.1] works also in the trivially valued case.

Let us sketch it here. One argues by induction on the dimension d of V . If

d = 0 the statement is clearly true. Suppose d ≥ 1. Let α1, β ∈ (1, α) be

such that α1β ≤ α. Consider a linear form ϕ : V → k. First, remark that

the set {|ϕ(v)|/‖v‖V }v∈V �{0} is bounded above. Indeed, since V is finite-

dimensional, ‖·‖V is equivalent to the norm defined as the maximum of the

absolute value of the coordinates with respect to some basis of V , and the

result is obvious for the latter. Let v1 ∈ V � {0} such that

ϕ(v1)

‖v1‖V
≥ α−1

1 sup
v∈V �{0}

|ϕ(v)|
‖v‖V

.

By rescaling v1, one may also suppose ϕ(v1) = 1. Let v2, . . . , vn be a β-

cartesian basis of W = Kerϕ, which exists by the induction hypothesis. A

1If k is maximally complete the statement holds also with α = 1 ([GI63, Proposition
1.1], [BGR84, Proposition 2.4.4/2]).
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vector x ∈ V writes uniquely as x = ϕ(x)v1 + w with w ∈ W . By definition

of v1, we have

‖x‖V ≥ α−1
1 |ϕ(x)| ‖v1‖V .

There are two possibilities: either ‖w‖V ≤ |ϕ(x)| ‖v1‖V , which yields

‖x‖V ≥ α−1
1 max{|ϕ(x)| ‖v1‖V , ‖w‖V },

or ‖w‖V > |ϕ(x)|‖v1‖V , in which case

‖x‖V = ‖w‖V ≥ α−1
1 max{|ϕ(x)| ‖v1‖V , ‖w‖V },

because non-Archimedean triangles are isosceles and α1 > 1. By writing

x1 = ϕ(x) and w =
∑n

i=2 xivi and by using that the basis v2, . . . , vn is

β-cartesian, in both cases one obtains

‖x‖V ≥ α−1
1 β−1 max

i=1,...,n
{|xi| ‖vi‖V }

and concludes because α1β ≤ α. �
Proposition 4.3. Let V , W be normed k-vector spaces. Let α > 1 and

let v1, . . . , vn be a linearly independent α-cartesian family of V . Then, for

w1, . . . , wn ∈ W ,

α−1 max
i=1,...,n

{‖vi‖V ‖wi‖W } ≤ ‖t‖V⊗W ≤ max
i=1,...,n

{‖vi‖V ‖wi‖W },

where t =
∑n

i=1 vi ⊗ wi.

Proof. Let V0 be the sub-k-vector space of V generated by v1, . . . , vn. Ac-

cording to [Poi13, Lemme 3.1] the inclusion V0 ⊗k W → V ⊗k W is an isom-

etry. Therefore, up to replacing V by V0, one may assume that V is finite-

dimensional and v1, . . . , vn is a basis of V .

Let w1, . . . , wn ∈ W and t =
∑n

i=1 vi⊗wi. By definition of the tensor norm,

for ε > 0, there exist an integer n′ ≥ 0, v′1, . . . , v
′
n′ ∈ V , and w′

1, . . . , w
′
n′ ∈ W

such that t =
∑n′

i=1 v
′
i ⊗ w′

i and

‖t‖V⊗W ≥ max
i=1,...,n′

{‖v′i‖V ‖w′
i‖W } − ε.

For i = 1, . . . , n′, write v′i =
∑n

j=1 λijvi, with λij ∈ k. Since the basis

v1, . . . , vn is α-cartesian,

‖t‖V⊗W ≥ α−1 max
i=1,...,n′

{
max

j=1,...,n
{|λij |‖vi‖V }‖w′

i‖W
}
− ε

= α−1 max
j=1,...,n

{
max

i=1,...,n′
{|λij |‖w′

i‖W }‖vi‖V
}
− ε

≥ α−1 max
j=1,...,n

{
‖w′′

j ‖W ‖vi‖V
}
− ε,
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where w′′
j =

∑n
i=1 λijw

′
i. Since v1, . . . , vn is a basis and

n∑
j=1

w′′
j ⊗ vj = t =

n∑
j=1

wj ⊗ vj ,

one has w′′
j = wj for all j = 1, . . . , n. The result follows letting ε tend to 0. �

4.2. Holomorphically convex hull and extension of scalars. We

prove here that the formation of the holomorphically convex hull is compatible

with extension of scalars.

Proposition 4.4. Let X be a k-analytic space that is countable at infinity

and let K be a compact subset of X. Let k′ be an analytic extension of k, let

X ′ = Xk′ , and let K ′ = pr−1
k′/k(K). Then,

K̂ ′
X′ = pr−1

k′/k(K̂X).

As an immediate consequence, we have:

Corollary 4.5. Let X be a k-analytic space, countable at infinity. Then,

X is holomorphically convex if and only if Xk′ is holomorphically convex for

some analytic extension k′ of k.

The compatibility in Proposition 4.4 relies on a compatibility of the spectral

norm with extension of scalars. To state it let us define:

Definition 4.6. Let X be a k-analytic space and let K be a compact

subset of X. Let DK be the set of compact analytic domains containing K.

The ring of germs along K is the k-algebra

AK := lim−→
D∈DK

O(D).

The k-algebra AK is equipped with the sup norm ‖ · ‖AK
on the compact K.

Proposition 4.7. Let X be a k-analytic space, let K ⊂ X be a compact

subset, and let A be the ring of germs along K. Let k′ be an analytic extension

of k, let pr : X ′ = X ×k k′ → X be the morphism induced by extension on

scalars, and let K ′ := pr−1(K). Denote by ‖·‖A,k′ the tensor norm on A⊗k k
′

and by ρA,k′ the associated spectral norm. Then, for every f ∈ A⊗k k′,

ρA,k′(f) := lim
n→∞

‖f‖1/nA,k′ = sup
pr−1(K)

|f |.

Proof. We prove first the inequality ρA,k′(f)≥suppr−1(K) |f |. Let x∈K be

a point. By definition the evaluation map evx : A → H(x) is norm-decreasing;

therefore the map induced on tensor products,

evx ⊗ id : A⊗k k′ −→ H(x)⊗k k′,

is norm decreasing too. According to [Ber90, Theorem 1.3.1], for f ∈ A⊗k k
′,

ρA,k′(f) ≥ ρH(x),k′(f) = sup
M(S)

|f |,
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where S is the completion of H(x) ⊗k k′ with respect to the tensor norm

‖ · ‖H(x),k′ , and ρH(x),k′ is the spectral norm associated with ‖ · ‖H(x),k′ . The

spectrum M(S) is naturally identified with the fiber pr−1(x), whence the

wanted inequality.

On the other hand, suppose first that K is an affinoid domain in X. Then

K = M(A), K ′ = M(A ⊗̂k k
′), and, for f ∈ A⊗k k′,

ρA,k′(f) = sup
pr−1(K)

|f |.

Suppose then that K is a finite union of affinoid domain D1, . . . , Dn in X

with Di = M(Ai). Then, for f ∈ A,

ρA(f) = max{ρA1
(f), . . . , ρAn

(f)},

where, for i = 1, . . . , n, ρAi
is the sup norm on Di. In other words, endowing

A and Ai with the corresponding spectral norms, the map

Φ: A −→ A1 × · · · ×An

f �−→ (f|D1
, . . . , f|Dn

)

is isometric. It follows from [Poi13, Lemme 3.1] that the induced map on the

tensor products,

Φ⊗k k′ : A⊗k k
′ −→ (A1 ⊗k k′)× · · · × (An ⊗k k

′),

is isometric too. For f ∈ A⊗k k
′ the equality ρA,k′(f) = suppr−1(K) |f | follows

from the preceding case.

Suppose K arbitrary. For D ∈ DK the restriction map O(D) → A is

norm decreasing; thus the induced map O(D) ⊗k k′ → A ⊗k k′ is also norm

decreasing. It follows from the preceding case, for f ∈ O(D), that

ρA,k′(f) ≤ ρO(D),k′(f) = sup
pr−1(D)

|f |.

Fix f ∈ A ⊗k k′ and let D0 ∈ DK be such that f is the restriction of an

element in O(D0)⊗k k′ that we still call f . Then,

ρA,k′(f) ≤ inf
D∈DK
D⊂D0

sup
pr−1(D)

|f | = sup
K

|f |,

which concludes the proof. �
Proof of Proposition 4.4. Let us abbreviate prk′/k by pr. The inclusion

K̂ ′
X′ ⊂ pr−1(K̂X) is rather obvious. The converse inclusion is equivalent to

the following statement: for all x ∈ K̂X and all f ∈ O(X ′),

‖f‖pr−1(x) := sup
pr−1(x)

|f | ≤ ‖f‖K′ := sup
K′

|f |.
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In order to prove it, consider the ring of germs along K as defined in Defini-

tion 4.6,

A := lim−→
D∈DK

O(D),

endowed with the sup norm ‖ · ‖K on the compact K (DK is the family of

analytic domains D ⊂ X containing K).

Lemma 4.8. Let α > 1 and g ∈ O(X)⊗k k
′. Then,

sup
pr−1(x)

|g| ≤ α‖g‖A,k′ ,

where ‖ · ‖A,k′ denotes the tensor norm on A⊗k k
′.

Proof. Let V be a finite-dimensional k-vector subspace of k′ such that

g lies in O(X)⊗k V . Since V is finite-dimensional there exists an α-cartesian

basis λ1, . . . , λn of V (Proposition 4.2). Write g =
∑n

i=1 gi ⊗ λi with

g1, . . . , gn ∈ O(X).

According to [Poi13, Lemme 3.1] the inclusion A⊗kV ⊂ A⊗kk
′ is isometric

and Proposition 4.3 yields

‖g‖A,k′ ≥ α−1 max
i=1,...,n

{‖gi‖K |λi|}.

By hypothesis the point x belongs to the holomorphically convex hull of K in

X; that is, |h(x)| ≤ ‖h‖K for all k-analytic functions h on X. In particular,

sup
pr−1(x)

|g| ≤ max
i=1,...,n

{|gi(x)||λi|} ≤ max
i=1,...,n

{‖gi‖K |λi|} ≤ α‖g‖A,k′ ,

which concludes the proof of the lemma. �
The previous lemma permits us to prove the statement when f ∈O(X)⊗kk

′.

Indeed, applying it to every positive power of f ,

sup
pr−1(x)

|f | ≤ lim
n→∞

α1/n‖fn‖1/nA,k′ = sup
K′

|f |,

where the last equality comes from Proposition 4.7.

Suppose f ∈ O(X ′). Let D be a cover of X for the G-topology. For an

affinoid domain D of the family D, let ‖ · ‖D denote the norm on the affinoid

k-algebra A = O(D). The family of norms {‖ · ‖D}D∈D makes the k-vector

space O(X) a D-Banachoid space (see Definition A.2). Similarly the family

of sup norms {‖ · ‖D×k′}D∈D on the k′-vector space O(X ′) makes the latter a

D-Banachoid space. The natural map O(X)⊗k k′ → O(X ′) is injective and

induces a bi-bounded isomorphism

O(X) ⊗̂k k
′ ∼−→ O(X ′)

(see Theorem A.5). Let D1, . . . , Dr ∈ D be affinoid domains covering K.

Then for every ε > 0 there exists gε ∈ O(X)⊗ k′ such that ‖f − gε‖Di×k′ < ε
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for i = 1, . . . , r. In particular,

‖f − gε‖K′ ≤ max
i=1,...,n

{ sup
Di×k′

|f − gε|} < ε.

Then, according to the preceding case, there exists x ∈ K such that

‖f‖pr−1(x) ≤ ‖gε‖pr−1(x) + ε ≤ ‖gε‖K′ + ε ≤ ‖f‖K′ + 2ε,

and we conclude letting ε tend to 0. �
4.3. Holomorphically convex hulls and products. For the sake of

completeness, we sketch here the proof of the compatibility of the construc-

tion of the holomorphically convex hulls with taking products, namely, the

following statement:

Proposition 4.9. For i = 1, 2 let Xi be a k-analytic space and let Ki be a

compact subset of Xi. Assume that there exists i ∈ {1, 2} and a non-trivially

valued analytic extension k′ of k such that Xi is separated and countable at

infinity and that H1(Xi ×k k′,OXi×kk′) is finite-dimensional over k′. Set

X := X1 ×k X2 and

K := pr−1
1 (K1) ∩ pr−1

2 (K2),

where for i = 1, 2, pri : X → Xi is the projection on the i-th factor. Then,

K̂X = pr−1
1 (K̂1,X1

) ∩ pr−1
2 (K̂2,X2

).

The argument is analogous to the one of Proposition 4.4 once we take care

to replace the use of Theorem A.6 by that of Theorem A.5 and Proposition

4.7 by the following statement, proved along the same lines:

Proposition 4.10. For i = 1, 2 let Xi be a k-analytic space, let Ki ⊂ Xi be

a compact subset, and let Ai be the ring of germs along K. Let X := X1×kX2

and let

K := pr−1
1 (K1) ∩ pr−1

2 (K2),

where, for i = 1, 2, pri : X → Xi is the projection of the i-th coordinate.

Denote by ‖·‖A1,A2
the tensor norm on A1⊗kA2 and by ρA1,A2

the associated

spectral norm. Then, for every f ∈ A1 ⊗k A2,

ρA1,A2
(f) := lim

n→∞
‖fn‖1/nA1,A2

= sup
K

|f |.

4.4. Descent of holomorphically separability. Let us first recall the

notion of a peaked (cf. [Ber90, Definition 5.2.1]), or universally multiplicative

(cf. [Poi13, Définition 3.2]), analytic extension.

Definition 4.11. An analytic extension k′ of k is said to be universally

multiplicative if, for each analytic extension K of k, the tensor product norm

on the algebra K ⊗̂k k
′ is multiplicative.
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For instance, if r is an element of RN
>0 whose coordinates are free over |k×|,

then the extension kr/k (cf. Definition 3.11) is universally multiplicative.

Proposition 4.12. Let X be a k-analytic space that is countable at infin-

ity. Let k′ be a universally multiplicative analytic extension of k. If Xk′ is

holomorphically separable, then so is X.

Proof. Let prk′/k : Xk′ → X be the natural projection morphism. Let

x1, x2 ∈ X. By assumption, for 	 = 1, 2, the tensor product norm on

H(x�) ⊗̂k k
′ is multiplicative, hence defines a point σ(x�) in pr−1

k′/k(x�) ⊆ Xk′ .

Since Xk′ is holomorphically separable by hypothesis, up to permuting x1

and x2, there is a function f ∈ O(Xk′) such that |f(σ(x1))| < |f(σ(x2))|. By
Theorem A.5, O(X) ⊗ k′ is dense in O(Xk′); hence the function f can be

taken in O(X)⊗ k′.

Let V be a finite-dimensional k-vector subspace of k′ such that f lies in

O(X) ⊗ V . Let β ∈ (1,+∞) such that β|f(σ(x1))| < |f(σ(x2))|. Then

Proposition 4.2 yields a β-cartesian basis λ1, . . . , λn of V . Write

f = λ1f1 + · · ·+ λnfn

with f1, . . . , fn ∈ O(X).

For 	 = 1, 2, by definition of σ(x�), we have ‖f‖H(x�) ⊗̂ k′ = |f(σ(x�))|;
hence

β−1 max
i=1,...,n

{|λi||fi(x�)|} ≤ |f(σ(x�))| ≤ max
i=1,...,n

{|λi||fi(x�)|}

(according to [Poi13, Lemme 3.1] the inclusion H(x�) ⊗ V ⊂ H(x�) ⊗̂ k′ is

isometric). It follows that

max
i=1,...,n

{|λi||fi(x1)|} ≤ β|f(σ(x1))| < |f(σ(x2))| ≤ max
i=1,...,n

{|λi||fi(x2)|}.

Hence there exists i ∈ {1, . . . , n} such that |fi(x1)| < |fi(x2)|. �
Remark 4.13. Let X be a k-analytic space and assume that k is alge-

braically closed. Then, [Poi13, Corollaire 3.14] ensures that each point of x is

universal ; that is to say, the extension H(x)/k is universally multiplicative.

Assume that X is countable at infinity and let k′ be an arbitrary analytic

extension of k. Using virtually the same proof as above, one can show that

if Xk′ is holomorphically separable, then so is X.

5. Characterization when the boundary is not necessarily empty

Proposition 5.1. Let X be a k-analytic space W-exhausted by Liu domains

{Di}i∈N and let F be a coherent sheaf on X. Then,

(1) F (X) is dense in F (Di) for all i ∈ N;
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(2) Hq(X,F ) = 0 for all q ∈ N.

Proof. We reproduce Kiehl’s argument. For all i ∈ N, the set of global sec-

tions F (Di) forms a finitely generated OX(Di)-module (Proposition 2.6(4)).

The norms on F (Di) obtained as quotient norms through surjections

OX(Di)
n → F (Di) are all equivalent. Recursively, pick a norm ‖ · ‖i in

this equivalence class normalized so that ‖s‖i−1 ≤ ‖s‖i for all s ∈ F (Di).

(1) Let i ∈ N, s ∈ F (Di), and ε > 0. Set t0 = s and for n ≥ 1 define

recursively a sequence of sections tn ∈ F (Di+n) such that

‖tn − tn−1‖i+n−1 ≤ ε/n.

For all j ≥ i the sequence {tn}n≥j−i converges on Dj . We thus obtain a global

section t ∈ F (X). On the other hand, for all n ≥ 1,

‖tn − s‖i ≤ max
�=0,...,n−1

‖t�+1 − t�‖i ≤ ε;

thus ‖t− s‖i ≤ ε.

(2) Since Liu spaces are cohomologically Stein (Corollary 3.18), the cover

for the G-topology D = {Di}i∈N is acyclic. Therefore the coherent cohomol-

ogy on X can be computed as the Čech cohomology with respect to D: for

all q ≥ 0 and all coherent sheaves F on X,

Hq(X,F ) = Ȟ
q
(D, F ).

We argue by induction on q ≥ 1. In order to show that H1(X,F ) = 0, it

suffices to show that, given a sequence of sections ti ∈ F (Di), there exists a

sequence si ∈ F (Di) such that, for all i ∈ N, ti = si − si+1. Using (1), we

may construct a sequence s′i ∈ F (Di) such that, for all i ∈ N,

‖ti − (s′i − s′i+1)‖i ≤ 2−i.

For i ∈ N, write t′i := ti − (s′i − s′i+1). For each i ∈ N, the series
∑∞

n=0 t
′
i+n

converges on Di to an element s′′i ∈ F (Di). For each i ∈ N, we then have

t′i = s′′i − s′′i+1 and ti = (s′i + s′′i )− (s′i+1 + s′′i+1).

Let q ≥ 2 and suppose that (q − 1)-th cohomology group Hq−1(X,F )

vanishes. For i ∈ N, let Di = {D0, . . . , Di} and let C•
i be the Čech complex

C•(Di, F ). The complexes C•
i form a projective system through the maps

ϕi : C•
i+1 → C•

i induced by projections. The projective limit

C• := lim←−
i∈N

C•
i

is identified with the Čech complex C•(D, F ). With this notation, for all

p ∈ N,

Hp(X,F ) = Hp(C•).
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If the hypotheses of Lemma 2.10 are satisfied for q − 1, then

Hq(X,F ) = Hq(C•) = lim←−
i∈N

Hq(C•
i ) = lim←−

i∈N

Hq(Di, F ) = 0,

which is what we want to prove. Therefore, let us prove that the hypotheses

of Lemma 2.10 are satisfied.

For an integer p ≥ 0 and 	 = (	0, . . . , 	p) ∈ {0, . . . , i}p+1,

D�0 ∩ · · · ∩D�p = Dmin �,

where min 	 = min{	0, . . . , 	p}. In particular,

Cp
i =

∏
�∈{0,...,i}p+1

F (Dmin �),

and the map ϕp
i : Cp

i+1 → Cp
i is surjective. Let us also show that hypoth-

esis (2) of Lemma 2.10 is satisfied. Since Di is an acyclic cover, we have

Hp(C•
i ) = Hp(Di, F ) for all i ∈ N. In particular, Hq−1(C•

i ) vanishes by induc-

tive hypothesis. �
Theorem 5.2. Let X be a separated, countable at infinity k-analytic space.

The following are equivalent:

(1) For every analytic extension k′ of k the k′-analytic space Xk′ is co-

homologically Stein.

(2) X is holomorphically convex, OX is universally acyclic, and one of

the following conditions is verified:

(a) X is holomorphically separable;

(b) for every analytic extension k′ of k, Xk′ is rig-holomorphically

separable;

(c) there is a non-trivially valued analytic extension k′ of k such that

Xk′ is strict and rig-holomorphically separable.

(3) X is W-exhausted by Liu domains.

(4) OX is universally acyclic, and for every analytic extension k′ of k and

every coherent sheaf of ideals I on Xk′ such that OXk′ /I is supported

at a discrete set of points, the cohomology group H1(Xk′ , I) vanishes.

Moreover, if k is non-trivially valued and X is strict, then the preced-

ing conditions are equivalent to X being holomorphically convex and rig-

holomorphically separable and OX being acyclic.

Proof. We first show the following implications:

(3) =⇒ (1) =⇒ (4) =⇒ (2b) =⇒ (3).

(3) ⇒ (1) The property of being W -exhausted by Liu domains is stable

under scalar extension. Therefore one reduces to the case k′ = k and applies

Proposition 5.1.
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(1) ⇒ (4) Clear.

(4) ⇒ (2b) Suppose that for every analytic extension k′ of k and every

coherent sheaf of ideals I on Xk′ such that OXk′ /I is supported at a discrete

set of points,

H1(Xk′ , I) = 0.

The argument for the holomorphic separation is the classical one: let k′ be an

analytic extension of k, x, x′ rigid points of X ′ := Xk′ and let I be the ideal

sheaf defining the closed analytic subspace {x} ∪ {x′} in X ′. By hypothesis

the cohomology group H1(X ′, I) vanishes; thus the sequence

0 −→ I(X ′) −→ OX′(X ′) −→ H0({x} ∪ {x′},OX′) = k(x)× k(x′) −→ 0

is exact. Therefore there exists f ∈ O(X ′) such that f(x) = 0 and f(x′) = 1.

For the holomorphic convexity, let K be a compact subset of X. According

to [Poi13, Corollaire 5.12] it suffices to show that the holomorphically convex

hull K̂X is sequentially compact.

Let S = {xi}i∈N be a sequence of points in K̂X . Let k′ be an analytic exten-

sion of k endowed for every i ∈ N with an isometric embedding εi : H(xi) → k′.

For i ∈ N, let x′
i be the k

′-rational point of X ′ := Xk′ associated with xi. Ac-

cording to Proposition 4.4 the points x′
i belong to the holomorphically convex

hull of K ′ = pr−1
k′/k(K) in X ′; that is, |f(x′

i)| ≤ ‖f‖K′ for all i ∈ N and all

f ∈ O(X ′).

Suppose by contradiction that the sequence S is discrete in X. Then the se-

quence S′ = {x′
i}i∈N is discrete too. Let I be the coherent sheaf of OX′ -ideals

made of k′-analytic functions vanishing identically on S′. The cohomology

group H1(X ′, I) vanishes by hypothesis. Thus the short exact sequence of

OX′-modules,

0 −→ I −→ OX′ −→ OX′/I −→ 0,

gives a short exact sequence of k′-vector spaces,

0 −→ I(X ′) −→ OX′(X ′)
π−→ H0(X ′,OX′/I) −→ 0,

where π(f) = (f(x′
i))i∈N. In particular, there exists a k′-analytic function f

on X ′ such that |f(x′
i)| ≥ i for all i ∈ N. This implies that ‖f‖K′ = +∞,

contradicting the compactness of K ′.

(2b) ⇒ (3) We need here the following enveloping argument, which we state

and prove separately for later use:

Lemma 5.3. Let X be a holomorphically convex k-analytic space and let

K be a compact subset of X.

Then, there exist a non-negative integer n, positive real numbers r1, . . . , rn,

a morphism of k-analytic spaces f : X → A
n,an
k , and open neighbourhoods U

of K̂X and V of f(U) such that:
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(1) the induced morphism f|U : U → V is topologically proper;

(2) the closed disc D := D(r1, . . . , rn) of radii r1, . . . , rn is contained in

V ;

(3) the holomorphically convex hull K̂X is contained in the interior of

f−1(D) ∩ U in X.

Proof. Since X is holomorphically convex, K̂X is compact. Thus one may

suppose that K = K̂X . For every point x ∈ X �K there exists a k-analytic

function f ∈ O(X) such that ‖f‖K < |f(x)|.
Let W be a relatively compact open neighbourhood of K. The topological

border ∂W of W in X is compact and does not meet K. Thus there exist

finitely many k-analytic functions f1, . . . , fn ∈ O(X) such that

max

{
|f1(x)|
‖f1‖K

, . . . ,
|fn(x)|
‖fn‖K

}
> 1

for all x ∈ ∂W . Let f = (f1, . . . , fn) : X → A
n,an
k be the induced morphism

and, for i = 1, . . . , n, let ri := ‖fi‖K . The image of a point x ∈ X belongs to

the disc D := D(r1, . . . , rn) if and only if |fi(x)| ≤ ‖fi‖K for all i = 1, . . . , n.

In particular, K is contained in f−1(D) and ∂W ∩ f−1(D) = ∅.
Set V := A

n,an
k � f(∂W ). Since ∂W is compact and f(∂W ) does not meet

D, V is an open neighbourhood of D. The subset U := W � f−1(f(∂W )) is

open in X, and the map f|U : U → V is topologically proper.2 �
Suppose that X is holomorphically convex. Since X is countable at infinity

there is an increasing sequence of compact subsets {Ki}i≥0 such that Ki is

contained in the interior of Ki+1 and which cover X.

Claim 5.4. There is an non-decreasing sequence {Di}i≥0 of compact an-

alytic domains of X such that, for all i ≥ 0, Di contains Ki and there exist

functions fi1, . . . , fini
∈ O(X), positive real numbers ri1, . . . , rini

, and an

open subset Ui of X such that

Di := {x ∈ Ui : |fij(x)| ≤ rij for all j = 1, . . . , ni}.

Moreover, we may choose the rij ’s in any dense sub-Q-vector space of R>0.

Proof. In order to define the sequence, it is convenient to start the induction

at −1 and set D−1 = ∅. Then, for all i ≥ 0 and supposing Di−1 is defined,

apply Lemma 5.3 with K = Ki ∪ Di−1: let fi : X → A
ni,an
k , D, U , V be

respectively the morphism, the disc, the open neighbourhood of K̂X , and

the neighbourhood of D given by the lemma. If R is a dense sub-Q-vector

space of R>0, then we may take D to have radii in R while the conclusions of

2If f : X → Y is a continuous map between locally compact topological spaces andW is a

relatively compact open subset of X, then the induced map W�f−1(f(∂W )) → Y �f(∂W )
is topologically proper.
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Lemma 5.3 are still fulfilled. The analytic domain Di := f−1
i (D)∩U satisfies

the required properties. �
Suppose, moreover, that OX is universally acyclic and that, for every an-

alytic extension k′ of k, Xk′ is rig-holomorphically separable. Then, the se-

quence {Di}i≥0 is a W-exhaustion of X by Liu domains.

Indeed, for i ≥ 0, Di is a union of connected components of

D′
i = {x ∈ X : |fij(x)| ≤ rij for all j = 1, . . . , ni},

and OD′
i
is universally acyclic by Proposition 3.9. Let 	i be an analytic ex-

tension of k that is universally multiplicative (cf. Definition 4.11) and such

that Di,�i is strict. This can always be achieved by choosing 	i of the form kr
for some r ∈ RN

>0 whose coordinates are free over |k×| (cf. Definition 3.11).

By construction, Di,�i is strict, compact, separated, and ODi,�i
is universally

acyclic. By hypothesis Di,�i is rig-holomorphically separable, and therefore

Corollary 3.5 implies that Di,�i is holomorphically separable. Proposition 4.12

yields in turn that Di is holomorphically separable, hence a Liu space.

Similarly, Di is a union of connected components of

D′′
i = {x ∈ Di+1 : |fij(x)| ≤ rij for all j = 1, . . . , ni},

and the restriction map O(Di+1) → O(D′′
i ) has dense image by Proposi-

tion 3.9.

In order to finish the proof of the theorem, it suffices to prove the following

implications:

(3) =⇒ (2a) =⇒ (2b) =⇒ (2c) =⇒ (1).

(3) ⇒ (2a) Holomorphic separation. Let D = {Di}i∈N be a G-cover of X

by Liu domains such that the restriction map O(Di+1) → O(Di) has dense

image. Two distinct x, x′ ∈ X belong to Di ⊂ X for i big enough. Since O(X)

is dense in O(Di) it suffices to find f ∈ O(Di) such that |f(x)| �= |f(x′)|. This
exists as Di is by definition holomorphically separated.

Holomorphic convexity. A compact subset K ⊂ X is contained in Di

for i big enough. By density of O(X) in O(Di), if a point x ∈ X verifies

|f(x)| ≤ ‖f‖K for all f ∈ O(X), then it verifies the same inequality for

all f ∈ O(Di). By hypothesis ‖f‖K ≤ ‖f‖Di
for all k-analytic functions

f ∈ O(Di); thus

K̂X ⊂ M(O(Di)) = Di

as subsets of X (Corollary 3.19). In particular, K̂X is compact.

(2a) ⇒ (2b) According to Proposition 3.16, being a Liu space is stable

under extending scalars. Thus one reduces to the case k′ = k where the result

is Lemma 3.2.

(2b) ⇒ (2c) Clear.
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(2c) ⇒ (1) Suppose that X is holomorphically convex, that OX is univer-

sally acyclic, and that there exists a non-trivially valued analytic extension k′

of k such that Xk′ is strict and rig-holomorphically separable.

Let us consider a sequence {Di}i≥0 of analytic domains ofX as in Claim 5.4

with all the ri,j ’s in
√
|k′×|. Then, for each i ≥ 0, Di,k′ is strict and it follows

from Proposition 3.9 and Corollary 3.5 that {Di,k′}i≥0 is a W-exhaustion

of Xk′ by Liu domains (by the same arguments as in the last part of the

proof of (2b) ⇒ (3)). From (3) ⇒ (1), we know that for every analytic

extension k′′ of k′, Xk′′ is cohomologically Stein. The result now follows from

Theorem A.5. �

6. Characterization when the boundary is empty

Theorem 6.1 (Remmert reduction theorem). Let X be a k-analytic space

without boundary, holomorphically convex, and countable at infinity.

Then there exists a k-analytic space S, the Remmert factorization of X,

without boundary and W-exhausted by affinoid domains, together with a mor-

phism π : X → S satisfying the following properties:

(1) π is proper, surjective, and with geometrically connected fibers;

(2) π� : OS → π∗OX is an isomorphism;

(3) given a k-analytic space Y and a k-analytic map f : X → Y set-

theoretically constant on the fibers of π, there exists a unique

k-analytic map f̃ : S → Y such that f = f̃ ◦ π.
In particular, given a holomorphically separable k-analytic space Y and a

morphism f : X → Y , there exists a unique morphism f̃ : S → Y such that

f = f̃ ◦ π.
Remark 6.2. What might a putative Remmert reduction theorem be when

the boundary is no longer empty? According to Theorem 5.2 it may seem

reasonable to ask whether there exists for a k-analytic space X countable

at infinity, holomorphically convex, and such that OX is universally acylic,

a k-analytic space S which is W -exhausted by Liu domains and a proper k-

analytic map π : X → S satisfying the same formal properties as the Remmert

factorization. The following example shows that the properness of the map π

has to be dropped from the requirements.

Suppose k of characteristic 0 and let A be an abelian scheme over the ring

of integers of k. Let A
 be the universal vector extension of A and consider

Raynaud’s generic fiber A

η of the formal scheme obtained by taking the formal

completion of A
 along its special fiber.
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The k-analytic space X = A

η is compact and has non-empty boundary:

it is a disc bundle over the abelian variety Aan. In a forthcoming paper we

will show that every function on X is constant and OX is acyclic. Then

every k-analytic map X → S with target a holomorphically separable space is

constant: in this case, the Remmert factorization of X is simply X → M(k).

Proof. Let {Ki}i≥0 be an exhaustion of X by compact subsets such that,

for each i, Ki is the closure of its interior and Ki is contained in the interior

of Ki+1.

Set n−1 = 0 and X−1, U−1, V−1 to be the empty set. For i ≥ 0, we

construct inductively an integer ni ≥ 0, a relatively compact open subset Ui

of X, a compact analytic domain Xi of Ui, an open subset Vi of A
ni,an
k , and

k-analytic functions fni−1+1, . . . , fni
on X such that:

(1) the map Fi = (f1, . . . , fni
) : Ui → Vi is proper;

(2) Di := D(‖f1‖Ki∪U i−1
, . . . , ‖fni

‖Ki∪Ui−1
) is contained in Vi;

(3) Xi := F−1
i (Di) ∩ Ui contains the holomorphically convex hull of the

compact subset Ki ∪ U i−1.

Set K ′
i := Ki ∪ U i−1 and consider a relatively compact open subset Wi

of X containing the holomorphically convex hull of K ′
i in X (which is com-

pact since X is holomorphically convex). Since ∂Wi is compact, there are

k-analytic functions fni−1+1, . . . , fni
on X such that, for all x ∈ ∂Wi,

max
j=1,...,ni

|fj(x)|
‖fj‖K′

i

> 1.

Set Vi := A
ni,an
k � Fi(∂Wi) and Ui = Wi � F−1

i (Fi(∂Wi)). As in the proof of

Lemma 5.3, the induced map Fi : Ui → Vi is topologically proper. Since X is

without boundary, so is Ui; hence Fi is proper.

The map Fi : Xi → Di being proper, by the “Stein factorization theorem”

([Ber90, Proposition 3.3.7]), there exists a k-analytic space Si together with

morphisms πi : Xi → Si, F̃i : Si → Di such that

(1) πi is proper and surjective, F̃i is finite, and Fi = F̃i ◦ πi;

(2) OSi
→ πi∗OXi

is an isomorphism, and πi has geometrically3 con-

nected fibers;

(3) given a k-analytic space T and a map g : Xi → T set-theoretically4

constant on the fibers of πi, there exists a unique map g̃ : Si → T such

that gi = g̃i ◦ πi.

3In [Ber90] the fibers are only stated to be connected. However, because the construc-
tion of the Stein factorization is compatible with extension of scalars, fibers are actually
geometrically connected.

4It is understood in [Ber90] that the property “constant on the fibers” is set-theoretical;
see [Ber90, p. 60].
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In particular, Si is affinoid with k-affinoid algebra O(Xi). The restriction

map O(Xi+1) → O(Xi) is a bounded homomorphism of k-affinoid algebras

and it induces a morphism of k-affinoid spaces εi : Si → Si+1.

Claim 6.3. The map εi identifies Si with a Weierstrass domain of Si+1.

Proof. Consider the following disc in A
ni+1,an
k :

D′
i := Di × D(‖fni+1‖K′

i+1
, . . . , ‖fni+1

‖K′
i+1

).

With this notation we have Xi = Ui ∩ F−1
i+1(D

′
i): indeed Ui ∩ F−1

i+1(D
′
i) is

contained in Xi by definition. On the other hand, ‖fj‖Xi
≤ ‖fj‖K′

i+1
for all

j, whence the converse inclusion.

Consider the analytic domain Y := Ui+1 ∩F−1
i+1(D

′
i) in Xi+1. Consider the

Stein factorization T = M(O(Y )) of the proper morphism Fi+1 : Y → D′
i.

Since D′
i is an affinoid domain in Di+1, it follows that T is an affinoid domain

in Si+1; moreover, the affinoid domain T is a Weierstrass domain, as D′
i is

a Weierstrass domain in Di+1. More explicitly, the map Fi+1 : Xi+1 → Di+1

is proper; thus the sheaf E := Fi+1∗OXi+1
is coherent on Di+1. The disc D′

i

is the Weierstrass domain in Di+1 given by the inequalities |tj | ≤ ‖fj‖Xi
for

j = 1, . . . , ni. It follows that the global sections of E on D′
i, E(D′

i) = O(Y ),

can be identified with the affinoid algebra

E(Di+1)

{
f1

‖f1‖Xi

, . . . ,
fni

‖fni
‖Xi

}
= O(Xi+1)

{
f1

‖f1‖Xi

, . . . ,
fni

‖fni
‖Xi

}
.

In particular, T = M(O(Y )) is the Weierstrass domain in Si+1 given by the

inequalities |tj | ≤ ‖fj‖Xi
for j = 1, . . . , ni.

In order to conclude that Si is a Weierstrass domain in Si+1, remark thatXi

is contained in Y because Ui is contained in Ui+1. Furthermore, Xi is clopen

in Y : it is open because of the equality Xi = Y ∩Ui and closed because of its

compactness. Therefore Xi is a finite union of connected components of Y .

By writing Y = Y ′ � Xi, it follows that O(Y ) is isomorphic to the product

ring O(Xi) × O(Y ′). By passing to the Banach spectrum of these affinoid

algebras, one has

T = M(O(Y )) = M(O(Xi)) �M(O(Y ′)) = Si �M(O(Y ′));

that is, Si is a union of connected components of T . In particular, Si is a

Weierstrass domain of Si+1. �
The k-analytic space S =

⋃
i∈N

Si is by definition W-exhausted by affinoid

domains. The map π : X → S is proper as πi : Xi → Si is proper for every

i ≥ 1. Since the space X is without boundary, a given analytic domain Xi

is contained in the interior of some analytic domain Xj for j ≥ i big enough.

By properness of π, it follows that Si is contained in the interior of Sj and, in
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particular, S is without boundary. The properties of the map π are deduced

from the ones of πi as π
−1(Si) = Xi for all i ≥ 0.

Concerning the last statement, let Y be a holomorphically separable space

and let f : X → Y be a k-analytic map. Let x, x′ ∈ X be points such that

π(x) = π(x′). In order to apply the universal property of the Remmert

factorization, one has to prove that x and x′ have the same image via f . By

contradiction, suppose not: since Y is holomorphically separable, there is a

k-analytic function g on Y such that |g(f(x))| �= |g(f(x′))|. Because of the

equality π∗OX = OS , the k-analytic function g ◦ f on X is of the form h ◦ π
for a k-analytic function h on S. In this way one has |h(π(x))| �= |h(π(x′))|,
contradicting the equality π(x) = π(x′). �

Theorem 6.4. Let X be a k-analytic space without boundary and countable

at infinity. The following are equivalent:

(1) for every analytic extension k′ of k, the k′-analytic space Xk′ is co-

homologically Stein;

(2) X is holomorphically convex, and one of the following conditions is

verified:

(a) X is holomorphically separable;

(b) for every analytic extension k′ of k, Xk′ is rig-holomorphically

separable;

(c) there is a non-trivially valued analytic extension k′ of k such that

Xk′ is rig-holomorphically separable;

(3) X is W-exhausted by affinoid domains;

(4) for every analytic extension k′ of k and every coherent sheaf of ideals

I on Xk′ such that OXk′ /I is supported at a discrete set of points, the

cohomology group H1(Xk′ , I) vanishes.

Moreover, if k is non-trivially valued, the preceding conditions are equivalent

to X being holomorphically convex and rig-holomorphically separable.

Proof. Implications (1) ⇒ (4) and (2b) ⇒ (2c) are clear.

(3) ⇒ (2a) Holomorphic separability. Let x, x′ ∈ X be distinct points and

let D ⊂ X be a Weierstrass domain containing them. Since O(X) is dense

in O(D) it suffices to find f ∈ O(D) such that |f(x)| �= |f(x′)|. This clearly

exists as D coincides with M(O(D)).

Holomorphic convexity. Let K ⊂ X be a compact subset and let D ⊂ X

be a Weierstrass domain containing it. By density of O(X) in O(D), if a

point x ∈ X verifies |f(x)| ≤ ‖f‖K for all f ∈ O(X), then it verifies the

same inequality for all f ∈ O(D). By hypothesis ‖f‖K ≤ ‖f‖D for all k-

analytic functions f ∈ O(D); thus K̂X ⊂ M(O(D)) = D as subsets of X. In

particular, K̂X is compact.
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(3) ⇒ (2b) Statement (3) is stable under extension of scalars, and we

already proved that it implies holomorphic separability. We conclude because

the property of holomorphic separability implies that the rigid points are

separable by k-analytic functions (Lemma 3.2).

(3) ⇒ (1) Being W-exhausted by affinoid domains is stable under extension

of scalars. Therefore it suffices to prove the result for k′ = k. In this case it

is Theorem 1.3.

The proof of (4) ⇒ (2b) is exactly as (4) ⇒ (2b) in the proof of Theorem

5.2.

For the proof of (2a) ⇒ (3) and (2c) ⇒ (3) consider the Remmert reduction

S of X, which is possible because X is holomorphically convex and without

boundary by hypothesis. In order to prove that X is W-exhausted by affinoid

domains it suffices to show that the canonical map π : X → S is finite. Since

it is already proper, it is a matter of proving that the fibers of π are finite.

Assuming (2c), it is sufficient to prove that πk′ : Xk′ → Sk′ is finite. Thanks

to [Ber90, Proposition 3.3.2] and [BGR84, Corollary 9.6.3/6], it suffices to

prove that for every y ∈ Xk′,rig the fiber π−1
k′ (y) is finite (the k′-analytic

spaces Xk′ , Sk′ are strict). Since πk′ is proper, for a rigid point y ∈ Sk′ the

fiber Z := π−1
k′ (y) is a closed analytic subspace of Xk′ which is proper over

k. Suppose Z is of positive dimension and take two distinct points z, z′ ∈ Z:

by hypothesis there is a k′-analytic function f on Xk′ such that f(z) = 0 and

f(z′) = 1. In particular, f|Z is non-constant, contradicting the properness

of Z.

Assuming (2a), the argument is similar. For s ∈ S the fiber Z := π−1(s)

is naturally endowed with the structure of a H(s)-analytic space, strict and

proper over H(s). If it is of positive dimension, pick two distinct points

z, z′ ∈ Z. By hypothesis there is a function f such that |f(z)| �= |f(z′)|.
In particular, the restriction of f to Z cannot be constant, contradicting the

properness of Z. �

Appendix A. Banachoid spaces

By definition, the ring of global sections of an affinoid space is a Banach

algebra. From the algebraic point of view, this is very convenient since the

theory of Banach algebras is well documented and many results are available.

However in this article we are interested in spaces with no boundary, and

their rings of global sections are no longer Banach algebras but only Fréchet

algebras at best. For similar reasons related to de Rham cohomology, Andrea

Pulita and the second named author have developed a theory of normoid
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Fréchet spaces (i.e. Fréchet spaces with a distinguished family of semi-norms

as part of the data) in [PP], inspired by Gruson’s work [Gru66] in the setting

of Banach spaces. We recall here the basic definitions and results for the

convenience of the reader.

Definition A.1. Let M be a non-empty set. An M -normoid space is a

k-vector space U endowed with a family of semi-norms u = (um)m∈M .

We endow U with the uniform structure and the topology induced by u.

In more concrete terms, this means for instance that a sequence (xn)n≥0 in U

tends to 0 if and only if for each m ∈ M , the sequence (um(xn))n≥0 tends

to 0.

Definition A.2. Let M be a non-empty set. An M -Banachoid space is

an M -normoid space that is Hausdorff and complete.

Obviously, any Banach space (A, ‖·‖) gives rise to a Banachoid space

(A, u‖·‖), where u‖·‖ is the family containing the single element ‖·‖.
The main example we have in mind is the following. Let X be a

k-analytic space and let D be an affinoid covering of X for the G-topology.

For each D ∈ D, let uD denote the semi-norm obtained by composing the

norm on the k-affinoid algebra AD associated with D with the restriction map

O(X) → AD. The space O(X) endowed with u = (uD)D∈D is a Banachoid

space.

If F is a coherent sheaf on X, a similar construction can be used to put

a Banachoid structure on the space F (X) by first endowing each F (D) with

the norm coming from a surjection O(D)nD → F (D).

Note that for each complete valued extension k′ of k, the set {Dk′ | D ∈ D}
is an affinoid covering of Xk′ for the G-topology. Hence we get an induced

Banachoid structure on F (Xk′).

Definition A.3. Let (U, (um)m∈M ) and (V, (vn)n∈N ) be Banachoid spaces.

We say that a k-linear map f : U → V is bounded if, for each n ∈ N , there

exist a real number Cn and a finite subset Mn of M such that

∀x ∈ U, vn(f(x)) ≤ Cn max
m∈Mn

{um(x)}.

In the situation of the examples above, it is not difficult to check that if one

changes the affinoid covering, the identity map between the two Banachoid

spaces is bounded. Similarly, a morphism of coherent sheaves F → G gives

rise to a bounded morphism of Banachoid spaces F (X) → G(X).

We now come to the definition of completed tensor product. Let

(U, (um)m∈M ) and (V, (vn)n∈N ) be Banachoid spaces. For each m ∈ M ,
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n ∈ N , and z ∈ U ⊗k V , set

um ⊗ vn(z) := inf
{
max
1≤i≤r

{um(xi) · vn(yi)} such that z =
r∑

i=1

xi ⊗ yi

}
.

The map um⊗vn is a semi-norm on U⊗kV . Let U ⊗̂k V denote the Hausdorff

completion of U ⊗k V . It is naturally a Banachoid space.

As one may expect, it is also possible to define a notion of bounded bilin-

ear map, and the space U ⊗̂k V can then be proven to satisfy the expected

universal property.

In the following, we will be interested specifically in the case where we

tensor by a complete valued extension k′ of k (seen as a Banachoid space

with a single norm). Unlike in the usual case, exact sequences of Banachoid

spaces may fail to remain exact after completed tensor product. To fix this,

one needs to consider exact sequences of strict maps, where the image and

coimage inherit the same Banachoid structure. It is very useful to know

conditions where strictness is automatic. For Banach or Fréchet spaces over

non-trivially valued fields, this is the case for surjective maps and even maps

with finite-dimensional cokernels, by Banach’s open mapping theorem. To be

able to use those results in the setting of Banachoid spaces, we introduce the

following definition.

Definition A.4. Let M be a non-empty set. An M -normoid Fréchet

space is an M -Banachoid space that admits a bi-bounded isomorphism into

an N -Banachoid space with N countable.

In the examples above, the spaces O(X) and F (X) are normoid Fréchet

if the covering D is countable. Note that we can always choose a cover sat-

isfying this property if X is paracompact (for instance if it is a curve or the

analytification of an algebraic variety) and connected.

By applying the completed tensor product to a suitable Čech complex, we

obtain the following result. Note that using the Čech complex (for separated

spaces) also enables us to endow the spaces Hq(X,F ) for q ≥ 1 with normoid

Fréchet structures.

Theorem A.5. Let X be a k-analytic space that is countable at infinity,

let F be a coherent sheaf on X, and let k′ be a complete valued extension of k.

Then, we have a canonical bi-bounded isomorphism

F (X) ⊗̂k k
′ ∼−→ Fk′(Xk′).

Let q ≥ 1. Assume that X is separated and that there exists 	 ∈ {k, k′}
such that 	 is non-trivially valued and Hq(X�, F�) is finite-dimensional. Then,

we have a canonical bi-bounded isomorphism

Hq(X,F ) ⊗̂k k
′ ∼−→ Hq(Xk′ , Fk′).
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We can also obtain results for global sections of sheaves on product of

varieties.

Theorem A.6. Let X and Y be k-analytic spaces that are separated and

countable at infinity. Assume that X or Y is finite-dimensional. Denote

by prX and prY the canonical projections from X ×k Y to X and Y , respec-

tively.

If F and G are universally acyclic coherent sheaves on X and Y , respec-

tively, then the coherent sheaf pr∗X F ⊗pr∗Y G on X×k Y is universally acyclic

too.

Appendix B. Zariski-trivial analytic spaces

Let k be a complete non-Archimedean field. Recall the notation kr from

Definition 3.11. The aim of this section is to prove the following result:

Proposition B.1 (A. Ducros). Let X be a non-empty k-analytic space

whose Zariski topology is the trivial topology. If k is non-trivially valued,

there are real numbers r1, . . . , rn free over |k×| and a finite local kr-algebra A

(in particular, Artinian) such that X = M(A).

Lemma B.2. Let X be a k-analytic space. The subset of X made of points

x ∈ X having an affinoid neighbourhood is open and dense.

Proof. The openness is clear. For the density, the k-analytic space X may

be assumed non-empty and Hausdorff. In particular, the affinoid domains

of X are closed. It suffices to prove that there is a point having an affinoid

neighbourhood.

Let x∈X and D1, . . . , Dn be affinoid domains whose union D is a neigh-

bourhood of x. Suppose the family D1, . . . , Dn is minimal for this property.

Let U be an open neighbourhood of x contained in D. By minimality, U is

not contained in D′ := D2 ∪ · · · ∪ Dn. The open subset U ′ := U � D′ is

non-empty, and D1 is a neighbourhood of every point in U ′. �
Proof of Proposition B.1. Let x ∈ X be a point having an affinoid neigh-

bourhood D. Let D̃ be the graded reduction of D and let x̃ be the image of x

in D through the reduction map red: D → D̃. Let ξ be a closed point in the

closure of x̃ in D̃. By the “Graded Nullstellensatz” [Poi13, Corollaire 2.11]

there are real numbers r1, . . . , rn, free over |k×|, such that the residue field

k̃(ξ) at ξ is a finite extension of the graded reduction k̃r of kr. By seeing k̃r as

a graded sub-field of k̃(ξ) we may consider functions f1, . . . , fn ∈ O(D) whose

reductions evaluated at ξ are equal to the variables t1, . . . , tn of the field k̃r.

On the tube U := red−1(ξ), the absolute value of fi is identically equal

to ri. This permits us to endow U with a structure of kr-analytic space.
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The kr-analytic space U is without boundary because k̃(ξ) is finite over k̃r
[Tem04, Proposition 3.4]. Moreover, since ξ belongs to the closure of x̃, the

open set U contains x in its closure. In particular, U meets the topological

interior D′ of D in X.

As D′ ∩U is an open subset of the kr-analytic space without boundary U ,

it contains a rigid point y (here one uses that k is non-trivially valued).

The point y is Zariski-closed in X: indeed it is Zariski-closed in the open

subsets D′ ∩U , X � {y} of X, and these two open subsets cover X. Since the

Zariski topology on X is trivial, the singleton {y} must be (set-theoretically)

the whole space. �
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[Gru66] Laurent Gruson, Théorie de Fredholm p-adique (French), Bull. Soc. Math. France
94 (1966), 67–95. MR226381

Licensed to Biblio De Sorbonne UniversitÃƒÂ© (BSU). Prepared on Tue Dec  3 04:47:49 EST 2024 for download from IP 134.157.146.115.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf

https://www.ams.org/mathscinet-getitem?mr=1070709
https://www.ams.org/mathscinet-getitem?mr=1259429
https://www.ams.org/mathscinet-getitem?mr=746961
https://www.ams.org/mathscinet-getitem?mr=2002825
https://www.ams.org/mathscinet-getitem?mr=144889
https://www.ams.org/mathscinet-getitem?mr=2029201
https://www.ams.org/mathscinet-getitem?mr=226381


330 MARCO MACULAN AND JÉRÔME POINEAU
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