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The outlines below of the content of the lectures are uneven in their level of detail. Some are brief,
and would just ask to cover a certain section. Others are more detailed, when the content is to diverge
from the reference suggested in order to simplify it, or in case the translation from the material in
the text suggested to the content of the lecture is less obvious. So a longer description does not mean
more material to be covered. When I suggest to state a result and omit the proof it means that the
time plan for the lecture does not include time for the proof. If you feel that you do have time, by all
means, include any proof you wish.

Notation: Given a free abelian group V and a field K, set VK := V⊗ZK. Similarly, if V is a vector
space over Q and K is a field of characteristic 0 we set VK := V⊗Q K. Given an abelian variety A we
set EndQ(A) := End(A)⊗Z Q and refer to it as the ring of rational endomorphisms of A.

1. The Hodge conjecture for abelian varieties

The main reference is Sections 1 to 4 of [vG1] (for complex multiplication by quadratic imaginary
number fields), which is easier to read than the original paper of Weil [W]. A generalization for
CM-fields is discussed in [DM].

• Survey the first 4 sections of [vG1] ending with the overview of results (Weil’s Theorem, The
reduction of the Hodge conjecture for abelian 4-folds to abelian varieties of Weil type due to
Moonen-Zarhin, Scheon’s Theorem). This should be the content of most of the lecture.

• State the main result of [M2] that the Weil classes on abelian sixfolds of split Weil type are
algebraic.

• State Tankeev theorem that the Hodge ring on simple abelian varieties of prime dimension is
generated by divisor classes.
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2 EYAL MARKMAN

• State the theorem of Moonen-Zarhin [MZ3, Th. 0.2] about the generation of the Hodge ring of
non-simple abelian 5-folds by divisor classes and pull back of Weil classes from quotient abelian
4-folds. Conclude that the Hodge conjecture holds for abelian varieties of dimension ≤ 5.

2. Abelian varieties of Weil type

This lecture consists of a detailed exposition of Section 5 of [vG1].
• State and prove Lemma 5.2 on the cohomology of abelian varieties of Weil type. The polariza-

tion, the hermitian form, its discriminant, and the definition of the two dimensional space of
Hodge Weil classes HW(A, η) on an abelian variety of Weil type (A, η : K → EndQ(A)).

• Describe the construction of the n2-dimensional family of polarized abelian varieties of Weil
type (Hn in the notation of [vG1]), the transitive SU(n, n) action, and the complex structure.

• Go over [vG1, Example 5.12].
• Emphasize that up to isogeny the three discrete invariants dim(A), K, and

det(A, η, h) ∈ Q×/Nm(K×)

determine the connected component of moduli up to isogenies, by the main result of reference
[L] in [vG1]. In other words, given a polarized abelian variety of Weil type (A, η, h) and
any connected component of moduli with the same values of these three discrete invariants, the
component contains the isomorphism class of a polarized abelian variety of Weil type (A′, η′, h′),
such that there exists an isogeny between A and A′ inducing a K-linear isomorphism of H1(A,Q)
and H1(A

′,Q) compatible with the hermitian forms associated to (η, h) and (η′, h′).

• Conclude that it suffices to prove the algebraicity of the Weil classes for all polarized abelian
varieties of Weil type in one component, for each value of these three discrete invariants.

3. Mumford-Tate groups

Present Section 6 of [vG1]. See also the survey paper of Griffiths [Gr]. The main results are [vG1,
Th. 6.11] that the Special Mumford Tate group of the general polarized abelian variety of Weil type is
SUH, and [vG1, Th. 6.12] about the Hodge ring of the general polarized abelian variety of Weil type.

4. Schoen’s proof of the algebraicity of the Weil classes on abeian fourfolds of
Weil type, case of Q(

√
−3)

C. Schoen proved the algebraicity of the Weil classes on abelian fourfolds of split Weil type with
complex multiplication by Q(

√
−3) in [S1]. He claimed in this paper to have proven it for all abelian

fourfolds of Weil type, but corrected this assertion and proved it in [S2] for abelian sixfolds of split
Weil type with complex multiplication by Q(

√
−3), thereby proving it for all abelian fourfolds. Similar

results were obtained for Q(
√
−1) in [K]. Present the sketch of the proof of the algebraicity of the Weil

classes on abelian fourfolds of split Weil type with complex multiplication by Q(
√
−3) and Q(

√
−1)

from [vG1, Sec. 7]. I suggest that you concentrate on the case Q(
√
−3) and expand the presentation

by referring to [S1].

5. Semiregularity and deformations

The most important reference is [BF1]. We need however just the statement of their semiregularity
theorem. Most of the effort will be to generalize it to twisted sheaves [M2, Sec. 7] (a generalization
was discussed also in [Pr] and [HP]).

• A discussion of Chern classes, Chern characters, and some basic properties.
• Define the Atiyah class atE of a coherent sheaf E over an N-dimensional smooth projective

variety (or Kähler manifold) M using the universal Atiyah class (see [HL, Sec. 10.1] and [M2,
(7.3.2)]).

• Relate the Chern character to the trace of the exponential Atiyah class [HL, Sec. 10.1] .
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• Define the semiregularity map

σE : Ext2(E,E) →
N−2⊕
q=0

Hq+2(M,Ωq
M)

and the commutative diagram of [BF1, Cor. 4.3] (displayed in [M2, Diagram (7.1.2)]).
• Explain that atE⌋ : H1(M,TM) → Ext2(E,E) is the obstruction homomorphism to lifting

classes in H1(TM) to infinitesimal deformations of the pair (M,E) (see [T]). For simplicity, you
may explain the latter only for a locally free sheaf E, in which case the first order deformations of
(M,E) are parametrized by H1(Diff1(E)s), where Diff1(E)s is the sheaf of first order differential
operators with scalar symbol. The latter fits in the short exact sequence

(1) 0 → End(E) → Diff1(E)s → TM → 0

and contraction with atE is the connecting homomorphism from H1(TM) to H2(End(E)) ∼=
Ext2(E,E). Note that the coherent sheaf of first order differential operators Diff1(E) is iso-
morphic to Hom(j1(E),E), where j1(E) is the first jet bundle1 of E. Applying RHom(•,E)
to the short exact sequence

0 → E⊗ Ω1
M → j1(E) → E → 0

we get the short exact

0 → End(E) → Diff1(E) → End(E)⊗ TM → 0.

The short exact sequence (1) is the pullback of the one above via the homomorphism TM →
End(E)⊗TM of tensoring with the identity endomorphism of E. A local splitting of the short
exact sequence (1) is given by a local holomorphic connection. The above can be generalized
to any coherent sheaf E by replacing E by a complex of locally free sheaves. Local holomorphic
connections of such complexes are discussed in [HL, Sec. 10.1].

• Interpret the injectivity of the semiregularity map σE as equality of the kernels of two arrows
in Diagram [M2, (7.1.2)]. Then state it as the equivalence of the vanishing of two obstractions,
where the vanishing of ξ⌋ ch(E), for ξ ∈ H1(TM), is the condition for ch(E) to remain of Hodge
type along ξ, by Griffiths Transversality [Vo3, Theorem 10.21].

6. The semiregularity theorem and its generalization to twisted sheaves

• State the Buchweitz-Flenner Semiregularity Theorem [BF1, Th. 5.1].
• The Semiregularity Theorem enables us to deform a coherent sheaf E flatly to every fiber over

an open analytic neighborhood U of a point in the base B of the family. Hence, ch(E) remains
algebraic in the fibers over points of U (assuming now that the fibers are projective). Point out
that if the base B of the family is smooth and connected, then ch(E) remains in fact algebraic
in every fiber (over the whole base), since the locus in the base, where a class remains algebraic,
is a countable union2 of closed complex analytic subvarieties of B (see [Vo2, Sec. 4.2]).

• (1) Prove that every simple sheaf on a K3 or abelian surface is semiregular.
(2) Use the main result of [EGS], that the minimal class Θ3/3! on the generic principally

polarized abelian fourfold (A,Θ) is not algebraic, to conclude that the ideal sheaf IAJ(C)

of the Abel-Jacobi image of a curve C of genus 4 in its Jacobian Pic1(C) is not semiregular.
(3) Point out that the codomain of the semiregularity map σE has a fixed dimension D :=∑N−2

q=0 hq,q+2(M), so as soon as dim(Ext2(E,E)) > D, the sheaf E can not be semiregular
in the strict sense of [BF1].

• Let E be a rank r > 0 coherent sheaf. Explain that the condition that ch(E) remains a
Hodge class over the base (which appears in the Semiregularity Theorem) is equivalent to the
conjunction of the following two independent conditions.
(1) c1(E) remains of Hodge type, and

1Let I∆ be the ideal sheaf of the diagonal ∆ ⊂ M×M. The first order neighborhood ∆1 of the diagonal is the scheme
with structure sheaf O∆1 := OM×M/I2

∆. The first jet bundle is j1(E) := π2,∗(π
∗
1(E)), where πi : ∆1 → M, i = 1, 2, is

the restriction to ∆1 of the projection M×M → M onto the i-th factor.
2Under the aditional assumption that B is quasiprojective, that locus is in fact a closed analytic subset [Vo1, Sec.

17.3.1] and even algebraic, by a theorem of Cattani-Deline-Kaplan.
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(2) κ(E) := ch(E) exp (−c1(E)/r) remains of Hodge type over the base.
We would like to strengthen the theorem, by dropping the condition on c1(E) and deforming
instead a related, possibly twisted, coherent sheaf with vanishing first Chern class. The simplest
case is the following.

Example 6.1. Let E be a rank r coherent sheaf with the property that c1(E)/r ∈ H1,1(M,Q) is
in fact integral, so that det(E) ∼= Lr, for some line bundle r and E⊗L−1 has trivial determinant.
In this case κ(E) = ch(E⊗ L−1), E is semiregular if and only if E⊗ L−1 is, and if in addition
κ(E) remains of Hodge type, then the semiregularity theorem applies to E⊗ L−1.

• Define twisted coherent sheaves. The elementary language of [M2] follows [Ca1] avoiding the
language of stacks.

• Present [M2, Construction 7.3.3] of the twisted sheaf with trivial determinant line-bundle as-
sociated to a coherent sheaf of positive rank.

• Define the Atiyah class of a twisted sheaf and its Chern character ([M2, Def. 7.3.5, 7.3.6],
defined in other texts earlier, e.g., in [Li]). Relate the Chern character of the twisted sheaf in
[M2, Construction 7.3.3] to that of the original untwisted coherent sheaf [M2, Lemma 7.3.7].

• State [M2, Conjecture 7.3.9]. If time permits, sketch the proof of the Conjecture in the case of
abelian varieties found in [M2, Sec. 7.4]. (I can provide notes for a simplified proof of a slightly
less general statement, suggested by [M2, Footnote 19], which suffices for our application).

7. The Clifford algebra and the spin group associated to an abelian variety

The best reference on Clifford algebras and spin groups for our purpose is [Ch]. The paper [GLO]
includes an excellent summary of the basic facts we need, but it does not contain the material on
pure spinors we need later. Let X be an n-dimensional abelian variety and set X̂ := Pic0(X). For
motivation, mention that the semiregular sheaf we need will be constructed over X× X̂, where X is an
abelian surface [M1] or the Jacobian of a curve of genus 3 [M2], and that we hope to find examples
for all higher dimensional abelian varieties. Point out that V := H1(X,Z) ⊕ H1(X̂,Z) has a natural
symmetric even unimodular bilinear pairing (•, •)V given in [M2, (1.2.2)].

• Define the Clifford algebra C(V) over Z as in3 [GLO]. Define the Clifford group G(V) and
its subgroup Spin(V). Define the norm homomorphism and its kernel SO+(V•), for • = Z or
a field, where V• := V ⊗Z •. Point out that SO+(V•) is the image of Spin(V•) in SO(V•)
(see4 [Ch, II.2.3] in the field case, and over Z, by [M1, Cor. 5.1], which exhibits generators
for SO+(V) which clearly belong to the image of the homomorphism ρ in Eq. (2) below). Set
S := H∗(X,Z). Define the ismomorphism

m : C(V) → End(S)

and the two half spin representations S+ := Hev(X,Z) and S− := Hodd(X,Z) of Spin(V). Use
the notation

m : Spin(V) → B(S),

ρ : Spin(V) → SO+(V)(2)

for the spin and vector representations.
• For motivation (to be expanded in lecture 10) point out the following. Let Aut(Db(X)) be the

group of isomorphism classes of autoequivalences of the derived category of coherent sheaves on
a projective variety X. The group Aut(Db(X)) acts on H∗(X,Q), not preserving the grading but
preserving the Mukai pairing ([M2, (1.2.3)] in the case of abelian varieties, [Ca2] in general), and
it acts by conjugation on its identity component. When X is an abelian variety, Aut(Db(X))
preserves the integral structure H∗(X,Z) and the identity component of Aut(Db(X)) is X ×
X̂, where X̂ := Pic0(X). Note that H∗(X × X̂,Z) is the exterior algebra ∧∗V of the vector
representation V. Orlov proved that the action of Aut(Db(X)) on H∗(X,Z) and on H∗(X ×

3One needs to use the quadratic form Q(•) = 1
2
(•, •)V and not the bilinear pairing, as was unfortunately done in

early versions of [M2, Sec. 2.1], in order to avoid two-torsion in C(V).
4In [Ch] SO(V) is denoted by G+ and SO+(V) by G+

0 .
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X̂,Z) both factor through a homomorphism Aut(Db(X)) → Spin(V) via the spin and vector
representations of the latter. Orlov proved that one gets the short exact sequence

(3) 0 → X× X̂× Z → Aut(Db(X)) → SpinHdg(V) → 0,

where SpinHdg(V) is the subgroup of Spin(V) preserving the Hodge structure of V and the
factor Z corresponds to even shifts (the shift [1] maps to −1 in Spin(V)). This is the way
Orlov’s results are presented in [GLO, Prop. 4.3.7 and Cor. 4.3.9]. This explains the central
role spin groups play in the geometry of abelian varieties.

• The way we relate the vector and spin representations of Spin(VC) is via Chevalley’s theory of
pure spinors [Ch]. Let IGr(2n,VC) be the grassmannian of maximal isotropic subspaces of VC.
It has two connected components (when X is an elliptic curve, IGr(2,VC) = P1

∐
P1 corre-

sponding to the two rulings of the quadric surface in P(VC) cut out by the quadratic form of VC
associated to the symmetric bilinear pairing). So IGr(2n,VC) = IGr+(2n,VC)

∐
IGr−(2n,VC)

in general. Describe the Spin(V)-equivariant embedding

ℓ : IGr(2,VC) → P(SC)
mapping IGr+(2n,VC) into P(S+C ) and IGr−(2n,VC) into P(S−C ) (see [Ch, III.1.5]. The variety
ℓ(IGr+(2n,VC)) is called the even spinorial variety. Include the formula for the line ℓW of pure
spinors in SC corresponding to a maximal isotropic subspace W ⊂ VC

ℓW = {λ ∈ SC : w ∧ λ+ θ⌋λ = 0, ∀(w, θ) ∈ W}.
Note that this formula also determine the maximal isotropic subspace W associated to a pure
spinor λ ∈ SC. Check that 1 ∈ H0(X) and [pt] ∈ H2n(X) are pure spinors and ℓH1(X̂) = H0(X)

and ℓH1(X) = H4n(X).
• Mention that the spinorial variety is (2n2 − n)-dimensional, where n = dim(X). When X is an

abelian surface, the even spinorial variety is the 6-dimensional quadric in PHev(X,C) cut out by
the Mukai pairing. When n = 3, the 31-dimensional PHev(X,C) is equal to the secant variety
to the 15-dimensional even spinorial variety. When n ≥ 4, the (4n2 − 2n + 1)-dimensional
secant variety is a proper subvariety of the (22n−1 − 1)-dimensional P(S+C ).

• Mention that when dim(X) = 3, the subring [Sym∗(S+Q)
∗]Spin(VQ), of Spin(VQ)-invariant poly-

nomials in the homogeneous coordinate ring of P(S+Q), is a polynomial ring Q[J] generated by
a single polynomial J of degree 4 (the Igusa quartic5). The zero locus of J is the tangential
variety P(Tℓ(Gr+(6,VQ))) (see [I] and [M2, Sec. 10]). Let w ∈ S+Q. If J(w) ̸= 0, then there
exists through w a unique secant and the value J(w) determines the field of definition of the
points of intersection of the secant with the spinorial variety (and so the field of definition of
the corresponding maximal isotropic subspaces of VC). If J(w) > 0, then the field of definition
is the imaginary quadratic number field K := Q

(√
−J(w)

)
[M2, Lemma 10.2.1]. The complex

multiplication ηP : K → EndQ(X × X̂) to be constructed below from the secant P through w
will involve this field K.

• Present the example of the rational K-secant in formula [M2, (1.2.4)]. It is a 2-dimensional
subspace P ⊂ S+Q, such that P(PK) is secant to the even spinorial variety in P(S+K), for each
imaginary quadratic number fields K.

8. Polarized abelian varieties of Weil type from K-secants

A general Strategy for the proof of the algebraicity of the Weil classes: Let X be an
abelian n-fold. Let d be a positive integer and set K := Q(

√
−d). Choose a 2-dimensional subspace

P ⊂ S+Q, non-degenerate with respect to the Mukai pairing and spanned by Hodge classes, such that
P(PC) intersects the spinorial variety IGr+(2n,VC) at two complex conjugate points defined over K,
but not over Q. Our goal in the rest of the lectures is to carry out for6 n = 3 the following program.

5When X is an abelian surface, the analogous statement holds, but replacing the Igusa quartic polynomial by the
Mukai quadratic form. When n is odd, the Mukai pairing is anti-symmetric, and so its quadratic form vanishes. For
n ≥ 4, the Spin(VC)-orbits in P(S+

C ) are no longer hypersurfaces, so the ring of invariants can not be generated by a
single polynomial.

6With the exception of the semiregularity Condition (2a), we will carry the program for all n
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(1) Construct a complex multiplication ηP : K → EndQ(X × X̂), such that the two maximal
isotropic subspaces associated to the two pure spinors P(PK) ∩ IGr(2n,VK) are associated to
the two eigenspaces W1 and W2 of ηP. Construct also an ηP-compatible polarization hP, so
that (X× X̂, ηP, hP) is a polarized abelian variety of Weil type.

(2) Construct over X× X̂ a coherent sheaf E of positive rank r, such that
(a) E is semiregular (possibly only in an equivariant sense with respect to a subgroup G ⊂

X×X̂ of translations, so that it descends to the isogenous abelian variety7 Y := (X×X̂)/G
as a semiregular sheaf).

(b) The class κ(E) := ch(E) exp(−c1(E)/r) remains of Hodge type over every deformation of
(X× X̂, ηP, hP) as a polarized abelian variety of Weil type.

(c) The graded summand κn(E) and hn are linearly independent.
The semiregularity theorem implies that E deforms to a twisted coherent sheaf E′ over any deformation
(A, η, h) of (X×X̂, ηP, hP). Hence, κn(E′) is algebraic. Weil’s result from Lecture 2, that dimHn,n(A′) =
3 for the generic abelian variety of Weil type, combines with Condition (2b) to imply that κn(E′) belongs
to span{hn} ⊕ HW(A, η). Condition (2c) implies that there exists t ∈ Q, such that κn(E) − thn is
a non-zero algebraic class in HW(A, η). Now K acts on H2n(A,Q) via algebraic correspondences and
HW(A, η) is a 1-dimensional K-subspace. Hence, every class in HW(A, η) is algebraic.

• Define the group Spin(VK)ℓ1,ℓ2 , the characters deti, and the group Spin(VQ)P associated to a
K-secant P. State Lemmas 2.2.1 and 2.2.28 in [M2]. Note that Spin(VQ)P will be identified with
the Mumford Tate group of the generic polarized abelian variety of Weil type from Lecture 3.

• State and prove [M2, Lemma 2.2.6] stating that if the two dimensional subspace P ⊂ S+K is
spanned by Hodge classes, where P(P) a K-secant line, then the the two maximal isotropic
subspaces W1 and W2 satisfy the Hodge theoretic condition on the eigenspaces of the complex
multiplication from the definition of an abelian variety of Weil type.

• State and prove [M2, Lemma 2.2.7] about the Spin(V)P-invariant subring
H∗(X× X̂,Q)Spin(V)P . Conclude that a class γ in Hn,n(X× X̂,Q) remains algebraic under every
deformation of (X × X̂, ηP, hP) as a polarized abelian variety of Weil type, if and only if γ is
Spin(V)P-invariant. Restate Condition (2b) of the general strategy in this language.

Next we relate the construction of the period domains of polarized abelian varieties of split Weil
type (Weil’s construction of these n2-dimensional moduli spaces from Lecture 3) to K-secants. This
will achieve Step (1) of the above strategy.

• Cover the construction of the complex multiplication η : K → EndQ(X × X̂) and the η-
compatible polarization h of [M2, Prop. 2.4.4] carried out in [M2, Sec. 2.4].

• Show that Spin(VQ)P preserves a K-valued hermitian form H and is isomorphic to SU(VQ,H)
[M2, Lemma 3.1.2].

• Show that (X× X̂, η, h) is of split Weil-type, i.e., that det(X× X̂, η, h) is the coset of (−1)n in
Q×/Nm(K×), see [M2, Lemma 3.1.3]. Note that this is equivalent to H1(X×X̂,Q) admitting a
K-subspace of half the dimension isotropic with respect to the Hermitian form. A verification of
this property (and so a different proof of the split Weil-type property) is given in [M3, 11.1.2].

• Show that the adjoint orbit of the complex structure IX×X̂ in Spin(VR)P is a period domain
for abelian varieties of Weil type (sections 3.2 and 4 of [M2]).

9. Equivalences of derived categories of coherent sheaves

• Present in detail the basic facts about equivalences of derived categories of coherent sheaves
on smooth projective algebraic varieties following Section 4.1 of [GLO] (see also [M2, Sec. 5]).

• Define Mukai’s derived equivalence ΦP : Db(X) → Db(X̂) associated to the Poincaré line bundle
P over X× X̂.

7Note that H1(Y,Q) = H1(X,Q), hP determines a polarization h̄P on Y, and (Y, ηP, h̄P) is a polarized abelian variety
of Weil type.

8There is a misprint in [M2, Lemma 2.2.2], the group should be SL2n(K).
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• State and prove [GLO, Prop. 4.2.2.1] relating the cohomological isomorphism associated to
Mukai’s equivalence to Poncaré duality (see also [Hu, Lemma 9.23]).

• State [Hu, Exercise 9.21] and prove it if time permits.
• If time permits, which is very unlikely, briefly mention some of the results in [Hu, Sec. 9.3].

The convolution product ∗ : Db(X̂) × Db(X̂) → Db(X̂) corresponds to the tensor product on
Db(X) via Mukai’s equivalence. We will not use the convolution product.

10. Chevalley’s isomorphism and Orlov’s derived equivalence

The general strategy presented in Lecture 7 calls for a coherent sheaf E on X × X̂, such that
κ(E) remains a Hodge class on every deformation of (X × X̂, ηP, hP), where P ⊂ S+Q is a K-secant,
ηP : K → EndQ(X× X̂) the complex multiplication associated to P, and hP the polarization associated
to P. We have seen that Spin(VQ)P is the special Mumford Tate group of the generic deformation of
(X×X̂, η, h) (by deforming the complex structure in the adjoint orbit of IX×X̂ in Spin(VR)P), so we need
κ(E) to be Spin(V)P-invariant. If F1 and F2 are two coherent sheaves on X with ch(Fi) in the secant
P, then the Chern character of the sheaf F1 ⊠ F2 := π∗

1F1 ⊗ π∗
2F2 over X × X is Spin(V)P-invariant

with respect to the diagonal action of Spin(V) on H∗(X) ⊗ H∗(X). If we can find an equivalence
of derived categories Db(X × X) ∼= Db(X × X̂), which induces a Spin(V)-equivariant isomorphism
H∗(X × X,Z) ∼= H∗(X × X̂,Z), it would transform F1 ⊠ F2 to an object with a Spin(V)P-invariant
Chern character. Such an equivalence does not exist. In this lecture we recall that Orlov found an
equivalence, which induced cohomology isomorphism is sufficiently close to being Spin(V)-equivariant,
so that the transpose of F1 ⊠ F2 has a Spin(V)P-invariant κ class.

• Define Chevalley’s isomorphism

φ̃ : H∗(X×X,Z) = S⊗Z S → ∧∗V = H∗(X× X̂,Z)
(see [M2, Eq. (2.3.2)]). Point out that it is not Spin(V)-equivariant, but it preserves a filtration
on

∧∗V and induces Spin(V)-equivariant isomorphisms of the graded pieces.
• The goal of the rest of the lecture is to lift Chevalley’s isomorphism φ̃ to the level of derived

categories and study its properties.
• Introduce the isomorphism ϕ in [M2, Eq. (1.2.5)] (a composition of φ̃ with two standard

automorphisms).
• Define Orlov’s equivalence

(4) Φ : Db(X×X) → Db(X× X̂)

from [M2, Sec. 1.3]. Good references include [GLO] and [Hu]. Point out that Φ−1 maps the
sky-scraper sheaf of a point (a,L) ∈ X × X̂ to the Fourier-Mukai kernel in Db(X × X) of the
derived equivalence τ∗x(•)⊗ L : Db(X) → Db(X) (see section 4.2.4 of [GLO]).

• The following comment is to be skipped in the lecture. It answers the question: How the hell
did Orlov’s equivalence9 got entangled with the algebraicity of the Weil classes?

O’Grady was the first to realize the relationship between abelian fourfolds of Weil type and
moduli spaces of sheaves on abelian surfaces [O’G]. Given a moduli space M := M(v) of stable
sheaves with Chern character v on an abelian variety X we have a morphism a : X×X̂ → Aut(M)
sending (x,L) to the automorphism τ∗x(•) ⊗ L. Assume that there exists a universal sheaf U

over X×M. Over M×M there is a canonical object E, whose “fiber” over (F,F′) is Ext∗(F,F′).
Canonically, it is Rπ23,∗(Lπ∗

12U
∨⊗Lπ∗

23U). When X is an abelian surface, Exti(F,F′) vanishes,
whenever i ̸= 1 and F ̸∼= F′, so that away from the diagonal E is a locally free sheaf (sitting in
degree 1). In the paper [M1] the Weil classes on X× X̂ were constructed via the κ-class of the
pullback of E to X× X̂ via the morphism

ιF1,F2 : X× X̂ → {F1} ×M ⊂ M×M

(x,L) 7→ (F1, τ
∗
x(F2)⊗ L).

9One may ask even why do we define the complex multiplication on the abelian variety X× X̂ and not on X×X. Note
that the simplest way to introduce complex multiplication is not on X× X̂, but rather on X×X by sending

√
−d to the

rational endomorphism
(

0 1X
−dX 0

)
, where dX is d times the identity endomorphism of X, as in [vG1, Example 5.12].
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The pullback ι∗F1,F2
E is shown to be a shift of Φ(F2 ⊠F∨

1 ) in [M2, Lemma 6.2.1] answering the
above question.

• State without proof Lemma 6.1.1 relating the cohomological isomorphism induced by Orlov’s
equivalence Φ to Chevalley’s isomorphism φ̃.

• State [GLO, Prop. 4.2.5.3 and 4.2.5.4] about the homomorphism

γX : Aut(Db(X)) → Aut(X× X̂)

and its kernel.
• State [GLO, Prop. 4.3.7 and Lemma 4.3.9] and relate it to the short exact sequence (3) from

Lecture 7.
• Mention Equation [M2, (6.1.9)] describing the difference between the homomorphism γX and

the homomorphism

Aut(Db(X)) → Aut(Db(X×X)) → Aut(Db(X× X̂)).

(composition of the “diagonal” embedding with conjugation by Φ).
• Present the Spin(V)-equivariant homomorphism

(5) ϕ̃ : H∗(X×X,Z) = S⊗Z S → ∧∗VQ = H∗(X× X̂,Q)

in Equation (1.3.2) in Section 1.3 in the introduction of [M2] (without the proof of [M2, Prop.
1.3.1] but with the proof of [M2, Cor. 1.3.2]).

• Point out that the SpinHdg(V)-action on H∗(X × X,Z) is induced by the action of derived
equivalences and it does not preserve the grading. It is conjugated by ϕ̃ to a SpinHdg(V)-
action on10 H∗(X × X̂,Z) induced by automorphisms of X × X̂, which preserve the grading.
Automorphisms act on cohomology via monodromy operators, and in [GLO] this conjugation
by the cohomological isomorphism induced by (essentially) Φ is interpreted as a version of
homological mirror symmetry, relating equivalences of derived categories on the complex “side”
to (symplectic) monodromy operators on its mirror.

11. Hodge Weil classes on X× X̂ from tensor squares of pure spinors

• State [Ch, III.3.2] relating the top exterior power
∧2nW ⊂

∧2nVC of a maximal isotropic
subspace W ⊂ VC to the image of the tensor square ℓW⊗ ℓW ⊂ SC⊗SC of the line ℓW spanned
by pure spinors corresponding to W.

• Prove part (1) of [M2, Prop. 6.4.1] using the following simplified argument. Set ϕ′ := ϕ◦(id⊗τ),
where ϕ : H∗(X × X,Z) → H∗(X × X̂,Z) is the isomorphism induced by Orlov’s derived
equivalence and τ is the dualization involution given in [M2, Eq. (1.2.3)] acting on Hi(X)

by multiplication by (−1)i(i−1)/2. Let ℓi ⊂ Hev(X,K) be the line of pure spinors corresponding
to Wi, i = 1, 2. Note that ℓ1 ⊕ ℓ2 = PK is defined over Q. The lines ℓ2i := ℓi ⊗ ℓi are
in H∗(X × X,K) and their direct sum is defined over Q. [M2, Prop. 6.4.1(1)] states that
ϕ′(ℓ21 ⊕ ℓ22) is contained in ⊕i≥2nH

i(X × X̂,Q) and its projection to H2n(X × X̂,Q) maps it
isomorphically onto HW(X× X̂,Q).

Let P be the Poincaré line bundle over X× X̂. Set

ϕ̃(•) := exp(−c1(P)/2) ∪ ϕ′(•).
The isomorphism ϕ̃ : H∗(X×X,Q) → H∗(X× X̂,Q) is the Spin(V)-equivariant isomorphism of
[M2, Diagram (1.3.1)] (see Equation (5) in Lecture 10).

Proof of [M2, Prop. 6.4.1(1)]. The Spin(V)P-invariant subring H∗(X × X̂,Q)Spin(V)P decom-
poses as the direct sum

H∗(X× X̂,Q)Spin(V)P = span{hiP}2ni=0 ⊕HW(X× X̂, ηP),

by [M2, Lemma 2.2.7] presented in Lecture 7. The first summand is Spin(V)ℓ1,ℓ2-invariant,
and HW(X× X̂, ηP) is the direct sum of the two one-dimensional Spin(V)ℓ1,ℓ2-representations
∧2nWi, with characters deti, i = 1, 2, by [M2, Lemma 2.2.7].

10Altghough ϕ̃ is not integral, it conjugates elements of Spin(V) to integral graded automorphisms of the ring H∗(X×
X̂,Z).
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The subspace P⊗ P is contained in H∗(X×X,Q)Spin(V)P and decomposes as

P⊗ P = [(ℓ2 ⊗ ℓ1)⊕ (ℓ1 ⊗ ℓ2)]⊕ [ℓ21 ⊕ ℓ22].

Each of the summands (ℓ1 ⊗ ℓ2) and (ℓ2 ⊗ ℓ1) is the trivial Spin(V)ℓ1,ℓ2-representation, by [Ch,
III.3.3]. The summand ℓ2i in P ⊗ P corresponds to the character deti of Spin(V)ℓ1,ℓ2 , by [Ch,
III.3.2]. Hence, the isomorphism ϕ̃ maps ℓ2i onto ∧2nWi. Thus,

ϕ′(ℓ2i ) = exp(c1(P)/2) ∪ ∧2nWi

is contained in ⊕i≥2nH
i(X× X̂,Q) and projects isomorphically onto ∧2nWi. □

• Present the short [M2, Example 8.2.2] that every stable sheaf on an abelian surface is a semireg-
ular secant sheaf.

• Let C be a nonsingular curve of genus 3 and let X = Pic0(C). Let AJ : C → Pic1(C) be the
Abel-Jacobi morphism. Let Ci, 1 ≤ i ≤ d+ 1, be generic d+ 1 disjoint translates of the image
AJ(C) into X. Let Θ be a translate of the theta divisor from Pic2(C) into X. Denote by Θ also
the class Poincaré dual to Θ in H1,1(X,Z). Prove Lemma [M2, 8.2.1] stating that the sheaf

(6) F := I∪d+1
i=1Ci

(Θ)

(the ideal sheaf tensored with OX(Θ)) is a Q(
√
−d)-secant sheaf in the secant

P := spanQ

{
1− d

2
Θ2,Θ− d

6
Θ3

}
.

• State and prove [M2, Lemma 8.3.1] that the unique, up to scalar factor, Spin(V)P-invariant
polarization h ∈ H1,1(X× X̂,Z) satisfies: hn and κn(Φ(F⊠ F)) are linearly independent. You
will use [M2, Prop. 6.4.1] presented in Lecture 11. Relate to Condition11 (2c) of the general
strategy in Lecture 7.

12. Semiregular secant sheaves on abelian 3-folds

Keep the notation of lecture 11. In this lecture we prove that the sheaf F given in (6) in the previous
lecture is close to being semiregular, and when the collection {Ci}d+1

i=1 is chosen to be an orbit of a
cyclic group G ⊂ X, then the ideal I∪d+1

i=1Ci
is the pullback of a semiregular sheaf over X/G.

• State and prove [M2, Lemma 8.3.2] that the natural homomorphism

H0(TX)⊕(d+1) ⊕H1(X,OX) → Ext1(F,F)

is an isomorphism.
• Review the definition of Hochschild cohomology HHi(X) and the algebra homomorphism

evF : HH∗(X) → Ext∗(F,F)

of [M2, Eq. (8.3.3)]. Denote its restriction to HH2(X) by obF. Briefly review the HKR
isomorphism HH∗(X) ∼= HT∗(X). Note that H∗(X,C) is an HT∗(X)-module.

• Let F be a coherent sheaf over an N-dimensional compact Kähler manifold M. Introduce the
commutative diagram [M2, Eq. (8.3.4)].

(7)

HT2(M) Ext2(F,F)

N−2∏
q=0

Hq+2(Ωq
M).

obF

⌋ ch(F) σF

11The Condition is stated for E arising from two sheaves F1 and F2 on X and we will use two sheaves, but they will
have the same Chern character (see (9)).
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• State and prove [M2, Lemma 8.3.4]. It states that if obF is surjective and the kernels of obF
is equal to the kernel of ⌋ ch(F), then F is semiregular. Point out that the statement of the
Lemma is invariant under equivalences of derived categories [M2, Rem. 8.3.6] and [M2, Lemma
8.3.10].

• State and prove [M2, Lemma 8.3.7] that the ideal sheaf ICj , of a single translate of the Abel-
Jacobi curve in X, is semiregular.

• State (without proof) a shorter version of [M2, Lemma 8.3.8] that the Yoneda algebra Ext∗(F,F)
of the sheaf F, displayed above in (6), is generated by Ext1(F,F). Conclude that obF is sur-
jective.

• State (without proof) [M2, Prop. 8.3.9] that the rank of obF is 6. Point out that when the set
{Cj}d+1

j=1 is the orbit of C1 under translations by a subgroup G ⊂ X of order d + 1, then the
quotient morphism q : X → X̄ := X/G maps C1 isomorphically onto a curve C̄ ⊂ X̄, the ideal
sheaf I∪d+1

i=1Ci
is the pullback of ĪC, and

Lq∗ : Ext∗(ĪC, ĪC) → Ext∗(I∪d+1
i=1Ci

,I∪d+1
i=1Ci

)G

is an isomorphism. Furthermore, ĪC is semiregular and obĪC
has rank 6, essentially by the

same proof as that of [M2, Lemma 8.3.7]. In that case [M2, Prop. 8.3.9] follows from the fact
that obI

∪d+1
i=1

Ci

is G-equivariant, the G-action on HT∗(X) is trivial, q∗ : HT∗(X̄) → HT∗(X) is

an isomorphism, and the diagram

(8)

HT∗(X) Ext∗(I∪d+1
i=1Cj

,I∪d+1
i=1Cj

)G

HT∗(X̄) Ext∗(ĪC, ĪC)

evI
∪d+1
i=1

Cj

q∗ ∼=

evĪC

Lq∗∼=

is commutative.
• State and prove [M2, Cor. 8.3.12] that the kernels in HT2(X) of obF and ⌋ ch(F) are equal.

13. An object E of Db(X× X̂) with a Spin(V)P-invariant κ(E) and a 9 dimensional
ker(obE) = ker(⌋ ch(E))

We have seen in Lecture 10 how to construct an object E in Db(X × X̂) with a Spin(V)P-invariant
κ(E) from two secant sheaves F1 and F2 on X. In lecture 12 we found an equivariantly semiregular
secant sheaf F. In this lecture we construct an equivariantly semiregular object G on X × X̂ with a
Spin(V)P-invariant κ(E) from two equivariantly semiregular secant sheaves F1 and F2 on X. Denote

by F1 ⊠ F2 be the object π∗
1F1

L
⊗ π∗

2F2 in Db(X×X).
Let F1 and F2 be objects in Db(X) with ch(Fi) ∈ P (so secant objects), such that ker(⌋ ch(Fi)) =

ker(obFi), for i = 1, 2. Assume, furthermore, that evFi : HT1(X) → Ext1(Fi,Fi) is injective. For
example, F1 could be the sheaf (6) and F2 could be its analogue I∪d+1

i=1Σi
(Θ), where Σ = −AJ(C) ⊂

Pic(C)−1 and Σj , 1 ≤ j ≤ d + 1, is a generic collection of disjoint translates of Σ into X. Note that
the classes [Ci] and [Σj ] in H6(X,Z) are equal, since multiplication by −1 acts trivially on Hev(X,Z).
Hence,

(9) ch(F1) = ch(F2)

in this case.
• State and prove the equation [M2, (8.4.3)]

ker(obF1⊠F2) =
[
π∗
1 ker(obF1)⊗ π∗

2H
0(OX)

]
⊕

[
π∗
1H

0(OX)⊗ π∗
2 ker(obF2)

]
.

• Set E := Φ(F1 ⊠ F2), where Φ : Db(X × X) → Db(X × X̂) is Orlov’s equivalence given in (4).
State and prove [M2, Lemma 8.4.1] about the equality

ker(obE) = ker(⌋ ch(E))

of subspaces of HT2(X× X̂).
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• Define the isomorphism ΦHT : HT(X×X) → HT(X× X̂) induced by Orlov’s equivalence Φ and
the operator (•)∗ : HT∗(X) → HT∗(X) from [M2, Sec. 8.5]. State, without proof, [M2, Cor.
8.5.2] relating

– the 9-dimensional space ker(obF1), of generalized first order deformations of the pair
(X,F1), to

– the 9-dimensional subspace ker(obE) of H1(T[X× X̂])⊕H2(OX× X̂) of commutative and
gerby deformations of the pair (X× X̂,E).

The semiregularity theorem (generalized for twisted sheaves) interprets the latter subspace
as the tangent space to the 9-dimensional moduli space of polarized abelian sixfolds of Weil
type deformation equivalent to (X × X̂, ηP, hP). So, at least to first order, these abelian six-
folds of Weil type are a geometric incarnation of the generalized (including commutative, non-
commutative, and gerby) deformations of X, along which the object F1 deforms.

Upcoming work of Bayer-Macrì-Pertucci-Perry-. . . elaborates on this for the analogous case
of abelian surfaces and abelian fourfolds of split Weil type. The latter appear as the identity
components of the derived categories of non-commutative deformations of an abelian surface,
realized geometrically as equivariant categories of sheaves on a carefully chosen family of K3-
surfaces admitting a suitable involution of their derived category. See also the related [M2,
Rem. 8.5.5].

• State [M2, Assumption 9.1.1]. State without proof12 [M2, Lemma 9.1.4] that the assumption
is satisfied for a G-equivariant collection {Ci}d+1

i=1 in X of translates of the Abel-Jacobi image.
• State [M2, Assumption 9.2.1]
• In Section 9 of [M2] there is a change of notation and F1 denotes F∨

1 in [M2, Sec. 8]. In order
to avoid confusion, we will use the notation K1 := F∨

1 and K2 = F2, where Fi are as above and
as in [M2, Sec. 8]. State (without proof) [M2, Prop. 9.2.2] replacing the notation Fi by Ki.

• State [M2, Lemma 9.2.4]. Include only Steps 0 and 1 of the proof so that we get the flavor of
the proof.

14. A [Z/(d+ 1)Z]2-equivariant sheaf over X× X̂

The first part is a continuation of Lecture 13.
• See the comment in the previous lecture plan about the change of notation in [M2, Sec. 9].
• Present the strategy of the proof of [M2, Prop. 9.2.2] assuming the vanishing criteria (i) and

(ii) of the cohomologies Hi(X,K1 ⊗ τ∗x(K2)⊗ L). The strategy consist of the part of the proof
preceeding the proof of part (1) of the proposition.

• Prove that the sheaf E in [M2, Prop. 9.2.2] has rank 8d. This involves only the paragraph
containing the short exact sequence [M2, (9.2.9)]. Do not include the proof of [M2, Lemma
11.0.1].

• Explain that the surfaces Θ̃i,j ⊂ X × X̂ consist of points (x,L), where Ci meets τ−x(Σj) and
the line bundle OX(Θ + τ−x(Θ)) ⊗ L−1 restricts to the canonical line bundle of Ci ∪ τ−x(Σj).
This causes the failure of vanishing of cohomologies needed for local freeness of E at that point.
The fact that E is reflexive is not used in the paper.

The proof of the algebraicity of the Weil classes on abelian sixfolds of Weil type is completed in
[M2, Section 9.3]. There are two remaining issues. One technical issue is to show that if a sheaf E
is semiregular, then the associated twisted sheaf with trivial determinant line-bundle is semiregular
as well. We will not elaborate on this technical issue. Granted this, if we could apply [M2, Lemma
8.3.4] (reviewed in Lecture 12) to prove that the sheaf E of [M2, Prop. 9.2.2] is semi-regular, then we
would be done. However, obE : HT2(X× X̂) → Ext2(E, E) is not surjective. In fact, dim(Ext2(E, E))
grows quadratically as a function of d as d → ∞ (by [M2, Lemma 8.3.2], reviewed in Lecture 12, and
Serre’s duality), while the dimension of the domain of obE is fixed. The solution is to replace E with
a closely related sheaf, which is equivariant with respect to a group Ḡ of translations isomorphic to

12The proof of Lemma 9.1.4 relies on [M2, Lemma 9.1.2], and the latter involves an argument surprisingly rich with
the classical geometry of rank 2 vector bundles with trivial determinant on curves and their relation to divisors in the
linear system 2Θ on the Jacobian and, in genus 3, the Coble quartic.
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[Z/(d + 1)Z]2, so that it descends to a sheaf Ē over (X × X̂)/Ḡ with a surjective obĒ. The idea was
already employed in Diagram (8) above to simplify a proof, but its application below is essential.

• Let G1 and G2 be cyclic subgroups of X of order d + 1, such that G1 ∩ G2 = (0). Choose
the collections {Ci}d+1

i=1 to be G1-equivariant and the collection {Σi}d+1
i=1 to be G2-equivariant.

State, without proof, [M2, Lemma 9.3.1]. It states that genericity [M2, Assumption 9.2.1] holds
in this case.

• Set

E′ := I∪d+1
i=1Σi

⊠ I∪d+1
i=1Ci

,

Θ⊠Θ := π∗
1OX(Θ)⊗ π∗

2OX(Θ),

G := Φ(E′ ⊗ [Θ⊠Θ])[−3],

Φ̃ := Φ ◦ ([Θ⊠Θ]⊗ (•)) : Db(X×X) → Db(X× X̂).

Let G ⊂ Aut(Db(X × X̂)) be the image of G2 × G1 ⊂ Aut(Db(X × X)) via conjugation by Φ̃.
Note that E′ is G2×G1-equivariant. Hence G is G-equivariant in the sense13 of [BO]. State and
prove [M2, Lemma 9.3.2] about the equality of the image of obG : HH2(X×X̂) → Hom(G, G[2])
and Hom(G, G[2])G.

• State and prove [M2, Lemma 9.3.3]. The group G2×G1 is contained in the identity component
of Db(X × X). Hence, G is contained in the identity component (X × X̂) × Pic0(X × X̂) of
Aut(Db(X× X̂)). The Lemma states that G projects injectively into the factor X× X̂, acting
on Aut(Db(X×X̂)) via pushforward by translation automorphisms of X×X̂. We get a subgroup
Ḡ ⊂ X× X̂ isomorphic to G2 ×G1.

• State and prove [M2, Lemma 9.3.5]. It states that when d is even, we can tensor G by a
suitable power a of D := det(G), so that G⊗ Da is Ḡ-equivariant. Mention the statement
of [M2, Footnote 25] that Q(

√
4d) = Q(

√
d), so all imaginary quadratic number fields are

considered even if we assume that d is even.
• Set Y := [X× X̂]/Ḡ and denote the quotient morphism by q : X× X̂ → Y. Set E := (G1)∗, as

in [M2, Prop. 9.2.2]. Then E⊗D−a is Ḡ-equivariant and it descents to a coherent sheaf Ē over
Y. Construction [M2, 7.3.3] (discussed in Lecture 5) applied to Ē produces a twisted sheaf B,
with respect to a Brauer class θ in H2(Y, µr), r = 8d, with trivial determinant, such that q∗B
is a q∗θ-twisted sheaf related to E by Construction [M2, 7.3.3]. The sheaf B is constructed in
[M2, Lemma 9.3.6] for odd d as well, but we do not need it.

• Conclude, that obĒ is surjective, by [M2, Lemma 9.3.2] discussed above. Hence, Ē is semi-
regular, by [M2, Lemma 8.3.4].

15. The CM-fields case

We review the more general open problem of the algebraicity of the Weil classes on abelian varieties
of Weil type with complex multiplication by a CM-field. A CM-field is a totally complex quadratic
extension K of a totally real number field F. The case F = Q is the case of imaginary quadratic number
fields. The basic definitions of the Weil classes are in [DM, Sec. 4]. A more detailed exposition is
found in [CS, Sec. 11.5.4, 11.5.5]. The Weil classes appear in Hd(A,Q), where d = dimK(H

1(A,Q)),
and are no longer in the middle dimension, when [K : Q] > 2.

The general strategy for proving the algebraicity of the Weil classes, outlined in Lecture 7, is extended
to the CM-field case in [M3] (see also [M4] for a concise summary). We start with an abelian variety X

with real multiplication η̂ : F → EndQ(X) and construct complex multiplication η : K → EndQ(X× X̂)
in a manner analogous to the one in Lecture 8. The secants in P(Hev(X,C)) are no longer lines, but
rather linear subspaces of dimension 2[F:Q] − 1. The challenge is to find semiregular secant sheaves
with Chern characters in these secant spaces.

In a recent paper Milne points out that if the Weil classes are proven to be algebraic (over complex
algebraic varieties), important conjectures in arithmetic algebraic geometry would follow, and a theory
of abelian motives over fields of finite characteristic would be available [Mi3, Footnote 3] (the footnote

13Do not spend time elaborating on group actions on derived categories Db(M) more general than those arising from
groups of automorphisms of M. Although the G-action is such, below we very quickly return to the special case of groups
of automorphisms of M = X× X̂.
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does not appear in the current archive version of this paper arXiv:2508.09972.v2). The importance of
the Weil classes stems from a result of André that proves the Hodge conjecture for abelian varieties
of CM-type (whose special Mumford-Tate group is a torus, different from Weil-type) assuming the
algebraicity of the Weil classes on abelian varieties of split Weil-type [A] (surveyed in [CS, Sec. 11.5.6]).
Abelian varieties of CM-type are rigid, corresponding to special points in Shimura varieties. Reduction
mod p relates them to abelian varieties over finite fields.

• Define abelian varieties of CM-type following [CS, Sec. 11.5.1].
• Present the construction of the Weil classes on an abelian variety of split Weil type with complex

multiplication by a CM-field, following [CS, Sec. 11.5.4 and 11.5.5].
• Present the proof of André’s theorem following [CS, Sec. 11.5.6].

References

[A] André, Y.: Une remarque à propos des cycles de Hodge de type CM. Séminaire de Théorie des Nombres, Paris,
1989-90, 1-7. Progr. Math., 102 Birkhäuser Boston, Inc., Boston, MA, 1992.

[At] Atiyah, M. F.: Complex analytic connections in fibre bundles. Transactions of the AMS , 1957, Vol. 85, No. 1,
pp. 181–207.

[BF1] Buchweitz, R-O., Flenner, H.: A semi-regularity map for modules and applications to deformations. Compositio
Math. 137(2003), no.2, 135–210.

[BF2] Buchweitz, R-O., Flenner, H.: The global decomposition theorem for Hochschild (co-)homology of singular spaces
via the Atiyah-Chern character. Adv. Math. 217 (2008), no. 1, 243–281.

[BL] Birkenhake, C., Lange, H.: Complex abelian varieties. 2nd Edition, Springer (2010).
[BO] Beckmann, T., Oberdieck, G.: On equivariant derived categories. European J. of Math. 9 (2023) No. 2 paper

no. 36.
[Ca1] Căldăraru, A.: Derived categories of twisted sheaves on Calabi-Yau manifolds. Thesis, Cornell Univ., May 2000.
[Ca2] Căldăraru, A.: The Mukai pairing I. The Hochschild structure. Preprint arXiv:0308079v2.
[Ca3] Căldăraru, A.: The Mukai pairing II: the Hochschild-Kostant-Rosenberg isomorphism. Adv. in Math. 194 (2005)

34–66.
[CBR] Calaque, D., Rossi, C., Van den Bergh, M.: Căldăraru conjecture and Tsygan formality. Ann. of Math. (2) 176

(2012), no. 2, 865–923.
[Ch] Chevalley, C.: The algebraic theory of spinors. Columbia Univ. Press 1954.
[CS] Charles, F., Schnell, Ch.: Notes on absolute Hodge classes. In Hodge theory, 469–530. Math. Notes, 49 Princeton

University Press, Princeton, NJ, 2014.
[DM] Deligne, P., Milne, J.S.: Hodge cycles on abelian varieties. in Hodge cycles, motives, and Shimura varieties

Deligne, Pierre; Milne, James S.; Ogus, Arthur; Shih, Kuang-yen Lecture Notes in Math., 900 Springer-Verlag,
Berlin-New York, 1982. A revised version is available at https://www.jmilne.org/math/Documents/index.html

[EGS] Engel, P., de Gaay Fortman, O., Schreieder S.: Matroids and the integral Hodge conjecture for abelian varieties.
preprint arXiv:2507.15704.

[GLO] Golyshev, V., Luntz, V., and Orlov, D.: Mirror symmetry for abelian varieties. J. Alg. Geom. 10 (2001) 433-496.
[vG1] van Geemen, B.: An introduction to the Hodge Conjecture for abelian varieties. Algebraic cycles and Hodge

theory (Torino, 1993), 233–252, Lecture Notes in Math., 1594, Springer, Berlin, 1994.
[vG2] van Geemen, B. Theta functions and cycles on some abelian fourfolds. Math. Z. 221 (1996), no. 4, 617–631.
[Gr] Griffiths, P.: Mumford Tate Groups. In Hodge theory, Math. Notes, 49 Princeton University Press, Princeton,

NJ, 2014.
[Hu] Huybrechts, D.: Fourier-Mukai Transforms in Algebraic Geometry. Oxford University Press, 2006.
[HL] Huybrechts, D., Lehn, M: The geometry of moduli spaces of sheaves. Second edition. Cambridge University

Press, Cambridge, 2010.
[HP] Hotchkiss, J., Perry, A.: The period-index conjecture for abelian threefolds and Donadldson-Thomas theory.

arXiv:2405.03315v2.
[Hua] Huang, S.: A note on a question of Markman. J. Pure Appl. Algebra 225 (2021), no. 9.
[I] Igusa, J-I.: A Classification of Spinors Up to Dimension Twelve. Amer. J. of Math. Vol. 92, No. 4, 997–1028

(1970).
[K] Koike, K.: Algebraicity of some Weil Hodge classes. Canad. Math. Bull.47(2004), no.4, 566–572.
[Li] Lieblich, M.: Compactified moduli of projective bundles. Algebra Number Theory 3 (2009), no.6, 653–695.
[M1] Markman, E.: The monodromy of generalized Kummer varieties and algebraic cycles on their intermediate

Jacobians. J. Eur. Math. Soc. (JEMS) 25 (2023), no. 1, 231–321.
[M2] Markman, E.: Cycles on abelian 2n-folds of Weil type from secant sheaves on abelian n-folds. Electronic preprint

arXiv:2502.03415.v2.
[M3] Markman, E.: Secant sheaves on abelian n-folds with real multiplication and Weil classes on abelian 2n-folds

with complex multiplication. Electronic preprint arXiv:2509.23079.v1.
[M4] Markman, E.: Secant sheaves and Weil classes on abelian varieties. Contribution to the 2026 ICM, Electronic

preprint arXiv:2509.23403.v1.
[Mi3] Milne, J.: Abelian motives and Shimura varieties in nonzero characteristic. Nov. 2, 2025, v2.2 https://www.

jmilne.org/math/articles/index.html.

https://www.jmilne.org/math/Documents/index.html
https://www.jmilne.org/math/articles/index.html
https://www.jmilne.org/math/articles/index.html


14 EYAL MARKMAN

[MZ1] Moonen, B., Zarhin, Y.: Hodge classes and Tate classes on simple abelian fourfolds. Duke Math. J. Vol. 77 No
3, (1995) 553-581.

[MZ2] Moonen, B., Zarhin, Y.: Weil classes on abelian varieties. J. reine angew. Math. 496 (1998), 83–92.
[MZ3] Moonen, B., Zarhin, Y.: Hodge classes on abelian varieties of low dimension. Math. Ann. 315, 711-733 (1999).
[Mu1] Mukai, S.: Duality between D(X) and D(X̂) with its application to Picard sheaves. Nagoya Math. J. 81 (1981),

153–175.
[Mu2] Mukai, S.: Abelian varieties and spin representations. Preprint of Warwick Univ. (1998)(English translation

from Proceedings of the symposium “Hodge Theory and algebraic geometry”, Sapporo, 1994, pp. 110-135).
[Mum] Mumford, D.: Abelian varieties. Tata Inst. Fund. Res. Stud. Math., 5 Published for the Tata Institute of

Fundamental Research, Bombay; by Hindustan Book Agency, New Delhi, (2008).
[O’G] O’Grady, K.: Compact tori associated to hyperkaehler manifolds of Kummer type. Int. Math. Res. Notices

(2021), 12356–12419.
[Or] Orlov, D. O.: Derived categories of coherent sheaves on abelian varieties and equivalences between them. Izv.

Math. 66 (2002), no. 3, 569–594.
[Pr] Pridham, J.: Semiregularity as a consequence of Goodwillie’s theorem. Forum Math. Sigma 12 (2024), Paper

No. e126, 22 pp.
[R] Ramón Mari, J.: On the Hodge conjecture for products of certain surfaces. Collect. Math. 59 (2008), no. 1, 1–26.
[S1] Schoen, C.: Hodge classes on self-products of a variety with an automorphism. Compositio Math. 65 (1988), no.

1, 3–32.
[S2] Schoen, C.: Addendum to: “Hodge classes on self-products of a variety with an automorphism”. Compositio

Math. 114 (1998), no. 3, 329–336.
[Ta] Tankeev, S. G.: Cycles on simple abelian varieties of prime dimension. Izv. Akad. Nauk SSSR Ser. Mat. 46

(1982), no. 1, 155–170, 192.
[T] Toda, Y.: Deformations and Fourier-Mukai transforms. J. Differential Geom. 81 (2009), no. 1, 197–224.
[TT] Trautman, A., Trautman, K: Generalized pure spinors. J. Geom. Phys. 15 (1994) 1–22.
[Vo1] Voisin, C.: Théorie de Hodge et géométrie algébrique complex. T. 10. Cours Spécialisés. Société Mathématique

de France, Paris, p, viii-595 (2002).
[Vo2] Voisin, C.: The Hodge Conjecture. Open problems in mathematics, 521–543. Springer, 2016.
[Vo3] Voisin, C.: Hodge Theory and Complex Algebraic Geometry, I. Cambridge Stud. Adv. Math., 76 Cambridge

University Press, Cambridge, 2007.
[W] Weil, A.: Abelian varieties and the Hodge ring. Collected papers, Vol. III, 421–429. Springer Verlag (1980).

Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003, USA
Email address: markman@umass.edu


	1. The Hodge conjecture for abelian varieties
	2. Abelian varieties of Weil type
	3. Mumford-Tate groups
	4. Schoen's proof of the algebraicity of the Weil classes on abeian fourfolds of Weil type, case of Q(-3)
	5. Semiregularity and deformations
	6. The semiregularity theorem and its generalization to twisted sheaves
	7. The Clifford algebra and the spin group associated to an abelian variety
	8. Polarized abelian varieties of Weil type from K-secants
	9. Equivalences of derived categories of coherent sheaves
	10. Chevalley's isomorphism and Orlov's derived equivalence
	11. Hodge Weil classes on X from tensor squares of pure spinors
	12. Semiregular secant sheaves on abelian 3-folds
	13. An object E of Db(X) with a `3́9`42`"̇613A``45`47`"603ASpin(V)P-invariant (E) and a 9 dimensional (`3́9`42`"̇613A``45`47`"603AobE)=(`3́9`42`"̇613A``45`47`"603Ach(E))
	14. A [Z/(d+1)Z]2-equivariant sheaf over X  
	15. The CM-fields case
	References

