Differential Geometry 20172018 ENS de Lyon

TD10 - Curvature

Exercise 1. Let V be a connection on a smooth vector bundle E — M. We can see V as
a map from Q°(M, E) to QY(M, E). We extend V : Q¥(M, E) — Q¥ 1(M, E) by forcing the
Leibniz rule:

Va € QF(M),Vs € T(E),Vx € M Vi(a®s)=d,a®s(z)+ (=1)Fa, A Vs
and R-linearity.

1. Prove that V o V is C°°(M)-linear from Q°(M, E) to Q%(M, E).

2. Using the previous exercise, show that V o V defines a section R € Q%(M, End(FE)). We
call R the curvature of (E, V).

3. Let (x1,...,2,) be local coordinates on M and (e, ..., e,) be alocal frame for F defined
on the same open set U. We denote by (Ffj) the Christoffel symbols of V in these

coordinates. We also define (Réjk) by:
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Check that for any i,7 € {1,...,n} and any k,l € {1,...,r} we have:
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4. Check that for any X,Y € I'(TM) and any s € I'(E) we have:
Vx(VyS) — Vy(VXS) — V[ny]s = R(X, Y)S.

Remark. In particular, if V is the Levi-Civita connection of (M, g) then R is its Riemann
curvature. Equation (1) is of course valid in this case.

Exercise 2. Let (M, g) be a Riemannian manifold of dimension n.

1. If n =1, what is its curvature?

2. If n = 2, how many degrees of freedom are there in the Riemann tensor? Give the
expression in local coordinates of the Riemann, Ricci and scalar curvature of M.

3. How many degrees of freedom are there in the Riemann tensor for n = 3 and n = 4.

Exercise 3. What are the Riemann, Ricci and scalar curvatures of R™ and T"?



