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1. Talk 3: Invariants and Coinvariants - comparison with classical
constructions (Marco)

Goal:

• Explain the equivalences of complexes

HH(R/k)hS1 ' HC−(R/k) and HH(R/k)hS1 ' HC(R/k)

where
– HH(R/k)hS1 is complex of homotopy fixed points for the circle action;
– HH(R/k)hS1 is the homotopy orbits;
– HC−(R/k) the usual complex computing negative cyclic homology;
– HC(R/k) the usual complex computing cyclic homology;

In this talk I will essentially follow the paper of M. Hoyois

https://arxiv.org/abs/1506.07123.

Warning 1.1. Before starting let’s go back to the warning in the first lecture where
we proved the equivalence of complexes

S1 ⊗k R ' |(R,R)•|

On the l.h.s one has both a circle action and a k-algebra structure (as the tensor
product is taken in the category of commutative algebras). Because of the results
in the first lecture one now knows that the r.h.s also has a circle action. It remains
to show that the r.h.s also carries a k-algebra structure and that the equivalence of
complexes is in fact an equivalence of k-algebras and is compatible with the circle
actions:

• The existence of the k-algebra structure on the r.h.s follows because the
construction | − |N(∆op) is lax symmetric monoidal - this is because the
category N(∆op) is sifted.
• The fact that the equivalence can be lifted to an equivalence compatible
with circle actions follows from the universal property of tensoring with the
circle - S1 ⊗k R: the map R → |(R,R)•| is a map of k-algebras and the
target has a circle action. In this case the map has to factor through a map
of circle-algebras S1 ⊗k R ' |(R,R)•| and the underlying map at the leve
of chain complexes is the equivalence we had.
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We will show today that the equivalence HH(R/k)hS1 ' HC−(R/k) is in fact an
equivalence of RΓ(B S1)-algebras.

Last week Mauro gave us two different pictures of Fun(B S1,−). This week we
will use these alternative descriptions to compare our fancy constructions with the
classical ones.

Proposition 1.2. Each choice of a generator γ ∈ H1(S1,Z) gives an equivalence
comuting with the forgetful functor to Modk

LModS1(Modk) ' LModk[ε](Modk)

Proof. This follows from:

(i) The interpretation of the circle S1 in the category Modk is given by the
image of the circle along the composition S → S∗ → Sp → Modk where
the first functor sends X 7→ X

∐
∗, the second is Σ∞ and the third is the

tensor product with Hk. This is equivalent in Modk to the complex of
singular chains C∗(S1, k);

(ii) The fact that the circle is formal, ie, C∗(S1, k) ' H(S1, k) as algebras.
(iii) Let γ ∈ H1(S1,Z) be a generator. Sending ε to γ defines an equivalence of

algebras C∗(S1, k) ' H∗(S
1, k) ' k[ε]

�

Notation 1.3. Let us denote by γ the equivalence given by the composition

Fun(B S1,Modk)
∼

Mauro
// LModS1(Modk)

∼
// LModk[ε](Modk)

In this case, the construction of HH can be interpreted via the composition

Fun(N(Λop),Modk)

))

|−|N(∆op)
// Fun(B S1,Modk)

∼γ

��

LModk[ε](Modk)

Remark 1.4. Under the equivalence γ,

• the functor (−)hS1
: Fun(B S1,Modk) → Modk identifies with the functor

RHomk[ε](k,−) : LModk[ε](Modk)→ Modk;

• the functor (−)hS1 : Fun(B S1,Modk) → Modk identifies with the functor
k ⊗k[ε] − : LModk[ε](Modk)→ Modk;
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Both these identifications follow by abstract non-sense using the the descriptions
of the functors involved as right/ resp. left, adjoints of the trivial action functor
Modk → Fun(B S1,Modk).

In this case, the computation of HHhS1

and HHhS1 is reduced to the computation
of k ⊗k[ε] γ(HH) and RHomk[ε](k, γ(HH))

1.1. Classical Constructions. We will now use this description in terms of k[ε]-
modules to establish the comparison with the classical constructions of HC−(R/k)

and HC(R/k).
Let k be a field of characteristic zero and R a flat k-algebra. Let Modcl

k denote
the (nerve of the ) 1-category of classical k-modules and let M• be a cyclic object,
i.e, a functor N(Λop) → Modcl

k . Then one can apply the Dold-Kan construction
to the underlying simplicial object of M• and get a chain complex DK(M•) with
DK(M•)n = M([n]) = Mn and (hom.notation)

d : Mn →Mn−1

with d =
∑n

i=0(−1)i∂i.

The cyclic structure of M• induces additional operations on the chain complex
DK(M•). Let us introduce some notations:

• ε−1 := Mn−1 → Mn, with ε−1 := c.εn where c is the generator of the cyclic
group Cn+1 acting on Mn;
• t : Mn →Mn, t := (−1)nc

• N : Mn →Mn, N =
∑n

i=0 t
i;

• B : Mn →Mn+1, B = (id− t)ε−1N ;
• d′ : Mn →Mn−1, d′ =

∑n−1
i=0 (−1)i∂i;

These operations together provide a periodic bicomplex (Tsygan’s complex)

d
��

d′
��

d
��

M2
N

oo

d
��

M2
1−t
oo

d′

��

M2
N
oo

d
��

1−t
oo

M1
N

oo

d
��

M1
1+t
oo

d′

��

M1
N
oo

d
��

1+t
oo

M0
N

oo M0
1−t
oo M0

N
oo

1−t
oo

The following is the key result that will allow us to extract the circle action:
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Lemma 1.5. The columns (M,d′) are acyclic.

Proof. Use the new extra degeneracy given by the cyclic structure ε−1 sending
(a0, ..., an)→ (1, a0, ..., an) to construct a null-homotopy of (M,d′). �

It follows that the associated total complexes are quasi-isomorphic to the total
complexes of

d
��

d
��

d
��

· · · M2
B
oo

d
��

M1
B
oo

d
��

M0
B
oo · · ·

· · · M1
B
oo

d
��

M0
B
oo 0 0

· · · M0
B
oo 0 0 0

which we can also see as a diagram of complexes

· · · DK(M•)[−2]
B

oo DK(M•)[−1]
B
oo DK(M•)

B
oo DK(M•)[1]

B
oo · · ·

B
oo

where B2 = 0.

Corollary 1.6. The action of B makes DK(M•) an object in LModk[ε](Modk).

Proposition 1.7. The construction M• 7→ (DK(M•), B) extends to the category of
functors N(Λop) → N(Chk) where Chk is the usual 1-category of complexes of k-
modules. Moreover, it sends quasi-isomorphisms to quasi-isomorphisms and there-
fore passes to the ∞-categories

DK : Fun(N(Λop),Modk)→ LModk[ε](Modk).

Proof. In order to allow eachMn to be a complex, one has to modify the construction
of the bicomplex of Tsygan and take the total complex of M seen as a bicomplex.
See Hoyois paper Section 2. �

Definition 1.8. Let M• be a cyclic complex of k-modules.

• The negative cyclic homology of M• is the homology of the (product) total
complex of the first quadrant complex
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HC−(M•) := Tot
∏

( DK(M•)[0] DK(M•)[1]
B
oo DK(M•)[2]

B
oo DK(M•)[3]

B
oo · · ·

B
oo )

• The cyclic homology of M• is the homology of the (sum) total complex of
the second quadrant complex

HC(M•) := Tot⊕( · · · DK(M•)[−3]
B

oo DK(M•)[−2]
B
oo DK(M•)[−1]

B
oo DK(M•)[0]

B
oo )

1.2. Comparison. The main comparison theorem which we will prove the next
week, amounts to the following statement:

Proposition 1.9. It is possible to choose a generator γ ∈ H1(S1,Z) so that the
Dold-Kan construction makes the diagram

Fun(N(Λop),Modk)

DK ))

|−|N(∆op)
// Fun(B S1,Modk)

∼γ

��

LModk[ε](Modk)

commute.

To conclude today’s talk let us collect the consequences of the theorem:

Corollary 1.10. We have canonical equivalences in Modk

HHhS1 ' HC− and HHhS1 ' HC

Proof. The theorem tells us that γ(HH) ' DK. Following the remark 1.4, the
corollary translates as

RHomk[ε](k,DK) ' HC− and k ⊗k[ε] DK ' HC

So that by definition we are left to check that
• the total complex

Tot
∏

( DK(M•)[0] DK(M•)[1]
B
oo DK(M•)[2]

B
oo DK(M•)[3]

B
oo · · ·

B
oo )

is quasi-isomorphic to the internal-hom

RHomk[ε](k, (DK, B))

• the total complex

Tot⊕( · · · DK(M•)[−3]
B

oo DK(M•)[−2]
B
oo DK(M•)[−1]

B
oo DK(M•)[0]

B
oo )

is quasi-isomorphic to
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k ⊗k[ε] (DK, B)

In both cases, this amounts to computing a cofibrant resolution of k as a k[ε]-
module. Such a resolution is given by the total complexe of diagram given by
multiplication by ε

k ' Tot⊕( · · · k[ε][−3]
ε

oo k[ε][−2]
ε

oo k[ε][−1]
ε

oo k[ε]
ε
oo )

which is explicitly given by the complex

· · · k
0
// k

id
// k

0
// k

A direct computation allows to conclude the proof.
�
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2. Talk 4: Invariants and Coinvariants - comparison with classical
constructions (Marco)

We continue the discussion of the last week. This time we will provide the proof
of the following statement:

Proposition 2.1. It is possible to choose γ ∈ H1(S1,Z) so that the Dold-Kan con-
struction makes the diagram

Fun(N(Λop),Modk)

DK ))

|−|N(∆op)
// Fun(B S1,Modk)

∼γ

��

LModk[ε](Modk)

commute.

Remark 2.2. Let l : N(Λop)→ B S1 be the localization functor of the first lecture,
so that the underlying functor of l! is the geometric realization | − |N(∆op) of the
underlying simplicial object. In this case, the enriched Yoneda embedding makes
the diagram

Λ
l

//

hk
��

(B S1)op

hk
��

Fun(N(Λop),Modk)
l!
// Fun(B S1,Modk)

commute

Lemma 2.3. The functor DK sends all morphisms in Λ to equivalences in LModk[ε](Modk).
In particular, as LModk[ε](Modk) is k-linear and admits all colimits, it admits a
unique k-linear colimit preserving factorisation D̃K

Λ
l

//

hk
��

(B S1)op ' B S1

hk
��

Fun(N(Λop),Modk)
l!
//

++

Fun(B S1,Modk) ' PShk(B S1)

D̃K
��

LModk[ε](Modk)

To prove the Proposition we must exhibit a natural equivalence

D̃K ' γ
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But we know that abstractly LModk[ε](Modk) is equivalent to PShk(B S1) so that
in the end what we really have to understand is the space of endomorphisms

FunL,k,ω(PShk(B S1),PShk(B S1))

Lemma 2.4. There is a canonical equivalence

FunL,k,ω(PShk(B S1),PShk(B S1)) ' Mapk(B S1 ⊗ k,K(k, 2))
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